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2.1 Cross-Correlation Sequence Estimator

◮ Recall the space-time covariance matrix of a data vector x[n] = [x1[n], . . . , xM [n]]T,

R[τ ] = E
{
x[n]xH[n− τ ]

}
(1)

◮ earlier example for a
space-time covariance matrix
R[τ ] ∈ R

2×2:

◮ each element is a
cross-correlation sequence
rm,µ[τ ] =
E
{
xm[n]x∗µ[n− τ ]

}
;
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◮ we now assume that we only have N snapshots x[n], 0 ≤ n < N , to estimate rm,µ[τ ].



Biased Cross-Correlation Sequence Estimator

◮ Biased estimator — just for curiosity:

r̂(biased)mµ [τ ] =







1
N

N−|τ |−1∑

n=0
xm[n+ τ ]x∗µ[n] , τ ≥ 0 ;

1
N

N−|τ |−1∑

n=0
xm[n]x∗µ[n− τ ] , τ < 0 .

(2)

◮ for τ ≥ 0, the mean of the estimator can be shown to be

mean{r̂(biased)mµ [τ ]} = E
{

r̂(biased)mµ [τ ]
}

=
1

N

N−|τ |−1
∑

n=0

rmµ[τ ] =
N − |τ |

N
rmµ[τ ] .

◮ this is the default Matlab approach with a triangular window;

◮ note: the biased estimate R̂[τ ] ◦—• R̂(z) = 1
N
x(z)xP(z) cannot exceed rank one.



Unbiased Cross-Correlation Sequence Estimator

◮ Instead of dividing by N , we normalise by the number of product terms:

r̂mµ[τ ] =







1
N−|τ |

N−|τ |−1∑

n=0
xm[n+ τ ]x∗µ[n] , τ ≥ 0 ;

1
N−|τ |

N−|τ |−1∑

n=0
xm[n]x∗µ[n− τ ] , τ < 0

(3)

◮ check reveals that the estimator is indeed unbiased:

mean{r̂mµ[τ ]} = E{r̂mµ[τ ]} =
1

N − |τ |

N−τ−1∑

n=0

E
{
xm[n]x∗µ[n− τ ]

}
= rmµ[τ ] ,

◮ constructing a space time covariance estimate, R̂[τ ] ◦—• R̂(z) can indeed have a
maximum rank of M .



2.2 Variance of Unbiased Estimator

◮ For Gaussian signals, the variance of the cross-correlation sequence estimator can be
resolved as [17, 18]

var{r̂mµ[τ ]} =

N−|τ |−1
∑

t=−N+|τ |+1

(N − |τ | − |t|)

(N−|τ |)2
·
(
rmm[t]r∗µµ[t] + r̄mµ[τ + t]r̄∗mµ[τ − t]

)
.

(4)

◮ the complementary cross-correlation r̄mµ[τ ] = E{xm[n]xµ[n− τ ]} is identical to
rmµ[τ ] for real data, and zero for circularly symmetric complex Gaussian data [49];

◮ for m = µ, this agrees with results in [6]; for τ = 0 the result is the variance of the
Wishart distribution;

◮ variance depends on ≈ 1
N
, and the ground truth auto- and cross-correlations of the

involved signals.



Variance of Unbiased Estimator — Example I

◮ for real-valued Gaussian data
with N = 200;

◮ ground truth
cross-correlation and mean of
estimator:

◮ predicted and measured
variance of estimator:
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◮ for outer coefficients, there is less data available and hence the variance increases.



Variance of Unbiased Estimator — Example II

◮ for complex-valued Gaussian data
with N = 200;

◮ real and imaginary parts of ground
truth cross-correlation and mean of
estimator:

◮ predicted and measured variance of
estimator:
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2.3 Space-Time Covariance ‘Modelling Error’
◮ We define a ‘modelling error’ E[τ ] = R[τ ]− R̂[τ ];
◮ assuming a support |τ | ≤ T for R̂[τ ] the mean square modelling error has two

component:

ξ =
∞∑

τ=−∞

E
{
‖E[τ ]‖2F

}
=

T∑

τ=−T

E
{
‖E[τ ]‖2F

}

︸ ︷︷ ︸

ξ1

+ 2
∞∑

τ=T+1

‖R[τ ]‖2F

︸ ︷︷ ︸

ξ2

,

◮ the estimation term ξ1 is due to the estimation error [17, 18]:

ξ1 =
T∑

τ=−T

M∑

m,µ=1

var{r̂mµ[τ ]}

=
T∑

τ=−T

N−|τ |−1
∑

t=−N+|τ |+1

N−|τ |−|t|

(N−|τ |)2
(
tr
{
|R[t]|2

}
+ vec{R̄[τ − t]}Hvec{R̄[τ + t]}

)
,

◮ a truncation term ξ2 captures coefficients that are missed due to too short a support.



Modelling Error — Trade Offs

◮ Support T impacts on the estimation and truncation error terms (103 simulations,
R(z) of order 120):
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◮ the optimum Topt will always be shorter or equal to the support of R[τ ].



Note on Truncation

◮ Truncation can affect fundamental properties;

◮ consider 1× 1 example r11(z) = λ(z) = −jz2 + (−1 + j)z + 3− (1 + j)z−2 + jz−2;
estimation with a support of only 3 lags:

◮ the non-negativity of the power spectral density can be lost.
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3.1 Perturbation of Eigenvalues

◮ We assess on the unit circle E(ejΩ0) = R(ejΩ0)− R̂(ejΩ0);

◮ from perturbation theory [23, 50], e.g. the Hoffman-Wieland theorem states

M∑

m=1

(

λ̂m(ejΩ0)− λm(ejΩ0)
)2

≤ ‖E(ejΩ0)‖2F (5)

◮ other bounds exists, but generally the perturbation of the eigenvalues is limited by the
perturbation term E(z);

◮ some relative bounds under certain constraints (e.g. rank one perturbation [31, 19])
show that an eigenvalue perturbation is scaled by that eigenvalue → multiplicative
noise.



Perturbation of Eigenvalues — Example

◮ Ensemble results for random perturbations of a 2× 2 matrix R(z) with eigenvalues
λ1(z) = z + 2 + z−1 and λ2(z) = −jz + 2 + jz−1 [18]:



3.2 Perturbation of Eigenspaces
◮ Background: if there are C repeated eigenvalues, then their corresponding

eigenvectors can form an arbitrary orthogonal basis within a C-dimension subspace;

◮ since the C-dimensional subspace is invariant, perturbation theory typically
investigates eigenspaces rather than eigenvectors [23];

◮ let U1(e
jΩ0) = range{Q1(e

jΩ0)} be the subspace corresponding to such C repeated
eigenvalues in Q1(e

jΩ0) = [q1(e
jΩ0), . . . , qC(e

jΩ0)];

◮ projection P 1(e
jΩ0) = Q1(e

jΩ0)QH
1 (e

jΩ0) then helps to define a subspace distance

dist{U1(e
jΩ0), Û1(e

jΩ0)} = ‖P 1(e
jΩ0)− P̂ 1(e

jΩ0)‖2 ≤
4

δ(Ω0)
‖E21(e

jΩ0)‖2 . (6)

◮ the subspace perturbation therefore depends on a portion E21(z) of the modelling
error E(z) and on the minimum eigenvalue distance, with restrictions [21]:

δ(Ω0) = min
λ1(Ω0) ∈ Λ1(ejΩ0 )
λ2(Ω0) ∈ Λ2(ejΩ0 )

|λ1(e
jΩ0)− λ2(e

jΩ0)| > 0 . (7)



Perturbation of Eigenspaces — Example

◮ For the earlier example, we measure the distribution of a quantity related to subspace
correlation, γm(Ω0) = 1− |q̂Hm(ejΩ0)qm(ejΩ0)|:
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4.1 Recall: Bin-Wise Eigenvalue Perturbation

◮ By way of an example, consider R(z) [57, 36]:

R(z) =

[ 1−j
2 z + 3 + 1+j

2 z−1 1+j
2 z2 + 1−j

2
1+j
2 + 1−j

2 z−2 1−j
2 z + 3 + 1+j

2 z−1

]

(8)

◮ on the unit circle, the eigenvalues are λ1(e
jΩ) = 3 + 2 cos(Ω) and

λ2(e
jΩ) = 3 + 2 sin(Ω);
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Unperturbed System — Eigenvectors

◮ As a proxy for the eigenvectors, we consider the Hermitian angle αm(Ω), m = 1, 2, of
the eigenvectors qm(z) = [1, ±z−1]T on the unit circle against a reference,

cosαm(Ω) = |qH
1 (e

j0)qm(ejΩ)| ; (9)
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◮ the eigenvectors evolve smoothly (they are analytic) — non-differentiabilities in
αm(Ω) for αm(Ω) = {0, π2 } are due to the implicit modulus operation in (9).



Bin-Wise Eigenvalue Perturbation

◮ We now estimate the covariance matrix with different samples sizes N ; the
eigenvalues are now random variables with a distribution;

◮ at Ω = π
2 , we measure the normalised histograms / approximate distributions:
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◮ sampling from a distribution, even if the ground truth eigenvalues are repeated, the
estimated ones almostly sure are not.



4.2 Perturbation Across Frequency

◮ Unless N → ∞, almost surely the eigenvalues of R̂(z) do not intersect;

◮ example for N=1e2; the grey lines are the ground truth:
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4.2 Perturbation Across Frequency

◮ Unless N → ∞, almost surely the eigenvalues of R̂(z) do not intersect;

◮ example for N=1e3; the grey lines are the ground truth:
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4.2 Perturbation Across Frequency

◮ Unless N → ∞, almost surely the eigenvalues of R̂(z) do not intersect;

◮ example for N=1e4; the grey lines are the ground truth:
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4.2 Perturbation Across Frequency

◮ Unless N → ∞, almost surely the eigenvalues of R̂(z) do not intersect;

◮ example for N=1e5; the grey lines are the ground truth:
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4.2 Perturbation Across Frequency

◮ Unless N → ∞, almost surely the eigenvalues of R̂(z) do not intersect;

◮ example for N=1e6; the grey lines are the ground truth:
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4.3 Paradox for Analytic EVD

◮ If R̂(z) is estimated from a finite sample size N , almost surely analytic eigenvalues do
not intersect, i.e. are spectrally majorised;

◮ if analytic eigenvalues of R(z) are majorised, then the eigenvalues and eigenvectors of
R̂(z) tend to the ground truth as N → ∞;

◮ if the ground truth analytic eigenvalues of R(z) are unmajorised, then the larger N ,
the smaller the modelling error, and even though R̂(z) tends to R(z), the EVD
factors will converge towards a piece-wise analytic solution;

◮ in that case, for increasing N the analytic eigenvalues of R̂(z) will converge towards
non-differentiable functions, and

◮ eigenvectors will approximate discontinuities at frequencies where intersections are
lost;

◮ thus, the larger N , potentially the higher the required approximation order for the
analytic EVD factors.
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5.1 Polynomial vs Analytic EVD of R̂(z)
◮ Recall: the polynomial EVD — such as implemented by SBR2 [32,44, 47, 52] and

SMD algorithms [8, 9, 10, 24, 45] — likely converge towards a majorised solution [33];

◮ since the analytic eigenvalues of a randomly perturbed matrix are spectrally majorised,
PEVD and analytic EVD algorithms [28, 59, 60, 62, 63] target the same solution;
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◮ difference in precision — PEVD algorithms will only achieve an approximate
diagonalisation;

◮ difference in solution — the analytic eigenvectors are unique only up to an arbitrary
allpass function; its choice will determine the support/order of extracted eigenvectors,
and may require trimming in case of the PEVD [11,12, 20, 25, 51].



5.2 Avoidance of Oversampling for Analytic EVD

◮ Recall that the analytic EVD of a covariance matrix applied to L-times multiplexed
data requires L-times oversampling for its existence [7, 54, 57, 61];

z
−1

↓21 + z
−1

↓2

u[m]
x[m]

x1[n]

x2[n]
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◮ for uncorrelated u[m] ∈ N (0, 1) and R[τ ] = E
{
x[n]xH[n− τ ]

}
with

x[n] = [x1[n], x2[n]]
T, the eigenvalues are

λ1(z) = z
1
2 + z−

1
2 , λ2(z) = jz

1
2 − jz−

1
2 .



Avoidance of Oversampling — Example

◮ if estimated from data, the eigenvalues of the randomly perturbed R̂(z) are spectrally
majorised and 2π-periodic;

◮ perturbed at an SNR of 100 dB, the analytic EVD now exists [58]:
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◮ this has benefits for applications such as subband coding [44].



5.3 Subspace Switching

◮ Recall that majorisation switches both
eigenvalues and eigenvectors/spaces at
insections of the ground truth
eigenvalues;

◮ switching subspaces means that
broadband steering vectors for sources
are switched; Gibbs phenomena lead
to ripple effects and further subspace
perturbation;
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◮ this is inconvenient for subspace-based applications such as angle of arrival
estimation [1, 2, 13, 15, 16, 29, 26, 27, 53], beamforming [3, 37, 55], source
separation [22, 35, 46], subspace-based denoising [38, 39], subspace
detection [40, 41, 42, 43, 56], and filter orders of implementations [14].



5.4 Recovery of Ground Truth Analytic EVD

◮ One possibility to get to the ground truth eigenvalues is based on analyticity: an
analytic function can be reconstructed from any segment [48];

◮ we only consider segments of eigenvalues where they are well separated:



Recovery of Ground Truth Analytic EVD — Partial Reconstruction

◮ Partial inverse DFTs for Q = 4 segments of each M = 3 eigenvalues:

◮ association across segments using e.g. the Hungarian algorithm [30,34].
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Recovery of Ground Truth Analytic EVD — Retrieval

◮ Performing a segment-weighted average across associated segments:

◮ the extracted eigenvalues are close to the unmajorised ground truth;

◮ this similarly works for extracting analytic singular values [7, 61, 64, 65] from a
randomly perturbed transfer function matrix [4, 66] — see SSP poster on Tuesday
AM [5].



6. Summary

◮ The error when estimating a space-time covariance matrix depends (for Gaussian
data) on the sample size and the ground truth space-time covariance;

◮ this error contributes (together with truncation) to the bin-wise perturbation of
eigenvalues and eigenspaces;

◮ profound challenge: the analytic EVD factors can change fundamentally, and become
spectrally majorised almost surely;

◮ the larger the sample size, the more closely the analytic EVD factors approximate a
piece-wise analytic solution;

◮ paradox: a more precise estimate will require a higher approximation order for the
analytic EVD factors;

◮ the loss of algebraic multiplicities can bring benefits and drawbacks for applications;

◮ there is initial work to recover the ground truth EVD factors.
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