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Robust SME Investment and Financing under Market Frictions

Abstract
This paper develops a real option model of robust SME investment to investigate the

SMEs’ heterogeneous investment and financing strategies under market frictions. When
financing its project using the innovative credit guarantee scheme (Equity-for-guarantee
swap, i.e., EGS) under asymmetric information, the high-type firm (with a high scale of the
cash flow) can avoid underpricing its value by accelerating investment and distinguishing
itself from low-type firms. However, we demonstrate that with model uncertainty, cash flow
ambiguity amplifies investment distortion costs, making this signaling strategy ineffective.
These effects derive debt financing without guarantee dominating EGS when market belief is
significantly lower and it is more pronounced under relaxed financing constraints. We reveal
the different effects of ambiguity and risk on financing decisions. Ambiguity affects financing
decisions monotonically, while risk impacts are non-monotonic, which is determined by the
degree of equity dilution using guarantee.

Keyword: Ambiguity, Asymmetric information, Equity-for-guarantee swap, Financing con-
straint
JEL Classification: G11, G32

1. Introduction

Investment and financing are vital parts of operating any business. The accessibility
of external funding, particularly in terms of credit access and credit costs, significantly
impacts firms’ investment decisions. However, in a financial market with friction, information
asymmetry between enterprises and investors leads to a lack of investor understanding, which
erodes trust in the company and obstructs smooth financing channels. In general, small and
medium-sized enterprises (SMEs) are more vulnerable to financing constraints than mature
enterprises (Beck, 2007).1 Indeed, in addition to the problem of asymmetric information,
challenges like cash flow limitations, lack of collateral, and heightened credit expenses play a
crucial role as contributing factors to financing constraints,preventing SMEs from obtaining
full financing for their investments (Fazzari et al., 1988; Kaplan and Zingales, 1997; Lamont
et al., 2015; Love, 2015; Whited and Wu, 2006; Almeida and Campello, 2007; Hadlock and
Pierce, 2010). Under this backdrop, SMEs may face higher financing costs and higher risk

1In both developing and developed economies, it has been observed that small firms face limited access
to external finance, imposing more constraints on their operations and growth Berger and Udell (1998);
Galindo and Schiantarelli (2003).
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premiums (Beck and Demirguc-Kunt, 2006)2.
To address the financing constraints faced by SMEs, a variety of approaches are widely

employed. One common and effective solution in many countries is the provision of credit
guarantee schemes (CGSs) (Beck et al., 2010). Following financial turmoil and the COVID-
19 pandemic, there has been a significant surge in the global use of CGSs as a counter-
cyclical policy measure (Cirera et al., 2021). In 2022, the National Financing Guarantee
Fund supported 45.6 million SMEs, amounting to CNY 70.91 billion in guarantees (OECD,
2024). Boccaletti et al. (2024), using a unique dataset of approximately 31,000 Eurozone
firms during the 2009-2020 period, find that European SMEs utilizing CGSs are more likely
to access alternative financing sources, such as market-based finance, beyond traditional
banking. Furthermore, Caselli et al. (2019) note that CGSs led to enhanced profitability for
firms benefiting from guarantees, especially during periods of economic downturn. Finally,
Core and De Marco (2024) demonstrate that superior IT systems facilitate the provision of
a larger volume of guaranteed loans, particularly in regions lacking bank branches.

Beyhaghi (2022) points out that credit guarantee significantly reduces the cost of bor-
rowing for a firm and emphasizes the effectiveness of third-party credit guarantee. In China,
the Shenzhen High-Tech Investment Guarantee Corporation (SHTIGC) introduced a third-
party credit guarantee scheme called an equity-for-guarantee swap (EGS) in 2002, which
was first quantitatively analysed in Yang and Zhang (2013). This innovative contract in-
volves three parties: a bank or lender, an insurer, and a firm or borrower. Under the EGS,
the firm receives a guaranteed bank loan and compensates the insurer with equity shares
as a form of guarantee cost instead of conventional guarantee fees. By utilizing the EGS,
SMEs with financing constraints can access the necessary sunk costs for investment, thereby
easing financial burdens. Song et al. (2021) conduct a comparative analysis between the tra-
ditional CGS and the innovative EGS, demonstrating that the EGS outperforms the CGS
in effectively mitigating the severe financial constraints faced by SMEs. Under asymmet-
ric information, EGS not only mitigates SMEs’ financing constraints but also reduces the
investment and finance distortions (Wang et al., 2022). Luo et al. (2024) develop a dynam-
ic investment model using the Bayesian learning method to alleviate adverse selection and
reduce guarantee costs.

Recently, significant attention has been directed towards the effectiveness of credit guar-
antee scheme (EGS) under conditions of asymmetric information. For instance, Wang and
Kwok (2020) present a real option model that assumes a finite time horizon for the lifespan
of investment opportunities. They characterize the separating and pooling equilibria under
EGS and direct bank loans. Additionally, Wang et al. (2022) explore the roles played by
EGS in alleviating borrowing constraints for SMEs, enhancing the value for incumbent share-
holders, and test the implications of EGS on SME investment decisions under asymmetric
information. Meanwhile, Liu et al. (2021) develop a dynamic growth model incorporating
asymmetric information to determine the fair guarantee cost and explore how this cost d-

2The crucial role of SMEs in building net-zero economies drives more work to reduce the significant
constraints SMEs face in accessing and utilising sustainable finance.(OECD, 2024)
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iffers from that under symmetric information. Additionally, Xia and Gan (2021) analyze
the impact of EGS on the interaction between an entrepreneur’s initial financing and future
dynamic investment policies, concluding that EGS exacerbates the ex-post underinvestment
problem.

However, these models offer limited insights into the impact of ambiguity on the appli-
cability of EGS under asymmetric information and whether the introduction of ambiguity
alters the Pareto equilibrium of firms’ investment and financing choices. Risk refers to the
probability distribution of the state world is known, fuzzy (ambiguity) refers to the fact that
the information is not clear and cannot be characterized by a single probability distribution
(Gilboa and Schmeidler, 1989). Indeed, ambiguity plays a key role in SMEs’ decision-making
process. Ambiguity aversion makes the decision maker hope to find feasible and robust de-
cision rules in a set of approximate models. Zhao and Van Wijnbergen (2017) demonstrate
that ambiguity reduces asset values in a risk-averse environment, prompting more conserva-
tive decisions regarding project continuation. We develop a real option model of robust SME
investment with ambiguity aversion to investigate the SMEs’ heterogeneous investment and
financing strategies.

Risk aversion and ambiguity aversion are two central behavioral traits affecting strategy
selection problem (Andr et al., 2022). The corpus of research on risk-ambiguity predomi-
nantly targets investment behavior, with a consistent finding that both forms of aversion
make firms more likely to delay investment. Nishimura and Ozaki (2007) has made an es-
sential analysis of this phenomenon and articulated that ambiguity’s inherent influence on
irreversible investment project is distinctly at odds with the effects of traditional risk factors.
In the investigation into saving and portfolio selection, Andr et al. (2022) underscore that
what fundamentally matters with risk and ambiguity is the possibility of either adverse real-
izations or favorable outcomes. This paper further substantiates the conclusion by analyzing
SMEs’ financing decisions.

When firms make investment decisions, they often encounter uncertainty regarding future
cash flows. Specifically, entrepreneurs typically perceive the cash flow of an investment
project as a real-valued stochastic process generated by a geometric Brownian motion, yet
the measure of this Brownian motion remains uncertain. Klingebiel and Zhu (2023) posits
that many decision-makers exhibit a systematic preference for low ambiguity levels while
expressing aversion to higher degrees of ambiguity. Building on the framework outlined
by Nishimura and Ozaki (2007), we assume that decision-makers are ambiguity-averse and
define a real-valued process θt as a density generator. The set of density generators Θ
then generates a set of probability measures Pθ, which characterize the firm’s Knightian
uncertainty.

To model decision-making under ambiguity, we adopt the multiple-prior expected utility
model, aiming to maximize utility over the worst possible probability distribution. The cash-
flows accruing from the project, therefore, have to be discounted. The Multiple Expected
Utility (MEU) theory, pioneered by Gilboa and Schmeidler (1989), stands as one of the most
popular and effective models for describing ambiguity. Within the context of MEU models,
Elliott and Siu (2011) discuss an optimal investment problem of an insurance company.
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Nishimura and Ozaki (2007), Thijssen (2011), Neamtiu et al. (2014), and Zeng et al. (2018)
have found that ambiguity diminishes the value of investment opportunities, amplifies the
value of waiting, and increases the likelihood of delaying investment.

Building upon the insights from Wang et al. (2022), which examine the pivotal role of
EGS in alleviating borrowing constraints for SMEs and enhancing value for incumbent share-
holders, we extend our analysis to incorporate ambiguity into a signal game model. This
extension allows us to investigate the combined influence of ambiguity and information asym-
metry on firm investment and finance decisions. Unlike the approach taken by Viviani et al.
(2018), we adopt the framework proposed by Morellec and Schürhoff (2011), where outsiders
lack firm type information, distinguishing between high-cash-flow (high-type) and low-cash-
flow (low-type) firms. Given the inherent difficulty in observing or predicting project cash
flows, introducing ambiguity into SME investment models is a natural step. We further
posit that the level of ambiguity remains consistent across firms due to information sharing
between them.

This paper contributes to two strands of the literature. The first focuses on the theo-
retical investigation of the effectiveness of innovative credit guarantee scheme in alleviating
financing constraints for SMEs. While existing research predominantly examines how EGS
influences firm investment and financing decisions3, there is a significant gap in our quanti-
tative understanding of the factors driving the widespread use of EGSs in capital markets.
Additionally, limited attention has been paid to how SMEs choose between EGS and un-
secured debt when seeking capital. This paper aims to fill these gaps by quantitatively
exploring the dynamics between EGS and unsecured debt, unravelling the pricing intrica-
cies of these financing methods, and conducting a comparative analysis of the ex-post value
of entrepreneur wealth under both contractual arrangements. Our paper aims to investi-
gate the effectiveness of EGS in environments characterized by information asymmetry and
ambiguity. In scenarios where low-type firms exhibit imitative incentives, high-type firms
may opt to separate from low-type firms by accelerating investment. However, the presence
of ambiguity in cash flow introduces uncertainty, thereby increasing the expected cost of
investment distortions and making the signaling strategy ineffective.

In Wang et al. (2023), another companion paper, a similar real option framework is
utilised to explore the ramifications of volatility ambiguity on the optimal investment and
financing strategies of SMEs. However, this paper distinguishes itself from Wang et al. (2023)
in several significant aspects. Firstly, we employ a straightforward max-min approach (κ-
ignorance) to characterize ambiguity regarding SMEs’ growth potential. This method offers
a clear-cut measure of uncertainty surrounding firm performance. Secondly, we undertake
a comprehensive examination of how ambiguity, in conjunction with financial constraints
(key market frictions), influences SMEs’ optimal investment and financing behaviours. In
contrast, while Wang, Zhang, and Zhang’s model effectively addresses financial constraints,
our study provides a deeper exploration of the interaction between ambiguity and these

3See discussions in Wang et al. (2022); Song et al. (2021); Wang and Kwok (2020); Luo et al. (2024)
among others.
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constraints.
Second, this paper contributes to the empirical testing of SMEs’ investment and financing

policies. It examines how market conditions shape financing choices and investment deci-
sions, offering comprehensive and empirically testable implications regarding firms’ policy
choices. We demonstrate that rising level of ambiguity erodes the real option value of invest-
ments, increases the likelihood of opting for debt financing without guarantees, and expands
the pooling equilibrium, where high-quality firms face elevated financing costs. However,
heightened risk increases the value of investment options, and the relationship between risk
and financing decisions exhibits non-monotonic behavior. In low-risk environments, SMEs
facing financing constraints due to adverse selection tend to prefer credit guarantee schemes
(e.g., EGS). Under the limited liability mechanism (moral hazard), SMEs in moderate-risk
environments are more inclined to choose debt financing without guarantees. Conversely, in
higher-risk scenarios, SMEs favor EGS for risk-sharing purposes (adverse selection) 4. No-
tably, our analysis highlights several key empirical implications. First, our model predicts
that EGSs are more prevalent among SMEs with limited debt capacity. Additionally, firms
in markets with higher confidence are more likely to issue EGSs. On the other hand, fac-
tors such as ambiguity, operating expenses, and growth potential are expected to reduce the
likelihood of EGS issuance.

The structure of the paper is as follows. Section 2 presents the benchmark model of
SME investment with EGS or unsecured debt under ambiguity, followed by a comprehen-
sive exploration of SMEs’ equilibrium investment strategies under asymmetric information
in Section 3. In Section 4, we analyze the financing choices concerning the EGS-Debt set-
ting, and Section 5 provides the conclusion. Detailed technical developments and the base
parameterization are included in the Appendices.

2. Model

In this paper, we assume that an ambiguity-averse SME faces an irreversible risky project
in an incomplete market, where idiosyncratic risk cannot be fully diversified. Consequently,
the firm must compensate for both idiosyncratic and systematic risks. As Dammann and
Ferrari (2022), the project requires a constant sunk investment cost I. Once undertaken,
the project generates a continuous stream of cash flows xt, and the value it brings to the
firm depends on its type, indicated by the subscript k. Firms in the market exhibit a diverse
range of characteristics. For simplicity, we assume that there are only two types of firms:
high-growth firms (high-type k = h) and low-growth firms (low-type k = l). These two types
of firms engage in the same irreversible risky projects; however, the value derived from these
projects differs based on firm type k. High-type firms are positioned to achieve rapid growth

4This aligns with the model proposed by De Donder and Hindriks (2009), who argued that in the presence
of adverse selection and moral hazard, the concept of propitious selection has two characteristics: regularity
(where high-risk individuals act more cautiously) and single-crossing (where high-risk individuals exhibit
a higher willingness to pay for insurance). In this context, there is not necessarily a negative correlation
between ex post endogenous risk and insurance coverage.
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over extended periods, yielding higher returns and added value compared to their low-type
counterparts. Specifically, the incremental benefits from 1 unit of cash flow for high-growth
firms surpass those of low-growth firms, indicating that the cash flow scaling factors Λk for
the two types of firms are distinct with Λh > Λl > 0. Under asymmetric information, firm
types are private information known only to insiders, while outsiders rely on the market’s
belief about high-type firms, denoted by Pr (Λk = Λh) = p.

2.1. Cash Flow of the Project

At any time t after investment, a firm of type k generates a profit flow given by Λkxt−f ,
where f > 0 represents constant operating expenses, and xt is a publicly observable cash
flow shock that follows a log-normal diffusion process:

dxt
xt

= µdt+ σsdZt + σwdWt.

which is consistent with Thijssen (2011). Here, µ, σs, and σw are positive constants. In this
equation, Wt represents idiosyncratic risk, modeled as a Brownian motion that is independent
of the market risk factor Zt on the probability space (Ω,F , P ). The instantaneous volatility
of xt is denoted by σ, where:

σ2 = σ2
s + σ2

w.

In addition to the risk characteristics of the project, we assume the existence of two
traded assets in the market, with their price processes denoted as Bt and Mt, respectively,
following:

dBt

Bt

= rdt,
dMt

Mt

= µmdt+ σmdZt.

Here, r > µ is the risk-free interest rate, and µm and σm are positive constants. The first
security is a risk-free bond, while the second is a risky market index. The market index Mt

is correlated with the cash flow process xt, with correlation coefficient ρ, such that:

E
[
dMt

Mt

dxt
xt

]
= ρdt.

It is important to note that ρ = σs
σ

.
We begin by defining the stochastic discount factor, Φt, used by the representative in-

vestor in the market. The values of contingent claims are then calculated based on this
stochastic discount factor, which is derived from observable market prices. The martingale
pricing operator is given by:

dΦt

Φt

= −µφdt− hsdZt − hwdWt,
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where µφ = r and hs = µm−r
σm

is the market price of Z-risk. Following Thijssen (2011), we
assume that the market price of W -risk is a constant ψ. The discount factor Φt can be used
to price both risk-free and risky assets, given the incompleteness of the market.

Furthermore, there exists a probability measure Q on (Ω,F), under which the process xt
follows the stochastic differential equation:

dxt
xt

= [µ− σshs − σwψ] dt+ σsdẐt + σwdŴt,

where Ẑt and Ŵt are independent Q-Brownian motions.

2.2. Model Uncertainty

The CAPM suggests that ambiguity, this non-marketable risk, should be considered
idiosyncratic.5 As a result, under market incompleteness, the measure of idiosyncratic risk
cannot be uniquely determined. We now consider the case where there is no observable price
for W -risk, implying that ψ is uncertain. In other words, there may be model misspecification
or ambiguity regarding the firm’s cash flow shock. In this scenario, the firm’s owner faces
Knightian uncertainty, meaning the owner deals with a set of probability measures rather
than a single probability measure. However, we assume that the owner considers only small
perturbations of the reference measure Q. Specifically, the density generator is assumed to
move within a range [−κ, κ], where κ ≥ 0 measures the degree of Knightian uncertainty
(or ignorance), with κ = 0 indicating no ambiguity. This phenomenon is referred to as κ-
ignorance. The degree of Knightian uncertainty κ increases as the owner’s uncertainty about
the alternative probability measure grows.

To introduce Knightian uncertainty into our model, let Qθ represent the probability
measure of the alternative model. The density generator associated with the profit process
is defined as follows:

dχt
χt

= θtdŴt,

where θt = dQθ

dQ
parameterizes absolutely continuous changes of measure, satisfying

∫ t
0
θ2
sds <

∞ for all t ≥ 0, and with initial condition χ0 = 1. Here, χt is the Radon-Nikodym derivative
of Qθ, and W θ

t is a standard Brownian motion under the probability space
(
Ω,F , Qθ

)
, given

by:

dW θ
t = dŴt − θtdt.

Under the new measure Qθ , the evolution of the cash flow is given by

dxt
xt

= µθdt+ σsdẐt + σwdW
θ
t ,

5Thijssen (2011) explains that this result arises due to the assumption of quadratic utility. While it holds
with the CARA (Constant Absolute Risk Aversion) utility function, it is not appropriate for decision-makers
with CRRA (Constant Relative Risk Aversion) preferences.
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where
µθ = µ− σshs − σw(ψ − θ). (1)

2.3. Equity-for-guarantee Swap Schemes

SMEs mainly rely on banks to provide loans for their financing. In order to pursue their
own profits or reduce costs to a greater extent, banks are more inclined to lend to those
SMEs with good development prospects and strong strength and credit endorsement. When
conducting financing activities, SMEs are often required to provide collateral or guarantee
to meet the bank’s credit policy, which gives rise to a new swap agreement named equity-
for-guarantee swap (EGS). Following Yang and Zhang (2013), we hereafter generalize the
pricing of corporate securities about EGS by introducing model uncertainty. Firstly, we use
Π(x0) to denote the present value of a perpetual stream of cash flows xt starting at x0:

Π(x0)=min
θ

EQθ
[∫ ∞

0

e−rtxtdt

]
= min

θ

x0

r − µθ
=

x0

r − µ∗θ
.

where θ represents the ambiguity level of cash flow. From (1), we can get µ∗θ=µ − σshs −
σw(ψ+κ) = µ − σ[ρhs +

√
1− ρ2(ψ+κ)]. Obviously, the expected growth rate of cash flow

decreases as the level of ambiguity increases. The minimization over θ reflects ambiguity
aversion, where firms evaluate outcomes under the “worst-case” drift µ∗θ leading to conserva-
tive valuations. Secondly, we suppose that the sunk cost I is funded with risk perpetual debt
from investors with the help of the EGS. The coupon payment of the guaranteed debt is ck.
Bankruptcies are handled under liquidations at a particular time t(xdk) = inf

{
t : xt ≤ xdk

}
,

xdk is the default threshold of type k. During the survival period, the shareholders’ profit
flow is (1− τ)(Λkxt− f − ck), and the creditors’ profit flow is (1− τi)ck, where τ is effective
tax rate, 1− τ = (1− τc)(1− τd), τc is corporate profits tax rate, τd is effective dividends tax
rate and τi is personal tax rate. Once liquidation is implemented, the creditors take over the
firm and obtain the entire residual value of the firm.

At any time t after the investment, assuming xt = x, the present values of equity and
debt after investment can be respectively expressed as the value functions:

E+
k (x)=sup

t(xdk)

min
θ

EQθ
[∫ t(xdk)

t

e−r(λ−t)(1− τ)(Λkxλ − f − ck)dλ

]
. (2)

D+
k (x)=sup

t(xdk)

min
θ

EQθ
[∫ t(xdk)

t

e−r(λ−t)(1− τi)ckdλ+

∫ ∞
t(xdk)

e−r(λ−t(x
d
k))(1− τ)[(1− α)xλ − f ]dλ

]
.

(3)
where α is the default loss rate. (2) and (3) depend on the same Qθ, since financing ne-
gotiations make insiders and outsiders subject to a common level of ambiguity and have a
consistent estimate of cash flow.

Equation (2) is solved subject to the following boundary conditions. First, the value
of equity is worthless at default (value-matching): E+

k (xdk(ck)) = 0. The second condition
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is the standard no-bubbles condition: lim
x→∞

E+
k (x)/x < ∞. Apart from that, the value of

equity satisfies the smooth-pasting condition: ∂E+
k /∂x

∣∣
x=xdk(ck)

= 0, i.e., the default xdk(ck)

is chosen endogenously ex post to maximize the value of equity (Leland, 1998). And the
boundary conditions of (3) are as follows. One is the value-matching condition D+

k (xdk) =
(1− τ)[(1−α)ΛkΠ(xdk)−f/r]. This condition implies that when a firm defaults, the value of
debt equals the firm’s abandonment value minus the associated default costs. The other one
is the standard no-bubbles condition lim

x→∞
D+
k (x) = (1− τi)ck/r. Applying Feynman-Kac

theorem, it is then immediate to lead us to get the following theorem.

Theorem 2.1. For a given default threshold xdk, the values of equity and debt after investment
satisfies the following Hamilton-Jacobi-Bellman equation in the region for the cash flow shock
where there is no default (x > xdk):

rE+
k = min

θ
µθx

∂E+
k

∂x
+

1

2
σ2x2∂

2E+
k

∂x2
+ (1− τ)(Λkx− ck − f), (4)

rD+
k = min

θ
µθx

∂D+
k

∂x
+

1

2
σ2x2∂

2D+
k

∂x2
+ (1− τi)ck, (5)

where µθ is given by (1).

Proof The proof is relegated to Appendix A.

Clearly, the right-hand side is monotonic in θ, so there exists a unique solution for
minimization as θ = −κ. Substituting it back into (4) yields

rE+
k = µ∗θx

∂E+
k

∂x
+

1

2
σ2x2∂

2E+
k

∂x2
+ (1− τ)(Λkx− ck − f), (6)

The solution of (6) is E+
k (x) = A1x

ξ +A2x
ν +ΛkΠ(xdk)−

f+ck
r

, where ξ and ν are the positive
and negative roots of the equation 1

2
σ2y(y − 1) + µθy − r = 0. The standard no-bubbles

condition lim
x→∞

E+
k (x)/x <∞ implying A1 = 0, the value-matching condition E+

k (xdk(ck)) = 0

implying A2 =
(
ΛkΠ(xdk)−

f+ck
r

) (
xdk
)−ν

. Then, the value of equity after investment is given
by

E+
k (x) = (1− τ)

[
ΛkΠ(x)− f + ck

r
−
(

ΛkΠ(xdk)−
f + ck
r

)(
x

xdk

)ν]
(7)

and the default threshold determined by the smooth-pasting condition ∂E+
k /∂x

∣∣
x=xdk(ck)

= 0

is

xdk(c) =
ν

ν − 1

r − µ∗θ
Λk

f + ck
r

where ν = (σ2/2− µ∗θ)/σ2 −
√

[(σ2/2− µ∗θ)/σ2 ]2 + 2r/σ2 < 0, and we can observe that

the default threshold increases with the increase of ambiguity level which also shown in
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figure 1(d). Analogous to (6), the present values of debt can be solved by the following
formula

rD+
k = µ∗θx

∂D+
k

∂x
+

1

2
σ2x2∂

2D+
k

∂x2
+ (1− τi)ck.

We then get that D+
k (x) is given by

D+
k (x) = (1− τi)

ck
r
−
[
(1− τi)

ck
r
− (1− τ)[(1− α)ΛkΠ(xdk)−

f

r
]

](
x

xdk

)ν
(8)

In addition, we assume the investment threshold xik is given in advance. The equity-for-
guarantee contract ensures that the lender’s assets are risk-free, meaning that the lender will
receive all losses from the insurer if the SME defaults. That is to say, for a given coupon
payment ck, the value, denoted by Dguar,k, of the insurer’s compensatory payment to the
lender at the investment threshold xik satisfies

D+
k (xik) + (1− τi)Dguar,k(x

i
k) = D0(ck) ≡ I ≡ ck

r
(1− τi). (9)

This equation characterizes the risk compensation mechanism under the equity-for-guarantee
swap, ensuring full protection for the lender upon corporate default. It means that at the
investment threshold xik, the sum of the lender’s recovery value from the project D+

k (xik)
plus the insurer’s after-tax compensation (1 − τi)Dguar,k(x

i
k) must equal the after-tax value

of a risk-free perpetual bond ck
r

(1− τi) (i.e., the initial sunk investment cost). This equation
essentially constitutes the pricing mechanism of the guarantee contract, enforcing the risk-
neutral pricing principle to ensure the lender’s present value equals the risk-free investment
return regardless of default. (9) means that the optimal coupon ck = c = Ir/(1 − τi).
Lenders, meanwhile, are immune to ambiguity.

In combination with (9) and (8), we easily get

Dguar,k(x
i
k) =

[
c

r
− A[(1− α)ΛkΠ(xdk)−

f

r
]

](
x

xdk

)ν
where A =

1− τ
1− τi

.

In competitive markets, the firm’s owner must pay the insurer a fraction of equity
βE+

k (xik), whose value is equal to the insurer’s compensatory payment. We refer to β as
the guarantee cost and it is given by

βk =
(1− τi)Dguar,k(x

i
k)

E+
k (xik)

=
(1− τi)

[
c
r
− A[(1− α)ΛkΠ(xdk)−

f
r
]
] (xik

xdk

)ν
(1− τ)

[
ΛkΠ(xik)−

f+c
r
−
(
ΛkΠ(xdk)−

f+c
r

) (xik
xdk

)ν] . (10)

Equation (10) yields that the guarantee cost decreases as the quality of SME improves
(∂βk/∂Λk < 0). The proof is relegated to Appendix B.

11

Robust SME investment and financing under market frictions



2.4. Unsecured Debt Scheme

In this section, we explore the financing options available to SMEs for capital expendi-
tures without guarantees, referred to as the unsecured debt scheme, where investor value
is influenced by ambiguity. Recognizing the financing constraints typically faced by SMEs,
we assume that a firm can secure capital only up to a fraction of the required investment,
denoted as qI. Here, q ∈ [0, 1] represents the firm’s debt capacity, which is the maximum
proportion of the total investment cost that the firm can finance.

Given that the investment project is only partially financed up to qI, without reaching
full funding capacity, the project’s cash flow will be subject to discounting. Following Wong
(2010) and Wang et al. (2022), we assume that the firm’s cash flow scale will be discounted
by a factor of δΛkxt. The relationship between debt capacity q and the discounted cash flow
scale δ is given by:

q =
1 + δ2

2
,

where 0 ≤ δ ≤ 1. In the extreme case where q = 50%, the firm cannot proceed with the
investment project, as the cash flow shrinks to zero.

In the perfect information benchmark, the intrinsic value of equity E+
N,k and the value of

debt D+
N,k after investment are given by

E+
N,k(x, cN,k) = (1− τ)

[
δΛkΠ(x)− f + cN,k

r
−
(
δΛkΠ(xdN,k)−

f + cN,k
r

)(
x

xdN,k

)ν]
,

D+
N,k(x, cN,k) = (1− τi)

cN,k
r
−
[
(1− τi)

cN,k
r
− (1− τ)

[
(1− α)δΛkΠ(xdN,k)−

f

r

]](
x

xdN,k

)ν

.

The total value of the firm is in turn given by V +
N,k(x, cN,k) = E+

N,k(x, cN,k) + D+
N,k(x, cN,k).

Under participation constraint D+
N,k(x

i
N,k, cN,k) = qI, firm value before investment is given

by

V −N,k(x, cN,k) =
(
V +
N,k(x, cN,k)− qI

) (
x/xiN,k

)ξ
= E+

N,k(x, cN,k)
(
x/xiN,k

)ξ
.

where ξ = (σ2/2− µ∗θ)/σ2+
√

[(σ2/2 − µ∗θ)/σ2 ]2 + 2r/σ2 > 1. The coupon rate cN,k and in-

vestment threshold xiN,k are determined by (13). And the equity-maximizing condition yields

the endogenous default threshold satisfies: ∂E+
N,k/∂x

∣∣
x=xdN,k(cN,k)

= 0, then the endogenous

default threshold is given by

xdN,k =
ν

ν − 1

r − µ∗θ
δΛk

f + cN,k
r

.
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2.5. Optimal Investment Strategy

In this section, we focus on analyzing the optimal investment strategy of SMEs within
the framework of both EGS and unsecured debt under conditions of symmetric information.
The SME owner strategically chooses the optimal capital structure to maximize the value of
equity, while simultaneously determining the optimal investment threshold. We first examine
the optimal investment strategy within the EGS framework.

From (7), (8) and (10), we know that the total value of firm after investment is

V +
k (x) = E+

k (x) +D+
k (x) = (1− βk(xik))E+

k (x) +D0(c).

And the value of a type k firm at any time before investment is given by

V −k (x) =
[
(1− βk(xik))E+

k (xik) +D0(c)− I
]( x

xik

)ξ
. (11)

We assume that the investment decision is made by the firm’s owner. Therefore, for a
given coupon payment c, the smooth-pasting condition for the optimal investment threshold
xik requires:

∂V +
k

∂x

∣∣∣∣
x=xik(c)

=
∂V −k
∂x

∣∣∣∣
x=xik(c)

It immediately shows that the optimal investment threshold xik of type k is the solution to
the following equation:

(1− ν) (1− τ) ΛkΠ(xik) + ν (1− τ)
f + c

r
= (ξ − ν)

(
1− βk(xik)

)
E+
k (xik)

Furthermore, we obtain that the optimal leverage ratio of the firm with type k as follows

Lk =
D0(c)

(1− βk(xik))E
+
k (xik) +D0(c)

(12)

The optimal leverage ratio Lk represents the balance between the firm’s debt and its expected
returns, adjusted from investment and financing strategy. A higher leverage ratio can amplify
returns but also indicates increased financial risk and volatility in earnings, as it reflects a
greater reliance on debt financing.

Under the framework of unsecured debt, we define the optimal leverage ratio as LN,k =
D+
N,k(x

i
N,k)/V

+
N,k(x

i
N,k). Similar to the previous case with EGS, the optimal investment

threshold xiN,k and the optimal coupon cN,k are solved by the smooth-pasting condition

∂V +
N,k/∂x

∣∣
x=xiN,k(cN,k)

= ∂V −N,k/∂x
∣∣
x=xiN,k(cN,k)

(13)

subject to participation constraint: D+
N,k(x

i
N,k, cN,k) = qI.
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Figure 1: The impact of ambiguity level κ and debt capacity q on old shareholders’ value
(a), leverage ratio (b), investment threshold (c) and default threshold (d). (b) also shows
the change of guarantee cost (dotted green line, right axis). The base parametrization is in
Appendix C.

Under symmetric information, we assume that firms’ decisions are internally driven by
insiders. As a result, original shareholders pursue the first-best investment strategy based
on optimal decision-making principles. Notably, within this framework, the optimal equity
value of EGS surpasses that of unsecured debt, demonstrating EGS’s Pareto dominance over
debt. This occurs because EGS increases leverage, thereby expanding both the size of the
investment and the returns from the project.

Figure 1 shows the following findings. Compared with unsecured debt, EGS increases
SMEs’ value, lowers the investment threshold and raises the default threshold. A lower
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investment threshold means that investment is advanced and encourages firms to over-invest.
As depicted in figure 1(c) and figure 1(d), the optimal investment and default thresholds are
higher for SMEs with more constrained financing. Based on these findings, we state the
following proposition. To sum up, we can get that under symmetric information, the first-
best equilibrium for type-k firms is to finance through EGS, with investment threshold xik
and the coupon c = Ir/(1− τi).

As depicted in figure 1, it becomes evident that ambiguity diminishes the value for original
shareholders while elevating the investment threshold. Similar to risk, ambiguity induces a
delay in investment and enhances the value of waiting option by making waiting more likely.
However, the reason for waiting under ambiguity differs fundamentally from that under
risk (Nishimura and Ozaki, 2007). On one hand, heightened risk augments the value of
unimplemented projects under the premise of maintaining the value of implemented projects
constant, thus making waiting more lucrative. On the other hand, increased ambiguity
diminishes the value of both implemented and unimplemented projects, with the former
experiencing a more substantial decrease than the latter. Consequently, firms find it more
advantageous to adopt a waiting strategy.

Furthermore, figure 1(b) illustrates that the leverage ratio increases as the level of am-
biguity rises. This occurs because ambiguity lowers the value of equity. Additionally, we
observe that as financing constraints weaken, the leverage ratio increases, since reduced con-
straints allow for more external funding. Naturally, the leverage ratio with a guarantee is
higher than without a guarantee. Figure 1(b) also plots the guarantee cost for high-type firms
(dotted green line) as a function of the level of ambiguity. It demonstrates that as ambiguity
escalates, the cost of the EGS guarantee rises. This phenomenon results from the reduction
in equity value caused by ambiguity, leading to a higher guarantee cost, particularly in highly
competitive markets.

3. Optimal Investment Strategy under Asymmetric Information

The significant information asymmetry between financial institutions and SMEs is a
major factor contributing to the financing difficulties faced by SMEs. In our analysis, we
assume an incomplete financial market characterized by asymmetric information. We first
examine the optimal investment decisions of SMEs with EGS in the presence of information
asymmetry and ambiguity.

Given a strategy profile and beliefs over all information sets, we define the Perfect
Bayesian Equilibrium (PBE) as follows: A PBE consists of a strategy (xi, β(xi), c) such
that:

1. Each player can determine an optimal action given the strategies of the other players
and their own beliefs.

2. The players’ beliefs are reasonable, based on the information available to them and the
observed actions, and are consistent with Bayesian updating rules.
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3.1. The separating equilibrium

Firstly, let us define a separating equilibrium as a scenario wherein high-type firms invest
earlier than low-type firms, enabling investors to discern SMEs with superior development
prospects and robust strength. Conversely, in a pooling equilibrium, both types of SMEs
invest simultaneously, rendering the difficulty for external investors to differentiate between
firm types, which makes the value of high-type firms undervalued. As a result, high-type
firms may adopt a separating strategy by imposing mimicking costs on low-type firms. The
single-crossing (or Spence-Mirlees) condition is crucial to ensuring the existence of separation.
This condition dictates that the investment threshold can serve as an effective signal only if
the value of the high-type falls less than that of the low-type when distorting the investment.
This condition is represented by f > 0 (Morellec and Schürhoff, 2011; Wang et al., 2022),
thus we define that f > 0. Beyond this, it’s essential to note that the existence of a separating
equilibrium hinges on the comparison between the profits of signaling and pooling strategies.
Therefore, to ascertain whether a timing of investment leads to a separating equilibrium, we
must evaluate the following incentive compatibility constraints (ICC). To ensure that not
mimicking the high-type firm is better for low-type firm, we derive (14). Correspondingly,
the separating equilibrium requires (15) to hold for high-type firms.

(1− βh(x))E+
l (x) ≤ (1− βl(xil))E+

l (xil)
(
x/xil

)ξ
, (14)

(1− βh(x))E+
h (x) ≥ (1− βl(xil))E+

h (xil)
(
x/xil

)ξ
. (15)

When investing at the threshold x′ for which (14) is binding, the low-type firm remains
indifferent between mimicking the high-type firm and waiting to invest at its own first-best
timing. Conversely, for x < x′, the low-type firm prefers waiting until its first-best threshold
rather than mimicking the high-type firm. The lower bound x′′ of an interval solved by (15)
implies that when the value of the cash flow shock is above it, the high-type firm prefers
separating from the low-type firm. In other words, a separating equilibrium exists if the
value of the cash flow shock x satisfies x′′ ≤ x ≤ x′. Not all values of x ∈ [x′′, x′] necessarily
constitute a PBE. The unique least-cost separating equilibrium/PBE xisep with EGS occurs
at the lower threshold between x′ (which is greater than or equal to x′′) and xih. At this point,
high-type firms have no incentive to deviate from this strategy. And, putting xisep and Λh

into (10), we can get the high-type’s guarantee cost, denoted as βh(x
i
sep), which assures that

the insurer’s participation action is strategically optimal, fulfilling the subsequent equation:

βh(x
i
sep) =

(1− τi)
[
c
r
− A[(1− α)ΛhΠ(xdh)−

f
r
]
] (xisep

xdh

)ν
(1− τ)

[
ΛhΠ(xisep)−

f+c
r
−
(
ΛhΠ(xdh)−

f+c
r

) (xisep
xdh

)ν] .
In this equilibrium, outsiders can receive new information through strategic behavior and
distinguish the types of firms. We encapsulate our main findings in the following proposition.
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Proposition 3.1. (The separating equilibrium)
There exists a separating equilibrium in which high-type firms invest for a level of x ∈

[x′′, x′] . In the unique least-cost separating equilibrium, high-type firms investment strategy
is (min(x′, xih), βh(x

i
sep), c) , while low-type firms invest at their first-best investment threshold

xil and investment strategy is (xil, βl, c). The market value before investment is

V −sep(x) = pV −h,sep(x) + (1− p)V −l (x),

where V −h,sep(x) is the intrinsic value of the high-type firm before investment, given by

V −h,sep(x) = 1xih≤x′V
−
h (x) + 1x′<xih(1− βh(x′))E+

h (x′)
( x
x′

)ξ
V −l (x) is low-type firm’s value before investment given by (11).

To quantify the signaling costs for high-type firms, we measure the loss in project value
resulting from investing at the separating investment threshold instead of their first-best
threshold. This cost of signaling is quantified by:

ACsep(x) =
V −h (x)− V −h,sep(x)

V −h (x)
. (16)

3.2. The pooling equilibrium

As indicated in (16), the high-type firm incurs the signaling cost when opting to separate
from low-type firms. Consequently, high-type firms decide to separate from (or pool with)
low-type firms only when the benefits of being identified as a high-type firm outweigh (are
outweighed by) the signaling cost of investment distortion. In a pooling equilibrium, investors
are unable to distinguish between firm types and must rely on their prior belief, denoted as
p, to estimate firm type information. This prior belief of insurers regarding the firm type is
determined by Λp = pΛh + (1− p)Λl, while the pooled value of the firms before investment
is expressed as:

V −p (x) = (1− βp(xip))E+
p (xip)

(
x/xip

)ξ
, (17)

where βp and E+
p are represented by (10) and (7), respectively. Comparing βp and βh, we can

get that asymmetric information leads to a dilution of the high-type’s equity stake through
a greater guarantee cost under a same investment threshold.

Pooling is a Pareto dominant strategy for the low-type firm only the following ICC
condition holds

(1− βp(x))E+
l (x) ≥ (1− βl(xil))E+

l (xil)
(
x/xil

)ξ
. (18)

ICC (18) ensures that the low-type firm has an incentive to pool with the high-type firm
rather than revealing its true type. The left-hand side of the equation (18), (1−βp(x))E+

l (x),
represents the expected value for the low-type firm when it pools with the high-type firm.
The right-hand side, (1−βl(xil))E+

l (xil)(x/x
i
l )

ξ
, represents the expected value if the low-type
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firm were to deviate and reveal its true type. It ensures that the value from pooling is at
least as high as the value from revealing low-types’ true type.

For high-type firms, a result of a pooling equilibrium must satisfy two ICC conditions.
On the one hand, the value of the high type in the pooling equilibrium is larger than its
value in the least-cost separating equilibrium. On the other hand, the intrinsic value of high
type needs to be maximized in the pooling equilibrium, i.e.

(1− βp(x))E+
h (x) ≥ (1− βh(xisep))E+

h (xisep)
(
xisep/x

)ξ
, (19)

sup
xip

(1− βp(xip))E+
h (xip)

(
x/xip

)ξ
. (20)

ICC (19) ensures that the high-type firm has no incentive to deviate from the pooling
strategy and reveal its true type. It means that the value of the high-type firm in a pooling
equilibrium is not less than its value in the least-cost separating equilibrium. In a pooling
equilibrium, both high-type and low-type firms adopt the same strategy, making it difficult
for the market to distinguish between them. If the high-type firm were to separate, it faced
costs associated with signaling its true quality, which may outweigh the benefits of signaling
its type. Therefore, the ICC condition (19) ensures that the high-type firm is better off in
the pooling equilibrium.

(20) states that the expected value of the high-type firm in the pooling equilibrium should
be maximized over all possible pooling strategies. This condition ensures that the high-type
firm achieves the highest possible value given the pooling strategy. It reflects the idea that
the high-type firm should not be disadvantaged by the pooling behavior and should still be
able to capture the benefits associated with its high quality.

In summary, ICCs (18) and (19) jointly sustain the pooling equilibrium by aligning in-
centives for both firm types. They balance the incentives for firms to either pool or separate,
ensuring that the pooling equilibrium remains stable and beneficial for all participants in-
volved.

We now summarize our key results of pooling equilibrium in the following proposition.

Proposition 3.2. (The pooling equilibrium)
In the pooling equilibrium, both firm types offer an identical contract (xip, βp(x

i
p)), xih <

xip < xil, to the insurer, outsiders are unable to update their beliefs. Such an equilibrium
exists and is Pareto-dominant if and only if (18) and (19) are true at xip . Thus, the market
value of high-type firm in the pooling equilibrium is (17), and the intrinsic value is given by

V −k,p = (1− βp(xip))E+
k (xip)

(
x/xip

)ξ
.

Furthermore, the cost of adverse selection for high type firm under pooling equilibrium
is defined by

ACp(x) =
V −h (x)− V −h,p(x)

V −h (x)
.
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(d) Ambiguity level

Figure 2: The impact of project volatility (a), growth rate (b), cash flow scaling (c), and
ambiguity level (d) on corporate investment threshold under different equilibria.

3.3. Numerical results

signaling through Investment Timing
Figure 2 illustrates the first-best investment threshold, the pooling investment threshold,

the separating investment threshold, and the least-cost investment threshold as functions of
cash flow volatility (σ in figure 2(a)), growth rate (µ in figure 2(b)), high cash flow scaling
(Λh in figure 2(c)), and ambiguity level (κ in figure 2(d)), respectively.

Initially, we observe that separation represents a viable strategy as indicated by the
dotted blue line being lower than or overlapping with the solid red line, signifying xisep ≤ xih.
However, with an increase in the ambiguity level κ, the optimal investment strategy for
the high-type firm transitions from the separating equilibrium to the pooling equilibrium.
This shift occurs because higher ambiguity levels augment the incentive for low-type firms
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to mimic the investment behaviour of high-type firms. The escalation in ambiguity amplifies
the discrepancy in value between the two types of firms, thereby heightening the benefits
of mimicking while simultaneously increasing signal costs. Consequently, in scenarios with
elevated ambiguity levels, the cost incurred by the high-type firm for separating becomes
prohibitive, leading to the pooling equilibrium Pareto-dominating the separating equilibrium.
Consequently, in such instances, the high-type firm underinvests relative to its first-best
investment level.

In general, the investment threshold escalates with project volatility and ambiguity levels,
whereas it decreases with project growth rate and high cash flow scaling. Intriguingly, the
ambiguity level (κ) exhibits a positive correlation with the investment threshold, thereby
delaying investment, as depicted in figure 2(d). This delay primarily arises due to the
heightened ambiguity level, which augments the option value of waiting.

Effects of Ambiguity Aversion on SMEs’ Investment Decisions
In this section, we delve into the ramifications of ambiguity aversion on corporate invest-

ment within the context of least-cost equilibria. Figure 3 illustrates the investment threshold
as a function of volatility (σ) and high cash flow scaling (Λh) for various levels of ambiguity,
denoted as κ = 0, 0.1 and 0.2. Notably, we observe a monotonic relationship between the
investment threshold and changes in ambiguity level (κ). This monotonicity arises from the
cash flow growth rate being consistent across different ambiguity levels, thereby leading to a
consistent relationship between the equity value E+

k and the ambiguity level (κ), consequent-
ly influencing the investment threshold monotonically. Furthermore, it’s noteworthy that as
the ambiguity level increases, the scope of pooling equilibrium expands, a phenomenon that
we will discuss in greater detail later. For instance, akin to figure 2(d), the signaling cost for
high-type firms exhibits a positive correlation with κ. Consequently, heightened ambiguity
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(b) High cash flow scaling

Figure 3: The effects of volatility (a) and high cash flow scaling (b) on the least-cost
investment threshold for different levels of ambiguity.
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levels prompt high-type firms to enter the pooling equilibrium at lower volatility levels and
exit the pooling equilibrium at higher high cash flow scaling levels.

Impact of Ambiguity Aversion on Adverse Selection Costs
Turning our attention to the adverse selection costs, we investigate how ambiguity aver-

sion influences corporate investment distortion in incomplete markets characterized by asym-
metric information. Firms face investment distortion, and signaling firm-type information
to external investors incurs costs.

The evolving trend of adverse selection costs stemming from information asymmetry is
depicted in figure 4. It’s noteworthy that project volatility and high cash flow scaling (a met-
ric of the disparity in project quality between good and bad firms) exhibit a non-monotonic
impact on adverse selection costs, which can be elucidated by distinct investment strategies
outlined in figure 3. In scenarios where project volatility is low or the disparity in project
qualities is substantial, firms encounter no investment distortion even within incomplete
markets. This occurs because such extreme scenarios lead to a separating equilibrium, with
both types of firms investing according to their first-best strategies.

In general, adverse selection costs initially rise with project volatility (or the high cash
flow scaling), peaking around the median level before gradually declining to a lower level
or even zero. These non-monotonic effects can primarily be attributed to firms adopting
different strategies across various parameter ranges. For instance, the firm’s optimal strategy
transitions from the first-best equilibrium for lower project volatility, to the EGS separating
equilibrium when σ ∈ [0.2, 0.3], and ultimately adopts the EGS pooling equilibrium strategy
for higher levels of project volatility.

In the preceding section, we demonstrated how ambiguity prolongs the investment pro-
cess. Now, we shift our focus to its influence on investment distortion. As illustrated in
figure 4, heightened levels of ambiguity correspond to increased costs of adverse selection.
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Figure 4: Adverse selection cost. The figure plots the adverse selection cost as a function
of volatility (a) and high cash flow scaling (b) under different ambiguity level.
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On one hand, in a separation equilibrium, escalating ambiguity levels amplify the value
of waiting options, consequently elevating the cost of signaling. On the other hand, in a
pooling equilibrium, the present value of profit flows transitions from Λhx

r−µθ
to Λpx

r−µθ
. In this

scenario, ambiguity aversion exerts a negative impact on firm value.
The Guarantee Cost
figure 5 illustrates the guarantee cost as a function of volatility and high cash flow scaling.

The solid red line represents the guarantee cost for high-type firms without ambiguity, while
the dashed blue line and dotted black line denote firms with ambiguity levels κ = 0.1 and
κ = 0.2, respectively. The dash-dot green line signifies firms facing no ambiguity under
symmetric information. An escalation in ambiguity amplifies the guarantee cost due to
its adverse impact on the values of investment options. Conversely, an increase in project
volatility diminishes the guarantee cost under symmetric information, as it enhances the
value of real options.

Generally, under asymmetric information, heightened project volatility initially leads to a
separation equilibrium with a higher guarantee cost, followed by a pooling equilibrium with a
lower guarantee cost. Specifically, in a separating equilibrium, high-type firms incur a higher
guarantee cost due to the expense of transferring quality information to outsiders. Howev-
er, in a pooling equilibrium, the quality of high-type firms is significantly underestimated,
resulting in a greater reduction in equity value compared to bond value, hence leading to a
lower guarantee cost.
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Figure 5: The guarantee cost. The different panels plot the impact of volatility (a) and
high cash flow scaling (b) on the guarantee cost of high-type firms with different ambiguity
levels.
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Figure 6: The least-cost equilibrium. The different panels depict the least-cost equilibrium
as a function of the parameters σ, µ, Λh, p on the y-axis and the ambiguity level κ on the
x-axis. “First best” represents the separating equilibrium of EGS financing without adverse
selection cost. “EGS separation” represents the separating equilibrium of EGS financing
with adverse selection cost, and “EGS pooling” represents the pooling equilibrium of EGS
financing.

The Least-Cost Equilibrium of Financing through EGS
To gain deeper insights into firms’ optimal investment strategies (pooling vs. separating)

in incomplete markets, we analyse the distributions of different equilibria across various
parameters. Overall, ambiguity level (κ) promotes the pooling equilibrium, as depicted
in figure 6. Particularly, high-type firms opt to pool with low-type firms as the signaling
cost (investment distortion) outweighs the benefit of fair pricing of their securities (being
recognized as high-type). This effect is observed especially when the volatility of the cash flow
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shock is very high. Conversely, for low volatility, high-type firms benefit more by separating
from low-type firms.

Moreover, figure 6(c) demonstrates that an increase in project quality difference (Λh)
shifts the equilibrium from pooling to separation, consistent with the findings of Wang et al.
(2022). Additionally, we explore how market belief and ambiguity aversion jointly influence
the distribution of firms’ optimal investment strategies in figure 6(d). When the market
belief (p) that high-type firms are in the majority and the level of ambiguity (κ) is higher,
pooling dominates other investment strategies.

4. Corporate Financing Choice

4.1. Least-cost Equilibrium

In the perfect information benchmark, issuing EGS maximizes firm value because debt
financing without a guarantee incurs a discount on the cash flow scale. However, under asym-
metric information, issuing EGS may not be the optimal choice for incumbent shareholders.
It can result in securities’ underpricing in a pooling equilibrium or dilute the equity stake of
high-type firms in a separating equilibrium. To determine whether issuing unsecured debt is
an equilibrium strategy for the high-type firm, which can freely choose financing instruments,
we propose the following proposition:

Proposition 4.1. There exists a separating equilibrium with the corresponding strategy pro-
file ((Debt, xiN,h,sep, cN,h,sep); (EGS, xil, βl, c)).

The high-type firm finances by issuing unsecured debt, characterized by an investment
threshold and debt coupon payment (xiN,h,sep, cN,h,sep) for k = h, such that:

1. The incentive compatibility constraints are satisfied:

E+
N,l(x

i
N,h,sep, cN,h,sep) ≤ (1− βl(xil))E+

l (xil)

(
xiN,h,sep
xil

)ξ

,

E+
N,h(x

i
N,h,sep, cN,h,sep) ≥ (1− βl(xil))E+

h (xil)

(
xiN,h,sep
xil

)ξ

.

2. The budget constraint is satisfied:

D+
N,h(x, cN,h,sep) = qI. (21)

3. The intrinsic value of the high-type firm is:

V −N,h,sep(x) = E+
N,h(x

i
N,h,sep, cN,h,sep)

(
x

xiN,h,sep

)ξ

.
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The low-type firm finances by issuing debt with a guarantee, characterized by an invest-
ment threshold, guarantee cost, and debt coupon payment (xil, βl, c).

Before investment, the firm value satisfies:

V −N,sep(x) = pV −N,h,sep(x) + (1− p)V −N,l(x).

Proposition 4.1 demonstrates that a low-type SME is indifferent between mimicking a
high-type firm by investing at xiN,k,sep with coupon cN,k,sep and waiting to pursue its first-best
strategy. This implies that a high-type SME, by issuing straight debt, can signal its true
type to outsiders (i.e., distinguish itself from a low-type firm) by investing at or below the
investment threshold xiN,k,sep. (21) highlights the participation constraint, which emphasizes
the voluntary involvement of investors, particularly those evaluating high-type SMEs. It
is important to note that the EGS pooling equilibrium consistently outperforms the Debt
pooling equilibrium. This is because the first-best equilibrium indicates that EGS is Pareto
optimal under symmetric information, leading us to exclude the Debt pooling equilibrium
from consideration.

By combining the previously discussed investment and financing strategies, we can deduce
the least-cost equilibrium as characterized in Proposition 4.2.

Proposition 4.2. High-type firms issue unsecured debt as the least-cost option if and only
if:

V −N,h,sep(x) ≥ max
[
V −h,sep(x);V −h,p(x)

]
,

where V −h,sep(x) and V −h,p(x) are defined in Proposition 3.1 and Proposition 3.2, respectively.

Proposition 4.2 indicates that debt is the optimal financing decision under asymmetric in-
formation. At this point, shareholder value under the debt separation strategy is maximized,
and the strategy profile outlined in Proposition 4.1 constitutes a PBE.

4.2. Numerical result

We now simulate Proposition 4.2 and derive the financing strategy in the least-cost
equilibrium for various levels of ambiguity and cash flow volatility (or the market’s belief).
As shown in figure 7, EGS financing emerges as the preferred source of external funding in
most scenarios, especially when firms encounter severe financing constraints. However, firms
may opt to switch from EGS financing to no-guarantee debt financing when the ambiguity
level is exceedingly high. This shift occurs because the required compensatory payment by
the insurer surges with increasing ambiguity level, resulting in the cost of equity dilution for
high-type firms outweighing the cost of the discounted cash flow scale. In contrast, figure 7
Panel A illustrates that as risk (σ) escalates, financing decisions exhibit a non-monotonic
pattern transitioning from EGS to conventional Debt and back to EGS. This oscillation is
attributed to the influence of risk on the guarantee cost, where initial reductions are followed
by increments, and eventually decline.
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Figure 7: Financing strategies under asymmetric information. Panel A depicts the least-
cost equilibrium distribution for combinations of σ and κ with different debt capacity, q.
Panel B depicts the least-cost equilibrium distribution for combinations of prior belief p
and κ with different debt capacity, q. “First-best” represents the separating equilibrium of
EGS financing without adverse selection cost. “EGS separation” represents the separating
equilibrium of EGS financing with adverse selection cost, and “EGS pooling” represents
the pooling equilibrium of EGS financing. “Debt separation” represents the separating
equilibrium of debt financing without guarantee.

Furthermore, in figure 7 Panel A, when the project volatility is high, the ESG pooling
strategy dominates the no-guarantee debt separation strategy, particularly when firms face
severe financing constraints (i.e., at a lower level of q = 0.6). However, firms are more
inclined to choose no-guarantee debt separation once their financing constraints are relaxed,
such as at a higher level of q = 0.8.

It’s worth noting that, in our calculations, no-guarantee debt financing isn’t an attractive
strategy until the debt capacity q reaches 0.689. As the debt capacity is further eased to
q = 0.811, the EGS pooling equilibrium is entirely replaced by the separating equilibrium of
no-guarantee debt financing.

Figure 7 Panel B illustrates how asymmetric information and the ambiguity level jointly
influence firms’ financing choices in the least-cost equilibrium. We observe that when the
market holds a highly negative belief, the high-type firm prefers to issue unsecured debt.
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This outcome arises because a significantly negative market belief results in a substantial
market discount of the high-type firm’s value, consequently increasing the equity dilution
cost of separation for high-type firms. As anticipated, firms lean towards no-guarantee debt
financing when the ambiguity level is high, the market belief is low, and the debt capacity
is ample.

To further quantify the effect of EGS financing on corporate investment and value, we
present the old shareholders’ value and investment threshold of the high-type firm for both
the EGS financing and debt financing cases without guarantees. Details are depicted in
figure 8. In general, EGS enhances shareholders’ value by alleviating firms’ financial con-
straints when there is no asymmetric information, with a more pronounced effect observed
when financial constraints are more severe. However, such results may be overturned in
an incomplete market with asymmetric information, as firms optimally balance the cost of
equity dilution against the benefits of EGS financing (which relaxes financing constraints).
Specifically, EGS financing dominates (or is dominated by) debt financing without guarantees
in incomplete markets when the ambiguity level is low (or high). Additionally, figure 8(b)
illustrates that EGS enhances the firm’s investment incentive, leading to more readily avail-
able investments compared to the case of debt financing without guarantees. Our numerical
results align with our theoretical predictions in Proposition 4.2.
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Figure 8: The difference between an firm financing by EGS and financing by unsecured
debt regarding old shareholders’ value (a), Investment threshold (b).

4.3. Empirical implications

So far, our analysis has primarily focused on interpreting the model’s implications. Given
the nonlinear nature of crucial state variables in our model, we employed probit and logit
regression as regression models to examine the relationship between EGS-Debt choice and
input parameter values. In this section, we aim to test the implications of key variables
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Table 1: Financing choices
Different from the debt-equity financing choice model of Morellec and Schürhoff (2011), the linear
discrete choice model is about EGS and Debt. The table reports the regression coefficients and t-
statistics from regressing the decision results of a sample of 60,000 artificial firms (simulated from
our model) on the determinants. The first column of each specification reports the coefficient
estimate, and the second reports the marginal effect on the choice probability. Control variables
include market-to-book ratio[M/B], firm size[lnX̄], default cost[α] and some interaction terms(κ×
M/B, κ× lnX̄ and κ× α).

Probit (Spec.1) Probit (Spec. 2) Logit (Spec. 1) Logit (Spec. 2)
Coef. ∂y/∂x Coef. ∂y/∂x Coef. ∂y/∂x Coef. ∂y/∂x

Volatility[σ] -8.35∗∗∗ -1.03∗∗∗ -8.14∗∗∗ -1.27∗∗∗ -16.29∗∗∗ -1.11∗∗∗ -16.34∗∗∗ -1.11∗∗∗

(-52.35) (-54.91) (-56.91) (-58.45) (-52.98) (-58.48) (-25.61) (-26.12)

Operating expenses[f ] -0.07∗∗∗ -0.01∗∗∗ -0.08∗∗∗ -0.01∗∗∗ -0.13∗∗∗ -0.01∗∗∗ -0.11∗∗∗ -0.01∗∗∗

(-16.92) (-17.01) (-22.00) (-22.09) (-18.03) (-18.25) (-7.09) (-7.10)

Expected growth rate[µ] 10.49∗∗∗ 1.30∗∗∗ 9.82∗∗∗ 1.53∗∗∗ 19.30∗∗∗ 1.31∗∗∗ 21.32∗∗∗ 1.44∗∗∗

(32.69) (33.49) (34.48) (34.96) (32.64) (33.79) (16.96) (17.10)

Growth potential[Λh/Λl] -0.07∗∗∗ -0.01∗∗∗ -0.03∗∗∗ -0.00∗∗∗ -0.10∗∗∗ -0.01∗∗∗ -0.03∗ -0.00∗

(-15.29) (-15.43) (-6.84) (-6.85) (-11.96) (-12.00) (-1.97) (-1.97)

Belief of high-type[p] 2.40∗∗∗ 0.30∗∗∗ 2.01∗∗∗ 0.31∗∗∗ 4.34∗∗∗ 0.30∗∗∗ 4.13∗∗∗ 0.28∗∗∗

(65.97) (73.84) (64.83) (67.42) (63.93) (72.97) (28.76) (29.36)

Debt capacity[q] -6.58∗∗∗ -0.81∗∗∗ -11.89∗∗∗ -0.81∗∗∗ -12.96∗∗∗ -0.88∗∗∗

(-68.79) (-77.44) (-66.03) (-74.47) (-33.14) (-33.89)

Ambiguity level[κ] -2.10∗∗∗ -0.26∗∗∗ -3.99∗∗∗ -0.27∗∗∗ -11.53∗∗∗ -0.78∗∗∗

(-20.50) (-20.66) (-21.09) (-21.38) (-4.51) (-4.51)

Interaction terms:

κ× σ -0.28 -0.02
(-0.08) (-0.08)

κ× f -0.15 -0.01
(-1.74) (-1.74)

κ× µ -12.18 -0.83
(-1.78) (-1.78)

κ× Λh/Λl -0.41∗∗∗ -0.03∗∗∗

(-4.19) (-4.20)

κ× p 1.42 0.10
(1.79) (1.79)

κ× q 6.44∗∗ 0.44∗∗

(3.05) (3.05)
Controls Yes Yes Yes Yes

R-squared 0.37 0.21 0.37 0.37

Observations 60000 60000 60000 60000
Notes: t statistics in parentheses. ∗ ∗ ∗, ∗∗, and ∗ denotes the p-value is smaller than 0.001, 0.01 and 0.05, respectively.
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(such as belief in high-type, debt capacity, and ambiguity level, among others) on SME fi-
nance decisions under asymmetric information via simulation. Drawing from methodologies
in Berk et al. (1999), Strebulaev (2007), and Morellec and Schürhoff (2011), we generated
60,000 datasets representing 60,000 artificial SMEs through Monte Carlo methods and con-
ducted simulation experiments to validate the model results. The details of the simulation
experiment are provided in Appendix D.

In our estimation, we treat the EGS-Debt choice as a discrete choice model with a binary
dependent variable. Specifically, let ei = 1 when EGS financing is deemed the least-cost
financing instrument according to the model, and ei = 0 otherwise. Table 1 summarises
the estimation results for various specifications. The model suggests that EGS is more
prevalent in SMEs with weak debt capacity (i.e., lower q), indicating that EGS significantly
aids enterprises in alleviating financing constraints, and this effect is amplified with the
reduction in the degree of information asymmetry (i.e., the increase in belief p). However,
the effectiveness of EGS is diminished by the ambiguity level, as the equity dilution resulting
from EGS undermines shareholder value under higher κ. Simulation results also confirm
that operating expenses and growth potential reduce the likelihood of issuing EGS. The
subsequent columns demonstrate the robustness of these findings. While the change in the
probability of issuing EGS can be inferred from the coefficient of the explanatory variables in
the first column of each specification, it’s challenging to intuitively discern the magnitude of
this probability change. Therefore, we calculate the marginal effect in the second column of
each specification, describing the effect of changes in explanatory variables on the probability
of issuing EGS. For instance, the second column indicates that when the ambiguity level
increases by 1%, the probability of issuing EGS decreases by 2.6%.

5. Conclusions

The literature extensively examines how ambiguity impacts corporate investment deci-
sions under perfect information. However, less attention has been given to the effectiveness
of ambiguity in shaping perfect Bayesian equilibrium investment strategies in incomplete
markets, especially amidst information asymmetry and financial constraints. In this paper,
we present a real option model of robust investment aimed at maximizing utility across
the worst possible probability distribution. This occurs within a dynamic framework where
market incompleteness and information asymmetry prevail.

Our findings suggest that ambiguity aversion leads to underinvestment due to its dimin-
ishing effect on the option value of investment opportunities. Specifically, we demonstrate
that heightened ambiguity encourages low-type firms to mimic high-types, thereby expanding
less efficient pooling equilibria. By establishing the perfect Bayesian equilibrium of high-type
firms, we observe that they can credibly signal their type through higher guarantee costs,
albeit at a price.

Interestingly, in our signaling game, debt financing without guarantees becomes more
attractive, particularly when market sentiment is highly negative, financial constraints are
relaxed, and ambiguity levels are elevated. This is because severely negative market senti-
ment increases the equity dilution costs of separation, diminishing the effectiveness of credit
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guarantee schemes. Our model and Monte Carlo simulations demonstrate that equity guar-
antee structures are more commonly adopted by SMEs with limited debt capacity. Moreover,
firms in markets with higher sentiment are more inclined to issue equity guarantees. Con-
versely, factors such as elevated ambiguity, cash flow volatility, operating expenses, and
growth potential tend to reduce the appeal of equity guarantee issuance.
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Appendix A. The proof of theorem 2.1

Fix the ambiguity parameter θ ∈ Θ, and define the auxiliary function:

uθ(x) = EQθ
[∫ t(xdk)

t

e−r(λ−t)(1− τ)(Λkxλ − f − ck)dλ

]
,

where the cash flow process xt follows a geometric Brownian motion under ambiguity:

dxt
xt

= µθdt+ σsdẐt + σwdW
θ
t , µθ = µ− σshs − σw(ψ − θ).

The equity value in (2) can be expressed as:

E+
k (x) = sup

t(xdk)

min
θ
uθ(x).

Given the interchangeability of minimization and stochastic stopping-time optimization se-
quences, as theoretically underpinned by Sion’s minimax theorem, (2) is equal to:

E+
k (x) = min

θ
sup
t(xdk)

uθ(x).

According to the Feynman-Kac theorem, under the boundary conditions of (2), uθ(x) is
the solution to the partial differential equation (PDE):

ruθ = µθx
∂uθ

∂x
+

1

2
σ2x2∂

2uθ

∂x2
+ (1− τ)(Λkx− ck − f),
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with uθ(xdk) = 0 (value at default boundary).
For each θ, the maximum value of uθ(x) is achieved by the stopping time t(xdk) =

inf
{
t : xt ≤ xdk

}
. With the principle of dynamic programming, E+

k (x) must simultaneously
satisfy the minimization conditions for all θ, i.e

rE+
k = min

θ
µθx

∂E+
k

∂x
+

1

2
σ2x2∂

2E+
k

∂x2
+ (1− τ)(Λkx− ck − f),

which is the HJB equation of (4).
For an endogenous default threshold xdk given by maximizing equity value, the debt value

after investment D+
k (x) in (3) can be written as:

D+
k (x) = min

θ
EQθ

[∫ t(xdk)

t

e−r(λ−t)(1− τi)ck dλ+ e−r(t(x
d
k)−t)D+

k (xdk)

]
, x > xdk

According to the Feynman-Kac theorem,

rD+
k = min

θ
µθx

∂D+
k

∂x
+

1

2
σ2x2∂

2D+
k

∂x2
+ (1− τi)ck.

which is the HJB equation of (5).

Appendix B. The proof of ∂βk/∂Λk < 0

To find the derivative of βk with respect to Λk, we start with the given expression for βk:

βk =
(1− τi)

[
c
r
− A[(1− α)ΛkΠ(xdk)−

f
r
]
] (xik

xdk

)ν
(1− τ)

[
ΛkΠ(xik)−

f+c
r
−
(
ΛkΠ(xdk)−

f+c
r

) (xik
xdk

)ν] . (B.1)

Let N be the numerator and D be the denominator of βk. That is to say,

N = (1− τi)
[
c

r
− A[(1− α)ΛkΠ(xdk)−

f

r
]

](
xik
xdk

)ν
, (B.2)

D = (1− τ)

[
ΛkΠ(xik)−

f + c

r
− (ΛkΠ(xdk)−

f + c

r
)

(
xik
xdk

)ν]
. (B.3)

Taking the derivative of numerator N with respect to Λk:

∂N

∂Λk

= −(1− τi)A(1− α)Π(xdk)

(
xik
xdk

)ν
.

Taking the derivative of denominator D with respect to Λk:

∂D

∂Λk

= (1− τ)

[
Π(xik)− Π(xdk)

(
xik
xdk

)ν]
.
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Then, substitute ∂N
∂Λk

and ∂D
∂Λk

into the quotient rule formula:

∂βk
∂Λk

=

(
−(1− τi)A(1− α)Π(xdk)

(
xik
xdk

)ν)
D −N

(
(1− τ)

[
Π(xik)− Π(xdk)

(
xik
xdk

)ν])
D2

= −
(1− τi)A(1− α)Π(xdk)

(
xik
xdk

)ν
D +N(1− τ)

[
Π(xik)− Π(xdk)

(
xik
xdk

)ν]
D2

By comparing (7) and (B.3) , we can deduce that D = E+
k (xik) > 0. Similarly, comparing

(8) and (B.2), we get that N = (1− τi) ckr −D
+
k (xik) > 0.

Since

D = E+
k (xik) = (1− τ)

[
ΛkΠ(xik)−

f + c

r
− (ΛkΠ(xdk)−

f + c

r
)

(
xik
xdk

)ν]
> 0,

it follows that

(1− τ)

{
Λk

[
Π(xik)− Π(xdk)

(
xik
xdk

)ν]
− f + c

r

[
1−

(
xik
xdk

)ν]}
> 0.

Thus, we conclude that

Π(xik)− Π(xdk)

(
xik
xdk

)ν
> 0.

Given that 0 < τi < 1, 0 < τ < 1, 0 < A = 1−τ
1−τi < 1 and 0 < α < 1.

In summary, ∂βk/∂Λk < 0.

Table C.1: Baseline parameter values
The table reports the parameter values for the benchmark model and all the parameters take
the baseline parameter values unless otherwise stated.

Variable Symbol Value
Risk-free interest rate r 0.05
Expected growth rate on risky asset µ 0.01
Volatility σ 0.25
Default loss rate α 0.50
High cash flow scaling Λh 2.0
Low cash flow scaling Λl 0.5
Belief of high-type firm p 0.5
Sunk cost I 100.0
Operating expenses f 5.0
Ambiguity level κ 0.1
The price of Z-risk hs 0.5
The price of W -risk η 0.5
Correlation between market and NAV ρ 0.5
Personal tax rate τi 0.35
Corporate profit tax rate τc 0.35
Dividend tax rate τd 0.20
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Appendix C. Parameter setting

To fully understand how ambiguity aversion and asymmetric information affect firms’
investment and financing decisions, we conduct a comprehensive numerical analysis with a
particular focus on ambiguity aversion and equilibrium distributions. We define the value of
our baseline parameters in Table C.1. The parameter values are mainly consistent with the
existing literature: see,e.g. Morellec and Schürhoff (2011), Thijssen (2011) and Yang and
Zhang (2013). To highlight the differences between the two types of firms, we set the high
cash flow scaling Λh=2 and the low cash flow scaling Λl=0.5. With the baseline parameter
values, the optimal coupon rate is given by c = 7.69, and investment threshold, default
threshold of two type firms are given by xih = 38.28, xil = 153.14, xdh = 2.83, xdl = 11.33,
respectively.

Appendix D. Details of the simulation analysis

This paper use the Monte Carlo method to simulate the actual investment and financing
process to provide the samples required for the empirical implications. In the model, the
main variables that determine the investment and financing strategy include market char-
acteristics (volatility[σ], growth rate[µ], belief of high-types[p] and ambiguity level[κ]) and
firm characteristics (firm operating expenses[f ], growth potential[Λh/Λl], debt capacity[q],
default costs[α]). According to the above variables, we can get market-to-book ratio[M/B]
and firm size[lnX̄] as control variables. To be consistent with the numerical analysis in
Section 4, we opt for perturbations of the basic parameters (σ, µ, p, κ, f , Λh, Λl, q, α) and
draw each of the parameters from uniform distributions with the bounds as in Table D.1
while the other variables are shown in Table C.1. The belief p varies from zero to one in
steps of 1%.

Table D.1: Boundary of uniform distribution

Variable Symbol Boundary of uniform distribution
Volatility σ (0.1,0.4)
Expected growth rate on risky asset µ (-0.05,0.05)
Belief of high-type firm p (0,1)
Ambiguity level κ (0,0.3)
Operating expenses f (1,10)
High cash flow scaling Λh (1,2.5)
Low cash flow scaling Λl (0.2,1)
Debt capacity q (0.5,0.9)
Default loss rate α (0,1)
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