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Abstract

In this study, we propose a remote stress criterion for brittle fracture within the framework of peridynamics. The concept
of bond stress is linked to the classical notion of local stress. An analytical and numerical investigation of bond stress near
the crack tip is conducted using Sneddon-Williams asymptotic solutions for tensile opening (Mode I). Subsequently, we
introduce a linearized structural-temporal fracture criterion, enabling the formulation of a remote stress fracture criterion.
This criterion is derived for 2D and 3D scenarios and accommodates both uniform and non-uniform discretizations. Its
validity is demonstrated through numerical verification tests. The proposed remote stress approach introduces, for the first
time, a bond failure criterion directly based on the critical stress intensity factor.

Keywords Brittle fracture - Peridynamics - Stress-based fracture criterion - Stress intensity factor - 3D crack propagation -

Non-uniform discretization

1 Introduction

As proposed by Silling [1, 2], peridynamic theory has found
a wide application in research on fracture mechanics to date.
Its attraction lies on the fact that it operates with the non-
local interactions between the material points as opposed
to the classical continuum theory where only local contact
interactions between the infinitesimal elements are assumed.
These nonlocal interactions are introduced by peridynamic
bonds, whose energy, like that of a spring, is a function of
its extension.

Classical peridynamic fracture criterion is based on
the Griffith’s critical energy release rate criterion [3] and
thus it is a criterion of the critical bond stretch (CBS) [4].
Although for a brittle linear elastic material in the quasi-
static case [5], Griffith’s energy approach is equivalent to
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Irwin’s stress-based approach of a critical stress intensity
factor (SIF) [6], the former one doesn’t operate with the
stress field values.

Stress based criteria are not new to peridynamics, and
some formulations and their numerical applications can
be found, for instance, in [7, 8]. Although fracture pat-
terns obtained in these studies are close to the experimental
results, neither energy nor the SIF dependences of the run-
ning crack from the simulation are presented there. But the
main point is that these criteria are based on the local stress
values, which is invalid at the crack tip, where the local
stress is theoretically infinite.

Moreover, the use of the force criterion of fracture based
on SIF concept (for instance, Irwin's approach) has not been
presented in peridynamics so far. This is due to the difficulty
of establishing a relationship between the stress intensity
factor and the parameters of nonlocal peridynamic interac-
tions (bonds) such as bond strain, force or energy. The frac-
ture criterion proposed in this study is based on the averaged
stress over a finite segment. This segment originates at the
crack tip, the size of which provides a criterion correspond-
ence to the classical critical SIF approach.

Consideration of a stress field is attractive for the dynamic
fracture applications, for which elastic stress waves are
crucial [9-11]. For this, in [12, 13] we proposed the peri-
dynamic version of the stress-based incubation time frac-
ture criterion (ITFC). Its ability to prognose experimental
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dynamic crack initiation times and corresponding critical
SIF values in the brittle material was demonstrated there.

In [14], a numerical correspondence of the ITFC and
proposed mean stress criteria to the Griffith’s and CBS
criteria were investigated in the quasi-static case. Meanwhile,
the mean stress criterion has been proposed based on an
assumption that leads to the uncertainty in the choice of the
peridynamic bond stress definition. Moreover, this criterion
is not applicable in the case of crack propagation in an
arbitrary direction (relative to discretization).

In this study, we propose a peridynamic remote stress
fracture criterion that has a different analytical justification.
This justification utilizes the bond stress concept which
corresponds to the classical local stress. Thus, the
uncertainty in the choice of definition for peridynamic bond
stress becomes resolved, which makes the justification of the
criterion complete.

Consequently, the remote stress criterion is naturally
extended to cover crack propagation in arbitrary directions
and is applicable to non-uniform discretization, as well
as 3D non-planar crack propagation. In turn, this enables
modeling of changes in crack propagation direction based
on the stress field, including dynamic crack branching.
Furthermore, when combined with classical critical stress
criteria for the intact material, it allows for comprehensive
modeling of crack initiation and propagation driven by the
stress field. The latter capabilities will be demonstrated in
future studies.

2 Bond stress and peridynamic point stress

Peridynamic equations of motion have the following form:

p(X)ii(x, 1) = / f(x',x)dV, +b(x,1), 0

HX

where x’ is the position vector of any neighbour of
the peridynamic point x in its spherical neighborhood
H, of radius 6 (named horizon); p(x), i(x,7), b(x,?)
are mass density, acceleration, and body force density
fields, respectively; dV,, is an elementary volume of the
peridynamic element located at the peridynamic point x’;
f(x’,x) is the force density vector of the bond & = x/ — x,
that is collinear to its bond in the case of the bond-based
peridynamics and can have its own direction in case of the
state-based peridynamics. Then, f (x’ , x) is simply a vector-
valued function of its bond extension in first case. In the
general case of a state-based peridynamics, f (x’ , X) is a more
complex vector-valued function (called force vector state,
which maps a bond to a certain force vector) of all bond
extensions of the peridynamic point x. Our consideration
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should be valid for general case, hence, both for bond and
state-based peridynamics.

A damage state of the bond & can be easily described by
the following condition:

0, if bond failure criterion is satisfied
1, otherwise )

p&.1) = @

To describe the damage field of the peridynamic medium,
it is useful to introduce a net damage field:

/Hx (1 - ﬂ(é’ t))dvx’
/Hx dVX’ .

Further one can consider the damage field associated with
the bond & in the following way:

p(x,1) = 3)

@(&, 1) = max{op(x',1), p(x,1)} @)

A peridynamic bond is a one-dimensional non-structural
element without a cross section, that implies it has no stress
in the classical sense. On the other hand, the bond has its
force density vector f that represents the force interaction
between the pair of peridynamic points. There is a set of
bonds which geometrically pass through a certain elemen-
tary plane (see Fig. 1) and thus they exert force on this
plane. This results in a traction vector at the point on this
elementary plane. At the same time, the bond contributes
to the traction vectors on the planes with various normals,
that means this contribution can be associated with a certain
stress tensor. Let us call this a bond stress tensor, which
means a tensor associated with the bond.

The mathematical definition of the bond stress tensor was
already suggested in [7] and can be expressed as:

bond _ O-"/} + G’? (5)
i 2 ’

Pmax = arccos(=

1 f

/ L
a $max = 0

Fig. 1 Computation of the peridynamic flux at the point x in 2D case
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wherei,j = 1..6, and A and B denote the peridynamic points
of the bond. In our consideration, it is crucial that they are
the peridynamic points rather than elements, as we see later.

Let us assume the averaging of the stress tensors of the
bonds exerting on the certain material point x (let us
denote them as "bonds — x"). This averaging defines the

o_perldynamtc

stress tensor (x) calculated for the peridynamic

field at the pomt X. Material point x has an arbitrary
location, and, generally, it is not associated with the
peridynamic point. Next, we apply a relationship for the
peridynamic flux from [15] in the 2D case to sum the
stress tensors of mentioned bonds and divide this sum by
the number of the bonds. In the case of the continuous
distribution of the peridynamic points, we propose the
following relationship for the peridynamic point stress:

Gperidynamic ( bond

X) = mean o

i bonds—x
5 ¢
/ 0/ 2cos~! <
*(5)
Ccos -
4

</

()
(6)

where X is a position vector of the material point for stress

evaluation and ap eridynamic ¢ is evaluated for the plane with

%I*—‘
iy | —
*ﬁvl‘f\

)

7" (x, ¢, ¢, &)dpdgde,

normal n;; @ 1s the angle between the i-th axis and
participated in the integration bond of length & = |&]; { is a
distance between the peridynamic point A (starting point of
the bond) and x.

Equation (6) sums the components of the bond stress
tensors, which respectively influence the components of
the local stress tensor defined at the material point x. This
is similar to the bond force, which represents how the
interaction between the pair of its ending points affects a
certain plane between them. Recall that in the equilibrium
state, any traction vector component at the point X on
the plane with a normal pointing downwards is equal
in magnitude and opposite in sign to the traction vector
component on the same plane with a normal pointing
upwards. Therefore, we can consider, for instance, how
the peridynamic points representing a thin cylinder (or
rectangular parallelepiped in Cartesian coordinate system)
below the considered plane at point x exert on that plane

through their interactions with the peridynamic points
located in the sectors of their spherical neighborhoods
(which are circular sectors in 2D case). The latter sectors
are located above the considered plane at point x (see
Fig. 1). The same consideration of the peridynamic points
located above the point x with the interacting points below
in case of the equilibrium state becomes unnecessary.

To sum the values of the aforementioned bonds exerting
on the plane passing through x, for each value & starting
from &, = O up to, obviously, &,,,. = 6 we sum a set of the
corresponding bonds of the length & (this is the outer
integral). Then, from the latter set, for each distance {
starting from ¢,;,, = Oup to ¢, = &, we sum the subset of
the bonds whose starting point A is located at the distance
¢ from point x (this is the second integral). Finally, from
the latter subset, for each angle ¢ starting from ¢,,;, =0

up to @,,,, = arccos (g) (since this is a maximum angle for

the given £ and ¢, which are now fixed), we sum the subset
of the bonds whose angle between their direction and the
i-th axis (that is, the vertical line in this consideration) is
equal to @ (this is the inner integral).

The product of the integration

2cos™! <§)§5 (that is the product of denominators of the

intervals

coefficients before each integral in Eq. (6)) represents
amount of the integrated bonds in the case of the continuous
distribution of the peridynamic points. Equation (6) doesn’t
contain the Jacobian of transformation from Cartesian to the
polar coordinate system, which is equal to £ in the 2D case.
This is because the stress field function in our consideration
will be initially composed in the polar coordinate system
(see Eq. (7)). The thickness of the plate is also absent in
Eq. (6), since we integrate a unified quantity such as stress.
The average stress for a given force state is independent of
the plate thickness. A lower limit of the inner integral is

-1(¢

—cos , since the whole circular sector is integrated.

3 Bond stress for Sneddon-Williams
asymptotic

A derivation of CBS criterion is based on the consideration
of the energy densities of the bonds which pass through the
certain plane. Summation of these densities and associating
the latter with the critical energy (consumed to form the new
unit surfaces) leads to the formulation of the peridynamic
version of Griffith’s fracture criterion. Similarly, we can
average the bond stresses exerting on a certain elementary
plane at some point. We can then relate this averaged value
to the critical stress of that plane reached at the time of plane
failure. This way, we can formulate a peridynamic bond-
based stress fracture criterion.

@ Springer
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First, let’s compute the peridynamic stress field in the
crack tip vicinity. In the case of linear elastic fracture
mechanics (LEFM) under quasi-static conditions, the stress
field near the crack tip can be asymptotically approximated
using the Sneddon-Williams approach (initially derived by
Sneddon and later by Williams [16]). For an ideal crack
subjected to the Mode I load, the asymptotic of the vertical
normal stress o,, can be expressed in the polar coordinate
system as:

classical KI
05 (T, 0) &
2rr

0 1 . 0 30
cosz( +s1n§cosj), (7)

where K| is a current SIF, r is a distance from the crack tip
to the considered material point, 6 is an angle between the
crack line and an arbitrary line passing through the crack tip
and that material point (see Fig. 2).

We follow the assumption that the crack propagates in a
direction that maximizes the hoop stress. Thus, assuming
horizontal crack propagation, we integrate a stress field
in the crack tip vicinity for the vertical normal stress
component from Eq. (7) using Eq. (6).

For this, we employ the scheme presented in Fig. 3, in
order to calculate peridynamic stress at point x located
along the crack line at the distance a from the crack tip.
Here and after, for simplicity, we consider that x is located
only along the crack line, that is 8 = 0. Meanwhile, results
of the same consideration for different directions (8 # 0)
should be consistent with those obtained below. Here we
consider the peridynamic points located right under the
point x, along with their interacted points from the corre-
sponding circular sectors (portions of their neighborhoods)
above the point x, as it is illustrated in Fig. 3. Substitution
of Eq. (7) into Eq. (6) with the use of Eq. (5) yields the
following expression:

“1(¢
(5

id .
O_g;rl ynamtc(a;o) —

| =
e | —

Y~

¢
/ ;
2 cos~! <£>
14

0

—cos—! (&
CoS’ <E>

/ o2 (a, .. E)dpdCde

%) (1sin (2 ) cos ()

Fig.2 Rectangular and polar coordinate systems originating at the
crack tip

O_g;rtdynamtc (Cl;O) _)5—>0 1

— O_;lzassical(a; 0) (9)
2za

Thereby, when 6 approaches 0, defined in Eq. (6)
peridynamic stress tends to the classical one in case of
the Sneddon-Williams asymptotic. Thus, definition of the
peridynamic stress (5) can be utilized for the formulation of
the stress-based fracture criteria in peridynamics.

For simplicity, let us denote 6,,(a) := 654(g;0) and
o_g;ridyn.(a) - o_g;ridynamic(a;o).

4 Remote stress fracture criterion

Here we propose a criterion of brittle fracture based on the
Neuber-Novozhilov approach, according to which a crack
propagates in a discrete fashion. This means that the min-

®)

(1) 15 2 ()

| =
e | —

Y~

[a )

0 (1)

o ()
%Kl lCOS (

+

\27rry \2nrg s

dpdgdg

where the points A,B have the polar coordinates
A(ry:0,),B(rg:05)-

Since the integrand is a sophisticated trigonometric
function, it makes exact integration of this function impos-
sible. At the same time, numerical computation in MAT-
LAB of Eq. (8), leads to the following result:
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imum crack elongation in the context of this approach is
equal to the finite size d. There are different criteria of frac-
ture mechanics which are based on the Neuber-Novozhilov
approach [17]. In this work, we utilize the structural-tem-
poral criterion [18, 19] in which d defines the lower limit
of the scale level of fracture [20, 21], and it is assumed to
be a material constant [22]. It represents the plane with the
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Fig.3 Scheme for the integration of the peridynamic stress at the point x which uses a field of vertical normal stresses represented in polar coor-

dinates for the points A and B (located at a certain distance from the crack tip)

linear dimension equal to the characteristic size d as a struc-
tural element of fracture (hereafter referred to as the plane
of fracture). According to the structural-temporal criterion,
a threshold condition for the crack propagation in the quasi-
static case is as follows:

d

y / o (Ndr > o, (10)

0

where 0,,(r) is a normal stress perpendicular to the r
-axis direction, o, is a quasi-static material strength. The
r-axis coincides with the crack tip direction, however,
condition (10) can also be extended to predict a change in
crack propagation direction [23]. Correspondence of this
criterion to the Irwin’s classical fracture criterion implies the
following relationship for the characteristic size of a fracture
process zone d [22]:

d==-L, (11)

where K| is a critical quasi-static SIF for tensile opening
(Mode I).

Note that the stress field 0,,(r) is arbitrary in (7). As a
result, the structural-temporal criterion can be applied in the
case of dynamic fracture [19, 24], where the stress field in

the crack tip vicinity is no longer described by the Sneddon-
Williams asymptotic (7). On the other hand, an expression for
the characteristic size d in the structural-temporal criterion is
determined from its correspondence to the classical criteria of
critical SIF in the LEFM case and critical stress for the intact
body in the quasi-static case. The influence of an arbitrary
dynamic stress field on crack propagation in the structural-
temporal criterion is taken into account by introducing an
incubation time 7, that was also utilized in [12, 13].

Here we propose the linearization of the structural-temporal
criterion. Note that this linearization formulates a crack
propagation criterion, therefore the appearance of the critical
stress o in subsequent formulas is artificial. This is because o,
and d define each other. Ultimately, they no longer appear in
the final versions of the peridynamic remote stress criterion,
given by relation (26) for the 2D case and relation (30) for the
3D case.

For the proposed criterion to satisfy the critical SIF
criterion in the quasi-static case of LEFM, let us consider a
Sneddon-Williams asymptotic and transform an integral from
relation (10) in the following way:

@ Springer
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d d

1 1 K; \/EK,
- Uzz(r)dr = = dr =
d d 0V 2rr \Vrd

0
2< Ki ) 26,,(d)
= =20 .
V2rd 2

Note that in the case of crack propagation along the
discretization direction, the criterion obtained in this study
based on linearization (12) is equivalent to the previously
proposed mean stress criterion (see explanation after relation
(21)). Therefore, when combining proposed linearization with
the incubation time criterion, its zone of applicability expands
to the dynamic crack propagation [12, 13], where the stress
field is arbitrary.

This way, we linearized an integral by equating it to
the value of the integrand at distance d from the crack tip.
In fact, linearization (12) can be evaluated at any point
r=kd(k € R, k > 1) for the same plane of fracture of size d:

12)

d
1 K dr = V2K, _ 2\&( K >
4 \ar \Vrd \2rkd (13)

= 2k (kd).
Thus, criterion (10) can be transformed to the remote stress
(RS) criterion as follows:

d

G:;ean = é / 622(r)dr = 2622(d) = 2\/E622(kd) Z Gcs (14)
0

that can be simplified to the form:

Oc

Note that relation (15) can be utilized for fracture
modelling in peridynamics, finite-element analysis, or other
applications.

5 Peridynamic remote stress fracture
criterion

In the scope of this work, we are particularly interested in
application of the derived criterion (15) in peridynamics. To
begin with, we note that in [12—14] we already attempted to
formulate its peridynamic version. To do this, an integral
(10) was first replaced by the mean stress value on the
interval d:

@ Springer

d

ot = é / 6y (r)dr. (16)

0

Next, we referred to a relationship for the deformation
gradient tensor F from [2]

Fx,t] = / o(|EN)(Y(&) ® €)dV, K", (17)

H

where w(|&|) is an influence state function, which maps a
bond € to a certain scalar value depending on the chosen
influence function (usually, this scalar value is in the range
[0, 1], where zero value corresponds to the bond failure);
Y(&) is a deformation vector state function, which maps a
bond £ to its image in the deformed state; K[x, t] is a shape
tensor defined as follows:

Kix. (] = / W(|ENE ® &V, (18)

Hy

Then, using a known relationship between F and the
Green-Lagrange strain tensor E[x,t] we can substitute
the latter into Hooke’s law to compute the classical
Piola—Kirchhoff stress o[x, t]. Hereafter, ar‘fl an 18 associated
with o[x, ¢], implying the latter as the averaged stress over
the line segment of size d.

Since Eq. (17) defines a deformation gradient tensor F
at the point x, subsequently calculated o[x, t] should also
give us a stress defined exactly at the material point x.
Thus, it would be false to associate the stress o[Xx, ¢] with
the mean stress affwm over the line segment d, where the
stress varies significantly. Note that the latter was assumed
in [14]. Consequently, this led to uncertainty with the bond
stress definition (see Eq. (17) and the comment below it in
[14]). This uncertainty was resolved in Sects. 2 and 3 by
analytical justification of bond stress definition (5), which
will be used here.

In contrast to [14], in this work we utilize Eq. (17) for a
stress evaluation at a material point x (but not associating
Eq. (17) with the mean stress over the line segment d). Thus,
it is essential that in Eq. (5) A and B are the peridynamic
points, but not the peridynamic elements.

Traditionally, the fracture process is associated with
the failure of a plane within the material, leading to the
creation of new surfaces. Peridynamic computations imply
a discretization with a finite grid size (or grid spacing) equal
to Ax. Thus, it’s convenient to associate a fracture process
with the failure of the bonds, which exert force on a material
point located at a distance Ax from a crack tip.
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Fig.4 Failure of the bonds which contribute to the vertical normal stress at point x located at a distance d from the crack tip

Fig.5 Failure of the bonds,
which contribute to the vertical
normal stress at point x located
at a distance kd from the crack

tip

Let us consider a material point X located at a distance d
from the crack tip in the crack direction. We analyze the
bonds that define the vertical normal stress at point X (see
Fig. 4). Now, we refer to equivalence between the mean

value of the bond stresses o-é’g"d (exerting on point X, since
idyn. . .
mean 59" = ¢4""“") and the corresponding classical local

bonds—x

stress established in Sect. 3 (Eq. 9):

bond 6—-0
mean o - 0 (X).
bonds—x 2 22( ) (19)

Failure of these bonds governed by relation (15)
(k = 1) leads to the failure of a plane of a finite length 4.
Consequently, this causes the crack to propagate over a
distance d.

@ Springer
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The more general case is when a material point x is
located at a distance kd (where k > 1) from the crack tip
(Fig. 5). This is a case of the arbitrary grid spacing Ax. In
this case, failure of the bonds exerting on a point x based on
the criterion (15) still leads to the failure of d-segment. This
holds because the criterion, which applies to a plane of size
d remains unchanged. For the reason discussed in Sect. 7,
only the point at which the integral is linearized and number
of failed bonds differ.

Similar to derivation of the CBS criterion (explained in
Sect. 7), in order to formulate criterion (15) for a single
bond, we associate the mean stress of the bonds exerting
on the point x with the stress of any single bond exerting
on the point x:

bond bond
mean Oy 0, .

bonds—x

(20)

Thus, a peridynamic RS criterion of a single bond yields:

O
o_hond > c

2 = 2_\/z 21

which, in the case of crack propagation along the discre-
tization direction, indicates a mathematical equivalence of
this criterion to earlier proposed peridynamic mean stress

Fig.6 Peridynamic stress
dependence on the distance a
for different horizon sizes 6

peridynamic
022

Stress,

@ Springer

Table 1 Ratio between the

- . . 5™ (Ax)
peridynamic and classical stress Tonr
at the distance Ax from the
crack tip for different horizons 0 1
b =nix 1 1.0443

2 1.0435
2.727 1.0068
3 0.992

4 0.9412
5 0.8957

criterion (expressions (17) and (19) in [14] are equivalent
to the expressions (2) and (21) here). But once again we
note that the concepts of these criteria are different (Eq. (14)
is associated with peridynamic element in the mean stress
criterion, but here with the peridynamic point).

To compute the bond stress given in Eq. (5), we first
determine the peridynamic point stress utilizing the
relationship given in Eq. (18), followed by the procedure
described earlier. Note that only a portion of the bonds
(which contribute to the stress at point x) geometrically
passes through the plane of failure (discussed in detail
in Sect. 7). In general, bonds contributing to the stress at
point x nonlocally control the failure of the corresponding
plane, and this is mathematically governed by the
linearization given in Eq. (12).

—Classical & Peridynamic o, 60 —Peridynamic o, 6 = Ax
—Peridynamic o, 6 = 2Ax
—Peridynamic o, 6 = 3Ax
—Peridynamic g, 6 = 5Ax

Peridynamic o, 6 = 2.727Ax
Peridynamic o, 6 = 4Ax

Distance to the crack tip, a
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6 Peridynamic remote stress criterion
for use in numerical simulations

As established in Sect. 3, the limit value given in
Eq. (9) allows us to relate a peridynamic stress defined
in Eq. (6) to the classical local stress in criterion (15),
as 6 approaches 0. At the same time, the numerical
peridynamic simulations imply the finite size of §, since
a peridynamic model is discrete and very small grid
sizes lead to enormous computational costs. Thus, it is
of importance to examine the correspondence given in
Eq. (9) for finite horizons.

For this, we once again analytically integrate the continu-
ous field of peridynamic points. This time we imply a finite
size of grid spacing Ax (which is used here only for calculat-
ing the horizon size) and corresponding horizon § = nAx,
where n > 1. As a result, dependence of crg;”dy "(a) on dif-
ferent values of 7 is plotted in Fig. 6.

From Fig. 6 it can be observed that, for finite values 6, the
peridynamic stress at the crack tip has a finite value. This
is not surprising, since a finite value of the nonlocal stress
at the crack tip was also analytically obtained in [25]. It is
interesting to note that agsridy"'(O) =o? fors=2727Ax.

Note that Fig. 6 is for informational purposes, and the
discrepancy in the values of oggridy "(0) does not affect the
operation of the RS criterion. Instead, the RS criterion relies
on stress values evaluated at a distance Ax from the crack
tip. The convergence of the peridynamic stress aggridy"'(Ax)
toward the classical stress 0,,(Ax) is demonstrated in
Table 1.

According to Table 1, among the non-zero values of
n, the best convergence between the peridynamic and
classical stresses is achieved for n between 2.727 and
3. This result is advantageous, as it aligns well with
the previously established guideline 6 = 3Ax, which
represents the minimal horizon size required for numerical
stability in peridynamic simulations, as indicated in [26].

Although for n> 3 peridynamic stress deviates
downwards from the classical stress values, relation (21)
can still be applied to these horizons by introducing a
correction to the term aé’g"d, ensuring that the corrected

value of o-g;ridy"'(Ax) matches o,,(Ax). However, this

correction is to be checked numerically, for instance, in the
context of quasi-static verification tests presented in [14].

7 Grid size independence
of the peridynamic remote stress criterion

Independence of the criterion given in relation (21) from
the grid spacing in the discrete peridynamic model is
ensured by the arbitrariness of the linearization point kd.

As mentioned in Sect. 5, the criterion given in relation
(21) still defines the failure of a plane of size d in this
case. Thus, it remains unclear why this criterion remains
consistent for an arbitrary grid size kd.

To clarify this, first, let us refer to the derivation of the
classical CBS criterion [3]. The idea of this criterion is to
sum the energy densities of the bonds w, passing through
the infinitesimal unit plane and equate it to the critical
energy G,, which is consumed upon the failure of a unit
plane (the 2D case is presented here):

é

2 / / / *fd(pdCdﬁ f(C, S*’5)7 (22)

0 cos- 1
where h, is a plate thickness, f(c,s,,5) is some function,
where c is a material constant that determines the bond force
depending on its stretch s, s, is its critical value achieved
upon the failure of a unit plane.

For peridynamic numerical simulations, it is convenient
to define the critical bond quantity as a fracture criterion,
since it is much easier to control some quantity of a single
bond rather than the flux associated with some plane.
Since the peridynamic bonds fail independently from each
other, failure of the plane in peridynamic simulations does
not occur instantaneously. On the contrary, it is a process
flowing in time, thus, it is difficult to analytically predict
duration and fashion of a plane failure caused by some
bond failure criterion.

Instead, we suggest conducting the following
comparison analysis. Let us analytically consider the
failure of the bonds in context of the underlying criterion,
i.e. Griffith’s approach for CBS criterion. Let us suppose
that failure of the bonds occurs only when the critical
energy in a certain plane of a finite size A is reached. Let
us denote the latter as a Griffith’s case and based on it
peridynamic criterion as a CBS case.

Itis obvious that in Griffith’s case, critical bond energy
densities w1 w .. of the bonds passing through the unit
plane can vary s1gn1ﬁcantly when the strain energy release
rate in this plane reaches G,. This occurs because of the
strong non-uniformity in the stress field near the crack tip,
leading to the non-uniformity of corresponding strain energy
field.

In CBS case, assigning a unified energy density w, to
the whole set of the bonds in Eq. (22), in fact, implies the

averaging of the critical energy densities w!, w?, ...:

Jem f] (i g ) o
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Fig.7 Bond stresses in a plane Ax =d
A for peridynamic grid sizes of
d and kd under the critical stress
condition

Table 2 Characteristics of
the RS fracture criterion in
peridynamics (for a constant &)

d
kd

Thus, Griffith’s and CBS cases correspond to each other,
2, ...correspond to their mean value in the following

if wi, w
> /// 24)

sense:
/// <hm
n—oo n

The latter establishes a correspondence for the whole set
of the bonds passing through the plane, but not for each
single bond. On the contrary, due to the aforementioned
variation of w w ., the difference between some of them
and their averaged value w, will be significant as well, and
this is crucial. It means that in Griffith’s case, some bonds
which have already exceeded w, will further gain energy,
until the corresponding plane reaches G,. Thus, by the time
of plane failure, these bonds will keep the energies of other
bonds which did not reach w, by that time.

Increase of the peridynamic grid size and, subsequently,
increase of the horizon obviously leads to the increase of
variation of w!,w?, .... This is due to the fact that such an
increase does not affect the stress field nonuniformity, and
with increasing distance from the crack tip, the stresses
decrease significantly. Thus, the number of the failed bonds
upon the failure of a finite plane A (which is assumed to
not change in size) will decrease in that case.

We assume correspondence (24) of the Griffith’s and CBS
cases for the set of bonds passing and exerting force on A
Thus, we can state that in the CBS case, the number of failed
bonds initially exerting force on A will also be less for a
larger grid spacing than for a smaller grid spacing.
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failure failure
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Plane of size d

Similarly, for the RS criterion, we can make the same
comparison for the grid sizes d and kd. Here, instead of Grif-
fith’s case, the failure condition based on the critical stress
in the plane of size d will be applied, and instead of the CBS
case, a RS criterion of a bond failure will be applied. It is
clear that, due to nonuniformity of the stress field in the
crack tip vicinity, the larger variation of the critical bond

stresses O'l 0' ., for the grid spacing kd than for spacing d
leads to lower number of failed bonds when a plane of size
d fails (Fig. 7).

Therefore, although a peridynamic RS criterion for the
grid size of kd also implies a failure of a plane of size d, the
latter leads to a lower number of failed bonds for the given
ratio between Ax and 6 (see Table 2). It means that upon the
failure of a plane of size d, the overall damage level of the
peridynamic elements with the grid spacing kd decreases
as k increases, which is natural. Thus, the RS criterion in
peridynamics, theoretically, should be consistent for any grid
size Ax > d.

In this way, we established that for a given ratio between
Ax and 6, the parameter k defines the distribution density
of failed bonds per plane of size d. This means that k
corresponds to the number of failed bonds 7 that cause a
plane of size d to fail:

k(Ax,d) < n(Ax,6)/d. (25)

The value of the density n(Ax, §)/d is not of the interest,
but it is important that the latter and k(Ax, d) correspond to
each other. To numerically verify a mean stress criterion in
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Fig.8 Comparison of the CBS,
mean stress criteria, ITFC and

theoretical Gy, for the different 933
element sizes (equivalent to the
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[14], the correspondence of the latter both to the theoretical
value of critical energy release rate G,. and to the CBS cri-
terion was proved for various element sizes (see Fig. 8). As
mentioned earlier, the proposed mean stress and RS criteria
are mathematically equivalent in the case of crack propaga-
tion along the discretization direction. Thus, results in Fig. 8
also numerically justify the RS criterion for the quasi-static
crack propagation, as well as its independence from the
choice of a grid size in peridynamic discretization.
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8 Independence of the RS criterion
from the grid spacing direction in uniform
2D discretization

8.1 Algorithm

Peridynamic RS criterion is also capable to predict crack
propagation in the directions different from the grid spacing
direction with grid size Ax (see Fig. 9). Note that the compu-
tation of the components of the stress tensor for peridynamic
bonds is carried out at the locations of the peridynamic
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Fig.8 (continued)
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Fig.9 Crack propagation in the arbitrary direction
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points (which interact through these bonds) within a chosen
coordinate system. Thus, the spacing between peridynamic
points along the coordinate axes defines the bond stress ten-
sor components in the inhomogeneous stress field near the
crack tip.

For a uniform discretization, the distribution of peridy-
namic points is identical along all three axes of the rectangu-
lar coordinate system considered in this work. Consequently,
in this case, criterion (21) remains unchanged. If the grid
spacing direction does not align with the coordinate axes, it
is essential to determine the distance between peridynamic
points along the axes, denoted as A&. Since a grid spacing
Ax does not necessarily equal A& (see Fig. 10), for further
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Fig. 10 Grid space directions coincide with coordinate axes (left), grid space directions do not coincide with coordinate axes (right)
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Fig. 11 Normal stresses in the original and a-rotated coordinate sys-
tems

Table 3 Mechanical properties of PMMA [14]

Density 1230 kg/m®
Young’s modulus 3.5 GPa
Poisson’s ratio 0.35

Critical SIF,K,. 1 MPa /m
Critical energy release rate, G, 0.286 N/mm
Ultimate tensile stress,o, 60 MPa
Characteristic size, d 0.177 mm

purposes we introduce the length dimension parameter Ap.
However, in the case of uniform discretization, Ap = Aé.

Then, for Ap =A¢é =kd(k € R, k> 1), considering
Eq. (11), condition (21) for an arbitrary crack propagation
direction a takes the following form:

bond KIC
22(a) = \/—
2rxAp

Note that if the crack propagation direction is not
known in advance, the condition given in relation (26)
should be evaluated for multiple planes (n), with their nor-

mals rotated in increments of the rotation step ay,, from

(26)

80 mm ‘\:0/
Contour for
J-integral
60 mm P17
mm [P0 mm

Fig. 12 Geometry and conditions of quasi-static verification tests [14]

the OX coordinate axis (which coincides with the crack
line). In 2D case, the number of planes n = 2 x 90°/ay,,
(since two orthogonal planes are considered for each , see
Fig. 11). An increase in the number of planes n that are
checked in the numerical simulations should lead to the
convergence of the computed crack propagation to some
limiting result.

It is clear that in practice there is no need to consider
the values of a > 90°, since we can consider the normal
stresses on two orthogonal planes of the cube and rotate
the cube on the angle 0° < @ < 90° (see Fig. 11).

As already mentioned, since the linearization of the
structural-temporal criterion formulates the criterion for
crack propagation, o, is absent in expression (26). Thus,
the proposed RS criterion, as presented in the given
relation, for the first time formulates the peridynamic bond
failure criterion based on the critical SIF.

@ Springer
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J-contour with step Ax
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Qgiscretization

Pre-crack

R discretization = 45
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Fig. 13 Discretization of a sample for oy eizaion = 0° and 45° and corresponding J-contours with its spatial calculation steps utilized for

the computation of energy release rates

Fig. 14 Local central symmetry of discretization ;s retization = 0° (0N
the left) and axial symmetry of discretization 0l eizaton = 43° (0N
the right)

RS criterion: CBS criterion:

o= 0° -

o = 45°

Damage
0. 02 04 06 08 1.

o

Fig. 15 Fracture patterns computed with use of the RS (on the left)
and the CBS criteria (on the right) for oy cefization D€INE €qual to 0° (at
the top) and 45° (at the bottom)

@ Springer

8.2 Numerical verification

8.2.1 Quasi-static tension of the pre-notched plate
with uniform discretization

As discussed previously, in [14] we performed verification
tests of the mean stress fracture criterion by modelling
a quasi-static crack propagation in a brittle pre-notched
plate in a plane stress state. Here, we verify that, in general,
the RS approximation (26) depends on a distance between
peridynamic points along the axes of the coordinate system
A¢, but not on the grid spacing along the discretization
directions Ax. For this purpose, we perform the same tests
as in [14] for a discretization with the peridynamic cubic
elements whose edges are oriented at an angle to the crack
line. The computations are also done using peridynamic
software Peridigm [27] (implemented for 3D case) with
additional procedures implementing the RS criterion. Due
to the plane stress state, failure of the out-of-plane bonds in
3D model is assumed to make a minor contribution to the
overall crack propagation.

The energy release rate is computed utilizing a Rice-
Cherepanov J-Integral approach. The displacement-based
method described in [28] is employed for this purpose. The
size of a rectangular PMMA specimen to be simulated is
80 mm X 50 mm. The mechanical properties of PMMA used
in simulations are given in Table 3.

This time, we consider only one discretization size
Ax = 1 mm, to reduce the computational costs. In all experi-
ments, prescribed time-dependent displacements are applied
to the left edges with a width of two horizons (26 = 6 mm),
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Fig. 16 Crack paths in the dis-
Cretizations O creization = 0° (0N
the left) and discretization = 45°
(on the right)
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Fig. 17 Comparison of the time histories of the energy release rate
(averaged over 76 us) and the crack tip position for the discretizations

e o . L
Ogiscretization = 0° aNd Qgicererizaion = 45° predicted by the RS criterion

Table 4 Material properties of the steel plate X2 NiCoMo 18 9 5

8000 kg/m® [29]
191 GPa [30]

Density,p
Young’s modulus,E

Poisson’s ratio 0.3 [30]

Critical SIF,K,~ 90 MPa \/E [30]
Ultimate tensile stress,o, 2000 MPa [30]
Characteristic size, d 1.29 mm

as shown in Fig. 12. The length of the pre-notch is 15 mm.
The horizon size is chosen equal to 6 = 3Ax (3 mm), and
specimen thickness is 26 (6 mm). Crack tip position is deter-
mined as the rightest peridynamic point with a damage value
of 0.35 or greater [26].

This time, we employ a uniform discretization with a
cube-shaped peridynamic element rotated by the angle
@ giscrerization a0d trimmed at its boundary to fit the sample
geometry (see Fig. 13).

For &;rerizarion = 45° we employ the same rectangular
J-contour as for @gc.eizaiion = 0° With dimensions of
60 mm X 17 mm. Spatial calculation step is equal to the
distance between peridynamic points along J-contour,
which in this case is ~ 1.414 % Ax. Then the distance
between peridynamic points along the coordinate axes
Ap ~ 1.414 % Ax as well.

oo
oo
13
13
'3
®® ¢ 0 0 0 @ v

00 @ © 0 0 06 0 0 06 0 0 0
o0 © 0 0 0 00000 00O

FContactXtContact 9 mm

Fig. 18 Model geometry and boundary conditions (notches are not
drawn to scale)

Note that symmetrical displacements applied in these
simulations must ensure a symmetrical crack propagation
along the horizontal median line of the samples (global axial
symmetry) to achieve a purely mode-I loading case. At the
same time, a symmetry violation of the discretization may
affect the crack propagation. Discretization & ;.,esi-arion = 0°
has the local central symmetry, but ;. rizarion = 45° OWnSs
only axial, not central symmetry (see Fig. 14).

Fracture patterns computed by the RS criterion (26) and
CBS criterion (that is defined in Eq. (6.19) in [29] for ordi-
nary state-based peridynamics) are shown for both discre-
tizations in Fig. 15. As we can see, the RS criterion predicts
the same crack paths as the CBS criterion for both discre-
tizations. Meanwhile, the first criterion predicts considerably
higher level of damage, which is the feature of this stress-
based criterion. At the same time, this feature does not affect
the energy release rates presented in Fig. 8, which is of the
main importance.

In view of the local central and global axial symmetries,
discretization o g, eizarion = 0° €nsures fully symmetrical
crack propagation along the median line. Although in case
of discretization @, esizarion = 45° We observe almost a hor-
izontal crack propagation along the median throughout,
a fluctuation around this line appears, apparently due to
the lack of the local central symmetry around the median
line (see Fig. 16). Such violation of the crack propagation
symmetry can cause artificial moments, that can result in
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a slight increase of the energy release rate during the crack
propagation.

Finally, Fig. 17 presents the time histories of the energy
release rate averaged over 76 us and the crack tip position
computed with the use of RS criterion (26) for both dis-
cretizations. Relatively low crack propagation velocities
(115-125 m/s) were observed. Note that the time histories
of the energy release rate and the crack tip position for
@ yiseretization = 0° are identical to those presented in Fig. 8
for the mean stress criterion for Ax = 1 mm. In Fig. 17 we
can observe a good correlation between the time histo-
ries of a crack tip position. There is a certain divergence
between the energy release rates for @ ;. prizarion = 45° from
the reference discretization @y;.pizarion = 0°» perhaps,
caused by the crack fluctuations discussed above. Since the
latter should be a numerical related issue, we can assert
that the RS criterion (26) depends on the distance between

Astep = 90° (n = 2)

Fig. 19 Comparison of experimental and modelled crack paths predicted with condition (27) for different values of o

RS criterion

Fig. 20 Comparison of the experimental and modelled crack paths predicted with condition (27) for o

criterion (to the right)

@ Springer

peridynamic points along the coordinate axes, but not on
the grid spacing along the discretization directions.

In view of the absence of either central or axial
symmetries of any discretization direction with
Xgiscretization ;é 0° and Qiscretization ?é 45° ’ they are not
considered in this verification example. In such cases,
the symmetry violation around the median line is so
pronounced that it causes the crack to deviate significantly
from the median line for both the CBS and the RS criteria
due to purely a numerical issue.

8.2.2 Kalthoff-Winckler test

In this instance, we demonstrate that the proposed RS crite-
rion is also capable of predicting crack propagation in any
arbitrary direction. One of the common benchmark tests
for the crack propagation in peridynamic codes [29, 30] is

45° (n = 4) grep = 30° (n = 6)

step

CBS Criterion

= 3.75° (to the left) and with the CBS

step
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the Kalthoff-Winckler test on dynamic fracture, in which a
steel striker hits its edge against a pre-notched tough marag-
ing plate X2 NiCoMo 18 9 5 (its mechanical properties are
listed in Table 4). Here we repeat the conditions of the peri-
dynamic calculation from [30], where the rigid cylindrical
impactor has initial vertical velocity v;,;;,; = 32 m/s and
the mass m;,,,.,, = 1.57 kg. The model geometry and the
boundary conditions are shown in Fig. 18.

Since the peridynamic code Peridigm does not support a
rigid material model, a corresponding contact force

F X Viisiat! 2t conaer Within the contact time

contact = M

impactor

t

contact ~ 2N/ \/g is applied to the upper contact surface of
the plate (namely, three upper rows of peridynamic points in
the contact region highlighted in red in Fig. 18). The rest of
the plate boundary is load-free. The grid size Ax = 1.29 mm,
8 =3Ax and the explicit time integration step
Atypicie = 0.2 ps. In these simulations, the grid spacing is
aligned with the coordinate axes, so we have Ap = Ax.
Note that the enormous stresses generated by elastic
waves, e.g. at the bottom of a defect-free plate, can exceed
the stress values necessary for the crack propagation. It is
clear that in peridynamic points far from the crack (with
the net damage @(&,1) = 0, see Eq. (4) for its definition),

a classical strength criterion should be applied. Thus, we

X
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Centroid of J\\‘ Gy ,’soh)
: i . ¢, A
pe”dynamlc ‘P\O/’@Qf’(}-o lsectian(a) b@,.:‘?‘,‘o /.0019
‘element A W Y % o%) 0‘91“0(//) %
W C"f/(‘) (//7 Q’/b /O/> 0,
%,. 7
82

Fig.21 Computation of Ap(a) for 2D non-uniform discretization

can naturally add it to the condition (26) and construct the
following bond failure criterion:

o, if &,0)=0

bond ¢

20 | e if (&) > 0 @7

Note that, unlike the previous example (in which, for
illustrative purposes, the pre-crack, instead of initial damage
to the peridynamic points, simply has fewer neighbours
initially), in this problem the peridynamic points along the
pre-crack have initial damage due to the preliminary removal
of some of their neighbours. This is clearly necessary for the
correct operation of condition (27).

As we previously mentioned, the RS criterion should
demonstrate the convergence to some limiting result with
a decrease in the rotation step ay,,,. Therefore, to begin with,
we present the results of simulations using condition (27) for

the cases a,,, = 90° (n = 2), a,, = 45° (n = 4), a,,,, = 30°
(n=6), ay,=15° (n=12), ay,=75° (n=24),
A, = 3.75° (n = 48).

As we can see in Fig. 19, in case of a,,, = 90° the crack

propagates almost horizontally with a strong deviation from
the experimental crack direction (which runs at approxi-
mately 60° to the vertical line of the preliminary crack),
obviously since we only check the stress values on two
planes with vertical and horizontal normals. For the cases
with &, < 45° a significant trend towards the experimental
crack direction is observed, and the difference between these
cases is the crack propagation distance. With a decrease in
g, (i.e., with increase of n), the crack propagation distance
tends to its maximum value (i.e., to the through propagation
of a crack through the sample), which corresponds to the
experimental result.

In Fig. 20, we can also see experimental and mod-
elled crack paths predicted with the RS criterion (27) for
@y, = 3.75° (to the left) and with the CBS criterion (to the
right), where both criteria predict almost identical crack
propagation directions. Meanwhile, we can observe slight

Pre-crack

Fig. 22 Uniform discretization of a sample (left), non-uniform discretization of sample (right) and corresponding J-contours with its spatial cal-

culation steps utilized for the computation of energy release rates
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Fig. 23 Fracture patterns com-
puted with use of the RS (on
the left) and the CBS criteria
(on the right) for uniform (at the
top) and non-uniform discretiza-

tion (at the bottom) Uniform

discretization:

Non-uniform
discretization:

0,5 120
0,4
0,3
0,2

0,1

Energy release rate [N/mm]
D
o
Crack tip position [mm]

0,0 0
60 160 260 360 460
Time, [us]
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Fig. 24 Comparison of the time histories of the energy release rate
(averaged over 76 us) and the crack tip position for uniform and non-
uniform discretizations predicted by the RS criterion
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Fig.25 Comparison of the time histories of the energy release rate
(averaged over 76 us) and the crack tip position for uniform and non-
uniform discretizations predicted by CBS criterion
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Fig.26 Model with a non-uniform discretization for the Kalthoff-
Winckler test

damage at the bottom of the plate in the case of the CBS
criterion, which in the case of the RS criterion is naturally
prevented by introducing an additional condition in (27).

To sum up, this verification test together with the previous
one demonstrate the ability of the RS criterion to correctly
predict a crack propagation in the arbitrary direction
regardless of the discretization. Moreover, the convergence
of the RS criterion to the limiting result for decreasing a
is numerically confirmed here.

step

9 RS criterion for non-uniform 2D
discretization

9.1 Algorithm

In real-world engineering, the geometry of a body is
complex, necessitating a non-uniform discretization. In
this case, the distance between peridynamic points along
the coordinate axes Ap = Ap(a) is not constant throughout
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Fig. 27 Fracture patterns pre-
dicted by the RS and the CBS
criteria for uniform and non-
uniform discretizations
Uniform
discretization:

Non-uniform
discretization:

the entire discretization and it should be approximated
numerically.

In the rectangular coordinate system defined for the
material domain, we construct an ellipse with its major
and minor axes a, b aligned with the coordinate axes. The
lengths of these axes correspond to the cross-sectional
dimensions of the peridynamic element A passing through
its centroid (refer to the left side of Fig. 21). Then, the
value of Ap*(a) can be defined as the cross-sectional
length l?eclion(a) of the constructed ellipse along the crack
propagation direction under verification, a (refer to the
right side of Fig. 21):

Fig. 28 Operation of the
parameter Ap(a, f, y) for the y
non-uniform 3D discretization b

Centroid of
peridynamic
eIement A

RS criterion:

ApA(O,’) = l?ectian(a)'

(28)

To compute the value of Ap(a) associated with the bond
through which peridynamic points A and B interact, we
average the values of Ap*(a) and ApB(a):

Ap* (@) + ApP(a)

> (29)

Ap(a) =

Non-uniform discretization

C

Uniform discretization

2y
) i Sphere
Centroid of ,
peridynamic AEEerage
element AEaverage X
—»X >
Scircle

iaverage
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9.2 Numerical verification

9.2.1 Quasi-static tension of the pre-notched plate
with non-uniform discretization

Here, we repeat the verification from Sect. 8.2.1 for the uni-
form discretization @ = 0° and non-uniform discretization in
the crack propagation region (see Fig. 22).

Fracture patterns computed by the RS criterion and
the CBS criterion are shown for uniform and non-uniform
discretizations in Fig. 23. Figures 24 and 25 show the energy
release rate dependencies averaged over 76 us (upper plots)
and the non-averaged dependencies of the crack tip position
(lower plots) for the RS and the CBS criteria, respectively.
Compared to the CBS criterion, the RS criterion exhibits
better convergence in case of non-uniform discretization,
with both the J-integral and the crack tip position dependen-
cies aligning more closely with those obtained for uniform
discretization.

9.2.2 Kalthoff-Winckler test for non-uniform discretization

Here, we repeat the verification from Sect. 8.2.2, this time
focusing on the non-uniform discretization in the crack prop-
agation region (see Fig. 26).

Figure 27 presents the fracture patterns predicted by both
the RS criterion (using a,,, = 3.75° in relation (27)) and the
CBS criterion for uniform and non-uniform discretizations.
Both criteria exhibit a similar divergence in the crack paths
computed with the non-uniform discretization relative to
those predicted for the uniform discretization. This could
be also minimized by performing a grid size convergence
study. Given this similarity, and considering that the CBS

A
Fixed support

Fixed support

Fixed support

75 mm

Fig.29 Geometry and boundary conditions of Brokenshire torsion
experiment [32], the grey part of model represents a concrete, and the
loading arms are in blue
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Table 5 Material properties used in the simulation of Brokenshire
experiment

Density,p 2400 kg/m?
Young’s modulus,E 35 GPa [32]
Poisson’s ratio 0.2 [32]

Critical SIF,K, 1.67 MPa ﬁ [32]
Ultimate compressive stress,o,. 50 MPa
Characteristic size, d 0.71 mm

criterion should be independent of discretization uniformity,
we conclude that the RS criterion has passed the test.

10 RS criterion for uniform and non-uniform
3D discretizations

10.1 Algorithm

Based on the relation (26), an extension to a 3D version
of the RS bond failure criterion can be constructed. This
formulation governs the fracture of a plane whose normal is
rotated about the OX, OY, and OZ axes by the angles a, f,
and y, respectively, with increments a,,,, By, and ¥,

K
bond Ie
(o} > —
2(apy) = ’ (30)
\2xAp
obomd s the normal stress component of the bond on
22(a.py)

the plane of fracture.

For a uniform discretization with peridynamic points
spaced along the coordinate axes by A&, parameter
Ap = A€ as well as in 2D case.

In the case of non-uniform 3D discretization, where
the average spacing between peridynamic points along the

Fig. 30 Non-uniform discretization in the simulation of the Broken-
shire experiment
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Fig.31 Fracture surfaces: experimental and simulation results for the RS and the CBS criteria in case of uniform discretization

Remote Stress Criterion
(non-uniformdiscretization)

Experiment

CBS Criterion
(non-uniform discretization)

o

<\

Fig. 32 Fracture surfaces: experimental and simulation results for the RS and CBS criteria in case of non-uniform discretization

coordinate axes equals AE“*"*8¢  the parameter Ap can be
defined similarly to the 2D case.
On the one hand, for the non-uniform discretization, we

consider the cross-sectional area S’:lhpse(a, p,y) of an

ellipsoid with principal axes a, b, ¢ intersected by a plane
that is rotated about the global OX, OY, and OZ axes by the
angles «, f#, and y, respectively (refer to the upper right
corner of Fig. 28). The principal axes a, b, ¢ correspond to
the cross-sectional dimensions of the peridynamic element
A passing through its centroid (refer to the upper left corner
of Fig. 28).

On the other hand, for uniform discretization where the
grid spacing equals AE**"“8¢, we consider the cross-sectional
area S_;,.,, of a sphere with radius of A§**"#s¢ (refer to the
lower part of Fig. 28).

Then, the relation for the Ap*(a, 8, y) becomes:

A
Sellipse(a ﬁ Y)

A s s — average 31
pH(a.B.y) = A& S AR 31
and
Apa, B, ApP(a, B,
Ap(@. py) = pA(a, B.y) + ApB(a, B 2 (32)

2

@ Springer
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Note that for 3D uniform discretization, Eq. (31)
simplifies to Ap?(a, B, y) = AE®erase,

10.2 Brokenshire torsion experiment

In this instance, we show that the proposed RS criterion can
also predict a 3D non-planar crack propagation. To illus-
trate this, a simulation of a Brokenshire experiment [31] is
presented in which a plain concrete notched prismatic beam
is subjected to the torsional loading. Here, we repeat the
conditions of the peridynamic calculation from [32]. Geom-
etry and boundary conditions of the simulation are shown in
Fig. 29, where the grey part of model represents a concrete,
and the loading arms are in blue. Material properties of the
concrete used in the simulation are given in Table 5. The
load arms have elastic properties with a doubled fictitious
stiffness, and the bond failure model is not applied to them.
The displacement rate it was set to 0.75 m/s to reduce the
computational time. The grid size Ax = 2.5 mm, 6 = 3Ax
and the explicit time integration step A, ;.;; = 0.41 ps.

In the presented simulations, both the RS criterion
(30)—(32) and the CBS criterion are applied to uniform dis-
cretization and non-uniform discretization (see Fig. 30). In
the simulations using the RS criterion, condition (30) was
evaluated for planes whose normals were rotated in incre-

ments of « = 30°. This means that for each

step = ﬁstep = ystep
peridynamic bond, n = 3 * 3% = 81 different planes were
evaluated for the failure condition (the number of the rota-
tions, 3%, is multiplied by 3, since three orthogonal planes are
considered for each rotation, analogues to the 2D case shown
in Fig. 11). The number of the peridynamic elements in the
uniform discretization is 300,000 and in the non-uniform
discretization is 304 198.

The fracture surfaces in the simulation of Brokenshire
torsion experiment using the RS and the CBS criteria are
shown in Figs. 31 and 32 both for uniform and non-uniform
discretizations. In the case of the CBS criterion, peridynamic
points with a net damage ¢ greater than 0.1 are shown,
whereas in the case of the RS criterion, peridynamic points
with a net damage ¢ greater than 0.25 are displayed.

As we can see, in case of the uniform discretization,
the RS approach predicts fracture surfaces with curvature
that more closely matches the experimental observations.
However, there is a certain difference between the curvatures
of fracture surfaces predicted by the RS criterion in case of
uniform and non-uniform discretizations. This discrepancy
could be minimized by increasing the number of planes
n considered for the failure condition (thus decreasing
Ureps Psteps Ysiep) and by conducting a grid size convergence
study. Further investigation is needed in this regard.

@ Springer

11 Discussion and conclusions

The bond stress approximation (5) can also be examined
using relationship (6) for various kinds of stress field
asymptotic in 1D and 3D cases. In several cases, the authors
achieved good convergence with the classical stress field
using both analytical and numerical integration. Since
the bond stress is an abstract concept, it could be defined
differently. But it is important that proposed bond stress
relationship corresponds to the classical local point stress
as the horizon size tends to zero.

It should be emphasized that the linearization given
by (13) relies on the Sneddon-Williams stress field
approximation near the crack tip. This approximation is valid
specifically for stress fields dominated by the SIF, such as
those occurring in a linear elastic body with a pre-existing
ideal crack under quasi-static loading conditions. However,
the same linearization can be applied to other stress fields
that exhibit transient characteristics due to dynamic nature
of external loads, where the SIF does not serve as the
governing parameter for crack propagation. Thus, criterion
given in relation (15) and its peridynamic versions given in
Eq. (26) for the 2D case and in Eq. (30) for 3D case can be
reformulated for these fields.

Important to note that linearization (13) enables a remote
control of the crack propagation characteristics at the finite
distance from the crack tip. While this linearization results
in stress being evaluated at a specific point, it is crucial that
this point actually represents the average stress over a line
segment d, rather than merely reflecting the local stress near
the crack tip. Since the RS criterion operates with critical
SIF, this also allows to extend a proposed approach to the
rate-dependent SIF based criteria, which is very attractive
for its applications in dynamic fracture mechanics.

The proposed fracture criterion was evaluated for both
2D planar and 3D non-planar crack propagation scenarios
both for uniform and non-uniform discretizations. Given
the demonstrated ability of the RS criterion to capture
crack propagation in non-uniform discretization, it is
recommended for future studies to investigate how
effectively it predicts crack propagation in the vicinity of
internal discontinuities, such as holes.

For utilizing the proposed RS criterion in FE-applications,
the unit element of failure should be defined separately. For
this, it would be natural to choose the finite element or set of
finite elements that represent a plane of size d.

The RS criterion has an advantage over the CBS criterion
as it operates directly with the stress field values. This is of a
great importance for the dynamic fracture applications where
the stress waves are dominant for the crack propagation. In
addition, this criterion can be incorporated with the strain
and stress-based strength criteria, since they deal with the
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values associated with a certain plane or tensor invariants.
This allows to model a failure process of the intact bodies,
where first a damage is nucleated, which then leads to
single or multiple crack propagation. The CBS criterion, in
contrast, operates with a critical energy value in the arbitrary
plane, since bond energy is a scalar, not a tensor.

The RS criterion, by treating the fracture of a plane
with a specified normal as a structural element of fracture,
provides a more accurate modelling of the curvature of
three-dimensional, non-planar fracture surfaces. However,
this increased accuracy comes at the expense of greater
computational resources.

The RS criterion has a certain disadvantage compared
to the CBS criterion, again, as it operates directly with the
stress field values. Since peridynamics has the boundary
effect problem due to incomplete horizons of peridynamic
points located near the surfaces, the multiple reflection of
the stress waves from the surfaces can lead to errors in the
stress field computations, resulting in incorrect damage of
the near-boundary peridynamic points. In practice, however,
this manifests only as a delay in damage accumulation at
peridynamic points located within a surface layer (half
the horizon thickness), which has a negligible effect on
the overall global crack propagation behavior. At the same
time, various surface-correction algorithms proposed in the
literature can be employed to address this issue.

The dependence of the peridynamic RS criterion on
discretization dimensions, in contrast to the classical CBS
criterion, which lacks such dependence, is determined by the
process zone size for these criteria. In the RS criterion, the
structural element of fracture is a finite-sized plane, whereas
in Griffith’s approach, it is an infinitesimal plane.

Note that, along with the structural-temporal criterion
used in the work, there is also Finite Fracture Mechanics
(FFM) approach, where d is not a material property, but it
comes out by coupling stress and energy conditions [33].
Recently, FFM has been extended to dynamic loading
scenarios by means of the Incubation Time Approach [17],
and it would also be interesting to consider this approach in
the context of peridynamic modeling.

It has been demonstrated that the RS criterion, when
incorporated into the ITFC, can effectively simulate
dynamic crack initiation and shows promise for generating
further significant insights in dynamic fracture mechanics.
Additionally, the RS approach could potentially be extended
to various stress-rate criteria, such as those encountered in
elastoplastic fracture modeling.
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