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1. Introduction. Markovian systems are one of the most widely used models in
a broad variety of applications. In many control and optimization problems, due
to noise corruptions and limited sensor information, the states of a Markov chain
are often not directly measured, resulting in hidden Markov models. Consequently,
during implementation, the states must be estimated from available observations.
Hidden Markov models have been used extensively in many applications, includ-
ing power systems, autonomous vehicles, thermodynamics, statistical mechanics,
physics, chemistry, economics, finance, signal processing, information theory, pat-
tern recognition (including speech, handwriting, and gesture recognition), and bioin-
formatics, among many others.

Although Wonham filters provide precise characterizations of the posterior prob-
abilities, they are highly nonlinear and their explicit or closed-form solutions are
often very difficult to obtain. In seeking numerical solutions for real-time imple-
mentation, numerical solutions under sampled observation data become critically
important. This paper aims to develop feasible and efficient numerical solutions of
Wonham filters with sampled observation data.

The algorithms of this paper leverage on our recent development of stable nu-
merical algorithms of nonlinear filters. In [14, Chapter 8], we designed a numerical
approximation scheme that employs iterative methods of an Euler-Maruyama type
and obtained the convergence of the algorithm by using weak convergence of proba-
bility measures. This paper is focused on developing L? convergence of the numerical
scheme. In addition, to accommodating jumps in the system dynamics in practical
systems, from faults, contingencies, attacks, or system reorganizations, the Mar-
kovian models of this paper includes regime switching,leading to state estimation
problems of hybrid Markovian systems.

This paper is written for the special occasion of celebration of Professor Alain
Bensoussan’s 85th Birthday. Professor Bensoussan has made seminal contributions
to the fields of control and optimization as well as to partial differential equations
for several decades. His contributions have made lasting influence to the develop-
ment of control theory and partial differential equations. In fact, his dissertation,
entitled “Parameter identification and filtering for distributed parameter systems,”
was focused on the Kalman filter for distributed parameter systems that are de-
scribed by partial differential equations; see also related work [1, 2]. To celebrate
his achievements, we have selected a Wonham filtering problem with focus on its
numerical solutions. celebration of Professor Bensoussan’s achievements. As is well
known, Wonham filters are fundamental tools for estimating hidden Markov chains
under white-noise corrupted observations, that are highly related to Professor Ben-
soussan’s work on filtering problems.

1.1. Outline. The rest of the paper is arranged as follows. Section 2 starts with the
setup of Wonham filtering. To facilitate our subsequent computational effort, also
considered are some transformation techniques. Section 3 presents the numerical
algorithms. Rather than a strict forward discretization, we illustrated how we can
construct the approximation through certain transformation techniques. Section 4
is devoted to certain preliminary results. Section 5 concentrates on the main results.
Section 6 gives some numerical experimental result. Finally, Section 7 makes a few
final remarks to conclude the paper.

2. Wonham Filtering. Before proceeding further, we first recall the setup of the
Wonham filtering. Let us begin with a hidden Markov chain «(¢) in continuous time,
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where the Markov chain has a finite state space M = {a1,...,a;,} and generator
@ = (gi;) satisfying g;; > 0 for i # j and Zje/vl g¢ij = 0 for each i € M. The Markov
chain is hidden since it can only be observed with white noise perturbations. That
is, we cannot observe «(t) directly, but rather we can only observe {y(¢)} given by
the process

dy(t) = h(a(t))dt + o(t)dW(t), y(0) =0, t € [0,T] for some T < oo, (1)

where h(-) : M — R is a continuous function, o(-) : [0,7] — R is a continuous
matrix-valued function, and W (t) is a one-dimensional standard Brownian motion
independent of «(t). The observation may also be written in an integral form as

y(t) = t h(a(s))ds + ta(s)dW(s), t e [0,77.
0 0

Denote the conditional probabilities given the observations {y(s)}scjo,4 (observa-
tions up to time t) by 7? (i.e., E(a(t) = a;|);) for i € M, where ), is the o-algebra
generated by {a(s),0 < s < t}) and assume that the initial distribution of a(t) is a
known probability vector v = {v*}™ . Then the process {7} is the unique strong
solution of the Wonham stochastic differential equation (SDE)

dri = |q'mi + > ¢¥'nf — 072 (h(as) — a(t)a(t)r] | dt+ o7 (o) — G(t))midy,
Jj#i
a(t) =Y i),
=1
= v,

(2)
The equation above was first derived by Wonham in 1965 and is known as the
Wonham filter. In fact, the above precise form was in [14, Chapter 8§].

To construct approximation algorithms, one may discretize the stochastic differ-
ential equation (2) directly. Nevertheless, numerical experiments and simulations
show that such a procedure is numerically unstable due to the white noise pertur-
bations. It may produce a non-probability vector (e.g., some components might
be less than 0 or the sum of the components might not be 1). To address this
issue, various modifications were suggested such as the robustness approach [4] and
its variants; see also [6]. In [14, Chapter ], we suggested an alternative approach,
namely, to transform the posterior probability v; by using the natural logarithm,
ie.,

i )
vy = log },
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which is similar in spirit to [3] in some sense. The dynamics of v} is given by a
stochastic differential equation after a straightforward application of It6’s formula

dvf = g+ > ¢ — o7 (h(on) — G(1)alt) — 507 2(hlas) — @(t))? | dt
J#i

(3)
The rest of the paper is devoted to solving the above system of equations. As
alluded to before, our main effort is devoted to developing numerical method in this
paper. To this end, our approach is based on the constructions of some suitable
transformation and modification techniques.

3. Numerical Schemes. To approximate the sequence {vi} in (3), we use an
Euler-Maruyama-type scheme
vty = o+ eri o 2 (Alq) = 65) (Yeka1)e — Yke)s
£,
i exp(ka)

Pry1 = ; ’
>, exp(vpiy)’

£,1
pO :V7
m .
by, = Zpi’z (i), (4)
1=1

€,J
; i i D — AEN A _ R
k=" P o () A7)t — 5o (hlo) — o)
j#i Pk

~E,1 £,1
Uy, = logpy) -

This iterative scheme is derived directly from the Euler-Maruyama method,
which is straightforward to implement in practice. However, a notable problem
is that the scheme may lack stability when applied without appropriate trunca-
tion. Note that the drift term 7 exhibits superlinear growth as |jv¢| — oo, even
though the diffusion coefficient remains bounded. Combining Theorem 1 in [7] with
Lemma 3.3 in this paper, it follows that the scheme (4) yields approximations that
are unbounded in the LP sense as ¢ — 0.

Although weak convergence methods may be used, to obtain strong convergence
or convergence in the uniform L? sense, a truncation method would better be em-
ployed to ensure the boundedness of the numerical approximations. Since our goal
is to establish strong convergence in the LP sense, we propose a novel truncated im-
plicit method inspired by [10]. In this method, the truncation threshold increases
at an appropriate rate as € — 0. Specifically, for some 6 € (%, 1), the parameter N
in (6) is replaced by N(g), which satisfies certain growth conditions

lim N(e) = oo and
e—0

e170eNE) <1, Ve € (0,1). )
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Moreover, the implicit nature of this method ensures the LP boundedness of the

numerical approximations uniformly with respect to €. Now, we are ready to define
our discrete-time approximation of the SDE (3).

Definition 3.1 (Truncated Implicit Euler Maruyama Approximation).

o =P ert
i _ [qii Z ji(f)i’]]l ‘ LN )
"k =4 AT Hop 7 —op <N ()} T € {077 =00 >N (o)}
i#i Pr
_ ienae 1o .
— o2 (hles) = 65)dg, — 507 (o) — 67)?]
e exp(7;") e N e
pZZ = . ~e,5y’ & = Zpil (ai), (©)
Zj;éi exp(;,”) i=1
vty = 0+ o 2 (b)) — A7) (Y(ka1)e — Yhe)s
£,1
pe,i . eXp(Uk+1)
e NPT
Zj;éi eXP(UIEcil)
Opyq = log iy

Remark 3.2. Under condition (5), for sufficiently small discretization step size e,
the numerical scheme (6) admits a unique solution as a direct consequence of the
contraction mapping theorem. We connect {vzl} to ﬂi’i. Given the most recent
estimate {v,i’i}, we begin by solving the system of nonlinear equations

~e,1

— 5t i
U = FEr.

For sufficiently small ¢, the contraction mapping theorem guarantees the existence
and uniqueness of the solution o;". Subsequently, by using the observed data Y(k+1)
and o7, we compute vy’ via

vt = Tty + oyt (R(ed) = 65) (Yo n)e — Yne)-

After re-normalization, we obtain the updated iterated value f),iz

The increments {Ayf} are generated by

Ay,‘i = h(ai)s + Uks(W(k+1)s — Wke)~ (7)
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By substituting the above equation into (6), we can get

R
Ti :q”_‘_ijl(ﬁl]l €,4 £,1 +€N(s)]l £,3 £,1 )
k —c,i {0y ;' <N(e)} {577 =0 " >N(e)}
g2 Pr
—2 AE\AE —2 ~AE\AE 1 —2 ~E\2
— 05, (h(aq) — ag)éy, + o~ (h(ay) — Gi)ag — 2%k (h(ev) — é3,)
k. .G\ k — 13 1)
Zj;ﬁi exp(vy,”) i=1 ®
vty = 0 4 Ve A (h(aw) — &5,
P = exp(v,iil)
k+1 7 —  _ ej V)
Zj;éi eXp(”ijq)
~E,1 £,1
Oy = logpylyy,
vy =log V.

The above numerical scheme can be interpreted as a truncated backward implicit
Euler-Maruyama-type approximation for a Markovian switching stochastic differ-
ential equation. The strong convergence for the case of linear growth and globally
Lipschitz coefficients was rigorously established by [11]. The primary challenge in
this work lies in addressing the superlinear growth of the drift term.

We now outline the key steps of our proof. First, leveraging the Kallianpur—
Striebel formula and using v{, we establish the boundedness of the p-th moment
of SUPefo,7] }v§| Subsequently, we estimate the p-th moment of the range of the
truncated implicit numerical approximation {v,‘zl ™ .. This analysis allows us to
derive the p-th moment of sup, <k<|Z] ‘v,‘il’ and demonstrate that the probability

of triggering the truncation threshold N on [0,7] decays at the rate of O (%)
Finally, we establish the strong L convergence of the continuous-time interpolation
of v;™" to .

4. Preliminary Results.

4.1. L? boundedness of v;. Through the Kallianpur-Striebel formula and inte-
gration by parts (see [12, p. 46]), one can derive a pathwise representation of the
filter process {7} }. Specifically, we define

4 t 1 [t
(y) =E (1a(t)_ai exp (—/ y(s) dh(a(s)) — 5/ h(a(s)? ds)) ,
. . 0 0
o} = WO (y).
Consequently, we obtain the representation

i
Ty =

eMei)y(®) i (y).
STy e (y)’

Assumption 1. Assume that the initial distribution v assigns positive probability
to each state in M.

a.s. (9)
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Define
Vmin = min v’ Vpax = max ',
1<i<m 1<i<m
) = max |q;; H = max |h(a;)|.
Q = max|gy|, H— max |h(a)

Clearly, H, Q, Vimin, and V., are finite.

Assumption 2. There exists a constant M > 0 such that
1

7S o Ht) < M, Yte[o,T].

Lemma 4.1 (Pathwise representation of 7/ (y) on C([0,T])). The functional v:(y) :
C(]0,T]) = C([0,T)) is locally Lipschitz under the supreme norm. Moreover,

dri(y)
dt

i i
T5 = V"

moo 1 )
- E J e(hla)=h(a))y(®) _ 10270
< T} (y)%ze B (i) 7 (), (10)

The proof of the above lemma can be found in ([12], page 47).

Lemma 4.2 (Exponential decay rate for the exceed probability of vi). Let N > 0
be large enough so that we have
]P’{ inf min 7T§ < e_N} < Le_c(logmz,
0<t<T 1<i<m log N
where C' is a positive constant depending on T, H, Viin, Vmax, Q and m, but inde-
pendent of N.

Proof. Without loss of generality, we assume that o, = 1. We claim that for some
constant C' large enough, we have

IE”{ inf  min 7T§<e_N}<]P’{ sup |y(t)|>ClogN}

0<t<T 0<i<m 0<t<T
.
SC<P{ sup |Wt|ZCIOgN}) .

0<t<T
Then the result of this lemma is established by substituting the lower bound of
the distribution function of the maximal absolute value of a Brownian motion.

T 4 N2
P W) > N < — —e 2T, 12
{ o W=V} <o (12)

For a detailed treatment of estimation, we refer to the work of [8] (see [8, Chapter 2,
Section 8]).

We now prove (11). Denote by MY the maximum absolute value of the trajectory
of y, i.e. MY = supg<,<7 |y, given that y € C([0,T7]), we have MY < oo. Similarly,
we define o

TmaX(y): sup  sup Tti(y)v
0<t<T 1<i<m

w(y) = inf inf Ti(y).
Tmin (Y) oinf | inf m (y)

By (9)
672H.M%Tmin(y)
0<t<T “ 7 M- Trax(Y)

Thus, the lower bound is valid, uniformly on 1.

inf 7T§ >

, Vie M.
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From (10), 7} and 7] are strictly positive on [0, T]. It follows that

i) < Vi + / S 7 (y)ggue e —h@ue) g
j=1

Then by an application of the Gronwall’s inequality we have

Tmin(?/) Z Vmine_%Hz.T

y
TA.e2H MY
Tmax(y) < Vmax€ .

This implies that

. ; Vmi C9H MY —LH2.T_TA.2H MY .
inf i > 0 2H-Mp—g HET-TAT 0T g e M.
0<t<T ™M * Vmax
We can choose C as a positive number sufficiently large (independent of MY)

MY
such that the right-hand side of the above inequality equals to e=Ce“ M Fix C
and choose N large enough such that % log N > é log C'. Tt yields that

1 1
P{ inf min m <e N} <P{M¥ > —logN — —

0<t<T 0<i<m C C log C'}

1
< P{M} > 2 log N'}.

We now define a probability measure P that is mutually absolutely continuous
with respect to P, and its Radon-Nikodym derivative is given by
dP r 1 5
Ll B(a(t)dye — 5 Ih(a(®)* dt },
=l = { [ e - g inaw)

with E denoting the expectation under probability measure P. Then we have that
P({ML > Clog N})
=ElL{py>c10g N}

& (dP

dPlT
- 7dP PNES 1
< ((%],)Y)! ({2 over)
dPlT
By the boundedness of h(-) and an application of Holder’s inequality, it follows
that % . has a bounded p-th moment for all p > 1. Furthermore, since y(t) is

) “Limz>clog Ny

a Brownian motion under the measure P by Girsanov’s theorem, we obtain (11).
Combing the estimates in (12), we complete the proof of this lemma.

0
Theorem 4.3 (L? boundedness of v}). For any p > 1, we have that for 1 <i <m

E sup |v§|p < oo0.
t€[0,T]
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Proof. We need only establish the L” boundedness for sup,cp 1 |v§| Let X be a
random variable. Recall the equality for p > 1:

(oo}
E|X? :p/ oPTIP{|X| > x}d.
0
Combine the estimation we obtained in Lemma 4.2, we have that Vi € M

E sup |v§|p :p/ NPIP{ sup |v§‘ > N}dN
t€(0,7) 0 t€[0,T]

o
< p/ NP7IP{ inf min 7} < e_N}dN
o 0<t<T 1<i<m

<zi/beV44fz—e‘C“@NﬁdN
) log N

< 00.

Note that the bound is uniform on i. This completes the proof of the lemma. [

4.2. L? boundedness of {@22} In this section, we prove the moment bound of
the truncated EM numerical methods. By the truncation bound N(g), it is obvious
that
P

< oo, Vp > 2.

sup E|o"

0<k<|T]

However, for a strong convergence result on 9;", we still need to establish

P
sup sup E 621‘ < 0o, Vp>2.
e>0 0<k<| T

To establish this bound, we first define A§ = max1§i,j§m(7)2’i —v,i’j). Then we have

the following lemma.

Lemma 4.4. Under assumptions 1 and 2, there exists an {i(k,w), jE(k,w), : N x

Q—{1,2,...,m}}, which are G; - measurable random indices, such that

€ = v;»ii(kw) _ v;di(k,w)7 A = @Zﬁi(k»w) _ 172,55(167&1)7
where, Gi, = 0{Ye,Y2¢,- - s Yh—1)e }- Moreover, Vp > 2, we also have for * small
enough

sup E sup |AL]P < oo
e€(0,e*) 0<k<|[Z]

Proof. We refer to [5, Lemma 3.6] for the existence of {i(k,w),j5(k,w)} and
{i¢(k,w), ji(k,w)}. From now on, we use i,j. to represent it (k,w),ji(k,w) for
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the sake of simplicity and so does i, j.. We then have
e _ &« €7
Al = U — U3
~E, 0%

=0y — 057 + o H(hla,,) = (o, ) (Ys)e — Yre)
< Ai + J]c_l(h(ai*> - h(aj* ))(y(k-i-l)e - yks)

E,04

=t — ot ey =)+ o (M) = B(e,) (Wi 1)e — Yke)

<AL feld i+ Y e T — 02 (h(a, ) — a4
JF i
1 _ » (13)
—2%%m%g—awﬂ

By the definition of Ai, it is clear that
5B = max{oe}, 5070 = min{o).
K3 K3

Since ¢/ > 0 for i # j and %’ ~%"" < 1 then we have that
r;i; < qi*i* + Zqﬁ* + M2?H? = M2H?,
J#i
ri* > — min ‘qjj| —4M?H?.
1<j<m
Thus, we have
A <AL+ a(lgglm 77|+ 5M7H?) + 07" (h(e;,) = h( ) (Y(k+1)e — Uke)-

By the triangle inequality,

[£]-1
sup  |AL| < A+ T( min |¢”7| +5M>H?) + Z 2MH |yes1)e — Yre|
1<k<|Z) 1sjsm k=0

Recall that C), represents a generic finite positive constant which only depends on
p. It is clear that Vp > 2, we have

E |y(ks1)e — yke|” < Cpe?.

Let e be sufficiently small to satisfy

1P
VZ
E sup |A]” <C,| |maxlog —
1<h<|Z] i v

P R —
sJsm
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By taking supreme with respect to € on both sides, we get

supE  sup |AF|P <
e>0  o<k<|Z]

This completes the proof of this lemma. O

Theorem 4.5 (The LP boundedness of 9’ ’) For any p > 1, we have that V1 <
1 <m

~E,T p ~E,T p
sup 0 < oo, supE sup |0 < oo.
e>00<k<| T e>0 0<k<| L]
Proof. Since
; exp(v j
0" =log 71)( k —log Ze”k -y ),
> exp(vy”)
we have
—logm — A}, <9." <0.
Thus, it is sufficient to prove that
supE  sup |AL)P <
e>0  o<k<|Z]
But this follows from Lemma 4.4. Thus the proof is complete. O

We will introduce a continuous-time version of the truncated implicit EM solu-
tions, which is defined by

t
Vi) = log i 4 / R (651 (w), 552 (w), ..., 55 (u))du
0

(673 =

o (t) v 5y 2 = 0,2, for t € [ek,e(k +1)) .
Moreover, we also define the process 9°'*(t) by

o5 (t) = 0", for t € [ek,e(k + 1)).
We define the stopping time

on = inf{t > 0,max [v'(t) — v’ (t)| > N},
i,
Te,ny = inf{t > 0, max ‘va’i(t) — va’j(t)| > N}.
0.

We have the following lemma.

Lemma 4.6. Let assumptions 1 and 2 hold. Then

. £,1
limE  sup |vp7, — vy

=0 o<k<| L)

and

limE sup [v® (t)fﬁg’i(t)| = 0.
=0 4ef0,17]
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‘| = 0. The remain-

Proof. We only need to prove lim._,g E SUPg<p<| T | ‘UZ’f_l — vy

ing result follows directly from the definition of v=*(t) , 5/(¢) and the fact that we
can choose q > 2 such that
q

t

limE max sup / 5, 2 (M) — @ )dW (u) (14)

€20 0<k<| L] telty, tug] |/ th

< lim CE max sup W (t) — W (tg)|* (15)
e—0 0<k<| L] tE€[tk,thy1]

o (16)

The proof of the last equality can be found in Lemma 4.5, [10] and C' is independent
of €. From (8) we have

vy = vit +erg + og 2 (o) — 65)&.
Recall (5), we also have that

£,1

%
Ugy1 — Uk

By Corollary A.3 in [11], we have

2
< A(e* + eMYH?EY).

1
E sup & <C(log-)>
0<k<[Z]—1 <

Then it is clear that

E sup ‘v,‘?j_l - vZ’i
0<k<|T]-1
< 4e® 4 4eM*H?E  sup 512 < 4e%
0<k<| L)1

1
+4CeM*H? (log -)?.
€

The right-hand side tends to zero as € — 0. This finishes the proof of this lemma.
O

Lemma 4.7. Let assumptions 1 and 2 hold. For VN > 0, let €* small enough, we

have

C
P : <T}) < — P TN <TH < —.
{wion =T} < 75, SGS(EE*) {wimen <T}) < 55

(Recall that the constant C represents a generic positive number and is independent
of € and N).
Proof. By Lemma 4.6, Theorems 4.3, and 4.5, we have that Vi € {1,2,...,m}

E |[v'(t A QN)|2 <E sup }vi(t)|2 <C,
te[0,T]
By Lemmas 4.4 and 4.6, we have that Vi, j € M
sup E |v5’i(t ATen) — 059 (EA TE,N)|2
e€(0,e*)

< sup E sup [v*'(t) — 0 ()]
e€(0,e*) t€[0,T]

2

+ sup E sup |vg’j(t)fz75’j(t)’2
e€(0,e*) te€l0,T)
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+ sup E sup
e€(0,e%)  0<k<|ZL]

Vp — U

£,% E,j‘

< 0.

13

Then the Chebyshev’s inequality implies the required assertion of this lemma.

Now we are ready to prove the main theorems in our paper.

5. Main Results.

O

Theorem 5.1 (Strong convergence of the approximation). Under assumptions 1

and 2, for T >0 and p > 2, we have that

; 12
limE sup |0%%(t) —v;|” =0 and
=0 t€[0,T]| ( ) t’

ImE sup [p='(t) — pi|" =0.

=0 yef0,1]

Proof. We define the following auxiliary stochastic process for N > 0, given by the

stochastic differential equations

i i G (N N _ N N
dug™ = | g+ Y ¢l TN — 72 () - au)))a(u))

J#i
— 50 (o) — () |dt + o7 (hla) — a(u)
oy e e (o)
=2 ™
(i),N i

(17)

The drift and diffusion coefficients of (17) are globally Lipschitz continuous and of
globally linear growth. Then the SDE (17) has a unique global solution on ¢ > 0.

It is also clear that

i,N i —
SUD |Utrgy — Vtnon | =0, P —ass.
te[0,T]

We define the stopping time 1. y as
Ne,N = ON N Te N«

Then by Hélder’s inequality, we have

ng.i i|2 nei i|2
E sup [65'(t) —vf|" =E sup [0°(t) —vj| Ly 51y
te[0,T] t€[0,T]

e i|2
+E sup [07(8) = i L <y

t€(0,T]
~e,i i|2
<E sup [0°(t) —vy| gy o1y
t€l0,T]
e 4 il4 3
+C(E sup [0°(t)] A |vj] ']E]I{m,NST})é
t€[0,T]
= Il + IQ.

Recall that ¢ is the normalized log-probability. We use the convergence of v®?
to prove the convergence of ¢='. For Vw € Q* = {w| n. n < oo}, on [0,7 n], it
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is easily seen that ©5%(¢) is a modification of the continuous time interpolation of
the backward implicit Euler-Maruyama approximation of u;’N. Meanwhile, it comes
from Lemma 4.7 that P(2*) = 1. From Theorem 4.4 in [10], we have that for VN > 0

. _ 2
ImE sup [v*'(tAnen)— v =0. 18
iy E sty (o7 (A ) = (18)
Note that the function f;(z) = log(%) is globally Lipschitz with some Lip-
J J
schitz constant K < oo and the fact that
(oD (v)

Zj exp (Ug) 7

by Lemma 4.6 we have that for VN > 0

vi = log

lim 7, = im B sup [65(t) — v * 1. yory

€0 e=0 40,1
; , 2
. exp (v='(t)) exp (v})
=1lmE sup |log(=————~~) —log(———)| 1y o7
=0 ey | Doy exp (vSi(E) (zj exp (vg)) {ne.nv>T}
, A 2
< lim KE sup ‘v“(t/\nsw) 7/02/\715,1\;‘ —0.

€0 tel0,T)

By Theorem 4.5 and 4.3 and Lemma 4.7, we have that

sup I =C sup (E sup |ﬁ€’i(t)|4/\’vf|4~E]l{,,&NST})%

e€(0,e*) e€(0,e*)  te[0,T]
<C sup /P({{n.n <T})
e€(0,e*)
< CW{QN <TH+ swp P({r.n<T})
e€(0,e*)
C
< —.
=N

For Vo > 0, we first let IV be large enough so that I < g. Then we fix N and let ¢
be small enough so that I; < %. Thus we get

limE sup [0%°(t) — vf| = 0.
20 yef0,17

Moreover, for fixed N > 0, we also have

GO _ gt

limE sup |p5’i(t) fp§| =limE sup

=0 tef0,17 =0 ¢el0,1)
< lim eME sup [6%%(t) — !
e—0 tE[O,T] | ( ) t|
P sup o] > ND+ sup B({ sup [67(t)] > VD).
te[0,T] e€(0,e*) te[0,T]

By Theorems 4.5 and 4.3, both
P({ sup |vj| > N}) and
t€[0,T

sup P({ sup |@€’i(t)| >N}
e€(0,e*) t€[0,T)
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go to zero as N — oo. Since p='(t),pi € [0, 1], the dominated convergence theorem
yields the desired result. Thus the proof of the theorem is complete. O

6. Numerical Experiment. As a demonstration, we consider a simple numerical
example. For the numerical experiments, we choose the truncation threshold N (e)
from (5) and let § = 0.25. Consider a two-state Markov chain with state space

M = {1,2} and generator
05, 05
@= ( 1.0, -1.0 )
For ay = 1 and ay = 2, consider h(1) = 1.0,h(2) = —1.0, and set o(t) = 1.0,v =

(0.5,0.5), € = 0.001 and time horizon is [0.0,1.0]. The computed Wonham filter is
given in the following graphs.

0.7 0.9

0.6 0.8

=

e

e
.
T

E;A y YN !
Al . ‘"ﬂ 1Y .:l'; iy ﬁ‘.' '5 :
‘ﬂg\-’d'a L mfiég R P
PO L R TN AY TR
NNV T R b‘fa’: LI
. g’ . ‘j‘. Ml“." fi.', : . ilﬂ'{ J :“,, !:é |
0.2 H”l a ‘3\ lf' 0.4 EM.‘::
W R Ll !
‘ Y A
0.0 0.2 0.4 t 0.6 0.8 10 0.0 0.2 0.4 t 0.6 0.8 10

FIGURE 1. Sample path of pi’i for a 2-state Markov chain.

7. Final Remarks. This paper concentrates on numerical algorithms for hidden
Markov chain estimation. We aim to obtaining feasible and efficient numerical algo-
rithms. One of the main advances is the use of logarithm transformation along with
dynamically changing truncation schemes. Subsequent study can be considered for
treatment of switching diffusion processes with hidden Markov chains. In addition,
switching jump diffusion processes with an hidden switching can also be studied.
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