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We study the effects of colloidal nanoparticles (NPs) in liquid crystal samples in the dilute limit, 
in a Landau–de Gennes theoretical framework. The effects of the suspended NPs are captured by a 
homogenized energy, as outlined in Canevari & Zarnescu (2020a, Design of effective bulk potentials for 
nematic liquid crystals via colloidal homogenisation. Math. Models Methods Appl. Sci., 30:309–342). For 
spatially homogeneous samples, we explicitly compute the critical points and minimizers of the modified 
Landau–de Gennes energy and show that the presence of NP eliminates the first-order isotropic-nematic 
phase transition, stabilizes elusive biaxial phases over some temperature ranges and that the symmetry of 
the NP boundary conditions or surface treatments dictates the bulk equilibrium phase at high temperatures. 
We also numerically demonstrate s tructural transitions from twisted helical director profiles to untwisted
director profiles in cholesteric-filled channel geometries, driven by the collective effects of the NPs and
increasing temperature. These transitions are reversible upon lowering the temperature in sufficiently large
domains, where thermal hysteresis can also be observed. This behaviour opens interesting avenues for
tuning the optical properties of confined, nano-doped cholesteric systems.

Keywords : Landau–de Gennes theory; homogenization theory; colloidal nanoparticles; cholesterics; 
biaxiality.

1. Introduction

Liquid crystals (LCs) are paradigm examples of partially ordered materials that combine fluidity with
some of the ordering characteristics of solids (Gennes & Prost, 1995). LC phases exhibit some form 
of long-range orientational order, i.e. the LC molecules tend to align along certain locally preferred 
directions, r eferred to as directors and consequently, LCs have direction-dependent physical and
rheological properties (Gennes & Prost, 1995). This intrinsic directionality or anisotropy r enders LCs
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to be exceptionally responsive and functional soft materials, with widespread applications across the
physical sciences and engineering (Urbanski et al., 2017; Bisoyi & Li, 2022). 

There are three canonical LC phases: the simplest nematic (NLC) phase with no positional ordering 
but with long-range orientational ordering characterized by nematic directors; the smectic phase with 
orientational and partial positional ordering, i.e. the smectic molecules arrange themselves in layers that 
are s tacked on top of each other and the cholesteric (CLC) phase, which is similar to the NLC phase
except that the CLC director naturally twists in space, rendering stable helical director profiles with
exceptional optical properties (Gennes & Prost, 1995). NLCs are the working material of choice for 
a variety of electro-optic devices, e.g. the multi-billion dollar LC display industry, largely because of 
their strong responses to light and electric f ields. CLCs exhibit distinctive helical director profiles and
their natural twistedness, or chirality, has found many uses in photonics, sensors, anti-counterfeiting and
bio-inspired systems (Mitov, 2017; Ma et al., 2024). There is substantial contemporary interest in doping 
NLC and CLC systems with colloidal nanoparticles (NPs) to tune their optical and mechanical properties 
by means of NP shapes, sizes, distributions and surface treatments on NP–LC interfaces (Zhang et al. ,
2009; Kinkead & Hegmann, 2010; Mirzaei et al., 2011; Mitov, 2017; Kumar et al., 2018). For example, in 
Patranabish et al. (2021), the authors experimentally and theoretically investigate a dilute suspension of 
quantum dots in a bent-core nematic system, presenting detailed experimental results on optical textures, 
phase transition temperatures and dielectric anisotropy data of these doped systems. These quantum dots, 
typically synthesized using Cd and Zn-based compounds, are capped with suitable ligands to prevent
aggregation, making them good candidates for suspension in the LC matrix (Patranabish et al., 2021). 
The authors demonstrate that the quantum dots and, NPs in general, can be used to tune the dielectric 
anisotropy, phase transition temperatures and optical textures of confined bent-core nematic systems
(Patranabish et al., 2021); related works can also be found in Basu & Iannacchione (2009); Mirzaei et al. 
(2011, 2012); Singh et al. (2016); Kumar et al. (2018) with regards to the effects of NPs on operating 
voltages, elastic constants and response times in LC systems. In other words, doping offers exciting
prospects for tailor-made or customized LC systems on demand, as well as tunable metamaterials in
general.

In this paper, we study a prototype system comprising a dilute suspension of colloidal spherical 
NPs in an LC sample (NLCs or CLCs), although many of our conclusions will naturally extend to 
generic LC systems. In a dilute suspension, the NP size is much smaller than the average distance 
between NPs, which in turn is much smaller than the macroscopic sample length scales. The total volume 
fraction of the NPs is much less than unity and in this dilute limit, the collective effects of the NPs can
be effectively homogenized into a bulk effect. We work in the celebrated Landau–de Gennes (LdG)
theoretical framework for NLCs and CLCs, wherein the macroscopic NLC or CLC state is described
by the macroscopic Q-tensor order parameter (Gennes & Prost, 1995; Majumdar, 2010; Mottram & 
Newton, 2014). The Q-tensor order parameter is relatable to experimentally measurable quantities such 
as dielectric anisotropy and magnetic susceptibility, which characterize the LC’s response to external
electric and magnetic fields (Gennes & Prost, 1995). Mathematically speaking, the LdG Q-tensor is a 
symmetric, traceless 3 × 3 matrix, whose eigenvectors model the LC directors, i.e. the special directions 
of averaged molecular alignment, and whose corresponding eigenvalues are scalar order parameters 
that quantify the degree of orientational ordering. An LC phase is uniaxial if it has a single distinguished
material direction and is biaxial if it has two special directions; more details are given in the next section.
The LdG theory has an associated free energy, typically of the form

F[Q]  :=
∫

{fB(Q) + fel(Q, ∇Q)} dV ,
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in the absence of external fields or surface effects. Physically observable configurations are modelled 
by the LdG energy minimizers subject to the problem constraints. In the case of spatially homogeneous 
samples, the LdG energy reduces to the bulk potential, fB, which is typically a polynomial in the scalar
invariants of Q (Majumdar, 2010). The bulk equilibrium phases are then modelled in terms of the 
minimizers of fB, which can be computed explicitly as a function of temperature (Mottram & Ne wton,
2014). The bulk potential, fB, is identical for NLC and CLC phases. The elastic energy density, fel, 
depends on both Q and its gradients, and penalizes spatial inhomogeneities. In fact, fel, has different 
forms for the NLC and CLC phases because the natural ground state for a CLC is a helical director profile, 
whereas that for an NLC is a uniform, constant director profile. The critical points and the minimizers
of F are classical solutions to the associated Euler–Lagrange (EL) equations: a system of non-linear,
coupled partial differential equations, subject to prescribed constraints.

The question of interest is how is the LdG energy modified by the NPs in the dilute limit described
above? This question has been answered in Canevari & Zarnescu (2020a,b). In the dilute limit, the NPs 
do not interact with each other and the NP–LC interaction is captured by a surface energy, fs, that depends 
on the NP geometry and the surface treatment on the NP–LC interface, �. The collective effects of the 
NPs is, informally speaking, the sum of the surface energies over all NP–LC interfaces, which yields 
a homogenized bulk energy, fhom(Q). More precisely, the total LdG energy, including the effects of the 
suspended NPs is gi ven by

Fε[Q]  := F[Q] + εγ
∑

i

∫
�

fs
(
Q, Qν , ν

)
dS,

where ε is related to the NP size, γ is an appropriate positive scaling factor determined by the dilute
limit, ν is the normal to the NP–LC interface, Qν is a preferred boundary condition on � and we sum
the surface energies over all suspended NPs. In Canevari & Zarnescu (2020a), the authors show that 
minimizers of Fε converge to minimizers (strongly in H1)  of  

F0[Q]  :=
∫

{fB(Q) + fel(Q, ∇Q) + fhom(Q)} dV 

as ε → 0 (which captures the dilute limit) and fhom can be explicitly computed in terms of the NP shape,
distribution and NP boundary treatments.

We apply this homogenization framework to a dilute suspension of colloidal NPs in an NLC/CLC 
sample and analyse the properties of the NP-doped systems in terms of the minimizers of F0, as
introduced above. In Section 2, we compute the bulk equilibrium phases of these NP-doped systems 
as functions of the NP properties and temperature. The bulk phases are modelled by the minimizers of 
the modified bulk potential, which is the sum of fB and fhom. In fact, the bulk equilibrium phases do not
distinguish between NLC and CLC samples and hence the conclusions in Section 2 apply to both NLC 
and CLC samples. The NP properties are captured by two parameters: an anchoring coefficient, W,  on
the NP–LC interfaces and a phenomenological matrix, X, that can be computed from fs directly. We find 
that NPs stabilize elusive biaxial phases in certain temperature ranges, which are typically inaccessible 
in pure NLC or CLC samples. Equally importantly, the collective symmetry of the NPs (modelled by X)
has a direct bearing on the bulk equilibrium phase at high temperatures and breaks the inherent rotational
symmetries of the NLC and CLC phases. These concepts are beautifully illustrated by means of phase
diagrams in Section 3, which numerically capture how the bulk equilibrium phases depend on X, W and
temperature. In Section 4, we apply this framework to a spatially inhomogeneous CLC-filled channel
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geometry, doped with spherical NPs in the dilute limit. In the absence of NPs, CLCs naturally relax 
into twisted helical profiles for relatively large channel widths. The NPs induce untwisting transitions 
in these geometries as temperature increases, i.e. the NPs naturally break the helical symmetry of the 
CLC phase. In other words, the NPs collectively impose a special direction (determined by X)  on  t  he
CLC phase, for sufficiently high temperatures and large channel geometries. These temperature-induced
untwisting transitions are specific to CLCs. However, using the same arguments, we do expect NPs
to induce symmetry-breaking transitions in other confined LC systems too. We conclude with some
perspectives in Section 6. 

2. Homogenized bulk ener gy

We study a dilute system of suspended colloidal NPs, e.g. quantum dots, in an NLC/CLC-filled channel 
geometry defined by

� := {r = (x, y, z); 0  ≤ x ≤ L, 0  ≤ y ≤ D, 0  ≤ z ≤ H} , (1)

with H � L ∼ D. We work in the celebrated phenomenological LdG framework (Gennes, 1971; Gennes 
& Prost, 1995). The LdG framework describes the macroscopic LC state in terms of the LdG Q-tensor: 
a symmetric, traceless 3 × 3 matrix that belongs to the space 

S :=
{

Q ∈ R3×3; Q = QT , tr Q = 0
}

. (2)

We often refer to the eigenvector of Q with the largest positive eigenvalue as the director, i.e. the
molecules tend to align along the director or exhibit long-range orientational ordering along the director,
in an averaged sense.

The LC phase is said to be isotropic when Q = 0 or equivalently, when the eigenvalues of Q are 
zero and there are no special directions/directors. In the uniaxial phase, Q has two degenerate non-zero 
eigenvalues and can be written in the form 

Qu = s
(

n ⊗ n − 1 
3 I
)

, (3)

where n is the distinguished eigenvector with the non-degenerate eigenvalue and s is a scalar order
parameter that measures the degree of orientational order about n. The biaxial phase is the most generic
phase and occurs when Q has three distinct eigenvalues and two distinguished material directions.

As with most variational theories in materials science, the NLC/CLC phase has an associated 
LdG free energy and the equilibrium or physically observable configurations are modelled by LdG
energy minimizers, subject to the imposed boundary conditions (Majumdar, 2010). As mentioned in the 
Introduction, in the absence of any external fields or surface energies, the LdG energy has two essential 
contributions: 

F[Q]  :=
∫

�

{
fB(Q) + fel(Q, ∇Q)

}
dV , (4)

where fB is the bulk potential, which depends only on the eigen values of the Q-tensor and fel is the
elastic energy density, which depends on both Q and its gradient ∇Q. The bulk potential determines the



COLLOIDAL NANOPARTICLES IN LIQUID CRYSTALS 5

LC phase (isotropic, uniaxial or biaxial) in spatially homogeneous samples, as a function of temperature 
for thermotropic systems. The elastic energy density penalizes spatial inhomogeneities stemming from
boundary effects, geometric frustration and topological constraints.

In this paper, we work with the simplest form of fB that allows for a first-order isotropic-NLC phase 
transition as a function of the temperature. This form of fB is simply a quartic polynomial in Q, as given
by Majumdar (2010): 

fB(Q) = 
A 
2 

trQ2 − 
B 
3 

trQ3 + 
C 
4 

(
trQ2

)2
, (5)

where A = α(T − T∗) is a rescaled temperature, and B and C are positive material-dependent constants. 
The unit of A, B, C is N m−2. Here, α is positive and T∗ is a critical temperature such that the isotropic 
phase becomes unstable for A < 0. As will be shown in the next section, the critical points of fB can 
be explicitly computed as a function of T . The minimizer of fB is the isotropic phase, Q = 0, at high
temperatures, whereas it is an ordered uniaxial phase for low temperatures. Note that the bulk energy
density is identical for NLC and CLC phases since CLCs can be viewed, in non-technical terms, as
twisted NLCs.

In this section, we build on the methods in Canevari & Zarnescu (2020a,b) to demonstrate the 
collective effects of suspended colloidal NPs on the bulk potential, in the dilute limit. In other words, 
we compute the homogenized bulk energy in the dilute limit. There are three effective length scales 
in the problem: the colloid size a, the average interparticle spacing l and the geometric length scales
of the domain �. In the dilute limit, we assume that the length scales are widely separated, i.e.
a � l � H � L ∼ D; the particle number density n is given by l = n−1/3 (Batchelor, 1972), and 
the volume fraction of the NPs is much smaller than unity (na3 = (a/l)3 � 1) so that interparticle
interactions can be neglected, provided they are not long-ranged.

These assumptions on the length scales ensure that we have a large number of NPs within each 
physically infinitesimal volume for effective averaging. The probability distribution of the colloidal 
particles is effectively described by the one-particle distribution function p(x, θ), where x is the position 
vector of a single NP and θ denotes its three Euler angles with respect to a fixed coordinate system. The
distribution function is normalized such that

∫
V

∫
θ

p(x, θ)dθdV = N (the total number of NPs) with the
local number density given by n(x) = ∫

θ
p(x, θ)dθ .

In the homogenization problem, the LC molecules are much smaller than the NPs and the NP–LC 
interaction can be described by a surface energy. The homogenized energy is the collective contribution of 
the NP–LC surface energies, summed over all the NPs. More precisely, we model the NP–LC interaction
energy per unit area by the familiar weak anchoring energy density (Mottram & Newton, 2014), 

fs(Q, Qν) = 
w 
2

|Q − Qν |2, (6)

where Qν is a prescribed preferred boundary condition on the NP–LC interface, �, and w is an anchoring 
strength parameter with unit N m−1. In the strong anchoring w →  ∞  limit, we recover the familiar
Dirichlet condition Q = Qν on �. As demonstrated in prior work using multiple-scale analysis
(Bennett, 2017; Bennett et al., 2018) and mesocharacteristics method (Canevari & Zarnescu, 2020a,b), 
the collective influence of the NPs manifests as a bulk energy density at large length scales and is
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computed to be (Canevari & Zarnescu, 2020a,b) 

fhom(Q, x) = 
w

2

∫
θ

∫
�

p(x, θ)|Q(x) − RTQν(ξ)R|2 d�dθ , (7)

where x is the large-scale coordinate, ξ is the small-scale coordinate that varies on the length scale a and 
R = R(θ) is the rotation matrix pertaining to the Euler angles θ . The interface � is parametrized using
ξ , with d� ∼ a2.

In this work, we assume that the NPs are uniformly distributed so that p is independent of x. 
Furthermore, we assume that the NPs are spherical in shape and are experimentally subjected to the same
boundary conditions, i.e. Qν is the same for all spherical NPs and consequently, p is also independent
of θ . Following Bennett (2017); Bennett et al. (2018), p(x, θ)  = p is a constant under these assumptions 
and the rotation matrix is simply the identity matrix in (7). Expanding the integrand in (7) then yields 

fhom(Q) = �s 
2 

na2w tr Q2 − na2w tr (QX) + constant, (8) 

where �s is the area of the NP–LC interface measured in units of a2 (e.g. for a sphere of radius a,
�s = 4π ) and 

X = 
1 

na2

∫
�

Qν d�. (9)

In general, we can treat the X-tensor as a phenomenological 3 × 3, symmetric, traceless tensor that 
is purely determined by the NP–LC s urface interactions and represents the collective influence of the
spherical NPs, even without knowledge of the underlying microscopic details. For example, if Qν

corresponds to homeotropic or radial boundary conditions on a spherical particle, then X = 0 (Canevari 
& Zarnescu, 2020a). For arbitrary Qν and spherical NPs, X can be non-trivial and we consider multiple
possibilities for X in the next sections.

Combining the homogenized NP–LC interaction energy density from (8) with the standard bulk 
potential fB from (5), the total modified bulk energy density, fm, is defined to be 

fm(Q) = C
[A + �sW 

2 
tr Q2 − 

B 
3 

tr Q3 + 
1 
4 
(tr Q2)2 − Wtr(QX)

]
+ constant, (10) 

where A = A/C, B = B/C and W = na2w/C. As noted in Canevari & Zarnescu (2020a,b), fm differs 
from fb in two ways—a modified coefficient of trQ2 and the addition of a linear forcing term tr(QX). 
The modified coefficient of trQ2 implies that colloidal NPs change the effective temperature of the LC 
system in the dilute limit. This might be attributed to the effects of the NP–LC interactions, which induce 
some heating or cooling effects depending on the surface treatments on the NP–LC interfaces. One can
sometimes view X as a collective external field and write X = E ⊗ E. Here, E ∈ R

3 is an external field
and we can redefine X = E ⊗ E − 1

3 I|E|2 to ensure that the isotropic part does not enter into the free
energy (8). We use the values B = 3.7 × 105 N m−2 and C = 2.4 × 105 N m−2 from Fukuda & Žumer 
(2010) and assuming w = 5 × 10−3 N m−1, a = 50 nm and n = 1022 m−3, we obtain B = 1.5 and
W = 0.5, which will be used in the subsequent numerical computations.
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In the next section, we outline the procedure for computing the critical points of (10) with isotropic, 
uniaxial and biaxial X, respectively. We defer the discussion of spatially inhomogeneous systems to
Section 4. 

3. Spatially homogeneous systems

Consider the bulk potential fB in (5); one can explicitly show that all critical points of fB are either
isotropic or uniaxial Q-tensors of the form (3)  (Majumdar, 2010). In fact, one can explicitly show that 
there are three critical temperatures associated with the quartic polynomial, fB:  (i) A = 0, below which 
the isotropic phase is unstable and the minimizers of fB are a continuum of uniaxial phases denoted by 

Qmin = s+
(

n ⊗ n − 1 
3 I
)

, (11) 

where 

s+ = 
B + √

B2 − 24AC 
4C

= B + √
B2 − 24 A 
4 

(12) 

and n ∈ S2 is arbitrary, (ii) the isotropic-NLC phase transition temperature, A = B2

27 for which

fB
(
Qmin

) = fB(Q = 0) and (iii) A = B2

24 , above which Q = 0 is the unique minimizer of fB.
As mentioned before, the minimizers and critical points of fB determine the competing equilibrium/-

physically observable configurations in spatially homogeneous systems, as a function of temperature. 
The crucial question is how do the suspended NPs modify these bulk equilibrium phases, which
are modelled by the minimizers of the modified bulk potential (10)? The critical points (including 
minimizers) of fm are solutions of the following system of five algebraic equations (subject to the
constraint tr Q = 0):

(A + �sW)Q − B
(

Q2 − 1 
3 I tr Q2

)
+ Q tr Q2 = W X, (13)

where X is a known matrix from (9). An elementary calculation shows that any critical point or solution
Q of (13) has the same set of eigenvectors as X. Since Q is symmetric, there exists an R ∈ SO (3) such
that D = RTQR is a diagonal matrix. Transforming (13)  using  R yields 

(A + �sW)D − B
(

D2 − 1 
3 I tr Q2

)
+ D tr Q2 = WRTXR. (14) 

The left-hand side of the above equation is a diagonal matrix, and hence, RTXR must also be a diagonal
matrix. Consequently, Q and X possess the same set of eigenvectors.

Since the frame of reference is arbitrary for spatially homogeneous systems, we can simplify our 
analysis by choosing a frame in which the eigenvectors of Q and X coincide with the Cartesian basis 
(ex, ey, ez), where ex = (1, 0, 0), ey = (0, 1, 0), ez = (0, 0, 1). Then Q (the solutions of (13)) and X are
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diagonal in the Cartesian coordinates and can be expressed as 

Q = S
(

ex ⊗ ex − 1 
3 I
)

+ R
(

ey ⊗ ey − 1 
3 I
)

, (15) 

X = s∗
(

ex ⊗ ex − 1 
3 I
)

+ r∗
(

ey ⊗ ey − 1 
3 I
)

. (16) 

Here, S and R are two unknown scalar order parameters and s∗ and r∗ are given scalar order parameters
prescribed by X in (9). The critical points of fm are determined by (S, R), which, in turn, are solutions of 
the following coupled algebraic equations: 

S
[
A + �sW − 1 

3B(S − 2R) + 2 
3 (S2 − SR + R2)

]
= Ws∗, (17) 

R
[
A + �sW − 1 

3B(R − 2S) + 2 
3 (S2 − SR + R2)

]
= Wr ∗. (18) 

These equations depend on the six parameters, A, B, W, �s, s∗ and r∗, which only appear in four distinct
combinations. As a result, it is often more convenient to use the following four redefined parameters:

Ã ≡ A + �sW, B, s̃∗ ≡ Ws∗, r̃∗ ≡ Wr∗. (19)

The coupled equations 17 and 18 can be reduced to a single septic polynomial for either S or R, 
computed using Maple software and verified by hand. For S , the septic polynomial takes the form

4B2S7 − (B4 − 12 ÃB2 + 8Br̃∗ − 4Bs̃∗)S5 − 10B2s̃∗S4+ 

[2B3(2r̃∗ − s̃∗) + 9 Ã2B2 + 6 ÃB(s̃∗ − 2r̃∗) + 4(s̃2∗ − s̃∗r̃∗ + r̃2∗)]S3

− 4Bs̃∗(3 ÃB − 4r̃∗ + 2s̃∗)S2 + 3s̃2∗( B2 + 2Ã)S − 6s̃3∗ = 0. (20)

Once S is determined, R is calculated from the sister relation1 

R = 
2r̃∗S − B(2S3 − BS2 + 3 ÃS − 3s̃∗) 

2(s̃∗ + B2S) 
, provided S , s̃∗ 
= 0. (21)

For the special case S = s̃∗ = 0, the septic polynomial in R can be used to compute the critical points of 
fm. In general, this allows for up to seven distinct solutions for the pair (S, R). For reasons that will become 
clear in the subsequent sections, the seven roots are labelled by (S0, R0) and (Si±, Ri±) with i = x, y, z.

In the following sections, we compute the roots (S, R) from (20) and classify them as isotropic, 
uniaxial or biaxial phases. The degree of biaxiality is often measured in terms of the biaxiality parameter,

1 By eliminating the common terms inside the brackets in (17)–(18), we obtain the relationBSR(S−R) = r̃∗S−s̃∗R. Substituting 
this relation in (17) after rewriting it as 2BSR − 2SR(S − R) =  −(2S3 − BS2 + 3 ÃS − 3s̃∗) yields 2B2SR − 2r̃∗S + 2s̃∗R = 
−B(2S3 − BS2 + 3 ÃS − 3s̃∗). The last relation allows to express R in terms of S (equation (21)). Once R = R(S) is found, we
can use (17)  o  r (18) to arrive at the septic polynomial.
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β, defined to be 

β = 1 − 6 
(tr Q3)2 

(tr Q2)3 =
27S2R2(S − R)2 

4(S2 − SR + R2)3 , β ∈ [0, 1]. (22) 

A corresponding biaxiality parameter β∗ can be similarly defined for X using (s∗, r∗). There is close
correspondence between the biaxiality of X and that of the critical points of fm in (10). Furthermore, 
based on det Q = [2(S3 + R3)− 3SR(S + R)]/27, the critical points are classified as prolate (det Q > 0) 
or oblate (det Q < 0) about the axis corresponding to the eigenvalue that has a different sign in the triad 
of eigenvalues: (λ1, λ2, λ3) = ( 2S −R, 2R−S, −S −R)/3. The stability of each critical point is assessed
by calculating the eigenvalues of the Hessian matrix of the modified bulk potential (10) with respect to 
(S, R). The two eigenvalues of the Hessian are given by 

1 
2 
(fm,SS + fm,RR) ± 

1 
2

√
(fm,SS − fm,RR)2 + 4 f 2 

m,SR, (23) 

where fm,SS = 2 
3 Ã+ 2 

3 (2S2 +R2)− 2 
9B(2S−R)− 4 

3 SR, fm,RR = 2 
3 Ã+ 2 

3 (2R2 +S2)− 2 
9B(2R−S)− 4 

3 SR 
and fm,SR = −  13 Ã − 2

3 (S2 + R2) + 2
9B(S + R) + 4

3 SR.

3.1 Limiting solutions for small and lar ge values of W

The critical points of fm can be explicitly computed for W = 0 as detailed in Gennes & Prost (1995); 
Majumdar (2010); Mottram & Newton (2014). These critical points correspond to either the isotropic 
state, (S0, R0) = (0, 0), or uniaxial states for A < B2/24. Specifically, there are six uniaxial critical 
points for W = 0, given by (Sx±, Rx±) = (s±, 0), (Sy 

±, Ry 
±) = (0, s±) and (Sz±, Rz±) = (−s±, −s±), where

s± = B/4 ± √
B2 − 24A/4. Each pair of critical points represents uniaxial states along one of the three 

Cartesian axes. Furthermore, when A < 0, all three s+ states are prolate and the s− states are oblate.
The global minimizer of fm (with W = 0) is the isotropic state when A > B2/27 and it pertains to any
one of the three s+ states when A < B2/27. The uniaxial states parameterized by s− are locally stable
for A < 0 and unstable for A > 0.

Consider small non-zero values of W with X 
= 0, so that we can compute an asymptotic expansion 
of the seven critical points of fm, as a polynomial in W (using the same notation for the critical points as
for W = 0). Keeping A and other parameters fixed, with errors of order W2,

(S0, R0) = (0, 0) + 
W 
A 

(s∗, r∗), 

(Sx±, Rx±) = (s±, 0) + 
W 
Bs±

(B[3s±�s − 3s∗ + 2r∗] − 2r∗s± 
B − 4s± 

, r∗
)

, 

(Sy 
±, Ry 

±) = (0, s±) + 
W 
Bs±

(
s∗, 

B[3s±�s + 2s∗ − 3r∗] − 2s∗s±
B − 4s±

)
, 

(Sz±, Rz±) = (−s±, −s±) + 
W 
Bs±

(B[3s±�s + s∗ + 2r∗] + 2s±(s∗ − r∗)
B − 4s±

,

B[3s±�s + 2s∗ + r∗] − 2s±(s∗ − r∗)
B − 4s±

)
.
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The biaxiality parameter of the continuation of the isotropic branch, denoted by (S0, R0),  is  β0 = 
β∗ + O(W). In the remaining six cases of the continuation of the uniaxial critical points, the biaxiality 
parameter is small and is given by βx± = 27W2r2∗/4B2s4±, βy 

± = 27W2s2∗/4B2s4± and βz± = 27W2(s∗ − 
r∗)2/4B2s4±, upon neglecting higher-order corrections. It is useful to recognize that the above asymptotic 
expansions are valid not only for W → 0, but also for |A| → ∞,A < 0. This is because 1/s± → 0
as |A| → ∞,A < 0 and consequently the small-W expansion also extends to the low-temperature
expansion. For example, the first correction to the solution (s±, 0) as A → −∞ is given by

(Sx±, Rx±) = (s±, 0) ± 
W(2r∗ − 3B�s, 4r∗)

B
√

24|A | . (24)

Turning to the limit W →  ∞  for fixed A, the modified bulk potential in (10) simplifies, as a first 
approximation, to CW[ 1 

2�str Q2 − tr(QX)], which is the net homogenized NP–LC interaction energy 
density. This leading order modified bulk energy is minimized uniquely by Q = X/�s or (S, R) = 
(s∗/�s, r∗/�s). In this limiting case, the biaxiality parameter of the energy minimizer, Q, is equal to 
that of X, i.e. β = β∗. On the other hand, as A → +∞ for a fixed W, fm is uniquely minimized by an
almost isotropic phase, i.e. Q → WX/A. In other words, the qualitative features of the original bulk
potential, fB in (5), are preserved in the A → ±∞  limits, for fixed W.

3.2 Critical points for isotropic X = 0

When the tensor X is isotropic, i.e. X = 0, the collective effect of the NPs is also isotropic and the 
effective temperature is translated from A to Ã = A + �sW. In other words, the effectiv e temperature
increases in the presence of colloidal NPs when W > 0. The critical points are then the same as the
seven solutions mentioned at the beginning of Section 3.1 for W = 0, except that the isotropic phase 
is stable for Ã > 0  or  for  A > −�sW; the isotropic-NLC transition occurs at Ã = B2/27 or for 
A = B2/27 − �sW and the ordered LC states do not e xist for A > B2/24 − �sW. Thus, the colloidal
NPs broaden the window of stability of the isotropic phase and shrink the domain of existence for the
ordered LC states.

Note that Q = 0 is not a critical point of fm for X 
= 0, as can be seen from (13). 

3.3 Critical points for uniaxial X

When X is uniaxial, either prolate or oblate, the septic polynomial (20) can be factored into a cubic and 
a quartic polynomial, thus simplifying the analysis. Without loss of generality, we assume that

X = s∗
(

ex ⊗ ex − 1 
3 I
)

, (25)

where ex = (1, 0, 0), i.e. r∗ = 0 in (16). The uniaxial X is prolate if s∗ > 0 and oblate if s∗ < 0.

3.3.1 Prolate uniaxial X. We first consider the case of a prolate uniaxial X tensor, assuming s∗ > 0. 
There are seven critical points again, three of which are uniaxial along the x-axis or the director of X, 
and four of which are biaxial with the leading director along the y- and z-axes. These seven critical 
points can be viewed as a continuation of the seven critical points of fm with W = 0. The critical points,
(S, R) = (0, 0) and (S, R) = (s±, 0) (for W = 0), are continued to uniaxial critical points along the x-axis
for prolate X as in (25), when W > 0. They are denoted by (S0, 0) and (Sx±, 0), respectively. On the other
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TABLE 1 The critical points of fm in (10) for prolate uniaxial X: X = s∗
(

ex ⊗ ex − 1 
3 I
)

, s∗ > 0.  Here,

Ã+ 
4 defines the existence range for (Sy,z 

+ , Ry,z 
+ ), determined by the quartic polynomial (27 ); see , Fig. 1(b) 

Solution type Stability 

(S0, 0), uniaxial, oblate (x-axis) unstable 
(Sx+, 0), uniaxial, prolate (x-axis) global minimum (∀ ˜ A) 
(Sx−, 0), uniaxial, oblate (x-axis) unstable 
(Sy 

+, Ry 
+), biaxial, prolate (y-axis) local minimum ( Ã < ˜ A+ 

4 )
(Sy 

−, Ry 
−), biaxial, oblate (y-axis) unstable 

(Sz+, Rz+), biaxial, prolate (z-axis) local minimum ( Ã < ˜ A+ 
4 )

(Sz−, Rz−), biaxial, oblate (z-axis) unstable 

hand, the critical points (S, R) = (0, s±) and (S, R) = (−s±, −s±) (for W = 0) get continued to biaxial 
critical points, denoted by (Sy 

±, Ry 
±) and (Sz±, Rz±), respecti vely, for W > 0. A summary of these seven

critical points and their stability properties is given in Table 1. 
The septic polynomial in (20) can be factored into a cubic polynomial and a quartic polynomial, for a 

uniaxial X. The cubic polynomial for S determines the uniaxial critical points of fm in (10) and is f actored
from (20) as shown below: 

2S3 − BS2 + 3 ÃS − 3s̃∗ = 0, R = 0. (26) 

The three roots of this polynomial correspond to the f irst three uniaxial solutions, S0 and Sx±, listed
in Table 1. The uniaxial solution, (S0, 0), which emerges from the isotropic branch, only exists when 
Ã < Ã3 and is oblate when X is prolate, and vice versa. The discriminant of the cubic polynomial,
� = 9 Ã2B2 − 12s̃∗B3 − 216 Ã3 + 324s̃∗ ÃB − 972s̃2∗, shows that there are three roots for sufficiently 
large and negative values of Ã (when � >  0). Two of the roots coalesce at a critical v alue Ã3, where
� = 0, and there exists only one real root for Ã > Ã3 or for A > Ã3 − �sW. An illustrative plot of the
three roots as a function of temperature, A = Ã − �sW, is shown in Fig. 1(a). 

On the other hand, the quartic polynomial for S and the corresponding R values are given by 

2B2S4 + B3S3 + B(3 ÃB + 2s̃∗)S2 − B2s̃∗S + 2s̃2∗ = 0, (27) 

R = −B(2S3 − BS2 + 3 ÃS − 3s̃∗)
2( ̃s∗ + B2S)

. (28)

The roots of the quartic polynomial represent the remaining four solutions from Table 1. By examining 
the quartic polynomial, we can determine the nature of these four roots as | Ã|  →  ∞.  As  Ã →  −∞, 
all four roots are real and distinct, approaching the four uniaxial states (labelled by (S, R) = (0, s±) 
and (S, R) = (− s±, −s±), respectively) along the y- and z-axes. Conversely, as Ã → +∞, none of
the roots are real, and thus no solutions exist. These four roots are plotted in Fig. 1(b) and Fig. 1(c). 
As expected, the level of biaxiality between the two axes is the same, i.e. β y+ = βz+ and β

y
− = βz−.

Figure 1(d) illustrates these biaxiality parameters graphically, complementing Fig. 1(b) and Fig. 1(c).



12 P. RAJAMANICKAM ET AL.

FIG. 1. Critical points of fm for prolate uniaxial X (about x-axis) with B = 1.5, �s = 4π , W = 0.5 and (s∗, r∗) = (1, 0). 
Recall that A = Ã− �sW. In all plots, solid lines indicate stable critical points and dashed lines indicate unstable critical points. 
Similarly, blue lines indicate prolate symmetry and the red ones oblate symmetry. (a) Three uniaxial solutions about x-axis, which 
as A → −∞  approach the two uniaxial solutions about x-axis and the isotropic branch. (b) Biaxial solutions, which as A → −∞
approach the uniaxial solutions about y-axis. (c) Biaxial solutions, which as A → −∞ approach the uniaxial solutions about
z-axis. (d) Biaxiality parameter β pertaining to plot (b) and (c).

In summary, there are seven distinct critical points of fm, for low temperatures, including co-existing 
locally stable biaxial and globally stable (global energy minimizers) uniaxial bulk phases. The locally 
stable biaxial phases are induced by the colloidal NPs and cannot be observed with W = 0 or in the pure 
CLC system. The two biaxial local energy minimizers, (S, R) = (Sy

+, Ry
+) and (S, R) = (Sz+, Rz+), exist

only for Ã < Ã+
4 , as demarcated in Fig. 1. There is no isotropic-NLC/CLC phase transition as such, 

when W 
= 0 and X 
= 0. At high temperatures, we only observe the globally stable uniaxial critical point, 
(S, R) = (Sx+, 0), where Sx+ →  ̃s∗/A as A →  +∞. Furthermore, the critical point, ( S, R) = (Sx+, 0), is
the global minimizer of the modified bulk potential for all temperatures.

3.3.2 Oblate uniaxial X. When s∗ is negative in (25), the prescribed X tensor exhibits oblate 
symmetry about the x-axis. While the same cubic and quartic equations 26–28 still apply, the stability
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FIG. 2. Critical points of fm for oblate uniaxial X (about x-axis) with B = 1.5, �s = 4π , W = 0.5 and (s∗, r∗) = (−1, 0).  In
all plots, solid lines indicate stable critical points and dashed lines indicate unstable critical points. Similarly, blue lines indicate 
prolate symmetry and the red ones oblate symmetry. (a) Three uniaxial solutions about the x-axis. (b) Two biaxial solutions about 
the y-axis. (c) Two biaxial solutions about the z-axis. (d) Biaxiality parameter β pertaining to plot (b) and (c).

properties are significantly different from the prolate case. We still have three uniaxial critical points from 
the cubic polynomial: (S0, 0), (Sx+, 0), (Sx−, 0) such that Sx+ is locally stable for A < A3 and does not 
exist for A > A3. This is in stark contrast to the case of prolate uniaxial X,  for  which  (Sx+, 0) is globally 
stable for all A. The critical point, (S, R) = (S0, 0), which is the continuation of the isotropic branch, 
has prolate symmetry for oblate X. The oblate uniaxial critical point, (Sx−, 0), is unstable for A < A+

4 
but becomes the unique globally stable critical point for high temperatures, i.e. for A > A+ 

4 . Therefore, 
there is an exchange of stability between prolate and oblate critical points at A = A+ 

4 . The globally 
stable prolate biaxial critical points ( Sy

+, Ry
+) and (Sz+, Rz+) exist only for A ≤ A+

4 . The oblate biaxial
critical points are always unstable. Notably, there are only stable biaxial phases in a narrow temperature
range, A3 < A < A+

4 , which is a novelty induced by the suspended NPs. As with the case of uniaxial
prolate X, the oblate uniaxial critical point approaches Sx− → s̃∗/A < 0 as A → +∞ and there is
no isotropic-NLC/CLC phase transition as such. However, there is co-existence between globally stable
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TABLE 2 The critical points of fm in (10) for oblate uniaxial X: X = s∗
(

ex ⊗ ex − 1 
3 I
)

, s∗ < 0.  Here,

Ã+ 
4 defines the existence range for (Sy,z 

+ , Ry,z 
+ ), determined by the quartic polynomial (27) and Ã3 defines 

the existence range for (Sx+, 0) , determined by the cubic polynomial (26) 

Solution type Stability 

(S0, 0), uniaxial, prolate (x-axis) unstable 
(Sx+, 0), uniaxial, prolate (x-axis) local minimum ( Ã < ˜ A3) 
(Sx−, 0), uniaxial, oblate (x-axis) global minimum ( Ã > ˜ A+ 

4 )
(Sy 

+, Ry 
+), biaxial, prolate (y-axis) global minimum ( Ã < ˜ A+ 

4 )
(Sy 

−, Ry 
−), biaxial, oblate (y-axis) unstable 

(Sz+, Rz+), biaxial, prolate (z-axis) global minimum ( Ã < ˜ A+ 
4 )

(Sz−, Rz−), biaxial, oblate (z-axis) unstable 

biaxial phases and the locally stable prolate uniaxial phase for A < A 3. The seven critical points are
plotted in Fig. 2 and their stability properties are summarized in Table 2. 

3.4 Critical points for biaxial X

Next, we compute the critical points of fm in (10) with a prescribed biaxial X. Given the complexity of 
classifying the solution landscape in the general biaxial case, we focus only on two specific examples 
defined by (s∗, r∗) = (1, 1/4) and (s∗, r∗) = (1, 3/4). Both cases have the biaxiality parameter, β∗ = 
0.44. In the first case, det X > 0 and the eigenvalues of X are (7, −2, −5)/12. Therefore, X is a prolate 
biaxial state about the x-axis, with a preference for alignment along the y-axis over the z-axis. In the 
second case, det X < 0 and the eigenvalues of X are (5, 2, −7)/12. Thus, (s∗, r∗) = (1, 3/4) is an
oblate biaxial state about the z-axis, with a preference for alignment along the x-axis over the y-axis. As
demonstrated in previous examples, the symmetry of X dictates the symmetry of the critical points as
A → ∞.

In both cases, there are seven biaxial critical points as plotted in Figs 3 and 4. In both cases, the global 
minimizer is (Sx+, Rx+), while the local minimizers are (Sy,z 

+ , Ry,z 
+ ). The local minimizers do not exist for 

A > A∗, for some critical value A∗. Interestingly, while (Sx+, Rx+) remains prolate (about the x-axis) in 
the first case of prolate biaxial X, it converts to an oblate state (about the z-axis) at a finite temperature in 
the second case, mirroring the symmetry of X. Another notable feature is that, while βx+ is monotonic in
the first case, it reaches a maximum in the second case, coinciding with the change in symmetry of Sx+.
In both cases, the global minimizer (Sx+, Rx+) approaches the isotropic state as A → ∞. For example, in
Fig. 3, βx+ remains very small for low temperatures and then increases to noticeable values for A > −5. 
However, (Sx+, Rx+) is biaxial and almost isotropic (with both Sx+ and Rx+ being very small) for A > −5. 
Hence, this is unlikely to lead to macroscopically observable biaxiality for high temperatures. Similarly, 
the biaxiality of (Sy,z

+ , Ry,z
+ ) tend to be (very) small for most of the temperature range of their existence and

are unlikely to manifest in macroscopically observable biaxiality. Similar comments apply to Fig. 4(a), 
i.e. the critical points about the x-axis (the symmetry axis of X) are either approximately uniaxial as
A → −∞  or approximately isotropic (for A > −5). We speculate that the locally stable biaxial critical
points (Sy 

+, Ry
+) and (Sz+, Rz+) are the best candidates for experimentally observable biaxiality, in a narrow

range of low temperatures.
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FIG. 3. The critical points of fm for prolate biaxial X (about x-axis) with B = 1.5, �s = 4π , W = 0.5 and (s∗, r∗) = (1, 1/4); 
the biaxiality parameter of X is β∗ = 0.44. In all plots, solid lines indicate stable critical points and dashed lines indicate unstable 
critical points. Similarly, blue lines indicate prolate symmetry and the red ones oblate symmetry. (a) Three biaxial solutions about 
the x-axis. (b) Two biaxial solutions about the y-axis. (c) Two biaxial solutions about the z-axis. (d) The biaxiality parameter β of
the seven solutions.

To summarize, there are two main conclusions. At low temperatures (A →  −∞), there are three 
biaxial minima corresponding to Si+ (i = x, y, z) with a slight preference for the axis corresponding 
to the largest positive eigenv alue of X. The low-temperature energy minima are always prolate, since
they inherit the symmetry properties of the minimizers of the original bulk energy, fB in (5). At high 
temperatures, there is only one critical point, which is also the global energy minimum, corresponding 
to an almost isotropic but biaxial phase. When X is prolate, the high-temperature energy minimizer of fm
is prolate and the leading director of the energy minimizer coincides with the leading director of X. When 
X is oblate, the high-temperature energy minimizer inherits the oblate symmetry of X, i.e. it is oblate 
about the same axis as X and exhibits the same leading director (with the largest positive eigenvalue) as
X. Hence, while the homogenized bulk energy minimizer is always prolate for low temperatures, it can
be prolate or oblate depending on the symmetry of X for high temperatures.

In all cases, a non-zero X (uniaxial or biaxial) leads to locally stable biaxial phases for some low 
temperatures and the possibility of oblate energy minimizers for oblate X, both of which are not allowed
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FIG. 4. The critical points of fm for oblate biaxial X (about z-axis) with B = 1.5, �s = 4π , W = 0.5 and (s∗, r∗) = (1, 3/4); 
the biaxiality parameter of X is β∗ = 0.44. In all plots, solid lines indicate stable critical points and dashed lines indicate unstable 
critical points. Similarly, blue lines indicate prolate symmetry and the red ones oblate symmetry. (a) Three biaxial solutions about 
the x-axis. (b) Two biaxial solutions about the y -axis. (c) Two biaxial solutions about the z-axis. (d) The biaxiality parameter β of
the seven critical points.

with either W = 0  or  X = 0. Hence, the NPs can introduce new physics into spatially homogeneous 
NLC or CLC systems and open new routes for macroscopically observable biaxiality, which is often an
elusive concept.

4. Spatially inhomogeneous systems: CLC-f illed channel geometry

In Section 3, we focus on the bulk equilibrium phases determined by the minimizers and critical points
of fm in (10). The modified bulk potential, fm, does not distinguish between NLC and CLC phases (Han 
et al., 2022). The suspended NPs essentially break the symmetry of the NLC/CLC phase if X 
= 0 and 
impose a preferred direction (or director) on homogeneous samples, for large W or large A.
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The next step is to extend this analysis to spatially inhomogeneous samples, such as a dilute 
suspension of colloidal spherical NPs in a CLC-filled channel geometry described in (1). Given that 
H � L ∼ D, it is reasonable to assume that the structural properties are translationally invariant in x and 
y directions. Therefore, it suffices to study the CLC configurations in a reduced 1D domain:

�̃ = {0 ≤ z ≤ H } . 

We impose fixed Dirichlet boundary conditions on the surfaces z = 0 and z = H:

Q(0) = Q(H) = Q0 ≡ 

⎡⎣ 2 
3 s+ 0 0
0 − 1 

3 s+ 0 
0 0 − 1

3 s+

⎤⎦ , (29)

which corresponds to a uniaxial boundary condition with the leading director aligned along the x-axis.
Here s+ is prescribed as in (12) for a given temperature. We could work with a different order parameter 
for Q0, but such choices would only lead to quantitative changes in the results.

The equilibrium/physically observable CLC configurations are modelled by minimizers of the CLC 
free energy, subject to the imposed boundary conditions in (29). We take the effective CLC free energy to 
be the sum of the elastic energy and the modified bulk energy, which captures the effects of the suspended 
NPs. This is a formal approximation wherein we formally replace the collective effects of the suspended 
NPs by the modified bulk ener gy without any rigorous convergence analysis, in the dilute limit. The
effective free energy per unit area is given by Wright & Mermin (1989); Fukuda & Žumer (2010); Han 
et al. (2022)

F[Q] =
∫ H 

0

[
L2 
2 

(∇ ·  Q)2 + 
L1 
2 

|∇ × Q + 2q0Q|2 + fb(Q) + fhom(Q)

]
dz, (30) 

where L1 and L2 are material-dependent elastic constants (Gennes, 1971; Stephen & Straley, 1974; 
Alexander & Yeomans, 2006) and 2π/q0 is the preferred CLC pitch. The derivatives of Q are defined 
by (∇ · Q)i = ∂jQij and (∇ × Q)ij = εikl∂kQlj; the functions fb(Q) and fhom(Q) are defined in Section 2. 
The first two terms in (30) are the elastic energy density in (4) and if q0 = 0, then (30) reduces to the 
LdG energy for NLCs. Indeed, the s econd (twisting) term distinguishes CLC phases from NLC phases.

We rescale z with H, F with L2/H and introduce the non-dimensional parameters η = L1/L2 (elastic 
anisotropy coefficient), σ = 2q0H (inverse of scaled pitch) and λ = H2C/L2 (measure of confinement),
along with those defined at the end of Section 2. The non-dimensional CLC free energy can then be
written as

F[Q] =
∫ 1

0

{
1 
2 
(∇ ·  Q)2 + 

η 
2
|∇ × Q + σQ|2 + λ

[A + �sW 
2 

tr Q2 − 
B 
3 

tr Q3

+1

4 
(tr Q2)2 − Wtr(QX)

]}
dz. (31)
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For spatially inhomogeneous systems, neither Q nor X can be simplified as in (15) and (16). 
Following Sonnet et al. (1995), we represent an arbitrary Q tensor by 

Q = 
1√
2 

⎡⎣−q1/
√

3 + q2 q3 q4
q3 −q1/

√
3 − q2 q5 

q4 q5 2q1/
√

3 

⎤⎦ , ( 32) 

involving five degrees of freedom, qi = qi(z), i = 1, 2, 3, 4, 5. Similarly, the prescribed X tensor can be 
expressed using five constant values xi. In this representation, the free energy simplifies to 

F[qi] =
∫ 1

0

{
1 
4

(
4q′2

1 
3 

+ q′2
4 + q′2

5

)
+ η

2

[
q′2

1 
3 

+ q′2
2 + q′2 

3 + 
q′2

4 
2 

+ 
q′2

5 
2 

+ σ(2q3q′
2 − 2q2q′

3

+q5q′
4 − q4q′

5) + σ 2tr Q2
]

+ λ

[A + �sW 
2 

tr Q2 − 
B 
3 

tr Q3 + 
1

4 
(tr Q2)2 − W tr(QX)

]}
dz, 

where the prime denotes differentiation with respect to z,  tr Q2 = qiqi,  tr  (QX) = qixi and tr Q3 =
1 

2
√

6 
[2q3 

1 − 3q1(2q2 
2 + 2q2 

3 − q2 
4 − q2 

5) + 3
√

3(q2q2 
4 − q2q2 

5 + 2q3q4q5)]. The critical points and the 
minimizers of F[qi] are classical solutions of the associated EL equations: 

(2 + η) 
q′′

1 
3 

− ησ 2q1 = λ
[
(A + �sW + tr Q2)q1 − Bα1 − Wx1

]
, (33) 

ηq′′
2 + 2ησq′

3 − ησ 2q2 = λ
[
(A + �sW + tr Q2)q2 − Bα2 − Wx2

]
, (34) 

ηq′′
3 − 2ησq′

2 − ησ 2q3 = λ
[
(A + �sW + tr Q2)q3 − Bα3 − Wx3

]
, (35) 

(1 + η) 
q′′

4 
2 

+ ησq′
5 − ησ 2q4 = λ

[
(A + �sW + tr Q2)q4 − Bα4 − Wx4

]
, (36) 

(1 + η) 
q′′

5 
2 

− ησq′
4 − ησ 2q5 = λ

[
(A + �sW + tr Q2)q5 − Bα5 − Wx5

]
, (37) 

where 3αi = ∂tr Q3/∂qi, i.e. 2
√

6α1 = 2(q2 
1 − q2 

2 − q2 
3) + q2 

4 + q2 
5,  2

√
6α2 = −4q1q2 + √

3(q2 
4 − q2

5),
2
√

6α3 = −4q1q3+2
√

3q4q5, 2
√

6α4 = 2q1q4+2
√

3(q2q4+q3q5) and 2
√

6α5 = 2q1q5+2
√

3(q3q4−
q2q5). These five equations are solved subject to the Dirichlet boundary conditions, which translate to
the following conditions for q1 . . . q5:

q1 = − s+√
6 

, q2 = 
s+√

2 
, q3 = q4 = q 5 = 0 at z = 0, 1. (38)

If ez is an eigenvector of X so that x4 = x5 = 0, then there are solution branches with q4 = q5 = 0
(Dalby, 2023). The stable solutions typically correspond to these branches, whose eigenvalues (λi) and



COLLOIDAL NANOPARTICLES IN LIQUID CRYSTALS 19

eigenvectors (vi) can be written as 

λ1,2 = −  
q1√

6 
±
√

q2 
2 + q2

3√
2 

, λ3 = 
2q1√

6 
, v1,2 = 

1 
N

⎡⎢⎣q2 ±
√

q2 
2 + q 23 

q3
0 

⎤⎥⎦, v3 = ez, (39) 

where N =
√

2(q2 
2 + q2 

3) ± 2q2

√
q2 

2 + q2 
3. Thus, the planar eigenvectors depend only on q2 and q3 for 

solution branches with ez as a fixed eigenvector. We focus on such solution branches in the remainder of
this section.

4.1 Thin-film limit asymptotics

Consider the thin-film limit, λ → 0, while simultaneously maintaining a small pitch such that σ ∼ 1 
and a non-negligible influence from the NPs, i.e. λW ∼ 1. This limit explores the role of suspended NPs
on purely elastic systems, complementing the analysis in Section 3, which focuses on homogeneous 
systems. The EL equations 33–37 simplify to 

2 + η 
3η 

q′′
1 − (σ 2 + γ 2)q1 = −�x1, (40) 

q′′
2 + 2σq′

3 − (σ 2 + γ 2)q2 = −�x2, q′′
3 − 2σq′

2 − (σ 2 + γ 2)q3 = −�x3, (41) 

1 + η 
2η 

q′′
4 + σq′

5 − (σ 2 + γ 2)q4 = −�x4,
1 + η 

2η 
q′′

5 − σq′
4 − (σ 2 + γ 2 )q5 = −�x5, ( 42)

where � = λW/η and γ = √
λ W�s/η.

The first equation (40) is decoupled from the others and can be readily solv ed to give

q1 =
�x1

σ 2 + γ 2 −
(

�x1

σ 2 + γ 2 +
s+√

6

)
cosh[(1 − 2z)γ1/2] 

cosh γ1/2 
, γ1 = 

√
3η(σ 2 + γ 2)

2 + η
. (43)

The equations (41)  for  q2 and q3 are coupled to each other as are the equations (42)  for  q4 and q5. Each 
pair of coupled equations can be combined into a single equation for the complex variables, u = q2 + iq3
and v = q4 + iq5, i.e.

u′′ − 2iσu′ − (σ 2 + γ 2)u = −�(x2 + ix3), u(0) = u(1) = 
s+√

2 
, (44) 

1 + η 
2η 

v′′ − iσv′ − (σ 2 + γ 2)v = −�(x4 + ix5), v(0) = v(1) = 0. (45)
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The solutions for u and v are given by 

u = �(x2 + ix3)

σ 2 + γ 2 −
(

�(x2 + ix3) 
σ 2 + γ 2 − s+√

2

)
sinh[γ  (1 − z)]eiσ z + sinh(γ z) e−iσ(1−z)

sinh γ 
, (46) 

v = �(x4 + ix5)

σ 2 + γ 2

{
1 − 

sinh[γ4(1 − z)]eiησ z/(1+ η) + sinh(γ4z) e−iησ(1−z)/(1+η)

sinh γ4

}
, (47) 

where γ4 = η
1+η

√
σ 2 + 2γ 2 + 2(σ 2 + γ 2)/η.

For an nematic system, we set σ = 0 in (43), (46) and (47) and the solution simplifies to 

Q = 
X
�s

+
(

− X
�s

+ Q0

)
cosh[(1 − 2z)γ /2] 

cosh γ /  2 
(48) 

in the one-constant approximation with η = 1.

5. Numerical r esults

In this section, we present some numerical examples of structural transitions in dilute suspensions of 
colloidal NPs in CLC-filled channel geometries as described above. In particular, we show that the NPs 
can drive unwinding or untwisting transitions for CLCs, driven by the imposed symmetry of X. We work
with a fixed prescribed X given by

X =
(

ex ⊗ ex − 1 
3 I
)

. (49)

Furthermore, we fix the parameters to be η = 4.5, σ = 4π (as used in Han et al. (2022)) and B = 1.5, 
W = 0.5 and �s = 4π (as  used in Section 3). Two representative values for λ are used for the illustrative 
examples: λ = 1000 (corresponding to a relatively large domain, H = 0.25 μ m  for  L2 = 15 pN and 
C = 2.4 × 105 N m2) and λ = 10 (corresponding to a relatively small domain, H = 25 nm). The
temperature parameter A is varied continuously.

When X = 0 (or W = 0) and in the λ → ∞ limit, the minimizers of (31) are well approximated by 
uniaxial, helical Q-fields of the form 

Qω = s+
(

nω ⊗ nω − 1 
3 I
)

, nω = (cos(ωπz), sin(ωπz), 0), ω ∈ Z , (50) 

which are splay/bend free (∇  ·  Q ω = 0, i.e. q′
1 = q′

4 = q′
5 = 0) (Han et al., 2022; Dalby, 2023). The 

integer ω measures the number of π -rotations of the director field nω across the domain. Accordingly, 
we refer to Q1 as a π -twisting configuration and Q2 as a 2π -twisting configuration, etc. Among these,
the Q2 configuration is typically the energy minimizer (Han et al., 2022). 

Next, we present some heuristics for the case X 
= 0. In the λ → ∞ limit, the minimizers of (31) 
converge to the minimizer of the modified bulk potential fm in (10), almost everywhere (Majumdar & 
Zarnescu, 2010). The minimizers of fm converge to the minimizers of fB as A → −∞,  for  f  ixed W, i.e.
uniaxial Q of the form (11) with arbitrary n. In this case, informally speaking, we minimize the CLC 
free energy in the restricted class of Q-tensors in (11) and recover the helical Q-fields in (50). However,



COLLOIDAL NANOPARTICLES IN LIQUID CRYSTALS 21

for modestly large values of A and fixed W, the minimizers of fm (for the particular choice of X in (49); 
also see Fig. 1) instead converge to the uniaxial state described by 

Q∗ = Sx+
(

ex ⊗ ex − 1 
3 I
)

, 

for sufficiently large values of λ. This motivates the untwisting transitions for large λ, as the temperature 
parameter A is increased, and we expect to see s harp transitions around A = −5 since there is only one
stable critical point, (Sx+, 0), of fm for A > −5, as plotted in Fig. 1. 

We numerically compute solutions of (33)–(37), subject to the Dirichlet boundary conditions (38), 
with X as in (49), and parametrically change A from A = −20 to A = 0. The computations are carried 
out using COMSOL Multiphysics, which employs the finite element method for spatial discretization 
and the MUMPS (Multifrontal Massively Parallel Sparse) direct solver. A mesh size of �z = 10−3 is
used after verifying mesh independence. The results for λ = 1000 are plotted in Fig. 5 for the π -twisting 
and 2π -twisting helices as initial guesses for the numerical solver. First of all, at a finite temperature
(or at a finite W), the formula given in (50) is not strictly valid since a simple harmonic function is 
insufficient to characterize the solution, as can be inferred from the figure. However, the solutions are 
still found to be splay/bend free, except in small neighbourhoods of z = 0, 1. The plots for A =  −6.6 
show that there is significant local biaxiality near the points zn = n/2ω, n = 1, 3, 5, . . . 2ω − 1. Both the
π -twisting and 2π -twisting solutions then disappear roughly at A = −5 and the solution transitions to
the untwisted solution, dictated by the minimizer of fm for A = −5 in Fig. 1. Notably, this untwisting 
transition becomes more abrupt and occurs at lower temperatures for larger values of λ, where the bulk 
effects (governed by fm) dominate the energy landscape. For instance, when λ = 7000, the untwisting 
occurs near A = −8. We also perform computations by decreasing A parametrically, using Q = X/�s
as an initial guess. These suggest that the untwisted solution can persist to large negative values of A,
although we expect such solutions to be unstable at sufficiently low temperatures, due to the preference
for twisted minimizers.

Next, consider a much smaller domain corresponding to λ = 10. We note that ωπ -twisting solutions 
with ω 
= 2 are generally not energetically favourable for such small values of λ. In fact, the minimizer
of the CLC free energy (31) converges to the biaxial, 2π-twisting solution in (43)–(47)  in  the  λ → 
0 limit. The effect of changing A on these biaxial, 2π-twisting solutions is illustrated in Fig. 6.  As
A increases, the helical structure is gradually suppressed, although not completely eliminated in this 
regime. This indicates that the untwisting transition occurs for large positive values of A, when λ is
small. In Fig. 6, the asymptotic solutions for the limits λ → 0 with A ∼ 1 in Section 4.1 are plotted 
as dashed lines for the purpose of comparison. Although λ = 10 is not a particularly small number, the 
agreement between the numerical solutions and the asymptotic solutions is satisfactory, especially for the
value A = −1.

In Figs 7 and 8, we study the untwisting transitions for the cases with

X =
(

ey ⊗ ey − 1 
3 I
)

and X =
(

ez ⊗ ez − 1 
3 I
)

, (51)

respectively. The implications of these figures are qualitatively similar to that of the case with X = 
(ex ⊗ ex − 1

3 I) in the sense that we get untwisting and lose the helical profiles as A increases, for
λ = 1000. There are negligible differences between Fig. 5(d) and Fig. 7(a), Fig. 8(a), since the stable 
solutions of (33)–(37) converge to uniaxial Q-fields of the form (50) for large and negative values of A.
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FIG. 5. Numerical solutions of (33)–(37) subject to the Dirichlet conditions in (38) that demonstrate the transition from the uniaxial 
helical Q-field to an uniaxial (with thin biaxial boundary layers at z = 0, 1) untwisted Q-field, as A is increased. The parameter 
values are λ = 1000 with W = 0.5, B = 1.5, η = 4.5, σ = 4π , �s = 4π (same parametric values are used in subsequent figures) 
and X =

(
ex ⊗ ex − 1 

3 I
)

. The two snippets on the left in each subfigure shows the dominant director field of Q, projected onto 
xz- and  yz-planes. The top row pertains to π -twisting helices and the bottom row to 2π -twisting helices. In both cases, the helical
Q-fields disappear roughly around A = −5 and this transition occurs at lower temperatures for larger λ.

FIG. 6. Numerical solutions of (33)–(37) subject to the Dirichlet conditions in (38) with X =
(

ex ⊗ ex − 1 
3 I
)

and λ = 10. These

solutions demonstrate a mild weakening of biaxial, helical configurations as A increases. For this value of λ = 10, untwisting is 
expected to occur only for large positive values of A. The dashed lines pertain to the asymptotic solution (43)–(46), which are 
applicable in the λ → 0 limit with |A | ∼ 1.

As A increases, the stable solutions con verge to

Q = Sx+
(

ey ⊗ ey − 1 
3 I
)
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FIG. 7. Numerical solutions of (33)–(37), subject to (38), with X =
(

ey ⊗ ey − 1 
3 I
)

and λ = 1000. These solutions illustrate the 
transition from the uniaxial, 2π-twisting helical Q -field to an uniaxial (with thin biaxial boundary layers at z = 0, 1), untwisted 
Q-field, with increasing temperature.

FIG. 8. Numerical solutions of (33)–(37), subject to (38), with X =
(

ez ⊗ ez − 1 
3 I
)

and λ = 1000. These solutions illustrate the

transition from the uniaxial, 2π-twisting helical Q-field to an uniaxial (with thin biaxial boundary layers at z = 0, 1) untwisted 
Q -field, with increasing temperature. In the last case, the leading eigenvector is ez almost everywhere and therefore its projections 
onto the xz- a  nd yz-planes are null.

for X = (ey ⊗ ey − 1
3 I) with Sx+ as plotted in Fig. 1, and similarly to

Q = Sx+
(

ez ⊗ ez − 1 
3 I 
)

for X = (ez ⊗ ez − 1 
3 I). In both cases, the helical symmetry is broken by the suspended NPs or by the 

leading director of X. W e get some peaks in the biaxiality near the edges, z = 0 and z = 1, induced by
the boundary layers that arise from the conflicting boundary condition in (29). 

To assess the stability of the stationary solutions discussed above, parallel time-dependent computa-
tions are performed using the gradient-flow equations

∂qi

∂t 
= −δF 

δqi
, (52)
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where the right-hand side is effectively obtained from (33)–(37). In the computations, the temperature 
parameter A is varied quasi-steadily while keeping all other parameters fixed. Specifically, we assume 

A(t) = A(0) + �A
(

1

2 
+
⌊ t

�t

⌋)
+ tanh(�tw(t/�t − �t/�t� − 1/2))

tanh(�tw/2) 
, ( 53) 

with A(0) =  −20 (or A(0) = 0), �A =  +0.5 (�A =  −0.5), �t = 100 and �tw = 10. For time-
dependent simulations, a relative tolerance of 10−3 and a fixed time step of 0.05 are used in COMSOL 
Multiphysics. This function slowly increases (or decreases) A in steps of �A across every �t time
interval; the jump in A is smoothed out by the tanh functions with a transition width of �tw. The quasi-
steady variation allows us to assess the stability characteristics of the solutions in Figs 5–8, obtained 
by means of stationary computations. We find that the computed stationary solutions are stable. For 
large negative values of A, the helical solutions are stable, whereas the untwisted solutions are unstable. 
Moreover, when A is gradually increased from its initial value A(0) =  −20, the helical solutions 
transition to the untwisted solutions at values of A close to those found in stationary computations.
Similarly, when A is decreased from A(0) = 0, the reverse transition (from untwisted to helical) occurs
at lower temperatures than the helical-untwisted transition, thereby indicating the presence of hysteresis.
Such hysteresis behaviour in CLC samples, doped with quantum dots, has been previously observed in
the experiments conducted in Rodarte et al. (2012). This also opens avenues for changing the optical 
properties of a doped CLC system by means of increasing or decreasing temperature as opposed to 
applying external fields. In particular, we break the director symmetry with the X-field—generated by
a dilute suspension of colloidal NPs—rather than by an external electric field. This will be investigated
further in future work.

6. Conclusions

We have rigorously explored the influence of spherical colloidal NPs on LCs using the homogenized LdG 
framework as developed in Canevari & Zarnescu (2020a), in the dilute limit. For spatially homogeneous 
systems, the LdG bulk energy fB in (5) is replaced by the modified bulk potential, fm in (10), to account for 
the collective effects of suspended spherical NPs with identical boundary treatments, in the dilute limit. 
The suspended NPs are fully characterized by W (the anchoring strength of the NP–LC interface), the 
NP geometry (spherical in this case) and the preferred boundary condition, Qν , on all NP–LC interfaces.
The preferred boundary condition is imposed by means of a Rapini–Papoular surface energy (Canevari 
& Zarnescu, 2020a), although other choices are possible too. The modified bulk potential fm differs from 
fB through an effective temperature Ã and a linear energy contribution induced by a constant matrix X, 
which originates from the homogenized contribution of the NP–LC surface energies summed over all 
NP–LC interfaces. The effective temperature increases for W > 0, and the bulk symmetry is broken if 
X 
= 0. Notably, we consider different possibilities for X, corresponding to arbitrary Qν ; in this respect, 
our study is perhaps the most general to date. If X = 0, then the critical points of fm are either uniaxial or 
isotropic (as in the case of fB) but the critical temperatures are shifted, i.e. we get a first-order isotropic-
NLC phase transition at a lower temperature for W > 0, as compared with the W = 0 case. For X 
= 0,
we consider four representative cases: (i) uniaxial X with prolate or oblate symmetry and (ii) biaxial
X with prolate or oblate symmetry. In all cases, we obtain seven critical points of fm that approach
the critical points of fB for low temperatures (i.e. as A → −∞). The global minimizer of fm always has
prolate symmetry at low temperatures, as in the case of fB. Furthermore, we always observe locally stable
biaxial bulk phases induced by X, for a certain range of temperatures, which are otherwise inaccessible
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without the NPs. There is no first-order isotropic-NLC phase transition when X 
= 0 and we instead 
observe a gradual crossover between ordered and disordered states, with increasing temperature. At high 
temperatures, there is a unique minimizer of fm that inherits the prolate or oblate symmetry of X, again a
behaviour that is not possible without the NPs. Our work thus highlights the capacity of NPs to stabilize
phases that are otherwise inaccessible in pure NLC or CLC systems.

We complement our work on spatially homogeneous samples with a simple example of a dilute 
suspension of spherical NPs in a CLC-filled channel geometry, subject to planar Dirichlet boundary 
conditions on the the top and bottom surfaces. This is a well-studied example and people expect to find 
stable twisted CLC director profiles, when the channel is sufficiently large, i.e. when the confinement 
parameter λ is sufficiently large. However, this symmetry is broken by the suspended NPs, with 
increasing temperature. We demonstrate structural transitions from stable CLC helices to almost uniform 
director profiles with increasing temperature, provided λ is sufficiently large. The uniform director 
profiles inherit the symmetry of X when A and λ are large enough. Equally importantly, this transition 
is reversible, i.e. we can numerically observe untwisted–twisted helical transitions induced by slowly 
decreasing the temperature, for sufficiently large λ. While this is a specific example, the qualitative
conclusions will remain unchanged for generic confined CLC or nematic systems. Such systems tend
to exhibit multistablility in large geometries (i.e. with large λ) under suitably prescribed boundary
conditions. In other words, there are typically multiple LdG energy minimizers corresponding to multiple
physically observable functional modes of the large LC system. This multistability will typically be lost
when X 
= 0, since the NPs impose a unique director orientation (specified by the symmetry of X), for
sufficiently large A and λ. An especially interesting example would be a CLC or NLC-filled 3D spherical
droplet with radial boundary conditions (Sonnet et al., 1995; McLauchlan et al., 2024), which naturally 
hosts interior defects, as a consequence of non-trivial topology. The radial symmetry can be broken by 
the suspended NPs in a spherical droplet, if X 
= 0, and it would be interesting to investigate how X
tailors interior defect structures in such confined systems in future work.

Overall, our findings underscore the potential of NPs as a versatile tool to engineer novel phases and 
structural transitions in LCs. We believe that our conclusions will remain valid for general NP shapes
(other than spheres) and also for generic surface energies, within the dilute limit. For example, in Canevari 
& Zarnescu (2020a,b), the authors consider a generic surface energy density on the NP–LC interface 
given by 

fs(Q, ν) = fs
(

trQ2, trQ3, Qν · ν, Q2ν · ν 
)

, 

where ν is the outward normal to the NP surface. One can directly show that post homogenization,
such generic NP–LC surface energies only alter the coefficients of the original bulk energy fB in (5) and 
potentially add a linear contribution of the form Wtr (QX), where X encodes the geometric and anchoring 
characteristics of the NPs. Given that our analysis holds for arbitrary X, our results are expected to largely 
carry over to more general scenarios. On these grounds, we speculate that our theoretical insights can be
useful for future experiments on tunable, responsive materials with customized optical and mechanical
properties.
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