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1 | INTRODUCTION

Traditional fluids have low thermal conductivity and their utility in engineering
is well established. Hence, in order to enhance heat transfer features in a variety
of disciplines, notably electronics, medicine, and molten metals, scientists and
researchers have developed nanofluids, which are composed of nanoparticles
dispersed in a base fluid. This article addresses the Falkner-Skan equation for
the boundary layer flow of bi-viscosity nanofluids owing to a stretching wedge
surface in the presence of velocity slip as well as suction/injection effect. The
iron oxide nanoparticle (Fe;0,) is dissolved in water to create the nanofluid.
By employing similarity conversions, the governing Falkner-Skan equations are
first converted to the associated nonlinear similarity models. These are ordi-
nary differential equations which are then solved analytically. Dual solutions
are obtained when the stretching parameter is equal to —1, for all values of the
suction/injection parameter and for each required value of velocity slip, whilst
incorporating the impenetrable surface. For very large values of the stretching
parameter, the asymptotic solution is also dual with regard to the wall velocity
slip; however, it does not rely on suction or injection. The prominent parame-
ters namely, the velocity slip, the stretching parameter, the solid volume fraction,
the suction/blowing parameter and the bi-viscosity parameter are investigated to
understand the effects they have on the velocity and skin friction profiles. The
results of this analysis are presented graphically. The suction/injection parameter
is found to suppress the velocity profile. However, the velocity slip is enhanced
by raising the velocity of the nanoparticle.

In general, the PDEs system describing nanofluid flow over a stretching wedge surface subject to suction/injection is chal-
lenging to solve. In order to convert an initial system of PDEs to a condensed system of ODEs, a sophisticated conversion
approach known as similarity transformations is developed. Falkner and Skan [1] proposed a similarity transformation to
convert BL PDEs to nonlinear third order ODEs, while investigating the flow through a static wedge enclosed in a viscous
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fluid. Due to its applications in a variety of industries and real-world situations, the study of the F-S equation is one of the
primary and fundamental motivations of this work. The conventional flow of Newtonian and NN fluids via a wedge is a
current topic of much research interest. Later, the dynamics of NN fluid flow due to a wedge is reported by Rajgopal et al.
[2]. Then, Afzal [3] addressed the analytical method for solving the F-S expression for movement over an extended surface
with suction/injection effects. On the other hand, many researchers [4-9] examined the movement of a Newtonian as well
as NN fluid with heat transfer while accounting for slip circumstances and the F-S BL equation. In ref. [10], the authors
found non-unique solutions to the Falkner-Skan equation in the case that there are multiple inflection points taking into
consideration the stability properties. The authors of ref. [11] presented new solutions of the Falkner—Skan equation that
display jet-like behaviour.

In contemporary engineering, various types of NN fluids are in use, while flow properties cannot be described by a
unique constitutive equation. Consequently, various NN fluid concepts have been developed to depict the behaviour of
fluids. Among the several approaches to capture the behaviour of NN fluids, only certain ones include the yield stress. We
specifically note the Casson model, the Herschel-Bulkley fluid model, and Bingham plastic model. However, apparent
viscosity differs in such fluid models when the velocity gradient gets closer to zero. The bi-viscosity model (a modified Bing-
ham plastic model) originated to address this problem [12, 13]. The bi-viscosity fluid has received considerable attention
for their vast uses in manufacturing and technology such as polymer processes, dyes, clay coatings, food processing, met-
allurgy, and drilling processes. For instance, Dandapat et al. [14] examined a 2D unsteady bi-viscosity liquid film through
a stretching sheet.

Numerous studies on nanofluids focus on comprehending their behaviour to enable application to situations where
optimising straight heat transmission is essential, such as in numerous applications in nuclear reactors, transportation,
gadgets, medicine, and food. It has also been claimed that a nanofluid is a smart fluid with variable heat transmission.
These fluids significantly improve the base fluid’s thermal conductivity. Due to the nanoelements small size and the low
volume fraction of nanoelements necessary for conductivity advancement, nanoparticles are also very stable and lack any
additional issues like sedimentation, deterioration, additional pressure drop, or NN performance. The flow and thermal
transport properties of base fluid can be altered by these floating nanoparticles. The phrase “Nanofluid” was developed by
Choi [15]. More recently, Buongiorno [16] evaluated the essential and regulating sources and substances, and while they
are incorporated with the slip system, he argued that the most significant and efficient slip mechanisms in nanofluids
are the Brownian diffusion and thermophoresis forces. Maheswari et al. [17] introduced MHD Forchheimer movement of
Fe;0, — Cu — Ag/H,0 nanoparticles through a penetrable stretching sheet with the effect of radiation. Sandhya et al. [18]
examined a non-uniform casson nanoparticle stream thin film past a straightening surface. Very recently, Mahabaleshwar
etal. [19, 20] proposed 2D laminar flow of casson nanoparticles through a stretching or shrinking surface; they also studied
axisymmetric flow of NN fluid due to a shrinking or stretching surface with various effects. Al-kouz et al. [21] considered
the thermal transfer properties and 3D motion of a NN Casson nanofluid along a uniformly lengthening flat surface in a
reference rotating frame. In recent days, several studies regarding the magnetohydrodynamic flow of different nanofluid
flow also can be found recently as in some research works [22-24].

The novelty of the present analysis is to study the effect of velocity slip and mass suction on bi-viscosity nanofluid
flow over a stretching wedge surface. The Fe;0, nanoparticle is selected for the present study. The BL equations are
solved analytically, and results are displayed graphically. Since the external velocity and the boundary velocity are both
proportional to the same power law of the downstream distance, analytical solutions to the Falkner—-Skan equation for flow
through a stretching boundary are taken into consideration. The new knowledge gained from this work will be beneficial
in a number of nanotechnology and nanostructure fields. The current analysis could have a considerable impact on a
number of fields, including biosensors, paints, pharmaceuticals, conductive coatings, cosmetics, cooling processes, space
technologies, and paintings.

2 | PROBLEM FORMULATION

Consider steady 3D laminar flow of bi-viscosity Fe;04 nanofluid towards the stretching surface in the presence of suc-
tion/blowing effects. It is presumed that the surface is moving with velocity u,,(x) = U,,x™ and free stream velocity
u, (x) = Uy, x™, where U,, and U, are constants. The x-axis is taken along the stretching surface in the direction of
flow and y-axis is normal to the sheet in the outward direction towards the fluid. The flow is thought to be confined to a
certain region y > 0, as depict in Figure 1.
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FIGURE 1 Flow configuration of the problem.

The rheological expression of state for an isotropic and incompressible bi-viscosity fluid flow [26, 27] is

2</.£5 + i>eij, T > T,
V2r
by
2<,uﬁ + —)eij, T < T,
V27,

where 5 is the plastic dynamic viscosity of the non-Newtonian fluid, p), is the yield stress of the fluid, 7 is the product

¢y

Tij=

of the component of deformation rate with itself, 7 = ¢;;e;;, where, ¢;; = % (:ﬁ + a—u’> is the (i, j) th component of the
Xj Xi

deformation rate, 7. is the critical values of this product based on NN model.
The governing equations that we use to formulate our problem are the same as those found in the key references [3, 27]
and they are given by

Continuity equation:

du oOJv
54‘5—0. )

Momentum equation:

3

0 0 2
au+ du 1 0p &+<1+;>#nfau

"G TSy T Thwax M ouf 537

We have the momentum and continuity equations, which will need to be supplemented by associated boundary conditions
are stated as [3]

u = uy,(x), v="Vyx), aty=0,
{ 4)

u=u,(x), as y/d — oo.

where (u, v) are the velocity components along (x, y)- direction respectively, u, ¢ is the dynamic viscosity of the nanopar-

ticle, p,,; is the density of the nanoparticle, and 8 = M, is the bi-viscosity fluid parameter, and V', is the mass transfer
by
velocity. We note that the gradient of pressure from Equation (3), is negligible as the problem applies in the case of static

. 0
pressure, that is, a_p =0.
pe

dny) suonIpUeD PUe Swie L 8L 885 *[5202/60/9¢] U0 ARdiT8ullUO A8 83110 AUSD YBINGUIPS ‘SIN PUBROSS 10} U0NEINPS SHI AQ 86TOL WIWRZ/Z00T OT/I0p/L00™/B| 1M AfIq1jeutjuo//Sduy o) pepeojumod ‘6 ‘5202 ‘TOOVTZST

00" Ao ARG IBL

3SUBD|T SUOWIWOYD dAIEaID 3qedl|dde au Aq pausenob ae sapie YO ‘38N Jo sajnl oy A%eiqi auluQ 43I\ UO (Suonpuod-pue:



40f20 m MAHABALESHWAR ET AL

TABLE 1 Thermophysical properties of base fluid and nanoparticle [30-33].

Base fluid/nanoparticle p (kgm™3) ¢, (Jkg'K) % (Wm~'K) o (@ 'm™)
H,0 997.1 4179 0.613 0.05
Fe;0, 5180 670 9.7 25000

Therefore, Equation (3) becomes

2
ou dou 1  Ou, N <1 l>ﬂnf6 u )

U—+V— = —U,— + — .
9x 3y pny ©Ox B ) ong 0¥?

In the present scenario, we take into consideration the similarity transformation relations, which can be written as
follows, and are subjected to a stretching boundary surface. These consider the transformations used in refs. [3, 10]:

T mua®
S (B + hnE ) ).

u=ux"F'(n), v=
(6)
(1 + m)vpue(x)
N=N"2mx
fo
where m is the constant and v/ is the kinematic viscosity of the base fluid.
The mathematical formula for the thermo-physical properties of a nanoparticle is as in refs. [28, 29] given by:
1. Dynamic viscosity:
Kr
Mpf = —"5%- (7
1-¢)
2. Density:
Pnf = A —=@)ps + ¢ps, ©)]

here, ¢ is the solid volume fraction, uy, p; are the dynamic viscosity and density of the pure fluid respectively.

In Table 1, we have presented a variety of the physical properties of the base fluid H,O and the nanoparticle Fe;0,4. In
this work we will focus on the density properties most closely; however, present the other as a reliable source and for the
sake of completeness.

Now using the similarity transformations given in (6), Equation (2) is automatically fulfilled, and Equation (5) is
converted into following ODE’s given by:

A 1\ d°F d’F dF\’
A+ 2 ) bt a1 (£ | =0 9
A2< +6>dn3+ e [ (dn> ’ )

while the boundary conditions transform as follows:

dF dF
F()yo =T, (%> =M1, (%> =1 (10)
=0 -0

where d and 1, are constant flow parameters, while I' is the suction/injection parameter, with I' > 0 for suction and " < 0
for injection. We can define d, 4, and I as

(1)

b/, () }

T r=—vw<x>{(1+m) =
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The boundary layer displacement thickness Q is specified by the formula

Q=—/1=/ 1——§ (12)
0
The following transformations
z
F=g@ VA4 and n=—, (13)

\//1_1

can be applied to Equations (9) and (10), which may now be represented as

A 1) d%g g (dg ? d
1 =) =—= 14
Az( +ﬁ>d3+g() <dz> 2 (9
with the transformed boundary conditions
_ dg _ dg 1
g(O) - gLU’ <dZ> B - 1’ <dz) - Al, (15)
z=0 Z—00
where g, = % For higher surface velocity 1; - o0, Equation (14) becomes
1
2
Ay 1\d’g ‘g (dg
A2< +ﬁ>d3+g() =) =o (16)
where the boundary conditions become
- dg - dg -
g(o)_gUJ’ <dz>z=0 - 1’ (dZ>Z_)oo =0. (17)

Equations (14) and (15) describe a continuous sheet stretching power law on an impermeable surface.
We now consider solutions of the third order transformed ODEs for a variety of choices of model parameters such as
the stretching/shrinking parameter d, and the slip parameter 4;.

2.1 | Solutionford = -1

Using the boundary condition (10), Equation (9) can be integrated twice to obtain

Ay < ) dF 1., A < >
~\1+z )5 +5F _—+/1 + 1+ )+ F2 (18)
A\TE) e T ra\tE)h
2
with j—: (1 + %) (271:>77—0 = 1 — A1I. Through the resulting transformation
Q')

Fm)=n+1+2 19)

Qm)’

then Equation (18) is a Riccati type equation, which can be written as Q" + (n + ) Q' =0, this equation yields

Ay
A1<1+%)

p)
Q=p\/§Erf(%> +q, (20)

the solution

where p and q are integration constants.
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The solution for Equations (19) and (20), therefore, becomes

2
ZExpl_ 4 (n+/1)]

A1(1+/—3) 2

F)=n+1+ . (21)
I3 A N+ p
\/jEr f < " —) + =
2 A (HE) V2 q
By employing Equation (10), the above expression (21) becomes
A,1? Ayl
sz—/lirExp —2—1 —\/gErf % . (22)
2A1<1+E> \/§A1<1+E)
We can now substitute Equation (22) into Equation (21) and rearrange to obtain
2
(1 - D)Exp| ——22 (/b;+”—)
A (1+ E> 2
Fm=n+a1- (23)

§
b AyA2 Ay(+) oA
e G | el Cori) R e

Using Equation (18), we find the following as the boundary layer thickness and the axial velocity gradient at the wall:

PR G b 0 1 (24)
A1<1+E>
:
2 —
<ZT§> == Az/llrl N l)lAZH“Z . (25)
50 A1<1+5> A1(1+5>

In relations (24) and (25), the power of 1/2 indicates that the solution exists for 4, > 1 —I'?/2.
Moreover, when d = —1, we can integrate Equation (16) and apply the boundary conditions (17). The solution to
Equation (16), is given by

2A A 2A 1
g(z)=\/A—1<1+l>+gfvtanh Z—Zl\/A—1<1+—>+gfv+6C (26)
2 B 24, <1 + E> 2 A
where 6, = tanh ™ Sw , and the boundary conditions are
2 <1+l)+gfU
A B
1
24,(1+ 2 :
d? A 1( E)
<_§> = _gw—Z, g(z)z—>oo =] —- +g§) . (27)
9/ a(145) A2
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2.2 | d — oo asymptote

The following variables are used to evaluate the asymptotic solution for larger d:

1

F(n) = d_%H(e), n=d 2, (28)

and the boundary layer equations (9) and (10) reduce to

2
A 1\ d°H dH d?H
1+ )22 (22) +1=-d'HZ—, 29
A2< +/3>de3 <de> * de2 (29)

wheneverd — oo, the asymptotic expansionis H (¢) = H; (¢) + d"'H, (¢) + ---. The expression for the leading order terms
as well as the boundary conditions is given by

2
A 1\ /[ d*H, dH, 3
A—2<1+E>< d€3 - ? +1—O, (30)
with
_ dH;\ dH, _
Hy(€).—o = Hy, <d_e>€=0 =4, <F>€_>oo =1L (31)
Considering the boundary conditions (31), by directly integrating Equation (30) once, we obtain:
2 3
A 1\ [ d2H, 2 (dH, dH, 4
A—2<1+g><dez "3\ ) T T (32)

and by using the boundary conditions (31) in (32) and rearranging, the skin friction on the surface is given by,

<d2H1> =D+
€=0

de? * . (33)

A1(1+%)

and additionally, further integration of Equation (30) gives

Al 1 dH] _ 2 €
A—2<1+E><E> ——2+3tanh <$ +M>, (34)

Then further integration results in

ﬁ l _Ale l _ 2 i
A2<1+5>H1(€)_ A <1+5>+€+3\/5ltanhM tanh(\/i+M>], (35)

where

M = +tanh™" (36)
In light of the original variables, the solution yields
Al 1 dF 2 \/E
— |1+ = )| == ) =—-2+3tanh’|ey/ = 37
205)(5) <
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Aq 1 2
21+ )Fm)=n+T =
A2< +,8> m=n+ +3\/;i (38)
At the surface, the velocity gradient is provided by
2 2dA,(A +2
7n=0 3A1 <1 + E )
and the boundary layer thickness is given by
2A,(4 2
A=F+3\/§i 2(—1+1)— (40)
34, (1 + E>

The square root symbol implies that there is a dual solution for large d for A; > —2 while d — oo, the solution of
Equations (16) and (17) transforms into following form

L3 )emmns 2G-S o)
2(1+3) —g> —i(¥>2, 80), e = —2 2O (42
A1<1+E>

2.3 | A4, — 1, asymptotic

Equations (9) and (10) have the precise solution F (z) = n + T, for 1; = 1. By elevating the function of stream to the power
of the factor 4; — 1, we take into account the asymptotic series response for 4; — 1 within this accurate solution.

Fm) =n+T+ 4 —1DG®), (43)

Equations (9) and (10) can be written in the following form:

Ay d’G d*G dG d’G dG
A2<1+,6>ﬁ+( + )——dd— (Al—l){Gﬁ+d o , (44)
dG dG
G()._, =0, <—> =1, <—) =0. (45)
7 =0 dT) 7n=0 d?] n—00
The asymptotic expansion G (7)), may be expressed as:
G() =G+~ DG )+ = 1)’Cs () + - (46)
The equation and boundary conditions at first order are
A 1\ d’G, d*G, dG;
i+ = +(+T —-d—2 =0, 47
21 5) G oG -G @7
dG; > <dG1 >
Gi(n)._. =0, =1 =1, bl § =0. (48)
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It is possible to convey the solutions to Equations (47) and (48) in exact form:

me| —d, 2+ —"m, =2+ 1) ) +man + D 2,2+ — s, -2+ T
dGl 2 A2<1+E) 2 A2<1+E) 2
E (i) |
—_ + —_
Ay B
where ¢ (m, n, x) presents the confluent hypergeometric function. It is established that ¢ (a, b,0) = 1 with x — oo, we
obtain

(49)

I'(b)

mx_a + .- (50)

¢(a,b,—x) =

Here I'(b) denotes the gamma function. The boundary conditions (48) can be used to obtain constants m; as well as m,

[¢< —d.; + (1+ﬁ> _§FZ> RF¢<1 3d’z+A2(1+ﬁ> _%ﬁ)]

)
Ay B

-1

m; = and m, = —myR, (51)

where here we have

R= 20+ D ;Eg; (52)
2

The velocity distribution is obtained from Equation (49), by using Equations (51) and (52) to give

do, #(-ds+3(1+ ﬁ) —30+1°) —RO+ D555 + L (14 3). 30+ D))
dn - 1 1—2d 3 1 : (53)
) 4 S )
¢( —d. 3+ (145 )5r) R (SR S+ (14 7))
We can use Equation (43) to write the velocity distribution in terms of F (n). The solution can be expressed as
1,4 1 1 2 1-2d 3, A 1 1 2
g ) o) o ) o)
— =1+ -1 73 : - , (54)
o (o3 201 ) ) (2 e 2 ) )
p(-d 1+ 1+ﬁ) T qus( 2 A21+6 T
with skin friction profile yields,
d’F 1
) =—-(4L -1 , (55)
d772>_ ! ( >_l 2>_ (ﬂi A l>_l 2)
7=0 ¢< —d, - + 1+ﬁ 21“ RT¢ > ,2+A2(1+ﬁ , 21“
which presents the required asymptotic solution for 1, — 1.
2.4 | Large suction
We introduce a new variable for large suction into Equations (9) and (10), we have
h(e) €
Fm=T+—F" n=p (56)

then the resulting equation and boundary conditions are

A, 1\d3h d?h d?h dn\’
A1+ 2 )= +==-1( h=— 1-(=—
A, < * ,8) de3 * de2 <h +d de ’ 7)
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dh dh
h(e)ezo =0, <E)€=O = /11, <E>€_>oo =1. (58)

For h, the asymptotic expansion can be expressed as

h(e)=hy(e) +T2hy (&) + T*h, () + ---. (59)

where the ... represents higher order terms in the asymptotic expansion. Then, by using this expansion in Equation (57),
we have the first and second order expansions

A, 1\ d3hy  dh

A2< +f3>de3+de2 (60)
A, 1\d3h, dh, d2h, dhy\’
Zl1+- =—h —-dl1-(=2) ). 61
A2< +5) de T de 0 de de 6L

First- and second-order problems have the following solutions:

hy=e+ 1 —2)(*—1), (62)
hy=—(1-1;) [(/11 +2d + (e + e c -1} + %eze_s - %(1 —A)(A—d)(e* —2e7 + 1)], (63)
The skin friction (%) is given by
€=0
A 1\ [ d*h 1-1 1
—(1+=) (= =1-1 2d+1-z(1=-2)A+d)| + . 64
(ep) (52) =r-me it faea-Sa-masal+ (64

In relation to the fundamental variables 7, the solution is

A 1 4

-1) - a- = 4) [(/11 +2d + 1){(Tn + e ™ — 1}

2p?e~™ 4 %(1 — A —d)(e72 —2¢7 + 1)], (65)
with skin friction stated as follows

A1< 1><d2F> 1-4
42 ) (&L =1-1)T+
AN B) \dn2 ) '

For all 4, for I > 8, the initial factor in Equation (66) yields precise values for the skin friction component. The second
factor in Equation (66) demonstrates the outcomes for lowering values of T

[2d+1—%(1—/11)(1+d) . (66)

3 | MINIMUM ERROR APPROACH

For an assumed velocity profile that incorporates few free parameters but fulfils all of the boundary criteria, an approx-
imation is established. It has been the usual practice to employ the Kd&rmdn momentum integral together with the
Karman-Pohlhausen technique. Afzal [34] presented an alternative method of obtaining minimum error solution by
reducing the integral of the square of the error using the Euler-Lagrange DEs. This is employed for computation of a
good approximation of the PDEs of the BLin a number of cases: flat surface, stationary point flow, moving sheet as well
as non-Newtonian liquids. Since — = f () then 7 = 5 2 is the approximation function fulfilling the boundary constraints

and incorporating certain undetermlned parameters, subsequently the error residual in the BL equation (5) becomes

1 o%u du u ou
e(x,y,v) = (1+E>v"f6_yz_ue dxe —ua—vnfa. (67)
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We can take the integral of the error as zero and this results in

Q

/ e(x,y,v)dy =0, (68)

0

and in order to determine the unknown component in the trial velocity profile, we finally obtain the conventional Karman
momentum integral, which corresponds to

ou

EToR (69)

Q
/ e(x,y,v)¥dy =0, ¥=
0

It is comparable to the moment of the function ¥ of the error in the BL equation and which allows for estimation of
an unknown component in a velocity pattern. It is also conceivable to select a different moment function, although this
renders the technique arbitrary.

If commencing with an initial velocity profile that fulfills the boundary requirements is necessary, the unknown param-
eters can be found by minimising the square of the overall error using the least-squares approach. The integral of e? over
the entire range of space is employed to establish the overall error.

1 [+
= / / e*(x,y,v)dydx. (70)
o Jo

The Euler-Lagrange differential equation can be used to minimise the functional E with respect to the free parameters,
which generates a number of equations whose solutions reveal the trial velocity profile s elusive characteristics.
In respect of similarity resemblances, the trial Ve1001ty — =F(n) withn = - y1elds a simple function fulfilling the

boundary condition, affects the unspecified factor §, and therefore the resulting error in the boundary layer, Equation (9)

is
2
Ay d’F d*F dF

,0)=—1+= |=—=+F—+d|[1-( — . 71
«©.9) A2< +B>dn3+ ap " ( <dn>> 7

The Euler-Lagrange differential equation minimising error using the least squares technique is given by

o d ad\_ [T,

(55 dvas) = [ @eone 7

where §,, = %. Generally, the proposed velocity for d and 4, is

d
5 = 1—(1—A)exp(=dn), (73)

which fulfills the boundary constraints (10) and constant § is a non-negative number, independent of x. With reference
to Equation (10), an integral of (73) can be represented as

l[e + (1 —24;)(exp(—e) —1)], e€=nd. (74)

Fam=T+3

For the intent of estimating the unknown constant &, the least square error is minimised in the current study. Regarding
Equation (74), the residual function (e, §) from Equation (71) can be obtained from the relation

(,8)=(1- /11)[ 2 <1+%)62+F5+(1—/11)(2,6—1)+e exp(—¢)
2

+(1-21)°(1 — B)exp(—2e) . (75)
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Wall shear stress, #'"(0)
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Solid line— Present results

Dotted — Absence of nanofluids

-20°, 5 10 15 20 25 30

Non-dimensional slip velocity of sheet, A;

FIGURE 2 Animpact of suction/injection I' on shear stress profile.

By attempting to insert (75) in (72) and employing the least square approach to minimise the error and solve for &, we
obtain

A

1 1 1 1
A—2<1+E)az—m—5—5(1—/11)(45—1)<5—§r> =0. (76)

Substitute § = g in the second term of the Equation (76), to give

1 1 1
_(1+E>52_r5—5—5(1—/11)(4[3—1):0. (77)

The solution of the above equation with § > 0, is

1 1\A; 4 1\ 4,
5=—_ Fi\/F2+2<1+E)A—2+§<1+E>A—2(1—/11)(4ﬁ—1). (78)

4 | PRESENTATION OF OUTCOMES

An incompressible bi-viscosity nanofluid with slip is analysed in the present analysis. The Fe;0,4- water nanoparticle
is taken into further investigation. Also, in this section, we discuss the physical impact of important parameters on the
F' (n) and F” (n) using plots. The thermophysical values of the nanoparticle is described in the Table 1. Here, the solid
line reflects the presence of the nanoparticle, and the dotted lines show absence of nanoparticle, respectively.

Physically, in Equations (24) and (25), square root symbol demonstrates the existence of solution for 4; > 1 —
24,
24,
B = 1. Now in Figure 2, we note the effect on I' for the suction/injection case. By increasing the value of I', the corre-

2
sponding wall shear stress thickness drops. The dual solution exists for 4; > 1 — FzAl

_ FZAl( 1)
A =1 A, 1+ﬁ.

(1 + %) The shear stress F” (0) against A, is depicted in Figure 2 for varying T = —1, 0, 0.5 with d = —1 and

(1 + 1 ) and only one solution for
A B
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FIGURE 3 Animpact of suction/injection I' on velocity profile.
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FIGURE 4 Animpact of suction/injection I' on velocity profile.

In Figures 3 and 4, the two velocity profiles are presented. Figures 3 and 4 reflect the behaviour of mass suction/injection
on the velocity profile for the shrinking case. Here, negative values signify injection, and positive ones signify suction. It
is analysed that velocity profile diminishes by enhancing the values of I in both solution regions. Hence, nanoparticle
velocity profile thickness becomes thinner. Suction or injection allows the boundary layer to adhere to the wall more
closely, which depletes momentum and causes the velocity to fall. Consequently, the momentum BL thickness decreases
as a result of suction or injection.
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Wall shear stress, £(0)/ \@

-2 Solid line— Present results
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FIGURE 5 Asymptotic solution for d — oo: F” (0) /\/Eversus -
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ped

FIGURE 6 Animpact of slip parameter 4, on velocity profile for large d — 0.

According to relations (38) and (39), Figure 5 illustrates the shear stress F”’ (0) / \/E versus A,. The solutions for —2 <
A1 <1, are demonstrating that the regimes of promoting, as well as opposing flows are both possible. For both 1; = —2
and 4, = 1, the dual solutions are identical.

The solution for 4; > 1 on the lower branch is thought to be unique since the solution for the equivalent upper branch
is viewed as physically unfeasible. Figure 6 illustrates the solution. Here, the solution is independent of the mass suc-
tion/injection effect. From Figure 6, we see that the velocity of the nanoparticle is increased by increasing the velocity slip
values, and thickness of the BL becomes thicker.
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FIGURE 7 An impact of bi-viscosity parameter 8 on velocity profile.
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FIGURE 8 Animpact of velocity slip parameter 4, on wall shear stress profile.

The effect of bi-viscosity parameter 8 on the velocity profile is displayed in Figure 7. It is observed that the magnitude of
the velocity is greater with increasing the value of the bi-viscosity parameter in the case of lower solution. Consequently,
the velocity of the nanofluid generally increases as 3 rises. However, for an upper solution case the opposite is true, and
the velocity profile decreases with increasing the values of 5.

Figure 8 exhibits the effect of the slip parameter on wall shear stress F” (0). From the Figure 8, it has been reported
that the F”’ (0) rises with rising velocity slip parameter 4,. Physically, it occurs because with rises in 1;, nanofluid velocity
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FIGURE 9 Animpact of suction/injection parameter I on wall shear stress profile.

reduces and as result F” (0) enhances at wall. When the slip phenomenon happens, the stretching sheet provides a force
that may partially be transferred to the fluid.

Figure 9 displays the prediction of F”’ (0) versus d, the stretching parameter, for several values of the suction/injection
parameter I' = 0.5, 0 and -0.5 based on the analytical solution (78) for 4; = 0. From this figure, it is noted that in the
case of nanofluid, the presence of suction (I' = 0.5) could enhance the flow resistance, while (I' = —0.5) reduces the flow
resistance. It is also found that the thickness of the F'’ (0) is higher in the presence of nanofluid than in the absence
of nanofluid.

Figure 10 represents the variation of the bi-viscosity parameter 8 on the shear stress profile F”' (0). From Figure 10, it
can be seen that § is inversely proportional to the yield stress, hence a reduction in the § parameter indicates a rise in the
yield stress. We also found that with an increase in §, the shear stress profile F” (0) is also improved.

Figure 11 illustrates the effect of the stretching/shrinking parameter on the wall shear stress profile F” (0) with slip
effect 1; = 0. Observations from Figure 11 tell us that the wall shear stress grows as the stretching/shrinking parameter
increases, signifying that the surface is under higher shear stress.

5 | CONCLUDING REMARKS

This study reveals the analytical investigation of F-S equation for the 2D motion of bi-viscosity nanoparticles along a
stretching wedge surface in the presence of slip suction/injection effects. The resulting equations are analytically solved.
The iron oxide Fe;0,- water nanoparticle is used to analyse the outcomes. The impact of dimensionless governing param-
eters on velocity, and shear stress profiles are discussed and demonstrated through plots. An accurate solution for the
shrinking sheet as well as an asymptotic solution for each instance of the positive bi-viscosity parameter 5, with the slip
parameter 4; — 1 have been illustrated. The two solutions for the suction/injection parameter demonstrates the pos-
sibility that dual solutions can exist. These two solutions for the suction/injection are obviously presented in the [4,,
F'’ (0)]-parameter space. When the suction/injection is very large the two solutions are clearly visible in the [1,, F" (0)]-
parameter space; however, the suction parameter ¢ has no bearing on the prediction of shear stress but does have an
additive effect on the stream function. The current research on suction/injection past a uniformly moving sheet covered
by pressure gradient for laminar flow is extensively discussed here and is a subject of great interest in studies of turbulent
movement of fluid. There are a few noteworthy results that we will summarise. When the stretching/shrinking parameter
d = —1, a dual solution is found. An increase in the magnitude of the mass suction/injection parameter I" reduces the
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Stretching sheet parameter, d

FIGURE 10 An impact of bi-viscosity parameter § on wall shear stress profile.
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FIGURE 11 An impact of stretching/shrinking parameter d on wall shear stress profile.

velocity profile F’ () and wall shear stress F”' (0) profiles. A rise in the slip parameter 1, enhances the velocity profile
F’ () and reduces the wall shear stress F”’ (0) profile. The F”/ (0) increases with the increase of the fluid bi-viscosity param-
eter 8. Finally, the current work is well in agreement with Afzal [3]. Also, Afzal [3] is recovered if the fluid bi-viscosity

parameter 3 — oo and the solid volume fraction ¢ = 0.

In this work, we have chosen specific values of the parameters as these allow us to achieve better convergence of the
results and solution of the problem. We also emphasise that the present problem is purely a theoretically work, which
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has not tried to capture any particular real-world applications or use experimental data. This, however, will be possible to
address in future works with applications in engineering.

The proposed model might find its engineering application in the air conditioning system, a necessary operation in
the production of paper, linoleum, polymeric sheets, wire drawing, drawing of plastic films, fine-fiber matts, cooling of
films or sheets, conveyor belts, and metallic plates printing, photovoltaic panels, electronic items, nanoscale gadgets for
illness, refrigeration of metallic particles, microprocessors, lasers, cardboard boxes, and inkjets are only a few possibilities
for nanoparticle.

NOMENCLATURE

Symbols Descriptions (S.I. Units)
d Stretching/Shrinking parameter (-)
F,g, G, H Slmilarity function (-)
m Constant (-)
(u,v) Velocity components (m/s)
U,,U, Constants(-)
uy Dynamic Viscosity (kg/ms)
7 Similarity variable (-)
ps Density (kg/m?)
¢ Solid volume fraction (-)
I' Mass suction/injection (-)
Ay Slip parameter (-)
Q,5 Constant(-)

Abbreviations

Symbols Descriptions (S.I. Units)
BL Boundary layer (-)
NN Non-Newtonian (-)
F-S Falkner-Skan (-)
PDEs Partial Differential Equations (-)
ODEs Ordinary Differential Equations (-)
MHD Magnetohydrodynamics (-)
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