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A comprehensive Darcy-type law for viscoplastic fluids is proposed. Different regimes
of yield-stress fluid flow in porous media can be categorized based on the Bingham
number (i.e., the ratio of the yield stress to the characteristic viscous stress). In a recent
study [Chaparian, J. Fluid Mech. 980, A14 (2024)], we addressed the yield/plastic limit
(infinitely large Bingham number), namely, the onset of flow when the applied pressure
gradient is just sufficient to overcome the yield-stress resistance. A purely geometrical
universal scale was derived for the nondimensional critical pressure gradient, which was
thoroughly validated against computational data. In the present work, we investigate
the Newtonian limit (infinitely large pressure difference compared to the yield stress of
the fluid—ultralow Bingham number) both theoretically and computationally. We then
propose a Darcy-type law applicable across the entire range of Bingham numbers by
combining the mathematical models of the yield/plastic and Newtonian limits. The Exhaus-
tive computational data generated in this study (using an augmented Lagrangian method
coupled with anisotropic adaptive mesh at the pore scale) confirm the validity of the
theoretical proposed law.

DOI: 10.1103/xdgr-dqfx

I. INTRODUCTION

Fluid flow through porous media is a classical industrially relevant problem that has motivated
extensive research over the years. Its importance spans a wide range of disciplines, including
emerging applications such as CO2 storage. Historically, the primary focus was on viscous fluid
flows, particularly in contexts such as water resource management and hydrogeology. These early
investigations led to proposing/deriving of the well-known Darcy’s law [1,2]:

�P̂

L̂
= μ̂

κ̂0
ÛD, (1)

in which �P̂/L̂ denotes the absolute value of the applied pressure gradient deriving the flow through
the medium, μ̂ is the fluid viscosity, κ̂0 is a proportionality factor known as the permeability, and
ÛD represents the volume-averaged “superficial” velocity:
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where Â is the total cross-sectional area of the medium (i.e., the area perpendicular to the flow
direction), Âinl is the pore area at the inlet (i.e., the area through which the fluid flows or can
potentially flow), V̂ is the total volume of the domain � [i.e., V̂ = meas(�)], which includes
both the solid obstacles/voids (i.e., X ) and the pore space (i.e., � \ X̄ ), Û represents the mean
fluid velocity at the inlet, and Q̂ is the volumetric flow rate. In some references, the superficial
velocity is alternatively defined as ÛD = (1 − φ)Û for stochastically homogeneous porous media.
Here, φ denotes the obstructed volume fraction [i.e., φ = meas(X )/meas(�)], which corresponds
to the portion of the domain where fluid cannot flow, while 1 − φ is the porosity of the media. For
viscous fluids, Darcy’s law (1) predicts a linear relationship between the volumetric flow rate and
the applied pressure gradient, with the permeability depending solely on the geometry and structure
of the medium.

Beyond such applications, there are numerous cases in which non-Newtonian fluids flow through
porous media. A very important class of practical fluids is the yield-stress fluids, which are intrinsic
to many industrial and biomedical applications. Examples include enhanced oil recovery [3],
fracture/formatrion stabilization and cement grouting [4,5], squeeze cementing [6], vertebroplasty
and cementoplasty [7], etc. These materials are neither ideal solids nor ideal liquids: they behave
like solids when the applied stress is less than a threshold—referred to as the yield stress (τ̂y)—and
flow like fluids when the applied stress exceeds this threshold. A wide range of rheological models
has been proposed to describe the behavior of such materials. The simplest class is the viscoplas-
tic models: the Bingham model, which assumes a constant plastic viscosity (μ̂ = μ̂p), and the
Herschel-Bulkley model, which incorporates shear-dependent viscosity governed by a consistency
parameter K̂ and a power-law index n. The viscosity functional in the latter is given by μ̂ = K̂ ˆ̇γ n−1,
where ˆ̇γ is the shear rate.

In the case of yield-stress fluids flowing through porous media, different flow regimes can be
identified based on the balance between the yield stress and the applied pressure difference (or
equivalently the characteristic viscous stress; see Fig. 1). Due to the presence of a yield stress, there
exists a critical pressure gradient (�P̂c/L̂) that must be exceeded to start/sustain the flow. When the
applied pressure gradient is just sufficient to initiate the flow, the fluid motion is highly localized in
a single path [8–12]—plastic/yield limit. As the applied pressure gradient increases, a larger portion
of the fluid yields and flows through the porous structure. The ultimate regime is when the applied
pressure gradient is much greater than the yield-stress resistance resulting in the fluid being yielded
and flowing “nearly” everywhere—Newtonian/viscous limit.

Studying how yield-stress fluids would flow in porous media dates back at least to the 1960s,
when extraction of heavy crude oil was a primary motivation. An interesting review of early works
in this area can be found in [13]. Since then, many studies have explored yield-stress fluid flows
from various perspectives: pore scale characteristics (e.g., [14]), the role of complex rheologies
such as elastoviscoplasticity (e.g., [15,16]), and intricate hydrodynamic phenomena such as fluid
sliding over solid topologies (e.g., [10]). However, efforts to develop a macroscopic closure or a
general Darcy-type law (which is the central focus of the present study) remain relatively limited.
One of the earliest attempts in this direction was made by Al-Fariss and Pinder [17], who conducted
a set of experiments in packed beds of sand with paraffin wax-in-oil solutions. Their measurements
were also compared with a semiempirical model derived by trying to generalize the Blake-Carman-
Kozney expression for yield-stress fluids. An irrational assumption in the initial derivation steps
(namely, the Poiseuille flow in a capillary tube) led to a model linearly composed of two terms:

�P̂

L̂
= K̂

A(n)

(1 − φ)(1−n)/2

κ̂
(1+n)/2
0

Û n
D +

√
25(1 − φ)

24κ̂0
τ̂y. (3)

The first term represents characteristic viscous stress, while the second term accounts for the yield
stress. The key flaw in the model proposed by Al-Fariss and Pinder lies in the assumption that, within
a narrow conduit, the fluid is sheared/yielded throughout the entire cross section. This assumption is
invalid, particularly in the case of nonuniform conduits, as has been previously demonstrated both
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FIG. 1. Categorization of yield-stress fluid flows in a porous medium (made of cylindrical obstacles; φ ≈
0.5): (i) when the bulk pressure gradient is less than the critical value �P̂c/L̂, the flow rate is zero and the fluid
remains entirely unyielded; (ii) just above the critical threshold, flow initiates but remains highly localized
within a single channel; (iii) as the bulk pressure gradient increases, more channels/pathways appear and the
flow rate increases accordingly; (iv) when the bulk pressure gradient is much larger than the critical value,
the fluid is nearly yielded everywhere. The top row shows the contours of the nondimensional velocity, while
the bottom row displays log10(‖γ̇‖) for a Bingham fluid at B = 0, 102 and 104, from right to left. Note that all
panels within each row share the same color bar range. The additional axes illustrate the nondimensional yield
and Bingham numbers.

theoretically/computationally [6,18] and experimentally [19]. A more detailed discussion of this
issue is provided in Appendixes A and B. In expression (3), A(n) is a function of the power-law index
and reduces to unity for a Bingham fluid, i.e., when n = 1. As is clear, the use of this semiempirical
model requires prior knowledge of the permeability of the medium for a Newtonian (purely viscous)
fluid, denoted by κ̂0. Nearly all succeeding works (focused on proposing a general Darcy-type law
for yield-stress fluids) proposed expressions of the same type that can be condensed into the general
form

�P̂

L̂
= α̂μ̂

(
ÛD

	̂

)
+ β̂τ̂y. (4)

In this expression, 	̂ is the characteristic length and α̂ and β̂ are unknown coefficients that
must be determined by fitting to either numerical or experimental data. Examples are studies by
Chevalier et al. [20,21] in which experimental measurements were performed on the flow of the
water-in-oil emulsion through glass beads and by Bleyer and Coussot [22] where two-dimensional
(2D) numerical simulations of Herschel-Bulkley fluid through cylindrical obstacles with hexag-
onal arrangements were done. Shahsavari and McKinley [23], building on their earlier work on
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shear-thinning fluids [24], took a deeper dive into the problem of 2D viscoplastic fluid flows through
cylindrical obstacles with square arrangements. They proposed a rescaling based on the effective
viscosity to propose a Darcy-type law that was similar to expression (4). Another interesting series of
studies on this matter have been done by Talon and collaborators [8,25,26], who push the theoretical
analysis further by showing that α̂ and β̂ are independent of both the flow rate and the applied
pressure gradient. However, these coefficients were not explicitly evaluated in their studies. In a
recent work, Castañeda [27] adopted a homogenizsation approach (referred to as the “variational
linear comparison”) and derived an upper bound for the applied pressure gradient,

�P̂

L̂
� K̂

(1 − φ)(1−n)/2

κ̂
(1+n)/2
0

Û n
D +

√
1 − φ

κ̂0
τ̂y. (5)

The form of this upper bound is very close to Al-Fariss and Pinder’s model [i.e., expression (3)], yet
its significance lies in the fact that it is derived from a rigorous theoretical framework, rather than a
semiempirical model.

As is evident, all previously proposed models require either a priori knowledge of the medium’s
permeability in the Newtonian case (κ̂0) or unknown prefactors. In the present study, we adopt a
different approach to derive a general Darcy-type law for viscoplastic fluids. We begin by reviewing
the Newtonian/viscous limit of the problem (i.e., τ̂y � μ̂ ÛD/	̂ or �P̂c/L̂ � �P̂/L̂) in Sec. II. We
then combine this with the yield limit model [i.e., τ̂y � μ̂ ÛD/	̂ or �P̂/L̂ → (�P̂c/L̂)+], which
we previously developed in [12] and revisit in Sec. IV. The resulting general Darcy-type law is
subsequently validated in Sec. V by exhaustive numerical simulations. These are carried out using
an adaptive finite element method at the pore scale based on an augmented Lagrangian approach
[12,28–30] over a wide range of parameters, including the intermediate regime (i.e., τ̂y ∼ μ̂ ÛD/	̂).

II. REVISITING VISCOUS FLUID FLOWS IN POROUS MEDIA

As mentioned earlier, in this section, we review several models (among many others) proposed
over the years to calculate the permeability of a medium to a viscous fluid, κ̂0. Our focus is more
on models with a rather fundamental basis that can be directly applied for estimating κ̂0. While
upper bounds for permeability have been derived (e.g., by Prager and Weissberg [31–33] and Doi
[34]) using variational formulations with correlation functions and admissible stress fields, these
approaches are not directly relevant to our current analysis and therefore are not included in this
review. Critical reviews of these bounds can be found in [35] or most recently in [36].

A. Blake-Carman-Kozeny: A semiempirical model

Perhaps the most well-known and widely used model for estimating permeability is the Blake-
Carman-Kozeny (BCK) model. In the literature, it is also referred to as the Blake-Kozeny [37] or
the Kozney-Carman [38] model. The derivation of this model is based on the simple Poiseuille flow,

Q̂ = �P̂

L̂

π R̂4
c

8μ̂
→ Û ∼ R̂2

h

�P̂

L̂
, (6)

where R̂c is the capillary radius and R̂h denotes the well-known hydraulic radius. Now, considering
the presence of spherical obstacles in the flow domain, and using Eqs. (1) and (2) along with the
above equation, we can deduce that

ÛD = (1 − φ)Û = κ̂0

μ̂

�P̂

L̂
∼ (1 − φ)R̂2

h

�P̂

L̂
, (7)

or indeed,

κ̂0 ∼ (1 − φ)R̂2
h. (8)
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By definition, R̂h = V̂f /Âw where V̂f is the volume of the fluid [i.e., V̂f = meas(� \ X̄ )] and Âw

is the “wetted area.” Considering a domain of total volume V̂ , the solid volume fraction can
be expressed as φ = N (4/3)π R̂3

V̂
where N is the number of nonoverlapping spheres of radius R̂.

Consequently, the hydraulic radius can be written as

R̂h = V̂ − 4
3π R̂3N

4π R̂2N
∼ 1 − φ

φ/R̂
. (9)

Therefore, the permeability scale will be

κ̂0

R̂2
∼ (1 − φ)3

φ2
. (10)

Zick and Homsy [39] performed numerical simulations for simple, body-centered- and face-
centered-cubic packing of spheres, demonstrating that the BCK scaling provides reasonably
accurate predictions within the solid volume fraction range φ ∈ (0.5, 0.75).

B. Brinkman’s model

Brinkman [40] further examined the BCK model and identified a key limitation: in the dilute
regime (φ → 0), where the system consists of widely spaced individual spherical obstacles, the
BCK model predicts a diverging drag on a single sphere. This contradicts Stokes’ drag law for a
sphere. Suggesting a correction to the local Darcy law,

∇ p̂ = μ̂

κ̂0
û + μ̂′∇2û, (11)

Brinkman defined an “artificial viscosity,” μ̂′, to account for the hydrodynamic interactions of the
fields around each sphere. In the above equation, û is the local fluid velocity vector. After some
algebra, Brinkman derived

6πμ̂R̂Û∞N

(�P̂/L̂)V̂
= μ̂′

μ̂

⎡
⎣1 + 3φ

4

⎛
⎝1 −

√
8

φ
− 3

⎞
⎠

⎤
⎦, (12)

where Û∞ denotes the fluid velocity far from the spheres. This expression asymptotically reduces
to the Stokes’ drag law in the dilute limit φ → 0. For the viscosity ratio μ̂′/μ̂, Brinkman suggested
adopting Einstein’s formula for dilute suspensions (i.e., 1 + 2.5φ) or determining it empirically
by fitting to experimental data. In the leading order, and as originally proposed by Brinkman, the
viscosity ratio can be approximated by unity, which leads to

κ̂0

R̂2
∼ 1

φ
+ 3

4

⎛
⎝1 −

√
8

φ
− 3

⎞
⎠. (13)

Cancelliere et al. [41] performed numerical simulations of fluid flow through porous media
composed of randomly shaped obstacles and concluded that the Brinkman model provides better
accuracy at low solid volume fractions (i.e., φ ∈ [0, 0.1)), whereas the BCK model performs more
reliably at higher volume fractions (i.e., φ ∈ [0.25, 1); see Fig. 2 of Ref. [41]).

C. Series-based model

Another class of theoretical models for Newtonian permeability is based on periodic series
solutions to the Stokes equation. For instance, Hasimoto [42] analyzed flow over an array of
spheres by expanding the velocity and pressure gradient by the Fourier series over a unit lattice of
spheres/obstacles. To satisfy the boundary conditions on individual obstacles, Hasimoto employed
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an analogy with the problem of ionic crystals and electrostatic potentials that is valid for small
spheres only. Then, he modified the original approximation for various arrangements such as simple,
body-centered- and face-centered-cubic packings, with all converging to the Stokes’ drag law on a
sphere in the limit of φ → 0. A comprehensive historical review of such models, particularly in 2D
based on Oseen’s equations and the drag on a cylinder, is provided in [43]. These models typically
share the compact form

F̂ = 4πμ̂Û

− log(R̂/L̂) + b + c(R̂/L̂) + O((R̂/L̂)2)
, (14)

where F̂ is the drag force per unit length on the cylinders, which can be converted to permeability
and/or pressure drop across the porous medium. We will employ this class of models in Sec. V to
propose a general Darcy-type law for viscoplastic fluids.

III. MODELING YIELD-STRESS FLUID FLOWS THROUGH POROUS MEDIA

A. Mathematical formulation

We consider incompressible two-dimensional Stokes flow in porous media (i.e., flow over a set
of obstacles), which is governed by

0 = −∇ p̂ + ∇ · τ̂ and ∇ · û = 0 in � \ X̄ , (15)

where û = (û, v̂) is the velocity vector and τ̂ is the deviatoric stress tensor. The Cauchy stress tensor
can be defined as σ̂ = −p̂1 + τ̂ where 1 is the identity matrix.

To describe the rheological behavior of a viscoplastic fluid, we use the Bingham model in the
present study:

τ̂ =
(

μ̂p + τ̂y

‖ ˆ̇γ‖
)

ˆ̇γ iff ‖τ̂‖ > τ̂y,

ˆ̇γ = 0 iff ‖τ̂‖ � τ̂y, (16)

where ˆ̇γ is the rate-of-strain tensor or indeed ∇û + ∇ûT and ‖ · ‖ is the second invariant of a tensor
(i.e., ‖�‖ = √

(1/2)� : � when � is deviatoric). Therefore, the von Mises yielding criterion is
considered for the fluid.

To scale Eqs. (15) and (16), we follow what is known as the “resistance formulation” (see [10,12]
for details). Indeed, the velocity vector is scaled with the mean velocity at the inlet, Û , and the
deviatoric stress tensor/pressure with the characteristic viscous stress, μ̂pÛ/	̂, where 	̂ is the length
scale, which will be fixed later in this section. Hence, the nondimensional forms of the governing
and constitutive equations read

0 = −∇p + ∇ · τ and ∇ · u = 0 in � \ X̄ (17)

and

τ =
(

1 + B

‖γ̇‖
)

γ̇ iff ‖τ‖ > B,

γ̇ = 0 iff ‖τ‖ � B, (18)

where B = τ̂y	̂/μ̂pÛ is the Bingham number, representing the ratio of the yield stress to the
characteristic viscous stress. For dimensionless quantities, the hat sign (·̂) is dropped. In this type
of scaling, for a fixed geometry, the only independent parameter is the Bingham number, since
the nondimensional flow rate is fixed at Q = Linl [see expression (2)]. The bulk pressure drop can
therefore be computed as a function of the Bingham number using the energy balance equation

a(u, u) + B j(u) =
∫

�\X̄
(γ̇ : γ̇ )dA + B

∫
�\X̄

‖γ̇‖dA = �P

L

∫
�\X̄

u dA, (19)
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where a(u, u) and B j(u) represent the viscous and plastic dissipation functions, respectively. The
permeability for a viscoplastic fluid flowing through a porous medium is then given by

κ̂ = μ̂ ÛD

�P̂/L̂
⇒ κ = L̂inl/L̂

�P/L
. (20)

As illustrated in Fig. 1, the Newtonian limit is recovered when B → 0, leading to κ → κ0. In
contrast, the yield limit is approached as B → ∞, where κ → 0.

B. Porous media construction and computational methodology

To construct the porous media and solve the governing and constitutive equations, we follow
the same methodology fully detailed in our previous work [12]. Just to highlight, the porous media
construction in the present study is based on a randomized nonoverlapping obstacle distribution (i.e.,
X ) in a L × L = 50 × 50 square domain �. No constraints are imposed on the obstacle positions
and they are allowed to cross the boundaries of the computational domain. In this study, we focus
exclusively on square monodispersed obstacles with edge length

√
π . Indeed, the characteristic

length is the radius of an equivalent circular obstacle, making the nondimensional area of each
square obstacle equal to π . As we are concerned with two-dimensional flows, the solid “volume”
fraction is interpreted as the ratio of the total area occupied by the obstacles to the area of the
domain �.

Regarding numerical simulations, we implement an augmented Lagrangian method to simulate
viscoplastic fluid flows [28]. This method effectively handles nondifferentiable viscoplastic models
by relaxing the rate-of-strain tensor. An open source finite element environment, freefem++ [44],
is used to discretize Eqs. (17) and (18). Anisotropic adaptive meshing at the pore scale in �/X̄ is
coupled with our computational scheme (see Fig. 2 of [12]). Our entire computational framework
has been extensively validated in our previous studies (for more details, see [10,29,30,45–47]). The
velocity boundary conditions on the faces of the computational domain and the enforcement of the
flow rate are explained in [10,12,48]. A no-slip boundary condition is enforced on all solid obstacles.

Figure 2 illustrates four sample simulations at B = 1 (left column) and B = 100 (right column)
for two different media at φ = 0.1 (top row) and φ = 0.5 (bottom row).

IV. YIELDING TO FLOW

In this section, we examine the yield limit (B → ∞) by revisiting our previously proposed model
and the associated scaling derived in [12]. Furthermore, we compare this scaling with another
recently proposed upper bound in [27]. To facilitate the discussion, we define the yield number
as

Y = τ̂y

(�P̂/L̂)	̂
= B

�P/L
. (21)

The yield number is essentially the inverse of the nondimensional applied pressure gradient. When
the applied pressure gradient is less than the critical threshold (�P̂c/L̂), flow does not initiate, and
Y > Yc indicates that the yield-stress resistance is greater than the driving stress, i.e., the system is
completely unyielded with Q̂ = 0. If Y < Yc, however, flow occurs at least through the first open
path (see Fig. 1), leading to a nonzero flow rate. Hence, the critical yield number Yc characterizes
the onset of the flow. It can be calculated using our computational scheme via

Yc = τ̂y

(�P̂c/L̂)	̂
= lim

B→∞
B

�P/L
= lim

B→∞

∫
�\X̄ u dA

j(u)
, (22)

which is indeed a rearrangement of expression (19) considering that, at the yield limit, the viscous
dissipation is at least one order of magnitude less than the plastic dissipation. In our prior work [12],
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FIG. 2. Contours of velocity magnitude for two sample realizations: (a),(c) B = 100; (b),(d) B = 102. In
top row, φ = 0.1 and in the bottom row, φ = 0.5.

we proposed scaling,

Yc ∼ h̄ch

Lch/L
, (23)

for a porous medium, in which hch is the local varying height of the first open path and Lch/L
represents its tortuosity (see Fig. 5 of [12]). In the above expression, h̄ch represents the mean height
over the total length of the first open channel. Using our extensive pore-network computational data
of the randomized circular obstacles [11], we found that

〈h̄ch〉 ∼ 1 − φ and 〈Lch/L〉 ∼ φ, (24)

where 〈·〉 is the ensemble average over the entire set of simulations (≈500 simulations for each φ).
Substituting these into expression (23), we proposed

Yc = 1

π

1 − φ

φ
, (25)

which was validated across various types of porous media, including monodispersed and bidispersed
circular, square, and polygon obstacles in [12] (see Fig. 6 of [12]).

As mentioned, very recently, Castañeda [27] derived an upper bound of the applied pressure
gradient, expression (5). In the yield limit, the leading order is the second term on the right-hand
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FIG. 3. Critical yield number (Yc) for five sample realizations at different solid volume fractions, φ =
0.1, 0.3, and 0.5. For each realization, the left bar (green), the middle bar (blue), and the right bar (beige)
correspond to Eq. (25), the DNS result, and the upper bound (26), respectively. The numerical values on each
bar indicate the percentage error relative to the DNS result, i.e., the absolute difference between the predicted
Yc by expression (25) or (26) and the DNS result divided by the DNS value.

side of (5) as ÛD → 0 in this limit, allowing us to convert it to an inequality,√
κ0

(1 − φ)
� Yc. (26)

It is worth noting that using expression (3) proposed by Al-Fariss and Pinder [17] results in
almost the same critical yield number (though with an equality sign), differing only by a factor of√

24/25 ≈ 0.98. An alternative simple derivation presented in Appendix B yields the same scaling.
It should be noted that calculating Yc using the above inequality (or equality in the case of Al-

Fariss and Pinder’s proposed model) requires prior knowledge of the permeability of the medium
in the Newtonian limit, κ0. In our previous work [12], to compare this bound with our model and
computational data, we estimated κ0 using the BCK model [i.e., expression (10)] and substituted it
into expression (26) (see the blue line in Fig. 6 of [12]). However, in the present study, for further
comparison, we individually investigate some sample realizations: we compute κ0 for these sample
realizations directly through numerical simulations at B = 0, and then use this to calculate the bound
for Yc by the above expression. Then we individually compare the performance of Castañeda’s
bound/Al-Fariss and Pinder’s model against our model (25) for each realization. Figure 3 shows
this comparison for five individual realizations chosen from three different solid volume fractions
(i.e., 15 realizations in total).
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Please note that our model (25) is derived from statistical data of a wide range of solid volume
fractions, and therefore predicts Yc as a function of φ alone. In other words, in our model, the critical
yield number remains constant across different realizations with the same φ. In Fig. 3, we present
the results for five representative realizations at φ = 0.1, 0.3, and 0.5. For each case, the left bar
(green) represents our model (25), the middle bar (blue) corresponds to the computed data using
direct numerical simulations (DNS), and the right bar (beige) is Castañeda’s bound (26). The value
displayed on each bar indicates the relative error compared to the DNS result, i.e., the absolute
difference between the predicted Yc by expression (25) or (26) and the DNS result divided by the
DNS value.

As is clear in Fig. 3, our model consistently outperforms the other two bound/model, particularly
at higher solid volume fractions. Nonetheless, expression (23) can be used directly for any individual
realization. For instance, in realization No. 5 at φ = 0.1, the DNS yields Yc = 2.22, expression
(23) predicts Yc = 1.95 (error ≈ 12.1%), while expression (25) gives Yc = 2.86 (error ≈ 28.8%).
Despite this, both our predictions are notably closer to the DNS value compared to the bound (26)
or Al-Fariss and Pinder’s model, which in this case shows an error of approximately 40%.

V. DARCY-TYPE LAW FOR VISCOPLASTIC FLUIDS

The aim of this section is to propose a general Darcy-type law that predicts the pressure gradient
of a viscoplastic fluid flow through porous medium as a function of its porosity and the Bingham
number:

�P/L = f (φ, B), (27)

which remains reasonably accurate across all flow regimes discussed earlier. As previously outlined,
when B → 0, the problem approaches the Newtonian limit and the fluid flows nearly everywhere
in the domain, while for B → ∞, the flow is highly localized to a single path and most of the
fluid remains unyielded. For this latter regime, we have already developed a model for the critical
pressure gradient in the previous section:

lim
B→∞

f (φ, B) = π
φ

1 − φ
B. (28)

Now, we consider the other limit B → 0. In Sec. II, we reviewed several models proposed for
this Newtonian limit. Among them, series-based solutions can be readily fitted to 2D numerical data
with a general form,

lim
B→0

f (φ, B) = a

− log φ + b + cφ + dφ2 + O(φ3)
, (29)

where compared to expression (14), the unkown coefficients account for differences in drag due to
obstacle shape (e.g., square vs cylindrical) and the randomized distribution used in the present study,
as opposed to fixed periodic arrangements (e.g., square or regular face-to-face, hexagonal lattices,
etc.).

Figure 4 presents the ensemble average of the pressure gradient versus the solid volume fraction
obtained from all simulations (20 for each φ) performed at B = 0 with the randomized geometries
(solid symbols with uncertainty bars). The lower and upper bounds corresponding to the square
and triangular obstacle arrangements are shown as hollow symbols in lighter and darker green,
respectively. The continuous red curve and the two green dashed lines are fits of expression (29)
into the ensemble average and the lower and upper bounds. The fitted coefficients are reported in
Table I of Appendix C. The red dashed line shows the BCK model [Eq. (10)] fitted with a prefactor
of 0.031. Over the range of φ investigated here, expression (29) offers a more accurate fit to our
DNS data in comparison to the BCK model: R squared is 1 for expression (29) while for BCK, it
is almost 0.97. Note that the BCK model is originally derived for three-dimensional (3D) systems,
although it has been previously used to interpret 2D data as well, e.g., in [23].

093301-10



COMPREHENSIVE DARCY-TYPE LAW FOR VISCOPLASTIC …

FIG. 4. Nondimensional pressure gradient at B = 0 (Newtonian case) as a function of solid “volume”
fraction. The solid symbols with uncertainty bars represent the ensemble average of the computations for
the randomized realizations; the red continuous and dashed curves are the fitted expression (29) and the BCK
model [i.e., expression (10)], respectively. The upper and lower bounds are also gathered from the computations
with the triangular (i.e., staggered) and the square (i.e., regular face-to-face) arrangement of the obstacles,
respectively, which are shown schematically in the inset. The green dashed curves are the fitted expression (29)
on the upper and lower bounds.

For a general Darcy-type law, we now propose a simple linear combination of the Newtonian
Darcy law (29) with the yield limit model (28):

�P/L(φ, B) = lim
B→0

f + lim
B→∞

f = a

− log φ + b + cφ + dφ2 + O(φ3)
+ π

φ

1 − φ
B, (30)

FIG. 5. Proposed Darcy-type law: (a) surface plot of Eq. (30) across a range of Bingham numbers and solid
“volume” fractions. Panels (b)–(e) show specific cross sections of this surface at (b) φ = 0.1, (c) φ = 0.3,
(d) φ = 0.5, and (e) φ = 0.55 with continuous lines. In panels (b)–(e), the symbols represent the ensemble
average of the DNS data (randomized porous media) with uncertainty bars.
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in which the free parameters in the Newtonian Darcy component (first term on the right-hand
side) are determined as discussed above. Figure 5(a) illustrates the proposed expression (30) as
a surface in the space B and φ. As expected, the pressure gradient increases monotonically with
both the Bingham number and the solid volume fraction. Panels (b)–(e) compare the proposed law
(continuous curve) with the ensemble average DNS data (20 realizations for each φ) for various
solid volume fractions (i.e., φ = 0.1, 0.3, 0.5, and 0.55) represented by symbols and uncertainty
bars. Great agreement can be evidenced with the computational data which confirms the validity of
the proposed law (30).

VI. SUMMARY AND CONCLUSION

Adaptive finite element simulations based on an augmented Lagrangian scheme were performed
to anticipate the study of fluid flows of yield-stress fluids in porous media. The main aim was
to propose a general Darcy-type law for viscoplastic fluids that predicts the pressure gradient
required to sustain a given flow rate across the entire range of relevant parameters (encapsulated
by a dimensionless Bingham number, B). This work presented a natural extension of the framework
developed in our previous study [12] where a universal scale was introduced for the limiting pressure
gradient that should be exceeded to initiate the flow due to the yield-stress resistance. This yield
limit is mimicked by B → ∞ in our resistance formulation. To complement this, we first adopted a
model for the other missing part of the Darcy-type law puzzle—the viscous limit, B → 0—from the
pool of previously proposed Newtonian Darcy laws in the literature, briefly reviewed in Sec. II. By
fitting this model to our 2D computational data (Sec. V), we not only validated its applicability but
also determined the corresponding fitting coefficients for randomized square-obstacle topologies.
Finally, we combined the models for these two limits to derive a general Darcy-type law applicable
across the full spectrum of Bingham numbers (spanning from B → 0 or the viscous limit to B → ∞
or the yield limit) and a wide range of solid volume fractions, namely, φ ∈ [0.1, 0.55].

Moreover, in Sec. IV, we conducted a detailed comparison between our previously proposed
model for the yield limit [i.e., expression (25)] and the upper bound derived by Castañeda [27]
using a homogenization approach [i.e., expression (26)]. Our analysis demonstrated that our model
provides a more accurate prediction of the critical yield number (inverse of the dimensionless
limiting pressure gradient), particularly at higher solid volume fractions or indeed lower porosities.

Regarding our proposed Darcy-type law [i.e., expression (30)], it should be noted that this
expression is derived based on a combination of theoretical modeling and analyzing exhaustive
computational data. However, this should not be confused with the fact that individual realiza-
tions/topologies may exhibit distinct microscale characteristics. Rather, our proposed Darcy-type
law is indeed a statistically averaged model that inherently filters out such microstructural variations,
providing a generalized predictive framework at the macroscale.

From an application perspective, we make a few comments regarding our model. First, the
permeability of viscoplastic fluid flows is a function of the rheological parameters and structure
of the medium. In the case of Bingham fluids, for example, this may be expressed as

κ̂ = f̂ (μ̂p, τ̂y, φ). (31)

The rheological properties of the material are encapsulated in the dimensionless Bingham number
in the present study. The proposed framework can be readily extended to accommodate other
“simple” yield-stress fluid models. For example, the Herschel-Bulkley model could be incorporated
by modifying the viscous limit term, limB→0 f , in expression (30) to reflect shear-thinning behavior.
The yield limit term, however, remains unchanged, as the critical yield number is independent of
the fluid’s viscosity: in the yield limit regime, the viscous dissipation a(u, u) is at least one order
of magnitude smaller than the plastic dissipation B j(u). Incorporating more complex rheological
behaviors such as elastoviscoplasticity [15,16] into this framework is more challenging and will be
the focus of our future works. Furthermore, various porous topologies should be investigated in our
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future studies, including polydisperse obstacles in order to expand the applicability of our proposed
model.

It should be noted that, in the present study, our focus was exclusively on 2D flows. Three-
dimensional analysis is left for future investigations. Nevertheless, the presented framework would
also be valid in 3D, provided that suitable models for the viscous and the yield limits are combined.
Although 3D viscous models are already well established (several of those have been reviewed
in Sec. II), a sound yield limit mathematical model in 3D [i.e., a three-dimensional version of
expression (25)] is still required. Accurate 3D DNS results or experimental data are also essential
for validation purposes.
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APPENDIX A: POISEUILLE FLOW OF A BINGHAM FLUID IN A CAPILLARY TUBE

Here, we derive the velocity profile and the corresponding flow rate expressions for a Poiseuille
flow of a Bingham fluid in a capillary tube with radius R̂c. The momentum balance equation in this
case reduces to

d p̂

dẑ
= 1

r̂

d

dr̂
(r̂τ̂ ) or τ̂ = dp̂

dẑ

r̂

2
, (A1)

where τ̂ is the shear stress and z direction is aligned with the tube’s axis. In this case, the Bingham
constitutive equation (16) reduces to

d p̂

dẑ

r̂

2
= μ̂p

dû

dr̂
− τ̂y, iff r̂ > R̂Y ,

dû

dr̂
= 0, iff r̂ � R̂Y , (A2)

where R̂Y denotes the radius of the core unyielded region or R̂Y = −2 τ̂y

dp/dz = 2 τ̂y

�P/L . Hence, the
velocity profile will be

û = −1

4μ̂p

�P̂

L̂

(
r̂2 − R̂2

c

) + τ̂y

μ̂p
(r̂ − R̂c) iff r̂ > R̂Y ,

û = ÛY iff r̂ � R̂Y , (A3)

given that û(r̂ = R̂c) = 0. In Eq. (A3), ÛY is the uniform velocity of the core unyielded region.
Therefore, the mean velocity in the capillary is

Û =
∫ R̂c

0 2π ûr̂ dr̂

π R̂2
c

= − 1

R̂2
c

∫ R̂c

R̂Y

r̂2 dû

dr̂
dr̂ = 1

μ̂p

[
1

8
R̂2

c

�P̂

L̂
− 1

3
R̂c τ̂y + 2

3

1

R̂2
c

τ̂ 4
y

(�P̂/L̂)3

]
. (A4)

As is evident from this expression, the flow rate of a viscoplastic Poiseuille flow is a nonlinear
function of the pressure gradient and the yield stress. Al-Fariss and Pinder [17] assumed that
R̂Y /R̂c � 1 in deriving the flow rate expression. This is only valid in the Newtonian/viscous limit
where τ̂y � (�P̂/L̂)R̂c. In the porous media flows, however, this assumption is typically invalid
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(see the bottom panels in Fig. 1 where finite unyielded regions are clear in the flow paths between
the obstacles). Under this assumption, the last term in Eq. (A4) is omitted, resulting in a simplified
linear form of expression (3).

APPENDIX B: GENERALIZED BCK MODEL FOR A BINGHAM FLUID

We derive here a generalized BCK model for Bingham fluid flows by following the same
procedure outlined in Sec. II A. From Eqs. (7) and (A4), we can conclude that

κ̂ = (1 − φ)

[
1

8
R̂2

h − 1

3
R̂h

τ̂y

(�P̂/L̂)
+ 2

3

1

R̂2
h

τ̂ 4
y

(�P̂/L̂)4

]
, (B1)

where the hydraulic radius is

R̂h = 1 − φ

φ

R̂c

3
. (B2)

Hence,

κ̂

R̂2
= 1

72

(1 − φ)3

φ2
− 1

9

(1 − φ)2

φ

τ̂y

(�P̂/L̂)R̂
+ 18

3

φ2

(1 − φ)

τ̂ 4
y

(�P̂/L̂)4R̂4
, (B3)

or in nondimensional “resistance” form,

1 = 1

72

(1 − φ)3

φ2

�P

L
− 1

9

(1 − φ)2

φ
B + 18

3

φ2

(1 − φ)

B4

(�P̂/L̂)3
. (B4)

If we retain only the first two linear terms in expression (B3), as done by Al-Fariss and Pinder [17],
the pressure gradient can be explicitly expressed in terms of the superficial velocity and the yield
stress, (

�P̂

L̂

)
linearized

= 72μ̂pÛD
1

R̂2

φ2

(1 − φ)3
+ 8

R̂

φ

1 − φ
τ̂y. (B5)

Now, it can be alternatively explained why the yield limit term in expressions (3) and (5) takes the
form

√
(1 − φ)/κ̂0. Considering κ̂0 = R̂2

72
(1−φ)3

φ2 [the first term in (B3)], which is indeed the BCK
model for a viscous fluid, we can rewrite the prefactor of τ̂y in expression (B5) as

8

R̂

φ

1 − φ
∼

√
φ2

R̂2(1 − φ)2
∼

√
1 − φ

κ̂0
. (B6)

APPENDIX C: FITTING PARAMETERS

Table I reports the fitted parameters used in Fig. 4 for the average randomized DNS data,
triangular arrangement (upper bound), and square arrangement (lower bound).

TABLE I. Fitted parameters of Eq. (29) used in Fig. 4.

DNS data Lower bound Upper bound

a 0.4091 0.6824 0.6656
b −2.1954 −1.8148 −2.0637
c 4.1141 2.8705 3.4974
d −2.1874 −1.1157 −1.5139
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