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A thin, evaporating sessile droplet with a pinned contact line containing inert particles is
considered. In the limit in which the liquid flow decouples from the particle transport, we
discuss the interplay between particle advection, diffusion and adsorption onto the solid
substrate on which the droplet sits. We perform an asymptotic analysis in the physically
relevant regime in which the Péclet number is large, i.e. Pe � 1, so that advection
dominates diffusion in the droplet except in a boundary layer near the contact line, and in
which the ratio of the particle velocities due to substrate adsorption and diffusion is at most
of order unity as Pe → ∞. We use the asymptotic model alongside numerical simulations
to demonstrate that substrate adsorption leads to a different leading-order distribution of
particle mass compared with cases with negligible substrate adsorption, with a significant
reduction of the mass in the suspension – the nascent coffee ring reported in Moore et al.
(J. Fluid Mech., vol. 920, 2021, A54). The redistribution leads to an extension of the
validity of the dilute suspension assumption, albeit at the cost of breakdown due to the
growth of the deposited layer, which are important considerations for future models that
seek to accurately model the porous deposit regions.
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1. Introduction
The evaporation of particle-laden droplets is ubiquitous, with a multitude of everyday
applications in addition to industrial and engineering uses. The field is most famously
concerned with the so-called ‘coffee-ring’ effect, whereby a spilled droplet of coffee
leaves behind a stain that is darkest towards its edge – the eponymous ring (Deegan et al.
1997, 2000). In brief, the pinning of the contact line of the droplet on the substrate as it
evaporates leads to an outward capillary flow to replenish the mass loss at the contact line,
which carries particles with it, forming the ring.

This phenomenon is by no means restricted to coffee and may be exploited in situations
where patterning is desired, such as in printing microcircuits or colloidal patterning (see
e.g. Harris et al. 2007; Mirbagheri & Hwang 2019; Zhou et al. 2019; Issakhani et al. 2023).
The pattern itself may also be analysed to reveal information in blood spatter analysis
(Brutin & Starov 2018; Smith & Brutin 2018) and healthcare diagnostics (Smalyukh et al.
2006; Sefiane, Duursma & Arif 2021). However, in other applications, the coffee-ring
effect may be undesirable, particularly when uniform coatings are required in, for example,
additive manufacturing of Q/OLED screens (Jiang et al. 2016; Li et al. 2020).

With the wide variety of applications, it is perhaps unsurprising that the phenomenon
remains at the centre of active research. There is a large body of literature concerning
different aspects of the problem such as droplet evaporation (Wilson & D’Ambrosio 2023),
evaporation-driven internal flow (Gelderblom, Diddens & Marin 2022) and techniques
for controlling deposition (Mampallil & Eral 2018). Of key interest is the role played
by various physical effects in the particle deposition, particularly in the formation of the
coffee ring, with studies highlighting the importance of substrate wettability (Nguyen,
Hampton & Nguyen 2013; Patil et al. 2016), Marangoni effects (Kajiya & Doi 2011; Abo
Jabal et al. 2017; Malinowski et al. 2018), droplet geometry (Sáenz et al. 2017; Wray &
Moore 2023, 2024), gravity (Kim et al. 2021; Moore & Wray 2023) and vapour shielding
effects in the atmosphere due to masking (Harris et al. 2007; D’Ambrosio et al. 2023) or
the presence of other droplets in close proximity (Wray et al. 2021; Wray & Moore 2024).

Given that the coffee-ring effect occurs due to outward capillary flow, most studies
regarding deposition, including the majority of those mentioned above, have focused on
aspects of the problem that affect particle transport via the internal flow. In practice,
however, in addition to this flow, the final deposit is also determined by the particle–
particle, particle–free surface and particle–substrate interactions present. In recent years
there has therefore been an emergence of analytical, numerical and experimental studies
seeking to elucidate these effects (see e.g. Anyfantakis & Baigl 2015; Shao et al. 2020).
In particular, it has been shown experimentally that the ring deposit is surprisingly robust
and often persists (if in a somewhat reduced form) despite the enhancement of particle–
particle interactions through, for example, increasing particle size and/or concentration
(Malla, Bhardwaj & Neild 2019) or of particle–substrate interactions through, for example,
changing the acidity of the base fluid (Bhardwaj et al. 2010), the addition of surfactant
(Anyfantakis et al. 2015) or modification of the particle and/or substrate charge (Yan
et al. 2008; Bridonneau et al. 2020). However, whilst a ring deposit often persists, the
characteristics of the final deposit depend strongly on the electrostatic potential between
the particles and the substrate (see e.g. Yan et al. 2008; Bhardwaj et al. 2010; Molchanov
et al. 2019; Kumar, Basavaraj & Satapathy 2023). Specifically, when the particles and
the substrate are oppositely charged, the electrostatic force between them is attractive,
resulting in more particles being deposited onto the substrate in the droplet bulk, i.e. a
reduction of mass in the contact line deposit (see e.g. Anyfantakis & Baigl 2015; Devineau
et al. 2016; Kumar et al. 2023). We note that, despite the robustness of the ring deposit
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for typical spherical particles, studies on ellipsoidal particles have found that enhanced
long-range particle–particle interactions can cause loosely packed clusters to aggregate
at the free surface of the droplet, leading to more uniform deposits (Yunker et al. 2011;
Dugyala & Basavaraj 2014).

Previous numerical and analytical studies have examined how particle–substrate
adsorption, hereafter referred to as substrate adsorption, may contribute to the formation or
elimination of the coffee ring (see e.g. Widjaja & Harris 2008; Siregar, Kuerten & Van der
Geld 2013; Zigelman & Manor 2018a,b; Sung, Wang & Harris 2019; Erdem, Denner &
Biancofiore 2024; D’Ambrosio et al. 2025b). Specifically, Widjaja & Harris (2008)
numerically investigated the effect of advective transport due to evaporation, colloidal
diffusion and substrate adsorption on the deposition from a droplet undergoing diffusion-
limited evaporation. They identified four distinct final deposit patterns, with a transition
from a ring deposit when advective transport dominates, to a deposit concentrated at the
droplet centre when substrate adsorption dominates. Extensions to this investigation have
been proposed by including the effect of contact-line motion (Siregar 2012; Siregar et al.
2013) and particle–substrate desorption (Sung et al. 2019). More recently, Erdem et al.
(2024) used the model proposed by Widjaja & Harris (2008) to consider the effect of
colloidal diffusion, substrate adsorption, contact-line motion and thermal effects on the
deposition of particles from a droplet evaporating according to the one-sided model (see
e.g. Anderson & Davis 1995).

Zigelman & Manor (2018a,b) used numerical and analytical techniques to study the
effect of substrate adsorption and particle–particle coagulation on the deposition from a
thin sessile droplet undergoing spatially uniform evaporation under the assumption that
colloidal diffusion is negligible. In particular, Zigelman & Manor (2018a) identified a
critical strength of substrate adsorption at which the concentration of particles within
the droplet remains uniform throughout evaporation, and observed a transition from
concentration profiles that are singular at the contact line below this threshold to profiles
that are more concentrated at the centre of the droplet above this threshold, indicating
a suppression of the coffee-ring effect. D’Ambrosio et al. (2025b) extended the work of
Zigelman & Manor (2018a,b) by investigating the concentration of particles adsorbed onto
the substrate, as well as the evolution of masses within the bulk of the droplet, adsorbed
onto the substrate, and in the ring deposit for a droplet undergoing either spatially uniform
or diffusion-limited evaporation. In particular, they predict a transition from an adsorbed
deposit more concentrated near the contact line of the droplet when radial advection due to
evaporation dominates particle–substrate adsorption, to a deposit more concentrated near
the centre of the droplet when particle–substrate adsorption dominates radial advection
due to evaporation, and that the presence of substrate adsorption suppresses the formation
of a ring deposit at the contact line for spatially uniform, but not for diffusion-limited,
evaporation.

The aforementioned theoretical studies investigating substrate adsorption propose
extensions to the basic model for the transport of colloid within a thin droplet originally
described by Deegan et al. (2000). In this model it is assumed that the colloid is sufficiently
dilute that it has no effect on the flow within the droplet and that the appropriately defined
Péclet number is sufficiently large that the radial transport is governed solely by advection.
These assumptions are expected to break down in areas of high concentration, such as near
the contact line of the droplet. In particular, close to the contact line, where the droplet
thickness approaches zero, the particle concentration diverges resulting in a non-zero mass
flux through the contact line (Deegan et al. 2000); this is usually interpreted as deposition
of the particles into a ring.
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This occurs even for evaporative models outside of diffusion-limited evaporation and
will typically occur when there is radially outward flow (D’Ambrosio et al. 2023). While
the inclusion of particle–substrate adsorption may be shown to reduce the mass transported
to the ring, existing models in the diffusion-limited regime still exhibit this loss of mass
(D’Ambrosio et al. 2025b).

Various authors have extended the analysis of Deegan et al. (2000) in attempts to
overcome the unphysical mass loss at the contact line by, for example, accounting for
finite particle size effects, essentially allowing for particles to trap and/or jam close to
the contact line and hence removing the singularity in the particle concentration profile
(Ozawa, Nishitani & M 2005; Popov 2005; Eales et al. 2015; Kaplan & Mahadevan 2015;
Coombs et al. 2024a,b). However, it has been shown that the assumptions of the dilute
model fail before particle packing is expected to become significant and that there exists
a boundary layer close to the contact line in which diffusion dominates particle transport
(Moore et al. 2021, 2022; Moore & Wray 2023). In particular, this allows the no-flux
condition for the particle volume fraction, which is typically neglected in the reduction
from a second-order to a first-order partial differential equation in the large-Péclet-number
limit, to once again be imposed at the contact line.

The aim of the present work is therefore twofold. First, we extend the analysis of
D’Ambrosio et al. (2025b) to include particle diffusion and thereby address the loss
of particle mass at the contact line observed therein. Second, we use both asymptotic
and numerical analyses to analyse the dynamic distribution of particle mass between
the adsorbed layer, the nascent coffee ring and the droplet bulk. These results are used
to discuss different limitations of the dilute model. Where possible, we corroborate our
findings with previous work in the literature.

The structure of the paper is as follows. In § 2, we formulate and derive the
dimensionless model, before identifying the critical asymptotic regimes. The system is
analysed asymptotically and numerically in the physically relevant limit of advection-
dominated particle transport in § 3. The case Pe = O(1) is examined numerically in § 4.
We give comparisons against suitable simulation and experimental results in § 5. We
conclude with a summary and discussion in § 6.

2. Problem formulation
We consider a droplet of volatile fluid evaporating from a solid substrate as depicted
schematically in figure 1. The droplet has initial volume Ṽinit and circular contact radius R̃.
Here and hereafter, a tilde denotes a dimensional variable. The liquid has density ρ̃,
dynamic viscosity μ̃ and surface tension coefficient σ̃ with the surrounding gas.
Throughout this analysis, these are taken to be constant. The effect of gravity is assumed
to be negligible so that the Bond number Bo = ρ̃ g̃ R̃2/σ̃ � 1, where g̃ is the constant
acceleration due to gravity.

The droplet evaporates into the surrounding gas, and is taken to be sufficiently small
that evaporation is diffusion-limited and quasi-steady (Wilson & D’Ambrosio 2023). We
note that there are other common evaporation models applicable for different substrate–
liquid–gas combinations, including the one-sided or kinetic evaporation model (Murisic &
Kondic 2011), but we choose to focus on the most commonly used diffusion-limited
model here. Throughout the evaporation, we assume that the gas is quiescent and that
the droplet contact line remains pinned on the substrate. Pinning, typically due to surface
inhomogeneities, is crucial to the coffee-ring effect and is observed in practice for a wide
range of liquids for the majority of the drying time (Deegan et al. 1997; Hu & Larson
2002; Kajiya, Kaneko & M 2008; Howard et al. 2023). Moreover, pinning may be further
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Figure 1. A droplet of volatile fluid lying on a solid substrate evaporates into the surrounding gas. The droplet
contains inert particles that are transported by the competing effects of advection (yellow), diffusion (blue)
and substrate adsorption (magenta). Advection to the pinned contact line is driven by the flow due to the
evaporation. This increases the local particle volume fraction, driving a diffusive flux of particles near the
contact line. Finally, particles may be arrested on the substrate due to adsorption.

amplified by particle accumulation at the contact line, extending the period of validity
for the assumption (Orejon, Sefiane & Shanahan 2011; Weon & Je 2013; Larson 2014).
We note here that mechanisms for reducing or inhibiting pinning are used to diminish
or eliminate the coffee ring, for example by exploiting weak contact angle hysteresis on
hydrophobic substrates (Li, Sheng & Tsao 2013) or electrowetting (Eral et al. 2011).

We take cylindrical polar coordinates (r̃ , θ, z̃) centred at the stagnation point within the
droplet with the substrate lying in the plane z̃ = 0. For the purposes of this analysis, we
assume that the droplet is axisymmetric, so that the resulting flow and transport problems
are independent of the polar angle θ . Therefore, the liquid–vapour interface is denoted by
z̃ = h̃(r̃ , t̃), while the pinned circular contact line is r̃ = R̃, z̃ = 0.

Throughout the modelling, we assume the particles are sufficiently dilute that the flow
and transport equations decouple. This assumption will undoubtedly break down at later
times when the particle volume fraction approaches the packing fraction (e.g. ≈64 % for
closely packed spheres), whereby finite particle size effects become important (see e.g.
Popov (2005), Kaplan & Mahadevan (2015), Moore, Vella & Oliver (2021) and Coombs
et al. (2024a,b) for detailed discussions on the onset of finite particle size effects and
potential modelling frameworks). We assess the possibility of breakdown due to finite
particle size effects in further detail in § 3.5. Under the dilute assumption, the equations
governing the motion of the flow are the Stokes equations,

∇ · ũ = 0, ∇p̃ = μ̃∇2ũ for r̃ < R̃, 0< z̃ < h̃(r̃ , t̃), (2.1)

where, since the flow is axisymmetric, the liquid velocity is ũ = ũ(r̃ , z̃, t̃)er + w̃(r̃ , z̃, t̃)ez
and p̃(r̃ , z̃, t̃) is the liquid pressure.
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The Stokes equations must be solved subject to the usual conditions of no-slip and no-
penetration on the substrate:

ũ(r̃ , 0, t̃)= 0 for r̃ < R̃; (2.2)

while on the liquid–air free surface, the stress conditions are given by

n · (− p̃atm I − T̃
)= −σ̃ κ̃n on z̃ = h̃(r̃ , t̃), r̃ < R̃, (2.3)

where n is an outward-pointing unit normal to the free surface, κ̃ = −∇ · n is the free-
surface curvature, I is the identity tensor, T̃ is the Newtonian stress tensor and p̃atm is the
constant atmospheric pressure; and finally the kinematic condition gives

∂ h̃

∂ t̃
+ ũ

∂ h̃

∂ r̃
− w̃= − J̃

ρ̃
on z̃ = h̃(r̃ , t̃), r̃ < R̃, (2.4)

where J̃/ρ̃ represents the flux of liquid lost due to evaporation.
The volume fraction of the inert particles contained in the droplet, φ̃ = φ̃(r̃ , z̃, t̃), is

governed by the advection–diffusion equation:

∂φ̃

∂ t̃
+ ũ · ∇φ̃ = D̃s∇2φ̃ for r̃ < R̃, 0< z̃ < h̃(r̃ , t̃), (2.5)

where D̃s is the diffusivity of the particles in the liquid, which we take to be constant.
Accounting for motion due to evaporation, the no-penetration condition at the liquid–air

interface is

D̃s n · ∇φ̃ = φ̃ J̃

ρ̃
on z̃ = h̃(r̃ , t̃), r̃ < R̃. (2.6)

Similarly, to account for the loss of particles to adsorption on the substrate, we follow
previous models on substrate adsorption by setting

D̃s
∂φ̃

∂ z̃
= k̃aφ̃ on z̃ = 0, (2.7)

where k̃a is the (constant) substrate adsorption velocity (Kurrat et al. 1994, 1997; Siregar
2012; Siregar et al. 2013; Zigelman & Manor 2018a). Here it is assumed that all
substrate adsorption is irreversible – that is, there is no desorption from the substrate.
The corresponding mass of particles on the substrate, m̃s = m̃s(r̃ , t̃), satisfies

∂m̃s

∂ t̃
= ρ̃s k̃aφ̃(r̃ , 0, t̃), (2.8)

where ρ̃s is the density of the colloid. Finally, it is assumed that the particles are initially
uniformly distributed within the droplet, with no particles adsorbed onto the substrate, so
that

φ̃(r̃ , z̃, 0)= φ̃init, m̃s(r̃ , 0)= 0. (2.9)

To close the model, we require the evaporative flux J̃ . As stated above, we assume that
the evaporation is primarily driven by a quasi-steady diffusion process, so that the molar
vapour concentration c̃ = c̃(r̃ , z̃, t̃) is determined by solving

∇2c̃ = 0 in the gas phase, (2.10)
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subject to

c̃(r̃ , h̃, t̃)= c̃sat for r̃ < R̃,
∂ c̃

∂ z̃
(r̃ , 0, t̃)= 0 for r̃ > R̃, (2.11)

and such that

c̃ → c̃∞ as r̃2 + z̃2 → ∞, (2.12)

where c̃sat and c̃∞ are the constant saturation and ambient vapour concentrations,
respectively. The required evaporative flux is then given by

J̃ (r̃ , t̃)= −M̃� D̃v∇c̃ · n
∣∣
h̃, (2.13)

where M̃� is the molar mass of the liquid vapour and D̃v is the constant diffusion
coefficient of the vapour phase.

2.1. Non-dimensionalisation
Throughout this analysis, we concentrate on droplets that are thin, which may be expressed
herein as

0< δ = Ṽinit

R̃3
� 1. (2.14)

Under the thin assumption, we may linearise the mixed-boundary problem for the
vapour concentration (2.10)–(2.12) onto z̃ = 0, retrieving the classical problem for the
electrostatic potential outside a charged disk of radius R̃, whose solution has been long
known (see e.g. Weber (1873) and Copson (1947) for details): the relevant information
for the present analysis is the evaporative flux, which is determined by the appropriate
linearised version of (2.13) to be

J̃ = M̃� D̃v
(
c̃sat − c̃∞

) 2
π

1√
R̃2 − r̃2

. (2.15)

Since we assume that the only way fluid is lost from the system is through evaporation,
the liquid volume Ṽ (t̃) satisfies

dṼ

dt̃
= −4M̃� D̃v

(
c̃sat − c̃∞

)
R̃

ρ̃
=⇒ Ṽ = Ṽinit − 4M̃� D̃v

(
c̃sat − c̃∞

)
R̃t̃

ρ̃
, (2.16)

where the right-hand side of the differential equation is the linearised net evaporation rate,
determined by integrating (2.15) over the droplet. Hence the lifetime of the droplet t̃f is

t̃f = ρ̃Ṽinit

4R̃ M̃� D̃v
(
c̃sat − c̃∞

) . (2.17)

Following previous studies (e.g. Moore et al. 2021; D’Ambrosio et al. 2025b), we non-
dimensionalise (2.1)–(2.9), (2.15)–(2.17) by introducing the scalings

t̃ = t̃f t, (r̃ , z̃, h̃)= R̃(r, δz, δh), (ũ, w̃)= Ũ (u, δw), p̃ = p̃atm + μ̃Ũ

δ2 R̃
p,

J̃ = δρŨJ, φ̃ = φ̃initφ, m̃s = δ R̃φ̃initρ̃sms, (2.18)

where the velocity scale Ũ = R̃2 M̃� D̃v(c̃sat − c̃∞)/(ρ̃Ṽinit) and time scale have been
selected as those driven by evaporation, and the pressure scale is chosen to balance the
viscous terms in the radial momentum equation.
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Under these scalings and the thin droplet assumption, it is straightforward to show in
the usual manner (see e.g. Hocking (1983), Deegan et al. (2000) and Oliver et al. (2015),
for details) that the gravity-free lubrication equations pertain:

ū = −h2

3
∂p

∂r
, p = − 1

Ca
1
r

∂

∂r

(
r
∂h

∂r

)
, 4

∂h

∂t
+ 1

r

∂

∂r
(rhū)+ J = 0 for 0< r, t < 1,

(2.19)
where the depth-averaged radial velocity ū = ū(r, t) is given by

ū = 1
h

∫ h

0
u dz (2.20)

and the capillary number Ca is

Ca = μ̃Ũ

δ3σ̃
. (2.21)

As discussed in detail in § 2.2 and in previous studies (e.g. Moore et al. 2021), for a wide
variety of real-world applications, the pertinent limit is that in which Ca � 1. Hence, to
leading order in an asymptotic expansion as Ca → 0, we find that

h(r, t)= θ(t)

2
(1 − r2), ū(r, t)= 4

πθ(t)r

(
1√

1 − r2
− (1 − r2)

)
, (2.22)

where θ(t)= θ0(1 − t) is the contact angle of the droplet in the thin-film limit, θ0 = θ(0)=
4/π is the initial contact angle of the droplet and the corresponding capillary pressure
is p(t)= 2θ(t)/Ca. Note that θ(1)= 0 corresponds to the droplet lifetime. One notable
property of (2.22) is that time is separable in both the free surface and depth-averaged
velocity, the latter of which means that pathlines coincide with streamlines. Further, we
see that time enters purely through the contact angle θ(t): sometimes it is useful to exploit
this fact and use θ as our effective time variable. We state in the following where we use
this property.

With the flow and droplet shape to hand, the dimensionless advection–diffusion
equation (2.5) becomes

4
∂φ

∂t
+ u

∂φ

∂r
+w

∂φ

∂z
= 1

Pe

[
1
r

∂

∂r

(
r
∂φ

∂r

)
+ 1
δ2
∂2φ

∂z2

]
for 0< r, t < 1, 0< z < h,

(2.23)
where the Péclet number that represents the relative importance of advective flux and

diffusive flux of particles is defined by

Pe = R̃Ũ

D̃s
. (2.24)

In this study, we concentrate on the regime in which Pe � 1, which is consistent with a
wide range of different applications (see § 2.2 and Moore et al. (2021)). In particular, this
means that on the droplet scale, the colloidal diffusive flux is small compared with the
advective flux, except in a small region near the pinned contact line, as we discuss shortly.

The dimensionless no-penetration condition on the free surface (2.6) is given by(
1 + δ2

(
∂h

∂r

)2
)−1/2 (

∂φ

∂z
− δ2 ∂h

∂r

∂φ

∂r

)
= δ2Pe φ J on z = h, (2.25)
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while the substrate condition (2.7) becomes
∂φ

∂z
= δ2Da φ on z = 0, (2.26)

where the importance of substrate adsorption is encoded in the Damköhler number
defined by

Da = R̃k̃a

δ D̃s
, (2.27)

with Da � 1 (Da � 1) indicating that substrate adsorption is negligible (dominant)
compared with diffusive colloid transport. Finally, the initial condition is given by

φ(r, z, 0)= 1. (2.28)

We seek an asymptotic expansion of the transport problem of the form

φ = φ0 + δ2φ1 + · · · as δ→ 0. (2.29)

Assuming that Pe,Da � δ−2, at leading order we find

∂2φ0

∂z2 = 0 for 0< r, t < 1, 0< z < h, (2.30)

subject to homogeneous Neumann boundary conditions on z = 0, h(r, t). Thus, to leading
order, the volume fraction is independent of depth, so that φ0 = φ0(r, t).

Treating both the Péclet and Damköhler numbers as formally O(1) as δ→ 0, the O(δ2)-
correction to the volume fraction satisfies

4
∂φ0

∂t
+ u

∂φ0

∂r
= 1

Pe

[
1
r

∂

∂r

(
r
∂φ0

∂r

)
+ ∂2φ1

∂z2

]
for 0< r, t < 1, 0< z < h, (2.31)

subject to

∂φ1

∂z
= Da φ0 on z = 0; ∂φ1

∂z
= ∂h

∂r

∂φ0

∂r
+ Pe φ0 J on z = h(r, t). (2.32)

Whence, upon integrating (2.31) across the droplet and employing the lubrication
equations (2.19), we deduce

∂

∂t
(hφ0)+ 1

4r

∂

∂r

[
r

(
hφ0ū − 1

Pe
h
∂φ0

∂r

)]
+ φ0

Da
4Pe

= 0 (2.33)

for 0< r, t < 1. This must be solved subject to the condition of initial uniform distribution
of solute:

φ0(r, 0)= 1, (2.34)

as well as relevant boundary conditions in the radial direction. The pertinent choice on
physical grounds is to specify no-flux boundary conditions through the axis of symmetry
and the contact line, so that

r

(
hφ0ū − 1

Pe
h
∂φ0

∂r

)
= 0 at r = 0, 1. (2.35)

After non-dimensionalisation, the corresponding growth in the mass of particles on the
substrate is given by ms = ms,0 + o(1) as δ→ 0, where

∂ms,0

∂t
= Da

4Pe
φ0, ms,0(r, 0)= 0. (2.36)
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Finally, integrating (2.33) and (2.36) over the footprint of the droplet, applying the
conditions (2.34)–(2.35) and summing yields global conservation of the particle mass:

1 = 2π
∫ 1

0
rhφ0 dr + 2π

∫ 1

0
rms,0 dr, (2.37)

where the term on the left-hand side gives the total initial particle mass and the integrals on
the right-hand side give, respectively, the total mass of particles remaining in suspension
and adsorbed onto the substrate.

Henceforth, we drop the ‘0’ subscript notation denoting the leading-order variables for
brevity.

2.2. Parameter estimation
The remainder of our analysis focuses on solutions to (2.33)–(2.37). Naturally, this encom-
passes a wide parameter space spanned by the Péclet and Damköhler numbers. To that end,
we first discuss realistic ranges for these numbers and focus our attention on these regimes.
We also revisit some previous assumptions made herein, namely that δ, Ca, Bo � 1.

A limiting factor in this endeavour is available data for the substrate adsorption veloc-
ity k̃a . Adsorption kinetics is a complex topic in its own right and may depend on factors
such as electrostatic interactions; particle geometry and properties; and intermolecular
forces. As a result, reliable experimental data can be difficult to obtain. In this section, we
discuss some of the pertinent literature in the context of the present mathematical model.

First, we discuss how we may estimate the substrate adsorption velocity from
experimental data in the literature. Perhaps the simplest theory available for estimating
the adsorption rate of particles from fluid flow onto a ‘collector’ (i.e. a substrate) is the
Smoluchowski–Levich approximation which assumes that, in the absence of colloidal and
hydrodynamic interactions, deposition is controlled by convective–diffusive transport. The
substrate adsorption velocity may then be expressed as

k̃a = D̃s

δ̃D
(2.38)

(see e.g. Adamczyk 2019), where δ̃D is the thickness of the diffusive boundary layer
close to the collector. In general, δ̃D depends on the collector/flow configuration and is
inversely proportional to the dimensionless mass transfer Sherwood number which has
been estimated for a variety of ideal collectors (i.e. assuming the collector is a perfect sink)
in different flow configurations (see e.g. Adamczyk et al. 1983; Elimelech 1994). For the
present analysis of an evaporating droplet we assume that the collector/flow configuration
is that of a spherical collector in uniform flow, and so the substrate adsorption velocity
may then be estimated by

k̃a ≈ (δŨ )1/3 D̃2/3
s

R̃2/3
(2.39)

(see e.g. Adamczyk et al. 1983; Adamczyk 2002), where Ũ is the characteristic radial
velocity within the droplet from (2.18) and δŨ is therefore the approach velocity of a
particle towards the substrate.

However, as previously mentioned, the Smoluchowski–Levich approximation neglects
several factors, including particle–substrate repulsion forces. When there exists an energy
barrier between the particle and the substrate an alternative theory may be used to estimate
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k̃a , namely interaction-force boundary-layer theory (see e.g. Spielman & Friedlander 1974;
Adamczyk 2002; Adamczyk et al. 2003), sometimes also called surface boundary-layer
theory. Specifically, assuming that substrate adsorption is a linear and irreversible process,
the constant rate of adsorption between a spherical particle and a planar substrate may be
approximated by the expression

k̃a = D̃s

(∫ ∞

δ̃m

(
eṼt (d̃)/(k̃B T̃ ) − 1

)
f (d̃) dd̃

)−1

, (2.40)

where Ṽt (d̃), k̃B , T̃ , f (d̃), d̃ and δ̃m denote the total interaction energy potential between
the particle and the substrate, the Boltzmann constant, temperature, the hydrodynamic
correction function, the distance between the particle and the substrate and the location of
the primary minimum of the net interaction energy potential, respectively. In particular, the
hydrodynamic correction function may be approximated by f (d̃)= 1 + r̃ p/d̃ (Adamczyk
2002), where r̃ p is the radius of the particle, and which describes the resistance that
arises due to the proximity of a particle to the substrate and therefore acts to reduce
the particle diffusion coefficient relative to the bulk diffusivity of particles in the fluid,
D̃s . The net interaction energy potential Ṽt between a particle and the substrate may
depend on a variety of long- and short-range interactions that balance attractive and
repulsive forces. Here we follow Zigelman & Manor (2018a) and Bhardwaj et al. (2010) by
adopting Derjaguin–Landau–Verwey–Overbeek (DLVO) theory in which we assume that
the dominant forces at play are electrostatic and van der Waals (attractive) forces. The net
interaction energy potential may then be expressed as Ṽt = Ṽel + ṼvdW with

Ṽel = 64πε̃0ε̃

(
k̃B T̃

ẽ

)2

tanh

(
ẽψ̃p

4k̃B T̃

)
tanh

(
ẽψ̃s

4k̃B T̃

)
e−κ̃ d̃ and ṼvdW = − Ãr̃ p

6d̃
(2.41)

(see e.g. Zigelman & Manor 2018a; Bridonneau et al. 2020), where ε̃0ε̃, κ̃ , ẽ, ψ̃p, ψ̃s and
Ã are the total permittivity of the liquid, the reciprocal of the Debye length, the elementary
charge, the surface potential of the particle, the surface potential of the substrate
and the Hamaker constant, respectively. With the Smoluchowski–Levich approximation
and the interaction-force boundary-layer theory descriptions in hand, we are ready to
estimate the substrate adsorption velocity from experimental data in the literature.

First, we consider the experimental data of Bridonneau et al. (2020) in which the
deposition of silica nanoparticles from water droplets evaporating on gold-coated silicon
wafer substrates is studied. In particular, the initial particle concentration is varied across
four orders of magnitude, and the charges of the particles and the substrate are altered
through different coatings and/or treatments prior to evaporation to study the effect of
particle–substrate interaction on the deposit. Specifically, they found that the deposit shape
remained the same regardless of the particle–substrate interaction in the studied range of
DLVO forces, indicating that the aforementioned Smoluchowski–Levich approximation is
appropriate to determine the substrate adsorption velocity for this study.

We look to determine our model parameters for two different experiments, specifically
for droplets containing 1 g l−1 of either negatively charged untreated silica nanoparticles
or positively charged aluminium-coated silica nanoparticles evaporating on an oppositely
charged gold substrate, respectively. These cases have been chosen since, whilst
Bridonneau et al. (2020) found that the qualitative shape of the deposit remained the
same regardless of the particle–substrate interaction, oppositely charged particles and
substrates are the ideal configuration to use the Smoluchowski–Levich approximation
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since repulsion forces exist at small separations when the particles and the substrate have
the same charge. For both experiments, the droplet has an initial volume Ṽinit ≈ 0.5 µl.
The initial contact angles of the droplets are ≈60.1◦ and 54.4◦, from which we may
estimate the initial contact radii to be R̃ ≈ 0.79 and 0.83 mm, for droplets containing
untreated and aluminium-coated silica nanoparticles, respectively. Hence, the aspect
ratios of the droplets are δ ≈ 1.01 and 0.88. While these values of δ push the realms
of the thin-film assumption initially, due to the contact line pinning, the thin droplet
assumption becomes stronger as the droplets evaporate and the contact angles decrease.
Furthermore, Larsson & Kumar (2022) demonstrate that the lubrication approximation
is often a reasonable assumption in regimes where it strictly may not be asymptotically
justified. The characteristic radial velocities are estimated to be Ũ ≈ 4.14 × 10−7 and
4.55 × 10−7 m s−1. The capillary and Bond numbers are therefore Ca ≈ 5.12 × 10−9 and
5.62 × 10−9 and Bo ≈ 0.085 and 0.093, respectively, which justifies our assumptions that
surface tension dominates viscosity in the liquid flow and that gravity is negligible. The
untreated and aluminium-coated silica nanoparticles have radii r̃ p = 37.5 and 45 nm and
so the diffusivity of the particles in water may be determined from the Stokes–Einstein
relation to be D̃s = 6.55 × 10−12 and 5.46 × 10−12 m2 s−1, respectively, so that the Péclet
numbers are then Pe ≈ 50.0 and 69.1. Finally, the Smoluchowski–Levich approximation
described above for the substrate adsorption velocity yields k̃a ≈ 3.06 × 10−8 and 2.59 ×
10−8 m s−1, and so the Damköhler numbers are Da ≈ 3.66 and 4.47.

Next, we consider experimental data of Bhardwaj et al. (2010) in which the deposition of
titania particles from water droplets of different pH values evaporating on glass substrates
is studied. In particular, as outlined by Bhardwaj et al. (2010), both the electrostatic and
van der Waals forces (or the DLVO force) between a particle and the substrate vary with
the acidity of the base fluid, and a switch from particle–substrate attraction to repulsion is
observed as the pH value of the fluid increases.

We look to determine our model parameters from values provided for two different
experiments, namely when pH = 2.8 and pH = 11.7. Specifically, when pH = 2.8 the
particles and the substrate are oppositely charged and the DLVO force is attractive, and
when pH = 11.7 the particles and the substrate are both negatively charged and the DLVO
force is repulsive. The droplets have initial volume Ṽinit ≈ 5 nl. The initial contact radii
of the droplets are R̃ ≈ 345 and 410 µm, from which we may estimate the initial contact
angles to be ≈8.85◦ and 5.29◦, for the attractive and repulsive cases, respectively. Hence,
the aspect ratios of the droplets are δ ≈ 0.12 and 0.07, which are within our 0< δ� 1
assumption. The characteristic radial velocity scales are estimated to be Ũ ≈ 7.22 × 10−6

and 1.02 × 10−5 m s−1. The capillary and Bond numbers for this example are therefore
Ca ≈ 8.93 × 10−8 and 1.26 × 10−7 and Bo ≈ 0.016 and 0.023, respectively. The titania
particles have radii r̃ p = 12.5 nm and so the diffusivity of the particles in water may be
determined from the Stokes–Einstein relation to be D̃s ≈ 1.96 × 10−11 m s−1, so that the
Péclet numbers are Pe ≈ 127 and 213. Finally, for the experiment in which pH = 2.8,
the DLVO force is attractive and we may use the Smoluchowski–Levich approximation
to estimate the substrate adsorption velocity to be k̃a ≈ 1.42 × 10−7 m s−1, which gives
Da ≈ 20.5. For the experiment in which pH = 11.7, the DLVO force is repulsive and we
may use interaction-force boundary-layer theory to estimate k̃a ≈ 2.86 × 10−8 m s−1 and
hence Da ≈ 8.23.

We now turn to examples in the literature for which the substrate adsorption velocity is
explicitly estimated. The present model of substrate adsorption as represented by (2.7) is
based on pioneering modelling and experiments on the kinetics of bovine serum albumin
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(BSA) adsorption and the values for k̃a determined therein are used in the examples
studied experimentally and numerically in Siregar (2012) and Siregar et al. (2013). We
take the value of k̃a ≈ 2 × 10−8 m s−1 for BSA in a HEPES buffer from Kurrat, Prenosil &
Ramsden (1997) for a reference value of the substrate adsorption velocity. The diffusivity
of BSA is given in Kurrat et al. (1997) to be D̃s ≈ 3.26 × 10−11 m2 s−1.

The first example in Siregar et al. (2013) considers a droplet based on data from
Hu & Larson (2002), for an evaporating water droplet with an initial volume Ṽinit ≈
0.60 µl and an initial contact radius R̃ ≈ 1 mm. The aspect ratio parameter is thus
δ ≈ 0.597. The evaporation velocity scale is estimated to be Ũ ≈ 2.19 × 10−7 m s−1.
Hence, the capillary and Bond numbers for this example are Ca ≈ 1.25 × 10−8 and Bo ≈
0.13, respectively, which again justifies our assumptions that surface tension dominates
viscosity in the liquid flow and that gravity is negligible. The Péclet number is given by
Pe ≈ 6.72, while the Damköhler number is Da ≈ 1.03.

The second example in Siregar et al. (2013) is based on evaporation data from Golovko,
Butt & Bonaccurso (2009) and considers a Ṽinit = 66.2 pl water droplet of initial contact
radius R̃ = 37.3 µm. The evaporation velocity scale is estimated to be Ũ ≈ 7.04 ×
10−6 m s−1. The capillary and Bond numbers are therefore Ca ≈ 4.1 × 10−8 and
Bo ≈ 1.89 × 10−4, justifying the supposition that surface tension dominates the droplet
dynamics. On the other hand, the aspect ratio δ ≈ 1.28 for this example, which is due
to the large initial contact angle ≈70◦. The above caveats about the role of δ pertain once
again. The Péclet number is Pe ≈ 8.05, while the Damköhler number is Da ≈ 1.79 × 10−2.

As a final example, we turn to a different colloid, namely polystyrene latex particles,
whose adsorption onto mica is studied experimentally in Adamczyk et al. (2003). The
authors compare heterogeneous and homogeneous surfaces, with adsorption velocities in
the range k̃a ≈ (8.9−9.7)× 10−8 m s−1, while the diffusion coefficient is estimated from
figure 2(b) and equation (2) therein to be D̃s ≈ 1.02 × 10−12 m2 s−1. For reference, we
consider the water droplet from the first example based on the data in Hu & Larson (2002)
containing such particles, leading to Pe ≈ 219 and Da ≈ 154.

From the above examples, it is of interest to consider a range of possible Péclet and
Damköhler numbers. However, given that we are primarily concerned with the influence
of substrate adsorption on coffee-ring formation, we focus our asymptotic analysis on the
regime for which Pe � 1, since it is well known that it is the dominance of advection
in the droplet bulk and its competition with diffusion near the contact line that leads to
the nascent coffee ring (Moore et al. 2021) (see § 3). While this assumption is consistent
with the majority of the studies referenced previously, there are examples for which the
Péclet number approaches order unity, so we return to such cases when considering our
numerical results (see § 4).

In terms of the Damköhler number, we note that while this can vary from large to small
in the examples above, in each case we have Da � Pe. To this end, we may introduce the
parameter V defined by

2V
π

:= Da
Pe

= k̃a

δŨ
, (2.42)

where the coefficient 2/π has been introduced for notational convenience in the following.
This is the ratio between the substrate adsorption velocity k̃a and the vertical velocity
across the droplet. Hence, if V � 1, we are still in a regime where evaporation is a dominant
effect, while if V � 1, substrate adsorption dominates evaporation. Since the latter regime
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is beyond the scope of the present paper, where our primary interest is in ring formation,
we focus on the regime for which Da � Pe henceforth.

In what follows, we perform a matched asymptotic analysis of (2.33)–(2.37) in the
advection-dominated regime in § 3 to both gain physical insight and act as a validation
tool for our numerical simulations; the numerical methodology is outlined in Appendix A.
In the interests of completeness, we briefly discuss the regime in which advection is weaker
in § 4.

3. Advection-dominated transport, Pe � 1
As discussed above, we concentrate on advection-dominated transport herein and, for the
purposes of our analysis, we assume that V = O(1) as Pe → ∞. Regimes with weaker
substrate adsorption will be recovered as regular sublimits of the analysis, as we shall see
presently.

The asymptotic structure follows that of Moore et al. (2021), whereby in the bulk of
the droplet, we may neglect colloidal diffusion in (2.33), which is only a leading-order
effect in the vicinity of the contact line, where the volume fraction increases sharply due
to advection.

3.1. Outer problem
In the droplet bulk, the two physical effects influencing the volume fraction distribution
are advection due to evaporation and settling due to substrate adsorption. To leading order,
the volume fraction satisfies the first-order linear equation

∂

∂t
(hφ)+ 1

4r

∂

∂r
(rhφū)+ φ

V
2π

= 0 for 0< r, t < 1, (3.1)

which can be simplified using the lubrication equation and by switching our time variable
to the more convenient contact angle using the transformation θ = θ0(1 − t), finding

∂φ

∂θ
− ū

4θ0

∂φ

∂r
= − φ

2πθ0h

(
1√

1 − r2
− V

)
for 0< r < 1, 0< θ < θ0. (3.2)

This must be solved subject to the initial condition (2.34). This problem is exactly
that studied in D’Ambrosio et al. (2025b) and may be solved using the method of
characteristics, yielding

φ =
(
θ

θ0

)−1/4−V/8
ξ

ξ0

(
1 − ξ

1 − ξ0

)V/2
exp

[
V√

3
arctan

( √
3(ξ0 − ξ)

2ξξ0 + ξ + ξ0 + 2

)]
, (3.3)

where

ξ(r, θ)=
(

1 −
(
θ

θ0

)3/4 (
1 − ξ3

0
))1/3

, ξ0(r)=
√

1 − r2. (3.4)

In particular, we note that

φ(r, θ)∼ γ (θ)√
1 − r

as 1 − r → 0+, (3.5)
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0

MMVO (θ)

M(θ), V = 1

M(θ), V = 4

M(θ), V = 8

M(θ), V = 0.25

θ0/8 θ0θ0/4 3θ0/4

θ

100

10−2

10−4

10−6

Figure 2. Accumulated mass flux into the contact line M(θ) for V = 0.25, 1, 4, 8 (greyscales) and the
equivalent coefficient in the no-substrate adsorption problem MMVO(θ) (blue). The dashed red curves
represent the small-time and large-time limits (3.9) and (3.10).

where

γ (θ)=
(
θ

θ0

)−1/4−V/8
ζ(θ)(1 − ζ(θ))V/2√

2
exp

(
− V√

3
arctan

(√
3ζ(θ)

ζ(θ)+ 2

))
, ζ(θ)= ξ(1, θ).

(3.6)
Hence, the leading-order outer volume fraction becomes unbounded local to the contact
line, necessitating a reconsideration of particle diffusion in a boundary layer.

We can use the expression for the behaviour of the volume fraction as 1 − r → 0+,
from (3.5) and (3.6), to calculate the accumulated mass flux into the contact line, M(θ),
as given by

M(θ)= − 1
4θ0

∫ θ

θ0

(rhūφ)|r=1− dψ̄ = χ

2θ0

∫ θ0

θ

γ (ψ) dψ, (3.7)

where χ = √
2/π is the coefficient of the inverse square-root singularity in the diffusive

evaporative flux, which arises from the local velocity expansion ū ∼ 2χ/θ
√

1 − r as
1 − r → 0+. We have introduced this notation to be consistent with previous analyses
of the nascent coffee ring (Moore, Vella & Oliver 2022; Moore & Wray 2023), in which
the equivalent accumulated mass flux into the contact line in the absence of substrate
adsorption is

MMVO(θ)=
√

2χ
4

(
1 −

(
θ

θ0

)3/4
)4/3

. (3.8)

We compare (3.7) and (3.8) in figure 2, where we see that the presence of substrate
adsorption decreases M(θ) relative to MMVO(θ), with mass now lost to the system via
deposition. As the relative importance of substrate adsorption increases, this effect is
amplified. We also show on the graph the small-time asymptotic form of M(θ) for V > 0,

1025 A29-15

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
96

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10960


M.R. Moore, H.-M. D’Ambrosio and A.W. Wray

namely

M(θ)∼ 34/3χ

225/6θ
4/3
0

(θ0 − θ)4/3

[
1 − 31/324/3V

5θ1/3
0

(θ0 − θ)1/3 + V2

31/324/3θ
2/3
0

(θ0 − θ)2/3

]

(3.9)
as θ0 − θ → 0+ and the late-time expansion

M(θ)∼ χ

2θ0

[∫ θ0

0
γ (ψ) dψ − 2

√
2e−Vπ/6√

3

3V/2(V + 6)

(
θ

θ0

)(V+6)/8
]

as θ → 0+. (3.10)

The reduction in the flux of particles to the contact line due to the mass adsorbed onto
the substrate is given by integrating (2.36) to leading order in the bulk, yielding

ms(r, θ)= V
2πθ0

∫ θ0

θ

φ(r, ψ) dψ. (3.11)

Notably, as we approach the contact line, this is unbounded, with

ms(r, θ)∼
( V

2πθ0

∫ θ0

θ

γ (ψ) dψ
)

1√
1 − r

= VM(θ)

πχ
√

1 − r
as 1 − r → 0+. (3.12)

With reference to figure 2, it is worth stressing that the transition from V = 0 to V > 0
appears to be regular in terms of the accumulated mass flux: indeed, an asymptotic
expansion of the outer solution in the limit V → 0 retrieves the equivalent outer solution
without substrate adsorption (see e.g. Deegan et al. 2000; Moore et al. 2021). Formally,
perturbations due to substrate adsorption are dominant over colloidal diffusion in the bulk
provided that V � Pe−1 as Pe → ∞. If V � Pe−1, perturbations due to diffusion dominate
those due to substrate adsorption in the droplet bulk, which is beyond the scope of the
present analysis.

3.2. Inner region
We now turn to the boundary layer near the contact line. Note that we continue to use
the contact angle as our time variable in this section. Following Moore et al. (2021), we
introduce local variables

r = 1 − R

Pe2 , ū = PeŪ , h = H

Pe2 , φ = PebΦ, ms = Peb Ms, (3.13)

where b> 0 is to be determined from conservation of mass considerations shortly. Then,
to leading order as Pe → ∞, the dominant terms in (2.33) are advection and diffusion, so
that

∂

∂R

(
ŪHΦ + H

∂Φ

∂R

)
= 0 for R > 0, 0< θ < θ0, (3.14)

subject to the leading-order no-flux condition at the contact line,

ŪHΦ + H
∂Φ

∂R
= 0 on R = 0, 0< θ < θ0, (3.15)

together with the leading-order forms of the free surface and velocity as found from (2.22).
The leading-order boundary-layer solution is thus

Φ(R, θ)= A(θ)exp
(

−4χ
θ

√
R

)
, (3.16)
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where A(θ) must be determined by matching. The exponential form of the solution is
exactly the same as that presented in Moore et al. (2022) in the no-substrate adsorption
regime: the difference between the two solutions will solely come from the coefficient
A(θ), as we discuss further shortly.

Having determined the leading-order inner volume fraction, the leading-order adsorbed
mass is then given by

Ms(R, θ)= V
2πθ0

∫ θ0

θ

A(ψ)exp
(

−4χ
ψ

√
R

)
dψ. (3.17)

3.2.1. Matching using the conservation of particle mass
In order to match between the leading-order outer and inner solutions, we must now turn
to conservation of particle mass (2.37). Each of the integrals on the right-hand side of
(2.37) may be split into contributions from the outer and inner solutions by introducing a
parameter 0< Pe−2 � ε� 1. For example, the suspension mass may be written as∫ 1

0
(rhφ)(r, θ) dr =

∫ 1−ε

0
(rhφ)outer(r, θ) dr + Peb−4

∫ εPe2

0

(
1 − R

Pe2

)
(HΦ)(R, θ) dR,

(3.18)
where φouter is given by (3.3). Then, taking the limit εPe2 → ∞ and Pe → ∞, we find to
leading order∫ 1

0
(rhφ)(r, θ) dr =

∫ 1

0
(rhφ)outer(r, θ) dr + Peb−4

∫ ∞

0
(HΦ)(R, θ) dR. (3.19)

A similar argument for the adsorbed mass yields∫ 1

0
rms(r, θ) dr =

∫ 1

0
(rms)outer(r, θ) dr + Peb−2

∫ ∞

0
Ms(R, θ) dR, (3.20)

where ms,outer is given by (3.11).
Upon substituting these into (2.37), we have

1
2π

=
∫ 1

0
(rhφ + rms)outer(r, θ) dr + Peb−4

∫ ∞

0
(HΦ)(R, θ) dR + Peb−2

∫ ∞

0
Ms(R, θ) dR.

(3.21)
Now, since some mass is advected to the contact line (cf. (3.7)), for conservation of mass
to be satisfied to leading order as Pe → ∞, we cannot only consider the outer region and
must include one of the inner-region terms. Here, the correct dominant balance is to choose
b = 2, so that leading-order conservation of mass gives

1
2π

=
∫ 1

0
(rhφ + rms)outer(r, θ) dr +

∫ ∞

0
Ms(R, θ) dR. (3.22)

This is different from the equivalent formulation without substrate adsorption as discussed
in Moore et al. (2021, 2022), where we must take b = 4. Substrate adsorption thus acts to
reduce the size of the volume fraction in the boundary layer in the present regime.

If we differentiate (3.22) with respect to θ , we find that

0 = −1
4

∫ 1

0

∂

∂r
((rhφū)outer) dr + V

2π

∫ ∞

0
Φ(R, θ) dR, (3.23)

where we have used the governing advection equation for the outer solution and the inner
adsorption equation. Whence, utilising the no-flux condition at the droplet centre and the
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known solution for Φ(R, θ) given in (3.16), we deduce that

A(θ)= −16π
V
θ0χ

2

θ2
dM
dθ

= 8πχ3γ (θ)

Vθ2 . (3.24)

The expression (3.24) has been presented in a slightly unusual form to highlight where
physical quantities in the system such as M(θ), χ and θ naturally occur. This is for ease of
interpreting the results and for comparison with other regimes where substrate adsorption
may be more or less important, or indeed, comparisons with more general geometries.

We display the coefficient A(θ) in figure 3, where we also include for reference the
result for the zero-substrate adsorption regime in Moore et al. (2021, 2022), which is

AMVO(θ)= 64χ4MMVO(θ)

3θ5 , (3.25)

where MMVO(θ) is given by (3.8). We note there are substantial differences for this
coefficient in the presence of substrate adsorption: indeed, there is an increase in A(θ)
relative to AMVO(θ) at the beginning of evaporation. This effect is reduced as V increases.
As the droplet evaporates, the reduction of accumulated mass flux into the inner region
from the droplet bulk leads to a substantial reduction (by several orders of magnitude at
the later stages of evaporation) in A(θ) compared to (3.25).

These effects can be seen more clearly in the early- and late-time behaviour of the
coefficient. In the early-time limit, we have

A(θ)∼ 8πχ3

Vθ7/3
0

31/3

27/6 (θ0 − θ)1/3

[
1 − 31/3V

22/3θ
1/3
0

(θ0 − θ)1/3 + 32/3V 2

27/3θ
2/3
0

(θ0 − θ)2/3

]

(3.26)
as θ0 − θ → 0+. In particular, we see that A(θ)→ 0 as θ0 − θ → 0+, retrieving the
physically anticipated solution that the initial mass of colloid in the boundary layer is
identically zero. Meanwhile, in the late-time limit, we find that

A(θ)∼ 8πχ3

Vθ2
0

(
e−Vπ/6√

3

3V/2
√

2

)(
θ

θ0

)(V−9)/4
[

1 + (2V − 3)
9

(
θ

θ0

)3/4
]

as θ → 0+.

(3.27)
These asymptotes are both indicated alongside the full solution for A(θ) in figure 3.

It is worth noting that the transition from V = 0 to V > 0 is not continuous in the
coefficient A(θ). Indeed, when V = O(Pe−1) as Pe → ∞, the dominant balance in the
matching procedure using global conservation of particle mass is different from that
described above and we revisit this in § 3.6.

We note here that we can apply similar conservation of particle mass arguments for
different evaporation models – specifically the one-sided model – as well, with similar
findings in the reduction of the size of the nascent coffee ring. We discuss this in
Appendix B.

3.3. Composite profiles
To view the particle distribution beyond the growing coffee ring, we must consider the
droplet as a whole. However, we are unable to directly compute a leading-order composite
profile for the volume fraction φ or the adsorbed mass ms due to their inverse square-root
singularities at the contact line, which may not be matched to the exponentially decaying
solutions in the boundary layer.
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A(θ), V = 1

A(θ), V = 4

A(θ), V = 8

A(θ), V = 0.25

Figure 3. The coefficient A(θ) for V = 0.25, 1, 4, 8 (greyscales) and the equivalent coefficient in the no-
substrate adsorption problem AMVO(θ) (blue). The dashed red curves represent the small-time and large-time
limits (3.26) and (3.27).

To circumvent the algebraic complexity of proceeding to higher order, we may follow
Moore et al. (2022) and introduce an intermediate region using the scalings

r = 1 −
◦
r

Pek
, h =

◦
H

Pek
, ū = Pek/2 ◦

ū, φ = Pe
◦
φ, ms = Pe

◦
ms (3.28)

in (2.33)–(2.36), where k ∈ (1, 2) is chosen to be smaller than the contact line region, but
large enough to enable the neglect of the time derivative terms in the advection–diffusion
equation (2.33).

Under these scalings, retaining both advection and diffusion terms in (2.33), we find
that

∂

∂
◦
r

[
2χ
√ ◦

r

Pek/2−1θ

◦
φ + ◦

r
∂

◦
φ

∂
◦
r

]
= 0, (3.29)

which yields the solution

◦
φ(

◦
r , θ)= e−4χ

√◦rPe1−k/2/θ

[
PeA(θ)+ 4χγ (θ)

θ
Ei

(
4χ
√ ◦

rPe1−k/2

θ

)]
, (3.30)

where Ei(x) is the exponential integral and the constants of integration have been chosen
to match to the inner solution (3.16) as

◦
r → 0 and the local expansion of the outer

solution (3.5) as
◦
r → ∞. The corresponding solution for the intermediate adsorbed mass is

given by

◦
ms(

◦
r , t)= V

2πθ0

∫ θ0

θ

◦
φ(

◦
r , ψ) dψ. (3.31)
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We can construct a leading-order additive composite solution for the volume fraction
using van Dyke’s rule:

φcomp(r, θ)= φ(r, θ)+ Pe
◦
φ(r, θ)+ Pe2Φ(r, θ)− γ (θ)√

1 − r
− exp

(
−4χPe

√
(1 − r)

θ

)

×
[

Pe2 A(θ)+ 4χγ (θ)
θ

log
(

4χPe
√
(1 − r)

θ

)]
, (3.32)

where φ,
◦
φ and Φ are the leading-order outer, intermediate and inner solutions given by

(3.3)–(3.4), (3.30) and (3.16), respectively; the final term on the first line is the overlap
contribution between the outer and intermediate regions; and the terms on the second line
account for the overlap between the intermediate and inner regions, and the logarithmic
singularity in the exponential integral, respectively.

Similarly, a leading-order additive composite solution for the adsorbed mass is given by

ms,comp(r, θ)= ms(r, θ)+ Pe
◦

ms(r, θ)+ Pe2 Ms(r, θ)− VM(θ)

πχ
√

1 − r
− Pe

V
2πθ0

×
∫ θ0

θ

exp
(
−4χPe

√
(1 − r)

ψ

)[
PeA(ψ)+ 4χγ (ψ)

ψ
log
(

4χPe
√
(1 − r)

ψ

)]
dψ,

(3.33)

where ms ,
◦

ms and Ms are the leading-order outer, intermediate and inner solutions given
by (3.11), (3.31) and (3.17), respectively.

In figure 4, we display the composite mass profiles mcomp = hφcomp, ms,comp alongside
numerical results from the full advection–diffusion model (2.33)–(2.37) for Pe = 219,
Da = 154 (V ≈ 1.1) based on parameters taken from Hu & Larson (2002) and Adamczyk
et al. (2003) as discussed in § 2.2. As the evaporation time increases, we see that the
suspension mass in both the droplet bulk and the contact-line region decreases, as more
and more particles are adsorbed onto the substrate, leading to an increase in the deposited
mass throughout the droplet. Nevertheless, we see that the nascent coffee-ring profile
persists in the suspension mass throughout the process, albeit with a gradually decreasing
peak with advancing peak location, as illustrated in figure 4(b). This movement of the
peak results in notable kinks in the deposited mass profile curves near the contact line, as
illustrated in figure 4(d).

The deposited mass is relatively uniform in the bulk of the droplet at all shown
drying times, only substantially rising as we approach the contact line. The profile
is monotonically increasing in r : this mirrors the volume fraction, which is also
monotonically increasing. Note that this is an inherent feature of the model herein: given
that the flow velocity is increasing with r , the depth-averaged thin-film model necessarily
produces a monotonically increasing φ in the limit Pe → ∞. This may not be the case if
finite thickness effects are fully accounted for – indeed the analysis of Widjaja & Harris
(2008) suggests both monotonic and non-monotonic profiles for the deposited mass – but
this is beyond the scope of the present analysis.

We note that we see excellent agreement between the leading-order composite profiles
and the numerical solutions throughout the evaporation time, which acts as a check on
the veracity of our asymptotic results. Given that it is challenging to obtain good accuracy
in the narrow boundary-layer region numerically, this validation gives us reassurance in
using the asymptotic solution in this region.

In figure 4, we can clearly see that the dominant contributions to the leading-order dis-
tribution of particulate mass come from the outer suspension mass and the outer and inner
deposited mass, with the size of the inner suspension mass significantly smaller. This is
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Figure 4. The leading-order composite suspension (a,b) and deposited (c,d) mass as a function of time for
Pe = 219, Da = 154 (V ≈ 1.1). The initial profile mirrors the droplet shape and is shown as the bold blue line,
while profiles at 15 % intervals of the drying time are shown in increasingly lighter shades of grey. A close-up
of the nascent coffee-ring profile is shown in (b,d), whereby we see the characteristic formation of the peak just
inside the contact line. The red dashed curves indicate the corresponding numerical solution of (2.33)–(2.37),
while the arrows indicate increasing evaporation time.

a vindication of the matching procedure used to obtain A(θ) and illustrates the departure
from the previous theory in the absence of substrate adsorption (Moore et al. 2021).

3.4. Distribution of the mass
We may use our analysis to map the distribution of particle mass in the system throughout
the drying process. A first metric to illustrate where the mass is at a given time is to
calculate the incomplete integral mass functions, denoted by G(r, θ) and H(r, θ) for the
suspension and deposited mass, respectively, where

G(r, θ)= 2π
∫ r

0
r̄(hφ)(r̄ , θ) dr̄ , H(r, θ)= 2π

∫ r

0
r̄ms(r̄ , θ) dr̄ . (3.34)

By construction, we initially have G(r, θ0)= 1/2π , H(r, θ0)= 0, while for θ < θ0, the
mass redistributes itself according to the competing transport mechanisms of advection,
diffusion and substrate adsorption. Here, we use the asymptotic results to approximate the
integral masses to leading order as Pe → ∞ by using the composite solutions (3.32) and
(3.33) in (3.34).

In figure 5, we display results for two specific cases: Pe = 219, Da = 154 (V ≈ 1.1) and
Pe = 40, Da = 60 (V ≈ 2.4). The curves in the figures are coded by colour: the suspension
mass is in orange/yellow, while the deposited mass is in blue. The curves are shown at
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Figure 5. The cumulative mass distribution in the suspension (orange-scale curves) and deposited onto the
substrate (blue-scale curves) for (a) Pe = 219, Da = 154 (V ≈ 1.1) and (b) Pe = 40, Da = 60 (V ≈ 2.4).
Results are displayed at 30 %, 60 % and 90 % of the drying time.

30 %, 60 % and 90 % of the drying time in each case. We see from the figure that when
the relative effect of substrate adsorption is stronger, that is, with higher V , the proportion
of particle mass deposited on the substrate grows more rapidly. Indeed, at 90 % of the
drying time, there is ≈84 % of the total mass in the deposited layer for V ≈ 1.1, while for
V ≈ 2.4, this rises to ≈97 % of the total mass.

It is noticeable that for each case and across each time snapshot displayed, the majority
of the integral suspension mass is congregated in the bulk of the droplet, rather than the
boundary layer. As an example, for V ≈ 1.1 at 60 % of the drying time, the cumulative
suspension mass at 1 − r = 10−1 is ≈40 % of the total mass, while there is only ≈2 %
more of the total mass between 1 − r = 10−1 and 1 − r = 10−6. This is indicative of the
relatively small amount of particle mass in the inner region: the presence of substrate
adsorption reducing this from an O(1) amount as described in Moore et al. (2021) to an
O(Pe−2) amount here.

In contrast, as anticipated by the matching procedure in the asymptotics, the percentage
of the total mass in the adsorbed layer close to the contact line is substantial: for the same
example at the same dryout time, the cumulative deposited mass at 1 − r = 10−1 is ≈28 %
of the total mass, while between 1 − r = 10−1 and 1 − r = 10−6, there is ≈29 % of the
total mass. We are clearly embedded in a regime where the mass is primarily distributed
between the suspension in the bulk, the deposited mass in the bulk and the deposited
mass in the boundary layer. Notably, this changes over time, with the percentage left in
suspension reducing as we approach dryout since the mass is necessarily deposited on the
substrate according to the model.

We can investigate the mass distribution in the droplet bulk and local to the contact line
as the droplet dries in more detail by considering each contribution separately. To do so,
we choose r = 1 − 1/Pe as the boundary between the bulk and the contact line; this value
is of course flexible, but we have selected it as it sits in the overlap between the outer and
inner regions of the asymptotics. We then evaluate four integrals,

Gb(θ)= 2π
∫ 1−1/Pe

0
r(hφcomp)(r, θ) dr, Gcl(θ)= 2π

∫ 1

1−1/Pe
r(hφcomp)(r, θ) dr, (3.35)

Hb(θ)= 2π
∫ 1−1/Pe

0
rms,comp(r, θ) dr, Hcl(θ)= 2π

∫ 1

1−1/Pe
rms,comp(r, θ) dr, (3.36)
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Figure 6. Percentages of the total mass in suspension (black) and deposited (red) in the droplet bulk and in
suspension (blue) and deposited (magenta) near the contact line as a function of drying time. In each case,
Pe = 40 and we take Da = (a) 10 (V ≈ 0.39), (b) 20 (V ≈ 0.79), (c) 60 (V ≈ 2.36) and (d) 100 (V ≈ 3.92).

representing the suspension mass in the bulk, the suspension mass in the local contact-line
region, the deposited mass in the bulk and the deposited mass in the contact-line region,
respectively. We then demonstrate the role of substrate adsorption by fixing Pe = 40 and
varying Da so that we span from small V to large and show the results in figure 6.

The results largely corroborate our previous findings, particularly that the percentage
of the total mass in the local region in suspension is substantially smaller than the other
contributions, even for the relatively small V ≈ 0.39 example shown in figure 6(a). Of note
is that the relative dominance of the deposited mass in the bulk and in the contact-line
region changes with V : a stronger V favours deposition in the bulk as substrate adsorption
begins to dominate advection. Even for V ≈ 0.79< 1, we find that at early stages the bulk
deposited mass accounts for a greater percentage of the total mass than that in the contact-
line region, although this switches after about 45 % of the drying time. In addition, we find
that the evolutions of the deposited mass both in the bulk and in the contact-line region are
concave up when substrate adsorption is relatively weak, as illustrated in figure 6(a,b), and
are concave down when substrate adsorption dominates, as illustrated in figure 6(c,d). This
indicates that more particles are deposited onto the substrate at early stages of evaporation
when substrate adsorption is sufficiently strong, as expected.

We can further visualise the effect of V on the final distribution of mass by considering
the residue densities – that is, adsorbed mass per unit area – in the droplet bulk and contact-
line regions, defined by

Db = Hb(0)

π
(
1 − Pe−1)2 , Dcl = Hcl(0)

π
(
1 − (

1 − Pe−1)2) , (3.37)
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Figure 7. The adsorbed mass per unit area in the droplet bulk Db (solid curves) and contact-line region Dcl
(dashed curves) for Pe = 20 (black), 40, 60, 80, 100 (light grey).

respectively. The variation of these densities with V for different Péclet numbers is
displayed in figure 7. Clearly, for smaller V , the dominance of advection in particle
transport leaves a substantially larger density of material in the contact-line region:
for example, for V = 1, Pe = 40, we have Dcl/Db ≈ 16.1. However, as the strength of
substrate adsorption is increased through V , we see that there is a crossover value, beyond
which the substantial deposition in the droplet bulk leads to a final density that is higher
in the interior than at the contact line. In this sense, substrate adsorption is reducing the
coffee-ring effect. For example, for Pe = 40 this crossover point is V ≈ 5.65. The crossover
value clearly increases with Pe, as larger Pe correlates to stronger advection. Notably,
across the entire range of Péclet numbers shown here, the density in the interior of the
droplet remains largely unchanged: the main effect of the Péclet number is to increase the
density in the contact-line region, again connected to the stronger coffee-ring effect for
stronger advection.

It is important to stress that the above comments referencing the effect of substrate
adsorption on reducing the coffee-ring effect do not mean that there is less pointwise
mass deposited near the contact line than in the bulk: indeed, since the volume fraction is
always monotonically increasing in r to leading order as Pe → ∞, the same is true for the
deposited mass, so that there is still an effective strengthening of the deposit at the contact
line. This assumption will break down in regimes in which V � 1, since the dominant
time scale is no longer that of the evaporation-driven flow, rather that dictated by substrate
adsorption. This regime is beyond the scope of the present study.

3.4.1. The nascent coffee ring
To strengthen the above point, here it is pertinent to investigate how substrate adsorption
influences the growth of the coffee ring. Since we are only interested in contributions near
the contact line, we can forgo the composite profile in favour of the leading-order inner
solutions. In previous studies in the absence of substrate adsorption, the nascent coffee
ring has been identified, to leading order as Pe → ∞, with the suspension mass in the
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inner region (Moore et al. 2021, 2022), which here is given by

msusp(R, θ)= HΦ = θ A(θ)R exp
(

−4χ
θ

√
R

)
. (3.38)

However, in the presence of substrate adsorption, we must also consider the particle mass
that has deposited on the substrate, which to leading order is simply

mdep(R, θ)= Pe2 Ms = Pe2 V
2πθ0

∫ θ0

θ

A(ψ) exp
(

−4χ
ψ

√
R

)
dψ. (3.39)

If we interpret the coffee ring as the increase of particle mass due to evaporative transport
to the contact line, we must consider the behaviour of both of these contributions.

We display msusp and mdep as functions of R for Pe = 10 and V = 0.25, 1, 4, 8 in
figure 8. The curves are shown at 25 %, 50 % and 75 % of drying time in each case. In
the figure, we see that the suspension mass retains its characteristic gamma distribution
profile as discussed in detail in Moore et al. (2021, 2022). However, not only is the size of
this profile substantially reduced as compared with the zero-substrate adsorption regime,
it also reduces with evaporation time, due to the increasing amount of particle mass lost
to substrate adsorption. Notably, there is a simultaneous reduction of adsorbed mass in the
inner region, which is due to the decrease in the coefficient A(θ) as V increases. Of course,
these simultaneous local reductions happen concurrently with a rise in the particle mass
deposited in the droplet bulk. This is consistent with a transition from advection-dominated
particle transport to substrate adsorption-dominated particle transport as V → ∞.

3.5. Breakdown of the model
While there are several limitations of the model we have presented, there are two particular
potential points to investigate in terms of the breakdown of the theory, namely finite
particle size effects in the suspension – sometimes referred to as jamming – and the growth
of the deposited layer on the solid substrate. We use our asymptotic solution to discuss each
of these in turn.

3.5.1. Finite particle size effects and jamming
Throughout, we have assumed that the particles are dilute in the fluid so that the flow and
transport problems decouple. As we have seen, the largest volume fractions in the resulting
flow are in the inner region in which Pe2Φ is monotonically increasing, with maximum
value

Φmax(θ)=Φ(0, θ)= A(θ), (3.40)

where A(θ) is given by (3.24). Now, there will be a critical volume fraction φ̃c at which the
particles should no longer be considered as dilute, so that we expect to see a breakdown of
the model at θ = θcb(V, Pe) such that

Pe2Φmax(θcb)= φ̃c

φ̃init
=⇒ γ (θcb)

θ2
cb

= Vφ̃c

8πχ3φ̃initPe2
. (3.41)

We plot the curves of θcb(V, Pe) as a percentage of the total drying time for varying V
and Pe = 5, 10, 20, 40 in figure 9 as the bluescale curves. We take the critical volume
fraction to be φ̃c = 0.64 and for reference we take φ̃init = 0.05, based on the volume
fraction for the data in table 4 in Bhardwaj et al. (2010), which, as discussed in § 2.2, looks
at titania particles in water (calculated from mass fraction X = 0.2 in table 4, density of
titania ρ̃p = 4230 kg m−3, density of water 103 kg m−3).

1025 A29-25

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
96

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10960


M.R. Moore, H.-M. D’Ambrosio and A.W. Wray

1050

0.2

0.4

0.6

1050

1050

×10−3

×10−4

0.02

0.04

0.06

0.08

0.10

1050

1050

1

2

3

4

1050

1050

0.5

1.0

1.5

1050

(a)

R

R

R R

R R

R

R

(b)

(c)

(d )

m
su

sp
m

su
sp

m
su

sp
m

su
sp

m
de

p
m

de
p

m
de

p
m

de
p

10−2

10−4

100

102

25 % Drying time

50 % Drying time

75 % Drying time

25 % Drying time

50 % Drying time

75 % Drying time

25 % Drying time

50 % Drying time

75 % Drying time

25 % Drying time

50 % Drying time

75 % Drying time

10−2

10−4

100

102

10−2

10−4

100

102

10−2

10−4

100

102

Figure 8. The leading-order suspension (left) and deposited (right) mass in the inner region as a function of
R = Pe2(1 − r) for (a) V = 0.25, (b) V = 1, (c) V = 4 and (d) V = 8. In each case, we show profiles at 25 %
(θ = 0.75θ0), 50 % (θ = 0.5θ0) and 75 % (θ = 0.25θ0) of drying time: drying time is indicated by the arrow in
each figure.
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Figure 9. The onset of jamming (bluescale curves, left-hand axis) and deposited layer effects (redscale curves,
right-hand axis) as a percentage of the total drying time given by the roots of (3.41) and (3.46), respectively.
For each case, we vary the Péclet number, Pe = 5, 10, 20, 40, while for θct , we take R = 1 as an illustrative
value.

For small substrate adsorption velocities, we observe similar behaviour to Moore et al.
(2021) in the sense that diffusive evaporation leads to rapid breakdown near the contact
line. For example, for V = 0.4 and Pe = 10, breakdown is predicted to occur after 0.002 %
of the drying time for the values in the Bhardwaj et al. (2010) experiments. However,
it is worth again stressing that the presence of substrate adsorption here does inhibit
finite particle size effects slightly (since volume fraction scales like Pe2 with substrate
adsorption rather than Pe4 without).

When substrate adsorption is stronger, the onset of finite particle size effects is
substantially delayed due to the particle mass lost to the substrate. For Pe = 10 and V = 4,
the suspension of particles may still be modelled as dilute for 88 % of the drying time.
As can be seen, if we further increase V , there is a rapid decrease of the critical contact
angle θcb: studying the profiles of A(θ) in figure 3, a local maximum develops in A near
θ0 and for sufficiently large V , this maximum is below the jamming threshold, so that we
only see jamming in the late stages when A is singular as θ → 0. This latter behaviour
holds for V < 9 (cf. (3.27)). For larger substrate adsorption, A is bounded at θ = 0, so that
jamming does not occur. However, as noted previously, for V � 1, we are no longer in the
advection-dominated regime discussed herein.

3.5.2. Growth of the deposited layer
The second method of breakdown we discuss here is the invalidation of the assumption
that we may neglect the deposited layer on the substrate in our analysis. This assumption
is realised in the application of the no-slip, no-flux boundary conditions and the substrate
adsorption condition on z = 0, as well as the linear nature of the substrate adsorption
condition. While this linearisation is reasonable as a first approximation initially, it may
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be called into question as the deposited layer grows. Not only may the size of the deposited
layer play a role, but it may also cause a blocking effect, reducing the substrate adsorption
velocity (Adamczyk 2002). Since the adsorbed mass is monotonically increasing in r , this
breakdown will necessarily occur first in the contact-line region, so that we may again
concentrate our investigations using the solution in the inner region.

While, of course, the neglect of such a deposited layer will always be invalidated very
close to the contact line, since the droplet free surface forms a wedge profile in the inner
region, the modelling assumption has been that these local effects are small and do not
propagate back towards the droplet bulk. However, clearly if the deposited layer becomes
appreciable throughout the inner region, our analysis must be reconsidered.

We can estimate when this occurs by considering the leading-order deposited mass in
the inner region. The dimensional mass deposited onto a region of radial extent Δ̃ about
r̃ = R̃(1 − R/Pe2) is given by

m̃s ≈ 2πδ R̃2ρ̃s φ̃initPe2 Ms(R, θ)Δ̃. (3.42)

Now, if we suppose that the particles form a layer of thickness ε̃layer with packing fraction
0.64, we must have

m̃layer ≈ 2π R̃ × 0.64ρ̃sΔ̃ε̃layer ≈ 2πδ R̃2ρ̃s φ̃initPe2 Ms(R, θ)Δ̃. (3.43)

The layer thickness can thus be estimated by

ε̃layer ≈ δ R̃φ̃initPe2

0.64
Ms(R, θ). (3.44)

Meanwhile, the thickness of the droplet in this region is given by

h̃ ≈ δ R̃Pe−2θR. (3.45)

For the sake of comparison, let us suppose that our theory is invalidated if the deposited
layer is 10 % of the droplet thickness: this occurs at the critical time θ = θct (V, Pe, R),
which is the root of

V
2πθ0

∫ θ0

θct

A(θ)exp
(

−4χ
θ

√
R

)
dθ = 0.064

φ̃initPe4
θct R. (3.46)

Clearly, and as expected, the critical time for finite layer effects additionally depends on
the distance from the contact line in the inner variables, R. For illustration, we display in
figure 9 as the redscale curves the breakdown time at R = 1 for Pe = 5, 10, 20, 40 and
varying V with φ̃init = 0.05 taken from the experiments in Bhardwaj et al. (2010). Perhaps
unsurprisingly, the factor of Pe4 in the denominator of (3.46) means that breakdown due
to the growth of the deposited layer occurs rapidly as Pe → ∞ for all V , although since
the initial adsorbed mass is zero, there is a timeframe of validity.

In addition, we see that the breakdown due to the finite layer thickness depends strongly
on V . When we increase V , we increase the importance of substrate adsorption throughout
the droplet, which reduces the amount adsorbed onto the substrate in the inner region,
reducing the layer growth there and increasing the range of validity. For example, for
Pe = 10, when V = 1, we see breakdown after ≈2.51 % of the total drying time, while for
V = 10, this increases to ≈50.01 %.

It is also clear from figure 9 that for a fixed Péclet number and radial location R, there is
a transition from breakdown due to finite particle size effects to breakdown due to the de-
posited layer thickness as we increase V as the increasing significance of substrate adsorp-
tion results in more particles being found in the deposited layer rather than in suspension.
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In particular, for small V , the first breakdown is due to finite particle size effects. However,
as we increase V , the reduction in the coefficient A(θ) coupled with the rapid growth of
the deposited layer eventually leads to breakdown due to the latter. For example, if Pe = 10
and R = 1, this transition occurs at V ≈ 1.52. With R fixed, this transition value increases
with Pe. Similarly, with Pe fixed, the transition value increases with R.

However, for very small V , we note here an important caveat regarding the above results
and discussion. As we noticed previously, the coefficient A(θ) and the matching procedure
outlined in § 3.2.1 are no longer valid as V → 0, due to the singular behaviour of the
asymptotic expansion. We now present the resolution of this singularity.

3.6. The limit V → 0
When V is small, the asymptotic analysis presented previously breaks down when
considering conservation of particle mass. For completeness, we briefly summarise the
asymptotic results for V = o(1) as Pe → ∞.

3.6.1. Outer region
In the outer region, substrate adsorption now plays a lower-order role in particulate
transport so that to leading order as Pe → ∞, the solution is precisely that presented in
the no-substrate adsorption problem as given in Moore et al. (2021, 2022):

φ(r, θ)= 1√
1 − r2

((
θ0

θ

)3/4

− (1 − (1 − r2)3/2)

)1/3

. (3.47)

As previously stated, this is regular in the sense that this is the leading-order solution if
we take the limit of (3.3)–(3.4) as V → 0. Note that the volume fraction is still square-root
singular at the contact line: that is, φ ∼ γ (θ)/

√
1 − r as 1 − r → 0+, where

γ (θ)= 1√
2

((
θ0

θ

)3/4

− 1

)1/3

(3.48)

is the leading-order term of (3.6) as V → 0.
The corresponding leading-order solution for the deposited mass is given by ms ∼

Vms,0, where

ms,0(r, θ)= 1

2π
√

1 − r2(1 − (1 − r2)3/2)

×
⎡
⎣(1 −

(
θ

θ0

)3/4

(1 − (1 − r2)3/2)

)4/3

− (1 − r2)2

⎤
⎦. (3.49)

As we approach the contact line, we therefore have

ms ∼ VMMVO(θ)

πχ
√

1 − r
as 1 − r → 0+, (3.50)

as previously.
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3.6.2. Inner region
In the inner region, the scalings (3.13) remain the same in the regime in which V → 0,
with the exception that we now have

φ = ϕΦ, ms = VϕMs, (3.51)

where ϕ is to be determined shortly. The solution then follows identically, with the leading-
order inner particle volume fraction given by (3.16) and the leading-order inner deposited
mass given by (3.17) with V = 1.

3.6.3. Matching using conservation of particle mass
It is in the matching procedure that things differ most substantially as V → 0. With the
updated scales for the deposited mass in each region, (3.21) now becomes

1
2π

=
∫ 1

0
(rhφ)outer(r, θ) dr + ϕPe−4

∫ ∞

0
ΦH(R, θ) dR

+ V
∫ 1

0
(rms,0)(r, θ) dr + VϕPe−2

∫ ∞

0
Ms(R, θ) dR. (3.52)

Clearly, in this regime, the leading-order deposited mass in the outer region –
represented by the first integral in the second line – no longer enters the leading-order
balance in the conservation law. Nevertheless, we must still balance the mass lost out of
the outer region to leading order due to advection. There are three distinct regimes.

For weak substrate adsorption when Pe−2 � V � 1, the contribution due to substrate
adsorption in the inner region dominates the contribution from the suspension mass in the
inner region, so that we choose

ϕ = V−1Pe2. (3.53)

Proceeding, we find that the coefficient A(θ) is then given by (3.24) with V = 1. In this
weak substrate adsorption regime, substrate adsorption only affects the suspension mass to
leading order in the inner region. Notably, the coefficient A(θ) is different from that of the
zero-substrate adsorption problem, due to the different dominant terms in the conservation
of mass equation. Furthermore, we note that substrate adsorption reduces the scaling for
the suspension mass from that in Moore et al. (2021, 2022). This is expected to reduce
the role of finite particle size effects in the suspension, as discussed above for the case
V = O(1).

For the border case whereby V =WPe−2 where W = O(1) as Pe → ∞, the leading-
order contributions from both the suspension mass and deposited mass in the inner region
are of the same order of magnitude, so we take

ϕ = Pe4. (3.54)

We may then derive the following integral equation for A(θ):

MMVO(θ)= 3θ5

64χ4 A(θ)+ W
16πθ0χ2

∫ θ0

θ

ψ2 A(ψ) dψ. (3.55)

This has solution

A(θ)= −64χ4

3θ5

∫ θ0

θ

M′
MVO(ψ) exp

(
2Wχ2

3πθ0

(
1
θ2 − 1

ψ2

))
dψ. (3.56)

In this border regime, substrate adsorption has a leading-order effect on the suspension
mass in the inner region only, through the exponential in the integral of (3.56). Moreover,
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the scaling for the size of the suspension mass is the same as that in the zero-substrate
adsorption model of Moore et al. (2021).

Finally, when substrate adsorption is very weak so that V = o(Pe−2), each leading-order
deposition term in (3.52) is small, so that we take

ϕ = Pe4, (3.57)

and retrieve the solution of Moore et al. (2021, 2022) with A = AMVO(θ) as given
by (3.25). Clearly, in this regime, substrate adsorption has a lower-order effect on the
advection–diffusion competition that drives the growth of the nascent coffee ring. In
principle, this will manifest as a temporal boundary layer close to lifetime, during which
the increase in concentration results in substrate adsorption becoming significant, although
in practice the model would likely break down prior to this point as a result of finite particle
size effects.

3.6.4. Validation and comparisons
As previously, one may find composite profiles for the volume fraction φ and deposited
mass ms in each of the three regimes discussed above.

Here, we investigate the veracity of the asymptotic analysis by considering a specific
example for which Pe = 40 and Da = 5, so that V ≈ 0.20 and we may reasonably say
that V = O(Pe−1/2), so that we are in the weak substrate adsorption regime. The results
are shown in figure 10, where the suspension mass (figure 10a,b) and deposited mass
(figure 10c,d) are shown at 15 % intervals of the drying time using the same colour coding
as in figure 4. We see good agreement between the leading-order composite profiles and
the numerical simulations in each case, with expected magnitude of errors given the
relatively small Péclet number and large V chosen for this example. The behaviour of the
nascent coffee ring is of particular interest here, with the peak initially rising for around
30 % of the drying time (cf. figure 10b) due to the early-stage influence of the competition
between advection and diffusion as reported in previous analyses (Moore et al. 2021).
However, after this, the peak of the suspension mass profile begins to fall as the effect of
substrate adsorption increases, reducing the mass left in the suspension at later times.

Similar to figure 4, we see that the deposited mass is relatively uniform in the droplet
bulk, although at later times we begin to see notable variation in r away from the contact
line. If we interpret the deposited mass as representative of the stain left after evaporation,
this may suggest a slightly smoother transition from the ring to the internal deposit.

The figure also further illustrates that the particulate mass is predominantly contained
in the outer suspension mass and the inner deposited mass in this regime, which justifies
the balance chosen in the matching above. In particular, even at 90 % of the drying time,
the outer deposited mass is still roughly 40 % smaller than the outer suspension mass.

It is worth noting that, while the composite solution is valid to leading order throughout
the droplet, the intermediate solution for the volume fraction has a correction that is O(1)
as Pe → ∞. Hence, for relatively small Pe or large V , it can often be more beneficial
to directly use the leading-order outer/inner solutions for investigating behaviours in the
droplet interior or at the contact line, respectively.

4. Stronger diffusion, Pe = O(1)

In this section, we briefly discuss the regime in which the particle diffusive flux is larger,
so that Pe = O(1). Although coffee-ring formation is predominantly associated with a
large Péclet number, since some of the examples discussed in § 2.2 feature Pe ∼ 6−8, we
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Figure 10. The leading-order composite suspension (a,b) and deposited (c,d) mass as a function of time for
Pe = 40, Da = 5 (V ≈ 0.2). The initial profile mirrors the droplet shape and is shown as the bold blue line,
while profiles at 15 % intervals of the drying time are shown in increasingly lighter shades of grey. A close-up
of the nascent coffee-ring profile is shown in (b,d), whereby we see the characteristic formation of the peak just
inside the contact line. The red dashed curves indicate the corresponding numerical solution of (2.33)–(2.37),
while the arrows indicate increasing evaporation time.

briefly investigate numerically this regime and, in particular, discuss the role of substrate
adsorption.

In figure 11, we plot simulation results for the parameter values for the droplet taken
from Hu & Larson (2002) and for BSA particles from Kurrat et al. (1997) as discussed
in § 2.2, for which Pe = 6.72 and Da = 1.03, yielding V = 0.24. We note that despite
the relatively small value of the Péclet number, the suspension mass still exhibits a
characteristic nascent coffee-ring profile near the contact line. However, it is noticeable
that the effect is weak, with a comparable height to the suspension mass at the droplet
centre. It is likely that the relatively weak substrate adsorption compared with advection
in this example contributes to this sustained ring profile in the suspension.

The smaller Péclet number also leads to the ring forming further from the contact line
(cf. the scaling for the inner region in the asymptotic analysis). This leads to a flatter profile
of the adsorbed mass in the contact-line region, with little variation for 1 − r � 10−3. In
the bulk, the adsorbed mass profile is similar to that in figure 10, which is consistent with
the similar values of V , although in the present example, the weaker advection allows for
slightly more adsorbed mass in the droplet bulk.
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Figure 11. Numerical results for the suspension (a,b) and deposited (c,d) mass as a function of time for data
taken from Kurrat et al. (1997) and Hu & Larson (2002), for which Pe = 6.72, Da = 1.03 (V ≈ 0.24). The
initial profile mirrors the droplet shape and is shown as the bold blue line, while profiles at 15 % intervals of
the drying time are shown in increasingly lighter shades of grey. A close-up of the nascent coffee-ring profile
is shown in (b,d), whereby we see the characteristic formation of the peak just inside the contact line. Arrows
indicate increasing evaporation time.

We consider a droplet with even weaker advection in figure 12, where Pe = 1, Da = 0.5
so that V ≈ 0.79. One can clearly see the diminished coffee-ring effect, with no substantial
buildup of suspension mass in the contact-line region until around 90 % of the drying time.
This late-time emergence of the coffee-ring profile is due to the large time-dependent
Péclet number Pe/(1 − t) as t → 1−, as discussed in detail in Moore et al. (2021).
However, we note that the amount of mass in the contact-line region in suspension remains
very small.

Due to the reduced transport of particle mass to the contact line, the adsorbed mass
profile is much more uniform than in previous examples, with a greater buildup of deposit
in the droplet bulk and a reduced deposit near the contact line. Indeed, we see that at
90 % of the drying time, the ratio of the adsorbed mass at the contact line to that at the
centre is ≈12.8, compared with a ratio of ≈1.95 × 103 in the previous example displayed
in figure 11. This suggests a much more uniform final deposit, as we would anticipate in
this regime and consistent with previous studies (e.g. Widjaja & Harris 2008).

Naturally, the reduced coffee-ring effect for Pe = O(1) reduces the possibility of
breakdown of the model due to finite particle size effects, while the associated enhanced
substrate adsorption increases breakdown due to the growth of the deposited layer.
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Figure 12. Numerical results for the suspension (a,b) and deposited (c,d) mass as a function of time for Pe = 1,
Da = 0.5 (V ≈ 0.79). The initial profile mirrors the droplet shape and is shown as the bold blue line, while
profiles at 15 % intervals of the drying time are shown in increasingly lighter shades of grey. A close-up of
the nascent coffee-ring profile is shown in (b,d), whereby we see the characteristic formation of the peak just
inside the contact line. Arrows indicate increasing evaporation time.

5. Comparison with other models and experiments
We conclude by comparing the predictions of our model with other models in the literature
and available experimental data. Given the complexity of the problem, it is perhaps
unsurprising that finding suitable comparisons can be a challenge, but here we present
three examples.

5.1. Comparison with previous numerical studies
First, we consider the simulations in Widjaja & Harris (2008), where the fully coupled
diffusive evaporation, Stokes flow and particle transport problems are solved numerically.
The majority of the examples studied therein are in the regime that Da � Pe, and thus
fall outside the scope of this paper. However, an example that falls into our scope is that
in their figure 9(a), for which Pe = Da = 12.5 (where we have accounted for the slightly
different definition of the Péclet and Damköhler numbers herein). Note that the droplet
under consideration has a relatively large aspect ratio, δ = 0.8, which pushes the limits of
applicability of the depth-averaged model we use.

In figure 13, we compare data extracted from figure 9(a) in Widjaja & Harris (2008) with
the leading-order composite solution (3.33) and the numerical solution of (2.33)–(2.37).
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Numerical solution

Widjaja & Harris (2008)

Figure 13. A comparison between simulation data from figure 9(a) in Widjaja & Harris (2008) (circles),
the leading-order composite asymptotic adsorbed mass given by (3.33) (solid grey curve) and the numerical
solution of (2.33)–(2.37) (dashed red curve). In the language of the present paper, the results are presented for
Da = Pe = 12.5 (V = π/2).

We see that, despite the relatively large initial droplet aspect ratio, the model presented
herein does a good job of qualitatively capturing the monotonic increasing nature of the
adsorbed mass profile. The agreement is particularly good in the droplet bulk, although
our model slightly under-predicts the profile near the contact line. It is anticipated that
this is a combination of the large aspect ratio and that the Péclet number is quite small, so
that the assumption that δ2Pe � 1 made in deriving our depth-averaged model is not met
well by this example. Nevertheless, despite being at the limits of the validity of the model,
these comparisons are encouraging.

5.2. Comparison with previous experimental studies
Let us now turn to experiments. Generally, the qualitative behaviour that more mass is
adsorbed onto the substrate in the bulk when there is an increase in substrate adsorption,
e.g. when particle–substrate interaction is attractive rather than repulsive, is a common
observation in experimental studies (see e.g. Yan et al. 2008; Bhardwaj et al. 2010;
Anyfantakis & Baigl 2015; Devineau et al. 2016; Molchanov et al. 2019; Kumar et al.
2023). However, as discussed previously in § 2.2, it is challenging to get experimental data
that accurately estimates all the required parameters in the model to make a quantitative
comparison, with the substrate adsorption velocity k̃a proving the most troublesome. In
addition, due to the importance of finite particle size effects such as jamming or particle
packing in the vicinity of the coffee ring and in the deposited layer, the model presented
herein is unlikely to give good quantitative comparisons with the final deposited profile.
However, given that for the vast majority of problems, the dilute regime is the natural
starting point – and that we further demonstrated that substrate adsorption can extend the
validity of this regime – we are more likely to have success when comparing quantities
such as the mass in the ring and the central deposit. Here we carry out a quantitative
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Figure 14. Comparison between the leading-order deposited mass in the contact-line region at the time of
contact-line de-pinning Hcl(θ

∗) given by (3.36) for (a) Pe ≈ 50.0, Da ≈ 3.66 and V ≈ 0.115 (black line)
and Pe ≈ 69.1, Da ≈ 4.47 and V ≈ 0.102 (grey line) and the experimental data for the final mass in the ring
from supplementary figures S8 and S9 in Bridonneau et al. (2020) for untreated (star) and aluminium-coated
(diamond) particles, and for (b) Pe ≈ 127, Da ≈ 20.5 and V ≈ 0.253 (black line) and Pe ≈ 213, Da ≈ 8.23 and
V ≈ 0.061 (grey line) and experimental data for the final mass in the ring from figures 6(a) and 6(b) in Bhardwaj
et al. (2010) for pH = 11.7 (circle) and pH = 2.8 (square). The dashed lines correspond to the predicted mass in
the contact-line region when the droplet evaporates with a pinned contact line throughout evaporation Hcl(0).

comparison with two experimental studies by Bhardwaj et al. (2010) and Bridonneau et al.
(2020), in which water droplets containing silica and titania nanoparticles evaporate on
gold-coated silicon wafer and glass substrates, respectively, for which we were able to
determine approximations for k̃a as outlined in § 2.2. These studies also provide profiles
of the final deposit from which we may determine the mass in the ring and the central
deposit.

Before making our comparisons it is important to clarify that the experiments
considered here study droplets evaporating with a pinned contact line for most of their
lifetime. That is, the contact line will eventually de-pin towards the end of evaporation.
In particular, for the experiments by Bridonneau et al. (2020) the de-pinning angle is
approximately 6◦, indicating that the contact line is pinned for only 86 % and 84 % of
lifetime for the two experiments of untreated and aluminium-coated silica nanoparticles,
respectively, outlined in § 2.2. In addition, close inspection of supplementary videos 1 and
2 in Bhardwaj et al. (2010) indicate that the droplet is pinned for ≈93 % of lifetime when
pH = 11.7 but only for ≈70 % of lifetime when pH = 2.8. Therefore, in order to test the
validity of the present model we compare quantities for the mass in the ring when the
contact line de-pins, i.e. at θ = θ∗, rather than at θ = 0, assuming that after the contact
line recedes no more mass can be deposited into the ring.

Figure 14 shows a comparison between the leading-order deposited mass in the contact-
line region at the time of contact-line de-pinning Hcl(θ

∗) with the experimental data for
the final mass in the ring from Bhardwaj et al. (2010) and Bridonneau et al. (2020).
Specifically, as figure 14 shows, despite the number of simplifying assumptions made
herein, the asymptotic solution does a good job of predicting the final mass in the ring
deposit, slightly over-predicting the experimental values of Bridonneau et al. (2020) by
approximately 6 % and 9 %, but with particularly good agreement when comparing with
the experiments of Bhardwaj et al. (2010). The latter is perhaps unsurprising given that
this example is comfortably in the regime in which Pe � 1 and δ� 1.

In all the cases considered, the predicted mass in the contact-line region at θ = 0 is
substantially larger than the true value from experiments, as well as those predicted by
the model at the time of contact-line de-pinning, highlighting the importance of contact-
line motion in the formation of the final deposit. For example, for the experiments by
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Bridonneau et al. (2020) in which the droplets are pinned for 84 %–86 % of lifetime,
the final predicted adsorbed mass in the contact-line region after contact-line de-pinning
and in the bulk after complete evaporation is approximately 74 % and 8 %–9 % of the
total mass, respectively. This indicates that approximately 17 %–18 % of the mass is left
unaccounted for and therefore must be deposited in the bulk due to late contact-line
de-pinning. This proportion of final mass is nearly double the predicted mass deposited
in the bulk due to substrate adsorption effects. We note that whilst the majority of
previous studies on droplet evolution and particle deposition often ignore late contact-line
de-pinning, a recent study by D’Ambrosio et al. (2025a) gives theoretical predictions
for the final mass of particles deposited on the substrate split between the contact-line
region and the bulk for a variety of de-pinning angles, θ∗, for a thin droplet of dilute
suspension in the absence of substrate adsorption. Specifically, their model predicts that
for the experiments by Bridonneau et al. (2020) approximately 23 %–25 % of the total
mass will be deposited in the bulk due to contact-line de-pinning, which are similar values
to those outlined here although slightly higher presumably due to the absence of substrate
adsorption in their model.

Moreover, it is clear from the experiments by Bhardwaj et al. (2010) that substrate
adsorption has a strong effect on contact-line pinning. Specifically, for the experiment
when pH = 11.7, the DLVO force is repulsive, substrate adsorption is weak and particles
are advected to the contact line which remains pinned for ≈93 % of the evaporation. The
predicted de-pinning angle of ≈0.24◦ is significantly lower than the value predicted for
clean water on glass by Hu & Larson (2002), namely 2◦–4◦, showing that the strong coffee-
ring effect enhances the pinning in this case. However, when pH = 2.8, the DLVO force is
attractive and fewer particles are advected to the contact line due to substrate adsorption,
i.e. the coffee-ring effect is reduced. The predicted de-pinning angle of ≈1.96◦ is much
closer to the value for clean water and the earlier de-pinning time further reduces the
coffee-ring effect in this case as more particles are deposited in the bulk as the contact line
recedes.

6. Discussion and summary
In this study, we have investigated the competing effects of particle advection, diffusion
and substrate adsorption in thin, pinned sessile droplets evaporating under a diffusive
evaporative flux. Under the assumption that the capillary number of the droplet is small
and that the particles remain dilute in the suspension, we derived a model for the particle
distribution in the suspension and that adsorbed onto the substrate that depends on two
critical parameters, the particle Péclet number Pe, which is the ratio of the advective and
diffusive fluxes on the droplet scale, and the Damköhler number Da, which is the ratio of
substrate adsorption to diffusion.

By referring to a number of experimental studies, we demonstrated that for a wide
variety of real-world systems, the pertinent limit is that in which the Péclet number
satisfies Pe � 1, so that particle advection dominates diffusion within the bulk of the
droplet, with a boundary layer near the contact line where the effects are comparable
and the nascent coffee ring grows. Further, we saw that while Da could take a range of
values, we consistently have Da � Pe. We therefore focused our attention on the regime
in which the ratio between the substrate adsorption and diffusion particle velocities
V = πDa/(2Pe)= O(1) as Pe → ∞.

Using these parameter estimates, we performed a detailed asymptotic analysis in the
limit in which Pe → ∞. Our analysis is an extension of that in Moore et al. (2021, 2022)
in the absence of substrate adsorption. In particular, the asymptotic structure consists of
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an outer problem in the bulk of the droplet in which particle advection and substrate
adsorption are the dominant effects and the solution follows that of D’Ambrosio et al.
(2025b). Local to the contact line, the suspension particle volume fraction is singular,
necessitating a boundary layer at the contact line in which particle advection and diffusion
balance, with substrate adsorption a lower-order effect. While the inclusion of substrate
adsorption does not alter the radial size of the boundary layer, which is O(Pe−2), the loss
of particle mass in the bulk due to advection is now compensated by the mass deposited in
the boundary layer, as opposed to that in suspension as seen in Moore et al. (2021, 2022).
This correspondingly reduces the amount of mass in suspension from O(Pe2) to O(1)
in the presence of substrate adsorption. Perhaps surprisingly, this leading-order balance
in the global solute mass persists for moderately small V : indeed for Pe−2 � V � 1, we
find that the suspension mass scales like V−1 in the boundary layer. It is only for very
weak substrate adsorption V = O(Pe−2) that we retrieve the same scalings as those of the
zero-substrate adsorption regime of Moore et al. (2021, 2022).

The leading-order solution for the particle volume fraction in the boundary layer takes
the same exponential form as that in the absence of substrate adsorption, with the exponent
depending on the local contact angle θ , the coefficient of evaporative flux singularity at
the contact line χ and the radial position R = Pe2(1 − r). The role of substrate adsorption
is to change the coefficient of this exponential, which again depends on θ and χ , but also
on V and the derivative of the mass flux advected into the contact line, M′(θ).

We compared our asymptotic results with numerical simulations of the advection–
diffusion equation, demonstrating excellent agreement, enabling us to infer the effect of
substrate adsorption on the coffee-ring effect and the final distribution of particle mass.
In particular, when V = O(1) as Pe → ∞, we showed that substrate adsorption drastically
reduces the total mass in the boundary-layer region by a factor of O(Pe−2) compared with
the zero-substrate adsorption regime. Moreover, at a fixed drying time, increasing V leads
to a transition from the mass primarily being distributed between the bulk suspension and
the adsorbed mass near the contact line to being distributed between the bulk suspension
and the bulk adsorbed mass. This is due to the relative increase in the importance of the
substrate adsorption velocity compared with advection.

It is worth stressing that for all cases considered in this paper, including those for which
Pe = O(1), the final deposited mass distribution still exhibits a maximum at the contact
line, which may be interpreted as a coffee-ring effect, even in cases where advection is
weaker. However, there is a clear reduction in the maximum and corresponding promotion
of a more uniform deposit both with reduced Pe and with increased V .

We discussed two possible mechanisms for the breakdown of our model: the role of
finite particle size effects and the growth of the deposited layer. In the former case, the
assumption that the particle mass is dilute in the fluid decouples the flow and particle
transport problems, simplifying the resulting analysis. However, in the limit that Pe → ∞,
the volume fraction increases local to the contact line. In the latter, we neglected the
deposited layer within our model, which enabled us to linearise boundary conditions onto
the initial substrate height and assume a linear substrate adsorption regime. However,
particularly for stronger substrate adsorption, this may be invalidated, particularly close
to the contact line, where the thickness of the droplet vanishes.

We explored the onset of breakdown for a range of different Pe and V . When the role
of substrate adsorption is very small V = O(Pe−2), the primary form of breakdown is
due to finite particle size effects, since the volume fraction has the same boundary-layer
scaling O(Pe4) as for the zero-substrate adsorption regime discussed in Moore et al.
(2021). When Pe � 1, the critical volume fraction for jamming may be reached in very
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short time, necessitating the inclusion of a jammed region for the majority of the drying
process. This effect is reduced as Pe decreases.

As we increase the importance of substrate adsorption by increasing V , we delay the
onset of breakdown due to finite particle size effects, while simultaneously promoting
breakdown due to the growing deposited layer. For a fixed Péclet number, this trend
continues until a transition from the former to the latter occurs at a specific value of V : in
the regime where V = O(1) as Pe → ∞, this transition occurs for larger V as Pe increases.
Nevertheless, it is worth noting that there remains a significant part of the parameter
space in which neither method of breakdown has triggered and the dilute suspension and
negligible deposited layer thickness assumptions are reasonable, so that the predictions
presented in our model may be readily used to discern the particle mass distribution.

We compared our leading-order asymptotic predictions with previous numerical and
experimental studies. Specifically, we found encouraging agreement between the leading-
order composite solution for the adsorbed mass and the numerical solution with data
extracted from the simulations of Widjaja & Harris (2008), despite the relatively large
initial aspect ratio of the droplet and low Péclet number in this example. In addition,
we found good agreement between the predictions of the present model for the adsorbed
mass in the contact-line region at the time of contact-line de-pinning and experimental
data for the final mass in the ring from two different studies by Bhardwaj et al. (2010)
and Bridonneau et al. (2020). The agreement is particularly good when comparing with
Bhardwaj et al. (2010) in which the initial aspect ratio of the droplet and the Péclet
number are comfortably in the regime δ� 1 and Pe � 1. We note that the comparisons
suggest that, at least for the experiments considered here, contact-line de-pinning can
cause a more significant reduction in the ring deposit than substrate adsorption effects,
even when the droplet is pinned for most (85 %–95 %) of lifetime. Therefore, in order
to facilitate comparisons between the mass in the contact-line region and the bulk at the
end of evaporation, the present model would need to be extended to consider contact-line
motion.

Another natural next step would be to consider an extension to the model that may
include a growing jammed region of particles or the finite size of the deposited layer to
extend the analysis further into the evaporative process. Certainly, in order to quantitatively
compare pointwise with the final distribution patterns seen in experiments such as those
of Bhardwaj et al. (2010) or Kajiya et al. (2008), a more careful inclusion of, in particular,
finite particle size effects will be necessary. A natural first step may be to assume that the
fluid is dilute up to a fixed jamming volume fraction as in Popov (2005). However, more
complicated models including volume-fraction-dependent viscosities and diffusivities are
also available (see e.g. Kaplan & Mahadevan 2015; Guazzelli & Pouliquen 2018). Our
analysis would inform the initial conditions before the onset of any such jamming model.

Further aspects of particle dynamics that we have not considered in our model include
particle aggregation (Zhang et al. 2024) and the possibility of free-surface capture, which
is known to be important for a wide variety of droplets (D’Ambrosio et al. 2023),
particularly thicker droplets (Kang et al. 2016). There has also been a recent attempt to
include a jammed surface layer in such cases (Coombs et al. 2024b), although this analysis
neglects the importance of radial diffusive effects in particle transport and does not allow
for substrate adsorption.
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Appendix A. Numerical solution
We wish to solve the evolution equations for hφ (2.33) and ms (2.36) subject to no flux
conditions at the centreline and contact line (2.35) and a uniform initial concentration
(2.34). This can be performed by a modification of the methodology of Moore et al. (2021).
In particular, we define the incomplete radial integral mass:

Γ (r, t)=
∫ r

0
r̄ h(r̄ , t)φ(r̄ , t) dr̄ . (A1)

In terms of this variable, (2.33) and (2.36) can be recast in the forms

∂Γ

∂t
+ 1

4

[
ū + 1

rPe
+ 1

Peh

∂h

∂r

]
∂Γ

∂r
− 1

4Pe
∂2Γ

∂r2 + Da
4Pe

∫ r

0

1
h

∂Γ

∂r
dr = 0, (A2)

∂ms

∂t
= Da

4Pe
1

rh

∂Γ

∂r
, (A3)

where Γ satisfies Dirichlet conditions at each end of the domain, namely

Γ (0, t)= 0, Γ (1, t)=
∫ 1

0
rhφ dr. (A4)

The second condition here can be written in a more suitable form by considering the
evaluation of (2.33) at r = 1, yielding

∂

∂t

(∫ 1

0
rhφ dr

)
= − Da

4Pe

∫ 1

0

1
h

∂Γ

∂r
dr = −

∫ 1

0
r
∂ms

∂t
dr. (A5)

Integrating this gives

Γ (1, t)= 1
2π

−
∫ 1

0
rms dr. (A6)

The initial condition is

Γ (r, 0)=
∫ r

0
r̄ h(r̄ , 0)φ(r̄ , 0) dr̄ = 2

π
(1 − t)(1 − r2)|t=0 = 2

π

(
r2

2
− r4

4

)
. (A7)

This system is solved using a code that is second-order in space, using the same non-
uniform grid spacing as described by Moore et al. (2021), and first-order semi-implicit
in time. In particular, the non-local contributions given by the final terms in (A2) and
(A6) would introduce strong coupling, making the Jacobian matrices substantially less
sparse, and much more expensive to solve. As a consequence, these terms are treated
explicitly, and the rest implicitly. Both time step and grid size were refined to ensure
convergence, and in general a time step of δt = 10−5 was used with 105 grid points.

Appendix B. One-sided evaporation
In this appendix, we briefly discuss the role of substrate adsorption for a different
evaporation model, namely kinetic or one-sided evaporation, in which the limiting factor
for evaporation is the transport of liquid to the interface (Murisic & Kondic 2011).

For thin droplets, it is a reasonable first model to take the resulting evaporative flux to
be constant (Moore et al. 2021, 2022). The resulting evaporation-driven velocity is finite at
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the contact line, but a coffee ring persists nonetheless. While we do not go into the details
of the full analysis in such a regime, we discuss the application of conservation of mass to
determine the scaling for the size of the coffee ring (cf. § 3.2.1).

Let us focus on the case that V = O(1) as Pe → ∞. In the outer region, both the particle
volume fraction φ and adsorbed mass ms are therefore O(1) as Pe → ∞, while according
to Moore et al. (2021), the pertinent scalings for the inner region are

r = 1 − R

Pe
, h = H

Pe
, φ = PecΦ, ms = Pec Ms, (B1)

where we note that the boundary layer is an order of magnitude larger than for diffusion-
limited evaporation and c is to be determined by matching.

Following the same argument as § 3.2.1, using conservation of particle mass, we have

1
2π

=
∫ 1

0
(rhφ + rms)outer(r, θ) dr + Pec−2

∫ ∞

0
HΦ(R, θ) dR + Pec−1

∫ ∞

0
Ms(R, θ) dR.

(B2)
Clearly, to account for the mass lost into the inner region, we must take c = 1; this is
an order of magnitude smaller than the equivalent problem in the absence of substrate
adsorption (i.e. when V = 0). We thus see a similar reduction in the size of the nascent
coffee ring for one-sided evaporation as well.

Similar logic to § 3.6.3 also applies when V = o(1) as Pe → ∞, with the switch over
from the dominance of particle advection and diffusion to substrate adsorption, advection
and diffusion occurring when V = O(Pe−1) as Pe → ∞.
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