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ABSTRACT

By employing a vortex-tube model of filamentary coherent structures in incompressible Navier–Stokes turbulence, we investigate the
Lagrangian kinematics of turbulent vortex stretching at very high Reynolds numbers. The computed flow fields present a sizable Kolmogorov
inertial range and are induced by a chaotic tangle of strongly stretched and folded filamentary vortical structures. After a transient of the
order of the large-eddy turnover time, the finite-time Lyapunov exponents approach a statistical steady state, where the intermediate
Lyapunov exponent is much smaller than the largest one and positive. Within our resolution limits, the probability density functions (PDFs)
of first and third Lyapunov exponents present long tails. The folding process is typically gradual, and very sharp folding angles are rare,
although possible due to their long-tailed PDF. The thick tail of the accumulated strain PDF hints at the existence of extreme deformation
events that could lead to flow singularities. The PDFs of normalized instantaneous stretching rates of vorticity exhibit long tails and, at high
strain rates, enter a quasi-plateau regime. In this regime, turbulent stretching shows no internal bias toward any particular strain rate—it
treats all dynamically allowed values equally, effectively maximizing entropy under the constraints imposed by the coherent filament topol-
ogy. The results reveal deviations in the alignment between vorticity and strain-rate eigenvectors compared to those observed for material
line elements. These differences stem from the inherently nonlinear nature of vortex dynamics and their capacity for self-stretching, and they
are closely linked to the emergence of the maximal-entropy regime.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0286726

I. INTRODUCTION

Turbulent fluctuations in the incompressible Navier–Stokes
Equation (NSE) are strongly nonlinear processes. Because of viscous
dissipation, Navier–Stokes turbulence is intrinsically a non-
equilibrium phenomenon, and the results of equilibrium statistical
mechanics do not apply. Even when sustained by external forcing so
that a statistically steady state is reached, the system remains out of
equilibrium: there are persistent, nonzero probability currents in its
infinite-dimensional phase space. What distinguishes them from other
chaotic phenomena is their dominance by vortical structures,1–4 char-
acterized by a structured and pervasive local rotation (vorticity) of the
fluctuating velocity field. The viscous stress in the NSE is responsible
for the ability of the fluid to generate a range of vortical motions in tur-
bulence and dissipate the kinetic energy of the latter into heat. In low-
speed turbulent flows, thermal effects are small enough to be neglected.
These are not meant to imply that strain is of less importance in turbu-
lent fluctuations. On the contrary, small-scale turbulent strain is
responsible both for the dissipative character of turbulence and for the

deformation (e.g., stretching) of any added microstructure—such as
polymer chains during polymer-induced drag-reduction processes—
thereby illustrating its influence on microstructural dynamics in addi-
tion to its role in energy dissipation. However, due to its dissipative
action, small-scale strain requires (for its maintenance) continuous
energy transfer from the large scales. The latter is provided by two pro-
cesses:5–9 strain self-amplification and vortex stretching of predomi-
nantly filamentary vortex structures in the inertial range of turbulence.
The results in Ref. 7 suggest an energy-transfer ratio between strain
self-amplification and vortex stretching equal to 5=3. Thus, vortex
stretching emerges as a crucial factor in the energetics of NSE turbu-
lence, governing the generation of turbulent strain—and thereby the
rate of energy dissipation—by supplying energy to the smallest scales.
In fact, one could argue that vortex stretching is more fundamental
than strain self-amplification, as small-scale strain is initially generated
through vortex stretching during the early stages of the cascade.10 This
is formally reflected in the well-known formulation of the NSE
expressed solely in terms of vorticity, excluding strain terms. From this
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perspective, turbulent vortex stretching represents a fundamental
aspect of the nonlinear core of the turbulence problem.11 Equally
important is the related problem of the nonlinear mechanisms driving
the formation of self-stretching vortex filaments (coherent linear bun-
dles of vortex lines) in the inertial range of turbulence. While a com-
plete description of these processes lies beyond the scope of our
approach, our results offer valuable insights into the mechanisms
underlying the formation of coherent structures in turbulence. By the
latter term, we refer to metastable filamentary vortices that retain their
identity at inertial turbulent scales.

Once we change our focus from velocity to vorticity, we are
drawn into a geometrical and Lagrangian description of turbulence.12

Indeed, unlike turbulent eddy flow patterns that are spatially extended,
vortex structures are confined by nonlinearity. As a result, they can be
characterized by a distinct geometry and topology, which can be
tracked over time starting from appropriate initial conditions.
However, detecting and tracking NSE coherent vortex structures in
velocity fields is challenging, as the available criteria are not definitive.
While the NSE can be used to examine the stretching of vorticity at a
specific space-time point, it is not straightforward to associate that
point with a particular vortex structure and then unambiguously track
it over time while studying its stretching mechanisms.13 To address
this challenge, we employ a Lagrangian model of filamentary vortex
structures in the inertial range of turbulence. By solving this model, we
obtain crucial kinematic information about turbulent vortex stretching.
This is a timely endeavor, as although there are numerous studies on
material-line stretching,14–20 a Lagrangian investigation of vortex
stretching processes has not yet been conducted. Although both pro-
cesses are governed by the seemingly same equation, the two stretching
mechanisms are fundamentally different from one another.9 In fact,
vorticity transport is strongly nonlinear, while material transport is lin-
ear. Therefore, one of our goals is to highlight their differences and
identify the corresponding physics.

Our study utilizes the vortex tube model (VTM) of NSE turbu-
lence.21–24 A key feature of the VTM is its ability to perform vortex
reconnections—the topological rearrangement of vortex lines resulting
in a change in their connectivity—by explicitly altering the topology of
the vortex system. We developed this capability by first carrying out
direct numerical calculations of vortex reconnections in simple config-
urations.21 We then showed that the computational model used here
reproduces the net physical and topological effects of reconnections in
the exact results.22 Importantly, the conclusions of the present paper
do not depend on the detailed accuracy of the reconnection model,
whose sole role is to provide a reasonable description of topological
change. The results presented here are instead based on the direct mea-
surement of vortex stretching in the bulk of the system—that is, in
regions not involved in reconnections. We also note that the VTM
model has featured in several articles containing visual information on
vortex configurations and the corresponding flow fields. For example,
in Ref. 25 we presented isolines of the Eulerian vorticity field corre-
sponding to VTM vortex configurations. Moreover, explicit interac-
tions of VTM vortices with granules, superfluid vortices, and magnetic
fields are visualized in the cited references.

While the VTM is a simplified representation of actual turbulent
vortices, it preserves key physical characteristics and offers valuable
insights into the Lagrangian kinematics and dynamics of vortex struc-
tures, as well as turbulence energetics.10 The VTM successfully

reproduces Kolmogorov’s k�5=3 law for the energy spectrum and the
linear scaling of the third-order longitudinal structure function with r,
as described by Kolmogorov.23 Furthermore, the model qualitatively
captures key kinematic features of NSE turbulence, such as the ten-
dency of material length vectors to align with the expansive rate-of-
strain eigenvector and the characteristic shapes of joint histograms of
the Lyapunov exponents for the left stretch tensor.14 Moreover, the
ratios of the average values of the Lyapunov exponents, scaled with the
Kolmogorov timescale, were found to agree with NSE results within a
factor of 2.14 Additionally, the fractal dimension of the vortex system
in the inertial range was computed, along with the curvature and tor-
sion spectra of filament centerlines.25 Predictions for the geometric
spectra of curvature and torsion of turbulent material lines were also
presented.15 More recently, a DNS study fully consistent with the
VTM results reported in Ref. 15 was published.26

Leveraging these physical characteristics, the VTM has been
employed as a substitute for the NSE in various complex turbulent
flows. These applications include: (a) superfluid turbulence,27 where
the VTM demonstrated that NSE vortex configurations could generate
coherent filamentary structures in superfluid topological defects; (b)
magnetohydrodynamic turbulence,28 where the VTM showed that
vortex filaments induce magnetic-sheet structures—later also found in
DNS studies;29 and (c) granular-fluid turbulence,30 where the VTM
revealed different modes of granule-vortex interactions, including the
potential trapping of granules by vortices.

Our goal is to leverage the VTM’s capability to analyze turbulent
flows at extremely high Reynolds numbers—something unachievable
with standard NSE solver-based approaches. This allows the VTM to
investigate potential variations in vortex stretching physics across a
wide range of Reynolds numbers, enabling the study of flows that are
significant in fields like astrophysics but beyond the reach of laboratory
experiments.

The focus of the present work is on the kinematic aspects of vor-
tex stretching, emphasizing its geometric and statistical description.
We do not address the dynamical mechanisms by which these motions
arise from the governing equations.

II. FORMAL SYSTEM
A. Vortex tube model

In the VTM context, the velocity vector vðxÞ of a fluid in R3 at
field position vector x is given by the Biot–Savart integral

vðxÞ ¼ � 1
4p

ð
R3

x � x0

jx � x0j3 � xðx0Þdx0; (1)

where the integral is over all space, and the fluid vorticity vector xðxÞ
is distributed (both in the initial conditions and during the system’s
evolution) around the centerlines of vortex filaments

x x; tð Þ ¼
X
i

C
ð
Ci

1

ri ni; tð Þ3 f
jx � z ni; tð Þj
ri ni; tð Þ

� �

� @z ni; tð Þ
@ni

þ x � z ni; tð Þ
ri ni; tð Þ

@ri ni; tð Þ
@ni

� �
dni: (2)

Here, zðni; tÞ are vortex positions on the centerline Ci of filament I, ni
is the arc length parametrization along Ci, and riðni; tÞ is the core
radius along the same filament. The smoothing kernel f describes the
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way vorticity spreads around the core centerline. The calculations are
done with the Gaussian kernel of Ref. 31

fg
r
r

� �
¼ 1

ð2pÞ32
e�

r2

2r2 : (3)

Moreover, C is the circulation strength (same for all filaments),
which can help define the Reynolds number Re ¼ C=�, where � is the
kinematic viscosity of the fluid. Leonard has shown24,32 that applying
the particular smoothing to the singular vorticity of a line vortex results
in the following equation for the Biot–Savart velocity vðxÞ at position x

vðxÞ ¼ � C
4p

ð
Lt

q
jz � xj

r

� �
dz � z � x

jz � xj3 ; (4)

where the integration is now performed along the tangle Lt of the
vortex-filament centerlines at time t [and not over all of R3 as in Eq.
(1)]. Function q depends on the particular smoothing kernel employed
and removes the apparent singularity when z ¼ x.33 This feature of
the method allows the advection of filament centerlines with the local
flow velocity

dz
dt

¼ vðzÞ: (5)

Since NSE vorticity is solenoidal, and circulation C is the vorticity
flux through any section of the filament tubes, C is constant along a fil-
ament, and, due to Kelvin’s theorem, it also remains constant in time.

It is important to mention three important features:

(a) Since the fluid is incompressible, the volumes of the tubular
regions around the filaments (where vorticity is distributed) are
conserved during evolution. Hence, the relative stretching of
two points along a filament would lead to smaller vortex core
sizes, which, in conjunction with the constancy of circulation,
will result in intensification of enstrophy within the filament.3

In other words, VTM can predict vortex stretching-associated
physics by enforcing volume preservation via the equation

d
dt

ðpr2i ðnjiÞjzðnjiÞ � zðnjþ1
i ÞjÞ ¼ 0; (6)

where, nji and njþ1
i mark two points along filament i, that arise

from the numerical discretization of the centerline Ci.
(b) Equation (5) on its own can only describe vortex dynamics in

the Euler equation. NSE is a dissipative system, and this is taken
into account by allowing the vortex cores to grow via the vis-
cous diffusion of vorticity. This is achieved via the core spread-
ing method,33

dr2i ðniÞ
dt

¼ 2c�; (7)

where, c is a factor depending on the particular smoothing kernel
f and equal to c ¼ 1 for the Gaussian kernel that we employ.

(c) The VTM models filament topological changes via appropriate
algorithms and associated data structures.22,34,35 To mimic the dis-
sipative nature of filament reconnection,21 reconnections are only
performed when they lead to vortex length reduction. In particular,
let zk�1; zk; zkþ1
� �

and zl�1; zl; zlþ1
� �

be any two sequences of
discrete vortex point positions (as produced by numerical

discretization) along one or two different centerlines. The increas-
ing k or l indices are consistent with the vorticity direction along
the contours. In numerical calculations, the discrete vortex points
are separated by the effective cutoff scale dcf of vortex contour fluc-
tuations, which is of the order of the numerical grid size along the
vortices Dn, Dn=a < jzk �zk�1j < aDn. Here, n is the arclength
parametrization along the vortices, and a > 1 is a computational
parameter allowing a small variability in the discretization length.
In the computations, a ¼ 1:65. Next, define the intervortex spac-
ing scale div ¼

ffiffiffiffiffiffiffiffiffiVs=‘
p ¼ K�1=2 (with Vs the system volume, ‘ the

vortex tangle length and K ¼ ‘=Vs the vortex line density).
Accordingly, the reconnection algorithm and the accompanying
topological change become

zk�1; zk; zkþ1
� �

� zl�1; zl; zlþ1
� �

� jzk � zlj< bminðDn;divÞ
� �

�

jzkþ1 � zkj þ jzlþ1 � zlj> jzkþ1 � zlj þ jzlþ1 � zkj
	 


!
zk�1; zk; zlþ1
� �

� zl�1; zl; zkþ1
� �

;

(8)

where, b is an important, smaller than unity, computational
parameter (b ¼ 0:25 in the present calculations).10 The depen-
dence of reconnection threshold on the intervortex spacing
scale ensures that the production of very dense vortex tangles in
the calculation will not lead to the proliferation of spurious
reconnections. The particular details of the application of this
method to VTM’s NSE vortices, including direct comparisons
with DNS results, can be found in Ref. 22.

It is important to comment here on the validity of the Biot–Savart
model and its descriptive capabilities. In incompressible flows, Kelvin’s
theorem is an exact result for inviscid fluids, where vortex lines trans-
late with the flow velocity and behave like discrete, non-intersecting
objects. In real viscous flows, however, there is an additional dissipative
slip of the vortex lines relative to the flow field, which in our model is
represented by the diffusive growth of the vortex tubes in Eq. (7).
Viscosity, through diffusion, transforms this discrete picture into a con-
tinuum, where vorticity has finite-spatial extent and can change con-
nectivity without singular behavior. Thus, the role of viscosity in our
model is to expand the region supporting vorticity by diffusion, thereby
introducing the dissipative slip of vortex lines mentioned above. In
Navier–Stokes flows, this diffusive action is also responsible for recon-
nection processes: viscosity acts as a smearing mechanism for vortex
lines, allowing changes in their topology. This secondary effect of
viscosity is incorporated in the VTM through the process described in
Eq. (7). Moreover, although the present presentation of the model is
tailored for unbounded or periodic domains, it can be extended to
wall-bounded flows by imposing no-slip boundary conditions. Since
any smooth vorticity distribution—including vortex blobs and sheets—
can be represented as a bundle of finite-core vortex filaments, the VTM
can also be applied to boundary and shear layers. Due to our focus on
vortex stretching, we employ the VTM here to model large-Re turbu-
lence. Readers interested in the physics of the model at smaller Re
should consult14,25, where the case Re ¼ 5� 103 is presented.

B. Vortex stretching process as a dynamical system

Since the vortex centerlines move with the local fluid velocity, the
vortex dynamical motion is part of the continuum mechanical motion
of the whole fluid. The latter is a smooth function v that assigns to each
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material point X (of the reference configuration) and time t, a spatial

point x ¼ vðX; tÞ occupied by X at time t.40 Then, vtðXÞ ¼def vðX; tÞ is
called the deformation at time t. Similarly, if L is the reference configu-
ration of the vortex centerlines, L is a material-point set that convects
with the fluid body, deforming into the spatial tangle Lt ¼ vtðLÞ.
Hence, based on Eq. (5), and taking into account the spatial discretiza-
tion of the Biot–Savart integral, we can formulate a dynamical system
that depicts the motion of the finite-dimensional set of vortex points
obtained via the discretization of Lt . According to Kelvin’s theorem,
each point zðtÞ 2 R3 of this set moves with the fluid

dzðtÞ
dt

¼ vðxÞjx¼zðtÞ: (9)

Due to remeshing procedures, the number of discrete vortex
points obeying Eq. (9) changes as the system evolves. For every mate-
rial point Z 2 L, we can construct its infinitesimal neighborhood via a
temporally constant material vector field fRðZÞ that spans an infinitesi-
mal sphere around Z. Thus, the field fRðZÞ is an infinitesimal unde-
formed fiber at Z, and its motion f ðZ; tÞ 2 R3n is the corresponding
(infinitesimal) deformed fiber. Here, a fiber refers to a vortex line ele-
ment representing an infinitesimal perturbation to a reference vortex
curve, whose evolution characterizes the curve’s stability; the set of all
such perturbations forms the associated fiber bundle. Since fRðZÞ is
infinitesimal, the dynamics of the deformed fiber correspond to the
evolution of an infinitesimal system perturbation at Z and are gov-
erned by the tangent linear system

df ðZ; tÞ
dt

¼ @vðxðtÞÞ
@x

���
x¼zðtÞ

f ðZ; tÞ; (10)

where @vðxðtÞÞ
@x jx¼zðtÞ is the continuum mechanical velocity gradient ten-

sor Lij ¼def @viðxÞ
@xj

at x ¼ z (i; j ¼ 1;…3), which maps spatial vectors to

spatial vectors. Hence, we can write

df ðZ; tÞ
dt

¼ LðzðtÞ; tÞf ðZ; tÞ; (11)

which is a linear equation that can be solved as

f ðZ; tÞ ¼ e
Ð t
0
dt0Lðzðt0Þ;t0ÞfRðZÞ ¼def FðZ; tÞfRðZÞ; (12)

where Z are the material points in the reference configuration that
occupy at time t spatial positions zðtÞ, and FðZ; tÞ depends on the tra-
jectory of zðt0Þ at all intermediate times. By inspection of Eq. (12), and

noting the infinitesimal character of fR, we obtain that Fij ¼ @vi
@Xj

, and

since v is the deformation, F is called the deformation gradient tensor.
The determinant of FðZ; tÞ is the volumetric Jacobian JðZ; tÞ of
mapping vt at material point Z. For our incompressible flow
detFðZ; tÞ ¼ 1. Notably, F acts onmaterial vectors to yield spatial vec-
tors, whilst its inverse F�1 acts on spatial vectors to yield material vec-
tors. In dynamical systems treatments of Lyapunov exponents,42 a
central quantity is the resolvent matrixMðt1; t2Þ that yields

f ðZ; t2Þ ¼ Mðt1; t2Þf ðZ; t1Þ: (13)

The resolvent acts on a spatial vector to yield another spatial vec-
tor. It can be computed in terms of F

Mðt1; t2Þ ¼ FðZ; t2ÞFðZ; t1Þ�1: (14)

Indeed, F�1 acts on a spatial vector f ðZ; t1Þ to give a material vec-
tor fRðZÞ, and then F acts on fRðZÞ to give the spatial vector f ðZ; t2Þ.
Hence, the resolvent requires the existence of the inverse of F, which is
ensured by the fact that detFðZ; tÞ ¼ 1 (F action is isochoric). The
material derivative of F is given by40

dFðv�1ðz; tÞ; tÞ
dt

¼ Lðx; tÞjx¼vðZ;tÞFðv�1ðz; tÞ; tÞ; (15)

where v�1ðz; tÞ ¼ Z and vðZ; tÞ ¼ z 2 Lt . Notably, the full velocity
gradient tensor is employed here, i.e., both rate of strain (stretching
motions) and spin (rigid motions) tensors contribute to the evolution
of the deformation gradient tensor. We shall also employ the following
important property of vt map. If we consider a material point Z and a
material curve C described by the parametrization ẐðkÞ passing
through it, then the material tangent sRðZÞ ¼ dẐðkÞ=dk is covariantly
transformed by F into the spatial tangent sðz; tÞ ¼ @ẑ tðkÞ=@k of the
deformed spatial curve Ct ¼ vtðCÞ at z ¼ vtðZÞ,

sðz; tÞ ¼ FðZ; tÞsRðZÞ: (16)

C. Finite-time Lyapunov exponents

We shall also consider the singular value decomposition (SVD)41

F ¼ WRVT , whereW and V are orthogonal, rotation tensors and R is
a diagonal, stretching tensor with positive diagonal elements ri (the
singular values of F). Notably, R can incorporate mechanical compres-
sion processes, since it multiplies the orthogonal unit vectors of VT , so
a singular value less than unity corresponds to compression rather
than extension. Since F is a square matrix, we have VVT ¼ VTV ¼ I,

thus F ¼ WIRVT ¼ WVTVRVT ¼ ðWVTÞðVRVTÞ ¼def RU , which
is the polar decomposition of F. Here, R ¼ WVT is pure rotation
(product of two rotations), and U ¼ VRVT is pure stretching
(VVT ¼ I). U is the right stretch tensor of F, with U2 ¼ FTF, and its
eigenvalues (principal stretches) are the singular values ri of F. Hence,
the spectral decomposition theorem allows us to write
U ¼P3

i¼1 ririr
T
i , where the U eigenvectors ri are the right principal

directions and singular vectors of F. On the other hand, the eigenvalues
of U2 are the squares of the singular values of F (equal to r2i ), and due
to isochoric F action, their product is equal to one. In the numerical
calculations, r21r

2
2r

2
3 was typically equal to one within 10�3 accuracy.

In the scalar case, one expects the perturbation f ðZ; tÞ to change irreg-
ularly sign as the system evolves, while its absolute value grows expo-
nentially; hence, we should not expect regularities in the direction of
the deformed fiber f ðZ; tÞ.42 However, we can capture the exponential
growth of the amplitude by tracking the Euclidean L2� norm43

jf ðZ; tÞj2 ¼ jFðZ; tÞfRðZÞj2 ¼ ½FðZ; tÞfRðZÞ�T ½FðZ; tÞfRðZÞ� ¼ fRðZÞT
FðZ; tÞTFðZ; tÞfRðZÞ ¼ fRðZÞTU2ðZ; tÞfRðZÞ. Indeed, according to
Oseledets’ theorem of ergodic dynamical systems,44 assuming that
f ðZ; tÞ is a statistically steady ergodic process (a typical assumption in
turbulence theory), allows the definition of the Lyapunov exponents ki

lim
t!1

1
t
ln

jf ðZÞj
jfRðZÞj ¼ lim

t!1
1
t
ln
jFðZ; tÞfRðZÞj

jfRðZÞj ¼ ki: (17)
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In this paper, we shall not compute the asymptotic exponents,
but the finite-time ones. Hence, we do not consider the t ! 1 limit,
and define the finite-time Lyapunov exponents as

1
t
lnmax

jFðZ; tÞfRðZÞj
jfRðZÞj

� �
¼ ki ) max

jFðZ; tÞfRðZÞj2
jfRðZÞj2

 !
¼ e2ki t

) max
fRðZÞTFðZ; tÞTFðZ; tÞfRðZÞ

f TR ðZÞfRðZÞ

 !

¼ e2ki t: ð18Þ
According to a theorem in linear algebra,41 maxðf TR FTFfR=f TR fRÞ

is equal to the largest U2 eigenvalue (r21) and is obtained
when fRðZÞ ¼ r1. Similarly, every singular vector riþ1 gives
maxðf TR FTFfR=f TR fRÞ equal to r2iþ1 overall vectors fRðZÞ that are per-
pendicular to the first r1;…:; ri. Hence, e2ki t ¼ r2i ) ki ¼ lnðriÞ=t.
Therefore, the finite-time Lyapunov exponents contain the same
stretching information as the singular values of F (eigenvalues of U). In
fact, they are directly related to the logarithmic strain tensor lnU
¼P3

i¼1ðlnriÞrirTi of Hencky, which is widely used in rheology.45

It is important to clarify the physical meaning of ki and ri. First,
since vorticity in the VTM is not supported over all space, the unde-
formed fibers fR at Z are thought of as potential infinitesimal L pertur-
bations at Z. In other words, assuming that the system is driven, via a
transient phase, toward an attracting manifold L, the undeformed
fibers fR correspond to tangent perturbations off this manifold, and the
finite-time Lyapunov exponents inform about the instantaneous
tendency of such perturbations to leave or return to the attracting
manifold (stability). However, ri ought not to be associated with the
so-called, unstable or stable manifolds. One needs to compute the
(large time) asymptotic Lyapunov structure to obtain information
about the latter. With these in mind, we note that ri are all positive,
modeling compression when they are smaller than one and extension
otherwise. Thus, in the Lyapunov exponent picture, a negative expo-
nent ki indicates compression along the corresponding right principal
direction ri, and, similarly, a positive exponent indicates extension.
Hence, for particular ðZ; tÞ and fRðZÞ, one can decompose fR in the ri
eigenvector basis of U2 at t, and obtain the directions of fR’s (perturba-
tions) maximal compression or stretching, as well as the accompany-
ing scaling factors, but for this particular time only. In other words, for
a specific z ¼ vðZ; tÞ point, the finite Lyapunov exponents (FTLEs) do
not inform about the large time asymptotic stretching or compressing,
and vectors ri do not inform about the local (i.e., at point z and time t)
directions of the unstable manifold. We need the asymptotic
Lyapunov exponents and the associated backward Lyapunov vectors
for these purposes. Under the assumption of ergodicity, ensemble aver-
aging of FTLEs can be used to estimate the Oseledec exponents, and
we present such statistical results here. However, this approach does
not yield the corresponding Lyapunov vectors—they are not ensemble
averages of finite-time FTLE directions. Therefore, a proper asymptotic
analysis will be presented in future work to compute these invariant
directions. Importantly, the assumption of ergodicity is standard in
turbulence studies and is used here in the same way: to justify replacing
ensemble averages with spatial or temporal averages of a statistically
stationary flow. Ergodicity is a property of the underlying dynamical
system and is independent of the vortex filament method; we make no
claim to prove it, only to adopt it as is common practice.

In the Navier–Stokes framework, reconnections arise physically
from viscous diffusion of vorticity, allowing changes in vortex-line
connectivity through local velocity gradients and associated pressure
fields. In the VTM, the Biot–Savart law is obtained purely kinemati-
cally as the inversion of the curl operator to deduce the velocity from
the vorticity; once the velocity is known, all terms in the Navier–Stokes
equations, including pressure gradients and other forces, could in prin-
ciple be computed. The reconnection algorithm in VTM models the
topological change without solving the full momentum–pressure sys-
tem explicitly. In practice, deciding the exact moment when two
approaching vortex tubes reconnect requires specifying a spatial scale.
Here, we set this scale as a fixed fraction of the numerical resolution,
enforcing reconnection whenever the separation becomes smaller than
this threshold. Depending on the resolution, this choice may lead to
more reconnections than in the physical flow, but it does not affect our
conclusions, which are statistical in character and are based on vortex
stretching in the bulk of the system, away from reconnection regions.

D. Vortex stretching in the tangent system

We can employ the tangent linear system (10) to investigate the
stability of vortex stretching processes by tracking the dynamics of
finite-vortex fibers. Appropriate candidates for the latter are the
numerical discretization segments along the vortices. In particular, let
us consider a (discretization-generated) vortex line segment DZiþ1

¼ Ziþ1 � Zi ¼ Liþ1eiþ1 (undeformed fiber), where eiþ1 is the unit
vector along DZiþ1, Liþ1 is the (finite) length of DZiþ1, and
Ziþ1;Zi 2 L. At time t, the spatial vector corresponding to DZiþ1 is
Dziþ1 ¼ vðZiþ1Þ � vðZiÞ ¼ ziþ1 � zi (the deformed fiber), where
ziþ1; zi 2 Lt . Then, taking the limit for small Liþ1, one can show40

that fiþ1 ¼ limLiþ1!0ðjDziþ1j=LÞ ¼ jUðZiÞeiþ1j represents the stretch
at zi along the direction eiþ1 at Zi, since it measures the limiting length
of the deformed fiber in units of the length of the undeformed fiber in
the material direction eiþ1 (in general, Dziþ1 is not parallel to eiþ1).
Thus, we say that fibers at Zi in the direction eiþ1 are stretched if
fiþ1 6¼ 1. In the numerical calculations, only directions eiþ1 along the
vortex filaments are considered.

The evolution of the angle between two successive undeformed
fibers can also inform about vortex stretching processes. To compute
it, we consider the two consecutive vortex segments at Zi, i.e.,
DZiþ1 ¼ Ziþ1 � Zi ¼ Liþ1eiþ1, and DZi�1 ¼ Zi�1 � Zi ¼ Li�1ei�1

(the undeformed fibers). Let hL be the angle between the correspond-
ing deformed fibers, Dziþ1 and Dzi�1, i.e., hL ¼ /ðDziþ1;Dzi�1Þ. By
again taking the limit for small Liþ1 and Li�1, it can be shown,40 that

lim
Liþ1 ;Li�1!0

hL ¼ cos�1 UðZiÞeiþ1 � UðZiÞei�1

jUðZiÞeiþ1jjUðZiÞei�1j
� �

: (19)

To evaluate UðZiÞeiþ1 and UðZiÞei�1, we note that the computa-
tion of finite-time Lyapunov exponents involves the calculation of the
eigenstructure (eigenvalues r2j and eigenvectors rj) of U2 ¼ FTF.
However, U and U2 have the same eigenvectors, so the spectral
decomposition of U is available, and we obtain UðZiÞeiþ1

¼ ðP3
j¼1 rjrjr

T
j Þeiþ1, and similarly for UðZiÞei�1.

Finally, we can employ F to define the Green–St. Venant tensor
E ¼ ðFTF � IÞ=2 (where I is the identity tensor), which is identically
zero for rigid rotation, for then FTF ¼ I, thus

ffiffiffiffiffiffi
EE

p
is a measure of

pure strain. Recalling the standard decomposition of L into a strain
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rate or stretching symmetric tensor D ¼ @vi
@xj

þ @vj
@xi

� 

=2 and an anti-

symmetric spin tensor W (W ¼ 1
2x�), L ¼ DþW, we can write the

material derivative of E in terms of D only40

dE
dt

¼ FTDF: (20)

E. Vortex stretching in the nonlinear system

Although insightful, the tangent system is a linearization of a
strongly nonlinear system. It is important to recognize that the tangent
dynamics approximate the true nonlinear evolution only over short
times—specifically, as long as the perturbation remains sufficiently
close to the reference trajectory. When the latter is not true, it is incon-
sistent to employ the strain rate along the nonlinear trajectory in the
linearized dynamics. At longer times, the linearized dynamics will
diverge significantly from the true nonlinear behavior, and thus no
longer reflect the system’s physical evolution. Hence, since we resolve
the fully nonlinear vortex dynamics here, it is appropriate to compute
instantaneous vortex stretching measures based on the nonlinear
results. For this purpose, we can employ finite fibers Dziþ1 ¼ ziþ1 �zi,
where ziþ1, zi are spatial vectors belonging to Lt , and for every point
zi 2 Lt , Dziþ1 is the neighboring discretization segment along the vor-
ticity direction. Notably, in the tangent-linear analysis, “fiber” refers to
an infinitesimal material perturbation attached to a vortex filament, in
the differential-geometric sense. In the nonlinear analysis, we compute
strain–vorticity alignments using finite segments of filaments. In this
context, we also refer to these segments as “finite fibers,” since they are
the numerical approximation of infinitesimal perturbations along the
vorticity vector direction.

Flow effects on vortex filaments are depicted by the action of the
velocity gradient tensor Lðzi; tÞ on fibers Dziþ1.

9 Since L ¼ DþW
andW is a rigid motion, to investigate vortex stretching, we only need
to consider the action DDziþ1 of the strain rate tensor. If lj and sj
(j ¼ 1; 2; 3) are, respectively, the eigenvalues and (orthonormal) eigen-
vectors of D, the spectral decomposition theorem41 writes
D ¼P3

j¼1 ljsjs
T
j . Here, positive lj indicates vortex stretching along sj,

and, similarly, negative lj indicates vortex compression (which
includes folding). Incompressibility implies

P3
j¼1 lj ¼ 0. In the

numerical calculations,
P3

j¼1 lj (scaled with maxðljÞ) was typically
equal to zero within 10�3 accuracy. Hence, DDziþ1¼

P3
j¼1ljjDziþ1j

cosðsj;Dziþ1Þsj)jDDziþ1j2=jDziþ1j2¼
P3

j¼1l
2
j cos

2ðsj;Dziþ1Þ, where
we applied the orthonormal properties of vectors sj. Thus, it is neces-
sary to consider both the magnitude of lj and the alignment cosines
cosðsj;Dziþ1Þ to understand D’s role in instantaneous vortex
stretching.

We can also define the scalar diþ1ðtÞ ¼def jziþ1 � zij, and show40

the useful identity diþ1ðtÞ _diþ1ðtÞ ¼ ðziþ1 � ziÞ � ½vðziþ1; tÞ � vðzi; tÞ�
(where v is the Biot–Savart velocity). Thus, scalar biþ1 ¼ _diþ1=diþ1

¼ ðziþ1 � ziÞ � ½vðziþ1; tÞ � vðzi; tÞ�
� �

=d2iþ1 measures the instanta-
neous stretching rate of finite-vortex fibers. Notably, biþ1 and fiþ1 are
complementary stretching measures, since the former refers to spatial
vectors, while the latter to material (vortex) vectors. Moreover, fiþ1

requires the Liþ1 ! 0 limit and is computed within the tangent-
system dynamics, while biþ1 involves finite segments and is based on
fully nonlinear results. Consequently, biþ1 ought to be understood via
the lj and cosðsj;Dziþ1Þ results.

Finally, to gain insight into vortex folding processes, we analyze
the vorticity-direction correlations along the filaments. Here, “vortex
folding” refers to the process by which a vortex filament undergoes
large-scale bending that brings distinct segments into close proximity,
while “vorticity–direction correlations” quantify the statistical ten-
dency of vorticity vectors at two points to be aligned or anti-aligned in
space. Indeed, due to energy conservation (in Euler dynamics, which
governs nonlinear processes), vortex stretching ought to take place
together with vortex folding.3 In other words, vortex length growth
(and the accompanying increase in energy) must be counterbalanced
by vigorous generation of vortex folds that screen the vorticities of
neighboring (anti-parallel) segments, and preserve kinetic energy lev-
els. Accordingly, one expects a tangle morphology where filament sec-
tions with well-correlated vorticity-directions (due to vortex
stretching) are interrupted by drastic vorticity-direction changes (due
to vortex folding). Such vorticity orientation correlations can be cap-
tured by h cos hðjÞi, where jDn ¼ nj is the arc length between two spa-
tial points z0 and zj (generated by numerical discretization of vortex
centerlines), and

hðjÞ ¼ /ðDz1;Dzjþ1Þ ¼ cos�1 ðz1 � z0Þ � ðzjþ1 � zjÞ
jz1 � z0jjzjþ1 � zjj

 !
: (21)

The averaging is performed over all cos hðjÞ values present on a
particular filament (where spatial statistical homogeneity is assumed),
and over the number of filaments (an analog of the ensemble average).
Notably, it is not expected to have the same sample size for all values
of j (small j values are more common). Moreover, for every filament,
the maximum sample distance between two points must be smaller
than or equal to half of the centerline length. This is similar to
Eulerian, periodic-box calculations, where the maximum meaningful
correlation distance is half of the box size. The expectation is that the
results will indicate a vorticity-direction correlation length scale, within
which h cos hðjÞi is finite and beyond which it fluctuates randomly
around zero.

III. SOLUTION METHODS

The numerical method, including the handling of Biot–Savart
kernel singularities, has been extensively documented in numerous
publications.22,35,36 Equation (5) is an integrodifferential equation that
transforms into a differential equation after the spatial discretization of
the Biot–Savart integral. The differential equation is solved with a
third-order accurate Runge–Kutta method. Within the employed float-
ing point number set F, the distance between 1 and the next larger
floating point number is �m ¼ 0:222� 10�15. The smallest and largest
numbers that can be represented are 2:2� 10�308 and 1:8� 10308 cor-
respondingly. The algorithm’s arithmetic employs the round to nearest
even rounding method. The computational domain is a periodic cube,
with periodicity accounted for using the minimum image method.37,38

Standard VTM calculations employ computational geometry
methods to track the motion of three-dimensional curves in space.39

These present complications generated by the necessary remeshing of
the computational grid along the filaments each time neighboring vor-
tex points become separated (thus, new vortex points are added in
between the now distant neighbors to preserve the resolution level) or
come too close together (hence, one of the neighbors is removed, since
it is superfluous). Remeshing is also necessary when, according to the
operation described by Eq. (7), a reconnection alters the order of
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vortex points along the filaments. Such procedures are followed by a
relabeling of all vortex points in the tangle Lt , which is performed at
each time step. Investigating the Lagrangian physics of stretching,
however, necessitates the development of new methods.

Indeed, trying to compute, for example, histories of deformation
gradient tensors or Lyapunov exponents corresponding to particular
vortex points, we need to take into account that the computational
labels of the latter constantly change due to remeshing. In other words,
the identity of vortex points in the initial conditions needs to be tracked
throughout the computation, in the middle of continuous relabeling or
even occasional removal from the data structures. This is achieved by
introducing an array data structure I d with dimension equal to the
number of vortex points whose Lyapunov exponents we want to com-
pute. At time t ¼ 0, this array simply stores the order of these points as
they appear in the initial conditions. In this way, the array locations
resemble a global-in-time index, a type of identity relation for the vor-
tex points, and the actual values stored in these locations are just labels
or names for the locations. At subsequent time steps, every time a point
is remeshed and its label changes, I d is updated to store the new label.
In this manner, when key quantities, such as the deformation gradient
tensor, are computed for a vortex point, I d facilitates the association of
the computed quantity with a global index (i.e., a particular I d loca-
tion). Occasionally, a vortex point is not just relabeled but removed. In
this case, the corresponding I d location is given a value greater than
the totality of vortex points allowed in the algorithm, as a sign that the
evolution of the vortex point identified with the particular I d location
has been discontinued. Due to this added complexity, the current VTM
calculations are much more complex than their standard version
(where only vortex positions are tracked).

To capture a wide range of inertial effects, we performed two sets
of calculations, solving the VTM equations for Re ¼ 105 and
Re ¼ 109. At such high Reynolds numbers, computational complexity
prevents resolving all turbulent scales. However, VTM has an auto-
matic, non-dissipative cutoff via its smoothing kernel, meaning the
model resolves spatial scales dcf determined by the numerical discreti-
zation of the vortex contours and damps all flow scales below this level.
Nevertheless, as long as an inertial range forms, we expect the calcula-
tions to probe genuine turbulence physics. Increasing the resolution
would simply extend the resolved inertial range all the way down to the
dissipative wavenumbers in a self-similar manner. For example, once
the inertial range is sufficiently resolved to compute the fractal dimen-
sion of Lt , we can reasonably expect this dimension to also appear in
higher-resolution calculations, albeit over a wider range of scales.

An Eulerian Navier–Stokes solver with a large eddy simulation
model could resolve the peak of the inertial range; however, it requires
a specifically designed subgrid-scale model with suitable dissipative
physics, which is not necessary for the VTM. Notably, the VTM can
still provide insights into dissipation physics, as turbulent dissipation
occurs at the boundaries of vortex-filament cores. The size of these
cores is not constrained by the numerical resolution along the fila-
ments or the corresponding velocity cutoff scale. Indeed, there is no
dissipation within the solid-body rotating vortex cores, and the flow
outside these cores is potential. Furthermore, the actual core size is
determined not by the numerical resolution along the filaments but by
the combined effects of incompressibility and vortex-stretching
dynamics [Eq. (6)]. Consequently, depending on the Reynolds num-
ber, filament cores can become significantly smaller than the numerical

discretization scale, with the geometry of their boundaries offering
valuable insights into the morphology of maximum turbulent dissipa-
tion regions. Finally, through a comparative study of key kinematic
quantities across Reynolds numbers spanning five orders of magni-
tude, we aim to identify any potential variations in vortex stretching
physics associated with flow inertia.

IV. RESULTS

All calculations are performed within a periodic box of size lb. The
initial conditions consist of sets of randomly positioned and oriented
vortex filaments, and are kept constant from one Re number case to
another. The initial diameter of the rings is dr ¼ 0:5lb, and their core
diameter is equal to dc ¼ 0:2dr . The ring centerlines are discretized
with mesh size Dn ¼ lb=128. The results are based on three sets of cal-
culations, tailored to the character of particular results. Run I had 11
vortex filaments in the initial conditions, and provided all presented
Lagrangian histories and associated statistics (selected from a set of 2�
103 vortex points). Run II had 525 vortex filaments in the initial condi-
tions, and provided probability density functions (PDFs) and statistical
moments for Lyapunov exponents (based on a sample of 3:5� 105 vor-
tex points). Run III had 55 vortex filaments in the initial conditions, and
provided PDFs and statistical moments for quantities extracted from
the full nonlinear solution (based on a sample of 8� 105 vortex points).
The difference in sample sizes arises from the fact that the statistical
sample size of tangent-system related quantities is limited by the num-
ber of tracked Lyapunov exponent trajectories, along with the associated
computational complexity of solving the corresponding tangent system.
In contrast, this limitation does not apply to the nonlinear stretching
measures, whose calculation only requires standard vortex dynamics.

We scale time, distances and various physical quantities with
appropriate combinations of characteristic VTM quantities. The latter
include filament circulation j and intervortex spacing scale div, which
provide the characteristic timescale siv ¼ d2iv=j. The energy spectra
are defined as

Ð
EðkÞdk ¼ 1

2

Ð
vðxÞ � vðxÞdx, thus EðkÞ is scaled with

d3ivl
3
b=s

2
iv, where the flow domain size lb, is employed to scale the vol-

ume integral. We also define a second timescale which is characteristic
of the large eddies se ¼ l2e=j (where le ¼ lb=2 is the size of the largest
resolved eddies). This scale was more appropriate for scaling finite-
time Lyapunov exponents. We define the Reynolds number Re ¼ j=�,
and perform calculations for Re ¼ 105 and Re ¼ 109, so that a wide
variation of flow inertial effects is included. The system is evolved for a
few multiples of se, until statistics reach a steady state in all runs.

A. Vortex tangle geometry and energy spectra

Due to Biot–Savart kinematics and vortex reconnections, the sys-
tem soon forgets the initial conditions [Fig. 1(a)]. Indeed, at the end
time t ¼ 2:77se, approximately 900 reconnections have occurred and
the vortex tangle is chaotic [Fig. 1(b)]. The process of gradual random-
ization [Figs. 2(a) and 2(b)] is accompanied by filament organization
into sheet-like structures [Fig. 2(c)]. The dynamical consequences of
these structures will be the focus of a future systematic investigation.
To visualize how the model depicts reconnections, we identified and
tracked in time a reconnection process between two vortex filaments
in the chaotic tangle. Within the limits of our resolution, the results
show vortex merging [Fig. 3(b)], topological change [Fig. 3(c)], and
reconnection-induced vortex recoiling [Fig. 3(d)]. This level of tracked
reconnection detail within the VTM has not appeared in our previous

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 095178 (2025); doi: 10.1063/5.0286726 37, 095178-7

VC Author(s) 2025

 18 Septem
ber 2025 14:26:31

pubs.aip.org/aip/phf


publications. Notably, the tubes shown do not represent the actual,
dynamically evolving radii of the filaments; they are included solely for
visualization purposes.

As anticipated, the results demonstrate that vortex stretching is
accompanied by strong vortex folding. The initial time spectra (Fig. 4,

top curve) show a low wavenumber k2 scaling, due to non-zero net lin-
ear impulse in the initial conditions.46 As expected, the k2 is preserved
throughout the evolution. The scaled spectra (Fig. 4) indicate energy
decay, with the exponential cutoff moving toward smaller wavenum-
bers, and larger eddies becoming energetic as time progresses. By

FIG. 1. Re ¼ 105: Initial conditions (left).
Vortex tangle configuration at end time
t ¼ 2:77se (right).

FIG. 2. Evolution of the vortex system for
Re ¼ 109. (a) At the time t ¼ 0:025se,
the tangle is beginning to exhibit chaotic
structure. (b) By t ¼ 0:1se, the chaotic
character is well developed. (c) At
t ¼ 0:2se, there is evidence of large-
scale organization in the form of vortex
sheets (foreground). (d) At t ¼ 0:3se, the
tangle is sufficiently dense that vortices
occupy the vortex tubes of neighboring
structures. The surrounding box marks
the three coordinate axes and the faces of
the periodic cubic domain.

FIG. 3. Example of a reconnection event
within the full vortex system for Re ¼ 109.
(a) Two vortices approach and collide. (b)
One vortex develops a protrusion toward
the other, leading to tube overlap. (c) The
vortices reconnect, altering their topology.
(d) Following reconnection, one vortex
exhibits a pronounced recoil. Notably, the
tubes shown do not represent the actual,
dynamically evolving radii of the filaments;
they are included solely for visualization
purposes.
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multiplying the spectra with inverse Kolmogorov scaling, we demon-
strate that they present a Kolmogorov inertial range. The latter is rela-
tively short, since higher numerical resolution of vortex contours is
limited by computational complexity.

B. Results for vortex stretching in the tangent system

For each quantity, we present typical Lagrangian trajectories
(run I) accompanied by statistical moment information and (in some
cases) PDFs (run II). PDFs and moments are reported for a particular

FIG. 4. Scaled energy spectra multiplied by
inverse Kolmogorov scaling k5=3. Time is
increasing from the top to the bottom
curves. The wavenumbers are scaled with
the intervortex spacing wavenumber.
Left: Re ¼ 105. The corresponding times
are: t ¼ 0, t ¼ 0:31se, t ¼ 0:62se, t
¼ 1:24se, and t ¼ 1:88se. Right: Re
¼ 109. The corresponding times are:
t ¼ 0, t ¼ 0:62se, t ¼ 0:94se, t ¼ 1:88se,
and t ¼ 2:07se.

FIG. 5. Lagrangian histories of the first
Lyapunov exponent. Left the Re ¼ 105

case, right the Re ¼ 109 case.

FIG. 6. Lagrangian histories of the second
Lyapunov exponent. Left the Re ¼ 105

case, right the Re ¼ 109 case.

FIG. 7. Lagrangian histories of the third
Lyapunov exponent. Left the Re ¼ 105

case, right the Re ¼ 109 case.
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time after the transient period decorrelating the system from the initial
conditions. Lyapunov exponent trajectories (Figs. 5–7) show similar
behavior for both Reynolds numbers. Their scaled values and the simi-
larity of their ranges indicate that the large eddy time se is their natural
measure. The trajectory continuity indicates that the I d data structure
works as expected despite the 900 reconnections in the system. We
also observe that a few trajectories are discontinued due to the removal
from data structures of the corresponding points. The intermediate
exponent (Fig. 6) can take both positive and negative values. All results
indicate that there is a transient, after which all 20 sample trajectories
converge to quasi-constant values, and the vortex system could be con-
sidered typical of fully developed turbulence [Fig. 1(b)]. Accordingly,
we compute kinematic stochastic measures way past this transient
time. Notably, for both Re number cases, the sample trajectories ema-
nate from identical vortex points in the initial conditions.

In run II, and in agreement with the Lagrangian histories of run
I, the mean value E½ki� and standard deviation r½ki� results (Figs. 8–
10) confirm that after a transient, the statistics reach a steady state. The

collapse of these curves for so disparate Re numbers reconfirms that se
is the natural scaling for ki. Remarkably, data for both Reynolds num-
bers allow for the same conclusions. Indeed, taking into account that
for a Gaussian PDF g, Skew½g� ¼ 0 and Kurt½g� ¼ 3, the Skew½k1;3�
and Kurt½k1;3� values (Tables I and II) indicate that PDFs ðk1;3Þ are
non-Gaussian, leptokurtic functions, characterized by thick tails that
present scaling laws (“Paretian”). Due to the relatively small amount of
data in the extreme-value ranges, the PDF graphs with linear binning
for the stochastic variable [Figs. 11(a)–13(a)] can only show the exis-
tence of thick tails without indicating possible power laws. In order to
extract the latter, we employed a standard technique from the statisti-
cal physics of networks,47 and have created graphs with logarithmic
binning for the Lyapunov exponents. In this way, we have increased
the sample sizes of the outermost bins, making power law scalings
more obvious [Figs. 11(b) and 13(b)]. The results hint at different
physics for compression and stretching events in turbulence. On one
hand, the stretching-exponent power law appears to be steeper than
the compressive one. On the other hand, although the mean value of

FIG. 8. First Lyapunov exponent k1:
Mean E½k1� (a) and standard deviation
r½k1� (right) values vs time. The graphs
are superpositions of results for both
Reynolds numbers Re ¼ 105 and
Re ¼ 109.

FIG. 9. Second Lyapunov exponent k2:
Mean E½k2� (a) and standard deviation
r½k2� (right) values vs time. The graphs
are superpositions of results for both
Reynolds numbers Re ¼ 105 and
Re ¼ 109.

FIG. 10. Third Lyapunov exponent k3:
Mean E½k3� (a) and standard deviation
r½k3� (right) values vs time. The graphs
are superpositions of results for both
Reynolds numbers Re ¼ 105 and
Re ¼ 109.
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FIG. 11. Post-transient semi-log graphs of
the PDF of scaled (with se) k1 Lyapunov
exponent (circles: Re ¼ 105, squares:
Re ¼ 109) juxtaposed with a Gaussian
PDF of the same mean and standard
deviation values (lines). On the left is the
PDF with linear binning of the stochastic
variable, and on the right is the PDF with
logarithmic binning. The apparent scaling
law is k1�4:2.

FIG. 12. Post-transient semi-log graphs of
the PDF of scaled (with se) k2 Lyapunov
exponent (circles: Re ¼ 105, squares:
Re ¼ 109) juxtaposed with a Gaussian
PDF of the same mean and standard
deviation values (lines). On the left is the
PDF with linear binning of the stochastic
variable, and on the right is the PDF with
logarithmic binning. The apparent scaling
law on the stretching side is k2�2:2.

FIG. 13. Post-transient semi-log graphs of
the PDF of scaled (with se) k3 Lyapunov
exponent (circles: Re ¼ 105, squares:
Re ¼ 109) juxtaposed with a Gaussian
PDF of the same mean and standard
deviation values (lines). On the left is the
PDF with linear binning of the stochastic
variable, and on the right is the PDF with
logarithmic binning. The apparent scaling
law is k3�2:2.

TABLE I. Post-transient mean value, standard deviation, skewness and Kurtosis values of Lyapunov exponents k1 and k2. The mean and standard deviation values have been
normalized with se.

Re number E½k1� r½k1� Skew½k1� Kurt½k1� E½k2� r½k2� Skew½k2� Kurt½k2�
Re ¼ 105 3.510 1.272 0.771 5.043 0.063 0.991 0.118 3.471
Re ¼ 109 3.512 1.278 0.771 4.968 0.065 0.996 0.079 3.240

TABLE II. Post-transient mean value, standard deviation, skewness and Kurtosis values of Lyapunov exponent k3 and stretch fiþ1. The mean and standard deviation Lyapunov
exponent values have been normalized with se.

Re number E½k3� r½k3� Skew½k3� Kurt½k3� E½fiþ1� r½fiþ1� Skew½fiþ1� Kurt½fiþ1�
Re ¼ 105 �3:577 1.356 �1:026 6.972 2.304 5.558 41.264 2182.207
Re ¼ 109 �3:581 1.358 �0:986 6.448 2.510 8.739 41.391 2291.765
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the intermediate exponent is positive (albeit very close to zero), the
stretching events in the PDF ðk2Þ exhibit a thick tail, unlike the com-
pression events, which do not. This indicates that ðk2Þ contributes dif-
ferently to stretching than to compression, and this difference could be
related to the different power law exponents for ðk1Þ and ðk3Þ. The
observed power-law thick tails suggest the presence of extreme stretch-
ing and compression deformations, which significantly impact turbu-
lent vortex structure and indicate the possibility of vortex
deformation-induced singularities in the Navier–Stokes equation.
Indeed, a power-law thick tail implies that the probability of observing
a very high k1;3 value is higher than the probability of observing half of
this value twice in a row.48 These central issues will further be studied
in the context of Lagrangian kinetics of turbulent vortex stretching. It
is important to emphasize that our conclusions are conditioned by the
range of strain rates resolved at our current numerical resolution. This
limitation—and its implications—are discussed in more detail later. It
is possible that with higher-resolution data, the observed regimes may
turn out to be intermediate in nature rather than asymptotic.

The isocontours of the joint PDF ðk1; k2Þ (Fig. 14) can inform
about the asymptotic shape dynamics (under FðZ; tÞTFðZ; tÞ action)
of the (undeformed) vortex fiber fRðZÞ that spans an infinitesimal
sphere around Z. In both Re cases, the lines k2 ¼ k1 and k2 ¼ �k1=2
(delineating the possible range of k2 values for a particular k1 value)
envelope the isocontour structures. The results indicate that pancake
(k2 ¼ k1 ¼ �k3=2) and cigar (k2 ¼ �k1=2 ¼ k3) morphologies have
a negligible probability of occurring. Instead, since E½k2�=E½k1�
� 0:018 (Table I), and taking into account that these ensemble aver-
ages (under the ergodicity assumption) coincide with the asymptotic
Lyapunov exponents, we can expect that, on average, infinitesimal vor-
tex spheres centered at points Z will (by some short time t) become
ellipsoids with one axis approximately equal to the sphere’s radius, a
second axis equal to a stretched radius, and a third axis equal to a com-
pressed (by approximately the same amount) radius. However, except

for the dominant (first) Lyapunov vector, the remaining Lyapunov
vectors cannot be obtained through ensemble averaging of finite-time
eigenvector directions. A full asymptotic analysis is therefore required
to obtain the complete set of invariant directions.

The Lagrangian trajectories of the stretch fiþ1 (Fig. 15) indicate
that a vortex fiber can be subjected to alternate stretching (fiþ1 > 1)
and compression (fiþ1 < 1) phases. As indicated by the actual values,
although fiber compression is common, fiber stretching is the most
dominant effect (as expected by the increase in tangle length observed
in Fig. 1). These are consistent with the statistical moments (Table II),
where a positive mean is accompanied by positive skewness. The high
kurtosis values indicate more frequent (in comparison with a
Gaussian) extreme stretch states.

The Lagrangian trajectories of pure strain
ffiffiffiffiffiffi
EE

p
(Fig. 16) allow a

few interesting observations. Although there is, on average, an accu-
mulation of strain for a particular fiber, the latter is not monotonic,
but presents strong fluctuations. Moreover, with respect to scaled time,
both Re ¼ 105 and Re ¼ 109 calculations show similar strain levels
(
ffiffiffiffiffiffi
EE

p
is dimensionless). However, in the Re ¼ 105 case, the dimen-

sional time is 104 times larger than in the Re ¼ 109 case, i.e., the times
differ by the same factor as the Reynolds numbers. Thus, increasing
the Re number by a certain factor decreases by the same factor the
time required for the flow to strain the vortices by a similar (within an
order of magnitude) amount. The corresponding statistical moments
(Table III) indicate that self-interaction of vortices in turbulence results
in highly non-Gaussian PDFs of vortex-strain

ffiffiffiffiffiffi
EE

p
. In agreement with

fiþ1 results, the very high Kurt½ ffiffiffiffiffiffiEE
p � values imply the existence of

extreme deformations that could lead to vorticity singularities.
The data for the deformed-fiber angle hL (Fig. 17) confirm that

scaling time with se results in similar Re ¼ 105 and Re ¼ 109 graphs,
with the exception of an extreme event in the Re ¼ 109 case
[Fig. 17(b)]. Although due to the initial conditions of identical vortex
rings, all trajectories start from very close values, some of them reach

FIG. 14. Post-transient isocontours of the
joint probability density function PDF
ðk1; k2Þ of scaled (with se) Lyapunov
exponents k1 and k2. Left the Re ¼ 105

case, right the Re ¼ 109 case.

FIG. 15. Lagrangian histories of stretch
fiþ1 (dimensionless). Left the Re ¼ 105

case, right the Re ¼ 109 case.
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the maximum hL ¼ 3:14 value (indicating that the fibers form a
straight line), whilst others wander into smaller hL value regions (indi-
cating that the fibers fold toward each other). Indeed, since Euler
dynamics preserve energy, and vortex stretching implies energy
increase, there ought to be active folding processes in the system that
enforce energy conservation. Folded vortex configurations are evident
in the tangle of Fig. 1(b). The statistical moments of hL (Table III) indi-
cate that its PDF is strongly non-Gaussian, skewed toward smaller
(than the mean) values, and with a thick tail. Vortex folding is a

gradual process, and drastic-folding angles are rare (since r½hL� is so
small). This picture is consistent with the actual vortex tangle configu-
rations (Fig. 1).

C. Results for vortex stretching in the nonlinear system

The post-transient PDFs (Figs. 18–20) and accompanying statisti-
cal moments (Tables IV and V) of strain rate tensor eigenvalues li
offer significant physical insights. At small strain rates in the Re ¼ 105

FIG. 16. Lagrangian histories of pure
strain

ffiffiffiffiffiffi
EE

p
(dimensionless). Left the

Re ¼ 105 case, right the Re ¼ 109 case.

TABLE III. Post-transient mean value, standard deviation, skewness, and kurtosis values of pure strain
ffiffiffiffiffiffi
EE

p
and deformed-fiber angle hL (in radians) for both Reynolds num-

bers Re ¼ 105 and Re ¼ 109.

Re number E½ ffiffiffiffiffiffiEE
p � r½ ffiffiffiffiffiffiEE

p � Skew½ ffiffiffiffiffiffiEE
p � Kurt½ ffiffiffiffiffiffiEE

p � E½hL� r½hL� Skew½hL� Kurt½hL�
Re ¼ 105 32.640 827.758 58.119 3808.737 3.108 0.045 �6:330 82.196
Re ¼ 109 60.677 1927.958 70.549 5546.188 3.109 0.043 �5:494 59.040

FIG. 17. Lagrangian histories of the
deformed-fiber angle hL (in radians). Left
the Re ¼ 105 case, right the Re ¼ 109

case.

FIG. 18. Post-transient semi-log graphs of
the PDF of scaled (with se) l1 strain rate
tensor eigenvalues for a variety of log bin-
ning methods in the Re ¼ 105 case (left)
and linear binning in the Re ¼ 109 case
(right). The apparent scaling law in the
Re ¼ 105 data are l1

�2:6. The Re ¼ 109

results are shown in semi-log scale to
enhance visibility of the plateau; the flat
region is also visible in linear–linear plots.
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case, we observe clear departures from Gaussianity in all strain-rate
eigenvalues, with evidence of power-law behavior in both the smallest
and largest eigenvalues. However, the range of strain rates is limited by
the available resolution. As higher-resolution calculations would signif-
icantly increase computational complexity, we take a different
approach: we increase the Reynolds number to Re ¼ 109, thereby
increasing the filament circulation and allowing a much broader spec-
trum of strain rates to emerge without increasing numerical resolution
(see Solution Methods for details).

When eigenvalues are scaled by the large-eddy turnover time,
the small-strain-rate statistics remain remarkably consistent between
the two Re cases. However, at Re ¼ 109, the larger inertial forces
enable the system to reach much higher strain rates. After the inter-
mediate power-law regime, the PDFs enter an extended region

where they flatten into quasi-plateaus, where strain-rate events
become equally probable. Although the vortex system is very dense
for both Reynolds numbers, only the higher-Re calculation develops
these plateaus, indicating that the transition is not simply caused by
small intervortex distances. Instead, it reflects the onset of a dynam-
ical threshold that presupposes high vortex densities. At the higher
Re number, the increased circulation intensifies interactions between
filaments, leading to a regime of strong nonlinear coupling and
local deformation within our resolution. We therefore interpret the
plateaus as saturation regimes that arise when short-range
vortex interactions exceed a critical strength. They could, in princi-
ple, be observed at Re ¼ 105 as well, provided sufficient resolution
was available to capture higher strain rates at smaller length scales
there.

FIG. 19. Post-transient semi-log graphs of
the PDF of scaled (with se) l2 strain rate
tensor eigenvalues (points) juxtaposed
with a Gaussian PDF of the same mean
and standard deviation values (line). Left
the Re ¼ 105 case, right the Re ¼ 109

case. Both plots use linear binning. The
Re ¼ 109 data are shown in semi-log
scale to enhance visibility of the quasi-
plateaus; the flat regions are also visible
in linear–linear plots.

FIG. 20. Post-transient semi-log graphs of
the PDF of scaled (with se) l3 strain rate
tensor eigenvalues for a variety of log bin-
ning methods in the Re ¼ 105 case (left)
and linear binning in the Re ¼ 109 case
(right). The apparent scaling law in the
Re ¼ 105 data are l3

�2:4. The Re ¼ 109

results are shown in semi-log scale to
enhance visibility of the plateau; the flat
region is also visible in linear–linear plots.

TABLE IV. Post-transient mean value, standard deviation (both scaled with se), skewness and kurtosis values of strain-rate tensor eigenvalues li (i¼ 1,2), for both Reynolds
numbers Re ¼ 105 and Re ¼ 109.

Re number E½l1� r½l1� Skew½l1� Kurt½l1� E½l2� r½l2� Skew½l2� Kurt½l2�
Re ¼ 105 29.904 11.985 0.655 3.445 0.303 8.122 �0:006 3.366
Re ¼ 109 31.093 13.333 0.894 4.226 0.252 8.673 �0:050 3.800

TABLE V. Post-transient mean value, standard deviation (both scaled with se), skewness and kurtosis values of strain-rate tensor eigenvalues l3 and instantaneous stretching
rates biþ1 (scaled with se), for both Reynolds numbers Re ¼ 105 and Re ¼ 109.

Re number E½l3� r½l3� Skew½l3� Kurt½l3� E½biþ1� r½biþ1� Skew½biþ1� Kurt½biþ1�
Re ¼ 105 �30:209 12.126 �0:662 3.507 5.755 8.520 7.982 352.107
Re ¼ 109 �31:345 13.350 �0:837 3.952 6.281 14.909 21.389 766.973
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We emphasize that these plateaus do not imply that arbitrary
large strain rates are equally probable. Instead, they mark finite-range
regimes in which the system shows no statistical preference for weak
or strong stretching—up to a physically meaningful cutoff. This behav-
ior can be interpreted as a form of statistical saturation, where nonlin-
ear interactions become so intense and densely packed that the
probability distribution flattens over a range of dynamically permitted
values. If we view vortex stretching in turbulence as a stochastic pro-
cess, it is natural to interpret the emergence of the plateau in terms of
entropy maximization. In statistical mechanics, maximum-entropy
distributions correspond to equiprobability when no additional con-
straints bias the outcome. Thus, the appearance of a flat distribution in
the high-strain regime indicates that vortex stretching has, in a statisti-
cal sense, maximized its entropy within the dynamically accessible
range. This is a transition within turbulence—from a power-law-struc-
tured regime to one of statistical saturation and entropic maximization
at extreme strain rates.

The plateaus may originate from the specific topological organi-
zation of coherent vorticity—a dense filamentary network in which
strong stretching interactions become common and statistically undif-
ferentiated. Their possible absence in DNS studies may indicate either
that the Reynolds numbers explored so far are too low to access this
regime or that the topology of strong enstrophy in DNS is not exclu-
sively filamentary. In the latter case, alternative structural organizations
may obstruct the kinds of intense, localized interactions that drive sta-
tistical saturation in our model.

The post-transient stochastic measures (Fig. 21, Table V) of
instantaneous stretching rates biþ1 indicate a mild preference for
stretching over compression in the mean values, and strong non-
Gaussian features like positive skewness and large (leptokurtic) kurto-
sis values. The prominent heavy tail toward growth rates implies that
the extreme stretch fiþ1 and strain

ffiffiffiffiffiffi
EE

p
events originate in frequent

(in comparison with a Gaussian) extreme biþ1 values. The results allow
similar conclusions for both Re numbers, although similarly with the
strain-rate eigenvalues case, the Re ¼ 109 case exhibits a higher range
of biþ1 values, thus demonstrating the heavy tail better.

FIG. 22. Post-transient probability density function PDF ½cosðs1;Dziþ1Þ� of align-
ment cosine cosðs1;Dziþ1Þ between the first eigenvector s1 of strain rate tensor D
and finite segment Dziþ1, shown for Re ¼ 105 (squares) and Re ¼ 109 (circles).

FIG. 23. Post-transient probability density function PDF ½cosðs2;Dziþ1Þ� of align-
ment cosine cosðs2;Dziþ1Þ between the second eigenvector s2 of strain rate tensor
D and finite segment Dziþ1, shown for Re ¼ 105 (squares) and Re ¼ 109 (circles).

FIG. 24. Post-transient probability density function PDF ½cosðs3;Dziþ1Þ� of align-
ment cosine cosðs3;Dziþ1Þ between the third eigenvector s3 of strain rate tensor D
and finite segment Dziþ1, shown for Re ¼ 105 (squares) and Re ¼ 109 (circles).

FIG. 21. Post-transient semi-log graphs of scaled (with se) instantaneous stretching
rates biþ1 (points) juxtaposed with a Gaussian PDF of the same mean and stan-
dard deviation values (lines). The results for Re ¼ 105 (stars), and Re ¼ 109

(circles) cases are very similar. The Gaussian curve is based on the Re ¼ 105

case parameters, but fits the Re ¼ 109 data very well, too.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 095178 (2025); doi: 10.1063/5.0286726 37, 095178-15

VC Author(s) 2025

 18 Septem
ber 2025 14:26:31

pubs.aip.org/aip/phf


The PDFs of alignment cosines cosðsj;Dziþ1Þ (Figs. 22–24)
between strain rate eigenvectors and finite-vortex segments show dis-
tinct tendencies that differ between the two Reynolds numbers. In
both cases, the first eigenvector s1 prefers to align with vorticity
(Fig. 22), with this alignment being more pronounced for Re ¼ 105.
The intermediate eigenvector, s2, generally tends to be perpendicular
to vorticity (Fig. 23), and this tendency becomes stronger for
Re ¼ 109. The most notable difference between the two flows appears
in the behavior of the third eigenvector, s3: at Re ¼ 109, vorticity aligns
much more clearly with the compressive strain direction. These results
are consistent with the aforementioned positive biþ1 mean values.
Remarkably, the Lagrangian PDF ½cosðsj;Dziþ1Þ� features differ from
those in Eulerian studies,9 where it is s2 that tends to align with vortic-
ity and not s1. This dissimilarity can be due to a number of reasons: (a)
the available Eulerian results concern relatively low turbulent Reynolds
numbers rather than the high Reynolds numbers considered here, (b)
the Eulerian approaches consider the whole vorticity field, while in our
case, only the coherent, filamentary structures and their self-stretching
action are considered. Indeed, the filamentary geometry of VTM vorti-
ces and the (by default) exclusion of any unstructured “noise” vorticity
could (to a large extent) determine the actual form of these alignments.

It is even more important to note that, in the Re ¼ 105 results,
the behavior of cosðsj;Dziþ1Þ closely resembles that observed for tur-
bulent material lines.9,14 However, this similarity breaks down in the
Re ¼ 109 results. This divergence is likely due to the presence of high
strain-rate regimes in the eigenvalue probability density functions
(PDFs) at Re ¼ 109, which are absent at Re ¼ 105. As previously
noted, considering possible resolution limitations, the Re ¼ 109 results
could actually provide a more accurate representation of turbulence
dynamics—reflecting the inherently nonlinear character of vortex
behavior, in contrast to the linear dynamics of material lines. Unable
to obtain high resolution without excessive computational complexity,
we make a trade-off by increasing inertia instead. In other words, while
both cases have the same numerical resolution, the high-inertia case
naturally develops stronger strain rates at larger scales. To capture
equivalent strain dynamics in the lower Reynolds number case, a finer
resolution would be required. The physical interpretation of these
results is that turbulent vortex-eigenvector alignments at low strain
rates resemble those observed in material line dynamics. This is likely
because weak strain is associated with reduced enstrophy in the fila-
ments (i.e., limited stretching), leading to weaker enstrophy-strain

coupling and diminished nonlinear effects. At higher strain rates,
stronger stretching increases the entropy of the vortex filaments,
enhancing nonlinear couplings between vorticity and strain. This, in
turn, leads to deviations from the behavior expected in passive material
line dynamics.

The h cos hðjÞi curves (Fig. 25) are very similar for Re ¼ 105 and
Re ¼ 109. The graph can reasonably be interpreted in terms of the
standard geometry of folds.49 In particular, the first j regime in the
curve, h cos hðjÞi 2 ½0; 1�, corresponds to a (stretched) limb of a folded
vortex structure. Accordingly, vorticity directions are highly correlated
at short distances, and their correlation decreases with increasing dis-
tance from j ¼ 0, becoming zero at the fold hinge (where the radius of
curvature is the smallest and vorticity direction is reversed). This
occurs at j � 30. Due to the folding of the vortex centerline, vorticity
direction in the post-hinge limb is anticorrelated with vorticity direc-
tion at j ¼ 0, an effect that is gradually becoming stronger until we
arrive at the inflection point of the folded limb (i.e., the point of zero
curvature). This occurs at j � 45. After the inflection point, the vortic-
ity vector turns toward its j ¼ 0 direction, hence the anticorrelation
effect is slowly diminished, and h cos hðjÞi starts to fluctuate around
zero (after j � 150). The relatively long region where the relaxation of
h cos hðjÞi to zero takes place (45 < j < 150) indicates that there are
weak correlations between consecutive folded structures, before their
orientation becomes a random walk. This could be the case if the
folded structures originate in smaller (better correlated) structures,
which, subsequently, grow in size via extensional strain-rate field
action.

There are some interesting observations. The length of the high-
correlation limb is approximately 30 discretization segments, and is
the same for all Reynolds numbers. This indicates that it scales with
the system size. Indeed, the discretization places 128 segments along a
computational box side, thus (due to the imposed periodicity) 64 seg-
ments correspond to the largest resolvable eddy. In other words, the
lengths of the high-correlation filament sections scale with the largest
eddies in the system. On the other hand, assuming that the inflection
point is (approximately) the midpoint of the post-hinge limb, we can
conclude that the latter is of the same size as the limb that precedes it.
Indeed, typical tangle configurations (Fig. 1) are consistent with this
conclusion.

V. CONCLUDING REMARKS

The combination of vortex dynamics with dynamical systems
theory enables the application of a wide range of available dynamical
systems methods to key vortex stretching processes (albeit via local,
linear approximations). However, it is primarily the inherent advan-
tages of the vortex dynamical approach to turbulence that make it pos-
sible to probe high Reynolds numbers and obtain explicit insights into
critical aspects of turbulence physics.

The approach can be further developed to fully exploit its poten-
tial. Several important avenues for expansion include:

(a) The finite-time Lyapunov exponents are informative but do not
definitely reveal the structure of the local stable and unstable
manifolds of the strange attractor in turbulent vortex stretching.
To obtain this, both the asymptotic Lyapunov exponents and
vectors must be computed. Among other things, these expo-
nents can provide insight into the geometry of vortex structures
at the end of the cascade process, specifically informing about

FIG. 25. Superposition of h cos hðjÞi curves for Re ¼ 105 and Re ¼ 109.
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the geometry of the post-cascade remnant vortices. As previ-
ously remarked, our ensemble averages provide estimates of the
asymptotic Lyapunov exponents. Nevertheless, a proper asymp-
totic analysis is expected to yield additional information—in par-
ticular, the associated Lyapunov vectors—and likely more
accurate estimates of the exponents themselves. This is especially
relevant in determining the value of the intermediate exponent,
which is typically the most sensitive to finite-time effects.

(b) It is crucial to complement the study of kinematics with the
kinetics of vortex stretching. The information provided by this
study can be leveraged to develop concrete statistical mechanical
approaches to vortex kinetics, shedding new light on important
turbulence issues such as singularity formation, as well as the
relationships between Lyapunov exponents, the fractal dimen-
sion, and the dynamical entropy of the turbulent vortex tangle.

(c) The current approach to the turbulence problem trades the abil-
ity to capture the full range of turbulence physics, as in DNS,
for the explicit modeling of coherent structures and access to
very high Reynolds numbers. Nevertheless, its built-in physics
features, combined with appropriate resolution choices, can
yield qualitatively new insights—for example, highlighting the
nonlinear dynamics of line vortices in contrast to the linear
behavior of material line dynamics, a distinction demonstrated
here for the first time.

(d) The ongoing development of numerical and algorithmic accel-
erators for VTM computations will enable much higher VTM
resolutions, allowing for the probing of progressively smaller
turbulence scales and the generation of significantly larger PDF
ranges for, among other quantities, Lyapunov exponents and
strain-rate eigenvalues.
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