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Abstract
We consider the stochastic partial differential equation (SPDE)

du = $07u +bw) + o (W)W,

where u = u(t, x) is defined for (¢, x) € (0,00) x R and W denotes space-time
white noise. We prove that this SPDE is well posed solely under the assumptions
that the initial condition u(0) is bounded and measurable, and b and o are locally
Lipschitz continuous functions having at most linear growth with regularly behaved
local Lipschitz constants. Our method is based on a truncation argument together with
moment bounds and tail estimates of the truncated solution. The novelty of our method
is in the pointwise nature of the truncation argument.
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1 Introduction

We revisit the well-posedness of the solution u = {u(#, x)};>0.xer of the following
stochastic PDE (SPDE):

Ju(t,x) = 2102u(t ,x) + b(t,u(t,x) +o(t, ut, x)Wt,x), (LD

where (¢, x) € (0, 00) x [R., subject to (0, x) = up(x), and the forcing W is space-
time white noise; that is, W is a generalized Gaussian random field with mean zero
and

Cov[W(t,x), W(s, y)] = 8ot — s)8o(x — y) forallz,s >0andx,y e R.

It is well known that (1.1) is well posed when b and o are Lipschitz in their spatial
variable uniformly in their time variable; see for example Dalang [2] and Walsh [11].
We aim to extend this result to the setting where “Lipschitz” is replaced by “local
Lipschitz with linear growth.”

The present undertaking yields an infinite-dimensional version of one of the foun-
dational results of the theory of stochastic differential equations (SDEs) which asserts
that if Y = {Y;};>0 denotes a standard Brownian motion on R and xp € R is non-
random, then the one-dimensional Itd-type SDE

subject to Xo = xo has a unique solution provided only that b(z, x) and o (t, x) are
locally Lipschitz in x with at-most linear growth, all valid uniformly in . The preceding
follows from the more classical result about SDEs with Lipschitz coefficients and a
stopping time argument. See for example Exercise (2.10) of Revuz and Yor [8, p.
383]. It is possible to use essentially the same method in order to extend the preceding
to the multidimensional setting where Y denotes a d-dimensional Brownian motion,
b:(0,00) xR - RYand o : (0, 00) x RY — (R)2.

An infinite-dimensional extension appears in a forthcoming monograph by Robert
C. Dalang and Marta Sanz-Solé [4]. There, Dalang and Sanz-Solé show the well-
posedness of (1.1), where instead (¢, x) € (0,00) x [ in the case that / C Ris a
bounded interval (together with any of the usual boundary conditions). A key step in
their analysis is the observation that if b and o are locally Lipschitz in their space
variable, uniformly in the time variable, then (1.3) below has a predictable random
field solution up to the stopping time

() =inf{t > 0 : sup |u(t, x)| = oo} [inf @ = o0],
xel

and P{r(/) > 0} = 1 when I C R is bounded. Such stopping time arguments are
typically not used to study equations on R x R because one expects the resulting
solution, if there is one, to be unbounded with probability one. Therefore, in order to
produce solutions to the SPDE (1.1) one needs to introduce a different argument.
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The purpose of this article is to provide one such argument: We use truncation, as
has been done previously, but replace the stopping time argument by pointwise tail
probability estimates for the truncated solution. In this way we are able to show that,
for a wide family of locally Lipschitz functions b and o of linear growth, and with
high probability, the truncated solution is not large, uniformly in the truncation level.

Our method is elementary as it uses only standard SPDE estimates and more signifi-
cantly works without need for any unnecessary technical assumptions. But we are quick
to mention that other potential approaches to such problems already exist in the liter-
ature: It might be for example possible to adapt methods of finite-dimensional SDEs,
such as weak existence (in the probabilistic sense) followed by strong uniqueness via
a Yamada—Watanabe (see Kurtz [6]) or Gyongy—Krylov (see Gyongy and Krylov [5])-
type arguments. In the infinite-dimensional context of SPDEs, weak existence for (1.1)
was established in Shiga [10, Theorem 2.6] when additionally »(0) > 0 and ¢ (0) = 0.
And Mytnik et al [7, Theorem 1.2] establish the weak existence for (1.1) when b = 0,
o = Holder continuous with linear growth, all forced by high-dimensional, spatially
correlated noise. There is also a method that involves transforming the SPDE into a
random integral equation which can in turn be compared with a deterministic PDE;
see Salins [9]. This method does not lend itself easily to the case that o is non-constant
unless there are additional constraints such as »(0) = 0, ¢ (0) = 0, and more stringent
conditions on the initial function; see Chen et al [1] for the current state of the art of
that method.

We impose the following assumptions on the initial profile ug and the coefficients
b and o in (1.1):

Assumption 1.1 g : R — R is non-random, bounded, and measurable.

Assumption 1.2 The functions b : (0,00) X R - Rando : (0,00) x R - R
are locally Lipschitz continuous in their space variable with at most linear growth,
uniformly in their time variable. In other words, 0 < Lip, (b), Lip,(c) < oo and
0 < Lp, Ly < 00, for all real numbers n > 0 where, for every space-time function

v,

’ - t,x)—y(t,
Ly =supsup P iy gy —sup sup LD TV
r=0xek 1+ 1] 1>0 x,y€l—n,n] [y — x|
xF#y

(1.2)

Let us recall that a random field solution to (1.1) is a predictable random field
u = {u(t, x)};>0.xer that satisfies the following integral equation:

u(t,x) = (pr*xuo)(x) + 9p(t,x) + 9o (1, x), (1.3)
where the symbol “x” denotes convolution,

pr(z) = Qar)~Y2exp{—z?/(2r)} forallr > 0andz € R,
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and Jp, and J,; are the following random fields,

(2, x) =[ Pi—s(y —x)b(s , u(s,y))dsdy,
0,1)xR (1.4)

Is(t,x) zf Pi—s(y —x)o (s, u(s,y)) W(dsdy),
0,0)xR

where the second (stochastic) integral is understood in the sense of Walsh [11].

As was mentioned in the Introduction, we will use a truncation argument. For every
real number N > 0, we define by : (0,00) x R - Rand oy : (0,00) x R — R as
follows: Forall t > O and ¥ : Ry x R — R let

YN (. X) =Yt )L _ov ooy + W M) ovy + (1, —e™) 1 oy

We will need the following assumption on the Lipschitz coefficients of by and oy.
Set

Ln.p = Lipeypny() and Ly, = Lipegyny (0, (1.5)

Assumption 1.3 If L, > 0O then we assume that

Lyo=o(N*®) and Ly,/L},=0O() asN — oo. (1.6)
If o is bounded, then we assume that

Lyo=0@E""?) and Lyp/Ly,=01) asN — oc. (1.7)

It has been widely believed for a long time that Theorem 1.4 ought to hold solely
under the assumptions of locally Lipschitz coefficients b and o with linear growth.
The following is the main result of this paper and makes some partial success toward
the resolution of this long-standing problem.

Theorem 1.4 If (b, o) satisfy Assumption 1.3, then (1.1) has a unique random field
solution that satisfies the following:

sup supE (lu(t,x)|k> <oo forallT >0andk > 1.
te[0,T]xeR

Next we make some remarks in order to highlight the limitations and scope of
Theorem 1.4 and its proof.

Remark 1.5 The condition Ly 5/ L‘}V » = O(1) has new content only when Ly o —
ooas N — oo.Indeed, if supy, Ly s < 00, then the first stated condition ensures that
both b and o are globally Lipschitz continuous.

Remark 1.6 Condition (1.6) is quite restrictive as it necessarily implies that Lip, (o) =
o(|logn|3/8) and Lip, (b) = o(|logn|*/?) as n — oo; see (1.5).
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Fig.1 An example of how Assumption 1.3 is less restrictive for the drift when o fluctuates wildly

Remark 1.7 (Oscillatory diffusion coefficients) Theorem 1.4 has stronger content when
o is bounded for then (1.7) allows for a wide class of drifts » when o is highly
oscillatory. First, note that the first condition in (1.7) is equivalent to the statement
that Lip, (o) = o(y/n) as n — o0o. Now consider an oscillatory diffusion coefficient
such as o (x) = sin(1000(1 + |x|)1/4) for all x € R; see Fig. 1. Then, o satisfies (1.7)
together with every drift function that satisfies Lip, (b) = ¢(n).

Remark 1.8 The method of proof of Theorem 1.4 allows for minor improvements
of the first parts of (1.6) and (1.7). For example, the first condition in (1.6) can be
improved slightly to Ly » = ¢(N 2/3) by, instead of choosing the parameter k as in
(3.9), choosing itas k(N) = A (N/T)I/ZL;,‘Z3 for a suitably small constant A; that
is independent of N and T'. Then one obtains the main part of the proof—that is (3.1)
below—ifrom the fact that |[uy41(, x) —uy (@, X) |k < luy1(, x) —un(, )|k
for all large N [Jensen’s inequality]. We have omitted the details of such improvements
as they appear to be primarily technical in nature.

Let us end the Introduction with a brief outline of the paper. In §2 we introduce
the truncated solution and develop some moment and tail estimates. The remaining
details of the proof of Theorem 1.4 are gathered in §3 and use the earlier results of the

paper.
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Throughout this paper, we write || X[, = {E(1X|P)}}/P forall p > 1 and X €
LP(2). For every space-time function f : (0,00) x R — R, Lip(f) denotes the
optimal Lipschitz constant of f; that is,

Lip(f) =sup sup |f(t,b) — f(t,a)l/|b—al
t>0 a,beR:a#b

In particular, f is globally Lipschitz continuous in x, uniformly in ¢, iff Lip(f) < oo.
If f depends only on a spatial variable x, then Lip(f) still makes sense provided that
we extend f to a space-time function as follows f (¢, x) = f(x), in the usual way.

2 Truncation and Preliminary Results

In this section, we give more information about the truncation argument referred to
verbally in the introduction. We begin by recalling the definition of by and oy and
note that they are globally Lipschitz functions. In fact,

by(t, t,
sup suprLb<oo and sup supM

<L, <00,
>0 xeR 1+ |x| t>0 xeR 1+ |x|

uniformly in N > 0. Thanks to standard theory [2, 11], the following SPDE has a
predictable mild solution: For (¢, x) € (0, 00) x R,

dun(t,x) = $2un(t, x) + byt un(t,x) + oy, uy(t, )W, x), (2.1)

subject to u (0, x) = up(x). Moreover this solution is unique subject to

sup supE <|uN(t,x)|k) <oo forall N,T >0andk > 1
te(0,7) xeR

and jointly continuous in L¥(2). See Dalang and Sanz-Solé [4, Theorems 4.2.1 and
4.2.8]. As usual, (2.1) is short-hand for the random integral equation,

un(t,x) = (pr % uo)(x) + 971 (1, x) + I (¢, x), (2.2)

where J ,f}’v and gé\;v are the truncated analogous of the integrals in (1.4) and are given
by

e = [ p= by dsdy,
0.0 xR 23)

g (@ . x) :/«) : [sz_s(y—X)GN(s,uN(s,y)) W(ds dy).
)X
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The next result yields a moment estimate of the truncated solution which is similar
to that in Theorem 6.3.2 of [4] for more general SPDEs. We describe the details in
order to provide the explicit constants, and parameter dependencies, of the bound.

Proposition 2.1 If L, > O, then

4,3
sup sup E <|MN(I ’x)|k> < 4k(||u()||L00([R) + ])kelszak t
N>0xeR

uniformly for all t > 0 and k > max(2, L;/ZL;Z).
Proof Choose and fix N, ¢t > 0 and x € R. Owing to (2.2), we may write
lun @, )k < lluollLory + 11 + 12, 24

where I} = ||§}1)\:v(t,x)||k and I, = ||gf,\fv (t, x)|lx- We begin by estimating I as
follows. Thanks to (1.2) and the Minkowski inequality and the fact that

lon (s, un(s, YDk < L1+ lun(s, k),

we can see that

t o0
115/0 ds/ dy prs(y =) b (s un (s Y)Ie
—00

t
<L |:l +/ sup lun (s, )l dS:| .
0 yeR

For every space-time random field Z = {Z(¢,x); t > 0,x € R} and for all real
numbers k > 1 and B > 0 define

Nip(Z) = supsupe P Z(t , x)Ix. 2.5)
>0 xeR

It follows that
t
I <Ly [Z + nk,ﬁ(MN)/ ePs dsi| < Lyp [t + ﬂ_leﬂtnk,ﬁ(ujv)jl .
0

Since 1 exp(—pBt) < (ef)~! < B!, this leads to the following bound for I
I < Ly~ [1 + My pun)]. (2.6)

We bound 7, using the asymptotically optimal form of the Burkholder—Davis—Gundy
inequality (see [3]) as follows:

t o0
I3 §4k/0 dS/ dy [pi—s(y —X)]2 llon (s, un (s, YDIE - 2.7
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Thanks to (1.2) and the fact that [|ow (s, un (s, Y)I7 < 2L2(1 + [lun (s, W),

t o0
skl [as [ dy [ =0T (14 lowGs 017)
0 —00

Basic properties of the heat kernel imply that

P32y = (Pr % P(©) = p2r(0) = 3(xr)~'/2 foreveryr >0.  (2.8)
Therefore,
2 < 4kLZ [T ds N 4k L2 fs A ds
= up [lun(s .,y —
SRV PRV RV N V=

ds.

4k L2 /t ds  4kL2 [nk,,s(uN)]zeZﬂ’ /t o—2B(1—9)
= —+
v Jo s VT 0 ~I—s

Since fé s71/2ds < exp(2B1) [y° s7!/? exp(—2Bs) ds = /7/(2B) exp(2Bt), we are
led to the following:

12 < 4ke?P' 12 (1 + nk,,g(u,vﬁ) /\/2B.

We prefer to simplify the preceding slightly more, using the inequality /12 + n% <
|| + |n|—valid for all [, n € R—as follows:

L <2vVk@B) V4P Ly (1 4+ Ny p(un)) - (2.9)
We can combine (2.6) and (2.9) to find that

llun (t, x) Ik
< lluollzoe®) + LoB ™ e [1+ Ny pun)] +2vVk2B) 4P Lo (1 + Ny p(un))
< ol + (LoB™ +2VKLo 2B)™*) (1+ M plun))

This implies that
Mep(un) < Nuoll =y + (Lo ™" +2vELo 2B)4) (14 M pun)

Setf = 128k2Lf, to see that ,B_ILb + (2,6)_1/42\/EL0 < % for this particular choice
of B. Solve for nk,ugkzwr (u) in order to find that nk,lzgkzyé (un) < 4(luollLoew) +
1). This is another way to state the proposition. O

Remark 2.2 The requirement that k > max (2, Lll,/ 2L;z) is a technical consequence
of the proof. We can always choose, without incurring loss of generality, L, large
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enough to ensure that L,l)/ 2L;2 < 2, in order to ensure that the result stated in the
proposition holds for all k£ > 2.

The conclusion of Proposition 2.1 can be improved when o is constant. The fol-
lowing takes care of that case and at the same time improves Proposition 2.1 when o
is bounded but Lip(c) > 0.

Proposition 2.3 [fo : (0, 00) X R — R is bounded, then

k
sup sup B (Jun (¢, 1)) < 4204 (Jlugll ooy + 0l Lovq, iyt 4+ 1) K2,
N>0xeR

uniformly for all t > 0 and k > 2.
Proof We modify the proof of Proposition 2.1 by first observing that (2.4) remains

valid and so does (2.6). We start with (2.7) and estimate I, using (2.8), simply as
follows:

p t
122 < 4k||a||%oo(|R+X[R)/(; ||pr||i2([R) dr :2kﬂ_1/2||0||%00(ﬂ3+><[}?)\/(; dr/«/;
= 41013 o, V1T < K01 o, )V
This yields
lun (. )Ml < lluolloe )+ Lo ™" exp(B) [1+ M pun) |42kl [l oo syt .

Since the right-hand side does not depend on (¢, x), we divide by exp(8¢) and optimize
over (¢, x) to find that

Nipun) < luollLoo®) + 2vVkllo | oo, xRyt * + Lo~ [1+ M pun)],

uniformly for all real numbersk > 2, N, B > 0.Set 8 = 2Lj and solve for 1 21, (un)
to find that

Mear, (un) < 2luollzo®) + 4Vkllo |l o®, xryt/* + 1
< 4 (luoll e + 0 v, x4+ 1) VE,
which is another way to state the result. O

The next result shows some tail estimates of the truncated solution.

Proposition2.4 If L, > O, then

N3/2
N I
P{|uN+1<r,x>|ze ]sexp( 64L§ﬁ>’ (2.10)

@ Springer



23 Page 10 of 21 Journal of Theoretical Probability (2026) 39:23

uniformly for allt > 0, x € R, and
N > 4log(@(|luoll gy + 1)) v 256¢ max (4L§, L;,) :

If o € LR+ x R), then

Q2N—4Lyt
Pllunic. 0l z eV} <exp - — .
32e (luollLo®) + llollLo®, xr)t /4 + 1)

@2.11)

uniformly for allt > 0, x € R, and
N = Y10g32 + 2Lyt +  +log (IluollLm + lo i, <mt'* +1).

Proof Let us first consider the case that L, > 0. Proposition 2.1 and Chebyshev’s
inequality together ensure that

Plluwsr (.0 = e} < VB (jun s, 0 )
< (4(luolloor) + )" e kN HIBLoA
uniformly for all real numbers N, > 0,x € R, and all real ¥ > max(2, Lll,/Zng). Set

k = ~/AN—where the value of A > 0is to be determined—and C = 4(||ug|| L=~ (R) +
1) in order to see that

Alog C
P[|uN+1(t,x)| > eN} <exp (— {ﬂ— 12814 A3/2r — ‘/_%} N3/2) )

We use this with A = (256L%¢)~! and observe that k > max(2, /L, L;?) iff N >
256t max(4L§, Lyp). It follows that

128L% ¢ log C
N 3/2
P[|MN+1(t7x)| =€ } =< exp (_{[256[44;]3/2 - N 256L4I}N / )
o o

1 logC N3/2
=exp|—1=— ,
P\T127 v | @seni2L2

which has the desired outcome, when L, > 0, provided additionally that N > 4log C.
The case 0 € L°°(R) is proved similarly but rests on Proposition 2.3 instead of 2.1,
viz.,

Plluns1(. 0 = eV} < e™VE (juns1 (1, 0 ) < Cre ik,

valid uniformly for all N,z > 0, x € R, k > 2, where
C = Ct.u, L) = 4" (ol oo + 0 11, iyt +1)
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We apply the preceding with the particular choice k = C 2 exp{2N — 1} and compute
a bit in order to finish. O

Finally, the following real-variable lemma will be helpful to us.

Lemma 2.5 Consider a function f : (0,00) — (0, 00) and an increasing function
g :(0,00) = (0, 00). If there exists 8, Ty > 0 such that

sup [e P ()] <ePTg(T) VT €(0,Tp),
te(0,T]

then sup(o 11 f < g(T) for every T € (0, Tp).

Proof Since e PT f(T) < ePT g(T), we cancel the exponentials to deduce the result
from the monotonicity of g. O

3 Proof of Theorem 1.4

Proof of existence We first prove the theorem in the case that L, > 0. Until we mention
to the contrary, we therefore assume tacitly that L, > 0. Thus, we also assume that
(1.6) holds.

Let us choose and fix an arbitrary number 7 > 0. Our primary goal is to prove that

]

Y sup sup flunsi(t.x) —uy(t. )| <00 Vk =L 3.1)
N—1t€l0,T1xeR

Because T > 0 can be as large as needed, (3.1) implies that the random variable
u(t,x) = limy_ oo upn(t, x) exists in LZ(Q), say, pointwise in (¢, x). From there it is
not difficult to prove that the thus-defined random field u is a mild solution to (1.1).

With the preceding paragraph in mind, we now adjust (2.5) slightly and define the
following local-in-time norms:

Nip7(Z) = sup supe P Z(t, x)|k, (3.2)
te(0,T1xeR

defined for every B, T > 0, k > 1, and all space-time random fields Z.

Recall (1.5) and note that N +— Lipy(b) and N — Lipy (o) are nondecreasing
and b and o are globally Lipschitz, respectively, when limy_, o Lipy (b) < oo and
limy_, o Lipy(0) < o0. Therefore, Condition (1.6) ensures that we can assume
without any loss in generality that

lim Ly, = oo, (3.3)

N—o0o

for b and o will be globally Lipschitz otherwise, in which case there is nothing to
prove. From now on, condition (3.3) is assumed to hold.

@ Springer



23 Page 12 of 21 Journal of Theoretical Probability (2026) 39:23

Thanks to (2.2) we can write, for every k > 1 [not necessarily an integer], t > 0,
and x € R,
luy1(t,x) —un@,x)ll, < + I, 3.4

where
Iy =/ Rpr_s(y—x) bn1(s,uns1(s,y)) —by(s,uy(s,y)dsdy,
0,1)x

k

L= H[ Pi—s(y —x) [ont1(s, unv1(s, y)) —on(s, un(s,y)] W(dsdy)
0, xR
Recall (2.5) and for every N, s > 0 and y € R consider the event

Grii(s. ) = o e @t luyn (. i =e¥].
On the one hand,

I[on+1Cs ung1(s, y) — by (s un(s, Y] 16460 |4
< |Ibn(s,un+1(s,y)) —bn(s,un(s, y))

< Ly llunsi(s,y) —un(s, Wl < Ly pe® Mg rnst —un),

forallk > 1,8, N > 0,s € (0, T], and y € R. On the other hand,

I[bns1Cs uns1(s. ) — by (s un(s . YD ] 1\Gyais.n |
=< ”bN+1 (S y UN+1 (S s Y))IQ\GN+1(s,y) Hk + HbN(S ’ MN(S s y))IQ\GN+1(S ,y) ”k

< [Ubns1Cs s uns1Cs s ) lag + bn s s un (s, YDl [T =P (G (s, y)]V Y.

We have used the following variation of the Cauchy—Schwarz inequality in the last
line: | X1rllx < X[l [P(F)1Y/ 30 for all X € L*(Q) and all events F C . Set
C =4(llugllzoo(ry + 1). Thanks to Proposition 2.1,

bn+1Cs s ung1(s s Y llog + 16N (s un (s, y))llax

472
< Lp [lluns1(s, Wllak + lun (s, y)llak] < 2CLpe 2ok,

uniformly for all N,s > 0, y € R, and k& > max(l, %L;/z

following inequality:

L;?). This yields the

I[on+1Gs ungiCs. y) —bn(s . un (s, YD ] deveyiis. |,

1/(2k)
<201, [p a5, i = V)]

valid uniformly for all N, s > 0, y € R, and k > 1. Therefore, Proposition 2.4 yields
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I[on+1Gs ungiCs. y) —bn(s ., un (s, y) ] 1eveyii. [

32
< 2L, Ce™ 120K exp (‘us]ZTf> ’
h)
o

valid uniformly for alls € (0, 7],y € R, N > 4logC Vv 256T max(4L§, Lp), and
k > 1. Thus, we find using (3.2) that

I < Ly pP Ny g7 (uns1 — up) e P p, (v —x)dsdy
0,n))xR
4,2 N3/2
+2L,C e 2Lok s exp (- ——— ) pi_s(y — x)ds d 35
b /«),m ) L LR D)
Bt
< LN’bC

L,C 412 N3/2
n - —_— S1I2LC k"t — —————— ),
kg, T(UN+1 —UN) + 8L eXP( o

- B 128k L2 /1

uniformly for all # € (0, T) and x € R, provided that N, k > ¢, for a complicated
looking but otherwise unimportant number

c¢=c(luollLo® Lo, T, Lp) > 1. (3.6)
For later purposes, we pause to mention that the number ¢, while fixed, can be

chosen to be as large as we wish. Owing to Condition (1.6), we therefore select
¢ =c(lluollz> Ry, Lo, T, Lp) large enough to additionally ensure that

NI :
¢> sup ~———, where No=inf{N>1: Ly, >1}. 3.7)
N>Nyp LN,U

The number Ny is well defined and finite thanks to (3.3).
Next we study the quantity I>. Let us appeal to the Burkholder—Davis—Gundy
inequality (see [3]) to find that

t [ee)
B < 4k/ ds/ Ay [pr-s(y = D1 low1(s . uns1(s . y)) — on(s (s . )IZ.
0 —00
As in the above truncation, we may write

[[onsi(s unyi(s. ) —onGs . un(s. y)] Loy,
< LyoeP Miprunii —uy) VB N>0,5€(0,T], yeR

Moreover,

Ions1Cs,unsils. y)) —on(s. un(s . )] 1e\Gyare . |,

<[llonr1(s, unsiCs, Y llox + low (s, un (s, o] [1 = P (Gsi (s, 0]/
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Thanks to Proposition 2.1,
lonv+1(s, uns1(s, Y)lox + llon (s, un(s, y) ok
4.2
< Lo [lluns1Gs . 92k + lun (s, k] < 2Lo Ce¥'2Eeks,

uniformly for all N, s > 0, y € R, and k > 1. Therefore, Proposition 2.4 yields

Ions1Cs unsils. y) —ons. un(s . )] 1e\Gyie .|,

32
< 2L, Ce¥12Eok exp <_u23]ZTf) ’
S
o

uniformly foralls € (0, T],y € R,k > 1, and
N > cr := 4log C v 256T max (4L§, L,,) . (3.8)

Thus, we find that

t o0
2 _ _
13 < 8kL%, &P [N pr(un+1 — un)] / ds / dy e P p,_(y — 0T
0 —00
N3/2

22
+32kL3C f TR

4,2
GlOMLIES oy (
0.HxR

) [pr—s(y — x)1*ds dy

4kL3% &Pt 5
< N—\/% [Mkp.r(uns1 —un)]

2 2 102414 K21 N3/ Ji
+ 128kL~C~-e lexp| ——m— t,
o p( 128kLgﬁ>

for every choice of 8 > 0,7 € (0, T), and x € R, provided that N > max(c, c¢r) and

k > c—in case it helps we recall that ¢ > 1 and c7 > 0 were defined, respectively, in
(3.6) and (3.8). Combine this last inequality with (3.5) and (3.4) in order to see that

lun+1(,x) —un(, x|k

< of [LN,bﬂ‘l + 2\/zLN,cr,B_l/4:| Niep.r(n+1 = un)

vo| b VT AL, | ex siordez - N
128L3%2 o P o T skL2 i)

as long as N > max(c, cr) and k > c.
Next, we make particular choices of k > ¢ and > 0 as follows:

k=c and B=16Afk’L} . (3.9)

where
Ag = max <J§L§ , 4) . (3.10)
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We pause to emphasize that 8 depends on (N, T'). In this way we find that

— s+
16A3c2LYy, Ao

xeR

Ly 1
sup [lun-1(t , x) —un(t, x)|c < P! { —} NeprUnts —un)

rol Lt TR AL, |ex 512L4c2r—£
128142 il o T 18eL2 i)

uniformly for all T > 0,1 € (0,T], and N > max(No, c, cr); see (3.7). Because
Ag > 4—see (3.10)—an application of (3.7) yields the following inequality,

4
16A3

xeR

1
sup [lun-1(t , x) —un(t, x)|c < P! [ + A_oj| NeprUnts —un)

+C LJF 128¢t'4 Ly | ex 512L4c2t—£
128122 o P oC T 128cL2 i

1 1
< Br| _— — N —
<e [40% + 4] e, TUNF1 —UN)

ol =Lt L 138, |ex 512L4c2t—ﬂ
128142 o | P o T 18e12vi )

valid uniformly forall 7 > 0,7 € (0, T],and N > max(No, c, cr). Since 7556 + § <
%, we may divide both sides of the preceding by exp(8¢) and optimize over ¢ € (0, T']
in order to find that

NepTUN+1 —UN) (3.11)

Lp 1/4 ] 42 N3/2
<2C 4+ V1284 Ly | sup exp —(,3—512L c)t—i :
[128L§,c2 7o o 128¢L2 /i

uniformly for all T > 0, and N > max(Ny, ¢, c¢r). Thanks to (3.7), (3.9), and (3.10),
B—si2Lic? = (16A3LY, , — 51213 ) = ¢ (1645 - 512L% ) > 0,

uniformly for all N > Ny. Now, let us consider the following function that appears in
the exponent on the right-hand side of (3.11):

N3/2
Hn=(B-512L%*)t+ ——— (> 0).
v ('B o ) 128kL§ﬁ ( )
Because
(N/T)*? 4.4 o (N/T)?
"t) < B — ———— =16A,L ——— V0<t<T,
V=P secr2 0%NoC = 5eerz S
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it follows from this that ¢" < 0 everywhere on (0, 7] provided that

N
8/3
LN,O'

> 409623 AYP 2 LAPT =: Ny (3.12)

the left-hand side being well defined for example when N7 > Ny. Condition (1.6)
ensures that the left-hand side tends to infinity as N — oo. Therefore, (3.12) holds
for every N > max(Ny, Nt). It follows that

inf () =v(T) VYN > max(Ng, N7), T >0,
te(0,T]

whence it follows from (3.11) that, forevery 7p > Oand N > max(No , N7, , o, ¢73),

e pr(Unt1 —uy)

) Lp =T\ 51204 2 N3
<2C| =t 4 VI28eTAL —(p-sn2Lt)r - —— |,
= [128L§c2 Vi "} exp - (8 <) 128¢L2 /T

uniformly for every 7' € (0, Tp). In order to ensure the uniformity statement of 7', we
have also used the fact that T +— c7 is increasing; see (3.8). We now apply Lemma
2.5 in order to deduce from the above and (3.2) that, for every T > 0 fixed,

limsup N~?1log sup sup |luyt1(t,x) —un@®lxk <0 Vk>1. (3.13)
N—00 te(0,T1xeR

When k e [1, c] this follows from the preceding. For general k it follows from a
relabeling [k <> c], and an appeal to the fact that ¢ can be as large as we wish—see
the comments that follow (3.6). This proves our original goal (3.1). The remainder of
the argument is technically simpler.

The preceding proves that

u(t,x) = ngnoo un(t,x) existsin Lk(Q) Vk > 1, (3.14)

and the rate of convergence does not depend on ¢ € (0, 7) nor on x € R. As a direct
consequence u is L¥(§2)-continuous. This ensures that u has a predictable version.
Therefore it remains to prove that, forevery s € (0, T) and x € R,

lim ) (t,x) =9y(t,x) and lim I (t,x) =I5 (t,x), (3.15)
N—o0 N—oo

where both of the limits hold in LZ(Q), and the random fields 9, 9., ,ﬁv , and g[’,V
were defined in (1.4) and (2.3). Thanks to (3.14) and (2.2), this proves that u is a mild
solution to (1.1).

Observe that

[bn(t,2) —b(t, 2| < 1IR\[= exp(V),exp(n)1 (D16, 2)| + by (5 2)1)
<2Lp(1+ |Z|)1[R\[7 exp(N)‘exp(N)](Z),

@ Springer



Journal of Theoretical Probability (2026) 39:23 Page 17 of 21 23

forall z € Rand t, N > 0. This yields

g[i\jv(tsx)_/ pt—s(y_x)b(ssuN(svy))dey
0,1 xR

2

=< / Pr—s(y =) lby (s, un(s,y)) = b(s,un(s,y)l dsdy
0,nHxR

< 2Lb/ Pis (=) (\/E(l +lun (s )Py (s, )] > eN)) ds dy.
(0,1)x

If X > 0 is a random variable and A > 0 is a constant, then we apply the Cauchy—
Schwarz inequality and Chebyshev’s inequality back to back in order to find that

E(X% X > A) < VE(XHP{|X| > A} < A2E(XY).

Therefore, Propositions 2.1 and 2.3 assure us that

lim sup supE (1+ fu (s, )P (s, )| > V) =0,
N—=005¢(0,T) yeR

and hence glf; (t,x) — f(o,z)x[R DPi—s(y = x)b(s ,un(s,y))dsdy — 0as N — oo,

where the convergence takes place in L2(S2). Therefore, the first assertion of (3.15)
would follow once we can show that

lim / Pr—s(y —x)b(s ,un(s,y))dsdy = Ip(t, x), (3.16)
0,1)xR

N—o0

where the convergence takes place in L?(S2). Since b has at-most linear growth and
I6Cs,un (s, ¥)) —b(s,uls, yDll2 = [1bCs, un(s, )2+ [1bCs , uls, y))ll2, Propo-
sitions 2.1 and 2.3 ensure that [|b(s, un (s, y)) — b(s, u(s, ¥))|2 is bounded uniformly
ins € (0,T), N > 0,and y € R. Thanks to (3.14), uniform integrability, and the
continuity of b,

Nlim b(s,un(s,y)) =b(s,u(s,y)) in LZ(Q), foreverys > 0and y € RY.
—>00
Therefore, the dominated convergence theorem yields

lim Pr—s(y = x) |b(s ,un(s,y)) —b(s,u(s,y)l, dsdy =0,
N—o00 J(0,nxR

forallt € (0, T) and x € R. The triangle inequality now yields (3.16) and hence the
first assertion of (3.15). Similarly,

lon(t,z) —o(t,2)| <2Ls (1 + |Z|)1[R\[—exp(N),exp(N)](Z)
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forall z € Rand t, N > 0. Then, by the L2(Q)-isometry of stochastic integrals,

2

g;VN(r,x)—/(O sy (s ) Wids dy)
)X

2

< /(0 : [R[Pz—s(y — 0P lon (s, un(s,y) —o(s,un(s, y)I3 dsdy
)X

< 4L§f [Pr-s( = 0OPE (14 lun (s, )P lun (s, )| > ) dsdy.
0,0)xR
As before, Propositions 2.1 and 2.3 assure us that

tim sup supE (1+Jun(s, P lun (s, »| = eV) =0,
N—=004¢(0,T) yeR

and hence 9% (¢, x) — f((),t)xIR Pies(y —x)o (s, uyn(s,y)) W(dsdy) — 0in L*(Q)

N
as N — oo. Therefore, we are left to show that

lim Pi—s(y —x)o(s,un(s,y)) W(dsdy) = 45 (t, x),
N—00 J0,1)xR

where the convergence takes place in L2(£2). Since o has at-most linear growth and

lo(s,un(s,y) —ols,uls,y)lz2 < llols,un(s,y)lz2+llols,uls, )2,

Propositions 2.1 and 2.3 ensure that |0 (s, un (s, y)) — o (s, u(s, y))||2 is bounded
uniformly ins € (0, T), N > 0, and y € R. Thanks to (3.14), uniform integrability,
and the continuity of o, limy_oc o (s, un (s, y)) = o (s, u(s, y)) in L>(R), for every
s>0andy € R?. Therefore,

2

/ Pi—s(y —=x)o (s, un(s,y) W(dsdy) — 9o (1, x)
0,1)xR 2

- / [Dres (v — O (s un(s . ) — o s, uls y)I2 ds dy,
0,n))xR

which converges to 0 as N — oo by dominated convergence, for all ¢ € (0, T] and
x € R. The triangle inequality now yields (3.16). This verifies the second assertion of
(3.15) and completes the proof of Theorem 1.4 in the case that L, > 0. It remains to
study the same problem when o is bounded.

The proof in the case that o is bounded is structurally similar to the derivation of
the first part, except we replace the tail bound (2.10) with (2.11) in order to obtain the
following variant of (3.13):

limsupe_ZN log sup sup luny+1(t,x) —un@®lxr <0 Vk=>1.
N—00 te(0,T]1xeR
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The remainder of our derivation of the o-bounded case is the same as in the first
portion of the proof [L, > 0] and therefore omitted. This completes the proof. O

Proof of uniqueness We only give an outline of the proof in the case that L, > 0,
since the proof of uniqueness is essentially a simplified modification of the proof of
existence, because the other case where o is bounded is similar.

Let u, v be two solutions to (1.1) with the same initial condition u¢ satisfying
Assumption 1.1. Recall that # and v satisfy the mild formulation (1.3) with o and

b satisfying Assumption 1.2. Then, using Burkholder—Davis—Gundy inequality (see
[3]), we find that forallt > 0, x € R,and k > 1,

lu,x) —v(t, )l < I + L+ Iz + 14,

where

I = f Pr—s (= ) [ (bs s, ¥)) = bs , v, Y L ays.p | ds d,
0.0)xR
5 t o0 2 2
15 =4/</0 dS/ dy [pr—s(y =017 (@ (s, uls, ) — o (s, v(s, YD ay (s -
e
I3 = / Pr—s(y = x) [(b(s , uls, y)) —b(s, v(s, YY)D IgnAy(s.y) [ ds dy.
0.0)xR

t o0
7= Sk/O dS/ dy [pi—s(y = 0P (0 (s . uls, y) — o (s, v(s, NI\ Ay (s.) II,E,
—00
where for N,s > Oand y € R,

Ans. ) =foe2: s, i@ =, s, i@ <]

Observe that the moment bounds obtained in Propositions 2.1 and 2.3 only use the
linear growth constants L, and L. Therefore, they also hold when u y is replaced by
u or v. The same is true for the tail estimates obtained Proposition 2.4, which also hold
replacing u 41 by u or v. Therefore, we can proceed as in the proof of existence but
appeal to the local Lipschitz condition on b and o; that is, we recall (1.5) and write

||[b(sau(svy)) _b(S, U(S»y))] lAN(S,y)”k S LN,b ”u(svy) - U(S,y)”k,

and proceed similarly for o. Because P(Q2\ An (s, y)) is at-most P{|u(¢, y)| > eN} +
P{|v(z, y)| = eV}, similar computations to those in the proof of existence imply that
forall 7 > 0,

lute %) = (e 0k < e [Ly B~ +2VkLwo B~ [ i p = v)

Ly 1/4 ] 4,2 N3/2
v C| =t VIRV AL, |exp 51204k — ),
[ 1281342 o ot T skL2 i
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uniformly forall 8 > 0,7 € (0, T),x € R,and N, k > ¢, where C = 4(||ug|| o (Rr)+1)
and ¢ = c(lluoll LRy Lo, T, Lp) > 0. Now we fix the parameters 8 and k as in (3.9)
and analyze the preceding exactly as was done in the proof of existence in order to
conclude that

sup sup |lu(t,x) —v(t,x)]la <oo VT > 0.
N=11€0,T]xeR

Since the summand does not depend on N, it must be zero. This concludes the proof.
O
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