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Precise manipulation of quantum effects at the atomic and nanoscale has become an essential task in
ongoing scientific and technological endeavors. Quantum control methods are thus routinely exploited for
research in areas such as quantum materials, quantum chemistry, and atomic and molecular physics, as
well as in the development of quantum technologies like computing, simulation, and sensing. Here, we
present a pedagogical introduction to the basics of quantum control methods in tutorial form, with the aim
of providing newcomers to the field with the core concepts and practical tools to use these methods in
their research. We focus on three areas: shortcuts to adiabaticity, quantum optimal control, and machine-
learning-based control. We lay out the basic theoretical elements of each area in a pedagogical way and
describe their application to a series of example cases. For these, we include detailed analytical derivations
as well as extensive numerical results. As an outlook, we discuss quantum control methods in the broader
context of quantum technologies development and complex quantum systems research, outlining potential

connections and synergies between them.
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I. INTRODUCTION

Ever since experiments gained access to the quantum
regime, there has been a continuing need to develop and

perfect efficient techniques to manipulate quantum sys-
tems. These manipulations occur in real time, and the
corresponding time-dependent control parameter can be
described by a function of time, called the control protocol.
The recent development of quantum-enhanced devices has
led to a significant surge in activity which has witnessed
some remarkable advances, both theoretical and experi-
mental, in the use of these control techniques; for example
quantum control has found fertile application in assess-
ing the thermodynamics of quantum systems, providing a
means to boost the performance of nanoscale quantum heat
engines, to develop ultraprecise quantum sensors, and to
robustly implement quantum gates [1,2].

Unlike classical mechanics, where the most common
way of achieving control is to apply mechanical forces,
in quantum control electromagnetic fields prevail, both in
the dc and the ac regime. This can be traced back to the
necessity to couple to Angstrom-sized atoms, and even
smaller objects, where quantum effects become prevalent.
Moving beyond the control of a single system to few
and multi-particle settings introduces other control knobs
besides external potentials, in particular, varying the inter-
action strength. For instance, in ultracold atoms this can be
achieved using so-called Feshbach resonances [3], while
in systems of optical tweezer arrays, one can directly con-
trol the positions of the trapped atoms which effectively
fine-tunes the strength of the position-dependent interac-
tion potential [4]. The ability to manipulate an arbitrary
quantum system then becomes a multifaceted problem,
one which must also be cognisant of other physically rele-
vant constraints, for example, a finite control pulse energy
and/or bandwidth, smoothness of the control protocol, or
the intrinsic decoherence time which will bound the proto-
col time duration that can vary greatly between different
physical platforms [1,2,5,6]. These constraints can feed
directly into characterizing the efficacy of a control pro-
tocol with the most common figure of merit being the
fidelity (quantum overlap), between the protocol-evolved
final state, | (f)) and the desired target state, |,

F = (Yl v (0)]? (1)

where we have assumed the states in Eq. (1) are pure (as
will be the case for all examples in this tutorial); how-
ever, we remark that these states could also be eigenstates
or mixed ensembles. While we will focus on the use of
fidelity as our key figure of merit throughout this tutorial,
it is important to note that when it comes to many-body
states this should be done with care since it often decreases
exponentially with the number of particles. Indeed, if we
consider a product state with single particle fidelity of 0.99,
the many-body fidelity of a system with 100 particles is
0.99'% x~ 0.36 < 0.99. In general there are many possi-
ble cost functions that can be used when optimizing the
dynamics of a quantum system, for example, the energy
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(density) is typically minimized in the process of prepar-
ing the ground state of a quantum system. More generally,
one might be interested in maximizing and/or minimizing
the expectation values of a specific observable, e.g., the
magnetization, the momentum distribution, the strength of
a correlation function or less frequently accessible quanti-
ties, such as quantum entanglement [7—10]. Regardless of
the specific choice, the techniques presented below can be
readily adapted for a given situation.

In large, spatially extended systems, it is often use-
ful to consider two kinds of control protocols: global
and local. Global protocols usually act (almost) homoge-
neously on the entire system, while local protocols can
either be applied to a smaller part of the system or to
individual constituents, e.g., the atoms of a chain using
single-site addressability. Whatever the means of control-
ling a quantum system, it is important to keep in mind
that the control protocols that can be emulated in exper-
iments typically correspond to local (or sums of local)
operators in the Hamiltonian description of the system; this
is particularly relevant for many-body control. Thus, local-
ity imposes a formidable, yet very physical, constraint on
the accessibility of control fields [11]. The various control
techniques that are known to be effective for single, iso-
lated quantum systems must be carefully analyzed in view
of'this constraint when the system size is scaled up. Provid-
ing an introduction to the tools and techniques necessary
to understand the interplay between implementability and
scalability of control protocols for quantum systems is the
focus of this tutorial.

A. Scope of this tutorial

We aim to provide a succinct entry point to some of
the state-of-the-art approaches to controlling quantum sys-
tems. There are many excellent reviews available on these
and related topics, see for example Refs. [1,2,5,12—18],
which the interested reader can delve into. Here, we aim
to achieve two goals: Firstly, to provide a highly peda-
gogical introduction to the most prevalent techniques used
to control many-body systems; thus, in addition to the
technical details of the control protocols themselves, we

also provide extensive details on other important tools for
solving paradigmatic many-body systems. Secondly, by
introducing a suite of techniques arising from the various
subcommunities that work on quantum control, our aim
is to highlight the benefits that can arise from employ-
ing hybridized control techniques, i.e., those that take
advantage of aspects of several control strategies.

With these aims in mind, in what follows we present
the basic ingredients for three of the leading approaches
to achieving non-adiabatic control (Fig. 1): shortcuts-to-
adiabaticity, quantum optimal control, and reinforcement
learning. They are presented in isolation (and in no particu-
lar order) to ensure that the core theoretical underpinnings
of each approach are presented in a suitably pedagogical
manner. As such, the interested reader can dive straight
into a given technique without the need to work through
any preceding sections. For a given task, the choice of
which approach to employ depends on a range of compet-
ing factors. The experimental architecture clearly imposes
certain constraints, e.g., the available set of controls and/or
measurements. Beyond such hardware limitations, how-
ever, other requirements necessarily requested from the
dynamics will also impact the choice of control technique
to use. For instance, if the system must follow a spe-
cific dynamical path in Hilbert space, e.g., remaining in
the ground state, then the suite of tools from shortcuts-
to-adiabaticity are likely to be the most suitable choice.
However, in many situations the intermediate dynamics
is not of any particular relevance and we are only inter-
ested in, e.g., state transfer or state preparation. In these
cases, often the goal is simply to find a protocol that
works under the given constraints and, therefore, the task
becomes principally about pulse shape optimization where
optimal control provides several efficient approaches. If,
on the other hand, one is interested in automating the pro-
cedure of finding optimal protocols, then adopting a deep
learning approach is advisable, as it allows trained RL
agents to generalize and produce control protocols even
for parameter values not encountered during optimization;
moreover, RL algorithms are particularly useful for on-
line feedback control based on (partial) measurements. In
Sec. V we provide further discussion along these lines,

-
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FIG. 1.

Schematic of the main three approaches to quantum control that are discussed in this tutorial article: shortcuts to adiabaticity

(Sec. IT), optimal control (Sec. III), and reinforcement learning (Sec. IV).
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aiming to highlight some of the strengths and weaknesses
of the techniques that we discuss in this tutorial and high-
light the benefit that comes from combining techniques to
tackle a problem.

Another motivation for this tutorial, that we believe
sets this work apart from other reviews and pedagogi-
cal resources on the topic, is to provide an “introductory
one-stop-shop” for the various control subcommunities. To
facilitate this, we explicitly demonstrate the application
of all protocols for the manipulation of a single two-
level quantum system, in addition to several other relevant
examples. These additional examples focus on the some of
most common areas to which a given technique is applied.
Therefore in Sec. I we consider the exact and approximate
control of critical many-body systems, Sec. III provides
examples relevant to quantum computation focussing on
the implementation of gates and the generation of mul-
tipartite entanglement, while Sec. IV explores universal
single-qubit state preparation and active qubit feedback
control using an ancilla. In the hope of bringing some
consistency to the nomenclature, we also provide tables
summarizing the notation employed when introducing a
given technique in Table I for shortcuts-to-adiabaticity,
Table III for optimal control, and Table IV for reinforce-
ment learning. Finally, the reader can refer to Table VI
for a list of abbreviations commonly used throughout this
tutorial. We provide Jupyter notebooks for interested read-
ers to explore further the control techniques introduced on
GitHub [19].

B. Methodologies of quantum control

We can broadly define three classes of quantum systems
of increasing control complexity: Few (including single)
particle systems are often used to demonstrate the basics of
control methods and can also benchmark numerical quan-
tum control algorithms against exactly solvable problems.
However, they also bear relevance to real systems such
as qubits (two-level systems) and qutrits or A systems
(three-level systems). In these settings common control
problems include state population transfer or finding opti-
mal single- or two-qubit gates. The relative simplicity of
the models typically can allow for the inclusion of dissi-
pation effects [20]. The next class of systems that we will
be primarily interested in are fermionic band models and
weakly interacting bosons described by quadratic Hamilto-
nians. Examples in this category include topological insu-
lators, weakly-interacting bosons, the transverse-field Ising
model, and the Kitaev honeycomb model. The translation
invariant counterparts of such models are exactly solv-
able in momentum space, which offers the possibility to
explore some control techniques analytically. In particular,
two-band models can be viewed as a collection of indepen-
dent two-level systems labeled by (quasi)momentum. As

we will demonstrate, control over the individual momen-
tum modes allows for optimal control of the entire system,
however, the momentum-dependence ultimately compro-
mises the locality of the applied control fields in real
space. Nevertheless, useful insight into the most relevant
operators for achieving control can be learned which can
prove valuable in moving to the final class of systems.
The most complex control class comprises many-body sys-
tems with no known exact solutions, e.g., non-integrable
models with Hubbard- and Heisenberg-type Hamiltoni-
ans. In general we can expect here optimal control tech-
niques to work whenever the state of interest is gapped in
energy; for gapless models much less is known regarding
their controllability, and there are many open questions at
present.

Broadly speaking, we distinguish between adiabatic and
non-adiabatic techniques when classifying quantum con-
trol protocols. Adiabatic protocols (which we will rig-
orously define for quantum systems in the proceeding
sections) make use of the discrete structure of quantized
spectra and high-fidelity control timescales are inversely
proportional to the energy gaps of the controlled level to
its neighboring levels. A famous example is the Landau-
Zener model, where an exponentially small fraction is left
in the excited state after the completion of the adiabatic
process [21]. Stimulated rapid adiabatic passage (STI-
RAP) [22] is another technique which exploits spectral
characteristics to achieve robust state transfer. In this tuto-
rial, we will focus explicitly on non-adiabatic techniques.
This class encompasses counterdiabatic (CD) protocols
that generate a transitionless time evolution with respect to
the instantaneous basis of the Hamiltonian describing the
system of interest, which is typically far from the adiabatic
regime. It also captures the broader set of Hamiltonians
that are tailored to bring the controlled system into a tar-
get state within a fixed protocol duration (but allows for
the creation of excitations during the evolution so long as
they are removed before the protocol comes to an end) as
is typical in many quantum optimal control approaches.

II. SHORTCUTS TO ADIABATICITY

Many practical tasks involve quantum adiabatic pro-
cesses and, therefore, a significant body of work has
amassed in developing techniques that either exploit the
inherent adiabatic dynamics characteristic of slowly driven
systems or, as will be the focus of this section, achieve
an effective adiabatic dynamics in a finite time. We will
first carefully define the concept of adiabaticity before
focusing on counterdiabatic driving, which is arguably the
conceptually simplest control method for achieving the
desired evolution and works by directly suppressing any
non-adiabatic transitions. We will review some modern
reformulations and extensions of this idea, in particular
discussing how to construct the control fields through
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TABLE L.

Summary of notation for the most common quantities in shortcuts-to-adiabaticity. Note that the symbol A (and any of

parameter dependent variations) always refers to the same object, i.e., the exact counterdiabatic term.

Object

Proposed Symbol

Original system Hamiltonian

Berry correction (no diagonal elements, also known as Kato potential)

Gauge potential (table point iv) [U’s]

Total generator (original system Hamiltonian + controls) for Kato/Berry

Total generator (original system Hamiltonian + controls) for AGP
Approximate AGP

H()
.A, .A}L, .A(t)
L@ OHUT
Hep(f) = H() + A,
Hep (1) = H(1) + A9, ))UT
ALY or 4N

the adiabatic gauge potential and how to determine local
approximations to achieving the control using variational
techniques. We will explicitly consider the control of a
simple two-level system described by the Landau-Zener
model in Sec. IIF 1, which will serve as a paradigmatic
example that will also be considered when discussing the
other control techniques that are a focus of this tutorial,
namely optimal control in Sec. Il C 1 and reinforcement
learning in Secs. IVB1 and IVB2. We will also con-
sider the application of these techniques to simple many-
body settings embodied by three variations of the Ising
model: (i) nearest neighbor, (ii) infinite range, and (iii)
non-integrable.

A. The adiabatic theorem

It is important from the outset to give a precise definition
of an adiabatic process to avoid some common confusion:
we recall that, in thermodynamics, adiabatic processes are
those that do not transfer heat between the system and its
environment, in the sense that they occur on timescales
faster than the scales required for heat exchange; they
may be slow or fast. By contrast, in quantum mechan-
ics, as we shall see below, adiabatic evolution is defined
by the lack of population transfer between an eigenstate
of interest undergoing unitary evolution and the rest of
the states in the instantaneous spectrum. Note that the
energy of the state of interest can change in the pro-
cess of adiabatic evolution, as the drive does work on the
system, but this does not give rise to any heat; heat in
quantum mechanics is defined microscopically as arising
from any transitions between the instantaneous eigenstates
of the Hamiltonian, caused by a non-adiabatic evolution.
Adiabaticity in quantum mechanics is thus different from
the notion of adiabaticity in classical thermodynamics; in
fact, quantum adiabaticity is closer to what is called a
quasistatic process in thermodynamics where the system
remains in equilibrium throughout the evolution [23]. In
this tutorial, the concept of adiabaticity refers to quantum
mechanics.

To understand control protocols that achieve an effec-
tively adiabatic evolution, let us now formalize the concept
of adiabaticity for quantum dynamics. The suite of tech-
niques termed ‘“‘shortcuts-to-adiabaticity” arise precisely

from exploring approaches that mimic an adiabatic dynam-
ics on, in principle, arbitrary timescales. Thus, we begin
with a recapitulation of the adiabatic theorem, which
already provides a wealth of knowledge regarding the
types of generators that allow for the control of a quan-
tum system. There are several rigorous derivations of the
adiabatic theorem, starting from the earliest incarnations
arising from Erhenfest’s analysis and the proof by Born
and Fock [24] which have later been refined and extended
by Kato to the case of degenerate eigenstates [25]. Herein,
we follow a similar treatment found in many standard texts
and reviews, e.g., Ref. [26].

Consider a quantum system described by the time-
dependent non-degenerate Hamiltonian H(#) which
evolves according to the time-dependent Schrodinger
equation

iho [y (D) = H@®) 1y (D)) . 2

Furthermore, it is clear that at every instant in time the
system also satisfies the time-independent Schrodinger
equation

H(@) [n(n)) = En (1) |n(1)) 3

where {|n(f))} and {E,,(¢)} are the instantaneous eigenstates
and eigenenergies of the system, i.e., this is simply the
eigenvalue equation for the matrix H(f) treating ¢ as a
parameter. Since the states {|n(¢))} form a valid basis for
the Hilbert space of the system at every instant of time, we
can use them to express the solution to Eq. (2), i.e., we can
assume an ansatz solution of the form

@) =Y calt) In(0)) )

with ¢, () some complex coefficients. Putting Eq. (4) into
Eq. (2) and using the spectral decomposition of H (f) we
have

ih [at (Z cn(?) |n<r>>)} =H(0) [ch(r) |n<r>>]

= > Ex(0) k(1)) k()] [Z en(t) |n(z>>} : (5)
k n
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Dropping the explicit time-dependence for brevity [i.e.,
H(t) =H, |n(t)) = |n), and E,(f) = E,] and denoting the
time derivative of any quantity x(¢) by dx(f) = x

ih [Z (én In) + ¢ |h>>} =Y cuBx k) (k)
n nk
=D cuuln). ©)

To get a set of differential equations for the coefficients ¢,
we project onto the mth eigenstate, (m|, of H,

ih {Z (Enfmln) + cn<m|fa>>} =Y cau(min), (1)

n

which again due to orthonormality allows us to simplify
most of the sums. Separating terms with m = n from
m # n we find

ih [ ém+ cnlmlin) + " colmlit) | = cnEn  (8)
n#m
= ih¢y = cpEy — ihey,(m|m) — thcn m|n)
m#n
= (En — ih{mli)) ¢ — iR cxlmlir). (9)
n#m

The key to the adiabatic theorem lies in the last term
of Eq. (9). If this term is negligible, the evolution of
the coefficients, ¢, obeys a simple first-order differential
equation

b 0
E; _'_'h(Eﬁ lh@"“"ﬂ
- ot
— ¢y = exp [—%/ Em—ih(m|rh)ds]. (10)
0
This can be conveniently cast as
em(t) = exp[—i(ga(D) + ¢4 (1)], (11)

with the dynamic phase ¢,(¢f) = (1/h) fot E, (s)ds and the
geometric phase ¢, () = — fot i(m(s)|0sm(s))ds, where we
have briefly reintroduced the explicit time-dependence.
Clearly, if the system begins in the nth eigenstate of H(0),
then the only non-trivial equation for the coefficients will
correspond to the initial condition ¢,(0) = 1, and it will
remain in this state only accumulating the dynamical and
geometric phases [27].

Thus, to understand the adiabatic theorem we must
examine the last term in Eq. (9) more carefully. Notice

that this term effectively captures the instantaneous cou-
pling between eigenstates due to the rate of change of the
Hamiltonian. In order for this term to be negligible, we
require (m|n) — 0. Let us analyze this term more closely
by taking the time derivative of Eq. (3)

d; (H |n)) = 0; (En 1))

. . (12)
H|n)+Hn) =E,|n)+E,|n).

Projecting again onto the mth state and recalling that the
sum in Eq. (9) involves only m # n

(m| H |n) + (m| H |n) = E,(m|n) + E, (m|n)
(m| H |n) + E,,(mlit) = E

n(m|n)
{m| H |n)
E,—E,’

(13)
= (m|n) =

This equation captures the adiabatic condition by precisely
expressing the error accumulated due to a non-adiabatic
drive. While we shall focus on the insight into the control-
lability of quantum systems, it is worth stressing that the
adiabatic theorem provides a versatile starting point for a
range of physical settings, including models of quantum
computation [28], topological states of matter [26], and for
understanding the dynamics of critical systems according
to the Kibble-Zurek mechanism [29-35]. While the pre-
ceding derivation applies to a very broad range of settings,
we note that it requires modification when, e.g., the sys-
tem exhibits degeneracies in its energy spectrum [25] or
for periodically driven systems [36—38].

B. Exact counterdiabatic term

While Eq. (13) has been well known for almost a cen-
tury, only recently has it been shown that this term can
be used to determine precisely the correction that needs
to be added to the generator of the dynamics in order
to suppress any non-adiabatic transitions for an arbitrary
evolution governed by some time-dependent process, A().
Demirplak and Rice [39,40], and independently Berry
[41], showed that augmenting the system Hamiltonian with
the so-called counterdiabatic (CD) term ensures that the
dynamics precisely tracks an instantaneous adiabatic evo-
lution. This CD term follows directly from Eq. (13) and is
given by

n+m.
(14)

A=A, = A(z)_hZZWEm'HEl" i3

An important note: in order to bring some consistency to
notation, here and throughout the symbol A (including any
parameter dependent variations) will be reserved for the
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exact counterdiabatic term, while (variations) of the sym-
bol 4 will be used to denote approximations. We refer
to Tables I, III, and IV, which should serve as a refer-
ence point to clarify the conventions used throughout this
tutorial.

We assume that there are no degeneracies in the spec-
trum, so the denominator in Eq. (14) is finite for all times,
t. If we consider evolving a specific initial eigenstate of
H (0), the unitary dynamics governed by the Hamiltonian

Hep =H+ A, (15)

ensures that at every instant of time, the state of the sys-
tem is guaranteed to be found (up to an overall phase) in
the corresponding instantaneous eigenstate of the original
Hamiltonian, H. Since this holds for any choice of eigen-
state, it follows that this Hamiltonian will also realize an
adiabatic dynamics for an arbitrary state of the system.

While we have arrived at Eq. (14) by carefully deriving
the adiabatic condition, Eq. (13), this term can be directly
determined starting from a more “traditional” approach of
inverse engineering the dynamics such that a given target
state is exactly achieved [41]. Assuming the system starts
in the eigenstate |n(0)) (where for clarity we have explic-
itly included the time-dependence) an adiabatic evolution
implies that the state at some final time, 7, will have accu-
mulated the dynamical and geometric phases only, i.e., it
will be of the form

J

[Ya(D)) = exp [—i(¢a(D) + ¢o(D)] In(D))
. aT
= exp [—%/ E, (1) — ih(n(t)lazn(t»dt} |n(T)) .
0
(16)

The goal of inverse engineering is to determine the Hamil-
tonian that will evolve the initial state to precisely this
adiabatically connected target state, i.e.,

[¥ (1)) = U(T) |n(0)) = [¥n(D)) . a7

To determine what Hamiltonian generates such dynamics,
we use the fact that any unitary, U(¢), satisfies

ihd,U(t) = HU(H) = H' =ih3,U@) U (1), (18)
where we have omitted the explicit time-dependence of H’

for clarity. Given that our target is |y, (7)) our required
unitary is therefore

U =) Un(D)

. AT
=3 exp [—% /0 En(t)—ih(n(t)|8,n(t))dti|

x [n(1))(n(0)] . (19)

We can now use Eq. (18) to determine the corresponding Hamiltonian. Recalling that 8,¢/® = 1/ (£)e/® and for brevity

defining f (T) = exp [—(i/ h) fOTE,,(t) — ih(n(t)|8,n(t))dt], we can determine the ingredients necessary for evaluating

Eq. (18) by focusing on a single value of n,

d U, (1) = (—%E — (n(0)|3n(1))e “)) In(6))(n(0)] + &' |3,n(t)) (n(0)]

Uit = &' [n(0)) (n(0)]

= iMQ,U,)U} = ih <<_%En(t) - <n(l)|3zn(t))e/(’)> [n(6)(n(0)| + & |3tn(t))<n(0)|> x & " [n(0))(n(0)|
= E, [n(0)(n(®)| — ik(n(®)|dn (1)) O V" |n(0)) (n(t)| + ihe V'O [an (1)) (n(1)] . (20)
While not immediately obvious, the term (n(¢)|9,1(¢)) is purely imaginary [26], and therefore the function defined by f (¢)
is imaginary; to see this, one can take the derivative of the normalization condition (n(f)|n(f)) = 1 and rearrange terms.

We can simplify the above expression since ¢/ @e/®* = 1, and therefore the Hamiltonian that gives rise to a perfectly
adiabatic dynamics is given by

H' = Hep =Y E,(0) [n()(n(t)] + iRy _ (19n(®) (n(®)| — (n(5)]dn(D) In(®)) {n(®)])

=H+ A 21
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where the second term on the right-hand side is identical
to Eq. (14) [41].

This formulation is the starting point for a wealth of
studies regarding the control of quantum systems [2]. As
we shall see, when directly applied to many-body sys-
tems, the CD term generally gives rise to a highly non-
local interaction term thus limiting its direct experimental
applicability to single or few-body systems [42,43]. Never-
theless, the determination of Eq. (14) still provides useful
insight into the types of interactions that render a complex
system controllable and this insight can then be used to
restrict the control Hamiltonian to experimentally relevant
interactions. As we will now discuss, the adiabatic gauge
potential provides an alternative approach to deriving the
CD term that allows us to achieve this aim.

C. Adiabatic gauge potential

An alternative method to think about the non-adiabatic
terms in Eq. (13) is through the adiabatic gauge potential
(AGP) [44,45]. We begin by considering a state |1 (A(?)))
evolving under the time-dependent Schrddinger equation
of Eq. (2) where we change slightly notation such that we
describe the time-dependence by the parameter A (7). From
here, we will drop the explicit time-dependence and retain
only the A-dependence. In principle, we can always con-
struct the unitary transformation U(A) to a “co-moving”
reference frame which diagonalizes the Hamiltonian for
all times. Given that a diagonal Hamiltonian cannot
induce any diabatic transitions, states evolving under it
simply acquire a phase with frequencies corresponding
to the eigenenergies. However, we know that physics
must be consistent between reference frames. Therefore,
performing the unitary transformation on the equation
of motion in this case must produce additional non-
diagonal terms and these are given by the adiabatic gauge
potential. This is indeed the case, as the transformation
of a Hamiltonian by a general unitary for which 0,U # 0

TABLE II.

gives

H@®) — U'OHOU@) — ihU'03,U@).  (22)
Converting this to the specific problem at hand, using the
unitary which diagonalizes the Hamiltonian we get

HO) — U'Q)HM)UR) — ikd U ()8, U()

= HO) — A, (23)
where we have used the fact that 9, = A9,, with tildes
denoting operators that are in the co-moving frame and we
have defined the AGP in the co-moving frame as
A, = ihUT (V)8 U). (24)

We can find the adiabatic gauge potential in the origi-
nal reference frame by inspecting its matrix elements with
respect to a fixed parameter independent basis, {|n),}, with

|m()")> = Zn Unm()\) |I’l>0, glVlIlg [45]
(mly Ay In)o = ih (mlo U (L), UQ) n)g
= i (m(M)] 8, [n(R)) = (m(W)| A, [n(V))
(25)

meaning that the gauge potential in the lab frame can
be thought of as proportional to the derivative along the
parameter path,
A, = ihd;, = ih[3, UO)U (M). (26)
If we modify the original Hamiltonian by adding the
AGP then we obtain
HO) + A, — HO) + 32 A, = AA, = HG),  (27)
and since H(}) is diagonal, it cannot cause diabatic tran-
sitions between the eigenstates. Thus, addition of the AGP

The table summarizes the acquired dynamical and geometric phases following different types of adiabatic evolution

0/ () = H@®|¥ (®)) with [ (1)) = |n(0)), and explains the relation between the generators of counterdiabatic evolution introduced
in the text. The geometric phase is a property of the eigenstate manifold and remains the same irrespective of the Hamiltonian H used
to generate the evolution; however, the choice of H modifies the dynamics and hence the total phase accumulated by the wavefunction.

The dynamical and geometric phases are defined by ¢f,") ® = fot E,(A(s))ds and qbé") ) =— f()' (n(A(5))]idsn(A(s))A(s)ds, respectively;

the gauge x (A (7)) = fof 05 X (L(s))A(s)ds is defined in Eq. (32).

H=A,
H=H®{f)in H=H®+iIA, = (Kato gauge
the adiabatic Hcp (Kato gauge potential),
limit: 7 — oo, potential) H=H(@®+ parallel- H = (i3,U)U" =  gauge potential
A— 0, parallel-transport  (i9,U)U" = Hcp, transport —iU3,Ut, in generic
AT — const. gauge x () = 0 gauge gauge x(A) = 0 gauge gauge x (A)
dynamical phase ¢4 ¢a(?) ¢a(1) Ga(t) — g () 0 —pg (1) —pg (1) + x (A (1)
geometric phase ¢, bg (1) bg (D) ¢ () P (D) $g (1) ¢¢(0)
total phase s + ¢ Pa(1) + ¢, (1) @a(?) + g () Ga(t) $g (1) 0 x (A (D))
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is equivalent to CD driving up to a dynamical global phase
(see Table II). This can also be seen by considering the
differentiation with respect to A of the condition

MO HO) [n(L)) =0 for m # n, (28)

J

where |n(A)) and |m(})) are two eigenstates, i.e., the above
is nothing more than the orthogonality condition. The
differentiation of this orthogonality condition gives us

O (mW)H Q) [n(d)) = (8, (m(A)]) H) [n(1)) + (m(A)| (0, (1)) [n(R)) + (m(W)| H () (95 |n(2)))
= (En(A) — E,(1)) (m(1)|0,n(1)) + (m(D)| (3,.H (1)) [n(1)) = 0, 29)

where we have used the fact that (9,m(\)|n(A)) =
—{m(A)|9,n(X)) which follows from differentiating the
condition (rn(1)|m(X)) = 0. By rearranging above we can
find the matrix elements for the adiabatic gauge potential
as

(m)] Ay [n(R)) = if(m(1)]9,n(3))

(mM)] (3, H (1)) [n(1))

=ih ,
Eyn(A) — Eqy(1)

(30)

which clearly is closely related to Eq. (13). It therefore fol-
lows that we can write the off-diagonal part of the AGP in
the instantaneous eigenbasis of the Hamiltonian as exactly
the counterdiabaitic driving term, i.e.,

At =13 1mG)) mGI| As 1n(3)) (n()]
m#n
_ i Z Im(2)) (m(A)| (3,H (1)) In(k))<n(k)|_

m#n
€2))

While Eq. (31) itself does not provide any additional infor-
mation regarding the controllability of complex quantum
systems, it provides the starting point for taking a varia-
tional approach to constructing the control Hamiltonian.
This provides a means to enforce the locality constraints
in an insightful manner as well as allowing to assess the
relevance of non-local interaction terms [46].

The diagonal elements of the gauge potential, (n(1)| A;
[n(A)) = i(n(A)|0yn())), are known as the Berry connec-
tion. Importantly, they are not physical, i.e., they can-
not be observed in experiments. To see this, consider
the gauge transformation |n(1)) — exp(ix™ (1)) [n(1))
which depends on the parameter A via the phase x ™ (1):
since it attaches an overall global phase x (), it can-
not change the values of physical observables; on the other
hand, it leads to a shift in the Berry connection:

i (n()]8,n (M) — i (A(W)|Hn()) — x (). (32)

A physically observable quantity is the Berry phase: for an
adiabatic trajectory along a closed curve C, the Berry phase

can be written as y = ¢g(7) = i (n(1)[9,n(2)) dA,
which is gauge-invariant.

D. Counterdiabatic driving and eigenstate phase
accumulation

Counterdiabatic time evolution generated by Hcp
[Eq. 21)] or A; [Eq. (26)] and starting from an eigenstate
of the Hamiltonian leaves the population in the adiabati-
cally connected instantaneous eigenstate. However, as we
mentioned above, such evolution often results in a global
phase; we then find the system in the instantaneous eigen-
state at time ¢, up to a phase. In specific cases, we can
decompose this global phase into a dynamical phase ¢,
and a geometric phase ¢,. Table Il summarizes this behav-
ior and helps us distinguish between the zoo of different
Hamiltonians H we introduced above, which all solve the
Schrédinger initial value problem

iy ()) =H®O ¥ ®), [¥(©0)=[n0). (33)

In the following, it will be useful to define the co-

moving reference frame via the unitary

V(ta, t1) = W(t2, t)Siay)»

A1)
W(lz, H) = 71 exXp <—i/ da .A)L) (34)
A

(1)

where 7, is the path-ordered exponential, and S;
diagonalizes the Hamiltonian H(}), i.e., SIH(A)SA =
>, En(A) Ing) (nol = D()). The operator W(t, 1) is
known as the Wilson line operator, and it evolves the
eigenstates at A(#;) to the eigenstates at A(;). If we define
VT (¢,0) to transform from the lab frame to the co-moving
frame, we have

Ht) = Vi, 00HV(t,0) — iV (z,0)9,V(1,0)
=DO(®) — A A, (35)

where in the first term we used that the combination
W(t,0)S, ) diagonalizes the Hamiltonian H (A (7)) [Si(o)
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diagonalizes the Hamiltonian at = 0, and W(t, 0) propa-
gates the eigenstates to time 7]. In the second (Gallilean)
term, note that the derivative 9, leaves S, () intact, and
the expression follows using the unitarity of S and the
definition of W above. Finally, recall that the evolution
operator U(t,, t;) in the lab frame can be obtained from the
evolution operator in the co-moving frame Ultr, 1), using
the relation

Ulta, 1) = Vita, 1)) Uta, 11) Vi (11, 0)
=W(f2,tl)Sx(t,)U(&,f1)SI(t1)WT(11,0)~ (36)

Let us now consider six different cases for H(¢), and
discuss the phases accumulated by the eigenstates:

(1) As we have shown in Sec. II B above, when H () =
H(f) and we consider evolution in the perfect adi-
abatic limit (7 — 00, A — 0, AT — const., and we
are slower compared to the inverse energy gap to
adjacent eigenstates), at time ¢ we find the system
in the state | (¢)) = exp[—i(qbd(t) + ¢g(t))] |n(?)).
This is nothing else but the content of the adiabatic
theorem we proved above;

(2) If we evolve using the counterdiabatic Hamil-
tonian H(f) = H(f) + LA, = Hep(1), the evolved
state accumulates both a dynamical and a geomet-
ric phase. The difference to (1) is that we have
relaxed the condition of working in the adiabatic
limit. This statement is what counterdiabatic driv-
ing is designed for. This is easiest to see in the
co-moving frame, where

HE) = HE) + LA (0 — Vi@, 0)i9, V(2 0)
= H(@) + A, () — LA, (6

=D Eu(0) Ino) {mol, (37)

see Eq. (27), which is diagonal since A, is can-
celed by the Galilean term V' (t,0)id, V(z,0). Time
evolution in the co-moving frame then amounts to
integrating the diagonal elements, and recovers pre-
cisely the dynamical phase ¢, (f) = K fot E,(s)ds:

0(t,0) = exp (—iZmnm In0) ("o|> NE)
Going back to the lab frame, cf. Eq. (36), we have

U(t,0) = W(t,0)S;0) exp (—iqud,n(t) I20) (no|>

x S} 0, W(0,0). (39)

3)

“)

040201-10

We can simplify this expression by noticing that
(a) W(0,0) = 1, and (b) recalling that Sy [n9) =
[n[A(0)]) by definition. This gives

UG, 0) = W00 S e a9 a3 0)]) (n[A(0)]]
' (40)

If we now consider a closed loop, A(0) = A(7),
the Wilson line operator contains the Berry phases
[25.,47]:

W(T,0) = T, exp (—if dx Ax)

=Y e e nA0)]) (nA O],  (41)

where the geometric phase is ¢, , = —ih fOT (n(@)|
|9.n(5)) A(2)dr. Equation (40) then coincides with
Eq. (19) we derived before, since for a closed
loop |n(0)) = |n(T)). Thus, we find that the total
accumulated phase by each eigenstate is ¢4 (f) +
¢4 (t)—precisely as in the adiabatic limit, but with-
out the restriction of working in the adiabatic
regime. This is counterdiabatic driving.

If instead we evolve using another counterdiabatic
Hamiltonian ~ H () = H(t) + A0, UML) UT (L) =
Hcp(f), the evolved state accumulates only a
dynamical phase, i.e., | (?)) = exp(—igy(?)) |n(7)),
because the geometric phase cancels out. To see this,
consider the co-moving frame, where

H = H@) + iU (W), U0)) — LA,
=Y (Es(0) + i (n(s)0n(s)) A()) Ino) (nol ,
' 42)

which is again diagonal since the off-diagonal parts
in U'(A)(i9, U(A)) and flx cancel leaving only the
diagonal piece i (n(s)|dsn(s)) A(s). Time evolution
in the co-moving frame then amounts to integrat-
ing the eigenenergies of 7, which is precisely the
difference between the dynamical and the geometric
phases, ¢4(f) — ¢4(#). Going back to the lab frame
and considering a closed loop as in example (ii)
above, the Wilson line operator adds an extra geo-
metric phase +¢,. Summing all contributions, we
find that the geometric phases cancel out, and we
are left with the dynamical phase only.

If, on the other hand, we use only the gauge poten-
tial H(f) = L.A(f) to evolve the eigenstates (also
known as the Kato gauge potential [25]), the sys-
tem does not accumulate a dynamical phase, but
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it does accumulate a geometric phase, so the state
at time 7 is | (1) = exp(—igg() In(?). To see
the absence of a dynamical phase, note that in the
co-moving frame, the Hamiltonian 7:((t) = )lflx —
A A, = 0 vanishes identically. The gauge choice that
corresponds to the Kato potential is the so-called
parallel-transport gauge. It is a proper gauge along
the trajectory A(f).

(5) Whenever we evolve with the gauge potential
H() = A9, UM))U' (L) only, we do not accumu-
late any global phases, and hence | (¢)) = |n(?)).
The best way to think about this is that the effec-
tive dynamical phase is equal in magnitude and
opposite in sign to the geometric phase gener-
ated by 10, UM))UT (L), so their sum vanishes.
This is seen most easily in the co-moving frame
from above, where the Hamiltonian ﬂ(z) = 7:((t) =
— >, i (n(®|9n (1)) |ng) (no| produces a dynamical
phase which is the negative of the geometric phase
from the Wilson line operator in the lab frame.
Note that, in this case, the gauge choice x (1) is
fixed such that the Berry connection is given by
i{n(A)]9,n(2)).

(6) And finally, if we consider evolution with the adi-
abatic gauge potential in a generic gauge x ™ (1),
we will find the state | (7)) = exp(—ix (?)) |n(?)),
where y (¢) is neither the dynamical nor the geomet-
ric phase.

E. Variational adiabatic gauge potential

We will now outline a variational approach which
allows us to calculate approximate adiabatic gauge poten-
tials for complex many-body problems, even when the
eigentstates are not known. This approach starts from not-
ing that the adiabatic gauge potential defined by Eq. (31)
can be alternatively given by the condition [44,45,48]

[ A, Hol = il (3, Ho(A) + Faa) (43)

with the generalized adiabatic force operator

Faa ==Y %E,(0) [n(0)) (). (44)

Note, that F,q is equivalent to 9, H(A) in the energy
eigenbasis. We can therefore define an operator

i

G,.(4y) = 9 Hy(A) + 7 [4,, Ho], (45)

where now 4, is an approximation of the adiabatic gauge
potential; clearly if 4, = A, then G)(A,) = —F,q. This
allows us to take a variational approach to finding the adi-
abatic gauge potential by minimizing the distance between

Gy (4;) and —F,g. Choosing the Frobenius norm this
distance is given by

D*(4;) = Tr[(Gy.(43) + Fa)’]
=Tr[G}(4:)] + Tr[Fag] + 2 Tr[Gy.(4;) Fadl -
(46)

We can use the cyclic and linear mapping properties of the
trace in the eigenbasis to simplify the last term

Tr [Gy.(43) Faa] = Tr [Fagds Ho(A)] + %Tr [Faa [, Holl

i
= —Tr [Fazd] — ﬁTr [[Fad,Ak] HO]

= —Tr[FL]. (47)

where we have used the fact that F,q will commute with the
Hamiltonian. Therefore, in order to construct an approxi-
mation to the AGP we must minimize the distance given by

D*(4;) = Tr[G;(4,)] — Tr[Fa]. (48)

Since the adiabatic force does not explicitly depend on A4,
the minimization procedure is equivalent to simply mini-
mizing the norm of G, (4;). We can simplify the procedure
by minimizing the associated action, i.e., define

3S(4;)
04,

=0.
(49)

S;) =Tr [Gi A4 ,\)] and minimize

This will give an approximate adiabatic gauge potential,
or equivalently, an approximate counterdiabatic term. The
power of this approach stems from the freedom in choos-
ing what operators appear in 4,. By restricting to, for
example, only local operators we can construct a control
term that will perform as well as possible for a many-
body system under such a constraint and we can readily
expand the operator set to more complex terms, introduc-
ing higher order interactions. As a corollary, this approach
therefore also provides valuable insight into the relevance
of the non-local interaction terms that the exact CD term
typically requires [46,49].

Using the approach of variational CD for an arbitrary
many-body quantum system, we may have simply moved
the complexity from knowing the instantaneous eigen-
states to finding a suitable ansatz for 4;. Note, in general,
there will be exponentially many operators on which the
adiabatic gauge potential could potentially have support,
and this could still be unwieldy even when truncating the
number of bodies involved or the range of the operators.
However, a physically motivated option does exist [50],
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first, we can express the adiabatic gauge potential as

oo
Ay = Tim [ drem(e PG H ()M —

=0t Jo

M)\)a
(50)

with M, representing the diagonal terms, which are not

relevant. The first term of the integral can be expanded via

the Baker-Campbell-Hausdorff formula, taking a represen-
tive exponent X and operator Y,

eXYe_X=Y+[X,Y]+%[X,[X,Y]]+

+l'[X,[X,...[X,Y]...]+..., (51
n! —_—

n

with the commutator [X, -] repeated » times in the general
term. Using this we obtain

Z [H(A) H(A),...[H(A),BAH(A)]]], (52)

n

where the «, coefficients still need to be solved for using
the variational approach. While not immediately obvious,
we find that A, is off-diagonal and that only odd terms in n
actually contribute to the off-diagonal [50]. Therefore, we
can trivially set all o, = 0 for all n = 2m with m € Z and
write the adiabatic gauge potential as

Z [H(,\) H(x),...[H(x),aAH(x)]]]. (53)

21-1

Now, to take an informed ansatz we can consider a trun-
cation of the commutation relation. Note, that while this
commutator ansatz will restrict to those operators that A,
can physically have support on, there still may exist expo-
nentially many terms for an arbitrary many-body Hamil-
tonian [51]. It should also be noted that a finite truncation
of I=1,...,p does not mean that you have all operators
|

|¢¢) = cos (6/2)10) +sin (6/2) [1),
|pe) = sin (6/2) |0) —cos (6/2) 1), E.

for up to p-body interactions or that it does not contain
operators of more than p bodies. In addition, each order
of the expansion of the commutator can contain repeating
terms, and they are not orthogonal to each other, though
often in practice one orthogonalizes each term to avoid
having an overly expressive ansatz [51—53]. The use of the
commutator ansatz at finite truncation and its connection
to Krylov space is an active area of study which we will
briefly discuss in Sec. VI.

F. Examples

With the necessary groundwork established we now
move to the main purpose of this tutorial: applying these
techniques to several systems including those with direct
relevance for many-body systems. We take a deliberately
pedagogical approach providing explicit calculations of
the various control methods. In doing so we therefore also
detail some well-known techniques for solving paradig-
matic many-body models, in particular, Jordan-Wigner,
Holstein-Primakoff, and Bogoliubov transformations.

1. Example: The Landau-Zener model

We begin by considering the two-level Landau-Zener
(LZ) model with Hamiltonian given by

H=H@{) = Ac* +v(t)o?, (54)

where 0%, a € x,y,z are the Pauli matrices
(0 1 y (0 —i . _ (1 0
=\ o) 7 o) 70 —1)

(55)
and we assume units such that A2 = 1. Its simplicity
notwithstanding, the LZ model captures a remarkably
diverse range of physical phenomena [21]. Relevant to
many-body physics, it captures the central aspects of
critical systems and in particular two-band models [33].
The corresponding eigenstates and eigenenergies can be
written

E; = —/ A2 +v(1)?

with tan6 = A /v(?). Employing Eq. (14) we see that the counterdiabatic Hamiltonian is given by

E, — E,

180|800 1) (@]
A=t ( * E, — Eg

ov (1)

N 12\/A2 + v(0)?

(19010l o* B )ide] — |@c)lel 0% 1) (0l ) = —

e (el By (D)0 |¢g)<¢g|)

(56)
=V A2+ v(1)?
M y A (@) (57)

00 =——————-0
A2 + v(1)? 2(A% +v(®)?)
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We can arrive at the same expression for A using Eq. (21)

A =i(|de)bg| — (Delbe) |0e)Be| + |de)(el — (Pelde) |Be)(del) = i(if0”) = —

For any choice of ramp, v(#), evolving the system
according to the Hamiltonian

Adv(D)

2T v
(59)

Hopp=H+ A= Ac"+v()o® —

will ensure a perfectly adiabatic dynamics. As an example,
if the system is initialized in the ground state for some ini-
tial value of the field, vy, and we linearly ramp the system
according to v(f) = vy + vu(¢/T), we can understand why
this Hamiltonian achieves a perfectly adiabatic evolution
by comparing the energy spectra of the original and the
controlled Hamiltonians [54]. In Fig. 2, the solid curves
show the behavior of the eigenenergies of the bare LZ
model for a linear ramp and we clearly see the avoided
crossing occurring for /T = 0.5. In contrast, the energy
spectrum of the control Hamiltonian shows that adding
the counterdiabatic term modifies the energy gap in such
a way that, rather than exhibiting an avoided crossing, the
energy levels are pushed apart in precisely the right man-
ner to ensure that the rate at which the system is being
driven is still slow enough, with respect to this new energy
gap, that it continues to evolve adiabatically. Clearly the
counterdiabatic term fundamentally changes the spectral
properties of the system in order to achieve adiabaticity.
Indeed, using the fact that .4 is a Hamiltonian term, several

10f

(S
T

E, [eigenenergy]
o

|
[
.

710,

0.0 0.2 0.4 0.6 0.8 1.0
t/T [time]

FIG. 2. Time-dependence of the energy eigenvalues for the
Landau-Zener model (solid, black) and for the controlled evo-
lution, Eq. (59) (dashed) for two different protocol durations
assuming a linear ramp v(f) = —5 4+ 10(z/7T) and A = 1.

A 0,v(?)

RS A 4
ey OY

(

works use this as the basis for examining the thermody-
namics of quantum control arguing that A can be thought
of as a energetic toll that must be paid in order manipulate
the system [55—61]. For simple models such as Eq. (54)
it is intuitive to expect that 4 would modify the spec-
trum by simply opening an energy gap; however, this is
not necessarily true, as has been shown by closing energy
gaps in examples including non-interacting tight-binding
models [62] and many-body spin-1/2 lattice gauge models
[63]. In fact, the study of what constitutes the impor-
tant characteristics that the counterdiabatic term induces in
the spectrum of a complex many-body system is an open
question. While interesting and insightful in its own right,
understanding the control requirements for the LZ model is
vital when moving to the genuine many-body Ising model.

2. Example: The Ising model in one dimension

The transverse-field nearest-neighbor Ising model
describes a collection of interacting spin—% degrees of
freedom on a lattice under the action of a perpendicular
magnetic field. This model is often taken as an example
to first consider new control protocols due to its well-
known solutions and relation to other higher-complexity
cases that are studied [32,064,65]. We will consider the
one-dimensional (1D) Ising model for simplicity, which is
given by

N
H==3" (oo} +2). (60)

Jj=l1

o', a € x,y,z representing the Pauli matrix acting on the
jth site and g the relative strength of an applied external
field. This model exhibits a quantum phase transition at
g = g. = *£1 between a paramagnetic (|g| > 1) and ferro-
magnetic (|g| < 1) phase. As it is the only parameter, we
will consider the scenario where g = g(#), i.e., we drive g
and are interested in implementing CD terms such that we
negate any diabatic transitions so that, e.g., we can remain
in the ground state of the system in a finite driving time.
The Jordan-Wigner transformation. It is not always pos-
sible to derive the exact CD for arbitrary Hamiltonians,
but luckily the Ising model is exactly solvable through the
Jordan-Wigner transformation. This allows for the exact
CD to be obtained, as was done in Refs. [42,66,67]. First,
we will assume periodic boundary conditions, i.e., oy =
o1, for an N site system with an even number of spins and
N > 2.Itis simpler to consider the term across the periodic
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boundary separately and to write the Hamiltonian as

N
fo ofn—onof —g) of.  (6])
j=1

The Jordan-Wigner transformation is used to transform
the Hamiltonian from the interacting spin basis to a basis
of non-interacting fermions, and a useful summary of
its implementation can be found in Refs. [66,68]. We
can define a set of creation and annihilation fermionic
operators from the spin basis as

t T
¢ =Kjo7, ¢ =Ko, (62)

J

with
1 . _
in = 5 <o’]x + zo']y> ](/ — emZk<_i UkJrUk = 1_[ (] — 2”_]‘);
k<j
(63)
where n; = cjcj is the number operator and Kj;, with eigen-

values +£1, is the non-local string operator which counts
the parity of the number of fermions on the lattice before
site j . The fermionic operators obey the anti-commutation
relations

{ci,cj} =94 {ci,cj} {c:r,c;} =0. (64)

The one-body term is then relatively straightforward as we can write the z-Pauli matrix on site j as

of =1- ZCJ-C?]‘, (65)
which can be seen from
=1=-2 +_1_1 X _ .Y X—|—'O’y _1_l xx_~2o_yO_J’_~J’X+-O_xy
o %, 3@ i) )\ +iop ) = 1= 5 (of ] — '] o] —ioj o} +iofo;
1
:1_§O+1—mﬁqﬂzl—0—¢ = o7, (66)

note that the ordering of the Pauli matrices is important as they do not commute and we have used the fact that [ojy ,07] =

—2i(7]?. We can also write out the x-Pauli matrix as,

T . - -
of =K ( +6) =K (Kloy +K0") =0 +KKjo =0,

J

+ot =07 (67)

where we used the fact that K; K; acting on any state is equivalent to 1;, i.e., the identity operator. With this we can write

the Ising Hamiltonian given by Eq. (61) as

N
ZK (c +c,) 41 <J+1 +c,+1) — Ky (CJTV +CN> (cir +cl> —gZ (1 —20;0_;)
j=1

N
= — Zl{llg (C]T —|—C/) (1 — 211]) (CJT+1 +C/+1> _KN (Cj-v +CN> (CI +C1>

-g ﬁ: (1 — ZCJTC]‘) . (68)

Jj=1

We can simplify this further by considering each term in turn. The first term can be written as

N-1
- KK (Cj + Cj) (1—2m) (CJT-FI + Cj+1)
Jj=1
N-1

— 5+ -2 ~205i0) (G ) = -

J=1
N-1

(64 e ).

j=1

N-1

(c —|—cj> ( - 2c;rcj> (c;.rJrl + cj+1>
j=1
N-1 '
(C to - 26‘/) (C_}+1+0j+1)
Jj=1

(69)
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the second term—as
_ i f _ _ _ i i
KN (CN + CN> (Cl + Cl) = KN+1 (1 2}1]\]) (CN + CN) <Cl + C])
P <c;rv +cy — 201,) (chr + cl>

—P (cN - c;,) (clr + cl> , (70)

=-P (c;rv +cy — ZC;(,CNC;K, — 204{0101) (CT + cl> = —

where P = Ky is the parity operator for the number of fermions in the full N-site system. The third term cannot be
simplified further, though it is common to see it written in a different form given by

N N N
T
E (1 - ZCJTCJ) = E (cjcj + cjcj - 2cjcj) = E (cjcj - c;cj) , (71)

j=1 j=1 j=1
where we have used the anti-commutation relations given in Eq. (64). All this together means we can write Eq. (68) as

N-1

H= ( ) ( T cj+1> p (cN - c;r\,) <CI + cl> i(cjc —c; cj> (72)

j=1

This Hamiltonian is invariant under the parity operator and we can therefore split it into the even parity (P = 1) and odd

parity (P = —1) subspaces, and write the full Hamiltonian as
H=H'P"+H P, (73)
with
| N N
PE=2(1£P), and Hi=§:@¢%ﬁ(dﬂ+qﬂ) 2:( cq) (74)
j=1 =1
where H* has anti-periodic boundary conditions, i.e., cy41 = —c;, and H~ has periodic boundary conditions, i.e.,
CN+1 = C.

Momentum space. We will now focus our attention on the positive parity subspace, with the consideration of the
negative parity subspace being similar to the discussion below. The dynamics of the Ising spin chain given by Hamiltonian
Eq. (60) is then described by the Schrodinger equation and the fermionic Hamiltonian

Ht = i (cj — cj) (c;_+l + C.'1‘+1> gZ (c, —c; c,) (75)

Jj=1

with anti-periodic boundary conditions, cy+; = —cj.
It will now be convenient to write the model in (quasi)momentum k-space and to do this we can first write the fermion
operators in k-space as

e_i¢ N i ei¢ g
) P Ty VO 6
N 5 N 4

with the overall phase given by ¢ changing the phase of the pairs that will be created in k-space as we will see below. Note,
the choice of parity subspace informs the correct values of the quasimomentum k. For anti-periodic boundary conditions

we must satisfy cy41 = —c;, which after transforming to k-space will mean ¢V = —1, which has solutions
2m —1 N
k=2 DT hm=12... Y (77
N 2
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First we can Fourier transform the local term

5 (ad — ) =+

j=1 J kK

22 (e, -

Wit k)

= Z <8k,k’ckcz/ - 5k,k'CLCk) = Z (CkCZ - C;chk> , (78)

kK

k

where we have used the fact that §,,, = Zj e~i=mj /N We can follow similar steps with the nearest-neighbor term to

obtain

> (-

j=1 kK

= Z (2 cos kckck + e ey —

2ig ik’ —2ig —ik' i T
) ( ¢t C;+1> = E (e DS _ppeker —e e s kk/ckck/ 8kk’ckrck +8kk/ck’ck>

2i¢e_ikc,tcik> s (79)

where in the final step we have neglected a constant energy offset. Combining these, and using the anti-commutation
relations as well as the fact that ), cosk = 0, we can obtain the k-space Hamiltonian to be

H = Z [(cosk g) (ckck — ckck> + e ere_y —

All terms in the Hamiltonian now come in momentum
pairs, (k, —k), and we can define the full Hamiltonian by
only considering the positive & values. Let us now define a
fermionic two-component spinor

Ck i +
W = (cT_ k) vl = (ckc_k>, 81

which we can use to rewrite the Hamiltonian as

H = ZHk with
k>0

szijz- (g—cosk

—ie™*? sink
ie*® sin k v (82)

—g +cosk

We can write out the above 2 x 2 matrix in terms of a
psuedo-spin as is shown in Eq. (54) of Ref. [68], the choice
of ¢ then comes down to the direction of the effective mag-
netic field for this psuedo-spin, for the Ising model we have
written the effective magnetic field of the psuedo-spin is in
the x — z plane which corresponds to ¢ = —m /4. Taking
this value of ¢ we can write the Hamiltonian in momentum
space as

Hy =2V, [(g — cosk) o + sinko™] W, (83)

Back to Landau-Zener. We have now managed to
decompose the 1D Ising model into a collection of inde-
pendent two-level systems. Note that, under Schrédinger

2i¢ lkC]tCT ] (80)

(

dynamics, each two-level system will undergo a Landau-
Zener transition. We can now utilize the results of
Sec. IIF1, identifying A =2sink and v(f) =2g —
2 cos k, and the CD term can be written as

_ gsink
A= ZZ(I + g2 — 2gcosk)

k>0

Wiotw.  (84)

If one is only interested in being able to numerically cal-
culate the outcome of a protocol with CD this is where
we could stop. However, while we have the CD term in
a nice form, expressing this in k-space may not be ideal
for physical implementation. In addition, as the CD term
is local in k-space, we should expect that it will be highly
non-local in physical space; but this physical space alone
is the space of the non-interacting fermions, and we must
remember that the native basis for our initial Hamiltonian
is in fact spin-1/2’s.

Having Fourier converted the problem of spin-1/2’s to
non-interacting fermions and then transformed to &-space,
we now find ourselves with the CD term but with the
need to trek back along the path we have followed to this
point. First we can write out the CD term in the fermion
operators as

— gsink o
= lkgo: 2 (14 g% —2gcosk) (Ckc*" ckc—k) ,
(85)
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then utilizing the inverse Fourier transform defined in
Eq. (76) we can write this in position space as

N .
i sink . .y
A= _ﬁgzz 1+ g2 —2gcosksm((] —J )k)

jJj’ k>0

(86)

J

X (CjCﬁ 4—6???)5

. N
Az—éng(j —Jj' (cjc] —I—cc )
Ji’
;o
=582 1 (G =J') | KKo!
Ji’

z
[T o

<m<j’!

N
==y fG-J)]|o
Jd’

where in the last step we have removed a o from
the product and used the fact that o;'o; = —io;" and
o} 0j = o}

Achieving perfect control still requires knowledge of the
coefficients, f(j — /'), the precise determination of which
is highly non-trivial [42,67], as we will discuss explicitly
shortly. Nevertheless, Eq. (87) is the exact CD term for
the 1D Ising model in the native spin-1/2 basis. As antici-
pated, it is a highly non-local operator which couples spins
across the full system and, in this regard, it is instructive
to examine how the complexity of the CD term emerges
as we scale up the size of the system. For N = 2 we can
directly compute the exact A using Eq. (14) and find

A« (0]03 + 0703) (88)

similarly for N = 3

A (005 +070; + 0,05 + 0503 + 0301 +0307),
(89)

where we see the operators entering the control terms are
precisely those appearing in Eq. (87). Thus, while Eq. (87)
provides the overall form of the counterdiabatic term, it
still remains to determine the correct form of the coeffi-
cients, f(j —j'). For N = 2 it is easy to find the explicit
form of the coefficient by direct calculation, resulting in
the CD term taking the compact form

Ao &

4(1+¢% o

(0703 +0703).

z
[T -

j<m<j'

remembering that we only need to consider positive k. We
see that, as expected, the CD term is highly non-local in
physical space as it is a sum over all pairs of sites in the
1D lattice. We can now write the CD term in terms of Pauli
matrices, using Eq. (62),

+ Tt -
o T K Kjo;

g
I EALE

j <m<j'

z y
[T on)op .

j<m<j’

87)

X X
ojr + 0;

(

Already determining the precise coefficients even for N =
3 becomes significantly more involved; however, if we
restrict to only controlling the ground state we find by
direct calculation

. 1+g
830 +g)

Yy __x x )
+ o307 +0307),

—— Y X x )V
Ags = (0703 +of0y + 03503 + 0503

oD

where the choice of symbol reflects the fact that, despite
the operators appearing in Agg corresponding precisely to
those that make up .4, the choice of coefficients means that
this counterdiabatic term will not suppress excitations for
all eigenstates of the Hamiltonian. In general, one can take
a similar approach to Ref. [42] and assume an ansatz form
for the coefficients. If we restrict to control of the ground
state for an even size chain with periodic boundary con-
ditions, then we can use the results of Ref. [67], which
provides an analytic form for the coefficients. For consis-
tency with Refs. [42,67] we slightly rearrange Eq. (87) into

the form
} 92)

93)

N/2—1
Acs = —¢ [ > (@Al + hN/2<g)A

m=1

where the coefficients are now given precisely by

g2m + gN

hm = 5 11 v
(g) 8gm+1 (1 + gN)
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It should be clear that each m term in Eq. (92) corresponds
to a different “range” of interactions given by

N n+m—1
[m] __ ¥ z X
AGS - Oy Uj 0n+m

n=1 Jj=n+1

n+m—1
X z y

+oy | [ o | onin |- (94)

j=n+1

with m = 1 corresponding to nearest-neighbor terms, i.e.,
no o;’s appearing as, e.g., seen in the N =2 and 3 cases,
and we extend up to a maximal range of N/2 due to the
assumed periodic boundary conditions. Note that the fac-
tor of 1/2 appearing in front of A[é\g/ *l'is due to the even
system size which results in there being only a single spin
at the “maximal” distance of N /2 from site 1. This allows
us to write out explicitly the control term that will maintain
adiabatic dynamics for the ground state for N = 4, which
is the smallest system size such that there are contributions
arising from both terms in Eq. (92) with

, 1
Ags = AZ) = —¢ [hl(g)Agg + §h2<g)Ag;} where (95)
(1] 1+g2 Y _x X,y Y _x X,y Y _x x Y Yy _x X,y
h@Ags = gy gry (9103 + 010y + 0305 + 0303 + 0307 + 030y + 0407 +0for) (96)
hz(g)A[GZ% = 4(1(ng4) (070303 + o{0503 + 03050 + 05030, + 030507 + 030501 + 0] 0705 +050705)  (97)

where for consistency of notation with Sec. Il F 4 we intro-
duce Ag’g to denote the cumulative control term utilizing
all interactions with ranges up to and including m-body
terms, i.e., the sum of the individual terms with a specific
range A%"S]. In Fig. 3 we show the relevance of the differ-
ent contributions in achieving control of the full system.
We see that if we include only the two-body control terms,

1.00 | ==
0.95 - _
0.90 |
=
= 0.85
<
= 0.80 |
W, O
. no control term
0.70 . A[(l;]s
0.70 | AP
— A
0.65 ‘ ‘ ‘ ‘ L
0.0 0.2 0.4 0.6 0.8 1.0
t/T [time]
FIG. 3. Ising model for N = 4 with g(f) = 0.1 4+ 1.9¢/T fix-

ing T = 1 and starting in the ground state. We show the fidelity
with the instantaneous ground state for the full counterdiabtic
term (black) involving all two and three body interactions, i.e.,
Eq. (95), implementing only the two-body terms, i.e., Eq. (96)
(dashed, red), implementing only the three-body terms, i.e.,
Eq. (97) (dot-dashed, orange). We also show the evolution for
the bare Hamiltonian (blue).

i.e., evolve according to H — gh; (g)A[Cg, these terms pro-
vide the most significant improvement in the ability control
of the system when compared to the performance if we
include only the three body control terms, i.e., evolve
according to H — ghz(g)A[ng. Clearly, given that we are
considering only N = 4, perfect control is achieved when
both two- and three-body terms are present and the system
is evolved under H + Agg

3. Example: The Ising model with all-to-all couplings
(Lipkin-Meshkov-Glick model)

While the previous section considered the solvable Ising
model with nearest-neighbor interactions, for which the
exact CD term for any N can be determined, we can also
look at a complementary interaction setting, where all con-
stituents mutually interact with one another. This all-to-all
coupling, or infinite range interaction, is captured by the
Lipkin-Meshkov-Glick (LMG) Hamiltonian

1 N N
=y Lo/ = g0,

Jj<k

(98)

Originally proposed as a model to study shape phase transi-
tions in atomic nuclei, Eq. (98) has since come to encom-
pass a wide range of physical phenomena including as a
model of magnetism [69,70] and as a paradigmatic model
for studying quantum phase transitions [71]. Notice that
unless warranted for clarity, we use g(f) = g for brevity.
From the quantum many-body perspective, this model
is interesting due to its very rich phase diagram, host to
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ground and excited state quantum phase transitions thanks
to the high degree of symmetry the all-to-all interaction
provides. In the thermodynamic limit, N — oo, the ground
state phase transition is between symmetric (0 < g < 1)
and symmetry broken (g > 1) phases. In the symmet-
ric phase, even and odd parity subspaces are degenerate
(and quasi-degenerate for large but finite N with the gap
between even and odd sub-sector energies inversely scal-
ing with system size), while in the symmetry broken phase
this degeneracy is lifted [69,72]. Despite the similarities
with the Ising model, while Eq. (60) can be solved for
arbitrary values of N the same is not true for Eq. (98).
However, due to the high degree of symmetry that this
Hamiltonian exhibits, it is more amenable to a mean-field
type approach, allowing for the model to be exactly solv-
able in the thermodynamic limit by mapping to a quantum
harmonic oscillator. This raises interesting consequences
when aiming to achieve control of the model: tools and
techniques have been developed to control a harmonic
oscillator [73]; that said, clearly for any finite N the map-
ping will only be an approximation and therefore leaves
questions as to the efficacy of “naively” applying such con-
trol approaches. To examine this, however, we must first
solve the model. In what follows we will focus on the sym-
metry broken phase only, i.e., g > 1, carefully detailing
the steps necessary to find the solution. An almost identi-
cal calculation can be performed for the symmetric phase,
with some caveats that we will discuss later and details of
which can be found in, e.g., Ref. [74].

The first step is to exploit the symmetry induced by the
homogeneous all-to-all interactions. This means that it is
more convenient to write Eq. (98) using collective spin
operators, S, = %Zn oY giving

H= 252 2S+111 (99)
TN T T

Notice that the last term, proportional to 1, will have
no impact on the dynamics that we will study, it simply
amounts to a global phase, and hence is often neglected.
For pedagogical reasons of completeness we will keep this
term. It is easy to confirm that S? is a conserved quan-
tity and we can view the N-particle system as an effective
(N + 1)-level spin. We can solve to find the ground state
of the model by mapping to bosonic operators following
the Holstein-Primakoff approximation, which is valid for
N > 1. If we restrict to g > 1, the individual spins all
tend to align along the z direction, and therefore we can
define our collective spin operators in reference to this
axis,

a* = (sinh (5 ) &+ cosh () 1) = sint? (5) @2+ cosh? (5 ) &2+ cosh (5 ) sinh (5 ) (1-+25'8),

S, =+/Na, S_=+/Nd,
1 1
= 5= §(S+ +8), § = Z(S+ —5-), (100)
N .
S, = >~ ala.

In this picture, a state with all spins pointing up along z
corresponds to the vacuum, i.e., (a'a) = 0. Plugging these
into Eq. (99) we find

2 /1 1
H=——|-(S S (S S ))—2gS.+ -1
N<4(++ )8y + )) g +2

2 (N N 1
=-% (Z(a—i—aT)(a +aT)> —2g <3 - aTa> + 3
1 N 1
=3 (@ + (a"? +d'a+aa’) —2g (5 —aTa> +5
(101)

and collecting terms together and using the canonical com-
mutation relation, aa’ = 1 + a'a, we finally arrive at our
Hamiltonian written only in terms of bosonic annihilation
and creation operators

1 1
H = —3 (a2 + (aT)z) -3 (aTa + aaT) + ZgaTa

1 —2gN

2
L5 12 ¥
= —E(a + @) +a'a@g—1)—gN. (102)

We now want to diagonalize this Hamiltonian in order to
remove the difficult terms in ¢® and (a")?. This can be
achieved using a Bogoliubov transformation. For the sym-
metry broken phase (g > 1) that we are focusing on, we
start by making the following transformation:

a = sinh <%> b' + cosh <Z> b,

o o (103)
a' = sinh (5> b + cosh (5) b'.

While at first sight this would seem to complicate things,
we will see that it is through a judicious choice of the
argument, «, that is determined by a suitable quotient of
the coefficients in Eq. (102), which allows us to diago-
nalize the model. To proceed, we require the expressions
(@* + (@")?) and a'a in terms of the new bosonic operators
band b

(104)
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(ahH? = (sinh (%) bt + cosh (%) b)2 = sinh? ( ) b*+ cosh? ( ) (b")%+ cosh ( ) sinh (2) (1—|—2bTb)
(105)

= d*+ (") = (cosh2 (2) + sinh? (2>) (b2 + (bT)z) + 2 cosh (%) sinh <%) (1 + 2bTb)

= cosh (@) (5 + (b)) + sinh (@) (1 +25'), (106)

ata = (smh( )b+cosh< )#) <smh< )b*+cosh<2)b)

= sinh (j) cosh ( ) (bH? + smh( ) cosh ( ) b* + cosh? ( ) b'b + sinh? ( ) (1 + bTb)
- % sinh (a) (b2 + (6")?) + cosh (@) bTb + sinh? (5) , (107)

where we have used the relations sinh(2x) = 2 sinh(x) cosh(x) and cosh?(x/2) + sinh?(x/2) = cosh(x). We therefore find
the Hamiltonian, Eq. (102), transformed according to Eq. (103) is

H= _% (cosh @) (&2 + (57)°) + sinh (@) (1 +265))
+Qg—1) (1 sinh (@) (b + (b")?) + cosh (@) bTh + sinh? (%)) —gN. (108)

While indeed apparently more complicated than our original Hamiltonian, we now make use of the special choice for the
argument

1

tanh =
anh (@) = 3,

(109)

which we see is related simply to the ratio of the relevant coefficients appearing in Eq. (102). This then allows us to write
Eq. (108) solely in terms of sinh (&) since

. sinh («) B B )
cosh (o) = anh (@) (2g — 1) sinh (@) .
Thus, we have
1 sinh (o) ) 1 | |
H o= i (07 (1)) = 5 sinh @) (14268) + 5 g = Dsinh @) (5 + (1))
sinh () 4 ey
Qg =) Lo b+ (2g — Dsinh (2) oN

= _% (2g — 1) sinh () (b2 + (b*)z) + % (2g — 1) sinh (@) (b* + (b")?) — % sinh () (1 + 2b75)
+ (g — 1) (2g — 1) sinh (@) b'b + 2g — 1) sinh? (%) _eN, (110)

where we now see that the terms involving b% and (b")? cancel and, after a little algebra to collect together terms such that
we can express H in the standard harmonic oscillator form, we are left with

H = (4g* — 4g) sinh (a) (bTb-i-%) —g(N+l)+%. (111)
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From Eq. (109) it follows that sinh(a) = (4g? — 4g)~!/2,
finally giving us our desired mapped Hamiltonian

H=2/gg—1) (b‘fb+%>—g(N+1)+%. (112)

The reason for doing this is that the precise form for the
counterdiabatic term is known in the case of a quantum
harmonic oscillator [73] with a time-dependent frequency,
w, and is given by

_ P oy o
A=iz= (0= (1), (113)

From Egs. (104) and (105) we see that

@ —a? = (cosh2 (%) — sinh? (%)) b

+ (sinh2 (%) — cosh? (%)) b

=b — b2 (114)
Therefore we can readily determine the operators that the
counterdiabatic term depends on in the collective spin
picture by simply reverting using Eq. (100)

1
AGS X N (Si - SE)
1 o \2 o2
=+ ((8c+i8,)° = (8. +i5,)°)

= ]%l (SeSy +8,8:) - (115)

The counterdiabatic term for the ground state of the LMG
model then follows by identifying the frequency, w =
2,/g(g — 1), where we remind that g is the time-dependent
parameter. We therefore finally find that the control term
for g > 1 is given by

2g—Dg

Agg = ——2 "5
as 4Ng (g — 1)

(SeSy +5,8:) - (116)

We again stress that due to the regime of validity of the
Holstein-Primakoff approximation, this term is an approx-
imation for any finite N and only strictly applies to the
ground state; nevertheless, it provides useful insight inso-
far as it indicates the operators that are likely to be highly
relevant in achieving control over the system. As it is
an approximation, it is prudent to test its effectiveness.
For a ramp restricting to the symmetry broken phase,
taking g(?) = go + g4(t/T) we show in Fig. 4(a) the per-
formance, as determined by the final target state fidelity,
of this ramp as we increase system size. For comparison
we show unitary dynamics with no counterdiabatic driving

term (blue) and the exact, numerically calculated coun-
terdiabatic term (black), i.e., Eq. (14) evaluated explicitly
for the finite sized system. We clearly see that since
Eq. (116) is an approximation it does not perfectly sup-
press the non-adiabatic transitions. However, crucially we
see its performance improve as we increase the system size
(notice that the apparent plateauing behavior is discussed
by Takahashi [74]).

Given that Eq. (116) is an approximation, it leaves open
the question as to whether we can do better by leveraging
the information we have learned from the mapping, specif-
ically the choice of operators that enter the control term,
and examine whether there is a better choice for the driving
profile. As a simple demonstration of this concept, some-
what inline with Ref. [43], we consider the functional form
of the coefficient in front of the operators in Eq. (116). We
can replace this with a simple pulse with a similar profile

exp(®) — b

="

(117)

The task is then to determine what combination of the
parameters a and b will give the best final state fidelity
while still assuming the same ramping profile for g(#), i.e.,
the linear protocol. For this simple case, we show the land-
scape in Fig. 4(b) where we consider a fixed system size,
N = 50. We see that remarkably high target fidelities can
be achieved. While the choice of pulse here was for ease of
demonstration, it is clear that this hybrid approach is one
which optimal control techniques are particularly suited to,
especially if we allow for a more general pulse profile.

While the above analysis holds for the symmetry bro-
ken phase, g > 1, a qualitatively similar calculation can
be done for the symmetric phase. This results in a con-
trol Hamiltonian with the same general form as Eq. (116)
but with a different coefficient. In doing the mapping, the
key difference is that the axis around which the Holstein-
Primakoff approximation, Eq. (100), (or equivalently the
Bogoliubov transformation) is performed depends on the
exact value of g. We refer to Refs. [43,69,70,74] for
more details. A remark regarding the simulation of the
model in the symmetric phase: due to the quasi-degeneracy
of the different parity sub-sectors, care must be taken
when numerically implementing the control since the small
energy gaps can lead to numerical instabilities in the
dynamics.

The above example demonstrates a key message of the
present tutorial: hybrid approaches to control offer a pow-
erful framework to coherently manipulate complex quan-
tum systems. In particular, we see that the N — oo limit
serves as a good approximation for sufficiently large sys-
tems that we can use the functional form that the exact con-
trol term predicts and supplement it with optimal control
techniques to achieve almost perfect performance. Natu-
rally, one could have directly examined the problem from
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(a) Ramping within the symmetry broken phase of the all-to-all model, with g(f) = 2 — 0.9¢ where the aim is to connect the

ground state of H at t = 0 with the ground state at # = 1. We show the final target state fidelity at # = 1 as a function of system size
for the exact, numerically evaluated CD (black), bare evolution (blue), and using the QHO approximation, Eq. (116), (red). (b) We fix
N = 50 and use the guess pulse Eq. (117) for the control given by the QHO approximation and sweep over the achievable fidelities.

an optimal control stand point following, e.g., Ref. [75],
dictating from the outset what operators to include in the
control Hamiltonian and then seeking the best pulse, and
for a model as relatively simple as Eq. (98) this would be
feasible. The advantage of the above approach however is
that it allows us to immediately see why a particular sub-
set of operators are important in suppressing non-adiabatic
transitions, a point that will be again explored in the next
example.

The Ising and LMG models demonstrate that the exact
CD terms for many-body systems necessitate non-local
interactions. While some non-local interactions can be
tuned in some systems, e.g., atoms coupled to cavity modes
[76], clearly there is an extremely high overhead in terms
of the control needed over various ranges of interactions
to implement the counterdiabatic term, cf. Eq. (87) for the
Ising model. In general, we find that interaction ranges nec-
essary to achieve exact CD driving are not fixed and can
be of higher order than the terms in the bare Hamiltonian.
Indeed, this is the case with the Ising model in Eq. (87):
when we map the non-local two-body terms obtained for
spinless fermions back to the spin-1/2 basis, we find that
we generate N /2-body terms with periodic boundaries and
N being the system size [42]. While one approach to tackle
this issue is to come up with new and novel ways in which
to realize exact CD, e.g., by shaking the system in a par-
ticular way [50], another is to ask how important such
long-range terms truly are, cf. the discussion around Fig. 3.
In most scenarios, especially when keeping away from
critical points, to obtain a substantial speed-up through a
CD control protocol it may be sufficient to consider only
local approximations of the exact CD [46,77]. In scenar-
ios where it is possible to derive the exact counterdiabatic
Hamiltonian then it is possible to take truncations of this

in a sensible manner by considering dominant terms or
taking a finite cut-off in the range of the exactly derived
counterdiabatic terms, as demonstrated in Ref. [46] for the
Ising model wherein it is shown that the variational adia-
batic gauge potential provides the most insightful way to
construct the control term. We next demonstrate this while
also showing how the variational approach can be utilized
for non-integrable models.

4. Example: Variational counterdiabatic driving

The exact CD driving approach is powerful when fea-
sible but limited in two central ways: (i) it requires the
instantaneous Schrodinger equation to be solvable at all
times of a given protocol, and (ii) it often results in a highly
demanding non-local driving term to be implemented
which can be beyond the capabilities of the hardware. The
approach of variational CD driving and the use of the AGP,
as detailed in Sec. I E was introduced in order to tackle
both of these limitations at the cost of constructing only an
approximate CD term.

We will take as an example the 1D Ising model, but will
also include terms to make it non-integrable so that the
Hamiltonian is given by

Hy() = —J (1) ) _0fof, —Z() Y o] +X ()Y o,
J J J
(118)

with A being the time-dependent driving field. In this
example, we will consider in detail the case of periodic
boundary conditions for N > 2, however, we will outline
where the boundary conditions become important and what
happens in the case of N = 2 for which we will derive the
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exact CD utilizing the variational approach. In the limit of
N =1 this model becomes equivalent to the Landau-Zener
model considered in Sec. I1 F 1.

with 4, B, C being operators and d a scalar. Since they will
be heavily used in the following, we explicitly state the
commutator relations for the Pauli matrices

From the commutator ansatz of Eq. (53) we can find

all possible operators on which the AGP can have non- gjx,g]f = 2i078; 4

zero support. However, this can be an exponentially large - .

number of operators for an arbitrary N size system. In this gjy ,or | = 2,‘(;12‘ 8k

example, we will be interested in applying approximate - ; (120)
CD driving up to two-body terms and we can turn to the sz’gg — 25(;]_y 8k

commutator ansatz to obtain the correct set of operators - -

for which the AGP can have support for up to this limit. [OjZ, a,f] — ij, of | = [ij , U,f ] =0

Before moving further forward it is useful to write out the

commutation rules with §; ; the Kronecker delta, both of which we will use

frequently in this example. We start by considering the first
term of the commutator expansion, where we will drop the
A-dependence of each parameter for ease of reading,

[dA,B] = d[A, B]

[4,B+C]=[4,B] +[4,(C]
[4,BC] = B[A,C] +[4,B]C
[AB,C] = A[B,C] +[4,B] B

(119)

AS) = iay [Ho(X), 0, Hy(M)] = iy Z (—JX [Uj-zcrj-ZJrl,a,f] - ZX [sz,a,f] —-XJ [ajx,a,ialfﬂ] -XZ [ajx,alf])
ik

= ia; Z ((XJ —JX) (af [ajzﬂ,o,f] + [ojz,a,f] ajz+1> + (XZ - ZX) [ajz,a,fD
ok

=20 Y ((xJ = JX) (00}, + 0/ 07y ) + (X2 = ZX) o) . (121)
J

Now we want to utilize only the information about what operators can be generated by the commutator ansatz up to
two-body terms. As a result, we will not utilize the coefficients derived in front of said operators and from Eq. (121) we
would write the ansatz for the AGP as

AV =aY 0’4y Y (Q@XH + 0}’0f+1) , (122)
J J

with & and y being the coefficients we aim to determine. The next step would be to derive the second term of the
commutator expansion, but since we are only interested in up to two body terms and the calculation of the second term
is tedious, we will simply quote the result by stating that the full ansatz for the AGP including up to two-body terms is
given by

2 X z z
AP =} o) 483 (oot + 0k ) +7 2 (570 + 0 0f), (123)
J J J

where we also now need to find 8. For comparison, we will write the ansatz for the AGP up to one-body terms as

A =a Yo
J

(124)

and note that the « coefficients for the one-body and two-body terms are not necessarily equivalent.
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We now need to derive the distance we will minimize according to Sec. I1 E, first, we need to obtain G;, (Aﬁz))

Gy (Aiz)) =0 Hy +i [Aiz),Ho]
=~ Y ojoin 2 Y 0 + X Yoo +ia ) [of ~Jojoi ~ 2o + Xof
J J J Jik

—1—1’,32[ 1+U oL ]a,fa,‘fH—Zo,ﬁ—{—XU,f]—{—iyZ[ 1—1—0 o1 Jo,fa,erl—Za,f—}—Xo,f].
j K Jsk
(125)

At this point, it is useful to consider each one of the commutators in turn and we will look at each of these in the order
they are presented above. Starting with the one corresponding to crjy ,

; y T2 2 7z X
io E [Uj’—JGkaH — Zoy, +Xc7k]
ok

:iajz( JZ(ak (o) ot ]+ o ak]af+1)—ZZ[%X’“Z]”Z["J*’“?])

k k
=iay (—J > (a,fg."éj,kﬂ (i) + 078 4 (2) o,fH) —Z) Qi)8 ko +X Y (=2i)¢;, ka;)
J k k k

=2Jay (a,ga;ura;a,;l) +2Za Yy of +2Xa Y o, (126)
J J J

Note that above, and in other places in the derivation of this example we use a subtle trick of labeling, the use of which
can be frustrating for those who are not aware of it. For two operators labeled by j and k, where j and k& are summed
independently over the same values, then we can always swap j and k. This can be seen in a simple example

Z(AjBk—l—AkBj) = Z(AjBk + 4;By) =ZZAjBk, (127)

Jjk Jjok Jk

while this trick is rather obvious when stated so bluntly, it is surprising how amid long analytical derivations such a trick
can be missed, and how software, e.g., Mathematica and Maple can not easily implement this in general.

We now look at the commutator corresponding to o;°c; +1 terms, which is rather involved, and requires the application
of the commutation relation rules many times over. To start, we expand the commutator to get every term into the form of
the commutation of two Pauli operators

iﬂZ[ ol +ola, —Jo[og, — Za,i-i—Xcr,f]
ke

. y X z z y
=ip E ,( J§ (‘7 o) [ ;+1’Uk+1:| + 07 [ 1+17Uk:|0k+1 + o [‘7 Uk+1] Oig T [U_/"Uk]"kﬂq/‘ﬂ
J

Y .z b z y X z z z Yy oz X y .z z X
+ 0j o ["j+1a0k+1] + oj [‘7]'+1,Uk] Ojct1 T O [Gj ’Uk+l] Ojp1 Tt [Uj ’Gk] "k+10j+1)

_ZZ< [ 9j+1>0 ]+ [ija"lf] ij+1 +‘7j [ 1+1’Gk:| + [ajy,o,f] ‘7jx+1>
+XZ< [M, ]+ [aj{o,f] G;H)). (128)
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We can then insert the known commutation relations and gather like terms

iy [0/0s + 0/ 0}, ~Jofofs, — Zof + X of |
k
=ip Z <—J Z (ij"f (2087 k) 01 + 07 (208 41.6) 07410511 + 0% (=208 401) 07 07y + (=21814) 07 074107
' k

+Gjy0k ( 2i; k) 01 +0; ( 2"‘Sj+1,k) Gjy+1‘71?+1 +o; (2i8j,k+1) 0oy + (2’51 k) 0/ 04410 ]-‘rl)

- ZZ ( 215/+l k) o1t (_2i51,k) ijajyﬂ + ij (_2i5j+1,k) ‘7jy+1 + (2i5},k) ijajxﬂ)

+X Z (ij (_2i5f+1’k) o4+ (_Ziaf’k) GJ‘ZGJ‘XJH))
k

=2/p Z (G 0701 + 070} 11041 = 0] 070} =07 0] 40 jy+1>
+2Jp Z (‘Gxaj'x 2+ 07074107y, — 007,107, — 07 0710 +2>
j
+428Y (0707, — 00y +2XB D (of o +o701). (129)
j

Now, we can use the fact that we can always combine Pauli operators acting on the same site, as is present above, in this

case we use that 07’07 = iajy and o7 ajy = io}" to obtain

iB Z [ojxajyﬂ + ajyaj’ﬁrl, —JO’,?O’Ierl — Zof —i—XG,f]
- 2iJﬂZ( o+l —oial, —dlo +1>
J
+2Jp Z ( Of42 + 0701410715 = 0707410)15 = 77 010, +2>
+4Zp Z (ijaijrl ]+1) +2XPB Z < ot szaf'x“>
J
= 2]ﬂZ<gfgj‘ 2+ ofol 00, — oo, 00, —dloi, o +2>
J
+4ZﬂZ(UJ‘x°"_}Y+1 ]+1) +2Xﬁ2( o +gfoj?‘+1). (130)
J

In the final stretch, we can turn to the commutator corresponding to o7 ojy 4 terms, following a similar procedure to above

we first expand the commutator

; z Y Yy .z TnZ 2 7z X
v E :[O} 041+ 05 0741, =J 030y — Zoy +X0k]
k

k

:i)’Z( Z( [j+l’0k0k+l]+[ay Uk0k+l] j+1> ZZ(“;‘Z [‘Ey+1’0f]+[0y Uk] /+1>
J

X Yo _x z y z X z X y

+ Z 720t | + |0 0F |0 + 0] |of a0 | + |0 0F | oy
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=iy ), ( JZ (0 o [ J+1’Gk+1] +o; [ ]+1a‘7k] i1 + 0% [U 0k+1] o+ [Gjy’@f] 01f+1ajz+1)
J
] ) 5 S ] bt ] )

(131)

We can then insert the known Pauli commutation relations

iJ/Z[ j+]+0 0+la Jcrkcrk+1 ZO’If-i-XO'I?:I
ik
=iy Z ( JZ (G Gk 213} k) 0i1 + 0 (2i5j+1,k) q;‘+1015+1 + Glf (2i5j,k+1) q/qu]?+1 + (2i3j,k) q/?‘olf+1q/?+1)
— ZZ ( 218]+1 k j+1 + (2161 k) j+1>

F XY (0 (<2i010) 07y + (208,) 5707y + 07 (208 10) 0y + (208) oﬁofﬂ)) . (132)
k
It is at this point that a peculiar thing happens, as the square of any Pauli matrix if the identity, 1;, we get the following:

: z .V Y __z TAZ 2 7~z X
iy E [Gj 0j 1 + 05074, —Jopogy — 2oy +X0k]

Jok
—4J’}/ZU Ty j+2+2JyZ<o ]lj+1+]ljaj+l)+22y2( 04, tojo j+1>+4XyZ< 0 — jy+l>
J
=4Jyzq;g;+lg;+z+4Jyzq;+2z,,z( o' + 0o ]+1>+4Xyz< 0Fe =) (133)
J k j

Note, we highlight this step involving the 1; terms, as this single-body operator in the second term is truly being obtained
from a two-body operator. This has consequences dependent on the boundary conditions, and if N = 2 then the resulting
one-body term in the final line should have a coefficient of 2/ instead of 4/. We can now return to Eq. (125) and, gathering
like with like terms from Egs. (126), (130) and (133), we obtain

G, (A7) = (4Xy —J) Y ofof, + @Ja+2XB+22y) Y (0f0f,, +0faf, ) + 2Za + 4Ty +X) Yo
J J J

+ Xk 2) 3o + 2B 3 (o a4 0 0fsa) =208 L (o o+

+4ZﬂZa o (4Zﬁ+4Xy)Zo ol +4Jy Y oot +o7. (134)

J

Note, we just subjected ourselves and the reader to a lot of algebra with the tracking of seemingly countless commutation
relations and operators. This is done in part to, of course, educate the reader on these techniques, but also as a cautionary
tale that this approach is not scalable and is therefore prone to human error. We will present current leading alternatives
to this pen and paper method outlined here in Sec. VI.

Following the approach of Sec. I1 E, we now want to minimize Tr{G? (Aiz))] which at first can appear quite daunting as
we now need to square the long expression given above. However, Pauli matrices are traceless, i.e.,

Tr [UJX] —Tr [UJY] —Tr [0;] =0,
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which means that any term in G2 (Af)) with a single Pauli matrix will not contribute to Tr{G> (Aiz))] and that only terms
with Pauli matrices squared will be present, and that these will have a trace of 2. Therefore, to write the Tr[Gi (Af\z))] we
skip calculating G5 (A;z)) and instead square the coefficients in front of each orthogonal operator giving

N2 VTR [G2] = (4Xy —J) + (@ +2X B+ 22y) + (2Za + 4Ty + X ) + (2Xa + 2)° + 8.2 B>

+16Z°B> — (4ZB +4X y)> + 1677, (135)
Note, we have dropped the Aiz) dependence of G, for ease of reading. However, it is also at this step that boundary
conditions become important, as each of the two- and three-body terms will be present a different number of times and
will have coefficients of, e.g., N — 1 for two-body terms with open boundary conditions, instead of the N for the case of
periodic boundary conditions. It is simpler to think of the N = 2 case as explicitly different, as there will be no three-body
terms and any sum over two-body terms is irrelevant.

The final step in obtaining the coupled set of equations that we must solve to obtain «, 8,y is to differentiate and

minimize with respect to each coefficient of our ansatz, i.e., consider

T [G7] ITr[G?] g O [G]]
o ’ p ’ oy
We can then write the obtained coupled set of linear equations as
4J% +2X2 + 277 4JX 8JZ o XZ-XZ
JX 22+ X* 44722 3XZ Bl=1 0 (136)
4JZ 6XZ 8J%+8x2+272) \y XJ-XxJ
For completeness, we will also state the coupled set of equations for the case of N = 2
2J2 +2X2 + 277 2JX 4JZ o XZ-XZ
2JX 2X2 4472 6XZ Bl=| 0 |, (137)
4JZ 6XZ 272 +8x2 422 ) \y XJ —-XxJ

as we will utilize these in the numerical example below,
and it serves as a good test of the approach as we expect
the variational CD with up to two-body terms to be the
exact CD as there are only two bodies.

We now turn to a concrete example of the implementa-
tion of variational CD in the Ising model. We will consider
a system described by Hamiltonian Eq. (118) with the
following parameters:

J=J, Z)=J, X)) =2JA,
with A being the time-dependent linear function

t
)‘(t) =

; (138)

with ¢ going from 0 to T where T is the total driving time.
This allows us to explore both the adiabatic 7> J~! and
diabatic 7 « J~! regimes. First, we look to confirm that
the variational CD terms are correctly derived by consid-
ering the case of N = 2 in Fig. 5(a). Indeed, we observe
that for all total driving times, 7, the fidelity is perfect

(

to single precision, whereas the one-body corrections only
compensate some transitions, bringing the fidelity to ~0.9.
We note here, that there are limited other states for any
excited dynamical state to populate with the Hilbert space
consisting of only four states, as a result, the bare dynami-
cal protocol with no variational CD still has an overlap of
~0.6 with the ground state. Moving to larger systems of
N =3 and N = 4 sites in Figs. 5(b) and 5(c) we observe
a clear decrease in the impact of variational CD to only
two-body terms. This should be expected as the exact CD
will include up to three- and four-body terms in the respec-
tive cases. The improvement that two-body variational CD
can deliver in these larger systems is still substantial com-
pared to the bare dynamical protocol, showing the utility
of low-order variational CD when possible. In Fig. 5(d)
we investigate the scaling of the fidelity for the bare and
variational CD protocols for a fixed time 7 = 0.01J~!. We
also briefly note that this approach of variational CD can
be enhanced via the introduction of control fields [46,53],
thus combining the methodologies described in this section
with that of Sec. I11.
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Implementation of local CD in the Ising spin model. The case of no control term(s) being implemented (blue) is compared

to implementing one-body local CD (red) and two-body local CD (black). (a)~(c) The achieved fidelity (1 — F) for different total
protocol times for (a) N = 2, (b) N = 3, and (c) N = 4 spins. Note, for the case of (a) N = 2 the two-body local CD gives unit fidelity
to below single precision. (d) The achieved final fidelity for a fixed total time, 7 = 0.01J~!, for various system sizes showing the

saturation of the fidelity for the one- and two-body implementations.

G. Experimental implementations of counterdiabatic
driving

The first experimental demonstrations of such short-
cuts to adiabaticity (STA) were performed using trapped
Bose-Einstein condensates (BECs) [78,79]. In particu-
lar, control of the LZ model was achieved using a BEC
trapped in an optical lattice and an effective two-level
system corresponding to Eq. (54) was accessed, in quasi-
momentum space, by accelerating the gas [79]. In this
setting the exact CD dynamics, Eq (59), can be achieved
in two ways: either directly introducing a second optical
lattice that induces the required control field or by mak-
ing a suitable transformation to the Hamiltonian, in effect
absorbing the control field into modulations of the bare
Hamiltonian parameters. The latter approach being clearly
more experimentally preferable as it requires the manipu-
lation of only a single optical potential. Indeed performing
such a transformation to achieve the control is character-
istic of many experimental realization of STA protocols
[80—82]. The realized protocol was shown to be remark-
ably robust. Subsequently control of the LZ model was
demonstrated in another experimental platform consist-
ing of a single nitrogen-vacancy (NV) center in diamond,
where the effective two-level system was achieved by driv-
ing a particular subspace spanned by states of the electron
spin [83]. This implementation allowed us to demonstrate
the remarkable speed-up that can be attained with CD driv-
ing, achieving an improvement of between 2 and 3 orders
of magnitude.

Counterdiabatic techniques have since been applied to
more complex settings starting with three-level systems
where CD control can significantly speed up stimulated
Raman adiabatic passage protocols [80,82,84], continuous

variable control of a trapped ion [81], and superconducting
Xmon set ups to achieve high fidelity quantum gates
[85] and characterizing the thermodynamics of the con-
trol protocol [86]. The energetics of STA protocols has
been recently explored in the context of the Landau-Zener
model, Eq. (59), using a single trapped “°Ca™ ion [87] in
order to experimentally demonstrate the trade-off between
resource consumption and achievable control [60].

Approximate CD driving has been demonstrated in con-
trolling transport of population in a synthetic lattice of
momentum states in ultracold ®’Rb with a 2 orders of
magnitude improvement in population transfer [88] and in
ground state preparation in a nuclear-magnetic-resonance
setup [89]. The commutator expansion form of the AGP
has led to the development of a new family of varia-
tional quantum algorithms, so-called CD quantum approx-
imate optimization algorithm (QAOA) [90,91] which has
been implemented on current hardware, including exam-
ining potential applications in protein folding [92] and
finance [93].

II1I. QUANTUM OPTIMAL CONTROL

In the previous section we discussed the basics of adi-
abatic control and the toolbox of shortcuts to adiabaticity.
That framework assumed that the initial and target states
of a control problem are given in terms of eigenstates of
our Hamiltonian for different values of the control param-
eter. In some scenarios, however, this might not be the
case. In this section we introduce the tools of quantum
optimal control, which will allow us to tackle arbitrary
quantum control problems by systematically searching for
the optimal form of the control fields that drive a quantum
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TABLE III. Summary of notation for the most common quan-
tities used in quantum optimal control.

Object Proposed symbol
Target state V)
Fidelity (state) Fs

Target unitary |Uy)
Fidelity (unitary) Fu
Control field a(t)

Cost functional Jla®]
Control parameters o =0U],...,0)
Number of time steps M

Time step length At

Total evolution time T
Quantum speed limit time TosL

system to given target configuration. Typical optimal con-
trol implementations require repeated numerical evalua-
tions of the full dynamics of a quantum system, and thus
are often, in practice, restricted to small systems. Neverthe-
less, the success of optimal control techniques in solving
control problems in few-body settings is a testament to
its importance in the field. In the following we introduce
and illustrate these tools by revisiting some of the models
introduced in Sec. I and analyzing them through the lens
of optimal control. First, we will study optimal state con-
trol for a single qubit system obeying the Landau-Zener
Hamiltonian (cf. Sec. I F 1), and then its extension to uni-
tary gate preparation with a model of phase-only control.
Finally, we will apply optimal control to the problem of
generating entangled states in an extended version of the
all-to-all Ising model introduced in Sec. II F 3.

A. Basic statement of an optimal control problem

In any quantum control problem, the goal is to maxi-
mize the success of a control protocol in driving a quantum
system towards a predefined target configuration. For prob-
lems of state control, like the ones discussed in the pre-
vious section, this can be theoretically quantified by the
quantum state fidelity, which measures how accurately the
state at the final time |y (7)) approaches the target state
|¥.) (typically, up to a global phase). This reads

Fs = (uly (M),

where ih(d/df) |Y () = H(@) | (f)). A more demanding
control problem is that of unitary control, where we aim for
the complete unitary evolution U(7) to approach a target
transformation U, (again up to a global phase). This will
be the case, for instance, when the goal is to implement a
quantum gate. In such cases, the success of a protocol can
be measured by

(139)

1
Fu== ITe (ULUD) 7, (140)

where now ih(d/dt)U(f) = H(t)U(f) and d is the Hilbert
space dimension. In this section, we introduce the tools of
quantum optimal control (QOC), which give a systematic
approach to engineer H (¢) such that the target is approxi-
mately achieved, i.e., 7 >~ 1, where F symbolizes the state
or unitary fidelities, depending on the problem at hand.
Note that, depending on the specific control problem, alter-
native measures of protocol success can be defined. For
instance, one could be interested in minimizing the energy
of a system, or in achieving a specific expectation value of
an observable. Here, for concreteness, we will focus on the
use of the fidelity as such a measure.

We start by considering the system Hamiltonian H (¢)
to be a function of a set of real control fields a(t) =
{ar(H)},j = 1,...,K. For instance, we could consider the
Hamiltonian to be written as

K
H(t) = Ho+ He(t) = Ho+ Y _ ax(Hc,
k=1

(141)

which makes explicit the existence of a drift (or free)
Hamiltonian Hy, which we cannot manipulate directly, and
the control Hamiltonian H¢(¢), which depends on time
through the control fields a(#) modulating the individual
operators Hcy. The properties of the drift and control
Hamiltonians determine which states and transformations
are in principle reachable to the system. Well-established
methods to characterize this aspect exist [94,95], and use
tools rooted in Lie group theory to determine the degree of
controllability of a given model.

Here we take a pragmatic approach, and establish a sys-
tematic way to find the control functions a(¢) that minimize
a cost functional

Jla(h)] =1 — Fla(@®)], (142)
where JF refers to either the state or unitary fidelity, and
we have indicated the functional dependence of the fidelity
explicitly. Note that here we follow the convention of
defining a functional to be minimized; one could similarly
define a functional to be maximized instead. We will focus
on solving this problem via numerical optimization, for
which we introduce a parametrization of the control fields
in terms of real numbers

a = (a,ay,...,ay) — a(l),

(143)
which serve as a our control variables, and will allow us
to treat the problem of minimizing Eq. (142) with standard
numerical optimization tools. Note that, while we do not
treat them in this tutorial, there are approaches in optimal
control theory which rely on functional optimization (see
Krotov’s method [96,97] and the Pontryagin maximum
principle [5]).
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Generically, a numerical minimization routine involves
initializing the controls with a guess o, and then itera-
tively updating it following a set of rules that depend on
the optimization algorithm. These can be broadly clas-
sified as gradient-based and gradient-free depending on
whether they compute derivatives of the cost function J (er)
at various points to decide the most appropriate way to
update the control field « () at each iteration. The choice
of parametrization in Eq. (143) is in principle arbitrary, but
can be tailored to fit computational or experimental con-
straints. For instance, a Fourier parametrization would take
the form

o= A,...,4uB1,...,By) = a(®)

ng»
ng
= > [An cos(@nt) + By sin(wnh)], (144)
m=1

where np is the number of Fourier components and w,,
could correspond to the harmonics of some base frequency,
or be chosen randomly (as in the chopped randomized
basis, CRAB, algorithm [98]). For concreteness, here we
focus on parametrizing the field as a piecewise-constant
function,

o = (ag,qy,..

ifG — DAt <t<jAt, wherej =1,...,M.

Lay) = alt) =aq;
(145)

where we have chosen a uniform time step At for conve-
nience. This choice is conceptually simple and allows us
to analytically compute the gradient of the cost function
of Eq. (142) with respect to the control variables, which
greatly improves the efficiency of the numerical search. We
will work out this derivation explicitly in the next section.

The definition of the control Hamiltonian, e.g.,
Eq. (141), and parametrization, cf. Eq. (143), together with
the choice of initial and target states (|vo) and |v,) for
state control, 1 and U, for unitary control), completely
determine the cost function J(e), which can be seen as
an optimization landscape. Each point on the landscape
corresponds to a different control field, with optimal pro-
tocols being global minima. The goal of any optimization
algorithm is to traverse this landscape, starting from the
initial guess a, to eventually reach the global extremum
via a series of updates of the control parameters oy —
o] —> ... —> 0. Here, we assume that such updates are
done via a local search (instead of a global one), where
only properties about the current point and its surrounding
region informs the update rule. This process is depicted
in Fig. 6. The properties of the landscape determine the
hardness of finding a solution to the control problem. In a
generic optimization problem, the landscape is rugged and
filled with suboptimal minima or traps, as can be seen in
Fig. 6(a), which often increases the computational expense
of finding a near-optimal solution. In this scenario, it is

V initial seed
O optimization step

1 —J[af

)

Gy @ [1)

Target

(077

FIG. 6. Quantum control landscapes are determined by the
dependence of the cost function J(a) on the control variables
a. Main figure depicts how the optimal solutions, initial seeds,
and optimization steps would appear in a two-dimensional land-
scape (note that real control problems typically have much more
than M = 2 dimensions). An optimization routine starts with an
initial guess for the control variable ay which typically lands far
from an extrema of the landscape, meaning that the evolution of
the quantum state is far from the target configuration at the final
time. The optimization consists in updating the control variables
sequentially until an optimum is achieved ap. In the presence
of constraints, quantum control problems can have rugged land-
scapes with suboptimal extrema, as depicted in subfigure (a).
In such cases, using many different initial seeds helps explore
various parameter regions of the landscape.

typically convenient to balance the computational cost of
the optimization between the exploration and the exploita-
tion of the landscape. An optimization landscape can be
explored by starting the search multiple times with differ-
ent initial guesses (or “seeds”) which aim to cover different
regions of parameter space. Each run is then exploited
by allowing the search of a sufficient number of itera-
tions to converge to a good solution. For quantum control
problems, remarkably, it has been shown that optimization
landscapes tend to have benign features [99]; in particular,
provided there are no constraints to the control problem
[100], quantum control landscapes can be shown to be
generically devoid of traps in fully controllable systems
(see Fig. 6). In practice, however, constraints on control
problems (which we discuss below) will typically affect
the topology of control landscapes. Interestingly, recent
developments in quantum computing, particularly varia-
tional quantum algorithms, have revealed new properties
of quantum control landscapes, like the phenomenon of
barren plateaus, which we discuss briefly in Sec. VIK.

Often, constraints need to be taken into account when
solving practical quantum control problems, and thus
understanding their effect on the optimization search is an
important task. Constraints can be broadly divided into two
categories:
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(1) Constraints which are built into the control model.
For instance, a fixed set of control Hamiltonians in
the expansion of Eq. (141), a limited bandwidth set
by the number of Fourier components in Eq. (144),
or a limited evolution time 7' = M At in Eq. (145);

(2) Constraints which are imposed a posteriori to the
problem as additional terms to the cost function. For
instance, bounding the amplitude of driving field
to limit its energetic cost [97] or demanding the
control processes to be robust to certain external
perturbations [101,102].

We highlight here the role of one of these constraints:
limiting the total evolution time 7. Quantum mechanics
imposes fundamental limitations to the rate at which one
state can evolve into a different state. These are formal-
ized as quantum speed limits (QSLs) [12], which provide
lower bounds on the total evolution time, cf. T > 7qgr. For
unitary dynamics, QSLs can be traced back to time-energy
uncertainty relations, and take several forms [103—106]. In
particular, we consider the bound derived from the work of
Mandeltstam and Tamm [107,108]:

h
T> 7 recos ({¥]¥0)]) = TosL, (146)

where

T
oL / dIAE (D) (147)
T Jo

and AE(?) is the variance of the Hamiltonian H (),

AE@®W? = (Y OIH®O ¥ (1) — (YOI H @) [y (1),
(148)

with H(f) the total Hamiltonian, e.g., as defined in
Eq. (141). The existence of QSLs fundamentally impacts
quantum control problems as any optimization is destined
to fail if one fixes the evolution time 7 to be below tgsr..
Furthermore, it is usually desirable to derive control pro-
cesses which are as fast as possible since long evolution
times allow for more sources of errors and decoherence to
affect the dynamics. While in some cases optimal control
solutions exist exactly at the fundamental bound 7' = tgsp
[109], typically constraints mean we can achieve solutions
only at longer times 7g; > TosL [95,110]. By definition,
the time r(’SSL is the minimum possible evolution time
for which a given optimal control problem has a solution
(i.e., one that achieves a fidelity F = 1). In Sec. IIIC 1
we will illustrate how to use optimal control methods to
systematically search for the shortest evolution time tqg;
for simple control problems, and explore how constrain-
ing the evolution time affects the optimization landscape.
We point out that geometric QSL bounds like Eq. (146),
while universal, tend to become loose as the size of the

system increases (see Ref. [11] for an exception). This is
because the energy variance in the denominator is typically
an extensive quantity.

B. Gradient-based optimal control using GRAPE

In this section we discuss in more detail how to
approach an optimal control problem numerically. We
focus on the simplest case of having a single control field
a(t) parametrized with the piecewise constant ansatz of
Eq. (145), leading to control variables grouped in a vec-
tor e = {ay, o, ..., 0 }. For a given choice of the number
of steps M and total evolution time of 7, the associated
time step is At = T'/M. This choice allows us to write the
final-time evolution operator in closed form

U = UyUy—y... LUy,

where U; = exp (—iH; Af) and H; = H(a;).  (149)

To search for a choice of « that minimizes the cost
function J (&), one can resort to a variety of numeri-
cal optimization algorithms. Because we expect the cost
function to have a smooth dependence on the control vari-
ables in general, it is convenient to use gradient-based
methods, which use information about the derivatives
dJ /0y to inform the search at each step. Examples of
these include gradient descent, Newton-Raphson and the
Broyden-Fletcher-Goldfarb-Shannon (BFGS) algorithms.
These are widely used optimization methods which are
easily available in PYTHON, MATLAB, and other languages
using standard packages (note that some quantum opti-
mal control approaches also benefit from using gradient-
free methods, like Nelder-Mead or Powell [46,98]). For
these methods, the computation of the gradient can be
done numerically (e.g., via finite-difference approxima-
tions, which are typically carried out automatically by
these optimization routines) or it can be provided explic-
itly such that it only has to be numerically evaluated. The
piecewise-constant parametrization of the control field we
are using here actually allows us to compute the gradient
of J(a) analytically in a relatively straightforward way.
The use of this parametrization together with the analyti-
cal form of the cost gradient in a quantum control problem
constitutes the GRAPE (gradient-ascent pulse engineering)
algorithm, first proposed by Khaneja et al. [111].

To compute the gradient, we first note that for both
state and unitary control problems the cost function can
be written as J (&) = 1 — F(a) = 1 — |z(e)|* wWhere

state control: z(ar) = (Y| U(T) o) (150)

1
unitary control: z(et) = aTr (Ui U(T)) , (151)
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and thus

0J ol

152
doy 0oy (152

As the control dependence is entirely contained within

U(mn, to obtam we need to calculate
oU(T) aU;
=UyUy-1...—2U_1... U (153)
a()lj 80{]'

and thus we need to compute dU; /da;. Here, one should
proceed with care because U; = exp(—iH; At) does not
necessarily commute with 0H; /da; . In general, we have

AU 9 o (—i)F
_-/:_Z( N (154)
80(]' 80lj =0 k' J
= (_i)k llaH kl
sz; - MX;H 7 —H] (155)

In the limit where the time step At is small, and thus
the piecewise constant field resembles a continuous func-
tion, the expression in Eq. (155) can be simplified, see
for instance Refs. [17,111]. For that limit to be relevant,
however, we need to deal with a large number M of con-
trol variables, which can be undesirable. Here we focus on
obtaining an exact closed form for dU; /9« , valid for arbi-
trary time step sizes Af [112,113]. For this, we introduce
the spectral decomposition of H; = Z,d:l e; |1y {I] (note that
both the eigenvalues and eigenvectors will be different
for each j, i.e., for each time step). Inserting this into
Eq. (155), we obtain

= —z)k 1 g dH;
8a Z AthZe ! 1;, (m|<l‘aij' m>
7 k=0 i=1 ILm J
OH, o
:%;"><m'<l‘aa, >k§ T erfem) .
(156)

The infinite series appearing in the above expression can
be evaluated exactly. For the case e¢; = e,,, we obtain

i - At"k k=1 Atz (=) ATkt
k! (k—1)! m

k_

= —iAtexp{—ie, At}. (157)

If e; # e, we can proceed as follows:

[ (—l)k
YAt Y /e
k=0 i=l
00 P i k—1
(=1) e
= Z AL Z (er/em)
g e, &
i (=) el —e,
o —~ K e —e
1 i j
_ e—te;At _ e—l‘-’mAt) . (158)
e — ey

Combining expressions (156), (157), and (158) yields
an analytical expression for all the matrix elements of
0U; /0a;. Notice that this requires us to diagonalize the
operator H; for each «;, which will need to be done numer-
ically in most cases. For a single qubit, the eigenvectors
and eigenvalues of /; have a analytic form for an arbitrary
;. Here we do not use this form to illustrate the more gen-
eral procedure, which applies to more complex systems.
Once the factor from Eq. (156) is computed, the gradient
can be constructed from Eq. (153),

0z oU;
state control: — = (Y| Uj 41—

U 159
9 5o, 1-1 1¥o)  (159)

it wol: 22— Lt (UTU Uy )
unitary control: — = =Tr{ ULU; 1y — Uy -1 |,
day  d / oo /
(160)

where we introduced the notation Uy; = UUj_; ... Upyy
Uy. Note that in the case of state control, the cost function
gradient at step j depends on the initial state |yy) forward-
evolved until time step j — 1, and on the target state [1,)
backwards-evolved until time step j + 1.

We can now construct a basic optimal control routine by
following these steps:

(1) Set the final evolution time 7 and the number of
time steps M (which defines the number of control
variables). This suffices to define a discretized time

variable t — {t; = kAt}, with k =0,1,...,M, and
MAt=T.

(2) Choose an initial guess or ansatz e for the control
variable.

(3) Implement a numerical minimization routine. Typi-
cal inputs for such a routine are as follows:

(a) The cost function J (e).
(b) The particular minimization method to be used
(BFGS, gradient descent, .. .)
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(c) The associated gradient function g(a) = (9/et)
J(a), Eq. (152).

(d) The initial guess &, defined in step 2.

(e) Bounds on the control variables such that
the search is restricted t0 omin < @ < Gfmax
(optional)

(f) Numerical tolerances or thresholds on the cost
and/or the gradient, which determine at what
level of precision the search is allowed to stop.

In the remainder of this section, we consider two exam-
ples in which we illustrate this procedure for both state and
unitary control in a two-level system.

C. Examples
1. Example: optimal control in the Landau-Zener model
We begin by considering control of the Landau-Zener
Hamiltonian, already introduced in Sec. I F 1, which has
the form
H(t) = Hy+v(t)Hec = Ac™ + v(Ho”. (161)

We also recall here the form of the ground state of H (¢) as
a function of the instantaneous value of v(?):

|¢o (1)) = cos (g) |0) + sin (g) [1), with tan6 = é

V
(162)

For this model we are interested in the problem of driving
the system from the initial state

[Yo) = |¢g(—vo)> (163)

to the target state

V) = | (+10)) (164)
for some vy > 0. Note that, as vy — 0o, we have § — 0
and the desired evolution is the one that connects |y) =
[0) to |¥,) =|1). We consider the field v(f) to be
piecewise-constant with M = 10 steps and denote its val-
ues {aq,...,ay} to make notation consistent with the
previous section. Note that this example obeys the decom-
position of Eq. (141). Even in this very simple case, one
finds that H; = Hy + ajHc and 0H; /da; = He = o” do
not commute, which motivates the need for the calculation
of the gradient shown in Sec. III B.

To test the optimization procedure of steps 1-3 above,
we start by fixing 7= 7/A, and using a limited-memory
variant of the BFGS method (L-BFGS-B) as our opti-
mization routine. We also restrict the search to |oj| < ¢ =
2A to avoid control fields with large amplitudes. With

these specifications, we run the optimal control routine
for two choices of the parameter vy determining the ini-
tial and target states (v = 1 and vy = 5), and two choices
of initial ansatz; one where the «;’s are sampled from a
uniform distribution between [—1, 1], and another where
we choose ; = 0 forallj =1,..., M. Results are shown
in Fig. 7, where we display the initial guess for the con-
trol field (gray dashed lines) and the optimal field obtained
with the optimization routine (colored full lines). In all
cases we observe that the cost function is initially of
order J(ag) € (0.5,1), and that the optimization is able
to achieve J(atop) € (1071%,1071%) in any standard run.
Comparison of Figs. 7(a)-7(b) and 7(c)-7(d) reveals that
for a given control problem (i.e., for a fixed vy), dif-
ferent initial guesses perform similarly. The comparison
also illustrates two generic facts of quantum optimal con-
trol. When the system is controllable and given enough
control resources, control problems typically have multi-
ple possible solutions which are (roughly) equally good.
Even for fixed, finite values of 7 and M (which effec-
tively impose constraints on the control problem) these
multitude of solutions can be accessed by exploration of
the control landscape with different initial guesses o (see
illustration in Fig. 6). In addition, the optimal fields often
inherit properties of the initial guesses. This is because
in presence of multiple minima, a local optimization rou-
tine like the one considered here will lead to a solution
close to the initial point. In our example, we see that the
optimal fields obtained following the random ansatz look
random themselves, while the optimal fields obtained from
the constant initial guess are reveal to be structured and
symmetric. For simple systems like the one studied here,
these features might be easily traced back to symmetries
of the model [114] but, in more complex cases, the struc-
ture of the optimal field can be useful to identify non-trivial
properties of the system [115—117].

Identifying quantum speed limits using optimal con-
trol—Following on from previous discussions on quan-
tum speed limits, it is natural to ask what is the minimum
evolution time 7(g; required to achieve a good solution
for this control problem. To explore this question, we set
out to solve the optimization problem for different val-
ues of the total evolution time {7, T5,..., Tx}, arranged
in increasing order. In principle, each choice of T leads
to an independent optimization procedure, given by the
steps 1-3 above. Here we describe a slightly more elab-
orate approach, which has been routinely used in previous
studies [8,109,118—123]. We start by solving the optimal
control problem for the largest value of evolution time T
with a given choice of initial ansatz aéR) (say, a uniformly
random one). If T > 74, , then we expect to be able to

obtain an optimal field (xff;: yielding a very small cost func-

tion. We then move on to solve the optimization for Tx_1,
but now we choose as an initial guess the optimal field
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FIG. 7. Quantum optimal state control for the Landau-Zener model. (a)y{(d) Show various control fields related to realizing a state

transfer process between ground states of the Landau-Zener Hamiltonian, cf. Eq. (161). Shown are the initial guesses (gray dashed
lines) and optimized fields (thick colored lines) for four different cases. (a) Initial state given by vy = 1, and initial guess for control
field &y chosen randomly. (b) vy = 1 and &g = 0. (¢) v9 = 5 and ¢ random. (d) vy = 5 and &y = 0. In all cases the initial Jy = J (etg)
and optimized Jypy = J (topt) values of the cost function are displayed. Parameters used M = 10, T = 2T, where Tp = /(2A). (e)
Optimized cost functions achieved by the optimization as a function of total evolution time 7, for various choices of the parameter v,
determining the initial and final state. (f) Minimum control time for the Landau-Zener Hamiltonian, as a function of vy. Circles indicate
the numerical estimates obtained from the data shown in (e). Full line corresponds to the analytical solution derived in Ref. [110].

from the previous run, i.e.,

initial guess for 7= T;_; — “(()/'—1)
— ), < optimal field from 7=7;. (165

When repeating this procedure for every choice of 7 in our
list, we are “helping” each new optimization by seeding
a field which we expect to lead to a small cost (as long
as T; — T;_; is sufficiently small). In Fig. 7(e) we plot the
optimized cost as a function of the evolution time 7' for
this procedure, for various choices of vy (i.e., for various
choices of initial and target states). Analyzing the curves
starting from the right (large values of 7), in all cases we
observe nearly optimal fidelities, corresponding to costs of
orders between 107! and 10~'3. As the allowed evolution
time decreases, the optimization is able to find good solu-
tions up until a critical time, after which the optimized cost
grows rapidly and takes values ~10~!. This critical time
T, divides the controllable regime where T > T, and the
uncontrollable regime where 7' < T,. Because T, depends
on details of the optimization procedure (for instance, on
the number of time steps M), it can only provide an upper
bound to the true minimum control time T(’SSL. Neverthe-
less, in many situations of interest, we can take T, as a
good approximation of 7(g; . For the problem treated here,

the actual optimal time is known analytically [110,124]. In
Fig. 7(f) we compare the numerically obtained 7, and the
analytical 73 as a function of vy. The results indicate that
the numerical optimal control procedure is able to obtain
good estimates of the fundamental optimal control time for
this problem. In particular, we see how as vy — oo and
thus |v¥) — |0) and |¥,) — [1), the control time reaches
Tosp = 7/2A. This is the time required by H = Ao, to
rotate |0) to |1).

2. Example: optimal control of a single-qubit gate

Here we consider a different model of a two-level sys-
tem where we aim at generating unitary transformations, or
gates, using optimal control. To this effect, we will study
the Hamiltonian

H() = % (cos(a(1)ox + sin(a(1))oy) . (166)

This model corresponds to a single spin-1/2 particle being
driven by a field with constant amplitude €2 (i.e., Rabi fre-
quency) but variable direction in the x-y plane, determined
by a(?). When compared to the Landau-Zener Hamilto-
nian, cf. Eq. (161), this model has two important features.
First, the energy of the system is bounded by €2 /2 irrespec-
tive of the control field. Thus, increasing the amplitude or
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frequency of the field will not necessarily make the system
evolve faster in time. Second, it does not follow the decom-
position of Eq. (141). In particular, one finds that d/; /dc;
is now a function of «; due to the nonlinear dependence
on the control field. Nonetheless, this case is naturally
contemplated in the general calculation of the gradient of
Sec. III B.

In a unitary control problem, we need to define the target
transformation. We consider two families of target gates,

U (¢) = exp (—io ¢ /2),
U.(¢) = exp (—io.¢/2).

Note that for the targets U, (¢), the problem has a straight-
forward solution, obtained by setting «(f) = 0 and evolv-
ing the system for a time 7 = ¢/ 2. On the other hand, for
the case U, (¢) the control field needs to play a non-trivial
role to generate the desired gate.

We analyze this problem numerically by choosing the
field a () to be piecewise-constant with M = 10, as in
the previous example. We start considering an evolution
time of 7= 2w/ and two instances of the target gates
U.(¢) with ¢ = /2 and ¢ = 7. To illustrate the results
of the search, we again consider two different types of ini-
tial guess: control parameters randomly sampled from a

(167)
(168)

uniform distribution in [—m, ], or increasing linearly in
time from —m at 1 =0 to w at t = 7. Results are shown
in Fig. 8. Similarly to the results displayed in the previous
section, we observe how the optimization routine is able to
decrease the value of the cost by over 10 orders of mag-
nitude and achieve very high fidelities. We also observe
how different initializations of the search lead to different
optimal fields, which inherit properties of the initial seed.
Finally, we can use our optimization procedure to
explore the quantum speed limit to achieve the indicated
target gates. We do this in exactly the same way as
described for the state control problem in the previous
section. In Fig. 8(e) we show the optimized cost values as
a function of evolution time 7 for the gates U, (¢) and var-
ious choices of ¢p. We observe a clear separation between
the controllable regime for 7' > t(jg; where very low cost
values are achievable, and the uncontrollable regime where
T < 10 and the optimal cost is highly constrained. The
critical evolution time 7T, increases with ¢, which is intu-
itive as gates with larger ¢ are further away from the
identity, i.e., the initial state for unitary control. A deeper
analysis of this feature is presented in Fig. 8(f), revealing
a square-root-like growth of T, with ¢. This is consistent
with the actual minimum evolution time TS(S? which for

(a) ¢ = 0.57. random o (b) ¢ = 0.57. linear oy (e)
7 Jopt =9.10e — 15 a1 Jo=0.94 107 —o— ¢=025n
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E E : 104 4 ¢ =0.67T1
& o & N E ¢ =1.007
= = £ 10771
T Kl 2,
L -0
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10716 & T T T
“ “ N 0.0 0.5 1.0 15
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FIG. 8. Quantum optimal control for a single-qubit gate. (a)-d) Show control fields related to implementing the target gates U, (¢) in

Eq. (168) using the control Hamiltonian in Eq. (166). We display initial guesses (gray dashed lines) and optimized fields (thick colored
lines) for four different cases. (a) Target gate given by ¢ = /2, and initial guess for control field ey chosen randomly. (b) ¢ = 7/2
and o linear. (¢) ¢ = /2 and & random. (d) ¢ = 7 and e linear. In all cases the initial Jy = J(etp) and optimized Jope = J (etopt)
values of the cost function are displayed. Parameters used M = 10, T = Ty, where Ty = 2/ Q2. (e) Analysis of optimal cost functions
achieved by the optimization as a function of total evolution time 7, for various choices of the target U, (¢). (f) Minimum control time
as a function of ¢ for the two families of target gates U, (¢) and U, (¢). Circles indicate the numerical estimates obtained from the
optimal control procedure. Dashed lines correspond to analytical solutions. For Uy, 1 /Tu = ¢/(27). For U. the optimal evolution
time has been derived in Ref. [125].
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this problem has been analytically obtained in Ref. [125].
For completeness, we include results corresponding to the
family of gates U, (¢) for which, as mentioned before, opti-
mization was not really necessary. Nonetheless, we verify
with numerical optimization that it is not possible to break

the minimum evolution time given by ‘CS(SY = ¢/, which

scales as ¢ instead of 4/¢. Similarly to what happens with
state control problems and the quantum speed limit, lower
bounds to the minimum control times can be obtained via
geometric arguments [95].

3. Example: generation of many-body entanglement

The examples shown in Secs. [IIC 1 and III C2 show-
case the application of QOC to the simplest model of a
two-level system or qubit. One obvious extension of these
cases is the generation of two-qubit gates, which has been
thoroughly studied for various platforms, including super-
conducting qubits, trapped ions, and neutral atoms. Nev-
ertheless, the formalism described in Sec. III B is general
and can be directly applied to more complex scenarios.

Here we consider the problem of many-body state prepa-
ration, which is closely related to the control tasks treated
in Sec. IV with the STA formalism. While the direct appli-
cation of QOC to many-body systems is naturally limited
by the computational complexity of numerically simulat-
ing these systems, we will show that even for modest
system sizes QOC can provide interesting insights into the
resources needed to perform control on a high-dimensional
Hilbert space. This, in turn, will allow us to address a key
point raised in Sec. I: the use of quantum control tools to
bridge the gap between implementability and scalability of
quantum operations.

We consider a model of N qubits undergoing global con-
trol and all-to-all interactions according to the Hamiltonian

N N N
H( = 0 Zcrix + %0 Zcriy + £ Z o;o;.
(169)

Note that, as opposed to the single-qubit example, here
the model has a drift term which is time-independent (thus,
not directly controllable), which corresponds to the inter-
action between the qubits. The relevant time-scale of the
problem is set by Tg = 27r/8. We have also chosen to nor-
malize the interaction term to ensure that the Hamiltonian
remains extensive as N increases.

We consider the following control task. Starting from
the state

[¥o) =[00...0), (170)

we want our system to reach an entangled state ‘D,({N)> char-
acterized by the symmetric superposition of all possible &

bit-flips. For instance, if N = 4 some of the target states
we are interested in are

‘ (N=4) 1
D, > =5 (11000) + |0100) + |0010) + |0001))
(171)

‘D(N:4)> — L 41100) + 1010) + [1001) + [0110)
? NG

+ 10101) + |0011)) . (172)
These types of states display multipartite entanglement,
and are regarded as a resource in quantum sensing [126]
and cavity quantum optics [127], among others.

To tackle this problem, we first note that the Hamilto-
nian in Eq. (169) is invariant under any permutation of the
qubits. This allows us to write this operator elegantly in
terms of collective spin operators

1 N
Ja =3 ;a;’, (173)
leading to
_ B
H(1) = Q:(0)Jx + 2,(0)J, + NJZ . (174)

In this form, it also becomes clear that at all times
[H (1), 3] = 0, where J* = J? +J} 4 J? is the total spin
of the system. In addition, the set of initial and target states
all correspond to joint eigenstates of J. and J? (note that
[Yrg) = |D(()N)>). These are also called Dicke states, which

obey [128]
J. D}j“) - (% - k) )D,E’W) (175)
5 (D,ﬂm) - %V (13\/ n 1) ‘D;M). (176)

Thus, our control problem takes place in a reduced sub-
space spanned by these states, which has a dimension
N + 1, as the value of excitations k£ goes from 0 to N.
This reduced subspace is actually exactly equivalent to the
Hilbert space of a single spin-J particle with J = N /2.
In fact, the Hamiltonian in Eq. (174) accurately mod-
els the dynamics of electronic states in individual atoms,
where the J2? now corresponds to a non-linear light-shift
induced by non-resonant optical driving [129]. These sys-
tems are now routinely being considered as qudits for
quantum computing platforms, and the results shown here
directly carry over to that application as well [130] (see
also Sec. VIK for further information).

With this model we can explore how control resources
change as the complexity of the control task increases,
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Quantum optimal control for many-body entangled state generation. Panels show the optimized cost obtained from QOC

on the protocol described in the main text, as a function of the allotted control time 7. In all cases, both fields ,(f) and 2, (¥) are
discretized with M = 15 steps and constrained to maximum amplitude of Q2,,,x = 38.

both in terms of increasing the number of target excita-
tions k and the number of total particles N. To do this, we
run the QOC procedure outlined in Sec. 111 B to this prob-
lem for N = 6,8, 10 particles, and in each case to reach a
target state with k = 1,2, .., N/2 excitations. We note that
the case £ > N /2 turns out to be equivalent to the cases
considered here, up to global rotations.

Similar to the analysis shown in, e.g., Fig. 7(e), we run
the optimization for various choices of the total evolution
time, in order to identify an approximate quantum speed
limit required to produce these various transformations.
Results are shown in Fig. 9. For each value of N con-
sidered, we find that the time required for the control to
find high-fidelity solutions does not depend significantly
on the number of excitations k£ in the target state. This
indicates that even when states with higher & require more
bit-flips, the optimal solution is able to efficiently navigate
Hilbert space and takes a shortcut to generate the target
state directly. In turn, by comparing the curves for differ-
ent values of N, we do observe that the total amount of
time increases with system size in a seemingly linear fash-
ion. This is expected given the linear increase of accessible
Hilbert space. We note that this is also a consequence of the
choice of normalization in Eq. (169).

D. Experimental implementations of quantum optimal
control

Quantum optimal control tools have been success-
fully applied to various experimental platforms involving
manipulation of quantum systems. Interestingly, the flex-
ibility of QOC has led each community to adapt these
tools to tackle and mitigate errors and limitations which
are native to each implementation. Following the discus-
sion in Sec. Il A, this translates into imposing different
constraints to the base QOC problem. Examples of this
include leaking reduction in superconducting qubits [131]
and inhomogeneous broadening mitigation in atomic and
nuclear magnetic resonance (NMR) systems [132].

Here we name some examples of successful implemen-
tations of QOC in different platforms, in a manifestly
non-exhaustive way; the reader is referred to Reviews such
as Refs. [1,13] for further examples. In atomic systems,
optimal control has been used to coherently control large
manifolds of electronic states in individual neutral atoms.
This includes both Zeeman [133—135] and Stark states
[136]. In these cases both radiofrequency and microwave
fields are modulated in time to achieve the desired con-
trol. Demonstrated tasks include the generation of circular
Rydberg and non-classical superposition states, as well the
implementation of arbitrary unitary operations within the
corresponding electronic state manifold.

Likewise, QOC has become a standard tool to design
entangling gates between neutral atoms for quantum com-
puting. In this case, time-modulation of laser intensity and
detuning can be optimized to produce operations which
are highly robust to imperfections like light-shift broad-
ening or spontaneous decay. Recent demonstrations which
leverage QOC tools include Refs. [137—139]. A similar
approach has been applied to trapped-ion quantum proces-
sors, with entangling gates enabled by optimal design of
frequency comb structure [140]. These systems have also
benefited from QOC in the task of transporting individual
ions along a trap [141].

Superconducting circuits have also successfully imple-
mented optimal control tools for various tasks. In these
systems, control is exerted by microwave signals; recently
demonstrated tasks include the implementation of a uni-
versal gate set on a logical cat qubit [ 142] and high-fidelity
qudit gates [143]. Since superconducting qubits are two-
levels embedded in a larger Hilbert space, it is crucial
to minimize population leaking outside of the relevant
computational subspace. The DRAG (derivative removal
by adiabatic gate) method is a QOC approach that has
been proposed to address this issue [131], and which
has been experimentally demonstrated in Ref. [144]. Fol-
lowing its demonstrated success and flexibility, quantum
optimal control is now becoming an industrial standard
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for quantum computing, with many quantum hardware and
software providers utilizing quantum control tools in var-
ious layers of the computing stack for tasks like circuit
compilation, gate synthesis, state preparation and readout,
and error mitigation.

Finally, we briefly mention that quantum optimal control
tools have a long history beyond the quantum information
processing platforms mentioned here. In particular, opti-
mization is a standard tool in composite pulse design in
NMR experiments [145]. Also, the control of chemical
reactions using shaped laser pulses was one of the first
applications of quantum optimal control theory, see for
instance Ref. [146].

IV. REINFORCEMENT LEARNING FOR
OPTIMAL QUANTUM CONTROL

In the previous sections, we introduced the concepts of
counterdiabatic driving and optimal control. Here we take
on a different approach to quantum control using reinforce-
ment learning (RL). We also discuss how ideas from CD
driving can be used in combination with RL to control
quantum systems, leading to powerful hybrid approaches.
While the previous sections would be useful to grasp the
overarching theme, the material below can be considered a
self-consistent standalone tutorial on reinforcement learn-
ing for quantum control. We begin with a short overview
of reinforcement learning, defining the basic notions and
concepts, and elaborating on the details behind a simple
RL algorithm, cf. Sec. IV A. We then move on to discuss
three examples that illustrate some of the features of RL
algorithms applied to quantum control: in particular, in
Sec. IVB 1, we discuss how to train an RL agent to learn
how to prepare a fixed target starting from an arbitrary ini-
tial state. Section IV B 2 combines ideas from shortcuts to
adiabaticity with RL that give rise to hybrid RL-OC algo-
rithms. Finally, in Sec. IV B3 we discuss how to extract

TABLE IV. Summary of notation for the most common quan-
tities used in RL.

Object Proposed symbol
States and state space seS
Actions and action space aceA
Rewards and reward space reR
Trajectory T
Expected return G(7)
Episode length (number of time steps) T
Transition probability p('ls,a)
Policy (strategy) w(als)
0 function 0 (s,a)
Probability for a trajectory P.(7)
RL objective J
Variational (learning) parameters 0
Monte Carlo samples N

partial information about the state of a controlled qubit
with the help of an ancilla to train an RL agent using
feedback control.

Modern machine learning (ML) stands on three pillars
[147—150]: (1) Supervised learning deals with labeled data,
and aims at finding the most probable label for new, unseen
datapoints. Notable examples include image recognition or
classification tasks based on linear and logistic regression.
(i1) The goal of unsupervised learning, on the other hand, is
to produce an approximate model for the probability distri-
bution that generates a given dataset; once such a model is
trained, we can use it to produce more data with the desired
properties. This includes, for instance, generative models
that can compose music, draw paintings, or write text. (iii)
Last, in reinforcement learning [151], an agent learns to
execute a given task by interacting with its environment.
Note that in RL the term “environment” refers to the phys-
ical system the agent interacts with [see Fig. 10]; this is
in contrast to the notion of environment in open systems.
RL is designed for problems that require an interactive
feedback loop. The main objective is to learn a strategy
(a.k.a. policy) that, based on observations of the environ-
ment, helps the agent manipulate or steer the environment.
Reinforcement learning and optimal control share many
common features and can be thought of as the two sides of
the same coin [152]. Therefore, when leveraging ML for
quantum control [153,154], RL appears as a natural choice
for many (though certainly not all) quantum control setups.

In RL, the environment is initialized in a certain state s,
and the agent is presented with a set of actions A to choose
from. Depending on the action a; selected, the environment
reacts and changes state: s, — s,,1. After each such step ¢,
the agent observes the new state of the environment, and is

_ environment §
i0p(t)) = HIR(t)][4(t))

changes state

available

actions

2 00ses acty,
§ o

(exploration/exploitation
dilemma)

feedback loop

gets reWC"'d _ )

FIG. 10. RL in a nutshell: the agent observes its environment
in a given state, and is presented with a choice of actions to pick
from, each of which changes the state of the environment. As a
consequence of its decision, the agent is given a reward, depend-
ing on the new environment state. Similar to animals being
rewarded for achieving a task during training, the goal in RL is
to maximize the long-term expected return. This is accomplished
through learning about those properties of the environment that
are particularly relevant for maximizing the cumulative reward.
During the training process, RL agents autonomously figure out
an optimal policy to perform the task.
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given a reward ;.| that quantifies the quality of the action
taken with respect to the objective of the task. Based on
this information, the agent then makes an educated guess
to select the next action, and so forth, cf. Fig. 10. The
goal of the agent is to bring the environment into a desired
state. To do so, its objective is to maximize the cumula-
tive expected reward G, called return. The expectation is
taken over the policy (i.e., the strategy) of the agent and
the environment dynamics if the latter is stochastic. Such
optimization in expectation brings out as a clear advan-
tage of RL the ability to learn in uncertain or stochastic
environments. The learning process in RL is often divided
into episodes, which typically comprise a fixed number
of steps; once the episode comes to an end, the environ-
ment is reset to its initial state sy and the agent starts over
again. Importantly, however, the agent keeps building on
the experience gained in previous episodes.

To select an action, the agent uses a probability distri-
bution 7, called a policy (or strategy). Given a state of the
environment, the policy 7 (als) defines the probability of
taking each of the available actions. If the policy is a delta-
function over the actions, we call it deterministic; such
a case corresponds to selecting specific actions with cer-
tainty, e.g., when applying a fixed external control protocol
to the environment. One issue with deterministic policies
is that they always produce the same output, and hence the
RL agent cannot cause the environment to behave differ-
ently, to learn from. To explore new actions (and ultimately
determine which one is optimal for the given state), the
policy in RL is typically non-deterministic: for instance, if
the action space is discrete, one can think of the policy as
anormalized state-dependent histogram (distribution) over
the available actions; for continuous action spaces, the pol-
icy is a continuous probability density, such as a Gaussian
or a Lorentzian. However, if the agent explores too much
(i.e., its policy is close to a uniform distribution), it cannot
learn a better policy either. This tension between exploring
new actions and exploiting the already gathered knowledge
is known as the “exploration-exploitation dilemma.”

RL algorithms iteratively improve the policy until
it becomes (close to) optimal. Optimal policies, by
definition, maximize the total expected return G. In an
alternative formulation of the learning procedure, we can
look at the state of the environment, and try to predict
what the expected return from this state onward (follow-
ing a fixed policy) should be. This leads us to the concept
of action-value (or Q-) functions Q; (s, @); they assign an
expected return value to each state-action pair. Once the
Q-function is known, one can extract a policy from it by,
e.g., looking up the values of different actions for a fixed
state, and taking the action that maximizes the action-value
function.

Reinforcement learning is not a single algorithm;
instead, it should be viewed as a framework that comprises
a collection of optimization algorithms, broadly divided

into two classes: In policy gradient methods one approx-
imates the policy m ~ my with a set of variational param-
eters 6. For instance, 6 can be the weights and biases of a
deep neural network, or § = (u,0?) contain the mean and
the variance of a Gaussian distribution in the case of con-
tinuous actions [151], but other variational ansitze (e.g.,
a matrix product state or a tensor network more generally
[155,156]) might be better suited to the particular prob-
lem at hand. The parameters 6 are then updated using the
gradient of the total expected return, estimated, e.g., using
Monte Carlo sampling. Examples of widely used algo-
rithms include policy gradient (PG) [157], proximal policy
optimization (PPO) [158], trust-region policy optimiza-
tion (TRPO) [159], and actor-critic (AC) methods [160].
Alternatively, value-function methods allow us to encode
information about the policy; they aim at improving the
O-function itself which allows us to indirectly improve
the policy [151]. Such methods include, among others,
Q-learning [161] and its deep-learning version—DQN
[162], Deep deterministic policy gradient (DDPG) [163],
etc. Policy gradient methods are typically less sample-
efficient, since updating the policy renders the old data
obsolete; thus, new data have to be collected more fre-
quently. Value-function methods, on the other hand, are
often off-policy: this feature allows them to learn from
old data and makes them more sample efficient. Sample
efficiency determines the suitability of RL algorithms for
quantum control. This is particularly relevant for exper-
imental applications. Depending on the details, collecting
rewards from the environment can bring a substantial over-
head. In a simulator, if it is easier and faster to generate
data than training the agent, policy gradient and actor-critic
algorithms are typically a good starting point. In poten-
tial applications to experiments, deep Q-learning may be
a good choice since it is off-policy. The relative sample
efficiency is shown in Fig. 11; the runtime (wall clock
time) usually goes in the opposite direction. Deep value
iteration methods align with the objective of developing
algorithms for both theory and experiment. Ultimately,
which algorithm to use depends on the concrete problem
and setup at hand: in some cases, it is easier to learn
the policy directly, whereas in others—the policy may
be too complex, but the value function may be easier to
approximate.

When it comes to applications of RL for the manipu-
lation of quantum systems, we can broadly identify four
mutually overlapping areas: quantum state manipulation,
or preparation, [155,164—171], quantum metrology [172],
quantum gate design [173—177], quantum circuit design
[178—182], and quantum error correction [183—187]. Out
of these, by far the most common set of problems relates to
quantum state manipulation. As exemplified in Sec. IV A
below, the idea here is to use an RL agent to learn a
protocol that transfers the population from an initial to
a target state. This has been done extensively for both
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(PPO, TRPO, DDPG, etc.)
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wall clock time

deep value iteration methods
(DQN, etc.)

sample efficiency

¢

shallow value iteration methods
(tabular Q-learning, etc.)

efficient
slow

v model-based RL

FIG. 11. Heuristic schematic of sample efficiency and runtime
of some RL algorithms.

few-particle and many-body systems, in the context of
bosonic, fermionic, and spin systems; RL agents have been
shown to perform on par with, or better than, some optimal
control algorithms in rugged optimization landscapes. An
important concern when applying RL to quantum systems
is the lack of accessibility to the exact quantum state (quan-
tum states are unmeasurable mathematical constructs).
While this is not an issue when training in simulators, it
quickly poses a formidable challenge when applications to
real experiments come into sight. For this reason, when
applying RL to quantum systems one typically defines the
RL state as a set of accessible observables, or a sequence
of previously taken actions [cf. Sec. IV B3]. Whereas
in many cases RL algorithms work using such partially
observable environments, extra care needs to be taken
to make sure the learning problem remains well-posed.
In turn, the reward function in quantum control prob-
lems ranges from maximizing a fidelity (or the negative
log-fidelity, in the case of many-body states) through min-
imizing the energy (as is common when targeting ground
states), to optimizing the expectation value of a specific
observable; RL agents can also be used to manipulate
quantum entanglement [10].

A. Optimal control via policy gradients

In RL, an agent is confronted with the problem of learn-
ing to execute a task by interacting with its environment.
The environment is described by a state s. The agent
observes the state of the environment, and is given a choice
of actions a to select from, that alter the state of the envi-
ronment. The environment can react deterministically or
stochastically to these actions, following a set of prescribed

rules, the so-called transition probabilities p (s'|s, a), that
contain the laws governing the physics of the system. The
agent is then given a reward r(s,a), which determines
how well it performs on the task. Based on this informa-
tion, the agent then selects a new action, in an attempt
to maximize its total expected return G. The RL agent
selects actions based on its policy 7 (als), which defines
the probability of choosing action a from state s. This is
repeated for a fixed number of time steps, 7, that define
a learning episode. The sequence of state-action-reward
triples (s, a,7) concatenated over the episode, is called a
trajectory 7.

In the following, we will take a look at some simple-
to-implement RL algorithms. Let us start by deriving
REINFORCE—the simplest policy gradient algorithm.
The reinforcement learning objective J is to maximize the
expected total return, starting from an initial state and tak-
ing actions according to the policy 7 (a|s) thereafter. Let
us denote the probability for the environment to transition
from state s to state s’ upon taking action a by p(s'|s, a);
for an episode of T steps, denoting the initial state dis-
tribution by p(sg), the probability for the trajectory t =
(S0,a0,71,81,4a1, - -.,S7—1,ar—1, 7, ST) tO OCCUr is given by

T
Pr(v) = p(so) | [ m(als)p (sialsi a).

177)
=1
The RL objective can be defined formally as
T
J=Erp, [G(D)lsio = 0], G(x) =) risiap,
=1
(178)

where G is the total return for a fixed trajectory 7. The
notation E,~p_ means that we draw a trajectory t accord-
ing to the probability P,; in practice, we do this by
sampling the initial state distribution p(sp) and then the
policy m(als) for each episode step at a time (this is sim-
ilar to generating runs when playing a video game). The
expectation value of the return G(r) over P, requires a
sum over all possible trajectories t, each weighted by its
probability to occur P, (7). While this sum can formally be
written down, it often contains either exponentially or even
infinitely many trajectories. This is similar to the concept
of partition functions of Feynman path integrals; we can
thus borrow the notation:

J=E.p, [G(T)|s1=0 = s0] = /DT Py (1) G(7),
(179)
where Dt is just a formal notation that allows us to

do algebraic manipulations. Notice that RL is designed
to optimize in expectation, which allows it to handle
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non-differentiable or even discontinuous reward functions
r(s,a).

Policy gradient methods in RL directly approximate the
policy 7 using a variational ansatz 77y, parametrized by the
unknown parameters 6, w = my. The goal is then to find
those optimal parameters 6, which optimize the RL objec-
tive J(0) (think of the agent that needs to win the game
by maximizing the score). To define an update rule for 6,
we may use gradient ascent (or any of its generalizations
[147]). This requires us to evaluate the gradient of the RL
objective with respect to the parameters 0:

T
Vod(0) = VoEcnp, [Zr(s,, a)lsi—o = SO}

t=1

=V / Dt Pry (1) G(7) = /D‘L’ VoPr, (1) G(7),
(180)

where we brought the derivative inside the path integral;
note that the return G(7) is independent of 6 and hence it
is not affected by the derivative.

Computing the path integral in Eq. (180) exactly is out
of reach because we cannot exhaust the space of all tra-
jectories (similar to the difficulty with computing partition
functions in statistical mechanics). In addition, in a model-
free setting, we do not know the laws of physics governing
the dynamics of the system; as a result, our agent does
not have access to the transition probabilities p(s'|s, a).
Hence, computing the path integral exactly is not a viable
approach. These issues require us to find alternative ways,
for instance, by estimating the gradient V,J(0) from sam-
ples. This is feasible because our agent interacts with the
environment, and hence we can sample trajectories from it.
To this end, we need to write the expression for the gradi-
ent VpJ(0) as an expectation value over P, (7). This can
be accomplished by using the logarithmic derivative rule
VoPr, = Pr,Vylog P, almost everywhere (i.e., up to a set
of measure zero), in Eq. (180):

Vod(0) = /Dr VoPr, (1)G(7)

_ / Dt Py, (1) Vg log Py, (7) G(2)

=E.~p, [Volog Pr, (1) G(1)]. (181)

The next step is to evaluate Vylog P, (7). Since the
initial state distribution and the transition probabilities
are independent of 6, using the definition of P, in
Eq. (177), we have Vjylog Py, (t) = Vylogmy(r) where
(1) = ]_[tT: | o (as|sy). We can therefore use Monte Carlo
sampling to estimate the gradients directly from a sample
of trajectories {t; }szl using the policy 74 (7) (together with

the initial state and transition probabilities):

Vod(0) = E;<p, [Vglogmy(r) G(1)]

N
1
~ 5 D Vo logm (1) G(5)
j=1

1 N T . . r . .
=52 ( Vo log 7 (a}1s)) Zr(c/w%) :
i 1 =1

J=1 \i=
(182)

Here, we first replace the expectation value over tra-
jectories by its Monte Carlo approximation, E,p_[-] =
N~! ZJ]‘V:I(')’ where each trajectory 7; is drawn from
the probability P,. Then, in the last equality, we
used log 774 (v) = log [T, me(a/ls) = Y1, log e (d, Is}),
together with the definition of the total return G(t) from
Eq. (178).

Since, in practice, we always deal with a finite num-
ber N of trajectories in our sample, the estimate of the
gradient for some parameters 6; may have a large vari-
ance. To alleviate this issue, we use a two-fold strategy:
first, notice that the #-sum in Eq. (182) runs over all time
steps ¢ = 1,..., T; however, only times ¢ > ¢ should con-
tribute to the gradient since rewards obtained at earlier
times ¢ < ¢t do not affect the action at step ¢. Keeping a
smaller number of summands naturally reduces the vari-
ance of the estimate. Second, we introduce a so-called
baseline b = N~} > S r(d)|s)), defined as the aver-
age return over the sample. This so-called centering of the
training data is a common trick used in ML. The PG update
then takes the form

1 Ny T o T .
Ved©) ~ 5D D Vo logma(dls)) [Zr(d,,,i,/) —b].
j=1 =1 Y=t
(183)

One can show that these tricks do not change the expecta-
tion value VpJ(0) = E.~p_ [Vylogmy(t) G(r)]. The cor-
responding gradient ascent update rule reads as

0 <0 +avVyJ@), (184)

for some step size (sometimes called a learning rate) .

B. Examples

Let us now apply the REINFORCE algorithm to the
single-qubit quantum control problem. We will do this
in a series of three examples of increasing complexity.
In Example 1, we consider fully observable qubit con-
trol: while this is somewhat unrealistic (as we explain
later on), it represents the simplest quantum environment,
and we use it to gain intuition about how RL works in
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practice. Subsequently, in Example 2 we use RL in com-
bination with insights from CD driving to design a simple
algorithm for variational quantum control. Unlike CD driv-
ing, our agent aims at preparing the target only at the final
time step. Finally, in Example 3 we consider a realistic
quantum control problem; in contrast to Example 1, the
environment here is stochastic and minimally observable.
Importantly, as will become clear below, the challenge of
applying RL to quantum systems lies with the definition
of the RL environment—the choice of actions, states, and
rewards—rather than with the RL algorithm itself. We
therefore place significant focus on discussing how to
set up the environment, and refer the interested reader
to the accompanying Jupyter notebooks for a practical
implementation of the PG algorithm.

1. Example: Universal single-qubit state preparation

Our goal in this example will be to train an RL agent
to learn how to prepare the target state |v,) = (1, 0)’ start-
ing from any single-qubit initial state |) by using a set of
predefined gates.

We begin by defining the qubit environment that models
the action of gates on the state of the two-level sys-
tem (2LS). The state of a qubit |) € C? is modeled
by a two-dimensional complex-valued vector with unit

norm: (Y |¥) :=+/|¥1]? + |¥2|? = 1. Every qubit state
is uniquely described by two angles 6 € [0,7] and ¢ €

[0,2m):
(¥ _ o coss
=)= (50

The overall phase « of a single quantum state has no phys-
ical meaning. Thus, any single qubit state can be pictured
as an arrow on the unit sphere (called the Bloch sphere)
with spherical coordinates (0, ¢).

To operate on qubits, we use quantum gates. Quantum
gates are represented as unitary transformations U € U(2),
where U(2) is the unitary group in two dimensions. Gates
act on qubit states by matrix multiplication transforming
an input state |¥) into an output state |y'): |') = Uly).
For this problem, we consider four gates and their inverses:

(185)

Up=1, U, =exp(—idtc™*/2),
U, = exp(—idta?/2),

U, = exp(—idia” /2),
(186)

where §t is a fixed time step, exp(-) is the matrix exponen-
tial, 1 is the identity, and we remind that the Pauli matrices

are defined
_ 0 «_ (0 1 y (0 —i
=(o 1) =1 o) =0 )

. (1 0
0’—0_1

O -

(187)

We also allow our RL agent to use the inverse operations
for Ui, U;, U;r

To determine if a qubit, described by the state |i), is in

a desired target state |1, ), we compute the fidelity

F = (v €[0,1]. (188)
Physically for a single qubit, the fidelity corresponds to
the angle between the arrows representing the state on
the Bloch sphere (we want to maximize the fidelity but
minimize the angle between the states).

Now, let us define an episodic RL environment, which
contains the laws of physics that govern the dynamics of
the qubit (i.e., the application of the gate operations to the
qubit state). We recall that the environment in RL is dif-
ferent from the notion of environment in open systems.
Our RL agent will interact with this environment by tak-
ing actions and observing its states to learn how to control
the qubit to bring it from an initial state to a prescribed tar-
get state. To this end, we define the RL states s = (6, ¢) as
an array containing the Bloch sphere angles of the quan-
tum state. For each step within an episode, the agent can
choose to apply one out of the actions, corresponding to the
seven gates (1, Uy, U,, U, Ui, U;, U;r). We use the instan-
taneous fidelity with respect to the target state as a reward:
re=F = |(¥|¥ (0)]>. More formally, we have to define:

(1) State space: S={(0,¢)|0 €[0,7],¢ € [0,27)}.
There are no well-defined states to terminate
episodes in this task. Instead, we consider a fixed
number of time steps 7, after which the episode ter-
minates deterministically. The target state (i.e., the
qubit state we want to prepare) is |y,) = (1,0)": it
has the Bloch sphere coordinates s, = (0, 0).

(2) Action space: A =({1,U,U,U., Ul U;, Ut}
Actions change the state of the controlled system;
they act on RL states as follows:

(a) if the current state is s = (0, ¢), we first create
the quantum state |/ (s)).

(b) we apply the gate U, corresponding to action
a to the quantum state, and obtain the new
quantum state | (s")) = U, |¥ (s)).

(c) last, we compute the Bloch sphere coordinates,
which define the next state s = (6', ¢’), using
the Bloch sphere parametrization for qubits
given in Eq. (185). Note that all actions are
allowed from every state.

(3) Reward space: R=1[0,1]. We use the fidelity
between the next state s’ and the target state s, as
a reward at every episode step:

r(s,s',a) = F = [(Yul U (D) = (Pl ()
(189)
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FIG. 12. Universal single-qubit control using reinforcement learning: (a) training curves for an RL agent learning to prepare the
target | 1) states (north pole of Bloch sphere) starting from any initial state. The final reward at the end of the protocol is shown,
averaged over a batch of N = 256 random initial states (black), as well as the minimum and worst-case (blue dashed) and the maximum
(red dashed) values within the batch. (b) (i-iv) trajectories learned by the RL agent for four different initial states; the target (final) state
is shown in red (blue). The agent achieves a fidelity 1 — F within the 1% error range. We used a fully connected neural network with
(512,256, 7) neurons in each layer to learn the optimal strategy using the policy gradient algorithm. The time step is §¢ = T//w for a

total of 7= 15 time steps.

for all states s, s’ € S and actions @ € A. This choice
is motivated by the fact that the fidelity of the instan-
taneous state with the target state is a measure of the
distance between the states. Alternatively, one can
use other reward functions, such as the ground state
expectation of the parent Hamiltonian for the target
state.

Figure 12(a) shows the result of the training procedure.
We use a uniform initial state distribution p(sg) since this
will expose the agent to a sample of the entire single-
qubit Hilbert space; in turn, this will help it learn how to
steer any initial state into the target. To train the agent,
we employ the REINFORCE algorithm with a batch of
N = 256 trajectories; we invite the interested reader to
explore the accompanying Jupyter notebook. To this end,
the agent runs a large number of episodes during which it
explores the control protocol space by taking actions. The
reward at the end of the episode 77 = | (Y| ¥ (T))|? tells us
how close the final state is to the target. Monitoring this
quantity as a function of the training episodes (i.e., itera-
tions of the algorithm) shows a steady increase of the batch
average (black solid line) to a value close to unity. For
comparison, we also show the best (red) and worst (blue)
trajectories from the batch. The spread in the worst tra-
jectories, as training progresses, comes from exploration:

the RL agent takes actions probabilistically, and hence
occasionally, suboptimal actions can be taken.

To test the performance of the trained agent, we con-
sider a greedy policy that takes the action with the highest
probability deterministically. Figure 12(b) shows the Bloch
sphere trajectories of qubits controlled by the trained RL
agent, starting from four different initial states (the time
discretization is marked by the blue dots on the trajectory);
the target state is shown in as a red arrow, and the final
state in blue. Importantly, we emphasize that there is no
further optimization required: once the training process has
completed successfully, the same agent knows how to pro-
duce the optimal protocol starting from any initial state.
This is a prime example of the learning (or generaliza-
tion) capabilities of RL agents, which contrasts RL from
optimal control. In all cases, the agent manages to bring
the state close to the target; the small leftover deviation is
caused by the finite time step 6z. Movies within the Sup-
plemental Material [188] show the trajectories in time. We
invite the interested reader to check out the accompany-
ing Jupyter notebook and explore the behavior of the agent
further [19].

The example above serves as a stepping stone to learn
how RL works in practice. In principle, all one has to
do to control more complex quantum systems is redefine
the environment, and the same implementation of the RL
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algorithm can be re-used. However, for quantum many-
body systems, this is a tricky task: for instance, there is
no convenient Bloch sphere representation for the quan-
tum states. In this case, one can resort to using the bare
wavefunction amplitudes, or other exact representations of
the state (e.g., different momentum modes in cases, such
as the transverse-field Ising model, where the problem can
be mapped to a free system, or Clifford tableaus for Clif-
ford circuit dynamics, etc.). One may also resort to suitable
approximations, e.g., matrix product states [155] when-
ever appropriate. We should also point out that the fidelity
is typically exponentially small (in the number of qubits)
for many-body states; in this case, one typically resorts
to minimizing the energy of a parent Hamiltonian (i.e., a
Hamiltonian whose ground state is the target state) [165].
It is important to keep in mind that, while RL provides a
way to finding optimal protocols for quantum systems, it
does not resolve any of the problems of many-body physics
associated with representing quantum states or extracting
information from them.

2. Example: RL vs. counterdiabatic driving in the
presence of trotterization errors

We now build on the example above and apply RL to the
problem of preparing the ground state of a target single-
qubit Hamiltonian. We adopt a hybrid approach where
the structure of the control terms in the Hamiltonian are
designed using knowledge from CD driving (Sec. 11 B).
In particular, we compare and contrast the behavior of the
RL agent to counterdiabatic (CD) driving. Before we dive
into the RL implementation, let us briefly mention that CD
driving can be enhanced using other ML techniques, see,
e.g., Ref. [189].

As we have seen in Sec. II, CD driving introduces
additional control terms to suppress excitations during the
protocol:

Hcep(H) = Ao™ + v(f)o? I_AvD
= o V O — - ————O0
D 2 A2 +2(8)

Yoo (190)
As a result, evolving an eigenstate of the initial Hamil-
tonian H(0) = Ac* + v(0)o® in time with Hcp(f), the
system follows the instantaneous eigenstates of the Hamil-
tonian H (¢) at all times.

We now initialize the system in the ground state of
the Hamiltonian A (0) at v(0) = v; = +2A, and want to
transfer the population in the ground state at H(z,) at
v(ty) = v, = —2A in a finite amount of time 7" (referred
to as the duration of the protocol). During the evolution,
the system is subject to the Hamiltonian

Hy(t) = Ao™ +v(H)o” — g(t)o”, (191)
where v(f) = (v, — v;))t/T + v; is a linear drift term that is
always kept on (and the RL agent has no control over it),

while g(#) is the unknown counter protocol that we want
our RL agent to find. The form of the Hamiltonian H, (7) is
motivated by the CD Hamiltonian in Eq. (190); however,
we do not make any assumptions on the structure of the
drive protocol g(#) whatsoever, and we leave it to the RL
agent to find its shape.

The qubit evolves following H, (7), and its state at time ¢
is determined by the time evolution operator, which can be
expressed in terms of the time-ordered exponential of the
Hamiltonian H, (f) generating the dynamics:

[ (1)) = U(T, 0)|y(0)) =T exp (—i/O dng(S)> [ (0)).
(192)

Once again, we use the fidelity to determine if a qubit,
described by the state | (£)), is in a desired target state

V)

F=ulv @)’ Felo,1]. (193)

Now that we have defined the control problem, we dis-
cuss how to phrase it within the RL framework. Similar to
the example in Sec. IV B 1, we define an episodic RL envi-
ronment, which contains the laws of physics that govern
the dynamics of the qubit [i.e., the time evolution follow-
ing the Hamiltonian H,(#)]. The environment will provide
data for the RL agent to learn how to bring the qubit to the
target ground state. To this end, we discretize the proto-
col into Ny time steps of size ¢, so that the total duration is
T = Nyét. At each step, the RL agent constructs the value
of the control protocol by selecting an action out of the
available action set. The total number of time steps in the
protocol comprises a learning episode. Once an episode
comes to an end, the environment is reset to its initial state,
and the agent starts constructing the protocol again. In each
subsequent episode, the agent uses the knowledge gained
during previous protocols.

Now, for each time step of size 6¢ within the episode,
the agent has to determine the optimal value of the pro-
tocol function g(f); to this end, starting from some ini-
tial value g;, we let the agent find the optimal relative
change in the protocol (i.e., by how much the protocol
value has to change at the given time step). In prac-
tice, we define a minimum protocol size g, and consider
2n + 1 steps of size —nég, —(n — 1)dg,...,—06g,0,98g,...,
(n — 1)dg,ndg that the agent has to choose from. We also
set g; = % A2A+Uv(20()0)’ which fits our goal to directly com-
pare the performance of the agent with CD driving, cf.
Eq. (191).

(1) State space: S={(0,¢)|0 €[0,7],¢ €[0,27)}.
There are no well-defined terminal states in this task.
Instead, we consider a fixed number of time steps,
after which the episode terminates deterministically.
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(2) Action space: A={-n—-m—-1),...,—1,0,
1,...,n—1,n}. Actions correspond to fixed dis-
crete amounts by which the agent can change the
protocol g(#) (see above). Actions act on RL states
as follows:

(a) if'the state at time step n (corresponding to phys-
ical time is t = ndt) is s = (0, ), we first create
the quantum state | (s));

(b) we apply to the quantum state the unitary U,
corresponding to action a € A, defined by

Uy = exp(—i8tHxs¢(n81)),
Hysq(nét) = Ao™ + v(nét)o” — adgo”, (194)

where n labels the time steps, and dg (5¢)
is a fixed minimum protocol (time) step size
(parameters of our choice);

(c) we obtain the new quantum state |W(s')) =

Ual¥ (5));

0 fort < T

r(s,s,a)zf’t:{ —log,,(1=F), fort=T"

for all states s, 5" € S and actions a € A.

Since we are interested in high-fidelity protocols,
it is important to build a high resolution into the
reward signal. One way to do this is to use the loga-
rithmic fidelity 1 — JF with respect to the target state
at the end of the protocol as a reward. The logarithm
allows us to learn on a logarithmic scale. Using a
base-10 logarithm allows us to interpret the reward
as the number of decimal places in the deviation
of the fidelity from unity: e.g., », = 1 corresponds
to F = 0.9, while r, = 2 is equivalent to F = 0.99,
etc.

We now apply the REINFORCE algorithm to this RL
problem. Figure 13(a) shows the training curves for the
reward 7y at the end of the episode (equal to the total
return in this case). Like before, we consider the batch
average (black), and the best (red)/worst (blue) protocols
within the batch. Notice that achieving a 6-digit reward
(i.e., a fidelity of F = 0.999999) requires about 8 x 10°
training episodes. We also see that there exist protocols
with 77 > 8 which the agent encounters during the explo-
ration but fails to learn; this can be due to various reasons,
e.g., the corresponding protocols may be unstable to small
perturbations (recall that the agent takes actions probabilis-
tically), or they may correspond to very deep and isolated

(d) last, we compute the Bloch sphere coordinates
which define the next state s = (0’, ¢’), using
the Bloch sphere parametrization for qubits
given above. Note that all actions are allowed
from every state.

(3) Reward space: R = [0, 400). Since we want to
incentivize the agent to prepare the target state at the
end of the protocol, the reward is given only at the
end of the episode. Note the difference to CD driv-
ing, where the system is in the instantaneous ground
state at any given time during the protocol. In gen-
eral, such reward functions are referred to as sparse
rewards in RL. The return G = 77 is then equal to
the final reward.

Thus, the reward is zero at each step during the
protocol: ;. = 0, except at the last step, where we
use the fidelity between the final state |y (7)) and
the target state |1,) as a reward at the end of every
protocol:

F = uly (M, 1¥(D) = UT,0)]¥(0)), (195)

minima of the control landscape (and hence, they are diffi-
cult to encounter often enough for the signal to accumulate
and lead to stable learning).

Figure 13(b) shows a comparison between the exact CD
protocol (red dashed line), its discretization with the envi-
ronment time step §¢ (blue), and the protocol learned by the
RL agent (green). Note that, while the continuous CD pro-
tocol is by construction perfect (r7 = 00), its discretized
version has a reduced logarithmic fidelity 1 — F of rp =
4.144. For comparison, the RL agent achieves r7 = 5.983.
The RL agent achieves a better result, since it optimizes for
preparing the target ground state only and pays no atten-
tion to the intermediate states of the system, see deviation
from unity in the overlap with the instantaneous ground
state [brown curve in Fig. 13(c)]. By contrast, exact CD
driving keeps the system in the instantaneous GS of H (¢)
at any time ¢ € [0, T] with strictly unit fidelity. For exam-
ple, at time #/7T = 0.5 in the middle of the protocol, the
RL protocol achieves an instantaneous overlap with the
GS of rp =2.678 (brown curve at = 0.6, inset). We
invite the interested reader to check out the accompany-
ing Jupyter notebook and explore the behavior of the agent
further [19].

The idea of using hybrid RL-OC algorithms extends
immediately to multiqubit systems. The discrete nature
of the control setup (time split into discrete time steps
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FIG. 13. Reinforcement learning the CD control problem. (a) Reward (logarithmic fidelity) at the end of the protocol against the

number of training iterations (episodes): training is performed using a batch size of 256. RL agent achieves an average fidelity 1 — F
of about 107° (black line, with the shaded area showing the standard deviation); worst (best) protocols in the batch are shown in blue
(red). (b) Comparison of protocols and their final reward (corresponding to the number of decimals in 1 — JF). The exact continuous
CD protocol (dashed red) performs worse than the RL agent (green) when time is discretized (blue). (¢) Main plot shows the fidelity
of the protocol learned by the RL agent (green) and the instantaneous fidelity (brown); inset shows the corresponding infidelities on a

logarithmic scale.

and protocol values taken from a predefined finite dis-
crete action set) suggests a natural extension in terms of
quantum circuits built out of unitary gates. It turns out,
a suitable choice for actions are gate generators built out
of the terms appearing in the expansion for the adiabatic
gauge potential. For instance, in Ref. [165], this idea was
used to prepare the many-body ground state of Heisenberg
and Ising chains, by using the (negative) energy of the final
state as a reward function.

3. Example: Continuous single-qubit feedback control
using quantum data

While the previous two examples demonstrated the
basics of using RL, they employ RL frameworks that make
it difficult to apply the corresponding agents in realistic
experiments. The issue comes from the data used to train
the agent, and is two-fold: (i) at each time step, the agent
is assumed to observe the state of the qubit; this is prob-
lematic since quantum states are not observable. While
it is not unimaginable to do a full-state tomography for
a single qubit, besides the extra measurement overhead
this would still result in some shot noise in the training
data; moreover, tomography requires many repetitions of
the experiment which can become an issue in the pres-
ence of noise because each trajectory is likely to end up
in a different quantum state. We therefore need to revisit
the definition of RL states if we want to run our agents
on real quantum experiments. (ii) The RL agent uses the
fidelity as a reward; similar to the issue above, the fidelity
needs to be estimated from a number of binary measure-
ments (following the projective measurement, the system
is either found in the ground state, or in the excited state)
taken sequentially and, at the very least, will also be noisy.

To resolve these issues and design an RL framework
that can interact with experiments, we have to replace the
fully observable RL environment with a partially observ-
able environment. Hence, our agent will only have access
to (partial) observations of the true RL state, which dras-
tically reduces the amount of information it receives, and
hence makes training more challenging; in fact, this is fur-
ther exacerbated by single-shot qubit measurements that
only contain binary information. For the implementation of
our simulator, this means that we will have an internal vari-
able that defines the exact RL state (here the full quantum
wavefunction) and which undergoes the exact quantum
dynamics; however, the agent-environment interface will
only have access to observations of that state. Below, we
will design an RL framework where the RL observations
(now playing the role of the RL states) are all binary.

More concerning is the quantum nature of the projec-
tive measurement itself, since it collapses the state of the
qubit: this is similar to the state resetting procedure at the
beginning of every episode, except now it occurs at each
time step. The quantum Zeno effect then tells us that the
state will barely evolve at all, and hence we may have
a hard time bringing it to the desired target. To allevi-
ate the measurement collapse problem while adhering to
the laws of quantum mechanics, we introduce an ancilla
qubit on which to perform measurements [see Fig. 14(a)].
Whenever the controlled qubit and the ancilla are weakly
entangled, measuring the ancilla will only weakly perturb
the state of the qubit; that said, the weaker the entangle-
ment, the smaller the amount of information we can extract
about the state of the qubit from measuring the ancilla.

Last, we turn to the issue of defining the reward. As
already mentioned above, we can only afford to collapse
the state of the qubit once per episode, and it is most natural
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FIG. 14. Reinforcement learning from quantum data. (a) We couple a qubit to an ancilla which we can measure projectively. At each
episode step, the agent can apply a control gate U (@, B, v) (blue); however, the system is also subject to entangling noise Uey(a, b, ¢)
(red) and spontaneous emission (orange). After each step we project the ancilla on the ground state. The time step, the measurement
output, and the detected spontaneously emitted photon represent the RL observations; the reward is given at the end of the circuit by
the binary output of the qubit collapse on the target state. At the end of the circuit, we use the ancilla to project the state of the qubit to
the target state; this produces a binary output that defines the return. (b) Training curves showing the final fidelity over a batch of 2048
trajectories for: (blue) the clean case (i.e., no entangling noise and no spontaneous emission); (red) in the presence of entangling noise
only; (green) in the presence of spontaneous emission only; (magenta) in the presence of both noise and spontaneous emission. The
shaded area marks the 1o window over the batch. The horizontal dotted lines mark the 0.5,0.8, 1.0 fidelity thresholds, respectively.
We use a single-layer fully-connected neural network with 8 hidden neurons.

to do this at the end (which sets the return to be equal to
the final reward, a.k.a. sparse reward function). However,
instead of using the exact fidelity as a return, we will use
the binary measurement output.

At first sight, common sense may make it seem ludi-
crous that we can train any agent to learn from only
binary information. Especially in realistic experiments
where noise, decoherence, and spontaneous decay pro-
cesses cause the qubit to end up in a different final state
every time, even if we applied the same sequence of
actions deterministically in an attempt to exactly repeat
an episode. In such a scenario, estimating the qubit state
and the fidelity requires using the theoretical framework of
density matrices, whereas the RL agent is tasked to prepare
a pure target state.

To demonstrate that this is not as crazy as it may first
sound, let us define an experimentally-friendly RL frame-
work for a noisy qubit, and use the REINFORCE algorithm
to train an RL agent to prepare a pure target state. As
already advertised, we consider a qubit that can easily be
reset to the ground state 1), at any time, and our goal is to
transfer its population into a target state |1/),. To do this,
this time we use continuous gates parametrized by the three
angles «, B8,y € [—m, ) (note that while one can also use
an Euler angle parametrization, we prefer to work with a
Tait-Bryan parametrization since it avoids solutions being
degenerate in the case of 8 = 0):

Uctrl(a’ ﬁa )/)

= exp(—iyo?/2) exp(—i,Bay/2) exp(—iaox/Z).
(196)

The goal of the RL agent is to learn to select the optimal
angles to prepare the target starting from the fixed initial
state. In addition, we will require that the agent can keep
the state in the target over some fixed time.

As we mentioned above, our qubit is paired with an
ancilla initialized in the state |0),. Crucially, any mea-
surement on the system will be performed on the ancilla
only, in order to avoid collapsing the state of the qubit;
the binary output of these measurements will be used to
define the observations and the return to train the RL
agent.

To make the problem more realistic, we now assume that
the state of the qubit can undergo spontaneous emission
and decay into its ground state. This spontaneous decay
should in principle also be present for the ancilla, but we
leave that for the interested reader to implement as an exer-
cise. We also assume that some noise can lead to a small
entanglement between the qubit and the ancilla, which we
cannot control. In the following, we describe how to model
these processes which define the RL environment.

Spontaneous emission of qubit.—Let us assume that
the qubit state can undergo spontaneous emission with
some probability pemi; Whenever it occurs, this process
causes the qubit to decay to the ground state [1),, no matter
which state it was originally in.

We mention in passing that this is just one example of
an error channel that is relevant to some (but not all) plat-
forms; however, the procedure below can be generalized to
other loss processes, depending on the particular system of
interest.

Spontaneous emission is interesting for our RL setup
since, by energy conservation, it is accompanied by a
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photon that can in principle be detected. Thus, although
spontaneous emission is a stochastic process, we have a
means to detect when it happened. We can then pass this
information to our RL agent in the form of an observation
to improve learning.

We use a simplified model for spontaneous emission as
follows:

P 1Y)
——2L _——_ with prob. pemi
1Y), with prob. 1 — pemit,
197
where P, = %(1 — 0%), is the projector on the ground state

1), of the qubit.

Entangling noise between qubit and ancilla.—In real-
istic situations, the qubit and the ancilla are not perfectly
decoupled from one another. Leftover terms in the imple-
mentation of the gates can lead to small entanglement
between the qubit and the ancilla.

We assume that this entangling noise is fixed, and can be
parametrized by the parameters a, b, ¢, that we will refer to

J

as angles, as

V), 10), — exp(—i(a(f;aj + bojoy + cajaj))

|w)q|0>a = ent(a’b’c) |w>q|0)a9 (198)

where oo, (¢ =x,y,z) acts on the qubit-ancilla pair,
respectively. One can check explicitly that these three
operators commute and hence the exponential factors into
three separate entangling gates that can be applied to the
state consecutively (different Pauli matrices anti-commute
for the same qubit but commute for different qubits).

As a result of this noisy operation, the qubit and ancilla
states may get entangled. Hence, measuring the ancilla to
produce a binary partial observation, will perturb the state
of the qubit; the strength of the perturbation is determined
by the angles a, b, ¢ which are a property of the physical
system (in our simulations, we use random numbers drawn
uniformly from the interval [—pent X 7T, pent X 7] that are
fixed across different episodes). It is this back-action that
is difficult to model over multiple steps in a stochastic set-
ting, and where RL can have an edge compared to more
traditional control algorithms.

Measuring the state of the ancilla.—Recall that we want our RL agent to receive as observations the binary output
of ancilla measurements. We now discuss how to perform a measurement of the ancilla in the z-basis. Suppose the
qubit-ancilla system is in the joint state |¢). The ancilla measurement is then given by

P 1y)

ﬁ b
V=Y =Py

J1=p ’

Here the projector P% =1, ® %(1 — 07), acts only on the
ancilla subspace.

Note that, in contrast to the spontaneous emission of
the qubit, the measurement occurs with a probability that
depends on the state of the system. Moreover, the state
after the measurement always collapses.

Measuring the state of the qubit—Finally, we turn
to the measurement that produces the reward data. To
determine if the qubit at the end of the control circuit is
in the target state, we can use the ancilla to perform a
measurement of the operator

-

Oy =Ny -0,

(200)

where ¢, = (0%,07,07), is the vector of Pauli opera-
tors, and 7, = (Y6 |Y.),. The output of the measure-
ment returns the +1-eigenvalue of o, with probability

with prob. p = | (Y| P ) |> & measurement outcome — 1

(199)

with prob. | —p & measurement outcome + 1

(

F = |(1ﬁ*|1p)q|2. After the measurement, the qubit is pro-
jected to the eigenstate corresponding to the measured
eigenvalue.

In practice, the measurement is performed using the
ancilla, which is initialized in the |0), state. To this end,
one first applies a Hadamard gate H, = (6 + ¢%),/+/2 on
the ancilla, then a controlled-o, gate which we denote by
Cs,,, followed by a second Hadamard gate on the ancilla
[see Fig. 14(a), green inset]. This circuit entangles the
qubit state with the ancilla. Measuring the ancilla in the
z-basis then returns the eigenvalue +1 with probability
F = |(w*|1p)q|2, and collapses the state of the qubit on
1Y)

To see how this works, let us expand the state of the
qubit in the eigenbasis of o,:

W) = al)g + blvy ), (201)
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where o [y1,), = + V), and oY) = —|1;"),. The
state of the qubit-ancilla system before the measurement
circuit is thus

¥)410)a = al12)410)0 + bl )410)a, (202)

where ¢, a label the qubit and ancilla, respectively. After
the first Hadamard on the ancilla, the state becomes
(we use the convention |0) = (1, 0)" corresponding to the
excited state):

Hal¥)q10)a

a b
= —=IVx Oa la —— i_ Oa la
ﬁllﬁ)q(l)—l-l))-lrﬁlw )¢(10)a + [1)a)

1
= ﬁ(aw*)q + by )y) 0), +

+ bl 1),

1
E(Clh//*)q
(203)

Next, we apply the controlled-o, gate Cy,, i.e., we apply
the o, gate on the qubit if the state of the ancilla is |1),, and
we do not take any action if the ancilla is in |0),; in doing
so we recall that we decomposed the qubit state |y),, in the
eigenbasis of o,:

Co.Hal¥)4l0)a
L
V2

1

a
= —(—=|Vx Oa la
ﬁllﬂ)q(l Ja+11)a) +

(@lra)g + b1Y ) 10),

b 1
— 0)y — 1)a).
(204)

The second Hadamard gate on the ancilla then maps the
state to

HoCo, Hal ) 410)a = altr,)g10)a + DIp)gI1)a. (205)
It now becomes clear that if after applying the circuit above
we measure the ancilla in the z-basis, we obtain the mea-
surement result +1 with probability |a|* = |(¥.|¥)4]?, and
—1 with probability ||?, as expected. Moreover, due to the
entanglement between the qubit and the ancilla introduced
by the C,, gate, the measurement of the ancilla automat-
ically projects the state of the qubit in the corresponding
eigenstate of o,. Note that this outcome is precisely what
would come out if one could measure the operator o, in
the state V) -

We are now fully set to define an episodic RL envi-
ronment, which contains the laws of physics that govern
the dynamics of the qubit-ancilla system (i.e., the applica-
tion of the control gates and various sources of noise and

decoherence to the qubit state). Our RL agent will interact
with this environment to learn how to control the qubit to
bring it from the initial ground state [1), to a prescribed
target state [,), = cos §10) + e?sin § |1) with 0 = /4
and ¢ = /3. Each episode of the environment has 7 = 5
steps; the agent applies a gate of the form in Eq. (196) at
each step [see Fig. 14(a)].

As discussed above, note that we cannot use the quan-
tum state as an RL state since it is not observable. We
therefore define RL observations using three ingredients:
(i) information about the time step (the agent should know
how many steps there are until the end of the episode), (ii)
the binary measurement output of the ancilla measurement
after each step, and (iii) the binary output of the photon
detector which tells us whether a spontaneous emission
event occurred or not.

At each step within an episode, the agent will use its
policy to generate the angles «, 8, y that define the con-
trol unitary from Eq. (196). Because the angles can take
on continuous values, we model the policy by an inde-
pendent and uncorrelated Gaussian distribution for each
angle (the agent will learn the mean and variance, respec-
tively) 7o o¢ N (tta> 0o)N (g, 05)N (11, 07); the angles
to be applied will then be sampled from this policy. This
is an example of a continuous control problem. In prac-
tice, we use a neural network (or any other variational
ansatz) parametrized by the parameters 6 to learn the opti-
mal values of the means y and the standard deviations o
for a given observation o, which is an input to the neural
network, the output is the tuples (i, o).

Finally, the reward is set to zero at each time step (due to
the character of projective measurements that destroy the
state), except at the very end of the episode, when we use
the ancilla to produce the binary reward corresponding to
the quantum measurement.

(1) Observation space: S = Z3*". The time step will
be parsed to the agent as a one-hot encoding: the
corresponding vector is initially set to zero. The
ancilla measurements take on the value +1 if the
ancilla is found in the state |0),, and —1 otherwise,
and are initialized to +1 for all episode steps. The
ancilla is measured at the end of each step of the
environment and is reset to |0), afterwards. Finally,
the photon detector gives —1 (i.e., qubit found in
the ground state) if a photon has been detected at
a given step and is initialized to —1 (no photon
detected a priori). Hence, the observation consists
of a 3 x T binary vector. There are no well-defined
terminal states in this task; instead, we consider a
fixed number of 7 =5 time steps, after which the
episode terminates deterministically.

(2) Action space: A = [—7,7]’. Note that the action
space in this example is continuous; in particular, a
single step is sufficient to reach any target state from
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any other state on the Bloch sphere. However, the
presence of different types of noise makes this more
challenging. Actions act on RL states as follows:

(a) sample the angles «, 8,y from the Gaussian
policy;
(b) build the

Eq. (196);
(¢) compute new state: |¢') = Ula, 8, ) |¥).

quantum gate U(w,B,y), see

Note that all actions are allowed from each state.

(3) Reward space: R = {#+1}. We use sparse binary
rewards obtained from the quantum measurement
of the ancilla at the last episode step T using the
protocol described above.

Figure 14(a) shows the control protocol applied to the
qubit-ancilla system. The purple box represents one step,
and is unpacked in the corresponding inset: first, the agent
determines the optimal angles «, 8, y and applies the con-
trol unitary; the state then undergoes the entangling noise
[blue] (whose strength is random, but fixed during train-
ing), followed by an eventual spontaneous emission of
the qubit [orange]. Finally, we measure the ancilla in the
z-basis, and use the binary measurement output as an
observation. This protocol repeats for a total of 7= 15
steps, before we project the qubit to the target state [green
box]. To do so, we use the Hadamard-C, -Hadamard
sequence described above: measuring the ancilla in the z-
basis then returns the correct output (as if we had measured
the operator o,) and collapses the state of the qubit; it is
this measurement data that we use as a reward to train the
RL agent.

We now parameterized the policy by a single-layer
fully connected neural network with 8 hidden neurons;
the output of the network are the three mean and standard
deviation values; we can sample actions (i.e., angles) from
three independent corresponding normal distributions. To
train the agent, we use a batch of 2048 trajectories, over
a total of 200 episodes. Figure 14(b) shows the corre-
sponding training curves for four different types of noisy
environments; (i) when the entangling noise and sponta-
neous emission are off (Pemit = 0, pent = 0), the only source
of noise is the shot noise when estimating the fidelity.
We see that in this case, the agent learns to control the
qubit after about 50 episodes, reaching an almost perfect
fidelity. Moreover, the 1o uncertainty window (shaded
area) shrinks as training progresses which indicates that
the policy becomes more deterministic. (i) We can then
keep the spontaneous emission off and consider a weak
entangling noise. This slightly reduces the achievable final
fidelity to about 90%, but does not degrade the over-
all performance of the agent. (iii) In the opposite case,
with spontaneous emission replacing the weakly entan-
gling gate as a dominant noise source, we find that the

agent reaches about 80% fidelity. Following a stable learn-
ing stage, we notice large fluctuations in the training curve:
these are presumably due to the small neural network
used. We expect that training the agent longer will even-
tually stabilize the curve close to its maximum value. (iv)
Finally, we turn all sources of noise on. The overall fidelity
achieved by the agent in this case lies at around 80%. We
invite the interested reader to check out the accompany-
ing Jupyter notebook and explore the behavior of the agent
further [19].

Generalizing this setup beyond single-qubit control is
a topic of forefront research. For instance, there was a
recent demonstration of how RL agents can discover error-
correcting codes in few-qubit systems by using an ancilla
to infer partial information about the state of the system
[183]. Similarly, a recent experimental realization of a
GKP code built from the states of a cavity resonator and
manipulated using a transmon qubit as an ancilla [187],
provides another real-world application of the framework
introduced above. For details, we refer the interested read-
ers to the growing body of literature on using RL for
quantum error correction.

C. Implementations of reinforcement learning in
experiment

We close this section by mentioning three applications
of RL in experiments with quantum systems. The field is
rapidly evolving; hence, the selection below is to be taken
as exemplary rather than exhaustive.

In Ref. [168] the authors used an RL agent to initialize
the state of a single transmon qubit. This state preparation
task requires real-time control on time scales much shorter
than the coherence time of a qubit. Thus, for the pur-
pose of efficiency, the RL agent has to be integrated with
the experimental device requiring low-latency feedback.
The authors achieved this by using a sub-microsecond-
latency neural network on a field-programmable gate array
(FPGA) which interacts directly with the transmon qubit.
The agent was then trained using quantum measurements.
This work laid the foundations for resolving the challenge
of developing and training a reinforcement learning agent
able to operate using real-time feedback.

A more difficult, yet closely related, problem is the
preparation of quantum gates. Quantum gates are imple-
mented using control pulses, much like those discussed in
Sec. III. Gate synthesis can be viewed as a state prepa-
ration problem, but for a collection of a complete basis
set for the Hilbert space; the challenge is to prepare the
basis states with the correct relative phases among them.
The agent typically has access to the control fields of a
Hamiltonian, the time evolution of which generates the
quantum gate. RL has proven useful in tasks involving the
design of low-level pulse controls that can compensate for
hardware errors. In Ref. [175], the authors demonstrate an
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RL agent that can design a universal set of error-robust
quantum logic gates. In particular, they also train their
agent in runtime on a superconducting quantum computer
to implement a cross-resonance two-qubit gate. The agent
does not require knowledge of a Hamiltonian model for
the system, its controls, or any underlying error processes.
The pulse sequences produced by the RL agent for the
cross-resonance gate are up to three times faster than state-
of-the-art pulses. Moreover, RL gates were found to be
robust against calibration drifts.

And finally, a generalization of the RL framework used
in Sec. IVB3 was recently used in an experiment to
demonstrate quantum error correction for a cavity-QED
qubit. The cavity mode defines a harmonic oscillator from
which a logical qubit is built using a Gottesman-Kitaev-
Preskill (GKP) code. The oscillator is coupled to a trans-
mon which allows for readout and control of the logical
qubit. The RL agent is trained to preserve the logical sub-
space using measurements of the code stabilizers. As a
result, the trained RL agent increases the lifetime of the
GKP qubit by more than a factor of 2, using an active
quantum error correction protocol [187].

V. ADVANTAGES, LIMITATIONS, AND HYBRID
ALGORITHMS

As should be evident from the preceding sections, each
technique has its own strengths and weaknesses: e.g., the
simplicity in the formulation of counterdiabatic driving
comes at the price of the often highly complex control
terms it necessitates, optimal quantum control produces
high-fidelity protocols so long as it does not get stuck in
local minima, whereas the ability of RL agents to general-
ize typically requires large amounts of data. In Table V
we provide our opinion on some of the key advantages
and limitations for each of the approaches discussed in
Secs. [I-IV.

While we have presented and discussed each con-
trol technique in isolation, with an aim to provide a
clear pedagogical introduction to the basic mathemati-
cal formulation of quantum control protocols, it is worth
highlighting that significant benefits can be achieved by
combining these techniques together. The effectiveness
of such an approach can already be seen in fairly rudi-
mentary settings, e.g., Sec. Il F3 where counterdiabatic
driving informed the choice of operators to employ for
the control, leaving the pulse shape to be optimized. More
sophisticated approaches, although similar in spirit, have
been used to control many-body systems by combining
shortcuts-to-adiabaticity with optimal control to design
more experimentally favorable control protocols. The most
intuitive approach starts by constraining the available set
of controllable operators. By optimizing the operators’
time-dependence, this technique can allow for remarkably
good performance when traversing a critical point [43,77]

so long as we stay away from the thermodynamic limit
when the spectral gap closes and the norm of the AGP
diverges. As we will discuss more below, variational coun-
terdiabatic driving allows us to formalize and significantly
expand this approach as shown in Ref. [46]. Beyond the
clear practical advantage that hybrid approaches can pro-
vide vis-4-vis designing easier to implement control pro-
tocols, it can also allow to explore the fundamental limits
of controllability. Hybrid control approaches allow deter-
mination of the true minimal control time under a given
set of constraints and, therefore, explore the attainability of
fundamental bounds such as the quantum speed limit and
Lieb-Robinson bounds [190,191]. Significant efficiencies
in the optimization procedure itself are also attainable by
combining gradient-free with gradient-based optimization
procedures [75], the crucial insight here being that once
the need for numerical optimization enters the problem, it
can be highly advantageous to ensure that a “good” initial
seed is employed. This becomes particularly relevant when
exploring rugged control landscapes [192—195].

For the other considered control techniques, as we have
seen, both optimal control and reinforcement learning offer
numerical tools to devise quantum control protocols, and a
natural question arises as to when one gains an edge over
the other. A major difference between RL and optimal con-
trol is that optimal control focuses on the optimal solution
and any acquired information about the physical system
used during optimization is lost. RL, on the other hand,
extracts essential information for maximizing the reward,
and stores it in the policy—a left-over product. Reinforce-
ment learning algorithms are capable of re-using this infor-
mation at a later stage, e.g., starting from a different initial
state, self-correcting for exploration mistakes made during
training or caused by noise and uncertainty, or even try-
ing to control a related but different system. However, this
comes at a cost: RL is not computationally as efficient as
optimal control and takes more iterations to find an optimal
solution, especially if it starts without prior knowledge of
the controlled system (cf. model-free vs. model-based RL
[151]). Another advantage of RL over established quan-
tum control methods, which rely on built-in optimization
algorithms, is the balance between exploitation of already
obtained knowledge, and exploration in uncharted parts of
the control landscape (a.k.a. the exploration-exploitation
dilemma [151], which was mentioned also in Sec. III A).
Below the quantum speed limit, decision-based explo-
ration offers an alternative to multi-starting local gradient
optimizers. Unlike such methods, the RL agent progres-
sively becomes familiar with the control landscape, and
finds protocols robust to sampling noise. Due to explo-
ration noise, RL is not suitable for finding global minima
of the cost function; in return, the minima it finds are more
stable and robust to changes in the protocol. In difficult
optimization problems, however, optimal control is never
guaranteed to find the globally optimal protocol either, and
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TABLE V. Comparative table highlighting some key advantages and limitations of the various control techniques presented
throughout the tutorial and other closely related approaches.

Other ML approaches

like OC can accommodate any
constraints from the outset. Can
generalize to unseen setups (e.g.,
starting from different initial
states). (Typically) does not
require gradients of the function to
be optimized. Does not require
information about the controlled
quantum system.

Train once, apply in diverse setups.
Whenever optimization is
time-consuming, learn the correct
optimized output to avoid running
it every time.

Generalization (i.e., extrapolation

Techniques Advantages & focus Limitations & Scope of applicability References
Shortcuts-to-adiabaticity—Sec. 11
Counterdiabatic driving Analytically derived which Only strictly applicable to exactly Refs. [2,41]
guarantees effectiveness and also solvable models and often results
allows us to provide physical in highly nonlocal control terms
insight into fundamental limiting direct experimental
controllability of the system. implementability.
Variational counterdiabatic driving Can be approached semi-analytically = The local approximation of Ref. [44,45]
or fully numerically and lends counterdiabatic terms tends to be
itself to a hybrid approach poor when approaching critical
combined with quantum optimal and/or transition points in the
control. Allows us insight into the spectrum, i.e., where energy gaps
adiabatic gauge potential in close.
regimes where its exact calculation
is difficult.
Quantum optimal control—Sec. III
Open-loop optimal control Systematic approach that can be Does not generalize as system Ref. [13]
applied to any setting and allows parameters change—each
us to impose physically motivated configuration requires solving a
constraints, e.g., allowable new optimization problem.
operations, time scale etc. Benign Numerically obtained control
landscape structure gives certain solutions are hard to interpret
guarantees to find good, if not physically.
necessarily the absolutely optimal,
solution.
Machine learning based quantum control—Sec. [V
Reinforcement learning Versatile in scope of application and ~ May require a lot of training data. Ref. [15]

(Typically) does not come with
formal convergence guarantees.
May get stuck in a suboptimal
local minimum. Does not require
information about the controlled
quantum system.

Refs. [147,148]
and interpolation) has limits and

depends on the data used in

training. Requires static training

data distribution (i.e.,

characteristic system parameters

should not change over time).

we usually have no way of verifying if it did. Anticipating
possible future applications of RL in physics, we note that
RL brings in three key ideas: (i) model-free RL requires
no pre-knowledge of the controlled physical system; (ii)
adaptive RL transfers acquired knowledge to new setups
and can point to hidden relations between nonequilibrium
phenomena; (iii) autonomous RL provides novel insights
into automating complex manipulation protocols.

Hybridized procedures allow pitfalls associated with a
particular approach to be circumvented, ultimately push-
ing the limits of controllability. As previously mentioned,
a drawback of counterdiabatic driving (and associated ana-
lytical techniques) is the requirement to exactly solve the
model, thus significantly limiting its range of applica-
bility. However, it is evident that many physically rele-
vant settings can be approximated by models with known
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analytical solutions. From the above examples and dis-
cussion, it follows that using the information accessible
by determining the control protocol for the analytically
tractable approximation, can serve as a highly insightful
seed which can then be optimized using, e.g., optimal con-
trol theory and/or machine learning. Such an approach
has already been demonstrated to be highly effective in a
diverse range of settings, we refer the reader to Refs. [90,
92,93,165,196], for some further examples. To highlight
the benefit that hybridized control strategies offer we men-
tion three recent approaches that are showing particular
promise:

(D

2

Enhanced shortcuts-to-adiabaticity (eSTA). The
analytical nature of STA methods means that they
have typically been applied to low-dimensional, ide-
alized models. Thus, while the models serve as
approximations to real physical systems, it is evi-
dent that directly applying the corresponding con-
trol terms to the actual system would, necessarily,
not achieve perfect finite-time adiabatic dynamics.
However, given that the formulation of STA meth-
ods guarantees that a counterdiabatic control term
exists, it follows that if the Hamiltonian descrip-
tion of the real physical system can be considered a
perturbation away from the idealized model, the cor-
rect control term is also likely to be closely related
to the one derived for the idealized model. This
insight served as the starting motivation for eSTA
techniques [197,198], which combines the knowl-
edge learned from the STA methods together with
gradient based optimization to achieve high fidelity
control in several physically relevant settings, in
particular transport [197—199] and expansion [200]
in anharmonic trapping potentials, manipulation and
transport in double well [201], driven qubits beyond
the rotating wave approximation [197], and bosonic
Josephson junctions [202]. The computed control
terms have also been shown to be robust to system-
atic errors and noise sources [198,202].

Counterdiabatic local optimized driving. The
approach of variational counterdiabatic driving
introduced in Sec. Il F 4 enabled the construction of
approximate CD terms through minimization with-
out the need to diagonalize the Hamiltonian [44,45].
This minimization procedure can be tackled ana-
lytically for a limited set of scenarios, including
the Ising model discussed in Sec. 11 F 4, but often
requires numerical minimization protocols to obtain
the coefficients of the approximate CD for a particu-
lar protocol, akin to those discussed in the context
of quantum optimal control in Sec. III. The most
natural way to enhance the performance of vari-
ational CD protocols is to introduce higher-order
CD terms with operators that involve more bodies,

€)
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i.e., by adding up to N-body interactions, but these
are inherently non-local and often difficult to engi-
neer in experiments or on quantum hardware. Note,
these non-local and many-body terms are also what
we are precisely wanting to avoid calculating when
motivating the introduction of variational counter-
diabatic driving. Counterdiabatic local optimized
driving [46] takes a different approach by fixing
the variational CD at low, local, orders of approx-
imation while adding control fields that extend
the family of dynamical Hamiltonians that can be
explored. This allows us to use counterdiabatic opti-
mized local driving to find the optimal dynamical
path for the local approximated CD. Recent work
has extended this to determine the additional con-
trol fields and associated optimal set of operators
necessary for a given problem [53]. Furthermore,
this approach allows one to optimize the dynamical
protocol without direct simulation, by calculating
the ignored non-local CD terms and minimizing
their contribution, and this method could be fur-
ther enhanced by combining it with the numerical
approaches that have since been developed to cal-
culate the CD terms, which we will discuss in
Sec. VIF.

As a framework providing optimization algorithms
capable of learning, RL presents an ideal play-
ground for developing concepts for hybrid quantum
control. Whereas RL does not magically produce
high-fidelity protocols, this can be greatly facili-
tated by combining it with various STA methods,
including CD driving, explored in Refs. [165,169].
The key idea to apply RL to real-world noisy
intermediate-scale quantum (NISQ) devices is to
exploit the QAOA which defines a variational quan-
tum circuit with unknown parameters. The RL agent
has to learn either the gate angles (continuous) or
the circuit architecture (discrete) and, ideally, both.
Since solving both the continuous and discrete opti-
mization involves mixed continuous-discrete action
spaces which can be challenging to deal with,
often one resorts to RL for one of these two prob-
lems, leaving the other to optimal control methods
(Sec. III), such as gradient descent, or tree searches
[203]. To design the circuit architecture ansatz, one
can use the terms appearing in the nested com-
mutator ansatz [50] for the variational AGP, see
Sec. I F 4. While this does not implement CD driv-
ing itself, these terms generate unitary dynamics that
unlocks shortcuts in the Hilbert space, leading to
efficient state preparation away from the adiabatic
regime. Using this approach Ref. [165] developed
RL agents to prepare ground states of many-body
spin chains on NISQ devices, while the RL agent
of Ref. [169] is trained to design optimal pulses
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for single-qubit gates applicable, e.g., on a super-
conducting qubit device. We have explored in detail
such hybrid CD-RL control shortly, see Sec. IVB 2.
We mention in passing that, besides CD driving, RL
can be combined in a hybrid approach to optimize
dynamical invariants—a different STA technique
[171].

VI. FUTURE CHALLENGES AND PROSPECTS
FOR QUANTUM CONTROL

The ubiquity of control means that the techniques and
tools presented above can find fertile application in a wide
variety of places. In this section, we conclude this tutorial
by briefly touching on several areas where quantum con-
trol is prevalent and where there are potentially significant
benefits to be gained from the continued development of
more advanced techniques for coherent control of complex
quantum systems, see Fig. 15.

A. Quantum control to push fundamental limits in
quantum dynamics

Given a model for a quantum-dynamical system and a
target state or unitary transformation, the tools of opti-
mal control allow us to search for a protocol that achieves
such a process. If the optimization systematically fails to
find a solution, this could indicate that the process was not
achievable, with the resources available, in the first place,
thus revealing a fundamental limitation of the dynamics.

Applications

H. Quantum control of
open systems

I. Quantum annealing
and shortcuts-to-
adiabaticty

Overview of the topics discussed in Sec. VI and their relation to fundamental ideas, new methods, and applications of

In the examples of Sec. III, this was related to restric-
tions placed by the quantum speed limit, and the fact
that there is a minimum time required to perform a given
quantum transformation, which in turn can be traced back
to fundamental uncertainty relations. For quantum con-
trol problems of the form described in Sec. II, where the
initial and target states can be adiabatically connected, it
has been shown that quantum speed limit bounds can be
significantly refined to yield more informative bounds on
the systems dynamics [11,58,107,108,204—206], which in
turn are linked with the geometric picture described in
Sec. VIC and can help in developing alternative strategies
to achieve control even for complex systems [207].

The example above suggests that optimal control could
be a useful tool to reveal and probe other fundamental
bounds related to quantum dynamics. One such example
is the Cramér-Rao bound [127], which limits the preci-
sion with which a quantum state can act as a probe of
a weakly encoded phase. Efforts towards using QOC for
quantum sensing have focused on optimizing the quan-
tum Fisher information [208—211], and related protocols
based on variational quantum circuits (see also Sec. VIK)
have looked at optimizing other types of metrics [212].
Instead of maximizing the sensitivity of the quantum state
to an external perturbation, optimal control methods could
also be applied to minimize such sensitivity, i.e., yielding
robust quantum processes [102]. Naturally, robust quan-
tum control is highly desirable in several applications, for
instance, in quantum computing where extreme precision
at the quantum level is typically required, or in quantum
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thermodynamics where control techniques can be lever-
aged to designing protocols for the efficient charging of
quantum batteries [213-218].

In the realm of many-body systems, different fundamen-
tal bounds limit the rate at which quantum information
spreads through the degrees of freedom of a system. These
include Lieb-Robinson bounds [219], which determine the
existence of light-cone-like dynamics in a system with
local interactions, as well as fast-scrambling bounds [220],
related to the maximum speed of operator growth. It is an
open question how driving and optimal control could be
used to create protocols that scramble quantum informa-
tion optimally. Even more fundamentally, optimal control
tools for observable evolution (i.e., in the Heisenberg pic-
ture) have not been studied in depth up to now. Protocols
that manipulate quantum information optimally could be
of use for certain quantum algorithms, as well as for quan-
tum simulation of complex models related to black hole
information dynamics.

B. Connections between counterdiabatic driving, the
adiabatic gauge potential, and chaos

Adiabatic gauge potentials underlie quantum geome-
try, cf. Sec. VIC. The latter encodes how weakly the
wavefunction changes, as measured by the fidelity suscep-
tibility. It was pointed out that this connection can be used,
e.g., to detect phase transitions without the need to define
any order parameters [221,222]. Recently, it was proposed
to use the sensitivity of eigenstates to external pertur-
bations to define quantum (and classical) chaos [223].
Indeed, eigenstate deformations are quantified by the met-
ric tensor g, = Re (n|.A; A, |n); in chaotic systems, one
typically performs an extra average over the eigenstates
which corresponds to an infinite-temperature ensemble.
Hence, eigenstate deformations can be used as a probe
for quantum chaos. To see this connection from a differ-
ent perspective, recall that the correction to the eigenstates
in the presence of perturbations is determined by the AGP
A. Moreover, as it satisfies the operator-valued equation
[G(A), H] = 0 [cf. Eq. (45)], one can associate adiabatic
transformations (i.e., the transformations generated by the
AGP) with emergent conservation laws whose generators
also commute with the Hamiltonian H. This leads to an
intricate relationship between the AGP and integrability.
Since chaos is a manifestation of the lack of integrability,
it turns out it can be quantified by analyzing the stabil-
ity of time-averaged trajectories to small deformations in
the Hamiltonian [224]. We note in passing that chaos and
ergodicity are, in general, different notions [225]; the AGP
can help identify the presence of chaotic behavior. Finally,
recall that the fidelity susceptibility can be measured in
experiments since it is related to the response function of
the system [45]; in this sense, the more slowly a system

relaxes and the stronger its sensitivity is to low-frequency
response, the more chaotic it is.

C. Adiabatic gauge potential and quantum geometry

One of the central objects of this tutorial—the adiabatic
gauge potential—is inextricably related to quantum geom-
etry [45]. Indeed, its connected correlation function in
the eigenstate |n) of the Hamiltonian, x,, = (n|.4;.A,|n).,
defines the quantum geometric tensor x,,. The real part,
g.v = Re xu,, is the metric tensor which determines the
distance between states on the manifold parametrized by
A (the Fubini-Study metric). It can be shown that adia-
batic evolution follows the geodesics (i.e., the minimal-
distance curves) with respect to g,,,. The metric tensor is
also known as the quantum Fisher information or fidelity
susceptibility, and finds ample applications in quantum
parameter estimation and quantum sensing. On the other
hand, the imaginary part of the quantum metric tensor is
proportional to the Berry curvature F,, = —21Im x,,,. It is
often used to determine the Chern number—a topological
invariant that lies at the heart of understanding topolog-
ical insulators, and is invoked in the explanation of the
integer quantum Hall effect [47]. Moreover, the eigen-
state expectation value of the gauge potential, (n|.A;|n)
is the Berry connection which defines parallel transport
on the parameter manifold; it is frequently used to compute
the geometric (Berry) phase accumulated by the wave-
function upon parallel transport along a closed path in
the parameter manifold. Unlike the Berry connection, both
the quantum metric and the Berry curvature are invariant
under changing the phase of the wavefunction, and are
therefore measurable quantities. In particular, the metric
tensor is related to the spectral function via linear response
theory, while the Berry curvature can be measured from
the leading order nonadiabatic response of observables
[45].

D. Shortcuts-to-adiabaticity and periodically driven
(Floquet) systems

As we discussed in Sec. II F 4, real-valued Hamiltoni-
ans have purely imaginary-valued adiabatic gauge poten-
tials. For non-interacting systems, these take the form of
y-magnetic fields or current terms; interactions modify
these currents and can even make them less local (think of
interaction-dependent hopping terms). Thus, implement-
ing even approximate CD driving requires experimental
control over such generalized current operators. More-
over, in systems with broken time-reversal symmetry, the
Hamiltonian is complex-valued and even more compli-
cated terms appear in the AGP. It is therefore important to
find ways to implement the AGP in experiments, at least
approximately. One way to do this is to use periodic (Flo-
quet) drives [226-231]. Recently, it was shown that the
AGP can be generated by taking nested commutators of
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the non-driven Hamiltonian H (A = 0) and the generalized
force 9,H (1) [50]. Incidentally, the same nested com-
mutators appear in the Floquet-Magnus expansion (or its
step-drive version, the Baker-Campbell-Hausdorff expan-
sion), used to find approximations to the time-independent
Floquet Hamiltonian H which governs the stroboscopic
dynamics of periodically driven systems. This opens up
the intriguing possibility of implementing an effective stro-
boscopic dynamics generated by Hy = H + 1A, [50] [a
related idea was used to enhance energy minimization
algorithms on digital quantum devices using CD driving,
giving rise to the CD quantum approximate optimization
algorithm (CD-QAOA) [90]]. A proof of principle real-
ization of counterdiabatic driving using periodic drives
has recently been reported in an experiment using NV
centers [232].

Floquet drives, on their own, are typically used to alter
the properties of static systems via so-called Floquet engi-
neering. The key idea is to use a strong time-periodic
drive to dress the states of the system; the resulting stro-
boscopic dynamics generated by the Floquet Hamiltonian
can be used to explore dynamically states and/or parame-
ter regimes accessible only in so-called synthetic quantum
matter (e.g., ultracold or Rydberg atoms, trapped ions,
superconducting qubits, etc.) [226-231]. However, using
periodic drives as an engineering toolbox brings up the
question of how to control the population of stationary
states in the presence of the periodic drive that created
them in the first place; commonly used protocols in Flo-
quet engineering include ramps of the drive amplitude,
modulation of the drive frequency (so-called chirps), or
protocols changing the phase of the periodic drive. Floquet
control is a daunting challenge since any external control
will violate the periodicity of the Hamiltonian and render
Floquet’s theorem inapplicable; moreover, due to drive-
induced resonances, the adiabatic limit for the effective
Floquet Hamiltonian does not exist (though there can be
adiabatic regimes at small but finite ramp speeds) [37,38].
Nevertheless, the concept of local CD driving can be
extended to Floquet states: besides the contribution from
the Floquet eigenstates, the AGP associated with the Flo-
quet Hamiltonian contains an additional term due to the
micromotion dynamics (i.e., the dynamics in between the
stroboscopic times). Curiously, there also exists a general-
ization of the variational principle we derived in Sec. [1E
[36]. In that sense, finding the Floquet Hamiltonian (i.e.,
applying Floquet engineering) can be cast as an inverse
counterdiabatic problem [233]. Floquet systems demon-
strate that the ideas of CD driving are more general and
apply to systems taken far out of equilibrium; moreover,
CD driving proves instrumental in telling inherently non-
equilibrium effects apart from equilibrium-like phenom-
ena. Indeed, CD driving offers an entirely new, geomet-
ric perspective on Floquet theory [233]. The question of
how to efficiently control generic nonequilibrium steady

states is one of the open frontiers of present-day quantum
dynamics.

E. Quantum control to characterize non-equilibrium
dynamics

While the principal goal of quantum control is to achieve
a particular aim, it is useful to acknowledge that this
paradigm can be inverted and the control of a system can
be used as a remarkably versatile tool for understanding the
underlying physics. In the case of control via counterdia-
batic techniques the intuition is simple: the control allows
us to circumvent or suppress the non-equilibrium dynam-
ics; therefore, the control itself contains all the relevant
information about the dynamical response of the system
to an, in principle, arbitrary perturbation. This can read-
ily be seen for example in assessing characteristics of the
controlled dynamics which allows us to study the Kibble-
Zurek mechanism [35,61]. Furthermore, while counterdia-
batic driving predicts that highly complex and non-local
terms are generally necessary for many-body systems, the
techniques outlined previously provide a versatile toolbox
in order to build up the control while respecting given
experimental constraints. This not only allows for these
techniques to be scaled up, and thus enhance their practi-
cal utility, it also provides us with a framework to consider
the relevance of particular interactions [46,51] or to deter-
mine the minimal operator set necessary for control [234],
ultimately providing valuable insight into the fundamental
controllability of complex systems.

F. Numerical approaches to the calculation of
counterdiabatic driving and the adiabatic gauge
potential

In Sec. II, we exposed the reader to a number of
approaches for obtaining the adiabatic gauge potential
(AGP), or counterdiabatic driving term, which were ana-
lytic in nature. The final variational approach [44] outlined
in Sec. IIF4 was until relatively recently the state-of-
the-art, with the advancement of the known form of the
ansatz given in Ref. [50]. However, with the advancement
of adiabatic quantum computing, and the later connec-
tion of the AGP to the digital variational QAOA [90],
there was growing interest in developing numerical proce-
dures to calculate or approximate the AGP in many-body
quantum systems beyond that which can be tackled with
the techniques outlined in Sec. II and which are complex
systems from the point of view of optimal control. To-
date, this has led to three approaches which tackle this
issue from different angles. The orthogonal commutator
expansion method [51] takes a similar approach to that
of the variational adiabatic gauge potential of Sec. IIF 4
but recasts solving for the AGP into that of solving a
block-tridiagonal system of equations, which can be solved
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efficiently numerically. This method is particularly tar-
geted at obtaining the exact AGP numerically in complex
scenarios. The second method is a Krylov approach which
uses a standard approach to solving large quantum many-
body problems numerically by introducing a Krylov basis
which spans the minimal operator subspace to describe
the AGP [50,234]. This method is particularly useful for
finding approximations of the AGP at moderate orders of
the commutator expansion of Ref. [50] for complicated
many-body Hamiltonians. The third method uses matrix
product operators—a tensor network technique [235,236],
and allows one to compute the AGP in large quantum sys-
tems. It can outperform both the orthogonal commutator
and the Krylov ansatz methods, although it is currently
unclear if this advantage is generic. The three methods
are equivalent in the limit in which they all solve for the
exact AGP, if they can reach that limit, in a given prob-
lem. However, as all three methods have only recently been
introduced, it is unclear how the approximate forms of each
compare and this is a current area of active research.

G. Hybrid control techniques

As discussed in Sec. V, it is clear that hybridized proto-
cols offer the most versatile approach to achieve coherent
control. The performance of such techniques also indicates
that determining the ultimate limits of controllability is
a multifaceted problem and one which will require input
from the various sub-communities. This is particularly rel-
evant as quantum devices continue to be developed and
there is a particular need for effective and robust control.
Indeed, the utility and scalability of novel quantum tech-
nologies is likely to be strongly impacted by our ability
to coherently manipulate the components of the devices,
particularly in the presence of unwanted, or potentially
unknown, sources of noise, as will be discussed in the
proceeding Sec. VI H.

H. Quantum control of open systems

A simple fact is that no system is ever truly shielded
from the surrounding environment and indeed virtually
all experimental setups go to great lengths to offset, or
at least mitigate, the unavoidable interaction between a
system and, e.g., stray electric and magnetic fields or
unwanted seismic activity (such as a subway passing by),
etc. If the timescales of the noise are sufficiently slow
compared to the system’s evolution or if they host so-
called decoherence-free subspaces or can be dynamically
decoupled from the environment [237], then often the con-
trol protocol for the closed unitary dynamics are put to
work, i.e., precisely the techniques that have been the
focus of this tutorial. Indeed, speeding up the unitary
dynamics such that it achieves a given evolution faster
than the noise can act is one of the core drivers in the
development of quantum control techniques. However,

increasingly quantum control is becoming an integral part
of emerging quantum technologies themselves and this
has resulted in a steady growth in examining control of
genuinely open quantum systems [20]. The simplest such
studies involve employing the same Hamiltonian control
techniques already discussed while explicitly in the pres-
ence of unwanted and/or unavoidable environmental noise
commonly modeled using phenomenological approaches,
particularly Markovian master equations [20]. Control
strategies, particularly those following the QOC theory
and ML type prescriptions, are determined while explicitly
including the open system effects as part of the optimiza-
tion, aiming to find the optimal path in state space that
minimizes the impact of the environment.

The most general picture for control is when both the
system’s Hamiltonian and interaction with its environ-
ment can be manipulated, so-called reservoir engineering
approaches, see, e.g., Ref. [238]. Such a setting encom-
passes and extends the above to the non-Markovian regime
which, owing to the inherent complexity of character-
izing and understanding such open system dynamics,
means comparatively little is known regarding the typi-
cally achievable levels of control. For control techniques
based on shortcuts-to-adiabaticity the issue becomes per-
haps even more fundamental since the very definition of
adiabaticity must be carefully reconsidered when the sys-
tem exchanges energy with the environment [239,240].
Nevertheless some progress in extending shortcuts-to-
adiabaticity to open systems has been made [241,242]. In
addition to these general considerations, it is worth not-
ing that NISQ devices have recently opened up a new
kind of non-unitary way to control quantum systems: these
so-called feed-forward protocols rely on mid-circuit pro-
jective measurements the results of which are fed back to
the system and determine the subsequent structure of the
applied unitary circuit, giving rise to a mixed quantum-
classical control. If accessible, feed-forward protocols can
provide a way to cut down the preparation time for various
many-body states since they can evade some constraints
on information spreading imposed by locality, such as
Lieb-Robinson bounds or quantum speed limits [243—248].

The complexity associated with developing general con-
trol protocols that are either robust to, or leverage, environ-
mental noise indicates that hybrid approaches are likely to
be the most fruitful path forward and therefore a greater
integration of the various control sub-communities is vital
moving forward.

I. Quantum annealing and shortcuts-to-adiabaticity

Quantum annealers are analog quantum devices
designed to access low-energy states of arbitrary Hamil-
tonians on specific interaction graphs which can encode
solutions to practical problems, for example, in combi-
natorial optimization [28]. These devices largely rely on
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being able to adiabatically transform simple Hamiltonians
to more complex ones, in the way described in Sec. II B.
The success of annealing protocols is predominantly lim-
ited by the coherence time of the device, and the scaling
of the minimum energy gap for a given problem. Coun-
terdiabatic driving can be a useful tool to lower the total
evolution time used by a control protocol, to make it fit
within the coherence time of the device. These tools have
recently begun to be implemented in quantum annealing
prototypes, as well as their gate-based extensions (like
QAOA, see Sec. VIK).

Problems, where the minimum energy gap is too small
or scales unfavorably with system size, represent a major
challenge for quantum annealers. From a physics perspec-
tive, it is known that minimum gaps scaling polynomially
with system size are typically associated with second-
order (continuous) phase transitions, while exponentially
vanishing gaps are linked to first-order (discontinuous)
phase transitions [249]. To mitigate the gap scaling, it
has been proposed to include so-called catalysts in the
annealing protocol [250] or employing augmented coun-
terdiabatic techniques [251]. These are additional terms
in the Hamiltonian that provide intermediate stops in the
annealing schedule. It has been shown that such strategies
can substantially improve gap scaling. Unfortunately, it is
hard to know a priori what kind of catalyst Hamiltonian
will be needed for a given problem. Connecting CD driv-
ing to the catalyst formalism could help provide a more
formal ground to these tools, and improve their useful-
ness [252]. More generally, the properties of CD protocols
could be used to probe interesting connections between
computational complexity, gap scaling, and quantum phase
transitions (see also the discussion in Sec. VIE).

J. Variational quantum algorithms and quantum
optimal control

More generally, an important connection has been rec-
ognized between the formalism of quantum optimal con-
trol and variational quantum algorithms (VQAs) [253],
which have led the charge in the search of useful appli-
cations of near-term NISQ computers. In a generic VQA,
a circuit is formed of a series of parameter-dependent gates
U;({6:}), which act upon a fiduciary state, typically |0)®N .
Measuring the qubits at the end of the circuit allows us to
evaluate some cost function, for instance, associated with
the energy of a target model. This cost function is then
fed to a classical optimizer, which searches for a new set
of parameters {6;} to try in the next cycle of the hybrid
quantum-classical procedure.

The VQA framework is the foundation for potential
applications such as the QAOA, the variational quantum
eigensolver (VQE), and many quantum machine learning
(QML) approaches. The connection between the QOC for-
malism laid out in Sec. III and VQAs is evident; the

main difference being that the quantum evolution neces-
sary to evaluate the cost function is implemented in an
actual quantum processor in the latter, instead of numer-
ically simulated classically in the former. VQAs have
been intensely explored in recent years and have revealed
important properties of what we could expect in quan-
tum optimal control when scaling up system size and in
the presence of noise [254,255]. An example of these is
the phenomenon of barren plateaus, which predict that
certain highly expressible (i.e., controllable [94]) quan-
tum circuits lead to cost function gradients that decrease
exponentially with system size, meaning that the resulting
optimization being performed by the classical computing
resource becomes prohibitive at large scales. The pres-
ence of noise has been shown to aggravate this problem.
Workarounds to this issue imply the use of less expressible
VQA ansatze, which in quantum control language set the
stage for studying complex quantum systems that are not
fully, but partially controllable [256].

K. Quantum control for quantum computing

As we have mentioned throughout this tutorial, quan-
tum optimal control already plays a major role in the
development of quantum computers, as it has allowed to
improve the fidelities of entangling gates in many physical
platforms.

One prominent example is the use of the so-called cross
resonance (CR) gate [257,258]. This has been a driving
protocol behind many advances in quantum computing
based on superconducting technology [259]. The CR gate
provides a protocol that requires only microwave control.
This reduces the need for magnetic flux lines in super-
conducting circuit designs that could otherwise become
sources of additional noise. By employing various types
of optimization, very high fidelities for the CR gates have
been achieved [260,261], as well as extension of the CR
gate based on the same including the so-called cross-cross
resonance gate [262]. This work has used optimal con-
trol in a closed loop that takes into account the hardware
specifics [144]. At this point, the high CR gate fidelities
are typically measured in systems with a limited number of
qubits [263], and it is not given that the control protocols
used here will also apply as one scales the system to a large
number of qubits. This has led to proposals for new types
of pulse shaping in terms of DRAG protocols designed to
work in the presence of a large number of qubits [264].

Other major commercial team building superconduct-
ing quantum computers have also made strides towards
high-fidelity gates by using quantum control. New ways
to perform DRAG pulse shaping have been implemented,
resulting in large reductions in single qubit gate errors
for transmon systems [265]. Furthermore, new approaches
to reduce errors associated with readout and reset using
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quantum optimal control can be found in Ref. [266] with
key examples from transmon systems.

A drawback of transmon systems is their low anhar-
monicity in the spectrum that leads to physical limitations
on the speed of quantum gates. This has led to the pursuit
of other qubit modalities, and a prominent recent exam-
ple is flux qubits that may allow for very fast gates. The
regime of interest is influenced by driving pulses in several
important ways, including inducing ac Stark shifts of the
energy levels and unintended leakage to levels outside the
computational (two-level) space. Countering these effects
is a main venue for pulse shaping techniques. Experimen-
tal work [267] has shown how to mitigate these effects and
achieve very high single-qubit gate fidelities. However,
this comes at the cost of additional hardware requirements.
In a very recent paper [268] it was shown how one may
avoid hardware complexity by rethinking the pulse shaping
schemes. This requires a reworking of the rotating wave
approximation that is applied widely in the superconduct-
ing circuit community, but that is not expected to hold
when targeting very fast gates.

For trapped ion quantum computing, a major ingredient
in many experimental implementations is the entangling
gate proposed by Sorensen and Mdlmer [269]. This has
been hugely successful as a protocol for achieving high-
fidelity gates in ion trap quantum computers [270-272].
In a recent work by Kirchhoff and co-workers [273], a
new theoretical analysis of the scheme in Ref. [269] shows
that there may be errors that have not previously been
accounted for and that when included these properly, one
finds a lower limit on the error that matches well with
recent experimental errors in the different ion trap quantum
computing implementations. The work of Ref. [273] then
goes on to suggest how to proceed using control techniques
to further reduce errors using, e.g., pulse shaping.

A key point in which control has yielded decisive ben-
efits for quantum computing has been in the optimization
of performance for near-term noisy quantum devices. In
the context of variational quantum circuits (see the pre-
vious section), this has led to exploration of how to use
parametrized quantum gates to shorten circuit depth and
reduce noise for increased performance. One such effort
has been directed at quantum computing to simulate the
behavior of fermionic systems in Ref. [274], that took
advantage of fast adiabatic control [275]. Further work
has since demonstrated how these features can be used
for quantum chemistry and quantum materials calculations
on quantum computers [276,277]. Parametrized two-qubit
gates are expected to be the better option for these quan-
tum simulation tasks on quantum computers [278,279] and
it is expected to bring further challenges and opportunities
for quantum control [280].

Beyond the two-qubit gates, there are many instances
in which gates acting on three or more qubits can be a
major benefit in the implementation of quantum algorithms

on quantum computers [280]. The controlled operations of
basic algorithms such as Grover search and other oracle-
based designs, as well as key steps in Shor’s factoring
algorithm, will imply an overhead in decomposition into
single- and two-qubit gates. Even in the presence of error
correction, this overhead will influence the execution time
as the problem size grows. Here, the availability of N-
qubit operations can be used to reduce the overhead,
and in many cases by significant amounts. Furthermore,
three-qubit gates are crucial ingredients of quantum error
correction protocols [281], and as such are highly desirable
operations to have in any quantum computing architecture
with low overhead and high quality. Hence, major efforts
have been put into realizing multi-qubit gates with high
fidelity.

Optimized multi-qubit quantum gates have been consid-
ered in several platforms. As an example, the three-qubit
Toffoli gate has been considered using a single-shot pro-
tocol within superconducting transmon qubits [282]. This
can be generalized to multi-qubit gates beyond three qubits
such as the n-bit Toffoli or related controlled gates that
may be realized using Rydberg atoms [283], trapped ions
[284], and superconducting circuits [283—285]. Other con-
trolled three-qubit gates realized with quantum optimal
control have been proposed that target time-optimal imple-
mentations [286] in neutral atoms that may be used for
quantum computing [287] and quantum simulation tasks
[288]. For trapped ion quantum computing, the Grover
search algorithm has been realized on a small set of qubits
[289] using three- and four-qubit gates [290].

The topic of multiqubit gates is intimately connected to
the exploration of systems beyond qubits, i.e., systems in
which the local Hilbert space has dimension d > 2, so-
called qudits. One may also view this from the point of
view of breaking the abstraction that the assumption of
having qubits in the system binds us to [280]. Here one can
implement quantum algorithms in a more versatile fashion
[291,292]. The gates acting on qudits are more involved
and can present new challenges for control techniques as
multiple levels are now active and it may be advantageous
to activate several transitions at once to realize qudit gates
[280,293]. This may in turn introduce new issues as there
are now multiple ways in which leakage can occur and
it is can be more challenging to design quantum control
protocols to mitigate these effects. Using different types
of protocols it has by now been possible to realize qudit-
based quantum processors in several platforms, including
cold atoms [294], superconducting circuits [295], trapped
ions [296], and photonics [297,298].

There are other important connections between quan-
tum control and quantum computing development which
have been more recently proposed, and are currently being
exploited. A natural extension is to use quantum control to
perform quantum tasks that are specific to different tasks
in the quantum computing stack. For instance, developing
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TABLE VI. Summary of abbreviations used throughout.
Abbreviation Definition
2LS two-level system
AC actor-critic
AGP adiabatic gauge potential
BEC Bose-Einstein condensate
BFGS Broyden-Fletcher-Goldfarb-Shannon

CD counterdiabatic

CRAB chopped randomized basis

DDGP deep deterministic policy gradient
DQN deep Q-network

DRAG derivative removal by adiabatic gate
FPGA field-programmable gate array
GKP Gottesman-Kitaev-Preskill
GRAPE gradient-ascent pulse engineering
L-BFGS-B limited memory variant of BFGS
LMG Lipkin-Meshkov-Glick

LZ Landau-Zener

ML machine learning

NISQ noisy intermediate-scale quantum
NMR nuclear magnetic resonance

NV nitrogen-vacancy

PG policy gradient

PPO proximal policy optimization
QAOA quantum approximate optimization algorithm
QML quantum machine learning

QOC quantum optimal control

QSL quantum speed limit

RL reinforcement learning

STA shortcuts to adiabaticity

STIRAP stimulated rapid adiabatic passage
TRPO trust-region policy optimization
VQA variational quantum algorithm
VQE variational quantum eigensolver

fault-tolerant quantum algorithms can benefit from using
optimal control to generate magic states [299] or parity
check unitaries [300] for quantum error correction, devel-
oping robust implementations of quantum gates [301],
and for the manipulation of surface code defects [302].
It has also been demonstrated that quantum optimal con-
trol can be used to synthetize gates for digital quantum
simulation circuits [135,303]. The lessons learned from
STA, the impact of ML to train for general scenarios, and,
importantly, the framework of quantum optimal control are
crucial for the development and optimization of quantum
error suppression, mitigation, and correction which are a
critical part of the strategies and roadmaps being pursued
throughout the quantum computing ecosystem, in both
experiments and theory, across government, academia, and
the growing quantum computing industry.

JUPYTER NOTEBOOKS

Jupyter notebooks are available on GitHub [19] for
interested readers to explore different code parameters in

the Examples discussed in the main text. These notebooks
can also be used as a starting point to apply the control
techniques introduced in this tutorial to open problems at
the forefront of research.
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