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ABSTRACT. In this paper, we investigate a class of hybrid stochastic function-
al systems with unbounded pantograph delays. By establishing the LaSalle
theorem, we locate the limit sets for such hybrid systems, and thereby obtain
several criteria for the asymptotic attraction and stability with exponential
decay rate. Moreover, with the aid of M-matrix theory, we also derived some
conditions under which attraction and stability are guaranteed. These con-
ditions indicate that the asymptotic attraction and stability are robust with
respect to stochastic perturbations. Finally, an example is presented to illus-
trate our results.

1. Introduction. As an important class of stochastic delay systems, stochastic
pantograph systems (SPSs) have been employed to model the overhead current
collection system of electric locomotives, thereby receiving considerable attention
in the past few decades (see [1, 2, 5, 6, 7]). It is noteworthy that many systems often
experience abrupt changes in their structure and parameters due to variations in
the external environment. To characterize such dynamic behaviors, hybrid systems
driven by continuous-time Markov chains have been widely used for modeling such
systems. The form of hybrid stochastic pantograph systems (HSPS) reads as follows

dz(t) = f(x(t),z(0pt),t,r(t))dt + g(x(t),x(00t), t,r(t))dw(t), (1)
where r(t) is a continuous-time Markov chain with state space S = {1,2,--- , N}.
In fact, Eq. (1) can be regarded as the result of the following N equations

de(t) = F((t), 2(Bt), t, 1)t + g(z(t), 2(6ot), t,)du(t), i € S (2)

switching from one to the others according to the movement of the Markov chain.
Since hybrid stochastic systems have continuous components as well as discrete
components, the dynamics of HSPS (1) is completely different from a single system
of SPS (2). Relevant works on the stability of HSPS (1) can be found in [3, 14, 27,
29].
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However, in a multi-species food chain, the population dynamics of predators
and prey depend not only on the current population sizes but also on interactions
with historical populations at a certain proportional time in the past and over
longer periods, such as functionals related to the cumulative predation of prey. This
motivates us to investigate the hybrid stochastic functional systems with pantograph
delay (HSFSwPD)

dx(t) = f(xe, t,r(t)dt + g(xe, t,r(t))dw(t), t> to, (3)

with the initial data z:, = {z(t) : Opto < t < to}. Here ax = {x(0t),0) < 0 <1} €
C([60,1]; B™), f = C([fo,1]; R") x [to,00) = R™ and g : C([6o, 1]; R™) X [to, 00) —
R™*™ where C([fp, 1]; R™) denotes the family of all continuous functions mapping
from [0y, 1] to R™. Compared with the HSPS (1), the future states of HSFSwPD
(3) are determined by the entire of the past states on [yt,t] which including two
states x(0pt) and x(t). In particular, if we define f(¢,t,7) = f(©(1),¢(0),t, 1) and
g, t,1) = g(e(1),p(6p),t,4), then Eq. (1) can be written as Eq. (3). Indeed,
the existing results in the literatures such as [1, 2, 3, 5, 6, 7, 14, 27, 29] cannot be
applied directly to this scenario.

Meanwhile, it should be pointed out that Eq. (3) also differs from the stochastic
functional systems investigated by Mohammed [13]. Specifically, the monograph
systematically investigates the existence of solutions and the Markov property of
sample paths for the following stochastic functional systems (SFS) with delay

dz(t) = f(xe, t)dt + g(x, t)dw(t), (4)

with the initial data x;, = {x(t) : to — 7 < t < to} and ay = {z(t +0),—7 <
0 < 0} € C([-7,0]; R™), where C([—7,0]; R™) denotes the family of all continuous
functions mapping from [—7, 0] to R™. However, it is found that the past information
described by the two defined piecewise processes z; in (3) and (4) differ significantly
in terms of the starting points and lengths of the historical intervals. It is evident
that the historical interval in Eq. (4) has a constant length 7, whereas that in Eq.
(3) has a length of (1 — )¢, which obviously increases with time ¢. This difference
will further affect the analysis of the dynamic characteristics of functional stochastic
systems.

On the other hand, many dynamic systems are in operation for a long period of
time, while time delay and stochastic noise have detrimental impact on stability,
thus it is interesting to examine the stability of these systems. Over the past few
decades, the Lyapunov method has long been recognized as the most powerful tool in
the study of stability. As one of the most important developments of the Lyapunov
method, Lasalle [10] relaxed the restriction on the derivatives of Lyapunov functions
which is often negative definiteness in [4, 22, 28] and established the invariance
principle which located the limit sets of nonautonomous systems. Later, Li [12]
and Mao [15, 16, 17, 21] extended the LaSalle invariance principal to stochastic It6
systems and established sufficient conditions for the asymptotic stability of SF'S with
finite delay. While Wu and Wang [23, 24, 25] investigated a class of SF'S and neutral
SF'S with infinite delay, and obtained the general LaSalle theorems under the weaker
conditions. Recently, Wu et al. [26] studied the stochastic functional system (3), and
examined the moment exponential stability and polynomial stability of the solutions
by means of Lyapunov functions. However, for stochastic functional system with
pantograph delay (3), no research has yet investigated either the existence of its
limit set or whether the solution of the system converges at an exponential rate to
the equilibrium point as ¢ — oco. This paper aims to establish the LaSalle theorem
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for Eq. (3) to locate its limit set, by which some criteria on attraction, almost
surely exponential stability and robustness will be obtained. Let us summarize our
main contributions before we develop our main results:

(1) Tt should be noted that Theorem 3.3 not only investigates the convergence
of the solution to Eq. (3) to the equilibrium point, but also provides the rate of its
exponential convergence. Due to pantograph delay, the dependence on historical
information increases with ¢, which may lead to the influence of past states being
difficult to control as they accumulate over time. To study the exponential decay
property of the solution to Eq. (3), we introduce a decay kernel function (for
example: e~ (1=9%) and thus put forward Assumptions such as (14) and (15). This
thereby making up for the deficiency in [26] and extends the relevant results in the
existing literature [12, 17, 21, 23].

(2) The purpose of establishing Theorems 4.6 and 4.9 is not only to provide suf-
ficient criteria for the asymptotic attractivity and almost sure exponential stability
of HSFSwPD (3), but more importantly to reveal the fact that the almost sure
exponential stability is robust. Specifically, under conditions (46) and (47), the
deterministic HFSwPD (52) can bear the environmental noise in the sense of (44)
and still remain stable. However, such robustness result has not been addressed in
the existing literature [26].

2. Preliminaries. Let (Q, F, P) be a complete probability space with a filtration
{Fi}i>t, satisfying the usual conditions (i.e., it is increasing and right continuous,
Fi, contains all P-null sets). w(t) = (wy(t), -+ ,wy,(t))" is a m-dimensional Brow-
nian motion defined on this probability space. Let | - | denote the Euclidean vector
norm in R™ and || - || be the matrix norm or the operator norm if there is no confu-
sion possible. Let 6y € (0,1) and C([f, 1]; R™) denote the family of all continuous
R"-valued functions ¢ defined on [0, 1] with norm |¢[| = supy, <p<; [¢(0)]. Let
Cﬁ’rto ([0, 1]; R™) be the family of all F;, measurable bounded C([6p, 1]; R™)-valued
random variables & = {£(t) : Opto < t < to}. Moreover, let C(R", R;) denote the
family of all continuous nonnegative functions defined on R™. For a set I, denote
by d(z,K) = infyexc{|x — y|} the distance between = and K. If W € C(R", R;),
then its kernel is denoted by Ker(W) = {z € R™ : W(x) = 0}.

Let r(t), t > to be a right-continuous Markov chain on the probability space
(Q, F, P) taking values in a finite state space S = {1,2... N} with generator I' =
(Vij)Nx N given by:

Yi;A+o(A), if i# ],

P(T(HA):N@:”:{ 1+ 750 +o(A), if i=j.

where A > 0. Here v;; > 0 is the transition rate from ¢ to j, ¢ # j, while v;; =
— Zj# 7vi;- In this paper, we consider the HSFSwPD (3), in which it is assumed
that the Brownian motion w(¢) and Markov chain r(t) are independent. Clearly, if
S = {1}, then Eq. (3) becomes the following SFS with pantograph delay

dm(t) = f(l'ht)dt + g(xtat)dw(t), t Z t0~ (5)

Now, we impose the following assumption on the coefficients f and g.



The asymptotic attraction and stability of hybrid stochastic functional systems with pantograph delay

Assumption 2.1. Assume that there is a nonnegative constant k4 and a probability
measure p on [fy, 1] such that

1
[f (s t,0) = £(@,1,0)[ V |9, t,7) — g9, 1, 0)]| < kd/e |p(0) — ¢(0)|du(0) (6)

for all (¢,1) € [to,00) X S and those ¢, ¢ € C([6p, 1]; R™) with ||¢|| V||| < d. Assume
moreover that, for all (¢,7) € [tg,00) x S, f(0,¢,4) = ¢g(0,¢,4) = 0.

Denote by C?(R™ x S; R,) the family of all real-valued nonegative functions
V(x,i) on R™ x S, which are continuously twice differentiable in z. Define an
operator LV : C([fo, 1]; R™) X [tg,00) X S — R by

LV (p,t,i) = Vz(w(l)ai)f(so,t,i)+%traee[gT(%t,i)Vm(@(l),i)g(%t,i)l

+ YV (e).d) ™

where V,.(+, ), Vo (-, -) denote the gradient and Hessian matrix of V (-, -), respective-
ly.
Assumption 2.2. Let p > 2. There exists a function V € C*(R" x S; Ry), two
probability measures p1 and ps on [fp, 1] as well as some nonnegative constants K,
l;, c1,c2,v > 0 such that

crlz|P < V(z,i) < eolzl?, (8)
while for all ¢ € C([0p,1]; R") and t € [to, 00),

V(o) < K430 aj/ [o(6) "y (6) (D] ). )

j=1
where r1 = p, ro =+ p and «a; € (0, 6).

Now, we give the existence and uniqueness results of the solution for Eq. (3).

Theorem 2.3. Let Assumptions 2.1 and 2.2 hold. Then Eq. (3) admits a unique
global solution for any initial data . Moreover, the solution has the property that

K(t —
Elz(t)]? < Co-&-—(tto)’ Yt > t, (10)
C1

where Cy = V(x(to), to) +Z; 1l feoto

Proof. For any initial data x;, = £ € beto([ﬁo,l];R"), by Assumptions 2.1, 2.2
and the standard trunctation technique, there exists a unique maximal local strong
solution z(t) to Eq. (3) on t € [foto,0.), where o, is the exploresive time. To
prove that this solution is global, we need to show that o, = oo a.s. Let ky > 0
be sufficiently large for [|£|| < ko. For each integer k > kg, define the stopping
time 7, = inf{t € [0,0.) : |z(t)| > k}. Clearly, 7 is increasing as k — co. Set
Too = liMg_soo T, Whence 7o, < 0. a.s. Note if we can show that 7., = oo a.s.,
then o, = oo a.s., which implies that z(¢) is actually global. By Assumption 2.2,
applying the It6 formula yields

EV(x(t A7), r(t A TE))

_ V(az(to),to)+E/Mk LV (2, 5,1(5))ds

to



The asymptotic attraction and stability of hybrid stochastic functional systems with pantograph delay

S V( ( )t0)+Kt/\Tk7t0)
+ LE b aj l2(0s)|” d 3(0) — |z(s )| ) ds. (11)
Soue ) (o [ 00T - x017)

By the Fubini theorem and a substitution technique, we compute

/tt/\Tk<aj 1Ix(es)rjduj(e)—‘x(s)‘rj)ds

0o

—<wAXLMWM%Vwﬂ@mw—[M”x@”@

0 0 0

oy 1 tATE . tATE
< Y[ / ()]s ) (9) — / o (s)|" ds
) Oto to
Yy 1 tATE ‘ tATE i,
< P aerds)ae) - [ s
0 ) Ooto to
1 tATY tATE
aj v -
= 2 aw@) ([ ko)~ [ s
0 90 eotg t(J
to
< [l (12)
Boto
Inserting (12) into (11), we have
EV(CL’(t/\Tk) ’)"(t/\’]‘k)) <Co+K(t7t0), (13)
where Cy = V(x(ty), to) + Zj 1 feoto s)|"ds < co. By (8), one gets

EV(z(t A1), r(t ATK)) > Bzt A7) P > aEl[(x(mr) P L, <]
> 1 kPP(r, < ).
It then follows from (13) that

Co+ K(t —to)
P(r <t) < —————~.
(Tki )7 c1 kP

Letting £ — oo yields
limsupP(r, <t¢) =0.

k—o0
Since ¢ > tg is arbitrary, we must have P(7,, = 0o) = 1. This implies that Eq.(3)
admits a unique global solution. On the other hand, letting ¥ — oo, it follows from
(13) that
< Cot K(t—to)

E|x(t)|P
()P < 2=

The proof is therefore complete. O

3. Asymptotic attraction and almost sure exponential stability. In this
section, we shall establish the LaSalle theorem for Eq. (3) to locate its limit set and
obtain some criteria on the attraction and almost sure exponential stability for Eq.
(3). Before we state our main result, let us cite the useful convergence theorem of
nonnegative semi-martingales (see [11]) as a lemma.
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Lemma 3.1. Let A;(t) and As(t) be two nondecreasing processes on t > tg a.s.
Let M(t) be a real valued continuous local martingale with M (tg) = a.s. Let ¢ be a
nonnegative Fy, -measurable random variable. Define

X(t)=C+ A1(t) — Aa(t) + M(2)
for allt > to. If X(t) is nonnegative and lim;_, o A1 (t) < 0o, then lim;_, o As(t) <

00 a.s. and limy_, o X (t) < 00 a.s.

Assumption 3.2. Assume that there is a nonnegative constant k4 and a probability
measure p on [0y, 1] such that

[f (e, t, )= (& 6, D)V N9, t,0) = g(o, 1, 0)|| < kd/ e”00(6) — 9(6)ldu(9) (14)

0o
for all (¢,4) € [to,00) xS and those ¢, ¢ € C([0p, 1]; R™) with ||¢]| V ||¢|| < d. Assume
moreover that, for all (¢,i) € [tg,00) x S, f(0,¢,4) = ¢g(0,¢,4) = 0.
Theorem 3.3. Let Assumption 3.2 and 2.2 hold except (9) which is replaced by

LV (p,t,3) + AV (p(1),4)

2 1
< u(os [ IO s (0) ~ [ ) = Wiet)). (13
=1 o
where 1 =p, 1o =p+7, A € (0,1), oj € (0,6p] and W(x) € C(R™, Ry). Then, Eq.
(3) admits a unique global solution for any initial data . If W satisfies W(Bz) <
BPW(x) for any B > 0, then the solution has the property that
ynaﬁwijmwnzo,m& (16)
—00
namely, E%tx(t) is attracted by the limit set Ker(W). Moreover, if Ker(W) is a
bounded set, then the global solution x(t) is almost surely exponential stable, i.e.,
1 t A
lim log |(t)| <——, a.s. (17)
t—o00 t D
Proof. We divide it into the following three steps.
Step 1. First of all, we observe that (15) is stronger than (9). So, by Theorem
2.3, for any given initial data &, Eq. (3) has a unique global solution on ¢ > tg.
Applying the Ito formula to e*V (x(t),r(t)), we have

MV (x(t),r(t) = eMoV(x(to),r(t))
+ /te’\S[EV(:ES7s,r(s))+)\V(x(s),r(s))}ds+M(t),

where M (t) is a continuous local martingale with M (¢9) = 0. By conditions (15),
one gets

AV (x(t),r(t))

2 t 1
= MV (x(ty), r(to)) + j;lj /to e (aj /90 e_(1_9)3|x(08)\”duj(9)
—|Mﬂﬂ@—leMwumm+M@. (18)
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Using the Fubini-Tonelli theorem and a substitution technique, we can deduce that

t 1
[ (s [ e 0 02La@)dus ()~ [os)1 ) s
t 0,

0 0

= q /tt (/91 e’\95|m(95)|”duj(9))ds - /tt ez (s)|" ds

0 0 0

= /01 (/tt e>‘95|x(98)|r-7'ds>duj(6) - /tt e\ (s)|" ds

0 0 0

o ¢ t
< J/ duj(a)(/ e)‘s|x(s)|”ds)—/ |z (s)|" ds
90 90t0 tO
to
< / e\ (s)|" ds. (19)

Inserting (19) into (18) gives

e)‘tV(x(t),r(t)) = MOV( r(to) —|—Zl/ )‘S|:17 (s)[ds

= et
- /tt MW (x(s))ds + M(t). (20)

Let A;(t) = 0 and Ax(¢ ft e**W(x(s))ds, then A; and Ay are two nondecreasing
processes. Now applylng lemma 3.1, one has

limsup eMV (z(t),7(t)) < o0, a.s. (21)

t—o0

By (8), vt lz(t)] < (/ LeAV (2(t), r(t)). This, together with (21), implies that

lim sup e%t|x(t)\ < 00, @.s. (22)
t

—00

Moreover, taking the expectations on both sides of (20) yields
t
IE/ eMW(z(s))ds < IE( MoV (z(tg), r(to) +Zl / e |a( )|Tjds).
to

Letting t — oo we obtain that

IE/OO MW (x(s))ds < oc. (23)

to

Step 2. We observe from (23) that
ntrgiogfeMW(x(t)) =0 a.s. (24)
In fact, if this is false, then
P(lim inf AMW(z(t)) > 0) > 0.
Hence, there is a number £ such that P(Qg) > £, where

Qo = {lim inf MW(x(t)) > e1}.
— 00
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For any w € €, there exists a random variable (1, w) > 0 such that e W(x(t)) >
€1 when t > t. By (23), we compute

oo > E/ MW (t))dt > ElE(IQO/ dt) > 5%/ dt = oo.
to t t

This is a contradiction, and hence (24) must hold. Since W(SBz) < fPW(z) for any
B > 0, then (24) implies

litrginf W(e%tx(t)) =0 a.s. (25)
Now, we turn to proving that
lim sup W(e%ta:(t)) =0 a.s. (26)
t—o0

by contradiction. Suppose (26) is false, then there exists e > 0 such that
P(Ql) > 3eq, (27)

where R
Q1 = {limsup W(er'z(t)) > 2e5}.
t—o0
Recalling (22) as well as the boundedness of the initial data £, we can find a positive
number d sufficiently large for

P(Qg) >1—eo, (28)
where N
Qy ={ sup e?'|z(t)| < d}).
to<t<oco
Hence, by (27) and (28), we have
]P)(Ql N QQ) > 2e9. (29)

Let us now define a sequence of stopping times,

T4 = inf{t > to : e¥'|2(t)| > d},

p1:=inf{t >0: W(e%tm(t)) > 25},

por = inf{t > po_1 : W(ev'a(t)) < ea}, k=1,2,---
fo(t)) > 22}, k=1,2,---

where throughout this paper we set inf () = oo. It is easily observed that 74 = oo
and p < oo if w € Q7 NQy. Let Qg = {pak—1 < 00,74 = co}. Noting that par < 0o
whenever pg,_1 < 00, it follows from (23) that

Sl sl

P2k+1 = inf{t 2 P2k W(e

oo

oo > E W(e%t:lc(t))dt
to
i P2k N
> Z]E(Im/ W(eEt:v(t))dt>
k=1 g P2k—1
> 62215([9%(0%*0%—1))- (30)
k=1

If we can show that

i]E([Qi (par — sz—l)) = 00,

k=1
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we see a contradiction from (30), and hence (26) must hold. On the other hand, we
compute
]

]E{[Qd sup 6%(p2’“’1+t)x(p2k_1 4 t) _ ng%*l‘f(pgk—l)

kto<t<T

p2r—1+t N
IE{ sup ‘/ Iqedler*a(s)]

p}
to<t<T P2k—1

pP2k—1+1 A P
< QP*IE{ sup / Iﬂife%sx(s)ds‘}
p

to<t<T P2k—1

IN

p2r—1+t N p
+ 2”_1E{ sup ‘/ IQgeFde(s)‘ }:Il + L. (31)

to<t<T ' Jpop_1

Using the Holder inequality, one has

p2r—1+t
L < 2p_1Tp_1]E[ sup / Igge’\s\x(s)\pds}
P

to<t<T Jpoj_1
< 2PTITPGP (32)
By virtue of the basic inequality and Burkholder-Davis-Gundy inequality, we derive
that
p2r—1+t N p
I, < 22’)*2151{ sup ‘ / Igae??® f(xg, s, r(s))ds’ }
to<t<T k

P2k—1

p2r—1+t N p
+ 22p—2E{ sup ‘/ IQ%@ESg(wsysar(S))dw<s>‘ }

to<t<T ' Jpop_1

IN

p2r—1+T

Q2P / Ige™|f(zs, 5, 7(s))Pds
P2k—1

%

p2r—1+T ox
b 2B [T I (o)) Ps)

P2k—1

» p2r—1+T 1
< @GR [ e [0 a0 Pauo)is
p2k—1 * to
» par—1+T 1
< 2t i E [ py [ QVleeaaueas.  (33)
P2r—1 o

In fact, the definition of stopping time 74 implies

sup e |z(s)[P < dP. (34)

tOSSSt

This, together with (34), gives that

sup eMz(s)P < sup  eM|z(s)|P VvV sup e |z(s)|P
Oto<s<t Oto<s<to to<s<t
< s MNP+ sup M)l <,
0to<s<to to<s<t

where k = eMo||£||P + dP. Substituting (32) and (33) into (31) gives

E {Iﬂd sup

ko<t<T

P
6%(/’21@71+t)x(p2k71 +1) — €%p2k’1x(p2k,1)‘ }

1 _
< §A2T2d2 +4(T + 4)Tk3k. (35)
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Since W(.) is continuous in R™, there exists a 6 > 0 such that if |z — y| < J, then
IW(z) = W(y)| < &2 (36)
for all z,y € R™ with |z|V |y| < d. We further choose T = T'(e2, §, d) > 0 sufficiently

-1 2p—2 iz
small for 2 17d"+2 p52 ITHC, TR €2. By the Chebyshev inequality, it then

follows from (35) that

P(Qg N Q;) < e, (37)
where

Q;c :{ sup

to<t<T

6§<p2k_1+t)$(p2k71 +t) — €%p2k_133<p2k71)‘ > 5}

Noting that if w € Q1 NQs, then por_1 < 00, 74 = 0. Consequently, it follows from
(29) that

P(ofng) = P(f) -P(UNQ) 22— =2,
where QTC is the completement of ;. By (36), we hence obtain that
P(ngﬂ};) zp(ngT;c) > e, (38)
where

Q, = { sup ’W(e%’\("%*lﬂ)m(pzk_l +1) — W(e%)‘p%*lx(pgk_l))‘ < 52}.
to<t<T

Combing (30) and (38) together, we obtain that

oo > 62215(]92@21@—/)21@71))
k=1

v

€9 Z ]E(IngQg (par — p2k—1))

k=1
oo
EQTZP(Qg N Qk)
k=1

o0
> EQTZEQ = 00,
k=1

v

which implies (26) holds. So
lim W(e%tx(t)) =0, a.s.

t—o00

must hold.
Step 3. Recalling (24), there must be an increasing sequence {ty}r>1 such that

tr — oo and e%th(tk) converges to some z* € R". Hence
lim W(e?™z(ty)) = W(z*) = 0.
t—o0

This shows z* € Ker(W) # ¢ and
lim d(e?'z(t), Ker(W)) = 0. (39)

t—o0

10
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Since Ker(W) is bounded, by (39), there exists a constant C' such that
limsup e *[a(t)] < C a.s.
t—o0

This implies

lim sup ez (t)[P < CP, a.s.
t—o0

The proof of (17) is complete. O

Remark 3.4. Since the length (1 — )t of the historical interval increases with
t, the memory of ”historical disturbances” in Eq. (3) cannot decay rapidly at
an exponential rate and this characteristic leads to significant differences in the
assumptions of the asymptotic attractivity and stability in this paper compared
with the existing research [12, 17, 21, 23].

By applying Theorem 3.3, we can also obtain the asymptotic attraction and
almost sure asymptotic stability of Eq. (3).

Theorem 3.5. Let Assumption 2.1 holds. If there exist a function W(x) € C(R™; Ry),
two nonnegative constantsl;, j = 1,2 and probability measures fi; on [0, 1] such that

2 1
£Vieti) < 0 (o [ 1@ dis (0) = [e()7) = Wlen).  (0)
=1 o

where a; € (0,600]. Then, for any initial data £, Eq. (8) admits a unique global
solution. Moreover, the solution has the property that

tlgglo d(z(t), Ker(W)) =0 a.s. (41)

In particular, if Ker(W) = {0}, then
tlg& lz(t)] =0 a.s. (42)

The proof of this theorem is similar to that of Theorem 3.3 and is omitted here.

Remark 3.6. In Theorem 3.2, we introduced an exponential kernel function to
quantify the decay rate at which the solution of Eq. (3) converges to the equilibrium
point. However, if we only consider the almost sure asymptotic convergence of the
solution without examining the decay rate of convergence, Theorem 3.5 suffices.
Moreover, the assumptions regarding the coefficients f, g and the Lyapunov operator
LV in Theorem 3.5 are weaker than those in Theorem 3.3. Meanwhile, Theorem
3.5 highlights that ensuring the existence of an attracting set and verifying whether
the solution of Eq. (3) converges to this set are crucial steps before studying the
stability of the solution to Eq. (3). For instance, if the condition Ker(W) = {0} is
removed, it is difficult to obtain the almost sure asymptotic stability of the solution

to Eq. (3).

4. Robust exponential stability. In the last section, we establish Theorem 3.3
on the asymptotic exponential attraction and stability for Eq. (3). However, it
is not convenient to check condition (15) of Theorem 3.3, since it is not related
to coefficients f and g explicitly. Now, we shall impose some conditions on f and
g to guarantee Theorem 3.3 and establish a sufficient criteria on the asymptotic
attraction and almost surely exponential stability in terms of M-matrix. For the
convenience of the reader, let us cite some useful results on M-matrices. For more
detailed information please see e.g. [19].

11
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Definition 4.1. A square matrix A = [a;j]nxn~ is called a nonsingular M-matrix
if A can be expressed in the form A = sI — B with s > p(B) while all the elements
of B are nonnegative, where I is the identity matrix and p(B) the spectral radius
of B.

It is easy to see that a nonsingular M-matrix A has non-positive off-diagonal and
positive diagonal entries. There are many conditions which are equivalent to the
statement that A is a nonsingular M-matrix and we now cite some of them for the
use of this paper.

Lemma 4.2. If A € ZNVN = {[a;j]nxn : ai; <0, i # j}, then the following
statements are equivalent:

(1) A is a nonsingular M-matrix.

(2) A is semi-positive; that is, there exists z > 0 in R™ such that Az > 0.
(3) A1 exists and its elements are all nonnegative.

(4) All the leading principal minors of A are positive; that is

aixz - aig
>0 foreveryk=1,2,--- N.
ag1 - Gk

Let us now state our hypothesis in terms of an M-matrix, which will replace
condition (15). For any (¢, t,%) € C([0p, 1]; R"™) X [to, 00) X S, we impose the following
conditions on the coefficients f and g.

Assumption 4.3. Let W; be a continuous function satisfying me(m) € C(R™;Ry)

for all z € R" and i € S. Let f(p,t,i) = f(p,t,i) + Wi(p(1)). There exist a real
number &;j;, nonnegative numbers aw;, g, @gq; and v > 0 such that

1
e (1) f(p,t,i) < 541i|90(1)|2+072i/0 e~ =0 0(0)d (0)

1
- 543i|</9(1)|7+2+5‘4i/ e p(0) 2 dpa(0).  (43)
0o

There exist nonnegative numbers Bl,;, Bgi, 631‘ and 347; such that

1
lg(e,t, )1 < 51¢\¢(1)I2+Bzi/ e (0)Pdm (6)

)
1
+ Bsi\¢(1)|7+2+ﬁ4z‘/ e =0 (0) 2 dpia(6). (44)
0o

Remark 4.4. In fact, if v = 0, then condition (43) will degenerate to the classical
one-side linear growth condition, while condition (44) will reduce to the classical
linear growth condition.

Assumption 4.5. Let p > 2. Assume that
A= _diag(zlaZQa"' 7ZN) - (45)
is a nonsingular M-matrix, where ¥; = p(a1; + 257 51;) + (p — 2)(aG2; + 252 Bas).

Theorem 4.6. Let Assumptions 3.2, /.3 and 4.5 hold. If

1 _
A < min o Igleag{[mzz‘ +(p — 1)B2iltbi} < Oo(1— A%{wi) (46)

12
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and

2 —1) - -
max {%[PO_ZM + p(p2 )541'}7/%‘} <o Iiléiél iy (47)

where ¥; = (pas; — p(p ﬁ 3 pp_;,y) gy — 22 (11,4_:) 2)ﬁ4z>1/1 Then for any given

initial data &, the solutwn x(t) of Eq.(3) have the properties (16) and (17).

Proof. By Lemma 4.2, we observe that under Assumption 4.5
_>
= (Y1, ,9n) = AT > 0. (48)

That is, ¢; > 0 for all i € S, where 7= (1,---,1)7. Now, let us define V(p,i) =
Yi|lplP, © € S. Clearly, V obeys conditions (8) with ¢; = min;eg; and co =
max;es ¥;. To verify condition (15), we compute the operator LV as follows

LV (p,t,i) = pwi\w(l)Ip‘%T(l)f(%M')+gwi\w(l)Ip‘thce[QT(%tyi)g(so,w’)]

p(p —2)

N
3 Lile() P~ T glo,t, )P+ yithslo (DI

=1

+

By Assumption 4.3, one has

pp—1) ( 1)
2

LV(p,ti) < [paw + Bultilp(D)P — [pasi — =——=Bsiltil o (1)]"*7

_ _ 1
+ pas+ 2D gauiter2 [ e*“*”w(e)\%m(e)

_ B 1
e Ll I PO O

— Pl (Wilp(1)), (49)
Applying the Young inequality gives
1 1
—(- _ o _DP—2 2 —(- _
[ e a0 Pdm6) x )P < 22 + 2 [ e 00 (o) 0),
0o p P Jo,
and

1
| e 0@ am o)  [pP?

0o

p—2 y+2 [t _
m\@(lﬂpH*‘m/o e~ =0 (0)[PHYdfig(6).
0

Inserting these into (49) gives
LV (p,t,4)
-1) 5 ~1)(p-2) - ol
[(po_éu + p(p2 )5u +(p—2)ai + wﬂ%)% + Z %’j%} e(1)[?

2 -
Jj=1

IN

+ [200 + (p— 1)5%]%/9 e” = o(0) P dpa (6)
p(p2— 1) Bai — p(p — 2)07 plp—1)(p— )/34z)¢z|§0( 1)t

41 —
P+ 2(p+7)

- (p@&' -

13
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[W% + Wﬁmz O dpa(6) ~ Wile(1),

where W;(z) = pwi\x|p’2x—rm(x). By (48), we have

(p@u - p(p; 1)511 - (P - 2)5622' - %521) Z%ﬂ/’g

Hence, for any \ € (0, ——-—-), it follows that

’ maxies Yi

LV (p,t,1) + AV (p(1),9)

1
<~ Amaxd)leP +han [ 0ol 0

()

1
—-manWW+mh/e*“wwwmﬂmmm—wwu»
0o

where
W(z) = Ii%lgWi(x)v f1 =1, fl2 =pe, i =1- /\Ilneag(%’
(o pp *1)— plp—=2)_  plp—1)(p—2)
l:mm(aif 04 — 1) i)
2 = min pas B3 PR 2+ ) Bai )i
o — max;es{[202 + (p — 1)Bailti}
' 1 — Amax;es
and
D(y+2)
. maxies[p(;:rﬂ/) P+ p(pz(p+j{+ Builvi
2= -
miniES ( (3 p(p;l)ﬁ 31 p;p—PYQ) Qg — W@u)%

Note that conditions (46) and (47) imply a1, as € (0,60p]. Then, by Theorem 3.3,
we obtain the desired assertions. The proof is therefore complete. O

Remark 4.7. If conditions (46) and (47) is slightly strengthened by

max

{2ax+ (o= Dl e lpaa + 2 )54“”}<90 vies,  (50)

1— X ’ >

then Eq. (3) is almost surely exponentially stable. This means that the stability of
Eq. (3) depends not only on the coefficients ag;, Bki, & = 1,2, 3,4, but also on the
value of 6.

Remark 4.8. In particularly, when 6y = 1, Eq. (3) degenerates into hybrid sto-
chastic systems

dz(t) = f(a(t),t,r(t))dt + g(x(t),t,r(t))dw(t), t= to. (51)

It is clear that if condition (50) holds, the solution of Eq. (51) is almost surely
exponentially stable.

For all i € S, when Bi; = 0, (k = 1,2, 3,4), which implies g(p,t,i) = 0, then Eq.
(3) reduces to hybrid functional systems with pantograph delay (HFSwPD)

L(t) = flxe,t,r(t)). (52)

14
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Theorem 4.9. Let f satisfy Assumptions 3.2, /.3 and }.5 hold which ¥; is replaced
by poy; + (p - 2)0_422'. If

1 _
A< min e r£1€a§<{2a2i1/)i} < 6o(1 — )\Ilneag(wi) (53)
and
_ bolp+7) . <
b < )
N O S 0 Tg) e (54

Py
x(t) of Eq.(52) has the property (17).

where ¥; = (pdgi — M@;i)wi. Then for any given initial data &, the solution

Remark 4.10. It can be seen from Theorems 4.6 and 4.9 that we have not only
discussed the almost sure exponential stability of deterministic HFSwPD (52) and
HSFSwPD (3), and provided stability criteria related to the coefficients, but also
revealed the fact that the almost sure exponential stability is robust, that is, under
conditions (46) and (47), the deterministic HFSwPD (52) can bear the environmen-
tal noise in the sense of (44) and still remain stable.

5. An Example. Consider a hybrid stochastic logistic model with pantograph
delay (HSLMwPD)

1
da(t) = m(t){[arm + ey / e Um0 (0t)dpn (0) — ey (1) |dt
0.5

+ [de / 1 e 02 (00)dp (9) | aw ()}, (55)

0.5
where w(t) is a scalar Brownian motion, r(t) € {1,2} is a Markov chain generated

by
-1 1
()
and a; = —1, by = 0.2, ¢y = 1.5,a2 = 0.5, bp = 0.1, ¢ = 1, while dy, d are
unknown parameters which will be determined later. In fact, Eq. (55) may be

regard as the stochastically perturbed system of the deterministic hybrid logistic
model with pantograph delay (HLMwPD)

() = 2()lare + bre) /O .15 =0 ta(0t)djur (0) — eryz® (D). (56)
For any ¢ € C([0.5,1); R), define
| o(1) [ 1402 [}, e 0(0)dp (6) — 1.5<p2(1)}, ifi=1,
Jlo b= P()[05+0.1 [ e -Dp0)dum(0) - (V)] ifi=2.

and

glp,t,i) =d; {@(1)/1 6’(1’9)%(9)@2(9)], i=1,2

0.5
Then Eq. (55) may be rewritten as Eq. (3). Let

W (c) 0.2z, ifi=1,
TN 0w, ifi=2.

15
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FIGURE 1. The sample paths of HLMwPD (56).

By a straight computation, we have
1

2O F(nt1) = —0822(t) +0.202(1) /0 O (0) ~ 152 (1)
< 0.8|:c(t)|2+0.1/1 e~ =0 202 dpr (0) — 1.4 2(t)|* (57)
0.5
and
z()f(ze,t,2) = 0.62%(t) + 0.122(¢) / e~ =Dt (0t)duy (0) — 2*(t)
0.5

1
< o.6|a:(t)|2+o.05/ e~ =0 20|y (0) — 0.95]x(t)]*(58)
0.5

where Q1] = —08, o = 06, Qg1 = 01, gy = 005, C_¥31 = 147 C_k32 = 0.95 and
0o = 0.5, v =2. By (45), it can be concluded that the matrix

26 -1
A= ( —4 2.8 )
is a non-singular M-matrix. Subsequently, we obtain

(1, 400) T = AT = (1.158,2.012) .

Therefore, the condition A < min;eg 1/% yields the range of A as (0,0.497). In
particular, when setting A = 0.2, it is easy to verify that conditions of Theorem 4.9
are satisfied, thereby the solution of Eq. (56) is almost sure exponentially stable.
Figure 1 shows this stability.

On the other hand, one gets

1 1, !
lotawet DI < B+ 5 [ O alon)duao), i=12. (9)
0.5
Conditions (46) and (47) become

max { 0.579d2,1.006d2 ¢ < min 4 1.6212 — 0.2895d2,1.9114 — 0.503d2 . 60
1 2 1 2

——

By Theorem 4.6, we can then conclude that under condition (60), Eq. (55) has the
property
1
limsup - log|z(t)| < —0.1 a.s.

t—o0 t
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FIGURE 2. The sample paths of HSLMwPD (55).

Choosing d; = 0.8, do = 1, we perform a computer simulation with the initial data
&(t) = 2 for t € [0.5,1] and r(1) = 1. The computer simulation (see Figure 2)
supports our theoretical results clearly. In other words, under the condition (60),
the stable deterministic hybrid logistic equation (56) may bear the stochastic noise
in the sense of (59), which implies that the almost sure exponential stability is
robust. Moreover, this example indicates that Markov chain r(¢) can also serve as a
stabilizing factor. For example, choosing d; = 0.8, d2 = 1, Eq. (55) can be regarded
as the result of the two equations

dz(t) = x(t){[—uoz /0.15@(1e)tm(ﬁt)dul(ﬁ)—1.5x2(t)}dt

+ [0.8 /0.15 e_(l_e)ta:Q(Ht)dug(@)} dw(t)}, (61)

and
dz(t) = m(t){ {0.5+0.1 / 1 e (=0t 1(0t)dyuy (0) — x2(t)] dt
0.5

+ {/0.15 e_(l_g)th(Ht)dug(e)} dw(t)}, (62)

switching among each other according to the movement of the Markov chain r(t).
It is obvious that Eq. (61) is asymptotically stable, but Eq. (62) is unstable.
However, by Theorem 4.6, we obtain that the overall switching system (55) will be
asymptotically stable due to the Markovian switching. [

6. Conclusion. In this paper, the LaSalle-type theorem has been established for
a class of hybrid stochastic functional systems with pantograph delay. It has been
shown that the solution of hybrid stochastic functional systems with pantograph
delay asymptotically converges to the equilibrium point, but also provides the expo-
nential convergence rate. Moreover, sufficient criteria on the asymptotic attraction
and almost surely exponential stability has been established in terms of M-matrix
theory. The application of our results was shown by using an example on stochastic
logistic model.
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