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Abstract: Optimal actuator and control design is studied as a multi-level optimisation problem,
where the actuator design is evaluated based on the performance of the associated optimal
closed loop. The evaluation of the optimal closed loop for a given actuator realisation is a
computationally demanding task, for which the use of a neural network surrogate is proposed.
The use of neural network surrogates to replace the lower level of the optimisation hierarchy
enables the use of fast gradient-based and gradient-free consensus-based optimisation methods
to determine the optimal actuator design. The effectiveness of the proposed surrogate models
and optimisation methods is assessed in a test related to optimal actuator location for heat

control.
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1. INTRODUCTION

In engineering, an actuator is a device that materialises
the control action within a physical system. Actuators can
be mechanical, electrical, hydraulic, or magnetic (Kalise
et al., 2018). The design of actuators (and sensors) is a
fundamental engineering challenge arising, for instance, in
vibration control through the design of piezoelectric actu-
ators (Peng et al., 2005), and in active noise cancellation
in automobiles and aircraft (Morris, 1998).

From a mathematical viewpoint, actuator design precedes
the standard control design paradigm where, for a given
control system, a control signal is synthesized to achieve
a desired performance. Actuator design is concerned with
the specification of a control-to-state map which deter-
mines the capabilities of the control signal. In this work, we
follow an optimisation-based approach for actuator design
and control synthesis. We develop a multi-level optimi-
sation pipeline where the actuator design is at highest
level of the hierarchy, and is optimised according to the
performance of the associated optimal closed loop, which
corresponds to the lower level problem.

We are interested in optimal actuator design problems
where the underlying system dynamics are governed by
partial differential equations (PDEs). This has been ex-
tensively studied in Morris (2010) for linear quadratic
control problems, in Morris and Demetriou (2010); Kasi-
nathan and Morris (2013) for Hy and H, controller design
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objectives, in Privat et al. (2017) following a spectral
approach, and in Kalise et al. (2018) in the framework of
shape/topology optimisation. In our multi-level approach,
this translates into a computationally demanding lower
level problem, requiring the solution in the linear quadratic
case of a large-scale Algebraic Riccati Equation (ARE),
which renders evaluations of the higher level problem pro-
hibitively expensive.

We propose the use of neural network surrogates in our
multi-level optimal design/control pipeline to alleviate the
computational burden associated to the lower level optimal
control problem. The solution of this lower level problem
is characterized by a parameter-dependent value function,
where the parametric dependence is related to the higher
level optimal actuator design. The evaluation of the value
function and its gradient, which are intensively used for the
parametric optimisation, is approximated by the use of a
neural network trained by supervised learning as proposed
in Nakamura-Zimmerer et al. (2021); Albi et al. (2022);
Azmi et al. (2021). The use of a surrogate for the value
function leads to a significant acceleration of the evaluation
time for the lower level problem, enabling the use of both
gradient-based and gradient-free methods for the solution
of the higher level optimisation problems. This paper is the
first step towards a more comprehensive workflow dealing
with optimal actuator design for nonlinear PDEs.

The rest of the paper is structured as follows. In Sec. 2,
we introduce the multi-level optimisation framework for
optimal actuator and control design. In Sec. 3, we de-
velop neural network surrogates to approximate the value
function associated to the lower level of our hierarchy.
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We propose the construction of both unstructured and
structured surrogates, and evaluate their performance in
a prototypical example. Having built a suitable surrogate,
Sec. 4 is devoted to the presentation of optimisation algo-
rithms to solve the min-max problem arising in the higher
level of our hierarchy. We present a projected gradient
descent ascent and a consensus-based method for saddle
point problems and we illustrate their performance in a
problem related to optimal actuator location for a thermal
system.

2. A MULTI-LEVEL OPTIMISATION FRAMEWORK
FOR OPTIMAL ACTUATOR/CONTROL DESIGN

We consider parameter-dependent linear dynamical sys-
tems described by
dz

T = A2 + BOYut), 2(0) = 2 (1)

where A € R™ " and B(r) € R™™ is matrix-valued
function depending on the actuator location r € R™. Such
systems naturally arise after semi-discretization in space
of systems governed by PDEs, where r parametrizes the
location of m actuators. For the sake of simplicity, we
assume that the control space is of the same dimension as
the parameter space. However, the methodology developed
in this work can be seamlessly adapted to work over spaces
of different dimensions. We assume that each parameter
coordinate can be varied over some compact set 2 C R.

The linear quadratic controller design aims at finding a
minimising control u(t) € R™ to the cost functional

J (u; 29,7) = /000 [z(t)TQz(t) + u(t)TRu(t)} dt, (2)

where Q@ € R™*" . Q = 0, R€ R™*™ R > 0,and z(t) € R"
is determined by the dynamics (1).

For each parametric realisation r we assume that the pairs
(A, B(r)) are stabilisable. The optimal cost-to-go or value
function for a given initial condition zy and parameter r is

V (20,7) = HlelZI;{l J(u; 20, 1) = 24 1L(7) 20, (3)

with & = L2 ((0,+00); R™), denotes the linear space of
square-integrable functions defined from (0, +o0) to R™.
Note that expressing the value function as a quadratic
function of z is only valie for linear-quadratic prob-
lems. Moreover, in this case, II(r) solves the parameter-
dependent Algebraic Riccati Equation (ARE)

ATTI(r) +11(r)A—TI(r) B(r)R™*B(r) "TI(r) + Q = 0. (4)
We cast the actuator design problem as a parametric
optimisation problem,

f&iﬂl V(zo,7) = Tr&llr}n 2a TI(r) 2 . (5)
However, in general, the initial condition zy is not fixed.
For example, we can optimise r according to the worst
possible initial condition, that is,

inJ (u; = 0 1(r)z . 6
e g zo) = g 20l 0
llzoll=1 llzol|=1

We refer the reader to Morris (2010); Edalatzadeh et al.
(2021); Kalise et al. (2018) for the characterizations of
solutions to the optimal actuator design problem.

Overall, the simultaneous optmisation of the control sig-
nal and the parameter, together with an optimality-based

characterisation of the space of initial conditions of in-
terest, induces a hierarchy of costs which are cast as a
multi-level optimisation problem

min max minJ(u; z0,7) = min max V(z,7). (7)
reQm zopeR™ ueld reQm zoeR™
llzoll=1 llzoll=1

To eliminate the burden of computing the solution of
the ARE (4) at every evaluation of V(zp,r) within an
algorithm for the outer min-max problem, we propose to
build a closed-form surrogate for V(zp,r) using neural
networks.

3. SURROGATES FOR THE VALUE FUNCTION
WITH NEURAL NETWORKS

In a nutshell, deep learning is about realising complex
tasks such as speech, or image recognition, and language
translation, among others, by means of parameterised
functions called neural networks (NNs). A neural network
consists of neurons that are ordered into layers. We have
three different kinds of layers: input, hidden and output
layers (Svozil et al., 1997). Here, we are interested in
building neural network surrogates Vy(zg,r) : R**™ —
R for the value function V(zp,r), described in (3). In
what follows, all the neural networks considered are single
hidden layer feedforward NN with ReLu and/or softplus
as activation functions.

8.1 Unstructured Surrogates

To train the neural network, we collect IV, x N,. joint pairs
for the initial state zg and the design parameter r from
a uniform sampling of ||zo]| < 1 and Q™, respectively.
To generate output data, we calculate § := zg II(r)z for
each pair of initial state and design parameters. To train
the neural network parameters 6, we consider the mean
squared error loss function

1 Nz x N, ) 0 ) 9
LO) = > (V) —0) " (9)
“ o=

It is worth highlighting that from optimal control theory
one expects the value function to be non-negative since
the solution of the ARE is positive semi-definite. However,
with this unstructured approach, this cannot be guaran-
teed. In the following, we propose a structured surrogate
model by approximating the matrix II(r) instead.

8.2 Structured Surrogates

As the value function (3) is a quadratic function of the
initial state and requires the solution of the ARE (4), we
consider alternatively to construct a NN directly approxi-
mating II(r), which is a positive semi-definite matrix, thus
guaranteeing the non-negativeness of the value function.

We define a NN surrogate model to learn the unique
Cholesky decomposition of symmetric positive definite
matrices Ly and the solution of ARE (4) is approximated
by I(r) ~ Iy := Lg(r)L, (r). The diagonal elements of
Ly(r) are expected to be positive; thus, we define the
matrix valued surrogate
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)

Lg(’l“) = .
fna(r) Jon(T)
where
o (p(NNij)—FE, ifi:j,
Jii = {NNij, otherwise. ©)

with NN;; a two-layer neural network mapping r to a
scalar, ¢ an activation function and € a small enough
positive constant used to guarantee the diagonal entries
of the matrix are positive. A similar concept of learning
a symmetric positive definite NN was previously explored
by (Xu et al., 2021).

For the purpose of training, we generate N design pa-
rameter samples from Q" and thereby the corresponding
Riccati solutions II(r;). The loss function is hence defined
as

N
L(0) = Z TTp (i) = T1(rs) o

where || - ||fro is the Frobenius norm.

3.8 Numerical verification

We consider a prototypical example related to optimal
actuator location problem for a heating system, similarly
as in Kalise et al. (2018). After semi-discretisation in space,
the finite-dimensional linear dynamics are

% = Ax(t) + B(r)u(t), t € [0, +o0],
(0) = 2, (10

where A .= KM~ with
Ky = / (2)d(a) dr M, = / 6i(2)y(x) de

ro+om
B(r)ie :/ oi(z) dzx |
re—0m

with the functions ¢;(z) = sin(iz) on [0, 7], for all i,j =
1...,nand ¢ = 1...;m. The matrices appearing in (2)
are given by Q = M and R = id,;, x - Here, the parameter
r represents the location of m patches of length 2§ inside
the domain, each one associated to a scalar control signal.
Moreover, each entry of z(t) is commonly referred as a
“mode”.

In the following, we demonstrate the performance of un-
structured and structured surrogates Vy (2o, ) for a prob-
lem with n = 3,0 = 0.005, and m = 1, i.e., a single
actuator. In this work, all NN surrogates are built using
PyTorch.

For the unstructured surrogate, we consider 2z :=
Hjel_”n Z;, where Z; .= {-1+4+(i—1)/3.5|i€ (1,...,8)}
and 7 := {iw/100 | i € (1,...,99)}. We calculate the value
29 I, ()20 from {(z0,7) | 20 € %0,7 € 7}, thereby 51200
input and output data for training the neural network. We
construct the surrogate neural network with one hidden
layer with 128 neurons and ReLu as the activation function.
The training optimisation is solved with the Adam solver
with the learning rate le — 3 and 223000 iterations.

0.786 1 —— Real Value /-

Structured NN
—— Unstructured NN

0.784 4

0.782

LQR Value
= =
=~ =~
3 ®
® S

0.776 4

0.774 4

Fig. 1. Worst-case LQR values corresponding to true
Max| z,||=1 V(zo7 r), structured and unstructured sur-
rogates max| =1 Vo(20,7) form = 1 and n = 3. Both
surrogates effectively approximate the value function
without violating the non-negativeness constraint, the
structured surrogate generates a more accurate solu-
tion.

For the structured surrogate we compute II(r) at r €
7= {im/120 | i € (1,...,119)}, thereby 120 solutions
of the Riccati equation are applied for training the neural
network. Each element of the surrogate matrix takes NN
with one hidden layer with 128 neurons. It uses ReLu
as the activation function and ¢ as softplus (function
guaranteeing the positive definiteness). The parameter
is set to 1.192e — 7, i.e. the default smallest representable
number for 1oat32 in PyTorch. The training optimisation
is solved with the Adam solver with the learning rate le — 3
and 6000 iterations.

In Fig. 1, we show the values of the real value function
and the approximated unstructured and structured NN
surrogates. It can be seen that while both surrogates ef-
fectively approximate the value function without violating
the non-negativeness constraint, the structured surrogate
generates a more accurate solution.

We further consider the performance of the structured
surrogate Vpy(zp,7) on an approximation of (10) with
n = 10,m = 2. We calculate II(r) at r := (ri,7m2) €
{(r1,72) | m1,72 € 7}, where # := {(i — 1)7/19 | @ €
(1,...,20)}, thereby 400 solutions of the Riccati equation
are applied for training the neural network. Fig. 2 shows
the heat map corresponding to the absolute error of
| max =1 V(20,7) — max =1 Va(20,7)|, from where it
can be observed that the surrogate yields an accurate
approximation of the true value function.

The training process of the unstructured surrogate is lim-
ited by computational challenges, as it requires signifi-
cantly more training data — (V)" times more — compared
to the structured surrogate. (N,) stands for the amount
of samples consider for each of the n modes of the initial
condition.

4. SURROGATE OPTIMISATION

The true value function V(zp,r) and its gradient are
expensive to evaluate as they require the solution of an
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Absolute error |maxzoe z V(zo,r) - maxzo€ z Vp(zo,r)l
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Fig. 2. The heat map of absolute training error using the
structured NN for n = 10 and m = 2, with the
surrogate constructed as indicated in Subsec. 3.2.

ARE and additional sensitivity relations in the case of
the gradient. Instead, the NN surrogate Vy(zo,r) and its
gradient have closed-form expressions that can be readily
evaluated using automatic differentiation. In the following,
we use the trained surrogate to develop gradient-based and
gradient-free algorithms for the solution of the min-max
optimisation problem

min max Vy(zg, 7
reQm 202 (z0,7)

with Z = {z e R": ||z|| = 1} and Q™ = [0, 7]™.

(11)

4.1 Projected gradient descent ascent (PGDA)

One natural candidate for solving problem (11) is the
gradient descent-ascent (GDA) algorithm, which, at each
iteration, performs gradient descent over the variable r
with the step-size 7, and gradient ascent over the variable
zp with the step-size 7),,. We replace the admissible set by
the convex set Z = {z € R™: ||z]| < 1} without altering
the solutions of the problem thanks to the convexity of Vj
w.r.t. zg. The method is described in Alg. 1.

Algorithm 1 Projected gradient descent-ascent

Require: Objective Vp, initial guess ziMt, rinit,

Nz, Nr, and feasible set Z, Q™

k+0

28 < 2t and 7k - pinit

while k£ < K do
20"t = Projg (2§ + 12 Va0 Vo (25, 7)]
rk1 = Projoum [rF — 0.V, Ve (25, 7%)]
k< k+1

end while

return 2§, "

step-size

Even when considering linear dynamics, using NN surro-
gates to approximate the value function may result on
a lack of convexity-concavity. Moreover, it is well known
that PGDA fails to converge to a global Nash equilibrium,
see e.g., (Huang et al., 2024). Therefore, in this study, we

aim to overcome this limitation by employing a consensus-
based algorithm, as proposed by (Huang et al., 2024), to
address the min-max surrogate optimisation problem (11).

4.2 Consensus-based method for saddle points

A consensus-based algorithm (CBO) is an agent-based
global optimisation algorithm, which mimics interacting
agents communicating over a weighted mean (Totzeck,
2021). CBO methods use a finite number of agents, which
are formally stochastic processes, to explore the domain
and to form a global consensus about the minimiser as
time passes. The dynamics of the agents are governed by
two competing terms. A drift term that drags the agents
towards a momentaneous consensus point and a diffusion
term that randomly moves agents according to a scaled
Brownian motion, featuring the exploration of the energy
landscape of the cost.

In the min-max setting, two sets of agents corresponding
to the minimiser {(r)*}!, and maximiser {(z)'}}\? are
considered, respectively. The agent simulations are realised
using the standard Euler-Maruyama time discretisation
with the step size At. The algorithm can be summarised
in the procedure described in Alg. 2. For more details, we

refer the reader to Huang et al. (2024).

Algorithm 2 Consensus-based Optimisation

Require: Objective Vp, discrete time step At, number of
iterations K, parameters A1, Ao, 01, 092, o, 3, number of
particles Ny, Na, initial laws p., 0 and p, g
Generate the particles’ initial positions
{(Ma}i2y ~ pro and {(20)5}i2) ~ pzo,0
k<0
while k < K do
Compute (Zp)g, as given in (12a)
(20)341 = (20)),— A2 Atv(20) 402 diag (v(20)) W,
Compute (R)7" as given in (12b)
(Mig1 = (N — MAtw(r) + oy diag (v(r) W™,
k+—k+1
end while

return 2§, r"

—

Steps 6, and 8 in Alg. 2 are computed for alli =1,..., Ny
for (r)g+1 and ¢ = 1,..., Ny for (zo)k+1- Moreover, we

use the notation v(r) = (r)} — (R)Z and v(z0) = (20)}, —
(Zo)j- The consensus point (Rgo (ﬁyg) (Z0)j5 (ﬁi\f)?k)) is
defined by

Wey (f 20 dﬁi\;fk(zo),r)

o [, 5 (),
(R)3 / Jwa (f 20452, (20), ) | ) re(7)
" (12a)
o wog (20, [rapli(m)
(Zo)s = / ’ Hw_ﬁ (erﬁi\[}c(r))‘ L1 (p22,) rorter
" (12b)
where wq(20,7) = exp(—aVp(zo,7)) and w_g(z0,7) =

exp(B8Vy(zo,7)). Here ﬁi\fﬁk(zo) and ﬁiv,i(r) denote the
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empirical measures of minimiser and maximiser agents at
iteration k, respectively.

To penalise iterates leaving the set Z x Q™, we use a
modified objective function, i.e. penalty with a positive
value for the minimiser and with a negative value for the
maximiser in the objective V' := Vy + u(—|||l20]| — 1] +
S([r = rus)y + [ris —r]Y)), where p is a scalar penalizing
the constraint violation, [-]} is the I-th component of the
positive part of a vector and ry, ry, are low and upper
bound of the box constraints of r, respectively.

4.3 Numerical tests

We return to the example presented in Section 3.3 related
to optimal actuator location. We set n = 10, m = 2 and
we solve the surrogate min-max problem (11). The heat
maps corresponding to the real and surrogate worst-case
value functions are shown in Figs. 3 and 4, respectively.

For PGDA we select K = 2000, 1, = 3 x 1074, n,, = 1073
and initial guess z{"* = [0.5, -+ ,0.5], ririt = [2.5,2.5]. For
CBO-SP, we set K = 2000, a = 8 = 105, \; = 2,\y =
0.1,01 = 09 = 2, p = 10000 and initial law corresponding
to normal distributions p.o = N(r§™,diag(1.5,1.5)),
Pzo,0 = N (28, diag(1.5,- -+ ,1.5)), Ny = Na = 300.

The solutions obtained by PGDA and CBO-SP after K
iterations are rcpo—sp = [2.0472,1.1830] and rppga =
[1.9465,1.1927], respectively, are displayed in Fig. 4. Both
algorithms converge to similarly accurate solutions, dis-
tributing the actuators symmetrically in [0, 7]. From the
surrogate value function it can also be observed that ac-
tuators can be interchanged, as expected.

We validate the closed-loop performance of the optimal pa-
rameter and associated optimal control signals rcpo_sp.
For reference, we consider a sub-optimal solution where
both actuators are placed at the origin 7 = [0,0] .

Fig. 5, depicts the state of the three first modes when the
actuators are placed in a sub-optimal position (r = [0,0]T)
and the initial conditions are chosen randomly, whereas in
Fig. 6 we use the worst-case initial condition and optimal
actuator positions obtained with CPO-SP. We can observe
that in the case of a non-optimal position even for a
random initial condition the modes converge significantly
slower than in the optimal case. In fact, even in the
presence of worst initial condition, placing the actuators
properly allows the system states to be controlled to zero
within 0.7 seconds.

5. CONCLUSION AND FUTURE WORK

We have shown that multi-level control problems related
to optimal actuator/sensor design, where the optimal
parameter is linked to closed-loop performance, can be
computationally alleviated by the use of neural network
surrogates. This surrogate can be endowed with additional
structures which are relevant to the optimisation, such
as non-negativeness or convexity. Moreover, the use of a
neural network surrogate with a closed-form expression
after training, allows fast evaluation of the low-level value
function and its gradient using automatic differentiation,
which is considerably cheaper than sensitivity expressions

True value of max
zoe z

V(zo,r)

57

0 0.5 1 1.5 2 2.5
r1

Fig. 3. The heat map corresponding to the real worst-case
value function.

Value of surrogate maxzu cz V(zo,r)

Fig. 4. The heat map corresponding to the NN surrogate
worst-case value function. Red: solution trajectories
of PGDA, Magenta: consensus point trajectories of
CBO-SP. Initial points are depicted with a circle and
end points with a star.

for the value function requiring adjoint calculations. This
enables the use of both gradient-based and gradient-free
solvers for the higher-level min-max problem.

Our main interest in this subject is the development of an
effective pipeline for optimal actuator design and location
in nonlinear distributed parameter systems. We note that
while some parts of the proposed methodology may seem
redundant for the linear-quadratic problem presented in
this work, such as the use of a gradient-free solver for
the min-max problem, they will become essential in the
nonlinear case, where we can no longer rely on a Riccati-
based approach to characterize the value function of the
low-level optimal control problem.
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Mode trajectories of suboptimal actuator position
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Fig. 5. Mode trajectories of suboptimal actuator position.
The first three modes are demonstrated with circle,
triangle and cross, respectively.

Mode trajectories of optimal actuator position

—— ropo-sp = [2.0833,1.1747]7 & Worst init
—— ropo-sp = [2.0833,1.1747]7 & Random init

0.24

0.01

—0.24

—0.41

—0.6 1

—0.81

0.0 01 02 03 0.4 05 06 07

Fig. 6. Mode trajectories of optimal actuator position.
The first three modes are demonstrated with circle,
triangle and cross, respectively.
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