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Abstract—This paper addresses the problem of an adaptive
linear combiner when using sample statistics. In this case,
the Wiener-Hopf solution can be based on sample covariance
matrices and cross-correlation vectors. Despite these estimates
being inaccurate, the calculated, approximate solution can be
very precise. We explore why this is so by interpreting the
Wiener-Hopf solution as coming from a least squares problem.
We compare this solution to the case where we exploit knowledge
about some of the statistics. Surprisingly this has very limited
benefits and often is detrimental. We also show why it is
disadvantageous to separately estimate the two statistics.

Index Terms—adaptive systems, least squares approximation,
systems identification

I. INTRODUCTION

OR linear combining, the Wiener filter [1], [2] provides

the optimum solution both in terms of mean square and
least squares errors when the signal statistics are stationary
and known [3], [4]. In the discrete time case, the linear
combiner problem is stated as Rw = p [5], where w linearly
combines an input data vector with covariance R, whose cross-
correlation with a desired signal yields a cross-correlation
vector p. If R is full rank, the Wiener-Hopf solution is
w, = R™!p, where w, is the optimum linear combiner. Many
practical methods, such as least mean squares and recursive
least squares algorithms [6]—[8], should, in the limit, converge
to w, [9], [10].

If exact signal statistics are not available, we can approxi-
mate w, = R’lf) via estimated quantities R and p. This for
example forms the starting point of the recursive least squares
algorithm [6], [7]. The estimates R and p may be imprecise
as their variances only reduce inversely proportional to the
sample size. However, the result for W, can be surprisingly
accurate. In contrast, if we exploit knowing R, W, can be
rather imprecise: e.g. substituting the exact R = I produces
W, = P.

In order to explore the above discrepancy in precision, in
this paper we investigate three questions: (i) why can R 'p
be accurate despite imprecise statistical estimates? (ii) Is it
possible to improve the solution Wy if the input signal statistics
— often under a user’s control e.g. in a system identification
setup — are known? (iii) Related to the last point, we also
want to see how estimating R and p from different data sets
will impact on the solution.
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In this letter, we review the Wiener-Hopf solution and re-
state the problem as a least squares minimisation. Compared to
earlier work [11], we present corrected variance terms, include
a theoretical analysis for the case of statistics drawn from
different data sets, and, based on simulations', and provide an
assessment of the statistical significance of these results. In our
analysis, we assume that all signals are zero-mean circularly-
symmetric complex Gaussian. In order to track covariance
estimates via Wishart distributions, all signals are assumed to
be spatially but not temporally correlated. This excludes that
data is derived from a tap-delay-line structure as in a temporal
filter. Instead, we focus on the more general linear combiner,
but we briefly comment on temporal correlation in Sec. VII.

II. SYSTEM IDENTIFICATION AND WIENER-HOPF

System Identification Setup and Assumptions. As a repre-
sentative use of the Wiener-Hopf solution, we consider an
adaptive system identification problem [6], [7] as described
in Fig. 1. An unknown linear system w € CM is excited by a
signal x,, € CM™. The same signal x,, feeds into an adaptive
combiner with coefficient vector w € CM whose dimension
for simplicity matches the size M of the unknown system. The
output y[n] = wix,, of the adaptive combiner w is compared
to the signal d[n] = w'x, + v[n], with v[n] representing
observation noise. The adaptive system aims to adjust w in
order to minimise the error e[n] = d[n] — y[n| in the mean
square sense.

We assume that the observation noise v[n] is independent
from the input signal x,,. For tractability of the subsequent
analysis, we further assume that both input and observation
noise are temporally uncorrelated. Thus, with the expectation
operator £{-} and [7] denoting the Kronecker delta function,
we have E{v[n|v*[n — 7]} = 25[r], where o2 is the obser-
vation noise power, and £{x,x!l_ } = Ré[7].

Wiener-Hopf Solution. To minimise the mean square value
x = &{|e[n]|*} of the error e[n] in Fig. 1, we formulate

w, = argmin E{|e[n]*} . (1)

ICode available at https://github.com/StephanWeiss5/WienerHopfAccuracy.

- v[nﬁ ]
) .
Xn o—=e _é?—o e[n}
J w
"l y[n]

Fig. 1. System identification of an unknown system w by an adaptive
combiner w.
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With e[n] = d[n] — w'lx,,, the mean square error depends on
the covariance matrix of the input, R = £{x,x[}, as well
as the cross-correlation vector p = £{d*[n]x,} between the
desired signal and the input. Provided that R has full rank,
the so-called Wiener-Hopf solution [6]-[8],

wo,=R7'p, 2)

solves the problem in (1).

System Identification Metrics. Since we are interested in the
accuracy of system identification, we define a system error
€ = W — w between the unknown system and our model. We
define a mean square value & as

E=E{|lw-w|3} =¢&{e"e} =u{E{e€"}} , B
with tr{-} the trace operator. We have already defined the mean

square error x = E{le[n]]|*} = &{|d[n] — w'x,|?}, which
represents the cost term in (1). It can be written as

x = E{v[n] + W%, — w'x,|*} =02 + E{e"Re} . (¥

Thus, compared to the mean square system error ¢ in (3), the
mean square error X in (4) involves a weighted inner product
of €. Thus, it is only for R = cI, for some ¢ € R, that the
optimisations with respect to ¢ and y are equivalent.

III. SECOND ORDER SAMPLE STATISTICS

Auto- and Cross-Correlation Estimators. The covariance
matrix R and the cross-correlation vector p in (2) must
in practice be estimated from a finite sample size, say N
snapshots for time indices n =0, ..., (N — 1). With

X: [Xo, X1y eony XNfl]
d = [d[0], d[1], ..., d[N —1]]"" .
we can formulate estimates
R 1 1
R = —Xxx! p=—Xd. 5
N ; P=x &)

Since x,, is zero mean, we find that
) 1 1 Nl
e{R} = LE{xx"} = < n; g{x,x1V =R (6)

and likewise E{Pp} = p. So the estimators in (5) are unbiased.

Variance of Sample Covariance Estimator. To judge how the
estimates in (5) improve with N, we investigate the variance
of the covariance estimator,

var[R} = £{(R - R)(R - R)"}
(7

where the simplification step exploited (6). By resolving the
first term in (7) using the Appendix (with ¥ = I), we obtain

1
= & {(XXIXXT} - RRY,

var{R} = %tr{R} R. (8)

This is consistent with results in e.g. [12]-[14]. A similar
dependency can be shown for the cross-correlation estima-
tor [15], i.e. the estimators in (5) only converge inversely
proportional to the sample size N.

Hllustrative Example. As an example for using sample
statistics for the Wiener-Hopf solution, we consider the system
wt =[1,3,1] and N = 100 input vectors x,, with R = L.
With an observation noise power O'g = 1073, for one realisa-

tion of the sample statistics we obtain R and p such that

IR — Rz =0.1235, lp—pl% =0.0151. (9)

For comparison, note that 5{ IR — RH%} = tr{var{f{}} and
thus with (8),

e{IR-R|2} =

and E{|lp — P2} = %|w|3 = 0.0413 [11], which are of
the same order as the results in (9). Despite these inaccuracies
of the estimates, for the approximate Wiener-Hopf solution,

W, = R™!'p, we obtain a system error

[Wo — w3 =3.69-1075 .

1 , M2

(10)

Hence the Wiener-Hopf solution is more accurate than the
estimates on which it is based by orders of magnitude. In
absence of observation noise, i.e. 03 = 0 but otherwise with
the same data, the system error in (10) drops to ~ 10731,
i.e. close to machine accuracy in a double floating point
format.

IV. LEAST SQUARES ANALYSIS

Questions. The example in Sec. III raises some questions
which we want to investigate as specific cases using a least
squares analysis further below:

(C1) Why can the Wiener-Hopf solution be accurate despite
using inaccurate sample statistics?

(C2) Since in a system identification setting we may know
the statistics of the input, is there a benefit if we utilise
knowledge of R to replace R?

The last point triggers a more hypothetical question:

(C3) What happens if we calculate R and p from two inde-
pendent measurements?

We will begin by investigating case (C3) as it is the most

general scenario. Consider two different data matrices X, ¢ =

1,2, such that R = X; X" /N and p = X,d/N. From this,
we derive case (C2) by replacing X; X!/N with R, and case

(C1) by setting X; = Xs. In addition to the assumptions in

Sec. I, we consider the data matrices to have full row rank.

Least Squares Formulation. For the most general case (C3),
we replace (5) by

A 1

R= lexlf ,

. 1 1 1

p= NXQd = NXZXEW + NX.QV .

Inserting this into the Wiener-Hopf solution, we have
Wo = (XIX,) 7 XEXow + (XIX,) 7 XEv .
For the system error € = W, — w,
e = (X, XM 7 (XXE - X, X w
+ (XN T X,v, (1)
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we find a system-related term depending on w, and another
term due to the observation noise v.

Least Squares Interpretation. For case (C1) with X; = X,
in (11) the system-related term vanishes, and only € = XJ{V
remains, where {-}1 denotes the pseudo-inverse, providing the
smallest possible system error in the least squares sense, given
X and v. Thus, the solution does not depend on the accuracy
of R and P, as long as X; has full row rank.

For cases (C2) and (C3), the system-related term in (11)
does not drop out, and its impact requires closer investigation
of the mean square system error £.

V. MEAN SQUARE SYSTEM ERROR ANALYSIS

By inserting (11) into (3), the result can be organised as

§:€w+§v

with a system-related term £, and an observation noise-related
term &,. Using trace rules, E{vv"} = ¢2I, and abbreviating
W = wwt, we find

12)

(o = tr{w(g{xzxg(xlx?)—QXQXI;} +1 (13)

—e{(Xa X)X XS - 5{X2X£‘<X1X§‘>‘1})} :
o = oor{E{X; X)) 2 XXY }} (14)

We investigate these terms &, and &, in turn.

A. Observation Noise-Related Error Term

For case (Cl), (14) simplifies to an inverse Wishart-
distributed term (X;X!)~! which has the expected
value [16], [17]

Hy—-11 _ -1
e{Xxi) '} = N MR (15)
Therefore ¢, simplifies to
2
- o _
op = o2r{E{(X:X) '} } = N Mtr{R )

In case of (C2), we replace (X;X!)~2 with R=2/N? and
obtain

s -1
§v2 = Ntr{R b (17)
For case (C3) with independent X; and X,
fos = opu{E{(XaX]) 7} E{Xo X3}
we additionally exploit the fact that [16], [17]
1
Hy — _ _ _
XY= O(R7 + R (R Y)
with C = [(N — M)? — 1]7! to yield
NQJ?) 1
§v.3 = (N = M)V — M= 1]tr{R [ E))

Thus, assuming that N > M 4 1, we find that {, 2 < &1 <
&v,3, while for N > M, &, 1 and &, 3 approach &, o.

B. System-Related Error Term

For case (C1), it is easy to see that for (13) and in line with
the results in Sec IV, we have &, 1 = 0. For case (C2) with
X, X! replaced by NR, (13) simplifies to

1
€u2 = N2tr{W(5{X2X§R2X2X§I} - 1)} .

Resolving the expected term with the help of (22) in the
Appendix by setting ¥ = R, we obtain

w2 = %tr{R_l}tr{RW} : (19)

For case (C3), as a first step we address the term ©® =
E{XXH (X X 72X, X} in (13) using (22) in the Ap-
pendix with ¥ = (X;X!)=2:
2N2C
N-—-M
Inserting into (13) and with (15), we obtain
N(M?+1)— M(M? -1)
(N = M)[(N = M)>—1]
2N?

N —-M)[(N—-M)? -
provided that N > M + 1. Under this provision, we have
§w,3 > Ew2 > 8wt

® = N2CI+

w{R'}R.

fw,g = tr{W}

+ ( 1]tr{R—l} tr{RW}, (20)

VI. SIMULATIONS AND RESULTS

For an unknown system w € C® with coefficients drawn
from a complex Gaussian distribution, we calculate the
Wiener-Hopf solution for different signal to noise ratios
(SNRs), defined as 1 /03, between -20 dB and 40 dB. For
three different samples sizes N € {30, 300,3000} and with
M = 5 coefficients in w, an ensemble of 10® experiments is
performed for each parameter combination and for the three
different cases. For each ensemble probe, the data is generated
via x,, = Au, with u, ~ CN(0,I), where a matrix A has
singular values o,, = (3)™'. Thus, x,, ~ CN(0, R), where
R = AAY has eigenvalues \,, = 02, m = 1,..., M, and
describes the spatial correlation of the data.

Fig. 2 shows both theoretical and simulated results ver-
sus the SNR. Theoretical mean square system errors & =
€wi+ &uis i = 1,2,3, are given by (16), (17), (18), (19),
and (20). Note &,; = 0. For the simulations, individual
squared system errors ||€||3 are averaged to give ensemble
means fl Additionally, Fig. 3 characterises the estimated
probability density function p(||€||2) of the system error at
two separate SNR values, noting that as a result of the heavy-
tailed distributions and the logarithmic axis, the means appear
off-centre.

The theoretical and simulated results agree very closely. At
low SNR, the error decays approximately with <, as expected
for N > M according to Sec. V-A. Particularly for low
N, here noticeable for N = 30 in Fig. 2, on average the
best performance is achieved if knowledge of R is exploited.
However, the differences of the means are not statistically
significant given the distributions in Fig. 4. For cases (C2)
and (C3), at high SNR ¢; saturates due to the system errors
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Fig. 2. Mean squared system error & versus signal to noise ratio 1/02
for sample sizes {30, 300, 3000} for the three cases, compared to ensemble
averages &;, ¢t = 1,2, 3.
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Fig. 3. Measured normalised distributions of squared system error | €||? for
(a) - 10 dB and (b) 30 dB SNR; markers and vertical lines indicate theoretical
and ensemble means, respectively, as shown in the legend of Fig. 2.
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Fig. 4. Ensemble mean squared error X versus SNR 1/02.

&w.i» © = 2, 3. Here the differences are statistically significant.
Thus at higher SNR, case (C1) is always preferable.

In the above simulations, the mean squared error x in (4)
minimised by the Wiener-Hopf solution is not equivalent to
minimising £ due to the choice of R, as seen in (4). Therefore,
Fig. 4 shows the ensemble mean square error y, corrected
for the offset due to the observation noise power 2. Even
though R is not particularly well conditioned, (Y —o2) behaves
similarly to ¢ in Fig. 2, and the relative performance between
the three cases remains unaltered.

VII. DISCUSSION AND CONCLUSIONS

For a linear combiner, we have interpreted the approximate
Wiener-Hopf solution based on sample statistics as a least
squares problem, and separated the error into a system-related
and an observation noise-related term. The former is absent
if both R and p are calculated — here with the best linear
unbiased estimator — from the same data set as in case

(C1). Replacing R by the exact statistics, if known, for case
(C2) in principle offers a lower observation-noise related
mean squared error term. But their mean values do not differ
significantly, and (C2) only offers benefits for low SNR and
for low sample size, i.e. in situations where the performance
w.r.t. the error metric is poor anyway. The hypothetical case
(C3) of calculating R and p from different, independent
data sets unsurprisingly gave the poorest results. Hence it
appears generally advantageous to operate on one data set, and
neglect knowledge of R in order to exploit the least squares
minimisation at the heart of the Wiener-Hopf solution when
approximated using sample statistics. The conditioning of R
impacts proportionally on the error metric, which motivates
near-orthogonal input sequences [20]-[22].

For temporally correlated data, e.g. if x,, is a tap delay line
vector, the effective sample size decreases, and the variance
of estimators increases. With XX! being no longer Wishart
distributed, the analysis becomes difficult; yet our results
present upper bounds on the performance which are reached
for the temporally uncorrelated case.

APPENDIX: RESOLVING £ {XXHWXXH}

(CMXN

For a data matrix X € , we want to simplify

¢ = {XX"wXxX"} | (21)
where ¥ € CM*M g independent of X. Let ®,,,, be the
element in the mth row and nth column of ®, X,,, an
element of X, and ¥ , an element of ¥. We have

N M
>N Xm,aX;g,a\Ifk,zXe,BX;,B}
a,f=1k (=1
N M
SN e E{ X a X} o X X5 5} -

a,f=1k (=1

(I)m,n = 5{

Using Isserlis’ formula [18] to simplify the 4th order moment,
we obtain

N M
IS S SN (5 WETR P AT
a,f=1k (=1

+ E{XmaXes} E{X 0 X0 5)
+ E{ XX} E{ X7 Xe s} )Wk} -

For circularly symmetric Gaussian data, 5{XXT} =0 [19].
With R, ,, an element of R = +-&{XX"}, this simplifies to

M
o= (N?Ry kE{Us s} Rem
k=1

FNRp nE{Wp e} Reg)
Thus, overall (21) becomes

® = N’RE{P} R + NRu{E{¥} R} . (22)
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