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Abstract. In this paper, we investigate a class of hybrid stochastic function-

al systems with unbounded pantograph delays. By establishing the LaSalle

theorem, we locate the limit sets for such hybrid systems, and thereby obtain
several criteria for the asymptotic attraction and stability with exponential

decay rate. Moreover, with the aid of M-matrix theory, we also derived some

conditions under which attraction and stability are guaranteed. These con-
ditions indicate that the asymptotic attraction and stability are robust with

respect to stochastic perturbations. Finally, an example is presented to illus-

trate our results.

1. Introduction. As an important class of stochastic delay systems, stochastic
pantograph systems (SPSs) have been employed to model the overhead current
collection system of electric locomotives, thereby receiving considerable attention
in the past few decades (see [1, 2, 5, 6, 7]). It is noteworthy that many systems often
experience abrupt changes in their structure and parameters due to variations in
the external environment. To characterize such dynamic behaviors, hybrid systems
driven by continuous-time Markov chains have been widely used for modeling such
systems. The form of hybrid stochastic pantograph systems (HSPS) reads as follows

dx(t) = f(x(t), x(θ0t), t, r(t))dt+ g(x(t), x(θ0t), t, r(t))dw(t), (1)

where r(t) is a continuous-time Markov chain with state space S = {1, 2, · · · , N}.
In fact, Eq. (1) can be regarded as the result of the following N equations

dx(t) = f(x(t), x(θ0t), t, i)dt+ g(x(t), x(θ0t), t, i)dw(t), i ∈ S (2)

switching from one to the others according to the movement of the Markov chain.
Since hybrid stochastic systems have continuous components as well as discrete
components, the dynamics of HSPS (1) is completely different from a single system
of SPS (2). Relevant works on the stability of HSPS (1) can be found in [3, 14, 27,
29].
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However, in a multi-species food chain, the population dynamics of predators
and prey depend not only on the current population sizes but also on interactions
with historical populations at a certain proportional time in the past and over
longer periods, such as functionals related to the cumulative predation of prey. This
motivates us to investigate the hybrid stochastic functional systems with pantograph
delay (HSFSwPD)

dx(t) = f(xt, t, r(t))dt+ g(xt, t, r(t))dw(t), t ≥ t0, (3)

with the initial data xt0 = {x(t) : θ0t0 ≤ t ≤ t0}. Here xt = {x(θt), θ0 ≤ θ ≤ 1} ∈
C([θ0, 1];Rn), f : C([θ0, 1];Rn) × [t0,∞) → Rn and g : C([θ0, 1];Rn) × [t0,∞) →
Rn×m, where C([θ0, 1];Rn) denotes the family of all continuous functions mapping
from [θ0, 1] to Rn. Compared with the HSPS (1), the future states of HSFSwPD
(3) are determined by the entire of the past states on [θ0t, t] which including two
states x(θ0t) and x(t). In particular, if we define f(ϕ, t, i) = f(ϕ(1), ϕ(θ0), t, i) and
g(ϕ, t, i) = g(ϕ(1), ϕ(θ0), t, i), then Eq. (1) can be written as Eq. (3). Indeed,
the existing results in the literatures such as [1, 2, 3, 5, 6, 7, 14, 27, 29] cannot be
applied directly to this scenario.

Meanwhile, it should be pointed out that Eq. (3) also differs from the stochastic
functional systems investigated by Mohammed [13]. Specifically, the monograph
systematically investigates the existence of solutions and the Markov property of
sample paths for the following stochastic functional systems (SFS) with delay

dx(t) = f(xt, t)dt+ g(xt, t)dw(t), (4)

with the initial data xt0 = {x(t) : t0 − τ ≤ t ≤ t0} and xt = {x(t + θ),−τ ≤
θ ≤ 0} ∈ C([−τ, 0];Rn), where C([−τ, 0];Rn) denotes the family of all continuous
functions mapping from [−τ, 0] toRn. However, it is found that the past information
described by the two defined piecewise processes xt in (3) and (4) differ significantly
in terms of the starting points and lengths of the historical intervals. It is evident
that the historical interval in Eq. (4) has a constant length τ , whereas that in Eq.
(3) has a length of (1− θ0)t, which obviously increases with time t. This difference
will further affect the analysis of the dynamic characteristics of functional stochastic
systems.

On the other hand, many dynamic systems are in operation for a long period of
time, while time delay and stochastic noise have detrimental impact on stability,
thus it is interesting to examine the stability of these systems. Over the past few
decades, the Lyapunov method has long been recognized as the most powerful tool in
the study of stability. As one of the most important developments of the Lyapunov
method, Lasalle [10] relaxed the restriction on the derivatives of Lyapunov functions
which is often negative definiteness in [4, 22, 28] and established the invariance
principle which located the limit sets of nonautonomous systems. Later, Li [12]
and Mao [15, 16, 17, 21] extended the LaSalle invariance principal to stochastic Itô
systems and established sufficient conditions for the asymptotic stability of SFS with
finite delay. While Wu and Wang [23, 24, 25] investigated a class of SFS and neutral
SFS with infinite delay, and obtained the general LaSalle theorems under the weaker
conditions. Recently, Wu et al. [26] studied the stochastic functional system (3), and
examined the moment exponential stability and polynomial stability of the solutions
by means of Lyapunov functions. However, for stochastic functional system with
pantograph delay (3), no research has yet investigated either the existence of its
limit set or whether the solution of the system converges at an exponential rate to
the equilibrium point as t→∞. This paper aims to establish the LaSalle theorem
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for Eq. (3) to locate its limit set, by which some criteria on attraction, almost
surely exponential stability and robustness will be obtained. Let us summarize our
main contributions before we develop our main results:

(1) It should be noted that Theorem 3.3 not only investigates the convergence
of the solution to Eq. (3) to the equilibrium point, but also provides the rate of its
exponential convergence. Due to pantograph delay, the dependence on historical
information increases with t, which may lead to the influence of past states being
difficult to control as they accumulate over time. To study the exponential decay
property of the solution to Eq. (3), we introduce a decay kernel function (for
example: e−(1−θ)t), and thus put forward Assumptions such as (14) and (15). This
thereby making up for the deficiency in [26] and extends the relevant results in the
existing literature [12, 17, 21, 23].

(2) The purpose of establishing Theorems 4.6 and 4.9 is not only to provide suf-
ficient criteria for the asymptotic attractivity and almost sure exponential stability
of HSFSwPD (3), but more importantly to reveal the fact that the almost sure
exponential stability is robust. Specifically, under conditions (46) and (47), the
deterministic HFSwPD (52) can bear the environmental noise in the sense of (44)
and still remain stable. However, such robustness result has not been addressed in
the existing literature [26].

2. Preliminaries. Let (Ω,F , P ) be a complete probability space with a filtration
{Ft}t≥t0 satisfying the usual conditions (i.e., it is increasing and right continuous,
Ft0 contains all P -null sets). w(t) = (w1(t), · · · , wm(t))> is a m-dimensional Brow-
nian motion defined on this probability space. Let | · | denote the Euclidean vector
norm in Rn and ‖ · ‖ be the matrix norm or the operator norm if there is no confu-
sion possible. Let θ0 ∈ (0, 1) and C([θ0, 1];Rn) denote the family of all continuous
Rn-valued functions ϕ defined on [θ0, 1] with norm ‖ϕ‖ = supθ0≤θ≤1 |ϕ(θ)|. Let

CbFt0 ([θ0, 1];Rn) be the family of all Ft0 measurable bounded C([θ0, 1];Rn)-valued

random variables ξ = {ξ(t) : θ0t0 ≤ t ≤ t0}. Moreover, let C(Rn, R+) denote the
family of all continuous nonnegative functions defined on Rn. For a set K, denote
by d(x,K) = infy∈K{|x − y|} the distance between x and K. If W ∈ C(Rn, R+),
then its kernel is denoted by Ker(W) = {x ∈ Rn :W(x) = 0}.

Let r(t), t ≥ t0 be a right-continuous Markov chain on the probability space
(Ω,F , P ) taking values in a finite state space S = {1, 2 . . . N} with generator Γ =
(γij)N×N given by:

P(r(t+ ∆) = j|r(t) = i) =

{
γij∆ + ◦(∆), if i 6= j,

1 + γij∆ + ◦(∆), if i = j.

where ∆ > 0. Here γij ≥ 0 is the transition rate from i to j, i 6= j, while γii =
−
∑
j 6=i γij . In this paper, we consider the HSFSwPD (3), in which it is assumed

that the Brownian motion w(t) and Markov chain r(t) are independent. Clearly, if
S = {1}, then Eq. (3) becomes the following SFS with pantograph delay

dx(t) = f(xt, t)dt+ g(xt, t)dw(t), t ≥ t0. (5)

Now, we impose the following assumption on the coefficients f and g.
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Assumption 2.1. Assume that there is a nonnegative constant kd and a probability
measure µ on [θ0, 1] such that

|f(ϕ, t, i)− f(φ, t, i)| ∨ ‖g(ϕ, t, i)− g(φ, t, i)‖ ≤ kd
∫ 1

θ0

|ϕ(θ)− φ(θ)|dµ(θ)(6)

for all (t, i) ∈ [t0,∞)×S and those ϕ, φ ∈ C([θ0, 1];Rn) with ‖ϕ‖∨‖φ‖ ≤ d. Assume
moreover that, for all (t, i) ∈ [t0,∞)× S, f(0, t, i) = g(0, t, i) = 0.

Denote by C2(Rn × S;R+) the family of all real-valued nonegative functions
V (x, i) on Rn × S, which are continuously twice differentiable in x. Define an
operator LV : C([θ0, 1];Rn)× [t0,∞)× S→ R by

LV (ϕ, t, i) = Vx(ϕ(1), i)f(ϕ, t, i) +
1

2
trace[g>(ϕ, t, i)Vxx(ϕ(1), i)g(ϕ, t, i)]

+
N∑
j=1

γijV (ϕ(1), j), (7)

where Vx(·, ·), Vxx(·, ·) denote the gradient and Hessian matrix of V (·, ·), respective-
ly.

Assumption 2.2. Let p ≥ 2. There exists a function V ∈ C2(Rn × S;R+), two
probability measures µ1 and µ2 on [θ0, 1] as well as some nonnegative constants K,
lj , c1, c2, γ > 0 such that

c1|x|p ≤ V (x, i) ≤ c2|x|p, (8)

while for all ϕ ∈ C([θ0, 1];Rn) and t ∈ [t0,∞),

LV (ϕ, t, i) ≤ K +

2∑
j=1

lj

(
αj

∫ 1

θ0

|ϕ(θ)|rjdµj(θ)−|ϕ(1)|rj
)
, (9)

where r1 = p, r2 = γ + p and αj ∈ (0, θ0].

Now, we give the existence and uniqueness results of the solution for Eq. (3).

Theorem 2.3. Let Assumptions 2.1 and 2.2 hold. Then Eq. (3) admits a unique
global solution for any initial data ξ. Moreover, the solution has the property that

E|x(t)|p ≤ C0 +K(t− t0)

c1
, ∀ t > t0, (10)

where C0 = V (x(t0), t0) +
∑2
j=1 lj

∫ t0
θ0t0
|x(s)|rjds.

Proof. For any initial data xt0 = ξ ∈ CbFt0 ([θ0, 1];Rn), by Assumptions 2.1, 2.2

and the standard trunctation technique, there exists a unique maximal local strong
solution x(t) to Eq. (3) on t ∈ [θ0t0, σe), where σe is the exploresive time. To
prove that this solution is global, we need to show that σe = ∞ a.s. Let k0 > 0
be sufficiently large for ‖ξ‖ < k0. For each integer k ≥ k0, define the stopping
time τk = inf{t ∈ [0, σe) : |x(t)| ≥ k}. Clearly, τk is increasing as k → ∞. Set
τ∞ = limk→∞ τk, whence τ∞ ≤ σe a.s. Note if we can show that τ∞ = ∞ a.s.,
then σe = ∞ a.s., which implies that x(t) is actually global. By Assumption 2.2,
applying the Itô formula yields

EV (x(t ∧ τk), r(t ∧ τk))

= V (x(t0), t0) + E
∫ t∧τk

t0

LV (xs, s, r(s))ds
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≤ V (x(t0), t0) +K(t ∧ τk − t0)

+
2∑
j=1

ljE
∫ t∧τk

t0

(
αj

∫ 1

θ0

|x(θs)|
rj
dµj(θ)− |x(s)|

rj
)
ds. (11)

By the Fubini theorem and a substitution technique, we compute∫ t∧τk

t0

(
αj

∫ 1

θ0

|x(θs)|rjdµj(θ)−|x(s)|
rj
)
ds

= αj

∫ 1

θ0

(∫ t∧τk

t0

|x(θs)|rjds
)
dµj(θ)−

∫ t∧τk

t0

|x(s)|rjds

≤ αj
θ

∫ 1

θ0

(∫ t∧τk

θt0

|x(s)|rjds
)
dµj(θ)−

∫ t∧τk

t0

|x(s)|rjds

≤ αj
θ0

∫ 1

θ0

(∫ t∧τk

θ0t0

|x(s)|rjds
)
dµj(θ)−

∫ t∧τk

t0

|x(s)|rjds

=
αj
θ0

∫ 1

θ0

dµj(θ)
(∫ t∧τk

θ0t0

|x(s)|rjds
)
−
∫ t∧τk

t0

|x(s)|rjds

≤
∫ t0

θ0t0

|x(s)|rjds. (12)

Inserting (12) into (11), we have

EV (x(t ∧ τk), r(t ∧ τk)) ≤ C0 +K(t− t0), (13)

where C0 = V (x(t0), t0) +
∑2
j=1 lj

∫ t0
θ0t0
|x(s)|rjds <∞. By (8), one gets

EV (x(t ∧ τk), r(t ∧ τk)) ≥ c1E|x(t ∧ τk)|p ≥ c1E[|(x(τk)|pIτk≤t]
≥ c1k

pP(τk ≤ t).

It then follows from (13) that

P(τk ≤ t) ≤
C0 +K(t− t0)

c1kp
.

Letting k →∞ yields

lim sup
k→∞

P(τk ≤ t) = 0.

Since t ≥ t0 is arbitrary, we must have P(τ∞ = ∞) = 1. This implies that Eq.(3)
admits a unique global solution. On the other hand, letting k →∞, it follows from
(13) that

E|x(t)|p ≤ C0 +K(t− t0)

c1
.

The proof is therefore complete.

3. Asymptotic attraction and almost sure exponential stability. In this
section, we shall establish the LaSalle theorem for Eq. (3) to locate its limit set and
obtain some criteria on the attraction and almost sure exponential stability for Eq.
(3). Before we state our main result, let us cite the useful convergence theorem of
nonnegative semi-martingales (see [11]) as a lemma.
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Lemma 3.1. Let A1(t) and A2(t) be two nondecreasing processes on t ≥ t0 a.s.
Let M(t) be a real valued continuous local martingale with M(t0) = a.s. Let ζ be a
nonnegative Ft0-measurable random variable. Define

X(t) = ζ +A1(t)−A2(t) +M(t)

for all t ≥ t0. If X(t) is nonnegative and limt→∞A1(t) <∞, then limt→∞A2(t) <
∞ a.s. and limt→∞X(t) <∞ a.s.

Assumption 3.2. Assume that there is a nonnegative constant kd and a probability
measure µ on [θ0, 1] such that

|f(ϕ, t, i)− f(φ, t, i)| ∨ ‖g(ϕ, t, i)− g(φ, t, i)‖ ≤ kd
∫ 1

θ0

e−(1−θ)t|ϕ(θ)− φ(θ)|dµ(θ) (14)

for all (t, i) ∈ [t0,∞)×S and those ϕ, φ ∈ C([θ0, 1];Rn) with ‖ϕ‖∨‖φ‖ ≤ d. Assume
moreover that, for all (t, i) ∈ [t0,∞)× S, f(0, t, i) = g(0, t, i) = 0.

Theorem 3.3. Let Assumption 3.2 and 2.2 hold except (9) which is replaced by

LV (ϕ, t, i) + λV (ϕ(1), i)

≤
2∑
j=1

lj

(
αj

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|rjdµj(θ)− |ϕ(1)|rj
)
−W(ϕ(1)), (15)

where r1 = p, r2 = p+γ, λ ∈ (0, 1), αj ∈ (0, θ0] and W(x) ∈ C(Rn, R+). Then, Eq.
(3) admits a unique global solution for any initial data ξ. If W satisfies W(βx) ≤
βpW(x) for any β > 0, then the solution has the property that

lim
t→∞

d(e
λ
p tx(t),Ker(W)) = 0, a.s. (16)

namely, e
λ
p tx(t) is attracted by the limit set Ker(W). Moreover, if Ker(W) is a

bounded set, then the global solution x(t) is almost surely exponential stable, i.e.,

lim
t→∞

log |x(t)|
t

≤ −λ
p
, a.s. (17)

Proof. We divide it into the following three steps.
Step 1. First of all, we observe that (15) is stronger than (9). So, by Theorem

2.3, for any given initial data ξ, Eq. (3) has a unique global solution on t ≥ t0.
Applying the Itô formula to eλtV (x(t), r(t)), we have

eλtV (x(t), r(t)) = eλt0V (x(t0), r(t0))

+

∫ t

t0

eλs[LV (xs, s, r(s)) + λV (x(s), r(s))]ds+M(t),

where M(t) is a continuous local martingale with M(t0) = 0. By conditions (15),
one gets

eλtV (x(t), r(t))

= eλt0V (x(t0), r(t0)) +
2∑
j=1

lj

∫ t

t0

eλs
(
αj

∫ 1

θ0

e−(1−θ)s|x(θs)|rjdµj(θ)

− |x(s)|rj
)
ds−

∫ t

t0

eλsW(x(s))ds+M(t). (18)
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Using the Fubini-Tonelli theorem and a substitution technique, we can deduce that∫ t

t0

eλs
(
αj

∫ 1

θ0

e−(1−θ)s|x(θs)|rjdµj(θ)− |x(s)|rj
)
ds

= αj

∫ t

t0

(∫ 1

θ0

eλθs|x(θs)|rjdµj(θ)
)
ds−

∫ t

t0

eλs|x(s)|rjds

= αj

∫ 1

θ0

(∫ t

t0

eλθs|x(θs)|rjds
)
dµj(θ)−

∫ t

t0

eλs|x(s)|rjds

≤ αj
θ0

∫ 1

θ0

dµj(θ)
(∫ t

θ0t0

eλs|x(s)|rjds
)
−
∫ t

t0

eλs|x(s)|rjds

≤
∫ t0

θt0

eλs|x(s)|rjds. (19)

Inserting (19) into (18) gives

eλtV (x(t), r(t)) = eλt0V (x(t0), r(t0)) +
2∑
j=1

lj

∫ t0

θt0

eλs|x(s)|rjds

−
∫ t

t0

eλsW(x(s))ds+M(t). (20)

Let A1(t) = 0 and A2(t) =
∫ t
t0
eλsW(x(s))ds, then A1 and A2 are two nondecreasing

processes. Now applying lemma 3.1, one has

lim sup
t→∞

eλtV (x(t), r(t)) <∞, a.s. (21)

By (8), e
λ
p t|x(t)| ≤ p

√
c−1
1 eλtV (x(t), r(t)). This, together with (21), implies that

lim sup
t→∞

e
λ
p t|x(t)| <∞, a.s. (22)

Moreover, taking the expectations on both sides of (20) yields

E
∫ t

t0

eλsW(x(s))ds ≤ E
(
eλt0V (x(t0), r(t0)) +

2∑
j=1

lj

∫ t0

θt0

eλs|x(s)|rjds
)
.

Letting t→∞ we obtain that

E
∫ ∞
t0

eλsW(x(s))ds <∞. (23)

Step 2. We observe from (23) that

lim inf
t→∞

eλtW(x(t)) = 0 a.s. (24)

In fact, if this is false, then

P (lim inf
t→∞

eλtW(x(t)) > 0) > 0.

Hence, there is a number ε1 such that P (Ω0) > ε1, where

Ω0 = {lim inf
t→∞

eλtW(x(t)) > ε1}.
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For any ω ∈ Ω0, there exists a random variable t(ε1, ω) > 0 such that eλtW(x(t)) >
ε1 when t > t. By (23), we compute

∞ > E
∫ ∞
t0

eλtW(x(t))dt > ε1E
(
IΩ0

∫ ∞
t

dt
)
≥ ε2

1

∫ ∞
t

dt =∞.

This is a contradiction, and hence (24) must hold. Since W(βx) ≤ βpW(x) for any
β > 0, then (24) implies

lim inf
t→∞

W(e
λ
p tx(t)) = 0 a.s. (25)

Now, we turn to proving that

lim sup
t→∞

W(e
λ
p tx(t)) = 0 a.s. (26)

by contradiction. Suppose (26) is false, then there exists ε2 > 0 such that

P(Ω1) > 3ε2, (27)

where

Ω1 = {lim sup
t→∞

W(e
λ
p tx(t)) > 2ε2}.

Recalling (22) as well as the boundedness of the initial data ξ, we can find a positive
number d sufficiently large for

P (Ω2) > 1− ε2, (28)

where

Ω2 = { sup
t0≤t<∞

e
λ
p t|x(t)| < d}.

Hence, by (27) and (28), we have

P(Ω1 ∩ Ω2) > 2ε2. (29)

Let us now define a sequence of stopping times,

τd := inf{t ≥ t0 : e
λ
p t|x(t)| ≥ d},

ρ1 := inf{t ≥ 0 :W(e
λ
p tx(t)) ≥ 2ε2},

ρ2k := inf{t ≥ ρ2k−1 :W(e
λ
p tx(t)) ≤ ε2}, k = 1, 2, · · ·

ρ2k+1 := inf{t ≥ ρ2k :W(e
λ
p tx(t)) ≥ 2ε2}, k = 1, 2, · · ·

where throughout this paper we set inf ∅ = ∞. It is easily observed that τd = ∞
and ρk <∞ if ω ∈ Ω1 ∩Ω2. Let Ωdk = {ρ2k−1 <∞, τd =∞}. Noting that ρ2k <∞
whenever ρ2k−1 <∞, it follows from (23) that

∞ > E
∫ ∞
t0

W(e
λ
p tx(t))dt

≥
∞∑
k=1

E
(
IΩdk

∫ ρ2k

ρ2k−1

W(e
λ
p tx(t))dt

)
≥ ε2

∞∑
k=1

E
(
IΩdk(ρ2k − ρ2k−1)

)
. (30)

If we can show that
∞∑
k=1

E
(
IΩdk(ρ2k − ρ2k−1)

)
=∞,

8
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we see a contradiction from (30), and hence (26) must hold. On the other hand, we
compute

E
[
IΩdk sup

t0≤t≤T

∣∣∣eλp (ρ2k−1+t)x(ρ2k−1 + t)− e
λ
p ρ2k−1x(ρ2k−1)

∣∣∣p]
≤ E

{
sup

t0≤t≤T

∣∣∣ ∫ ρ2k−1+t

ρ2k−1

IΩdkd[e
λ
p sx(s)]

∣∣∣p}
≤ 2p−1E

{
sup

t0≤t≤T

∣∣∣ ∫ ρ2k−1+t

ρ2k−1

IΩdk
λ

p
e
λ
p sx(s)ds

∣∣∣p}
+ 2p−1E

{
sup

t0≤t≤T

∣∣∣ ∫ ρ2k−1+t

ρ2k−1

IΩdke
λ
p sdx(s)

∣∣∣p} = I1 + I2. (31)

Using the Hölder inequality, one has

I1 ≤ 2p−1T p−1E
[

sup
t0≤t≤T

∫ ρ2k−1+t

ρ2k−1

IΩdke
λs|x(s)|pds

]
≤ 2p−1T pdp. (32)

By virtue of the basic inequality and Burkholder-Davis-Gundy inequality, we derive
that

I2 ≤ 22p−2E
{

sup
t0≤t≤T

∣∣∣ ∫ ρ2k−1+t

ρ2k−1

IΩdke
λ
p sf(xs, s, r(s))ds

∣∣∣p}
+ 22p−2E

{
sup

t0≤t≤T

∣∣∣ ∫ ρ2k−1+t

ρ2k−1

IΩdke
λ
p sg(xs, s, r(s))dw(s)

∣∣∣p}
≤ 22p−2T p−1E

∫ ρ2k−1+T

ρ2k−1

IΩdke
λs|f(xs, s, r(s))|pds

+ 22p−2CpE
(∫ ρ2k−1+T

ρ2k−1

IΩdke
2λ
p s‖g(xs, s, r(s))‖2ds

) p
2

≤ 22p−2(T p−1 + CpT
p
2−1)E

∫ ρ2k−1+T

ρ2k−1

IΩdke
λs

∫ 1

θ0

e−(1−θ)ps|x(θs)|pdµ(θ)ds

≤ 22p−2(T p−1 + CpT
p
2−1)E

∫ ρ2k−1+T

ρ2k−1

IΩdk

∫ 1

θ0

eλθs|x(θs)|pdµ(θ)ds. (33)

In fact, the definition of stopping time τd implies

sup
t0≤s≤t

eλs|x(s)|p ≤ dp. (34)

This, together with (34), gives that

sup
θt0≤s≤t

eλs|x(s)|p ≤ sup
θt0≤s≤t0

eλs|x(s)|p ∨ sup
t0≤s≤t

eλs|x(s)|p

≤ sup
θt0≤s≤t0

eλs|x(s)|p + sup
t0≤s≤t

eλs|x(s)|p ≤ k̄,

where k̄ = eλt0‖ξ‖p + dp. Substituting (32) and (33) into (31) gives

E
[
IΩdk sup

t0≤t≤T

∣∣∣eλp (ρ2k−1+t)x(ρ2k−1 + t)− e
λ
p ρ2k−1x(ρ2k−1)

∣∣∣p]
≤ 1

2
λ2T 2d2 + 4(T + 4)Tk2

dk̄. (35)
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Since W(.) is continuous in Rn, there exists a δ > 0 such that if |x− y| < δ, then

|W(x)−W(y)| < ε2 (36)

for all x, y ∈ Rn with |x|∨|y| ≤ d. We further choose T = T (ε2, δ, d) > 0 sufficiently

small for
2p−1Tpdp+22p−2(Tp+CpT

p
2 )k̄

δ2 < ε2. By the Chebyshev inequality, it then
follows from (35) that

P
(

Ωdk ∩ Ω
′

k

)
< ε2, (37)

where

Ω
′

k =
{

sup
t0≤t≤T

∣∣∣eλp (ρ2k−1+t)x(ρ2k−1 + t)− e
λ
p ρ2k−1x(ρ2k−1)

∣∣∣ ≥ δ}.
Noting that if ω ∈ Ω1 ∩Ω2, then ρ2k−1 <∞, τd =∞. Consequently, it follows from
(29) that

P
(

Ωdk ∩ Ω
′
k

)
= P

(
Ωdk

)
− P

(
Ωdk ∩ Ω

′

k

)
≥ 2ε2 − ε2 = ε2,

where Ω
′
k is the completement of Ω

′

k. By (36), we hence obtain that

P
(

Ωdk ∩ Ω
′′

k

)
≥ P

(
Ωdk ∩ Ω

′
k

)
≥ ε2, (38)

where

Ω
′′

k =
{

sup
t0≤t≤T

∣∣∣W(e
1
2λ(ρ2k−1+t)x(ρ2k−1 + t))−W(e

1
2λρ2k−1x(ρ2k−1))

∣∣∣ < ε2

}
.

Combing (30) and (38) together, we obtain that

∞ ≥ ε2

∞∑
k=1

E
(
IΩdk(ρ2k − ρ2k−1)

)
≥ ε2

∞∑
k=1

E
(
IΩdk∩Ω

′′
k

(ρ2k − ρ2k−1)
)

≥ ε2T

∞∑
k=1

P
(

Ωdk ∩ Ω
′′

k

)
≥ ε2T

∞∑
k=1

ε2 =∞,

which implies (26) holds. So

lim
t→∞

W(e
λ
p tx(t)) = 0, a.s.

must hold.
Step 3. Recalling (24), there must be an increasing sequence {tk}k≥1 such that

tk →∞ and e
λ
p tkx(tk) converges to some x∗ ∈ Rn. Hence

lim
t→∞

W(e
λ
p tkx(tk)) =W(x∗) = 0.

This shows x∗ ∈ Ker(W) 6= φ and

lim
t→∞

d(e
λ
p tx(t),Ker(W)) = 0. (39)
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Since Ker(W) is bounded, by (39), there exists a constant C̃ such that

lim sup
t→∞

e
λ
p t|x(t)| ≤ C̃ a.s.

This implies
lim sup
t→∞

eλt|x(t)|p ≤ C̃p, a.s.

The proof of (17) is complete. �

Remark 3.4. Since the length (1 − θ0)t of the historical interval increases with
t, the memory of ”historical disturbances” in Eq. (3) cannot decay rapidly at
an exponential rate and this characteristic leads to significant differences in the
assumptions of the asymptotic attractivity and stability in this paper compared
with the existing research [12, 17, 21, 23].

By applying Theorem 3.3, we can also obtain the asymptotic attraction and
almost sure asymptotic stability of Eq. (3).

Theorem 3.5. Let Assumption 2.1 holds. If there exist a functionW(x) ∈ C(Rn;R+),
two nonnegative constants l̄j , j = 1, 2 and probability measures µ̄j on [θ0, 1] such that

LV (ϕ, t, i) ≤
2∑
j=1

l̄j

(
αj

∫ 1

θ0

|ϕ(θ)|rjdµ̄j(θ)− |ϕ(1)|rj
)
−W(ϕ(1)), (40)

where αj ∈ (0, θ0]. Then, for any initial data ξ, Eq. (3) admits a unique global
solution. Moreover, the solution has the property that

lim
t→∞

d(x(t),Ker(W)) = 0 a.s. (41)

In particular, if Ker(W) = {0}, then

lim
t→∞

|x(t)| = 0 a.s. (42)

The proof of this theorem is similar to that of Theorem 3.3 and is omitted here.

Remark 3.6. In Theorem 3.2, we introduced an exponential kernel function to
quantify the decay rate at which the solution of Eq. (3) converges to the equilibrium
point. However, if we only consider the almost sure asymptotic convergence of the
solution without examining the decay rate of convergence, Theorem 3.5 suffices.
Moreover, the assumptions regarding the coefficients f, g and the Lyapunov operator
LV in Theorem 3.5 are weaker than those in Theorem 3.3. Meanwhile, Theorem
3.5 highlights that ensuring the existence of an attracting set and verifying whether
the solution of Eq. (3) converges to this set are crucial steps before studying the
stability of the solution to Eq. (3). For instance, if the condition Ker(W) = {0} is
removed, it is difficult to obtain the almost sure asymptotic stability of the solution
to Eq. (3).

4. Robust exponential stability. In the last section, we establish Theorem 3.3
on the asymptotic exponential attraction and stability for Eq. (3). However, it
is not convenient to check condition (15) of Theorem 3.3, since it is not related
to coefficients f and g explicitly. Now, we shall impose some conditions on f and
g to guarantee Theorem 3.3 and establish a sufficient criteria on the asymptotic
attraction and almost surely exponential stability in terms of M-matrix. For the
convenience of the reader, let us cite some useful results on M-matrices. For more
detailed information please see e.g. [19].
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Definition 4.1. A square matrix A = [aij ]N×N is called a nonsingular M-matrix
if A can be expressed in the form A = sI −B with s > ρ(B) while all the elements
of B are nonnegative, where I is the identity matrix and ρ(B) the spectral radius
of B.

It is easy to see that a nonsingular M-matrix A has non-positive off-diagonal and
positive diagonal entries. There are many conditions which are equivalent to the
statement that A is a nonsingular M-matrix and we now cite some of them for the
use of this paper.

Lemma 4.2. If A ∈ ZN×N = {[aij ]N×N : aij ≤ 0, i 6= j}, then the following
statements are equivalent:

(1) A is a nonsingular M-matrix.
(2) A is semi-positive; that is, there exists x� 0 in RN such that Ax� 0.
(3) A−1 exists and its elements are all nonnegative.
(4) All the leading principal minors of A are positive; that is∣∣∣∣∣∣∣

a11 · · · a1k

...
...

ak1 · · · akk

∣∣∣∣∣∣∣ > 0 for every k = 1, 2, · · · , N.

Let us now state our hypothesis in terms of an M-matrix, which will replace
condition (15). For any (ϕ, t, i) ∈ C([θ0, 1];Rn)×[t0,∞)×S, we impose the following
conditions on the coefficients f and g.

Assumption 4.3. Let W̃i be a continuous function satisfying x>W̃i(x) ∈ C(Rn;R+)

for all x ∈ Rn and i ∈ S. Let f̃(ϕ, t, i) = f(ϕ, t, i) + W̃i(ϕ(1)). There exist a real
number ᾱ1i, nonnegative numbers ᾱ2i, ᾱ3i, ᾱ4i and γ > 0 such that

ϕ>(1)f̃(ϕ, t, i) ≤ ᾱ1i|ϕ(1)|2 + ᾱ2i

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|2dµ̄1(θ)

− ᾱ3i|ϕ(1)|γ+2 + ᾱ4i

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+2dµ̄2(θ). (43)

There exist nonnegative numbers β̄1i, β̄2i, β̄3i and β̄4i such that

‖g(ϕ, t, i)‖2 ≤ β̄1i|ϕ(1)|2 + β̄2i

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|2dµ̄1(θ)

+ β̄3i|ϕ(1)|γ+2 + β̄4i

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+2dµ̄2(θ). (44)

Remark 4.4. In fact, if γ = 0, then condition (43) will degenerate to the classical
one-side linear growth condition, while condition (44) will reduce to the classical
linear growth condition.

Assumption 4.5. Let p ≥ 2. Assume that

A := −diag(Σ1,Σ2, · · · ,ΣN )− Γ (45)

is a nonsingular M-matrix, where Σi = p(ᾱ1i + p−1
2 β̄1i) + (p− 2)(ᾱ2i + p−2

2 β̄2i).

Theorem 4.6. Let Assumptions 3.2, 4.3 and 4.5 hold. If

λ < min
i∈S

1

ψi
, max

i∈S
{[2ᾱ2i + (p− 1)β̄2i]ψi} ≤ θ0(1− λmax

i∈S
ψi) (46)
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and

max
i∈S

{γ + 2

p+ γ
[pᾱ4i +

p(p− 1)

2
β̄4i]ψi

}
≤ θ0 min

i∈S
Σ̃i, (47)

where Σ̃i =
(
pᾱ3i − p(p−1)

2 β̄3i − p(p−2)
p+γ ᾱ4i − p(p−1)(p−2)

2(p+γ) β̄4i

)
ψi. Then for any given

initial data ξ, the solution x(t) of Eq.(3) have the properties (16) and (17).

Proof. By Lemma 4.2, we observe that under Assumption 4.5

= (ψ1, · · · , ψN )> := A−1−→1 > 0. (48)

That is, ψi > 0 for all i ∈ S, where
−→
1 = (1, · · · , 1)>. Now, let us define V (ϕ, i) =

ψi|ϕ|p, i ∈ S. Clearly, V obeys conditions (8) with c1 = mini∈S ψi and c2 =
maxi∈S ψi. To verify condition (15), we compute the operator LV as follows

LV (ϕ, t, i) = pψi|ϕ(1)|p−2ϕ>(1)f(ϕ, t, i) +
p

2
ψi|ϕ(1)|p−2trace[g>(ϕ, t, i)g(ϕ, t, i)]

+
p(p− 2)

2
ψi|ϕ(1)|p−4|ϕ>g(ϕ, t, i)|2+

N∑
j=1

γijψj |ϕ(1)|p.

By Assumption 4.3, one has

LV (ϕ, t, i) ≤ [pᾱ1i +
p(p− 1)

2
β̄1i]ψi|ϕ(1)|p − [pᾱ3i −

p(p− 1)

2
β̄3i]ψi|ϕ(1)|γ+p

+ [pᾱ2i +
p(p− 1)

2
β̄2i]ψi|ϕ(1)|p−2

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|2dµ̄1(θ)

+ [pᾱ4i +
p(p− 1)

2
β̄4i]ψi|ϕ(1)|p−2

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+2dµ̄2(θ)

− pψi|ϕ(1)|p−2ϕ>(1)W̃i(ϕ(1)). (49)

Applying the Young inequality gives∫ 1

θ0

e−(1−θ)t|ϕ(θ)|2dµ̄1(θ)× |ϕ(1)|p−2 ≤ p− 2

p
|ϕ(1)|p +

2

p

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|pdµ̄1(θ),

and ∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+2dµ̄1(θ)× |ϕ(1)|p−2

≤ p− 2

p+ γ
|ϕ(1)|p+γ +

γ + 2

p+ γ

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|p+γdµ̄2(θ).

Inserting these into (49) gives

LV (ϕ, t, i)

≤
[(
pᾱ1i +

p(p− 1)

2
β̄1i + (p− 2)ᾱ2i +

(p− 1)(p− 2)

2
β̄2i

)
ψi +

N∑
j=1

γijψj

]
ϕ(1)|p

+ [2ᾱ2i + (p− 1)β̄2i]ψi

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|pdµ̄1(θ)

−
(
pᾱ3i −

p(p− 1)

2
β̄3i −

p(p− 2)

p+ γ
ᾱ4i −

p(p− 1)(p− 2)

2(p+ γ)
β̄4i

)
ψi|ϕ(1)|γ+p
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+ [
p(γ + 2)

p+ γ
ᾱ4i +

p(p− 1)(γ + 2)

2(p+ γ)
β̄4i]ψi

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+pdµ̄2(θ)−Wi(ϕ(1)),

where Wi(x) = pψi|x|p−2x>W̃i(x). By (48), we have(
pᾱ1i −

p(p− 1)

2
β̄1i − (p− 2)ᾱ2i −

(p− 1)(p− 2)

2
β̄2i

)
ψi −

N∑
j=1

γijψj = −1.

Hence, for any λ ∈ (0, 1
maxi∈S ψi

), it follows that

LV (ϕ, t, i) + λV (ϕ(1), i)

≤ −(1− λmax
i∈S

ψi)|ϕ(1)|p + l1α1

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|pdµ1(θ)

− l2|ϕ(1)|γ+p + l2α2

∫ 1

θ0

e−(1−θ)t|ϕ(θ)|γ+pdµ2(θ)−W(ϕ(1)),

where

W(x) = min
i∈S
Wi(x), µ̄1 = µ1, µ̄2 = µ2, l1 = 1− λmax

i∈S
ψi,

l2 = min
i∈S

(
pᾱ3i −

p(p− 1)

2
β̄3i −

p(p− 2)

p+ γ
ᾱ4i −

p(p− 1)(p− 2)

2(p+ γ)
β̄4i

)
ψi,

α1 =
maxi∈S{[2ᾱ2i + (p− 1)β̄2i]ψi}

1− λmaxi∈S ψi

and

α2 =
maxi∈S [p(γ+2)

p+γ ᾱ4i + p(p−1)(γ+2)
2(p+γ) β̄4i]ψi

mini∈S

(
pᾱ3i − p(p−1)

2 β̄3i − p(p−2)
p+γ ᾱ4i − p(p−1)(p−2)

2(p+γ) β̄4i

)
ψi
.

Note that conditions (46) and (47) imply α1, α2 ∈ (0, θ0]. Then, by Theorem 3.3,
we obtain the desired assertions. The proof is therefore complete. �

Remark 4.7. If conditions (46) and (47) is slightly strengthened by

max
{ [2ᾱ2i + (p− 1)β̄2i]ψi

1− λψi
,

γ+2
p+γ [pᾱ4i + p(p−1)

2 β̄4i]ψi

Σ̃i

}
≤ θ0, ∀ i ∈ S, (50)

then Eq. (3) is almost surely exponentially stable. This means that the stability of
Eq. (3) depends not only on the coefficients ᾱki, β̄ki, k = 1, 2, 3, 4, but also on the
value of θ0.

Remark 4.8. In particularly, when θ0 = 1, Eq. (3) degenerates into hybrid sto-
chastic systems

dx(t) = f(x(t), t, r(t))dt+ g(x(t), t, r(t))dw(t), t ≥ t0. (51)

It is clear that if condition (50) holds, the solution of Eq. (51) is almost surely
exponentially stable.

For all i ∈ S, when β̄ki = 0, (k = 1, 2, 3, 4), which implies g(ϕ, t, i) = 0, then Eq.
(3) reduces to hybrid functional systems with pantograph delay (HFSwPD)

ẋ(t) = f(xt, t, r(t)). (52)
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Theorem 4.9. Let f satisfy Assumptions 3.2, 4.3 and 4.5 hold which Σi is replaced
by pᾱ1i + (p− 2)ᾱ2i. If

λ < min
i∈S

1

ψi
, max

i∈S
{2ᾱ2iψi} ≤ θ0(1− λmax

i∈S
ψi) (53)

and

max
i∈S

ᾱ4iψi ≤
θ0(p+ γ)

p(γ + 2)
min
i∈S

Σ̄i, (54)

where Σ̄i =
(
pᾱ3i − p(p−2)

p+γ ᾱ4i

)
ψi. Then for any given initial data ξ, the solution

x(t) of Eq.(52) has the property (17).

Remark 4.10. It can be seen from Theorems 4.6 and 4.9 that we have not only
discussed the almost sure exponential stability of deterministic HFSwPD (52) and
HSFSwPD (3), and provided stability criteria related to the coefficients, but also
revealed the fact that the almost sure exponential stability is robust, that is, under
conditions (46) and (47), the deterministic HFSwPD (52) can bear the environmen-
tal noise in the sense of (44) and still remain stable.

5. An Example. Consider a hybrid stochastic logistic model with pantograph
delay (HSLMwPD)

dx(t) = x(t)
{[
ar(t) + br(t)

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− cr(t)x2(t)
]
dt

+
[
dr(t)

∫ 1

0.5

e−(1−θ)tx2(θt)dµ2(θ)
]
dw(t)

}
, (55)

where w(t) is a scalar Brownian motion, r(t) ∈ {1, 2} is a Markov chain generated
by

Γ =

(
−1 1

4 −4

)
and a1 = −1, b1 = 0.2, c1 = 1.5, a2 = 0.5, b2 = 0.1, c2 = 1, while d1, d2 are
unknown parameters which will be determined later. In fact, Eq. (55) may be
regard as the stochastically perturbed system of the deterministic hybrid logistic
model with pantograph delay (HLMwPD)

ẋ(t) = x(t)[ar(t) + br(t)

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− cr(t)x2(t)]. (56)

For any ϕ ∈ C([0.5, 1];R), define

f(ϕ, t, i) =


ϕ(1)

[
− 1 + 0.2

∫ 1

0.5
e−(1−θ)tϕ(θ)dµ1(θ)− 1.5ϕ2(1)

]
, if i = 1,

ϕ(1)
[
0.5 + 0.1

∫ 1

0.5
e−(1−θ)tϕ(θ)dµ1(θ)− ϕ2(1)

]
, if i = 2.

and

g(ϕ, t, i) = di

[
ϕ(1)

∫ 1

0.5

e−(1−θ)tϕ(θ)dµ2(θ)
]
, i = 1, 2.

Then Eq. (55) may be rewritten as Eq. (3). Let

W̃i(x) =

{
0.2x, if i = 1,

0.1x, if i = 2.
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Figure 1. The sample paths of HLMwPD (56).

By a straight computation, we have

x(t)f̃(xt, t, 1) = −0.8x2(t) + 0.2x2(t)

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− 1.5x4(t)

≤ −0.8|x(t)|2 + 0.1

∫ 1

0.5

e−(1−θ)t|x(θt)|2dµ1(θ)− 1.4|x(t)|4(57)

and

x(t)f̃(xt, t, 2) = 0.6x2(t) + 0.1x2(t)

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− x4(t)

≤ 0.6|x(t)|2 + 0.05

∫ 1

0.5

e−(1−θ)t|x(θt)|2dµ1(θ)− 0.95|x(t)|4,(58)

where ᾱ11 = −0.8, ᾱ12 = 0.6, ᾱ21 = 0.1, ᾱ22 = 0.05, ᾱ31 = 1.4, ᾱ32 = 0.95 and
θ0 = 0.5, γ = 2. By (45), it can be concluded that the matrix

A =

(
2.6 −1
−4 2.8

)
is a non-singular M-matrix. Subsequently, we obtain

(ψ1, ψ2)> = A−1−→1 = (1.158, 2.012)>.

Therefore, the condition λ < mini∈S
1
ψi

yields the range of λ as (0, 0.497). In

particular, when setting λ = 0.2, it is easy to verify that conditions of Theorem 4.9
are satisfied, thereby the solution of Eq. (56) is almost sure exponentially stable.
Figure 1 shows this stability.

On the other hand, one gets

‖g(xt, t, i)‖2 ≤
1

2
d2
i |x(t)|4 +

1

2
d2
i

∫ 1

0.5

e−(1−θ)t|x(θt)|4dµ2(θ), i = 1, 2. (59)

Conditions (46) and (47) become

max
{

0.579d2
1, 1.006d2

2

}
< min

{
1.6212− 0.2895d2

1, 1.9114− 0.503d2
2

}
. (60)

By Theorem 4.6, we can then conclude that under condition (60), Eq. (55) has the
property

lim sup
t→∞

1

t
log |x(t)| < −0.1 a.s.
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Figure 2. The sample paths of HSLMwPD (55).

Choosing d1 = 0.8, d2 = 1, we perform a computer simulation with the initial data
ξ(t) = 2 for t ∈ [0.5, 1] and r(1) = 1. The computer simulation (see Figure 2)
supports our theoretical results clearly. In other words, under the condition (60),
the stable deterministic hybrid logistic equation (56) may bear the stochastic noise
in the sense of (59), which implies that the almost sure exponential stability is
robust. Moreover, this example indicates that Markov chain r(t) can also serve as a
stabilizing factor. For example, choosing d1 = 0.8, d2 = 1, Eq. (55) can be regarded
as the result of the two equations

dx(t) = x(t)
{[
− 1 + 0.2

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− 1.5x2(t)
]
dt

+
[
0.8

∫ 1

0.5

e−(1−θ)tx2(θt)dµ2(θ)
]
dw(t)

}
, (61)

and

dx(t) = x(t)
{[

0.5 + 0.1

∫ 1

0.5

e−(1−θ)tx(θt)dµ1(θ)− x2(t)
]
dt

+
[ ∫ 1

0.5

e−(1−θ)tx2(θt)dµ2(θ)
]
dw(t)

}
, (62)

switching among each other according to the movement of the Markov chain r(t).
It is obvious that Eq. (61) is asymptotically stable, but Eq. (62) is unstable.
However, by Theorem 4.6, we obtain that the overall switching system (55) will be
asymptotically stable due to the Markovian switching. �

6. Conclusion. In this paper, the LaSalle-type theorem has been established for
a class of hybrid stochastic functional systems with pantograph delay. It has been
shown that the solution of hybrid stochastic functional systems with pantograph
delay asymptotically converges to the equilibrium point, but also provides the expo-
nential convergence rate. Moreover, sufficient criteria on the asymptotic attraction
and almost surely exponential stability has been established in terms of M-matrix
theory. The application of our results was shown by using an example on stochastic
logistic model.
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