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Abstract— Frequency domain based design methods are investigated for the design and tuning of 
fractional-order PID for time-delayed processes. Since Ziegler-Nichol’s tuning rule and other algorithms 
cannot be applied directly to tuning of fractional-order controllers, a new algorithm is developed to handle 
the tuning of these fractional-order PID controllers based on a single frequency point test just like Ziegler-
Nichol’s rule for conventional PID controllers. Critical frequency point of the system is located on Nyquist 
diagram and controller parameters are calculated from these critical frequency measurements to meet 
control design specifications. Thereafter, fractional order controller is obtained to meet a specified 
robustness criterion. This yields simple tuning formulas for fractional order PIDs without the need for 
offline parameter optimization. The proposed method is extended to multivariable systems using sequential 
loop closing technique. Extended simulation studies show that good compromise between performance and 
robustness for both scalar and multivariable process control design can be achieved. 
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1. INTRODUCTION  

In recent years, interesting control engineering applications have been developed using differential equations 
of generalized order ' 'a  where the derivative order can be any non-integer value. For instance, fractional –order 
proportional plus integral plus derivative (FOPID) controllers have been widely studied over the past decades [1]. 
FOPID controllers have been found to provide more flexibility compared to standard integer order proportional-
integral-derivative (PID) controllers during design [2]. The aim of this paper is to develop a new design method 
for FOPID controllers for a typical industrial plant with time delays. A typical challenge faced when designing 
systems with fractional order derivatives and integrals is the problem of accurate physical realisation of fractional 
order terms. Most realisation methods require some form of approximation of the irrational function [3]. In this 
paper, Oustaloup recursive approximation method is used to approximate fractional-order terms. 

1.1 Some Definitions of Fractional-order Derivative 
Consider the generalised-order differential equation shown below in (1): 

 ( ) ( ) ( )y t D u t u ta= +   (1) 

where	 1 ;n na- < < nÎ ; 0.t > 			
 
Equation (1) is a fractional order differential equation as long as the order (α) is non-integer value. Two widely 
used definitions of the fractional-order term are given as follows: 

§ Riemann-Liouville Definition. 
§ Caputo’s Fractional order derivative  

Riemann-Liouville definition of fractional derivative can be expressed as given below in Eq.2: 
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where	 1 ;n na- < < nÎ 	 [4] .	
An alternative definition was also given by Caputo [4] as shown in Eq. 3 
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where 1 ;n na- < < nÎ  



   

However, the inclusion of the nth order derivative of f(t) in Caputo’s definition imposes restriction compared to 
Riemann-Liouville form. This is because it requires an absolute integration of an nth order derivative of the 
function f(t).	
	
1.2 Fractional-order PID 

The theory of fractional dynamics has been utilized to design FOPID controllers. FOPID controllers are 
sometimes represented by the term PIlDµ  because of the two extra parameters: l and µ .These two parameters l 
and µ are the integral and derivative orders. It has been extensively tested in demanding applications especially 
in mechatronic and automatic control applications and are found to yield very good results. The structure of 
FOPID controller C(s) is given in Eq. 4: 

 ( ) I
p D
kC s k k s
s

µ
l= + +   (4) 

where KP, KI and KD are proportional, integral and derivative gains respectively.	In addition, the integral and 
derivative orders (l and µ)  increases the total number of parameters available for  control design to five. It can 
be observed that standard integer-order PID controller is a subset of this generalized-order PIlDµ where l and µ 
are set to one. In terms of frequency domain analysis, given the non-restriction of the orders of integral and 
derivative terms of the controller, more parameters are available for the manipulation of the slope of the magnitude 
curve and phase at both high and low frequencies. In terms of robustness to plant gain variations and uncertainties 
in the plant model, the fractional order PID controller is known to give better performance than the classical PID 
controller due to this inherent frequency domain property as well as availability of more degrees of freedom for 
the design engineer [5]. 
 
 In general, these controllers provide a much better mechanism to shape the open loop frequency response of 
the system compared to conventional PIDs, but at the expense of two extra tuning parameters. Several authors 
have shown by simulations that FOPID controllers yield superior control performance compared to conventional 
PIDs with orders restricted to integers only [6]. Clearly, the comparative benefit can be well understood when 
considering the frequency domain properties of an ideal integrator compared to a fractional integrator with a 
generalized order. In the case of fractional or generalized integrator, the shape of the loop can easily be 
manipulated freely using appropriate gains. Such freedom is limited when considering a pure integrator. 

Consider a fractional-order PI controller given by C(s) where ( ) I
p
kC s K
sl

= + . If C(s) is re-written in a generic 

form, an extra degree of freedom for controller tuning can be observed. In general:		
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this controller type compared to a conventional PI controller.   

2. SPECIFICATION OF DESIGN OBJECTIVES 
The first step in control design is to define closed loop design specifications that are to be met by the fractional 

order controller. In this section, stability and robust performance indicators are primarily stated using sensitivity 
and complementary sensitivity functions. In practical control design and implementation, objectives may be defined 
based on the needs of individual applications and can take any combination of performance or stability indices. 
Controller parameters can thereafter be tuned to satisfy these design specifications.  

2.1 Gain Margin and Phase Cross-over Frequency Specification. 
Gain margin (Am) is a primary index of relative stability in standard control design. A pre-defined margin can 

be used to formulate a robustness constraint on the system gain. Equation (5) defines the relationship between gain 
margin and phase cross over frequency while equation (6) defines the gain margin constraint: 

 ( ) ( ) 0cg cg dB
C j G j dBw w =   (5) 

 ( ) ( ) 1cp cp mdB
C j G j Aw w =   (6) 

 



   

where: 
cgw - The gain crossover frequency 

cpw - Phase cross over frequency 
Am - The Gain margin. 

 
Phase margin and gain margin are extended to fractional order control as useful measures of robust stability. The 
following equation is used to define the desired phase margin at the gain cross over frequency defined by equation 
(5): 
 

 arg( ( ) ( ))cg cg mC j G jw w p f= - +   (7) 

where:  mf  is the phase margin 

2.2 Robustness Against Plant’s Gain Variations 
Bode’s ideal loop defines the criteria for absolutely stable SISO loop. As long as the open loop gain is defined 

by a constant phase around the crossover frequency (useful band), robust stability against gain variations is 
guaranteed within that frequency range of constant phase [4]. 
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The phase of the open loop transfer function will be flat around the cross over frequency. This improves 
robustness against gain-like variations in plant and the overshoot is nearly constant within that given frequency 
range. 

2.3 High frequency noise rejection specification  
 In order to ensure satisfactory measurement noise rejection, appropriate bound for the complementary 
sensitivity function has to be defined: 
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where: 
( )T jw  = the complementary sensitivity function. 

  A dB  =  the specified attenuation level in dB for the band ω ≥ tw rad/s. 

2.4  Output disturbance rejection specification  
 Sensitivity bound can be defined to ensure satisfactory output disturbance rejection by the controller: 
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where: 
B dB = the specified magnitude of the sensitivity function in dB for the band ω ≥ sw rad/s.  

2.5 Steady State Error Rejection  
 In addition, the nth-fractional integral term ensures steady state error rejection as effectively as an 
equivalent integer-order integral controller due to the implementation: 

 1 1.n ns s s- - -=   

 The controller parameters: KP, KI, KD, l and µ can then be calculated and optimized to meet any combination of 
these design specifications [4]. For instance, Monje, et al. [7]  used MATLAB’s optimization tool (fmincon) to 
formulate an optimization problem that solves for these five parameters and it was a constrained non-linear 
optimization problem with five unknown variables. An easier way of obtaining robust values for these controller 
gains is to use sustained oscillation method.  

	



   

3. THE CRITICAL POINT PARAMETER DESIGN METHOD 
In industrial circles, conventional PID controllers are still being tuned using Ziegler Nichols tuning method and 

other similar tuning algorithms based on ultimate point experiment. This is down to the simplicity of the method 
and the fact that it does not require availability of full parametric model. In this section, a similar technique is 
developed for tuning FOPID controllers. The basic principle involves using a proportional controller in cascade 
with the plant under a closed loop configuration. Thereafter, the proportional gain is systematically increased from 
very small values until sustained oscillation or continuous cycling is observed at the process output. The value of 
the proportional gain that yields this sustained oscillation is recorded as the critical gain (ku) while the period of 
oscillation is noted as the ultimate period - ut . 

Several other important information about the process are obtainable from these critical point measurements. 
For instance, the phase cross over frequency ( pcow ) can be obtained as: 

 2pco uw p t=   (12) 

The proposed algorithm is based on finding suitable FOPID gains which will relocate this ultimate frequency 
point on the complex plane to a more desirable point. This is illustrated on the Nyquist diagram of Fig. 1. The 
critical point or ultimate point is the stability limit signified by the point where the Nyquist curve intersects the 
unit circle (-1,0).This is the point (A) on the diagram where the Nyquist curve first intersect the negative real axis. 

3.1 Derivation of the Fractional-order PI controller Algorithm 
Consider a fractional PI controller of the form: 
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 I p ik k t=   

A desirable point on the complex plane is chosen as design point - B given as ( )Bj
Br e

p +Æ . 
The controller is expected to move the critical frequency point ( )1 ,0uk  to this desirable point. On the Nyquist 

plot, the critical frequency point is - point A ( )( )Aj
Ar e

p +Æ .    

 0;  1 .A A ur kÆ = =   (14) 

Finally, Let the frequency characteristic of the controller C(s) be: Cj
Cr e

Æ . For this controller to move the 
ultimate point to the desirable point (B) on the complex plane, it implies that: 
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Substituting (14) in (17) and applying Euler’s formula yields: 

 (cos sin )Cj B
C B B

A

rr e j
r

Æ = Æ + Æ   (18) 

 (cos sin )Cj
C B u B Br e r k jÆ = Æ + Æ   (19) 

Another information that can be deduced from (15) are phase and magnitude conditions. Clearly: ;A C Br r r=
c B AÆ =Æ -Æ  . Therefore, C(s) is designed to meet magnitude and phase conditions stated below in (20) and (21): 

 C B Ar r r=   (20) 

 0C BÆ =Æ -   (21) 

Considering the fractional PI controller structure given in (13); 
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In order to simplify the complex operator term, trigonometric representation of complex numbers can be used in 
combination with symmetrical property of cosine function. That is: 

 cos sin
2 2

j jl lp lp- = -   (23) 

Substituting (19) in (18) yields: 
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The next step is to compare equation (18) with (24) in order to derive expressions for the gains. 
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Comparing the real parts yield: 
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To derive integral gain, consider imaginary parts of (24): 
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Substitute (26) in (27): 
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Therefore, integral time is calculated first before proportional gain is obtained. 

3.2 Choice of Design Point - B 
In this paper, the desired point B is chosen such that: 

0.29; 46 .B Br = Æ = °  

  



   

 
Fig. 1.  Nyquist diagram indicating plant’s critical point 

 This is a very desirable point because it translates to -0.2-j0.21 point. The distance (d) from this point to the 
stability limit (-1,j0) is given as follows: 2 2( 0.2 1) ( 0.21)d = - + + - . 
This distance is approximately 0.9. Closed loop sensitivity can be deduced from this information on the Nyquist 
curve of the forward loop because the maximum sensitivity sM is the reciprocal of the shortest distance from the 
Nyquist curve to the critical point. 
 

By definition: 1max ;0 .
1 ( ) ( )sM C j G j

w
w w

= £ £ ¥
+

  

However, on the Nyquist curve; 1 .sM d=   
 This is a very desirable condition for robustness. For the closed loop system to be robust against variations in 
process dynamics, maximum sensitivity of the closed loop system is specified as: Ms < 2. Reasonable values of Ms 
ranges from 1.05 to 1.95 [8]. This indicates good robustness for many practical control applications and it is 
therefore recommended as the design point as far as single frequency point method is concerned throughout this 
paper. This design point is also justified as far as closed loop stability is concerned. It meets Nyquist stability 
criterion as the critical stability (-1,0) point will not be encircled. 

At the recommended design point, the magnitude of integral time is given below in (30): 
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Fractional order plays pivotal role in improving frequency response of systems with time delay. Therefore, when 
considering first order system plus dead time (FOPDT), the ratio of time delay to time constant provide a guide 
to selection of fractional order [4]. This is tabulated in table 1. 

Let the FOPDT system be of the form ( ) ;  Relative dead time ( ) is .
1 ( )
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Table 1 provides a 

guide for selection of fractional order. 
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Table 1 Selection of Order 
Relative Dead Time Recommended Order 

T<0.1 0.7 

0.1 ≤ T < 0.4 0.9 

0.4 ≤ T < 0.6 1.0 

T  ≥ 0.6 1.1 

	

However, for second order processes such as SOPDT (Second order plus dead-time) models, derivative 
component can be included for a more damped response. One possible solution is to design the fractional 
controller using the PI Dµ controller structure. Fractional order can be selected to obtain a required resonant 
peak (Mr - loop shaping). 
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3.3 The PI Dµ Structure – Derivation of Controller Gains 
 The structure of the controller is given as: 
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Let ( )C jw be characterized by Cj
Cr e

Æ in frequency domain and the desirable point on the Nyquist plane chosen as 

point B (i.e. ( )Bj
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p +Æ ) as before. The controller is expected to move the ultimate point ( )1 ,0uk  to this desirable 

point. On the complex plane, the ultimate point is - point A ( )j
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p as shown before in figure 1. Therefore (15), 

(20) and (21) must be fulfilled. It follows that: 
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Equation (34) can be re-arranged and real part compared to get (36) below: 
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Comparing imaginary part of (35): 
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Substituting (37) in (38) yields: 
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Solving for integral time yields: 
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 Given that the order µ is obtained as described in previous section, there are now three parameters left to be 
calculated from two equations. One way to solve this simultaneous equation is to treat the ratio of  to D it t  as a 
constant [8]. For instance, set 0.25D it t=  . At point B: 0.29; 46 .B Br = Æ = °  

1.036cos sin
0.2022 2 ;  

2(2 ) 1.036 1 cos
2(2 )

u
u

i p
D u

u i

k
k

µ

µ
µ

µ

µp µpt
t

pt t µpp
t p t

æ ö+ç ÷
è ø= =

æ ö æ ö
- +ç ÷ ç ÷

è ø è ø

  

All four parameters can therefore be calculated. The second structure of fractional controller with derivative 
component is of the form: PIDλ. 

3.4 The PIDλ Control Structure – Derivation of Gains 
The structure of the controller is given below: 
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The controller given above in (41) is expected to move the ultimate point to the new design point B implying that 
(34) holds. Also, required conditions stated in (15), (20) and (21) have to be met. Applying these three equations 
as before and comparing real parts of controller with (34) yields: 
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Considering the imaginary part of (34) with that of (42): 
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Substituting (44) in (45) yields: 
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The ratio of integral time to derivative time is assumed to be constant i.e. 4i Dt t=  
Equations (44) and (47) give the two controller parameters. Fractional order is obtained in similar fashion to 
previous cases using the peak resonant condition. 

 At point B: 0.29; 46 .B Br = Æ = °  Equations (44) and (47) can further be summarized as given below. 
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Summary of Proposed Algorithm for SISO processes 

§ Obtain critical frequency point parameters using sustained oscillation or relay experiment. 
§ Record critical gain (ku) and the period of oscillation  - ut . 
§ For first order processes with delay, select fractional order using Table 1. For SOPDT models, use (32) 

to obtain desired fractional order (loop shaping). 
§ Use (30) and (31) to get it and Pk respectively. 
§ For second order processes with delay, if using the PIDλ controller structure, derivative gain can be 

obtained using (47). Pk is given by (44) ; 4i Dt t= . 
§ For PI Dµ controller,	integral gain can be obtained using (40) and 0.25D it t= . Pk is given by (37) . 

 
4. SIMILATION EXAMPLES 

Example 1: First order plus dead time (FOPDT) system 
Consider a FOPDT process given as: 
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The critical frequency point is located using a proportional controller: 2.12;  5.1.u uk t= = Three controllers C1, 

C2 and C3 are designed with the following structures: PI µ , PI Dµ  and PIDλ respectively. This is carried out using 
the proposed algorithm given in this paper. 
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However, it is recommended that the integrator be implemented as: 1 0.3s s- . Oustaloup recursive approximation 
(ORA) is used to approximate the irrational function in order to obtain a realisable form of the controller. A 
frequency range of interest is specified for the approximation of the function and the number of terms are specified 
as well. ORA has been reported by many authors as a good approximation to the fractional order term [9, 6]. 
Therefore, it is used throughout this work to realise a rational and implementable function. Looking back at Fig. 
1 where the design point is at the critical (-1,0) point, this point has been moved by the controller to a desired and 
stable region as demonstrated in Fig. 2. The transient characteristic can be observed in Fig.5. 



   

 
Fig. 2.  Nyquist diagram indicating plant’s critical point and effects of C1 

The controllers C2 and C3 contains derivative component and are designed using the same critical frequency point 
information. Fig 3 shows the Nyquist diagram of C2 where the point A is re-located such that the (-1,0) point is 
no longer encircled. Similar effect is illustrated in Fig 4 which shows Nyquist diagram of the same system 
controlled by C3 
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Fig. 3.  Nyquist diagram indicating plant’s critical point and effects of C2. Frequency response at negative frequencies are also shown. 
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Fig. 4.  Nyquist diagram indicating plant’s critical point and effect of C3 

	
Fig. 5.  Unit step response diagram showing transient characteristics of control system 

This is a relatively simple first order plus dead time (FOPDT) system and it is given for demonstration purpose 
only – to show how the algorithm can be applied. All three controllers yield good margins of stability as 
summarised in Table 2. The same tuning method is extended to a more challenging system – a multivariable 
system via sequential loop closing method. 

5. EXTENSION TO MIMO SYSTEMS USING SEQUENTIAL LOOP CLOSING TECHNIQUE 
Sequential loop closing technique has been used previously used successfully for tuning conventional multi-

loop PID controller for MIMO systems by many authors [10, 11, 12]. In order to use this method to design PID 
controllers for MIMO plant, the first step is to design the fastest loop of the system independently before closing 
the remaining loops sequentially. There is a significant challenge of multivariable interaction in MIMO systems 
unlike in SISO system. Over the past decades, several methods of combating multivariable interaction have been 
proposed for conventional PID controller design [13]. Some of these methods rely on computing a detuning factor 
that will decouple the system [13]. Sequential loop closing technique handles many interactive systems 
successfully when input and output variables are paired effectively and when the number of loops are not very 
much. When applying sequential loop closing technique in two-input two output systems or systems with three 
inputs and three outputs, significant iteration may not be needed before convergence is reached. However, in some 

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5

-4

-3

-2

-1

0

1

2

3

4

5

 

 
Nyquist Diagram of System with C3

Real Axis

Im
ag

in
ar

y 
A

xi
s

 System G - Ultimate point

Controlled System C3

C3 - Results
Gain margin: 6.56dB
Phase margin:71.6deg
Phase cross over freq:1.96rad/min
Gain cross over freq:0.724rad/min
Delay margin: 0.003min

A



   

applications where interactions are very high, compensators can be used as de-couplers to obtain better response. 
It is relatively easy to pair variables together using a combination of measures such as physical relationship or 
relative gain array (RGA). It is assumed in this work that parameters are effectively paired using similar techniques 
and each sub-transfer function of the model is open loop stable. Many processes in practice are found to be open 
loop stable [13].  

Sequence of loop closing is important due to multivariable interaction. Under this method, the fastest loop is 
designed first using the sustained oscillation experiment and after computing controller gains for the first loop, it 
is closed and the next loop is designed using the same experiment. Thereafter, a suitable fractional order is chosen 
for each loop to meet the Mr condition. It should be noted that a major advantage of using this method for fractional 
MIMO PID is that it requires very little computation while still yielding a good compromise between robust 
outcome and good control performance. In terms of overall system stability, as long as the feedback control of 
each loop with the proportional controller produces a sustained oscillation at every stage of loop closing and 
ultimate point parameters are correctly observed, stability is established. However, there could be a challenge of 
identifying the accurate critical frequency point of the plant or the experimentation process may take too much 
time than desired in some applications. The algorithm is very simple and offers very easy to use method of 
computing FOPID controller gains for MIMO systems. 

Summary of Proposed Procedure for designing FOPID controllers for MIMO processes 

§ Consider only diagonal transfer function elements. Choose the fastest diagonal element as loop 1. Close 
the loop with a proportional controller to obtain critical frequency point parameters via sustained 
oscillation relay experiment. Keep the other loops open. 

§ Record critical gain (ku) and the period of oscillation  - ut of loop 1. 
§ Tune loop one using the proposed algorithm given in SISO section i.e.For first order proceses with delay, 

select fractional order using Table 1. For SOPDT models, use peak resonant equation to obtain suitable 
fractional order. 

§ Use (30) and (31) to get it and Pk respectively. 
§ For second order processes with delay, derivative gain can be obtained using (47). Pk is given by (44) ;

4i Dt t= and PIDλ controller is realized. 
§ If PI Dµ controller structure is considered,	integral gain can be obtained using (40) and 0.25D it t= . Pk

is given by (37). 
§ Replace the proportional controller with the tuned fractional controller. Keep it closed and chose the next 

loop for the same sustained oscillation experiment. 
§ Tune the selected loop in the same way as loop one and close it by replacing the proportional controller 

with the newly designed fractional controller. 
§ Proceed in the same manner until all the loops are designed and closed. 

A very good example of industrial process control application is control of distillation column. The aim of any 
such composition controller in distillation systems is to reject disturbances and ensure that expected purity levels 
of outcomes are reached. In this section, a model of an experimental distillation plant is discussed briefly before 
applying the developed fractional PID algorithm to design composition controller. 

The dynamics of a typical distillation column is strongly non-linear. If analytical model is derived for control 
design, some simplifying assumptions can be made to obtain a useful linear model. Example of such assumptions 
are constant pressure and vapor-liquid equilibrium maintained throughout the column. This will allow for an 
approximate linear model to be obtained with respect to the selected steady state operating point. However, 
transfer function model can also be derived by system identification via experimentation.  

6. PERFORMANCE AND ROBUST STABILITY ANALYSIS OF THE MULTIVARIABLE CONTROL SYSTEM 
Robust stability analysis is required to ascertain the degree of stability of the controlled system in the presence of 
plant-model mismatch and other uncertainties. Many dynamic perturbations that may occur in different parts of a 
system can be lumped into a single perturbation block D . For instance,  un-modelled high frequency dynamics 
can be grouped together under one uncertainty block. 

     In this paper, maximum singular value uncertainty models are considered to analyse robust stability of the 
system because it is suitable for analysis of both structured and unstructured uncertainties in a multi-input multi 



   

–output system. Given a process multiplicative input uncertainty [ ]( ) ( ) ,IG s I s+D Maciejowski [14] established 

the stability of the system if: 

 [ ]{ }11( ) ( ) ( ) ( ) ( )I j I C j G j C j G jw w w w w
s

-D < +   (48) 

where s  is the maximum singular value of the closed loop system. For the process multiplicative output 
uncertainty [ ]( ) ( ),OI s G s+D the closed loop system is said to be stable if (49) holds. 

 [ ]{ }11( ) ( ) ( ) ( ) ( )O j I G j C j G j C jw w w w w
s

-D < +   (49) 

( ), ( )I Os sD D 	are assumed	to be stable. Plotting the right hand side terms of (48) and (49) reveals the stability 
bounds of the controlled system. The greater the area under the curve, the greater the stability of the system. 
Therefore, a more robust controller will yield larger area under the curve. In order to judge performance in terms 
of set-point tracking, integral absolute error (IAE) is used. Integral absolute error is calculated from the equation 
given below. 

 
0

( )IAE e t dt
¥

= ò   

where: ( ) ( ) ( )e t r t y t= - . 

Simulation Example 2: Composition control of Ogunnaike and Ray’s distillation column 
 A 19 plate, 12 inch diameter distillation column was experimentally set up and studied by Ogunnaike and Ray 

[15]. The column had side-stream draw off as well as variable feed input with measurements taken for plate 
temperatures, overhead composition, reflux, feed flow rate and product lines [15]. The distillation column was set 
up for ethanol-water separation as well as ternary mixtures and a 3 x 3 transfer function was identified as a suitable 
model for the experimental plant. Equation (50) illustrates the model: 
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  (50) 

where the output variables are: 

1y  = Overhead ethanol mole fraction 

2y = Side-stream composition 

y# = Bottoms Composition (Tray 19 Temperature) 

The input variables are: 

u& = reflux flow rate (m3/s) 

u' = side-stream product flow rate (m3/s) 

u# = Reboiler steam pressure (kPa) 

The disturbances are: 

1d  = Feed flow rate changes (m3/s) 

2d = Feed Temperature changes (deg. Celsius) 

         In order to design a fractional PI controller of the form (13) for this plant, the first loop considered contains 
the last diagonal element which is a second order transfer function. That is: 
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 A proportional controller is connected and sustained oscillation experiment is set up. Loop 1 is closed according 
to the algorithm. Obtained parameters are: 12.54;  5.u uk t= = The fractional order is selected as 0.9 as described 
in previous section. The controller gains are calculated using (30) and (31): 2.2;  2.4.p ik k= =  Loop one is closed 
with the proportional controller replaced with the designed controller 1. The other two loops are left open while 
designing the first loop. 

Thereafter, the first loop is closed with the designed controller 1 while setting up sustained oscillation experiment 
in loop 2. This is the loop which directly contains the second diagonal element.  A proportional controller is directly 
connected and the value is slightly increased from small values until sustained oscillation is observed. 
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Obtained parameters are: 1.241;  16u uk t= - = .	Also,	0.9 is selected as fractional order. The third loop is still 
open but the second loop is tuned to get: 0.13;  0.1.p ik k= - = -   

Thereafter, a proportional controller is connected and sustained oscillation experiment is set up in the third loop. 
The third loop contains the first diagonal element. Sequence of choice is based on loop’s speed. 
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Obtained parameters are: 5.58;  19.u uk t= =  The same fractional order of 0.9 is selected. The other two loops are 
left closed and loop three is tuned to get: 0.65;  0.20.p ik k= =  Table 4 shows the proposed controller (FOPI) and 
the gains of the base line optimum PI controller (ORA-PI). 

 In summary, after designing all three diagonal controllers, a set point change (unit step) is introduced in loop 
1 with all loops closed. Fig. 6 shows responses in all three loops as a result of a step change in r1. The 
corresponding output y1 rises to one while the controller forces the other outputs to in loops two and three to zero 
as expected. The next step is to introduce set point change in loop two (r2) while all three loops remain closed. 
Fig. 7 shows that the corresponding output (y2) rises to that set point. The controller forces interaction terms in 
loops one and three to zero as shown in Fig. 8. Finally, with all loops closed, set-point change is introduced in 
loop three (r3). The output in loop three due to the set point change is shown in Fig. 9. Outputs in the other two 
loops due to this set point change in loop three is shown in Fig. 10. Each controller has effect on interactions 
present in the system. This demonstrates how the proposed design method handles interaction in a multivariable 
system. 

 

 
Fig. 6.  Unit step response (y1) as a result of set-point change in loop1 



   

 
 
Fig. 7.  Output in loop two (y2) due to a unit step set-point change in loop2. 

 
Fig. 8.  Output in loops one and three due to set-point change in loop2. 

 
 
Fig. 9.  Output in loop three (y3) due to a unit step set-point change in loop3. 



   

 
 
Fig. 10.  Output in loops one and two due to set-point change in loop3. 

7. PERFORMANCE AND DISTURBANCE REJECTION 
FOPID controllers are known to be very robust against disturbances. Considering the same ORA distillation 
system, the proposed controller will be simulated under drastic perturbation. A 20% step disturbance signal (d1) 
is introduced at t= 500min (feed flow changes) while a 30% step disturbance signal is simultaneously introduced 
at t=600min as changes in feed temperature (d2). The simulation is ran for 800 minutes and results are shown in 
Fig. 11-13. 

The proposed controller (FOPI) is compared with an optimum PI controller proposed by Ogunnaike and Ray [15] 
under the exact perturbation and conditions. Comparison is based on recovery time from perturbation (settling 
time) as well as set-point tracking using integral absolute error. This is tabulated in Table 3 and Table 4. 	

 
Fig. 11.  Output (y1) of FOPI control system and Optimum PI controller under severe perturbation. 

 



   

Fig. 12.  Output (y2) of FOPI control system and Optimum PI controller under severe perturbation. 

 
Fig. 13.  Output (y3) of FOPI control system and Optimum PI controller under severe perturbation. 

 

 

Fig. 14.  Stability Regions of Input and Output Uncertainties for MIMO example. 

 

8. RESULTS AND  DISCUSSION 
 

Table 2 shows result of SISO example. Margins of stability are tabulated. For the MIMO case, performance data 
in time domain is given in Table 3. Stability is achieved. The controller is compared with an optimum PI controller 
proposed by Ogunnaike and Ray [15]. It can be observed that the proposed controller compares favorably with 
ORA’s optimum PI controller in terms of disturbance rejection and set point tracking. In terms of robustness, 
optimum PI yields a greater area under the curve indicating better robustness as seen in Fig. 14. However, the 
method is simpler and computational cost is reduced as optimization program is not required unlike in the case of 
the optimum controller. It gives a design engineer an easier method of estimating the gains of a FOPID controller 
for process control. Further fine tuning by iteration may be required to further improve performance in some 
applications. 

9. CONCLUSION 
 

  In summary, the main contribution of this paper is the development of a simple design method for fractional-
order PID controller. The proposed algorithm is extended to multivariable applications using sequential loop 
closing technique. Stability is established in MIMO system once sustained oscillation is reached during the 
sequential loop closing process. In the SISO case, Nyquist criterion is used inherently in the design process so 
stability is guaranteed. Simulation studies have been carried out on single input single output process as well as a 



   

pilot multivariable plant. These algorithms yield control actions with good compromise between robustness and 
performance as shown in the various tabulated results. Extended simulation studies on Ogunnaike and Ray’s 3x3 
distillation model proves suitability of the proposed design procedure for multivariable control.  

 

Table 2 Simulation Result – SISO Process Control Example 1 
Relative Dead Time C1 C2 C3 

Gain Margin (dB) 10.2 9.91 6.56 

Phase Margin (deg.) 31.7 50.3 71.6 

Delay Margin (min.) 0.001 0.002 0.003 

Phase Crossover 0.48 2.56 1.96 

 

 

Table 3 FOPI Controller Performance 
Step 

Change 

IAE 

y1 

IAE 

y2 

IAE  

y3 

Recovery (Settling) 

Time 

Loop 1 22.4 16.6 57.9 5 

Loop 2 4.3 13.1 24.9 38 

Loop 3 0.06 0.22 5.48 54 

	

	

Table 4 ORA Optimum PI Controller Performance 
Step 

Change 

 IAE 

y1 

IAE 

y2 

IAE  

y3 

Recovery (Settling) 

Time 

Loop 1 11.61 55.2 532.2 16 

Loop 2 1.95 42.03 96.76 180 

Loop 3 0.04 0.27 11.93 138 

	

	

Table 5 Controller Gains 
 Gains FOPI ORA-PI 

 Kp 0.65 0 0
0 0.13 0
0 0 2.2

æ ö
ç ÷-ç ÷
ç ÷
è ø

  
0.6 0 0
0 0.15 0
0 0 1.2

æ ö
ç ÷-ç ÷
ç ÷
è ø

 

 Ki 0.2 0 0
0 0.1 0
0 0 2.4
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0 0 0.15
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Order µ   0.9 1 
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