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Abstract

This paper investigates the onset and nature of natural convection instabilities within elongated
cavities filled with a Newtonian, incompressible fluid saturating a homogeneous and isotropic porous
medium. The study begins by deriving an exact analytical solution for the base flow, which takes
the form of a one-dimensional motion between two horizontal, thermally conducting parallel plates.
To capture inertial effects beyond the Darcy regime, the base flow is subsequently extended through
numerical simulations incorporating the nonlinear Forchheimer correction. All analyses are carried
out under the assumption of an effective Prandtl number equal to unity (Pr = 1) and perfectly
conducting thermal boundary conditions. A comprehensive linear stability analysis is then performed
to assess how the porous medium characteristics, namely, the Darcy number Da, porosity ¢, and
the Forchheimer drag coefficient Cr, influence the emergence and nature of flow instabilities. The
results reveal a rich spectrum of convective modes, comprising both stationary (ST-2D and SL-3D)
and oscillatory (OT-2D and OL-3D) behaviors. The existence and structure of these disturbances are
shown to depend sensitively on the interplay between diffusive, inertial, and buoyant effects modulated
by the governing parameters Da, ¢, and Cr. To elucidate the physical mechanisms underlying the
bifurcations, an energy budget analysis is conducted at the critical thresholds. This reveals that the
instabilities may be driven by shear, buoyancy, or a synergistic combination of both, depending on
the mode and parameter regime. Altogether, the findings provide new insights into the intricate
dynamics of convective flows in porous media, with implications for both fundamental science and a
variety of practical applications.

1 Introduction

Natural convection driven by a horizontal temperature gradient has attracted the interest of researchers
for several decades due to its involvement in various natural and industrial processes and across a wide
range of scales. For example, from microfluidic experiments in the laboratory to flows on the scale of stars
and planets, such as the trade winds induced by differential solar heating, named after the meteorologist
George Hadley (Hadley, 1735) which describe the atmospheric circulation in tropical regions. Other
relevant examples can be found in the field of material manufacturing, where the so-called horizontal
Bridgman crystal-growth, method is employed to produce high-purity materials. In this process, the
crucible holding the molten material is withdrawn horizontally from the furnace, leading to a temperature
gradient along the horizontal axis and therefore convective flow, which can become unstable under certain
conditions (Dhanaraj et al., 2010). Hurle (1966) was the first to show that oscillatory buoyancy-driven
instabilities of this nature could induce unwanted imperfections in crystals grown accordingly, thereby
spurring other studies in this field (Hart, 1972, 1983; Gill, 1974; Gelfgat et al., 1999a,b; Delgado-Buscalioni
and Crespo del Arco, 1999, 2001; Lappa, 2005, 2007). Along these lines, it is also worth citing Kaddeche
et al. (2003) and Davoust et al. (1999) who investigated the possible application of magnetic fields to this
flow to control and/or mitigate such undesired instabilities. Similarly, Medelfef et al. (2017) examined
the influence of rotation, and other authors investigated the beneficial effects produced by time-periodic
forcing of different natures, such as acoustic waves (Dridi et al., 2008, 2010) and high-frequency horizontal
vibrations (Birikh and Katanova, 1998; Medelfef et al., 2023). These studies focused on various clear liquid
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situations (liquid metals, semiconductor melts, air, different organic substances), given the relevance of
such fluids to the above-mentioned technical applications or natural phenomena.

However, the Hadley flow is not an exclusive prerogative of the above-mentioned circumstances. It can
also occur in porous media, as evidenced by a variety of natural and technological instances, which include,
for example, geothermal energy production, chemical engineering, environmental engineering, crystal
growth, cooling of electronic components, underground C'Os sequestration, groundwater remediation, oil
reservoirs, solar energy applications, as well as applications in biological sciences (Woods and Lintz, 1992;
Richter, 1973; Coriell et al., 1984; Tari, 1992).

Notably, the monograph by Nield and Bejan (2017) comprehensively summarizes experimental, an-
alytical, and numerical studies related to the problem of unstable natural convection in porous media.
However, given the inherent difficulties associated with directly observing fluid flow in a porous medium
(typically opaque to visible light), experimental work on this subject is relatively rare (Morrison et al.,
1949). Moreover, most existing efforts have focused on the circumstances where the system is heated
from below, typically known as the Horton-Rogers-Lapwood problem (Horton and Rogers, 1945; Lap-
wood, 1948).

For this specific configuration, several authors have conducted linear stability analyses. The interested
reader is referred to Elder (1967), Nield (1968), Vasseur and Robillard (1993), Nield and Kuznetsov (2007),
Kuznetsov and Nield (2011a), and Kuznetsov and Nield (2011b) for additional details. Other relevant
contributions to this line of inquiry are due to Nield (1990, 1991b); Nield et al. (1993) and Manole et al.
(1995); Manole and Lage (1995), who accounted for the effect of an inclined temperature gradient. They
showed that the horizontal component of this gradient generates a Hadley circulation, which breaks the
horizontal spatial isotropy of the basic state and causes a significant departure from the typical dynamics
observed in the case of heating from below.

In particular, in the seminal work by Weber (1974), it was shown that for a moderate magnitude
of the horizontal temperature gradient, the most unstable mode is a stationary mode characterized
by longitudinal rolls aligned with the direction of the base flow, which therefore breaks the initially
two-dimensional symmetry of the flow. Using a Galerkin approximation to solve the resulting system
of differential equations, Nield (1994) confirmed Weber’s results and found the critical threshold at
Rag, = 132.5 with the critical wavenumber h, . = 9.64 for the case where the vertical Rayleigh number
Ray = 0 in the so-called Darcy limit case, i.e., Da — 0.

More recently, this type of flow, often referred to as the Hadley-Darcy problem, has garnered significant
attention. Barletta and Nield (2010, 2012), Barletta and Rees (2012), Matta and Narayana (2015),
Deepikaa and Narayana (2015), and Matta et al. (2016) investigated this specific problem, exploring
additional variants influenced by factors such as heterogeneity, concentration gradients, and viscous
dissipation. Numerous other linear stability analyses have been conducted within the framework of the
Darcy-Brinkman model, which accounts for viscous effects. This paradigm permits the enforcement of the
no-slip condition, which is representative of rigid boundaries. Although, as highlighted by Nield (1991a),
the Brinkman extension has a notable limitation i.e., it is not always justified for media with low porosity
(see also Lundgren (1972)). However, this model is of particular interest as it encompasses two limiting
cases in the presence of lateral heating. By varying the Darcy number, it supports the transition from
the Darcy regime (Da — 0) to the Hadley-Brinkman regime (Da — o). Furthermore, for clear fluid, the
limit Da — oo corresponds to the well-known Hadley circulation. It is worth noting that this framework
has been employed by Vasseur and Robillard (1993) to analyze the case of heating from below and by
Khandelwal et al. (2021) and Renu et al. (2021) to study mixed convection in vertical enclosures.

Inertial effects can also play a role in such processes or phenomena. These can typically be accounted
for through two nonlinear terms: the Wooding convective term (¥ - 6)17, which expresses inertial effects
at the macroscopic level, and the Forchheimer term T%Cﬂﬁ |0, which accounts for inertial effects at
the microscopic level through the form drag coefficient Cr. This approach corresponds to the so-called
Darcy-Brinkman-Forchheimer-Wooding (DBFW) model. Nield and Bejan (2017) highlighted that the
breakdown of linearity is essentially due to the fact that the form drag caused by solid obstacles becomes
comparable to the surface drag due to friction. As reported by Ward (1964), the form drag coefficient has
often been considered to have a constant value of 0.55. Recently, Winter et al. (2022) adopted this value in
their study. However, it is now recognized that this value is not universal and can vary depending on the
considered porous medium. It generally depends on the structure of the porous medium, including pore
size, shape, and arrangement, and can even become smaller than 0.1 for metallic foam fibers (Calmidi
and Mahajan, 2000). Other studies have found that the value of this coefficient can exceed 0.1 (Zhong
et al., 2018) and may even surpass 3 in some conditions, see, e.g Petrasch et al. (2008) and Coulaud et al.
(1988) who suggested that Cp varies with =1 where ¢ is the porosity.

Recently, Hussain and Sheremet (2022) and Shruti et al. (2023) expressed this coefficient as Cp =
ﬁ with a and b being constants reported in the work by Ergun (1952).



Nowadays, the Forchheimer coefficient is widely used in numerous fields of science and engineering
where fluid flow through porous media occurs under conditions where inertial forces become significant.
In petroleum engineering, for instance, accurately modeling fluid flow through rock formations acting
as porous media is crucial for extracting oil and gas from reservoirs, and the Forchheimer coefficient
helps describe the nonlinear flow behavior at elevated flow rates. In groundwater hydrology, water flows
through soil and rock layers can exhibit non-Darcy behavior, particularly in highly permeable materials
or under high flow conditions. Furthermore, in chemical engineering, packed bed reactors frequently
employ solid particle beds through which reactant gases or liquids flow, with the Forchheimer equation
providing a framework for understanding the flow within these systems. Lastly, the Forchheimer term
becomes essential for accounting for the nonlinear pressure drop across filters at high flow rates in filtration
processes, where fluids navigate through porous materials. Several researchers, including Chen (2004),
Bera and Khalili (2006), Kumar et al. (2010), Khandelwal and Bera (2012), Sharma and Bera (2018),
and Sharma et al. (2018), have focused on the influence of the Forchheimer coefficient on the stability
of vertical mixed convection flows in cavities filled with porous media. The general conclusion was that
the Forchheimer drag has an a stabilizing influence on fluid flow. Conversely, Sharma and Bera (2018)
suggested that the outcomes may vary depending on fluid properties.

As an even cursory perusal of all this literature would immediately confirm, previous studies have
been limited to examining one of the two limiting cases: either the Hadley-Darcy limit (Da — 0) or
the Hadley-Brinkman limit (Da — o0), without establishing a connection between them. Moreover,
the majority of existing investigations have addressed configurations in which the imposed temperature
gradient was vertical or inclined, whereas cases involving a purely horizontal temperature difference have
been scarcely explored.

Motivated by the lack of studies on this configuration, the present work provides a comprehensive
investigation of flow in porous media based on the full Darcy-Brinkman-Forchheimer-Wooding model.
The paper is structured as follows. Section 2 introduces the physical and mathematical model, along
with the derivation and analysis of the steady base flow. An analytical solution is provided in the
absence of Forchheimer drag; otherwise, the solution is obtained numerically due to the nonlinear nature
of the equations. Section 3 details the linear stability analysis, including the derivation of the linearized
equations and the fluctuating energy budget. Section 4 presents the stability results, beginning with a
validation of the approach, followed by a detailed investigation of the instability modes. The influence
of key porous media parameters, namely, the Darcy number Da, porosity ¢, and Forchheimer coefficient
Cr, is examined. An energy budget at the critical threshold is also presented to identify the physical
mechanisms underlying the onset of instability.

2 Governing equations and basic state

2.1 Mathematical formulation

We consider the flow induced by natural convection driven by a horizontal temperature gradient, -,
developing in a porous medium confined between two parallel and infinite horizontal walls separated by
a distance h. In this configuration, the fluid phase is characterized by constant kinematic viscosity v,
dynamic viscosity p, thermal conductivity ky, and heat capacity cp r. Moreover, the fluid density py is
assumed to vary linearly with temperature according to the Boussinesq approximation and it is expressed
as py = po [1 — B(T — To)], where § is the thermal expansion coefficient of the fluid, and (po, Tp) denote
the reference density and temperature, respectively.

The solid phase, meanwhile, is characterized by constant heat capacity c, s, thermal conductivity ks,
and density ps. In addition, the porous medium is assumed to be homogeneous and isotropic, while in
thermal equilibrium conditions.
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Figure 1: Sketch of the studied configuration and the system of coordinates.

Under these assumptions, the properties of the porous medium, such as porosity ¢ and permeability



K, are considered constants. Global properties of the considered system are the thermal heat capacity
(pcp)esi = €prep, 5 +(1—€)pscp,s, thermal conductivity keg = ek + (1 —¢)ks, equivalent thermal diffusivity
et = ket/(pscp,f), and dynamic viscosity pef.

Using the quantities h?/v, v/h, h, pov?/h?, and vh as reference scales for time, velocities, lengths,
pressure, and temperature, respectively, the dimensionless governing equations for momentum, energy
and mass, therefore, read (see Nield and Bejan (2017) for more details):
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where U , P, and T are the nondimensional Darcian velocity, pressure, and temperature, respectively.

Together with the porosity € and the Forchheimer coefficient C'r, five other dimensionless parameters
characterize the studied problem: the Darcy number, Da, which represents the relative influence of
the medium’s permeability with respect to the characteristic length scale of the system; the Grashof-
Darcy number, Gr, or modified Grashof number, which quantifies the ratio between buoyancy forces
and dynamic and thermal dissipative effects; the Prandtl number, Pr, which expresses the ratio between
momentum diffusion and thermal diffusion; and two ratios comparing the overall properties of the porous
medium to those of the fluid, namely, A, which represents the ratio between the effective dynamic viscosity
of the porous medium, pss, and that of the fluid, pr; and x, which corresponds to the ratio between the
effective overall heat capacity and the heat capacity of the fluid:

K — 2K
Gr = gy K Pr=_2 = Hef (pCp)ett

Da = -7, 5 9 9 .
h? v? Qoff p Pflp.f

Note that Pr is related to the usual fluid Prandtl number Pr; = vy/a; through the following relation:

1
Pr=P _—
T <e+(1—s)r)’

where r = ky/ky. From this expression, three regimes can be defined depending on the value of the
ratio of thermal conductivities. Indeed, for r = 1 (i.e., ks = ky), Pr and Pr; are identical. However,
depending on whether » » 1 or r « 1 (i.e., respectively, ks » ky or ks « ky), Pr/Pr; tends towards
1/(1 —¢e)r or 1/e. In this study, the effective Prandtl number is fixed at 1, a value representative of three
broad classes of fluids, such as gases, molten salts, and various water-based mixtures at relatively high
temperatures (Lappa, 2010).

2.2 Basic steady state profiles

In this section, we seck a steady parallel flow analytic solution having the form Uy(z) = [Uy(z),0,0]
for velocity and T,(x,2) = x + ©(z) for temperature, where x is the coordinate along the imposed
temperature gradient, and ©(z) is the temperature profile in the vertical direction. To solve the basic
flow, we impose a no-slip condition Up(z = +1/2 = 0) for the velocity, and Ty(z = +1/2) = x representing
perfectly conducting walls for the temperature. In addition, the mass conservation is used to enorce an
anti-symmetry condition, namely, Up(z) = —Up(—2) and O(z) = —O(—2).

By substituting the tentative analytical solution into the equations of motion (1a) and (1b) one gets:

d*Uy(2) 1 Cr Gr

e = 5B Ue) = T A=) = § (22)
C)

An exact solution can only be obtained without a nonlinear Forchheimer term, i.e., Cr = 0. The
differential equation (2a) reduces to

d*Uy(2) 1 Gr
— U = 3
dz? ADa o(2) ADa~ 3)
and accordingly, the solution can be cast in compact form as
. sinh —&£—
Us(2) = Gr (hik?a - Z) ; (4)
2sin \/ﬁ
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At this point, it is useful to evaluate how these basic steady profiles (Egs. 4 and 5) behave in the two
asymptotic situations corresponding to Da — 0 (Hadley-Darcy regime) and Da — oo (Hadley-Brinkman
regime).

In the Hadley-Darcy regime, i.e., when Da — 0, a thin boundary layer of thickness dp ~ VA Da
is expected to form, which can be easily deduced from equation (4) due to the Brinkman term. When
Da — 0 and in the case without Forchheimer drag (Cr = 0), we have U,(2)/(ADa) » d?Uy(z)/dz? outside
the above mentioned boundary layer, thus equation (3) allows to obtain a linear velocity profile in the
vertical direction, given by the following expression:

Ou(z) = GrPr ( (5)

Up(2) ~ —Grz (6)

Thus, the temperature profile is deduced from equation (2b), leading to the following expression:

ZS z

Oy(z) = —GrPr ( 5 24) (7)
Note that these profiles (Eqgs. (6) and (7)) are similar to those given by Nield (1994).

On the other hand, in the case of Hadley flow, i.e., when Da — o0 and € = k = A = 1, it is essential to
evaluate the limiting behavior of the basic state profiles (Egs. (4) and (5)) as Da — co. In this particular
configuration, the well-known cubic velocity profile, denoted by Ug(z) and originally derived by Hart
(1972), should be recovered. Indeed, the asymptotic expansion of the velocity profile for Da — oo and
£ = A = 1, noting that Gr = Gr Da, where the Grashof number G7 is defined as Gr = gByh*/v?, is given
by the following expression:

3

sinh —*— G G 5 7
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from which one can easily deduce the cubic Hadley profile by taking the limit

Gr z
- i 0= (2-5).
Vte) = pim, e =5 (g )
The series expansion (8) also indicates that the departure of the velocity from the cubic Hadley profile
occurs proportionally to Da~! when the flow develops in a porous horizontal layer.

The same calculation can be made for the temperature profile.

25 23 Tz GrPr [ 27 25 723 31z
o) =GrpPr|2— -2 - — O (Da™2 10
o(2) = Gr Pr (120 4 5760) Da (5040 2880 ' 34560 967680) +0(Da™), (10)
Indeed, one obtains
20 23 Tz

which also exactly reproduce the profiles obtained by Hart (1972).

Note that for Cp # 0, the differential equation (2a) is nonlinear and has no exact solution. Therefore,
we solve it numerically through a spectral collocation method on Gauss-Lobatto-Chebychev points along
with Newton’s method with an initial estimate from the analytical solution of the linear case (i.e., equation
(4)) where the convergence criterion, based on the infinity norm, has been set to 107°.

The iterative Newton process allows obtaining, at step (k + 1), the velocity profile Ub(kH)(z) from

the previous estimation Ub(k) (z) at step (k) by operating Ub(kH) = Ub(k) — (Jb_l.fb)(k), where J, and fj,
represent the local Jacobian matrix and the nonlinear equation

1 20r | -
=D — [ — 4+ —— I 12
Jb ()\Da+)\ /Da|Ub|> Y ( a)
1 Cr = Gr
=|D? - — + —— IlUy, — — 12
Jo [ (ADa—i_}\«/iDa'Ub') ]U” NDa’ (12b)

respectively, where D is the first-order differentiation matrix, provided, for example, in Trefethen (2000),
and I is the identity matrix.
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Figure 2: Effect of the Darcy number on (a) the normalized velocity profile uy(z) = Uy (2)/Gr, (b) the normalized
temperature profile 0,(z) = ©y(2)/GrPr, respectively for Gr = 10, Pr = 1 and Cr = 0. The insets in these
figures highlight the case Da = 1 for which the normalized Hadley basic profiles, shown as a dashed line with
crosses, are recovered.

Figure 2 depicts the effect of the Darcy number on the basic state profiles normalized by Gr for velocity
(Fig. 2a) and by GrPr for temperature (Fig. 2b). It is shown that, when the Darcy number is small
(Da = 10~* and 1073), the velocity profile is relatively linear throughout the vertical direction, except
in the near-wall regions where viscous effects are dominant, as predicted by equation (6). As the Darcy
number increases from Da = 107* to 1, we observe a significant attenuation in the flow intensity due to
the involvement of dissipative effects (introduced through Brinkman term), which were rather weak at low
Da numbers. The temperature profile, on the other hand (Fig. 2b), consists of three regions: a central
region with a stable stratification, surrounded by two areas with inverted and unstable stratification near
the horizontal walls . These constitute a potential source of thermal instability, as we will illustrate later.
Finally, it can be observed that for Da = 1 (insets in Fig. 2), the normalized Hadley profiles obtained,
by Hart (1972), are recovered.

The influence of the Forchheimer drag is also considered. Figure 3 shows the vertical velocity profiles
obtained with Gr = 102 and Pr = 1 for three values of the Forchheimer coefficient Cr: 0, 2.5, and 5,
and for four Darcy numbers values: Da = 1075, 107%, 107!, and 1.

As a first observation, it is worth highlighting that for all the studied cases, increasing the Forchheimer
form drag coefficient C'r attenuates the base flow, regardless of the Darcy number. However, the efficiency
of this mitigation strongly depends on the flow regime, and thus on the value of Da. At low Darcy
numbers, approaching the Hadley—Darcy regime (Figs. 3a and 3b), the Brinkman viscous dissipation
becomes negligible, leading to a competition between the Darcy term, proportional to 1/Da and tending to
enforce a linear profile in the z-direction similar to that represented by equation (6), and the Forchheimer
term, proportional to 1/ \/Da and involving a nonlinearity proportional to the velocity amplitude. When
Da decreases within the Hadley—Darcy regime, the Darcy term dominates over the Forchheimer term,
thereby making the drag-induced deceleration less effective. Conversely, at high Darcy numbers, as the
flow tends toward the Hadley—Brinkman regime (Figs. 3¢ and 3d), the Brinkman viscous dissipation
becomes dominant and significantly reduces the velocity amplitude. As a result, the Forchheimer term,
which depends on both 1/ \/Da and the velocity amplitude, decreases further, reducing its overall impact.
In conclusion, the Forchheimer term exerts its maximum braking effect at intermediate values of Da
(see Figs.3b and 3c¢). Its effectiveness diminishes at both extremes, whether in the Hadley—Darcy or
Hadley—Brinkman regimes.

In the following section, we present the results obtained from a linear stability analysis of the base
state described above. First, the linearization procedure and the approach for determining instability
thresholds are outlined, followed by a parametric study of the various instabilities observed at low Darcy
numbers.

3 Linear stability and energy analyses

The stability of the basic flow with respect to infinitesimal perturbations is analyzed using a linear
stability approach, as detailed in this section. This method involves introducing small disturbances
relative to the amplitude of the basic flow, expressed as U = U, + 4, T =Ty + 0, and P = P, 4+ p, where
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Figure 3: Effect of the Forchheimer drag coefficient Cr on the normalized velocity profile uy(2) = Us (2)/Gr for
Gr =10% and Pr =1 for (a) Da = 10~% (Hadley-Darcy regime), (b) Da = 107*, (¢) Da = 107", and (d) Da =1
(Hadley-Brinkman regime).

U, = [Up(2),0,0], Ty, and P, represent the basic state quantities, and @ = [u,v,w], 6, and p denote
the perturbations. Substituting these expressions into the governing equations (1a)—(1c) and linearizing
around the basic state yield the following system of equations for the perturbations:

1[od 1/, 2~ = = - 1 Cr | = Up-@\ ~ | Gr
- [at + - (u VU, + U, vu)] Vp 4 AV pii— | Oyl + ( T )Ub + 02, (13)
P (@.N)Ty + (U,.V)0 = 1 $2 (14)
or b TR VT Y
V.i = 0. (15)

Assuming a buoyancy-driven flow developing between two parallel, horizontal, and infinite walls, the

perturbations are expressed in normal-mode form as ¢ = d(z) esttithazthyy) where ¢ = {i,0,p}T, and
h, and h, represent the components of the wave-number vector h in the longitudinal Ox and transverse
Oy directions, respectively. Here, s = 0+ jw is the complex eigenvalue, with ¢ and w denoting the growth
rate (which is zero at marginal stability) and the oscillation frequency (f = w/27) of the perturbation,
respectively. Depending on the value of w, the instability can either be stationary for w = 0 or oscillatory
for w # 0.

A generalized eigenvalue problem of the form Lé =sM qg is set, where L represents a linear operator
dependent on parameters such as Gr, Pr, Da, €, \, &, Cp, h,, and hy, while M is a constant operator.
To numerically solve this generalized eigenvalue problem, the Chebyshev spectral collocation method is
employed on the Gauss-Lobatto-Chebyshev points distribution (Trefethen, 2000; Canuto et al., 1988).
This method, known for its accuracy, has been widely used in numerous stability studies to yield precise
results for natural convection problems (Medelfef et al., 2017, 2023; Hudoba et al., 2016; Hudoba and
Molokov, 2016, 2018). Note that boundary conditions along the z-direction at z = +1/2 are applied.



These are 4 =9 = = 0 and § = 0, indicating no-slip and thermally conducting walls for velocity and
temperature perturbations, respectively.

Determining the critical instability thresholds involves two steps. First, the marginal stability surface
Gr(Pr, Da, e, \, ki, Cp, hy, hy) in the wave-number space (h., hy) is identified. This surface corresponds
to the wave numbers where the largest eigenvalue has a real part equal to zero, whereas all other eigen-
values have negative real parts. Then, the marginal stability surface is minimized with respect to h, and

hy to obtain Gr. = ( mir)l , [Grm(Pr, Da,e, N\, k,CF, hy, hy)] It is worth noting that the instability
B by )ER

modes manifest as either longitudinal rolls with axes parallel to Oz when h = (0, hy) or transverse rolls
with axes parallel to Oy when h = (hy,0). In this study, no oblique modes [l_i = (ha, hy)] were observed.

Additional information about the physical mechanisms responsible for triggering or inhibiting the in-
stabilities in our problem can be gained through the proper examination of the production and dissipation
of the kinetic and thermal energies of the perturbations at the instability threshold. The methodology
used in this study is similar to that employed by Kaddeche et al. (2003) and Medelfef et al. (2017, 2023).
The equations for the kinetic and thermal energies of the perturbations are derived by multiplying the lin-
earized equations by the complex conjugates of the velocity and temperature disturbances, i.e., Equation
(13) by u* and Equation (14) by 6*, respectively. The kinetic energy balance reads:

1 0e
gg:es+eb+e]g+ev+eDa+eF (16)
Here, e = Re(u.u*/2) represents the fluctuating kinetic energy, and de/dt accounts for its rate of
change. Each term on the right-hand side of equation (16) has a specific physical meaning. Indeed,

es = —=Re (wu*M) is the production of fluctuating kinetic energy due to the shear in the basic flow,
€ dz

ep = g—g Re (w*) is the buoyancy contribution, e, = ARe (ﬁ* : VQﬁ) is the dissipation induced by vis-
cous effects, e, = —Re (a* ﬁp) accounts for the redistribution of fluctuating kinetic energy due to
pressure perturbations, ep, = —ﬁRe (u* - @) represents the dissipation of kinetic energy due to the vis-
cous Darcy dissipation, and ep = —S£ Re (ﬁ* : [|Ub|ﬁ + (ﬁb . ﬁ/|ﬁb|) Ub]) accounts for the additional

vV Da
dissipation due to the Forchheimer drag effect.

Concerning the thermal contribution, the thermal energy balance can be written in compact form as:

oq
i 17
e Ge + ¢ + qq (17)

where ¢ = Re(00*/2) represents the fluctuating thermal energy. The term ¢, = —Re(uf*) accounts for
the production related to the horizontal temperature gradient, while ¢, = —Re (w@*%—fiz”) corresponds
to the contribution due to the vertical temperature gradient. Finally, the dissipation induced by heat
diffusion is given by g4 = Pr—! Re (0*V?6).

Since all the quantities defined above are local terms, global measures are obtained by integrating these
terms over the entire representative control volume [0, h,] x [0, hy] x [=1/2,1/2]. Denoting E = {f§,, e dV’
as the global kinetic energy and @ = SSSV q dV as the global thermal energy, and considering that the term
related to pressure, E,, is always zero, the following kinetic and thermal energy balances are obtained:

oF

ﬁZEs-i-Eb-i-Ed (18)
0

a—?ZQz + Q.+ Qq (19)

Where E; = E,+ Epq+ EF is always a negative dissipation contribution, including the viscous, Brinkman
and Darcy, terms, as well as the drag effects through the Forchheimer term. At the critical instability
threshold, the perturbations have a zero real part eigenvalue, meaning the total contributions to the
kinetic and thermal energy are zero. Finally, since an eigenvector is determined only up to a multiplicative
constant, the perturbation kinetic and thermal terms are normalized using the dynamical dissipation
and heat diffusion global terms, |Eq| and |Qg|, respectively. Specifically, e; = e;/|Eq4|, E! = E;/|Eq4|,
g = ¢;/|Qal, and Q} = Q;/|Qa|- This choice stems from the fact that the dissipation term is always
negative, meaning it has a stabilizing effect, i.e., |Eq| = —Eq4 and |Qq] = —Qq, allowing positive/negative
contributions to be interpreted as destabilizing/stabilizing effects. Accordingly, equations (16)-(19) at
the threshold, become

este,+e,+e,+ep, +ep=0 (20)

@+ ¢ +qg =0 1)



Thus,
E.+FE, =1 (22)

Q+Q. =1 (23)

4 Stability results

4.1 Mesh Sensitivity and validation

First, we conducted mesh sensitivity tests by tracking the evolution of the critical thresholds in the
pure fluid case, i.e., Hadley flow with Da = o0 and ¢ = A = k = 1, as a function of the number of
collocation points N. Then, for the case with a porous medium, we considered values of the Darcy
number Da varying in the range from 1076 to 1073, with e = 0.9. The ensuing results, for both the
stationary longitudinal mode (hs; . = 0) and the oscillatory transverse mode (hy, . = 0), are reported
in Table 1. As quantitatively substantiated by this table, the critical instability characteristics do not
change significantly as the number of collocation points is increased from N = 11 to N = 41 for the pure
fluid case. However, we had to increase this number to N = 71 for low Darcy numbers (Da = 107> and
Da = 1079), and even more for lower Da values due to the presence of boundary layers, requiring finer
resolution to ensure adequate accuracy.

Table 1: Mesh sensitivity analysis of the most unstable eigenvalue. For the pure fluid case (Da = o0, € = 1), the
classical critical Grashof number G, is considered. For the porous layer case (¢ = 0.9), the critical Grashof-Darcy
number Gr. is shown for various Darcy numbers. All cases correspond to Pr =1, A\ =x =1, and Cr = 0.

Configuration Da N Stationary longitudinal mode Oscillatory transverse mode
Gr. or Gr, haee  hye We Gr. or Gr, haee  hye We

11 12972.52 0 8.25 0 19457.47 8.43 0 989.02

21 12993.47 0 8.27 0 20110.78 8.30 0 1027.06

Pure fluid case (Gr.) o 31 12993.47 0 8.27 0 20107.86 8.30 0 1027.05

41 12993.47 0 8.27 0 20107.86 8.30 0 1027.05

51 12993.47 0 8.27 0 20107.86 8.30 0 1027.05

11 170.19 0 10.62 0 172.46 1047 0 624.42

10-3 21 170.75 0 10.58 0 171.88 1053 0 626.50

31 170.75 0 10.58 0 171.88 10.53 0 626.50

41 170.75 0 10.58 0 171.88 10.53 0 626.50

21 141.24 0 11.02 0 145.33 11.13 0 615.00

10— 31 141.26 0 11.02 0 145.36 11.13 0 615.12

41 141.26 0 11.02 0 145.36 11.13 0 615.12

51 141.26 0 11.02 0 145.36 11.13 0 615.12

. - 21 135.50 0 11.00 0 139.59 11.13 0 592.88

Porous medium case (Gr.) 31 135.50 0 1100 0 139.65 1113 0 593.25

10-5 41 135.56 0 11.01 0 139.67 11.13 0 593.43

51 135.58 0 11.01 0 139.67 1113 0 593.51

61 135.58 0 11.01 0 139.67 11.13 0 593.57

71 135.58 0 11.01 0 139.67 11.13 0 593.40

21 134.50 0 10.98 0 138.54 11.11 0 587.44

31 134.25 0 10.97 0 138.25 11.09 0 584.61

10-6 41 134.24 0 10.95 0 138.22 11.10 0 585.36

51 134.25 0 10.98 0 138.24 11.10 0 585.34

61 134.26 0 10.96 0 138.25 11.05 0 582.70

71 134.26 0 10.99 0 138.25 11.09 0 585.04

A general validation of the theoretical framework defined in the previous sections was achieved by
cross-verifying the results obtained with the present algorithm against reference data from the literature.
Specifically, in Table 2, we compare our calculations with those of Gershuni et al. (1992) and Medelfef
et al. (2023) for the clear fluid case, where the classical critical Grashof number Gr, is considered, and
with those of Nield (1994) for the opposite extreme, with Da = 10~7, corresponding to the Hadley—Darcy
regime, where the modified critical Grashof-Darcy number Gr. is considered. This comparison shows
that our results are in very close agreement with those reported in the literature for both the Hadley and
Hadley—Darcy regimes, particularly for the stationary longitudinal mode.

The results obtained from the linear stability analysis and the corresponding energy balances at
threshold conditions are presented in the next sections. In particular, we begin by discussing the marginal



stability results, followed by a detailed description of the characteristics of the observed instabilities. We
then conclude with an investigation of the effects of porosity and the nonlinear Forchheimer drag. For each

case, we also provide an energy budget analysis that offers a physical interpretation of the contributions
from various dynamical and thermal mechanisms, such as shear and buoyancy.

Table 2: Validation of the linear stability results for two configurations: the pure fluid case (Da = o0, ¢ = 1),
where the classical critical Grashof number Gr. is considered, and the porous layer case (¢ = 0.9), where the

critical Grashof-Darcy number Gr. is shown for Da = 1077. All cases correspond to Pr =1, A = k = 1, and
CFr = 0. The stationary longitudinal mode is considered.

Characteristics Pure fluid case (Gr.) Porous medium case (Gr.)
Our Results Medelfef et al. (2023) Gershuni et al. (1992) | Our Results Nield (1994)
Pr 1 1 1 1 1
Gr. or Gr. 12993.47 12993.47 13000 133.85 132.50
ha.c 0 0 0 0 0
hy,c 8.27 8.27 - 10.87 9.64
We 0 0 0 0 0

4.2 Marginal stability results

Following a logical approach, first, we examine the base flow stability at low Darcy numbers, approaching
the Hadley-Darcy regime without considering the nonlinear effects of Forchheimer drag, i.e., for C'r = 0.
The existing instability modes are identified through an investigation of the marginal stability curves.

200 o y
!
190 X 1
U
180- | ]
" Figure 4: Marginal stability curves show-
B 170¢ \ ] ing Grm as a function of the wave num-
Gry, ber h, for the Oscillatory Transverse mode
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tudinal mode (SL-3D), obtained for Da =
150} ] 107, ¢ = 0.9, and Pr = 1.
140+ 1
130+ ——SL mode h = (0, hy) : 3D instability |-
- - -OT mode h = (h,,0) : 2D instability
120 : : : : :

0 5 10 15 20 25 30 35
hy or h,

These are presented in Figure 4, where two instability modes can be recognized: a longitudinal mode,
manifesting as stationary three-dimensional helical rolls (hereafter referred to as SL-3D) aligned with
the flow direction (depicted by blue curve with a solid line) and associated with a real eigenvalue; and
a transverse mode, characterized by oscillatory two-dimensional transverse rolls (hereafter referred to as
OT-2D), whose axes are perpendicular to the flow direction (depicted by red curve with a dashed line),
and associated with a pair of complex conjugate eigenvalues.

The spatial structure of these two instability modes is shown in Figure 5. In particular, the SL-3D
mode (Fig. 5a), with a critical threshold of Gr. = 134.26, manifests as counter-rotating rolls with a critical
wavelength of [, . = 2mw/hy . = 0.57, localized near the horizontal walls. In contrast, the OT-2D modes,
with a critical threshold of Gr. = 138.25, manifest as two traveling waves with a critical wavelength of
ly.c = 2m/hy . = 0.57, localized near the horizontal wall (Figs. 5b and 5c). These modes are associated
with the critical eigenvalues s = +jw,, corresponding to a phase velocity of vy, = +52.75. Interestingly,
Figure 4 shows that the stability curve of the SL-3D mode always lies below that of the OT-2D modes.
This indicates that a three-dimensional instability via the SL-3D mode triggers the transition.

4.3 Darcy-Brinkman effects

In this section, the situation in which there are no inertial effects Cr = 0 is retained, however, larger
values of the Darcy number Da are considered and the porosity € is allowed to change. First, we tackle

10
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Figure 5: Critical disturbances corresponding to (a) the Stationary Longitudinal mode (SL-3D) in the yz plane,
and (b)-(c) the Oscillatory Transverse modes (OT-2D) associated with s = +jw, in the zz plane, for Da = 107¢,
e =0.9, and Pr = 1. Top: temperature contours, bottom: velocity field in the considered plane.

the effect of the Darcy number on the identified instabilities, i.e., OT-2D and SL-3D modes, at fixed
values of € , namely, e = 0.9 and 0.5. Next, we examine the effect of porosity on these two instabilities,
with Da fixed at first. Finally, due to the emergence of other instability modes, the study is extended to
larger regions of the parameter space (e, Da).

Table 3 and Figure 6 show the evolution of the critical thresholds corresponding to the onset of the
SL-3D and OT-2D instability modes, Gr., as a function of Da, along with their characteristics for Pr = 1,
A=kr =1, and Cp = 0. As the Darcy number increases from 10~% to 102, the critical thresholds shift

11



Table 3: Evolution of the critical threshold @"07 and related parameters hy c, hy.c, and we as a function of the
Darcy number for both Stationary Longitudinal (SL-3D) and Oscillatory Transverse (OT-2D) modes for Pr =1,
A=k=1,¢=0.9, and Cr = 0.

Da | SL-3D Mode OT-2D Mode
CTTTC hz,c h/y,c We CTTTC hz,c h/y,c We

10%2 | 1283733.49 0 8.25 0 | 1882733.00 &.19 0 992.10
10t | 128578.40 0 825 0 188321.85  8.19 0 990.72
10+0 13062.42 0 827 0 18886.83 8.22 0 977.47
10—t 1496.97 0 8.44 0 1971.21 8.44 0 889.00
102 316.19 0 9.35 0 345.52 9.32 0 680.04
1073 170.75 0 10.58 0 171.88 10.53 0 626.50
10~4 141.25 0 11.02 0 145.35 11.13 0 615.11
10~° 135.57 0 11.00 0 139.67 11.13 0 593.50
10-6 134.25 0 1097 0 138.24 11.09 0 586.34

toward higher values, indicating a stabilizing influence of the Darcy number. This stabilization is caused
by the amplification of viscous effects associated with the Brinkman term. Another key observation
stemming from Table 3 and Figure 6a, is that the stability curve corresponding to the SL-3D mode
always lies below that of the OT-2D mode, making the SL-3D mode the most unstable in this parameter
space.

The wavenumbers of these instabilities, h, . for the OT-2D mode and h, . for the SL-3D mode, are
shown in Figure 6b. Unlike the corresponding critical Grashof number, they generally decrease for both
the SL-3D and OT-2D modes, with porosity having a more pronounced effect in the case of the OT-2D
mode. This figure also reveals that the modes evolve between two regions, separated by a transition gap
whose extent depends on the porosity. At low Da, the first region is dominated by a Darcy behavior, where
the marginal cells are smaller (higher wavenumbers). The second region is dominated by a Brinkman
behavior, where the marginal cells become larger (lower wavenumbers). Although the OT-2D mode is
not the most critical in our case, its frequency, given in Figure 6¢, indicates that oscillations are faster
at low Da (Hadley-Darcy regime) and slower at high Da (Hadley-Brinkman regime).

Table 4: Global contributions to the fluctuating kinetic and thermal energy budgets as a function of the Darcy
number Da for the SL-3D and the OT-2D modes for Pr = 1, Kk = A = 1 and Cr = 0. Two porosity values are
considered, namely ¢ = 0.9 and £ = 0.5.

Da | SL-3D mode | OT-2D Mode
E, Ej Q% Q. | El 24 Q. Q.
e=0.9
102 0.4861 0.5139 0.1417 0.8583 | —0.0709 1.0709 —0.0259 1.0259
10° 0.4781  0.5219 0.1396 0.8604 | —0.0640 1.0640 —0.0259 1.0259
1072 | 0.1569 0.8431 0.0441 0.9559 0.0298 0.9702 —0.0125 1.0125
107* | 0.0002 0.9998 —0.0036 1.0036 | —0.0017 1.0017 0.0639 0.9361
107% | 0.0001 0.9999 —0.0000 1.0000 | —0.0000 1.0000 0.0645 0.9355
e=0.5
10? 0.8794  0.1206 0.3546 0.6454 | —1.2144 2.2144 —0.0463 1.0463
10° 0.8765 0.1235 0.3506 0.6494 | —1.1458 2.1458 —0.0476 1.00476
1072 | 0.6345 0.3655 0.1473 0.8527 | —0.0066 1.0066 —0.0627  1.0627
107* | 0.0017 0.9983 —0.0117 1.0117 | —0.0059 1.0059 0.0617 0.9383
107% | 0.0001 0.9999 —0.0001 1.0001 | —0.0001 1.0001 0.0645 0.9355

Table 4 and Figure 7 provide a qualitative-quantitative prospect of the evolution of the perturbation
energy budgets versus the Darcy number, for ¢ = 0.5 and 0.9. In line, with the earlier observations and
arguments, what stands immediately out from these figures is the presence of two plateaus correspond-
ing to low Darcy numbers (Hadley-Darcy regime) and high Darcy numbers (Hadley-Brinkman regime),
separated by a smooth and gradual transition. Regarding the SL-3D mode, most importantly Figure
7a indicates that the instability is triggered solely by buoyancy (term Ej » E7) at low Darcy numbers,
i.e., in the Hadley-Darcy regime, regardless of the porosity. However, as the Darcy number increases,
the instability mechanism progressively shifts, with a decreasing contribution from buoyancy E; and a
growing influence of shear E!. It is worth noting that the contributions E; and E. become nearly equal
for e = 0.9, while they reverse in the case of ¢ = 0.5 compared to what is observed in the Hadley-Darcy
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Figure 6: Variation of the critical thresholds as a function of the Darcy number Da for the Oscillatory Transverse
mode (OT-2D, dashed lines) and the Stationary Longitudinal mode (SL-3D, solid lines), for ¢ = 0.9 (in red) and
e =0.5 (in blue), Pr =1, A\=x =1, and Cr = 0.

regime; that is, the instability becomes dominated by shear effects rather than buoyancy. Figure 7c shows
that the thermal energy of the perturbations is mainly generated by the vertical temperature gradient
contribution @, in the Hadley-Darcy regime and by a combination of horizontal @/, and vertical Q’,
contributions with an apparent predominance of @/, in the Hadley-Brinkman regime.

As for the OT-2D mode (Figures 7b and 7d), the triggering mechanism of the instability is always asso-
ciated with the buoyancy contribution Ej, generated from the vertical temperature gradient, represented
by @, regardless of the flow regime. However, as the Darcy number increases, the shear contribution
E!, which is neutral at low Darcy numbers, becomes increasingly negative, indicating a stabilizing effect
on this mode. It is worth noting that this trend is much more pronounced when the porosity decreases,
particularly for the case ¢ = 0.5.

Additional interesting arguments concern the influence of porosity. It is important to note that
porosity does not directly influence the base flow, as shown by equation (2a). Instead, it affects the
instabilities through the disturbances. Indeed, Figure 8a presents the evolution of the critical thresholds
of the previously identified instabilities, namely the OT-2D and SL-3D modes, as a function of porosity
e for a Darcy number of Da = 10~!. In addition to these two modes, new instability modes show up
at lower values of €. These include a three-dimensional oscillatory longitudinal mode, associated with a
pair of complex conjugate eigenvalues that cross the imaginary axis in the complex (o, w) plane, hereafter
referred to as OL-3D, and a stationary two-dimensional transverse mode, associated with a real eigenvalue
that crosses the imaginary axis in the (o,w) plane, hereafter referred to as ST-2D. According to Figure
8a, the ST-2D mode dominates at very low values of ¢ (typically ¢ < 0.26), the OL-3D mode dominates
for 0.26 < ¢ < 0.64, and finally, the SL-3D mode dominates for values of € ranging from 0.64 to 1. It is
worth noting that the OT-2D mode is never dominant throughout this study.

To further investigate this transition scenario, we identified and tracked two intersection points,
namely I7;, and I17, which indicate, respectively, the transition between the ST-2D and OL-3D modes
at low € values and the OL-3D and SL-3D modes at more moderate € values. Figure 8b shows the evolu-
tion of these two intersection points in the (g, Da) plane, delineating three regions where each instability

13



Figure 7: Contributions to the fluctuating kinetic energy (a) and (b) and fluctuating thermal energy (c) and (d)
as a function of the Darcy number Da for the SL-3D (solid lines) and OT-2D (dashed lines) modes at Pr = 1 for
= 0.9 (in red) and € = 0.5 (in blue), k = A =1 and Cr = 0.

dominates.

In particular, at low values of € and high Da, the flow is destabilized by the ST-2D mode. This
region becomes narrower as Da decreases and eventually disappears at values around Da ~ 5 x 1072, For
intermediate values of € and high Da, the OL-3D mode is the destabilizing mode. As the Darcy number
Da decreases, the region where this mode is dominant shifts toward lower values of &, while becoming
narrower until it completely vanishes around Da ~ 10~°. At high values of € and large Da, the SL-3D
mode dominates. As Da decreases, this region expands and eventually covers the entire parameter space
at low Da. To summarize, two distinct behaviors can be identified. In the Hadley—Brinkman regime,
i.e., for high Darcy numbers, the destabilizing mode depends on the porosity. Specifically, the base flow
is destabilized by the ST-2D, OL-3D, and SL-3D modes for low, intermediate, and high values of ¢,
respectively. This scenario evolves as the Darcy number decreases, leading to a single destabilization by
the SL-3D mode in the Hadley—Darcy regime, regardless of the porosity of the medium.

The spatial structures of these new instability modes are shown in Figure 9 for Da = 107! and

= 0.3. In particular, the ST-2D mode (Fig. 9a), with a critical threshold of Gr. = 240.68, manifests as
counter-rotating rolls with a critical wavelength of I, . = 27/h, . = 2.74. In contrast, the OL-3D modes,
with a critical threshold of Gr. = 174.36, appear as two traveling waves with a critical wavelength of
lyc = 2m/hy.. = 2.55: one progressive (Fig. 5b) and the other regressive (Fig. 5c). These modes are
associated with the critical eigenvalues s = +jw,., which correspond to a phase velocity of vy = £10.46.

The global contributions to the normalized kinetic and thermal energy budgets are presented in Table
5 and in Figure 10 as functions of the Darcy number, for € = 0.2 in the case of the ST-2D mode, and for

= 0.2 and 0.4 in the case of the OL-3D mode.

In particular, for the ST-2D mode, Figure 10a shows that the contribution to the perturbation ki-
netic energy from shear, E7, is positive and dominant, whereas the contribution from buoyancy, Ej,
is negative and very small. This indicates that this mode is purely shear-driven. Furthermore, as the
Darcy number increases, Figure 10b indicates that the nature of the thermal perturbation energy changes:
the destabilizing (positive) contribution associated with the vertical temperature gradient, @', decreases
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Figure 8: Influence of porosity, ¢, on different instabilities. (a) Variation of the critical thresholds as a function
of € for Da =107, Pr =1, A\ =k = 1, and Cr = 0. (b) Instability map in the (¢, Da) space showing the extent
of the zones where the different modes are dominant.

Table 5: Global contributions to the fluctuating kinetic and thermal energy budgets as a function of the Darcy
number Da for the OL-3D, SL-3D and the ST-2D modes for Pr =1, kK = A = 1 and Cr = 0. Two porosity values
are considered, depending on the mode under investigation, namely ¢ = 0.2 and/or € = 0.4.

Da ‘ ST-2D mode | OL-3D Mode | SL-3D Mode
B, B @ Q| BB @ Q | B B Q  Q

e=0.2

10%2 | 1.0885 —0.0885 0.8066 0.1934 | 0.9262 0.0738 1.0408 —0.0408 — — —

10+0 | 1.0927 —0.0927 0.8002 0.1998 | 0.9264 0.0736 1.0422 —0.0422 — — —

1072 | 1.6401 —0.6401 0.1743 0.8258 | 0.9026 0.0974 1.2362 —0.2362 | 0.9736 0.0264 0.5705  0.4295

104 — — — — — — — — 0.0692 0.9308 —0.0727 1.0727

106 — — — — — — — — 0.0000 1.0000 —0.0008 1.0008
e=04

10+2 — — — — 0.7973 0.2027 1.1792 —0.1792 | 0.9360 0.0640 0.4653  0.5347

10+0 — — — — 0.7998 0.2002 1.1848 —0.1848 | 0.9345 0.0655 0.4608  0.5392

102 — — — — 0.7922 0.2078 1.6287 —0.6287 | 0.7965 0.2035 0.2225  0.7775

104 0.0043 0.9957 —0.0183 1.0183

106 — — — — — — — — 0.0000 1.0000 —0.0002 1.0002

rapidly in favor of the horizontal temperature gradient contribution, @’ , which is also positive and thus
destabilizing.

For the OL-3D mode, the dominant contribution to the perturbation kinetic energy also stems from
shear, as shown in Figure 10c. However, a notable difference resides in the fact that the contribution from
buoyancy is now positive, indicating that this mode is driven by both shear and buoyancy, although the
latter contributes to a lesser extent (£} ). The contributions from the horizontal and vertical temperature
gradients, Q. and @', are presented in Figure 10d. This figure reveals that the thermal energy of the
perturbation is mainly generated by the horizontal temperature gradient contribution, Q’,, whereas the
vertical gradient contribution is negative (stabilizing) and small. This suggests that, for this instability,
the unstable vertical temperature stratification does not play a destabilizing role.

4.4 Influence of Forchheimer drag coefficient C'r

As discussed in section 2.2, the Forchheimer drag constant, Cr, exerts a dampening effect on the basic
flow, in proportion to the velocity amplitude. This effect is clearly illustrated in Figure 3. In this section,
we seek to analyze the influence of this dimensionless constant on the stability of this flow. Prior to
embarking in such analysis, for the convenience of the reader, we briefly recall the mathematical meaning
of such a coefficient and the underlying physical interpretation. As implicit in the equations introduced in
section 2.1, the Forchheimer coefficient refers to a term in a modified version of Darcy’s law, which is used
to describe fluid flow through porous media when inertial effects become significant. The standard Darcy’s
law is primarily applicable to slow, viscous, or laminar flows where inertial forces are negligible. However,
when the flow velocity increases or the medium has complex structures, general consensus exists that the
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Figure 9: Critical disturbances corresponding to (a) the Stationary Transverse mode (ST-2D) in the zz plane,
and (b)-(c) the Oscillatory Longitudinal modes (OL-3D) associated with s = +jw. in the yz plane, for Da = 107*,
e =0.3, and Pr = 1. Top: temperature contours, bottom: velocity field in the considered plane.

Darcy’s law is no longer able to provide accurate predictions, which explains why a nonlinear correction
is required to account for these inertial effects. This correction is captured through this coefficient and
the quadratic dependence of the related term in the momentum equation on the fluid velocity.

In the following, we present the effect of the Forchheimer drag on different instability modes observed
across various porosity ranges and Darcy numbers, thereby enabling exploration of both flow regimes
discussed in earlier sections, i.e., the Hadley-Darcy and Hadley-Brinkman regimes. In particular, the
influence of Cr on the shear instability, triggered by the ST-2D mode and dominant at low porosity
values, ¢, for Da 2 5 x 1072 (see Fig 8b), is shown in Figure 11 for ¢ = 0.2 and Da = 0.1, 1, and 100.
The normalized critical thresholds GTTC/@“C(), where Grg is the threshold for Cp = 0, plotted in Figure
11a, exhibit a shift toward values greater than 1, indicating a stabilizing influence due to the damping
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Figure 10: Contributions to the fluctuating kinetic (a),(c) and thermal energy budgets (b),(d) as a function of
the Darcy number Da for the ST-2D (dashed lines) and the OL-3D (solid lines) modes,for € = 0.2 (in black) and
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Figure 11: Influence of the Forchheimer drag coefficient Cr on the critical characteristics of the ST-2D mode
for e = 0.2, Pr =1, A = k = 1, and Darcy numbers equal to 10™' 1 and 10. (a) Normalized critical thresholds

@C/@“co, and (b) critical wavenumber hg,c.

of the basic steady flow, which becomes increasingly significant as the Darcy number decreases. As for
the critical wavenumber hz, ¢, figure 11b shows an increase with C'r, which becomes more pronounced as
Da decreases, indicating that the size of marginal cells, with wavelength I, . = 27/h, ., decreases under
the influence of Forchheimer drag. However, this reduction remains moderate, not exceeding 15% of the

initial size.
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As illustrated before, for moderate values of porosity, an oscillatory instability emerges through the
OL-3D mode, whose dominance region extends toward lower ¢ as the Darcy number Da decreases (see
Fig. 8b). The effect of the drag is illustrated in Figure 12 for ¢ = 0.4 and Da ranging from 107! to
102. A first essential observation to be drawn from figure 12a is the disappearance of this oscillatory
instability, triggered by the OL-3D mode, in favor of the emergence of a stationary instability (SL-3D
mode). Indeed, after a moderate increase in the threshold of the OL-3D mode, it undergoes a rapid
steep rise, shifting to higher values as Da increases. In contrast, the stationary instability associated
with the SL-3D mode, whose threshold is initially higher at Cr = 0, experiences a slower increase with
Cr, regardless of the value of Da. This difference in behavior between the two considered disturbance
types leads to a transition in the destabilization mechanism of the basic flow, from an oscillatory to a
stationary instability, both being three-dimensional in nature. As in any case, the threshold shifts to
higher values, the Cr term has a stabilizing influence. Finally, it is worth noting that the transition
point given in figure 12b in the (Cr, Da) space, indicated by black stars in figure 12a, shifts rapidly to
higher values of Cr as Da increases, indicating that the region where the oscillatory instability remains
dominant expands with increasing Da.

The critical characteristics of the two instabilities at threshold, namely, the wavenumber h, . and the
frequency of the oscillatory instability w,, are reported in Figures 12c and 12d , respectively. It can be
observed that the wavenumber of the marginal cells (Fig. 12c) exhibits weak variations for both OL-3D
and SL-3D modes: a slight increase is observed for OL-3D, while a faster increase followed by a slight
decrease for low Da values occurs for SL-3D. This suggests that the size of the marginal cells, given by
27/hy ., is only weakly affected by the Forchheimer drag. As for the critical frequency of the OL-3D mode
(Fig. 12d), a rapid increase with C is observed, indicating a progressively shorter oscillation period.
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Figure 12: Influence of the Forchheimer drag coefficient C'r on the critical characteristics of the OL-3D and
SL-3D modes for ¢ = 0.4, Pr = 1, A = k = 1, and different Darcy numbers. (a) Critical thresholds Gr., (b)
instability map in the (Cr, Da) space, (c) critical wavenumbers hy ., and (d) critical fréquency of the OL-3D

mode.
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For the sake of completeness, in the remainder of this section, we focus on the behavior of the SL-3D
mode for a porosity € = 0.9 and a range of Darcy numbers covering both the Hadley-Darcy and Hadley-
Brinkman regimes, i.e., Da € [1075,10']. The results for the critical threshold of instability onset and
the corresponding wavenumber are summarized in Figure 13. Due to the significant differences between
the two regimes, the stability curves are presented separately: the Hadley-Darcy regime at low Darcy
numbers is shown in Figure 13a, while the Hadley-Brinkman regime at high Darcy numbers is shown in
Figure 13b.

A first observation, common to all stability curves, is a linear shift of the critical thresholds toward
higher values compared to the case with C'r = 0, thereby indicating a stabilizing influence of the Forch-
heimer term, as expected. However, the efficiency of this stabilization behaves differently depending on
the regime. In the Hadley-Darcy regime (Figure 13a), the stabilization becomes more effective as the
Darcy number increases. In contrast, in the Hadley-Brinkman regime (Figure 13b), the stabilizing effect
weakens as Da grows.

This difference can be explained by the fact that at low Darcy numbers, the flow is dominated by
Darcy-type viscous dissipation and remains largely insensitive to the Brinkman viscous term. The Forch-
heimer term, however, becomes strongly dependent on the prefactor 1 /\/D_a As a result, decreasing Da
reduces the efficiency of the stabilizing effect. Conversely, as Da increases and the flow transitions into the
Hadley-Brinkman regime, Brinkman-type viscous dissipation becomes dominant, leading to a significant
reduction in velocity amplitude. This reduction in velocity diminishes the impact of the Forchheimer
drag term, which depends on ||, thus making the stabilizing effect less effective with increasing Da.

The critical wavenumber h, . (Figure 13c), although varying only slightly, exhibits contrasting be-
havior depending on the considered situation. In the Hadley-Darcy regime (Da € [107°,107%]), hy..
decreases with increasing C'r, indicating an elongation of the marginal cells. On the other hand, in the
Hadley-Brinkman regime (Da = 10° and 10'), h, . increases, indicating a contraction of the cell size.
A transitional zone between the two regimes (Da = 1072 to 107!) is also observed: in this range, hy .
initially increases for small values of C'r, then decreases as Cr grows further, following a trend similar to
that observed at low Darcy numbers.

5 Conclusion

This work has presented a comprehensive linear stability analysis of natural convection driven by a hor-
izontal temperature gradient in a long cavity filled with a homogeneous, isotropic porous medium. The
governing framework was based on a generalized Darcy—Brinkman—Forchheimer—Wooding model, which
incorporates viscous diffusion (Brinkman), inertial drag (Forchheimer), and Darcy resistance. This for-
mulation enabled a systematic comparison among different regimes, including the two classical conditions
corresponding to the Hadley—Darcy regime, occurring for vanishing Darcy numbers (Da — 0), and the
Hadley—Brinkman regime, associated with high Darcy numbers (Da — o).

The steady base flow, derived under the parallel flow approximation, was obtained analytically in the
linear case without Forchheimer drag. In the more general nonlinear regime, including quadratic inertial
effects, the flow was computed numerically via a Newton iterative method. The linear stability analysis
revealed the existence of four distinct instability modes: two stationary (ST-2D and SL-3D) and two
oscillatory (OT-2D and OL-3D).

Among these, the OT-2D mode is consistently the least dangerous. We examined the transitions
between the three dominant modes, SL-3D, ST-2D, and OL-3D, as functions of the Darcy number and
porosity. The SL-3D mode emerges as the prevailing instability across a broad parameter space, domi-
nating in the Hadley—Brinkman regime at high porosity and in the Hadley—Darcy regime at low porosity.
The ST-2D mode becomes dominant only in the Hadley—Brinkman regime at low porosity, while the OL-
3D mode appears in a narrow transitional band, prevailing at moderate porosity in the Hadley—Brinkman
regime and in a limited region of the Hadley—Darcy regime at very low porosity.

To gain insight into the underlying physical mechanisms, an energy budget analysis was conducted at
the critical thresholds. As revealed by the related outcomes, the OT-2D mode is purely buoyancy-driven,
reflecting a thermal instability. In contrast, the SL-3D and OL-3D modes arise from a combined action
of buoyancy and shear, and thus can be classified as mixed instabilities. The ST-2D mode behaves as a
purely dynamic instability, primarily sustained by shear forces.

Finally, the influence of Forchheimer drag on the instability thresholds was systematically analyzed
for the three dominant modes. A general stabilizing effect was observed in all cases; however, the degree
of stabilization depends on the flow regime and the nature of the instability. Notably, for a fixed porosity,
increasing the Forchheimer coefficient enhances the relative predominance of the SL-3D mode as the
Darcy number decreases.

This work opens several avenues for further investigation. In particular, a straightforward direction
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would be to investigate the effect of confinement by considering more realistic two- and three-dimensional
configurations, in order to analyze the new flow structures that may emerge. The work could also be
broadened to explore the effects of anisotropy in the porous medium. A further worthwhile extension
would be to consider a local thermal non-equilibrium model, in which the fluid and solid phase tem-
peratures are not assumed to be equal. Finally, direct numerical simulations could be carried out to
investigate the nonlinear dynamics and the scenarios of bifurcations and transitions toward oscillatory
periodic, quasi-periodic, chaotic, and ultimately turbulent regimes.

Data availability

The data that support the findings of this study are available from the corresponding author upon
reasonable request.
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