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Abstract

Given an unstable hybrid stochastic differential equation (SDE) dz(t) = f(x(t),r(t),
t)dt + g(z(t),r(t),t)dB(t), we can design a feedback control u(z([t/7|T),r(t),t) so that
the controlled SDE dz(t) = (f(z(t),r(t), t)+u(z(|[t/7]7),r(t),t))dt+g(z(t),r(t), t)dB(t)
becomes stable, were 7 > 0 and |¢/7] is the integer part of /7. Noting that the control
u(z(|t/7|7T),7(t),t) is based on the state observations at discrete times 0, 7,27,---, we
see that this stabilisation problem is significantly different from the classical one where
the feedback control u(z(t),r(t),t) is based on continuous-time state observations. This
stabilisation problem was initiated by Mao in 2013 and has been intensively studied by
many authors for the past ten years. In this paper we will further develop an event-
triggered control based on a trajectory of the state or output observations at discrete
times. This is significantly different from most of the existing papers where an event-
triggered mechanism for SDEs is designed based on a criterion in terms of the mathe-
matical expectation of the system state. The novel approach in this paper is to relate
the stability of the event-triggered controlled SDE to the stability of the corresponding
uncertain SDE.

Key words: Brownian motion, Markov chain, Event-triggered control, Exponential
stability, Lypunov function.

1 Introduction

An important class of hybrid systems is the class of hybrid stochastic differential equations
(SDEs) (also known as SDEs with Markovian switching), which have frequently been used in
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many branches of science and industry (see, e.g., [17, 24, 25, 32]). The hybrid SDEs can be
described by

dx(t) = f(z(t),r(t), t)dt + g(x(t),r(t), t)dB(t). (1.1)
Here the state x(t) takes values in R” and the mode r(t) is a Markov chain taking values in a
finite space S = {1,2,--- , N}, B(t) is a Brownian motion and f and g are referred to as the
drift and diffusion coefficient, respectively. One of the important issues in the study of hybrid
SDEs is the analysis of stability (see, e.g., [13, 17, 18, 23, 27, 28, 29, 40]).

The following stabilisation problem by a feedback control based on discrete-time state
observations was initiated in [19]: Assume that the given hybrid SDE (1.1) is not stable and
the observations of the state x(t) are only available at discrete times 0, 7,27, -, while the
mode r(t) is available at any time ¢ > 0, can we design a feedback control u(x(|t/7]|7),r(t),t)
so that the controlled system

dz(t) = (f(z(t),r(t),t) + u(z([t/7]7),7(t),t))dt + g(z(t),r(t),t)dB(t) (1.2)

becomes stable? Here 7 > 0 is a constant which stands for the duration between two consecu-
tive state observations, and |¢/7] is the integer part of ¢/7. This is significantly different from
the stabilisation by a continuous-time (regular) feedback control u(x(t),r(t),t), because the
regular feedback control requires the continuous observations of the state x(t) for all ¢ > 0,
while the feedback control u(x(|t/7]7),7(t),t) needs only the discrete observations of the
state x(t) at times 0, 7,27, --. The latter is clearly more realistic and costs less in practice.
This stabilisation problem has been studied by many authors for the past ten years (see, e.g.,
[7, 20, 21, 26, 34, 35, 39]). It should be pointed out that we here assume that the mode r(t)
of the system is obvious (i.e., fully observable at no cost), for example, in a financial system
where the mode represents the interest rate (see, e.g., [37, 41]). There is hence no cost for the
communication of the mode r(t) too. When design the feedback control, we should of course
make full use of the available information on it, namely allow the feedback control to depend
on the mode r(t).

To explain how this problem will be developed in this paper, we set t, = k7 for k € N :=
{0,1,2,---}, which are the discrete times when the state observations are made. The feedback
control u(xz([t/7|7),r(t),t) in (1.2) can be written as

w(@(ty),r(£),t) Yt € [totesr), k€N (1.3)

That is, the state input z(¢;) in the control is held constant during [tg, tx41) but is updated
to x(tgr1) at time ¢, and remains constant during [tx,1,tx2) while the control will be
recomputed according to u(x(txy1),7(t),t). In other words, the state input is updated at
every time t; and the control has to be recomputed accordingly. We wonder whether this
is absolutely necessary? Imaging that z(tx,1) might be close to x(tx), we would expect it is
unnecessary to update the state input from x(ty) to x(tx41) at time txy1. In other words, in
this situation, we might still use the control u(x(tx),r(t),t) for the next duration [tg 1, tx+2)
to avoid communicating the new state observation z(t;y1) and recomputing the new control
u(z(tpe),r(t),t) and hence to reduce the overall control cost.

To develop this idea into a new theory, we first need to describe precisely how z(ty1) is
said to be close to x(tx). We will use the following simple definition in this paper.

Definition 1.1. Let A € (0,1). Let y = (y1,- - ,yn)" and z = (21, -+, 2,)T be two vectors
wmn R™. If

lyi — zi| < Alzi| foralli=1,--- n, (1.4)



then z is said to be close to y in the order of A. We will not mention “in the order of A” any
more from now on. We will call A the event-triggered parameter.

We next need to form our new controlled system. Let X, = z(0), the initial value. The
control is u(Xo, r(t),t) for t € [0,t1). At time t1, we observe the state x(t;). If z(¢1) is close to
Xy, we will not update the state input in the control; otherwise update it. Hence the control
is u(Xy,7(t),t) for t € [t1,t2), where

)Xo if z(t1) is close to Xo, (15)
| x(t;) otherwise. '
In general, we define Xj, for k =1,2,--- by
Xi—1 if z(ty) is close to Xj_1,
k= _ (1.6)
x(tx) otherwise.

Then the control is u(Xy,r(t),t) for ¢ € [ty,tgr1). Therefore our new controlled system has
the following form

dz(t) = (f(z(t), r(t), t) + w(X|¢r), (), 1)) dt + g(z(t),(t), t)dB(t) (1.7)

ont>0.

The idea above is motivated by the popular event-triggered controls. In the field of ordi-
nary differential equations (ODEs), the event-triggered controls have been studied intensively
and we only mention [4, 5, 8 30, 38] among many others. In the field of SDEs, they have
received more and more attention recently (see, e.g., [2, 9, 12, 33, 36]). In most of the existing
papers, an event-triggered mechanism for SDEs is designed based on a criterion in terms of the
mathematical expectation of the system state. Such a mechanism can only be implemented
if a sample of large size of the system state, at any observation time, is available so that the
mathematical expectation involved in the event-triggered criterion can be calculated approx-
imately. There are some systems in this category, for example, a stochastic particle system
[11]. However, in much more real world SDE systems, e.g., an SDE model for a stock price,
the state observation is just a single-size sample at a time, namely the state observations at
discrete times form a trajectory of the solution to the underlying SDE. In such a situation, the
event-triggered criterion should be designed based on a trajectory of the state observations
at discrete times. To our best knowledge, there are a few papers in this direction so far (e.g.,
[12]). There is therefore an urgent need to develop the event-triggered control theory based
on a trajectory of the state observations at discrete times.

It is necessary to explain how the results in [12] differ from ours in this paper. The event-
triggered mechanism in [12] differs from ours. In [12], z is said to be close to y if |z —y| < A|z|.
The difference between theirs and our Definition 1.1 looks minor. However, the significant
effect is that in their case, there is no form of (2.6) between y and z (see Section 2 below
please). We give a counter example: Let z = (10,0)” and y = (10.1,0.1)” and A = 0.1. Then
|z —y| = 0.1v/2 < 0.1|z| = 1. But we cannot write y in terms of z in the form of (2.6). Let
us now explain why the form of (2.6) is so crucial in this paper. In fact, it is due to the form
of (2.6) that we will be able to establish our novel approach which is completely different
from that in [12]. Our approach is to relate the event-triggered controlled SDE (1.7) to the
corresponding uncertain SDE

dz(t) = (f(z(t), r(t),t) +u((L, + o(t))z(t), r(t), t))dt + g(z(t),r(t), t)dB(t) (1.8)



on t > 0, where I, is the n x n identity matrix and ¢(t) = diag(¢1(t), -, dn(t)) is an Fy-
adapted process such that its every element ¢;(t) € [—A, A] a.s. Please note that the real
values of every ¢;(t) are unknown though they are within [—A, A]. In words, ¢;(¢) represents
the system uncertainty. We will show that under some regular conditions on the coefficients
f,g,u, if the uncertain SDE (1.8) is exponentially stable in mean square, then there is a
positive number 7* such that the event-triggered controlled SDE (1.7) is also exponentially
stable in mean square as long as 7 < 7*. That is, we establish a useful link between the
stability of the event-triggered controlled SDE (1.7) and that of the uncertain SDE (1.8).
There is no such a link before. It is the discovery of this new link that makes the significant
impact.

Let us now explain the impact. First of all, the stability of the uncertain SDEs has been
well established (see, e.g., [10, 16, 24]). The techniques and methods in the study of the
uncertain SDEs can now be developed to study the event-triggered controlled SDEs. In other
words, the discovery of the link provides the researchers in the area of uncertain SDEs with a
new opportunity to develop their research in the area of event-triggered controlled SDEs (as
we do in this paper). This is even more significant given that there are only a few papers on the
event-triggered controls based on a trajectory of the state (though much more papers based
on conditions in terms of the mathematical expectation of the system state). Further more,
on the one hand, we observe that the stabilisation problem (1.2) is a stochastic differential
delay equation (SDDE) and that is why many existing papers have applied the method of
Lyapunov functionals to study it (see, e.g., [7, 39]). Our underlying event-triggered controlled
system (1.7) is a generalised version of (1.2) and is hence an SDDE too. It will be natural
to develop the method of Lyapunov functionals to study (1.7). On the other hand, our novel
approve links systems (1.7) and (1.8) together. Noting that system (1.8) is an SDE (but not
an SDDE), we realise that the link provides us with a new opportunity to develop the method
of Lyapunov functions to study system (1.7). As the design of Lyapunov functions is simpler
than that of Lyapunov functionals, our new results can be applied more easily in practice.

What we have discussed so far is the case where state z(t;) is observable at the discrete
times {t }ren and the control is known as the state feedback (see, e.g., [22]). However, there
is another important case in practice, where the output y(tx) := Gy, )z (tx) is observable but
state x(t;,) itself is not, in which G; € R™" is known for every i € S and, in general, [ < n. In
this case, the event-triggered control should be designed based on y(tx) but not x(tx). In this
paper we will investigate this case too but [12] did not. This is one more of our contributions.

Let us summarise our main contributions before we develop our main results:

e [t is first time that the stability of the event-triggered controlled SDE is linked to the
stability of the corresponding uncertain SDE.

e The techniques and methods in the study of the uncertain SDEs can now be developed
to study the event-triggered controlled SDEs as we demonstrate in this paper.

e In particular, the link provides us with a new opportunity to develop the method of
Lyapunov functions, instead of Lyapunov functionals, to study the event-triggered con-
trolled SDEs.

e We do not only investigate the event-triggered state feedback control for the case where
the state is observable but also the event-triggered output injection for the case where
the output is observable (and the latter was not studied in [12]). We explain how both
cases differ from each other significantly and hence different mathematical techniques
have been developed to study them.



2 Stabilisation by Event-triggered State Feedback

2.1 Notation

Throughout this paper, unless otherwise specified, we use the following notation. If A is a
vector or matrix, its transpose is denoted by AT. For z € R", |z| denotes its Euclidean norm.
If A is a matrix, its trace norm is denoted by |A| = y/trace(AT A) while it operator norm is
denoted by [|A|| = max{|Az| : |x| = 1}. Let I, be the n x n identity matrix. Let R, = [0, c0)
and N={0,1,2,---}. If A € R™" is symmetric, denote by Apin(A) and Apax(A) its smallest
and largest eigenvalue, respectively, while by A < 0 and A < 0, we mean A is non-positive
and negative definite, respectively. Moreover, A > 0 and A > 0 mean —A < 0 and —A < 0,
respectively. For symmetric matrices A; and Ay, by A; < Ay and A; < Ay, we mean that
A — Ay <0and A;— Ay < 0, respectively. If both a, b are real numbers, then a Ab = min{a, b}
and a V b = max{a,b}. If A is a subset of €, denote by I4 its indicator function; that is,
Iy(w) =1ifw € A and 0 otherwise. By X :=Y or X =Y, we mean X is defined or denoted
by Y, respectively.

Let (Q, F,{Fi}t>0,P) be a complete probability space with a filtration {F;}>o satisfying
the usual conditions (i.e., it is increasing and right continuous while Fy contains all P-null
sets). Let B(t) = (By(t), -+, Bu(t))T be an m-dimensional Brownian motion defined on the
probability space. Let r(t), ¢ > 0, be a right-continuous Markov chain on the probability space
taking values in a finite state space S = {1,2,--- , N} with generator I' = (7;;) nxn given by

B{r(t + 1) = jIr(t) = i} = {W‘ rom W7

1+ ~iuh+o(h) ifi=j,
where h > 0. Here v;; > 0 is the transition rate from i to j if ¢ # j while —7; = Z#i Vij-
We assume that the Markov chain r(+) is independent of the Brownian motion B(+). It is well
known that almost all sample paths of r(t) are piecewise constant except for a finite number
of simple jumps in any finite subinterval of R, . We stress that almost all sample paths of r(t)
are right continuous.

2.2 Controlled system

Consider the given unstable n-dimensional hybrid SDE (1.1), where f : R* x S x R, — R”
and g : R" x S x Ry — R™™ are Borel measurable functions. Assume that the state x(t) is
observable at the discrete times {fx}ren in all modes or some modes and the Markov chain
r(t) is observable at any time (e.g., the Markov chain models the interest rates [6]). Of course,
we can consider the situation where the Markov china r(¢) is only observable at the discrete
times but we will report the corresponding results else where due to the page limit here. We
need to design the control function u : R® x S x R, — R” so that the controlled SDE (1.7)
becomes stable. To make our new theory more understandable, we will only consider the
linear control function of the form

u(z,i, t) = Az with A; = G, (2.1)

where F; € R™! and G; € R for some positive integer [ which is less than n in general. If
in mode i, state z(t) is not observable, we set A; = 0 (see Example 4.2). This is known as
the structure control, which has two cases: (i) state feedback control where F;’s are known
while G;’s need to be designed; (ii) output injection where G;’s are known while F}’s need to
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be designed (see, e.g., [22]). In this section we consider case (i) but leave case (ii) to the next
section. We will explain how to design G;’s in Section 2.5 but in the meanwhile we assume
they are known and so are A;’s. Consequently, our controlled SDE (1.7) becomes

dz(t) = (f(z(t),r(t),t) + Ay X j1r) ) dt + g(x(t), r(t), t)dB(t) (2.2)

on t > 0, with initial data z(0) = zy € R™ and r(0) = ry € S at time zero. To make this SDE
well defined, we impose the following standing hypotheses.

Assumption 2.1. Assume that the coefficients f and g are locally Lipschitz continuous (see,
e.g., [16, 24]). Moreover, they satisfy the following linear growth condition

i) < Kol and g(a,i,8)] < Klal (2.3)
for all (z,i,t) € R" x S x Ry, where both Ky and Ky are positive numbers.

Please note that condition (2.3) forces that f(0,7,¢) = 0 and ¢(0,4,£) = 0 so 0 is an
equilibrium state. We claim that under Assumption 2.1, the controlled SDE (2.2) with any
initial data z(0) = zy € R™ and r(0) = ry € S has a unique global solution z(¢) such that
E|z(t)|> < oo for all ¢t > 0. In fact, restricting ¢ € [0, ], we see that the controlled SDE (2.2)
becomes

dx(t) = (f(x(t), r(£),1) + Avy Xo)dt + g(a(t), r(t), DAB(2), (2.4)

where Xy = zo. It is well known (see, e.g., [24]) that this SDE has a unique solution z(t)
on t € [0,t;] such that sup,cjo,, Elz(t)]* < co. At time t;, z(t;) is observed and X, can be
defined by (1.5). For t € [t1,ts], the controlled SDE (2.2) becomes

dz(t) = (f(z(t),r(t),t) + Ay X1)dt + g(x(t),r(t), t)dB(t) (2.5)

with initial data x(t;) and r(¢;) at time ¢;. It is well known that this SDE has a unique
solution x(t) on t € [ty, to] such that sup,cp;, . Elz(t)[* < co. At time ty, x(t2) is observed and
X3 can be defined by (1.6). Repeating the above arguments for ¢ € [ts, 3] etc. we see what
we claimed.

To perform the theoretical analysis, we need to re-write the controlled SDE (2.2) in a
modified form. Let z = (z1,-+,2,)T be close to y = (y1,-++ ,yn)’. By Definition 1.1, for
each i = 1,---  n, there is a unique number o; € [—A, A] such that y; = (1 + 0;)z;. In fact,
0; = (yi — 2;)/z; when z; # 0 and we set 0; = 0 when z; = 0. Hence

y=(n+0)z (2.6)
where o = diag(oy, -+ ,0,) (and I, is the n x n identity matrix as defined before). It is also
easy to see

|oz] < Afz[ and (1= A)[z] < y[ < (1 + A)lz]. (2.7)

Applying (2.6) to (1.6), we see that for k =1,2,---,

v {(In + At)z(ty)  if 2(t) is close to Xy, 28)
(tx)

x otherwise,



where A(ty) = diag(Ai(tr), -+, An(tr) with Ay(ty) € [-A,A] for all i = 1,---,n, while

A(ty) is Fi, -measurable as it is determined by z(t;) and Xj_; only. We can then further write
Xi = (I, + A(tg))x(ty), where

Alty) = (2.9)

. A(ty) if z(ty) is close to Xj_1,
0 otherwise,

which is JF;,-measurable of course. By (2.7), we also see that (A(t;))? — A%I, <0,
Alty)a(t)] < Alz(ty)] and (1= A)la(te)] < (I + Altx)z ()] < (1+ A)la(t)] (2.10)

amost surely. We set A(ty) = 0 so that A(t;,) is now defined for all & € N. Furthermore,
we will define 6, = |t/7]7 for t > 0. With these notations, the controlled SDE (2.2) can be
written in the following modified form

da(t) = (f(@(t),7(t),t) + Aviry (L + A(3e)2(8,) ) dt + g((t),r(t),1)dB(). (2.11)

It should be pointed out that this form is convenient when we perform mathematical analysis
from next section on by making use of (2.10). However, in practice, we should use (2.2)
because once X}, is determined by (1.6), the controlled SDE (2.2) can already be implemented
without knowing A(t;,).

We will see that the stability of this controlled SDE is related to the robust stability of
the following auxiliary uncertain SDE

dz(t) = (f(z(2),r(t),t) + Ary (L + (1)) 2(t))dt + g(z(t),r(t), t)dB(t) (2.12)

on t > 0, where ¢(t) = diag(¢1(t), -+, on(t)) is an F-adapted process such that its every
element ¢;(t) € [—A,A] a.s. Please note that the real values of every ¢;(t) are unknown
though they are within [—A, A]. In words, ¢;(t) represents the system uncertainty.

2.3 Lemma

Let us begin this section by stating a key assumption.

Assumption 2.2. There exist positive numbers 3, B; (i € S) and symmetric positive definite
matrices (Q; € R™ ™ such that

227Q; f(x,i,t) + trace[g(z, 4, ) Qig(z,i,1)]

N
+a” (QiAi + AT Qi + BiQiAAT Qi + (A%)B) L, + Z %’ij)iU < Bzl (2.13)
j=1

for all (z,i,t) € R x S x Ry.

It should be pointed out that if (2.13) holds, then Assumption 2.2 holds for AQ); with any
A > 0. That is, the choices of @);’s are scale-independent. We will explain in detail in Section
2.5 how to choose matrices (); and free parameters [3; and then design the corresponding
matrices G;’s and hence A;’s (recalling F;’s are known) and find the positive number g for
(2.13) to hold. In this section, we just assume that Assumption 2.2 holds. By [24, Theorem
5.8 on page 166] (with V(x,4,t) = 27Q;x there), we see that Assumption 2.2 guarantees the
mean-square exponential stability of the auxiliary uncertain SDE (2.12).
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From now on we will fix initial data xqg € R™ and ry € S arbitrarily and will not mention
them any more unless necessary. Moreover, we will set

KA = nileagx HAzHy KQA = nileagx HQZA’LH7 )\m = r?elél )\min(Qi)7 )\M = nileagx Amax(Qi)~ (214>

Before we state our first main theorem in this paper, let us present a useful lemma.

Lemma 2.3. Let Assumption 2.1 hold. If 7 < 1/(Ka(l + A)), then the solution of the
controlled SDE (2.2) has the property that

E(lz(t)||2(t) — 2(8:)]) < Hi(7)Elz(t)]* + Hfz(T)/S E|z(s)[*ds (2.15)
for allt > 0, where

Hi(7) 1—7Ka(l+A)

(2.16)

and
_ 05(Ky + Ko/\/T)
Ha(r) =32 TEA(1+A)

(2.17)

Proof. For t € [tg,tyy1) for some k € N, by Assumption 2.1 and property (2.10), it follows
from (2.11) that

E(lz(@®)][x(t) = x(5,)]) = E(le@)||2(t) — 2(tx)])

<E( |z (1) /t:<K1\x(s>! K1+ A)a(t))ds + [2(0)| (D)) (2.18)
where My(t) = [, g(x(s),7(s), s)dB(s). But
B (je(0] [ (Ralolo) + K1 + Se(nas)
<E / (Kale(®)lla()] + Ka(l+ &)@l |a(6)] + |o(t) - 2(t) 1ds

t
< 705K, + Ka(1+ A Elz(0) + 0.5K1E/ 2 (s)2ds
173

F KA1+ AE(e(0)](0) — (1)), (219
and
Elz(t)[| My (t)] < 0.5K2v/TE[x(t)]* + (0.5/Kov/T)E| My (1)
< 0.5Kov/TE2(1)]” + (0.5K2//7)E /tt 1(s)[2ds. (2.20)

Substituting these into (3.14) yields

E(lz(®)|[z(t) — z(6:)])

< (7[0.5K, + K4(1 + A)] + 0.5Kov/T)E|z(2)|* + 0.5(K, + Ky //T)E /tt lz(s)|*ds

+ KA1+ AE((0)][(t) — 2(t)]). k (2.21)
This implies the desired assertion (2.15) as 7K 4(1+ A) < 1. O
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2.4 Theorems

Theorem 2.4. Let Assumptions 2.1 and 2.2 hold. Let 7 € (0, (Ka(1+ A))™) be the unique
root to the following equation of T
5 2Koa(1+ A)
1 —TK4(14+A)
and it has the explicit form (2.26) below. If T < 7*, then the solution of the controlled SDE
(2.2) has the properties that

(7K + Ka(l 4+ A)] + Kav/7) (2.22)

1
limsup - log(E|z(t)[*) < —¢, (2.23)
t—o00 t
and .
lim sup — log(|z(t)]) < < a.s., (2.24)
t—o0 t 2
where € 1s a unique positive number such that
B =ely+2Kqa(l+ A)(Hi(1) + 7e7 Ha(1)), (2.25)

in which Hy(T) and Hy(T) have been defined in Lemma 2.3. That is, the controlled SDE (2.2)

18 not only exponentially stable in mean square but also almost surely.

Proof. We observe that as 7 increases from 0 to (K4(1 + A))™!, the right-hand-side of (2.22)
increases strictly and continuously from 0 to positive infinity. Equation (2.22) must therefore
have a unique root 7 € (0, (Ka(1+ A))™!). It is straightforward to obtain

. <_b T W)Q, (2.26)

T =

Where a = QKQA(l + A)[Kl —|— KA(l + A)] —I— BKA(l —|— A) and b = 2K2KQA(1 —|— A)
Fix 7 < 7* arbitrarily. We then have

2Koa(1+ A)

B T kT A

(T[K1 + Ka(1+ A)] + KaV/7). (2.27)

Recalling the definitions of Hy(7) and Hy(7) in Lemma 2.3, we observe that

2Kqa(1+ A)(Hy(r) +7Ho(7)) = 7 Q—Kffé’il(j +Ai)

(T[K1 + Ka(1+ A)] + Ko /7).

Making use of (2.27), we see that there is a unique positive number ¢ for (2.25) to hold.
Applying the generalized It6 formula (see, e.g., [18, 24]) to the Lyapunov function

V((t), r(t) == " (£)Qryz(t),
we obtain
AV (x(t),r(t)) = Ji(t)dt + dM(t) (2.28)

for ¢ > 0, where M (t) is a continuous martingale with M (0) = 0 (the explicit form of M () is
of no use in this paper so we do not state it here) and

Ji(t) == ZxT(t)Qr(t[f(a:(t), r(t),t) + Ay (I + A(5t))x(5t)]

N

+ tracelg” (x(t), 7(t), ) Qrinyg(2(1), 7(1), )] + Y ey g’ (H)Q(1). (2.29)

j=1



Making use of (2.10), we can derive that

22" ()Qr() Arey (In + A(6,))(5:)

= 227 (1) Qu(ty Ar(ty (I + A(8,)) ((t) — [(t) — 2(54)])

< a'(t) (QrmAr(t) + Al Qry + BroyQriny Ariy ATy @riey + (A%/ 5r(t>)[n) x(t)
+2Kga(1+ A)|z(t)||x(t) — x(5:)]- (2.30)

Substituting this into (2.28) and then applying condition (2.13), we get
Ji(t) < =Bla(®)* + 2Kqa(1 + A) |z (t)][(t) — =(0,)]. (2.31)

Applying the generalized It6 formula to the Lyapunov function eV (z(t), r(¢)), we obtain that
"BV (2(t),r(t)) = V(zo, 1) + E/Ot e’ (5V(z(s),r(s)) + J1(8)>ds (2.32)
for t > 0. By (2.31), Lemma 2.3, etc., we then derive
)\megt]E]a:(t)IQ < )\M]330|2
+ /Ot eas( — (B = eA)Elz(s)* + 2Kqa(1 + A)E(|a(s)]x(s) — w(és)l)>d8

t
< Mtlzof? = (8 — ehar — 2Kga(1 + A)H, (1)) / e[z (s)[2ds
0

4 2Koa(1+ A)Hy(r) /Ot egs</:IE|:L’(v)\2dv>ds. (2.33)

S

But

t s t s
/ ess(/ ]E|x(v)]2dv)ds g/ e“(/ ]E|x(v)|2dv)ds
0 8 0 (s—7)V0

s

t v+T t
S/ E\x(v”?(/ e“ds)d’u S/ E’CC(U)PTeE(“J”)dU
0 v 0

t
= Te”/ E|x(v) [2dv. (2.34)
0
Substituting this into (2.33) yields
A€ Elz(t)[* < Aas|wo)?
t
— (8= el — 2Kga(1 + A)[Hi(7) + 7e7 Ho(T)) / e E|x(s)|*ds. (2.35)
0
Recalling (2.25) we obtain
A€ Elz(t)|* < Aaglmol?, (2.36)

which implies the required assertion (2.23) immediately.
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To prove the second assertion (2.24), we can show easily from (2.11) using the Burkholder-
Davis-Gundy inequality (see, e.g., [24, pp.70-76]) etc. that for any k € N,

B( sup |o(t)?)

te<t<tpi1

tkt1
<AE[z(t)]” + 4E/ (FEG ()2 + AL+ AP f(t) + 4KZ | ()| ) ds

tg

tr4+1
=4(1 + 7K3(1 + A)?E|x(tp))? + 4(1K? 4+ 4K2) / E|x(s)|?ds.
ty

By (2.36), we obtain
E( sup |x(t)|2> < Kze ©,

L <t<tpy1
where K3 is a positive constant independent of k. Let € € (0,¢) be arbitrary. Then

o0

IP( sup |z(t)| > 6_0'5§tk> < Zng_(a_é)t’“ < 00.
k=0

E—0 L <t<tp41

The well-known Borel-Cantelli lemma (see, e.g., [24, p.10]) shows that for almost all w € Q,
there is positive integer ky = ko(w) such that

sup  |a(t)| < e O k> k.
e <t<tpi1

Hence, for almost all w € €2,

1 0.5etk

glOg(‘.’E(t)D S —m, t e [tk7tk+1]> k 2 ko.

This implies
1
lim sup n log(|z(t)]) < —0.56 < 0 a.s.

t—o0
This implies the second assertion (2.24) as &€ € (0,¢) is arbitrary. The proof is complete. O

In Section 2.5 we will see that the use of Assumption 2.2 requires us to identity the
matrices ; and parameters (§; wisely so that the corresponding matrices A; (via G; and F;)
and the positive number § can be found for (2.13) to hold. On the one side, this gives us
flexibility as we have very wide choices of ); and ;. On the other side, more search is required
to identity these (); and ;. Let us now present an alternative assumption.

Assumption 2.5. There exist real numbers b; (i € S) such that

A= —diag(by + 2A[|A], -+ by + 24| An]|) = T (2.37)
18 a non-singular M-matrix and

27 f(x,i,t) + |g(w,i,t)]* + 27 (A; + AD)x < bz |? (2.38)

for all (z,i,t) € R" x S x Ry.
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In comparison with Assumption 2.2, there are two advantages of this new one: (i) we only
need to design the matrices A; (or G;) but not @; in application; (ii) it is described in terms
of M-matrices which can be verified easily. Of course, we will see that this new assumption
is less general than Assumption 2.2. In fact, we now explain that under this assumption,
the matrices (); and parameter S can be identified automatically so that Assumption 2.2 is
satisfied. Set

(i, qn)" =AML, )T (2.39)

By the theory of M-matrices (see, e.g., [24]), all ¢; are positive. Moreover,

N
(bi + 20| Ail)gs + D vijgy = —1, Vi €S, (2.40)

j=1
For each i € S, set ); = ¢;1,,. Note that two terms on the left-hand-side of (2.13), namely
T (BiQiAA] Qi + (A%/Bi) In)x < 2A[QiA |z f* = 2¢:Al| Al x|

by letting 5; = A/||Q;A;|| when A; # 0, while they can be treated as 0 by letting 5; — oo when
A; = 0. Alternatively, we observe from (2.30) that these two terms are the upper bound for
2067 Q; A;A()x. But we clearly have 207Q; 4;A()x < 2¢;A||A;l||z|? almost surely no matter
whether A; = 0 or not. Consequently,

the left-hand-side of (2.13)
< 2q2" f(2,0,1) + qilg(w,i, 1) + gz’ (A; + AT )

N
+ 2 A Aille + ) vigslal®

J=1

N
< (b + 28| AilD il + > izl

=1

= —|.T’2,

where (2.38) and (2.40) have been used. In other words, we have just shown that Assumption
2.5 implies Assumption 2.2 with @); = ¢;I,, for : € S and § = 1 while ;s are specified above
but have no further use. We therefore have the following theorem.

Theorem 2.6. Let Assumptions 2.1 and 2.5 hold. Let g;’s be defined by (2.39) and re-set
f =1, Kga = maxjes ¢;||Ail|, Ay = minyes ¢;, Ay = maxjes q; but leave K4 the same as
before. Let 7 € (0, (Ka(1+A))™Y) be the unique root to equation (2.22). Assume that T < 7*
and let € > 0 be the unique root to equation (2.25). Then assertions (2.23) and (2.24) of
Theorem 2.4 hold.

This theorem is particularly useful when we deal with the situation where the feedback
control could only be used for some modes but not every mode. We will illustrate this in
detail in Example 4.2.

2.5 Design of matrices G;’s

The implementation of the controlled SDE (2.2) depends on the design of N matrices G;’s so
that we can determine A; = F;G;. In this section we will use the technique of linear matrix
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inequalities (LMIs, see, e.g., [40]) to design G;’s. Under Assumption 2.1, we will design G;’s
in two steps.

Step 2.5.1. Find N pairs of symmetric matrices Q; and Q; (1 € S) with @; > 0 such that
207 Q, f (2,1, t) + trace[g(x, 1) Qig(x,1)] < 2T Q;x (2.41)
for all (z,i,t) € R" x S x R;.

There are plenty of choices for these matrices. In fact, for each symmetric positive-definite
matrix Q;, we can let Q; = ||Q;||(2K, + K2)I,, to make (2.41) hold. However, it is wise to
find alternative matrices in order to make use of the given structures of f and g so that Step
2 below can be done more easily. In the case when the given SDE (1.1) is linear, @;’s can be

determined explicitly once @);’s are chosen. In fact, assume that the coefficients f and ¢ in
the given SDE (1.1) have the linear forms

flz,i,t) =Ux and g(z,i) = (Viz, -, Vi) (2.42)
for (z,1,t) € R" x S x Ry, where U;, Vi;, - -+, Vs € R™™. Then
227Q; f (4, t) + trace[g(x, 1) Qig(x, )]

=27 (QiUi +UFQ; + ;; V,iQZ-VM):v- (2.43)

We hence have Q; = Q;U; + UTQ; + S ViEQiVi.
To explain the second step, we observe that condition (2.13) is now equivalent to

N
Qi + Qi G + GiTFiTQz‘ + @Qz'FiGiGiTFiTQi + (A%/B) 1, + Z%’j@j <0, i€S. (2.44)
j=1

Letting y; = 1/8; > 0, we can re-write the matrix inequalities above as

@i + Q. FG; + GzTFZTQz + Qz’FiGi(inn)i%QiFiGi)T

N
+ N, + Y 7Q; <0, i €S, (2.45)

=1

But, by the well-known Schur complements (see, e.g., [24, Theorem 2.8 on page 64]), these
are equivalent to the following LMIs of G; and y;:

(GiTFiTQi Q—yifn ) <0, 1€8, (2.46)

where Z; := Q; + Q:F,G; + GTFTQ; + y; A%, + Zjvzl 7:;Q;. We hence arrive at our second
step.
Step 2.5.2. Find a solution (G, y;)ics of the LMIs (2.46) with G; € R™>™ and y; > 0.

These two steps ensure that Assumption 2.2 is satisfied with A; = F;G; and 5; = 1/y;
(1 €8S) as well as

f=— max Amax (Qz +QiFG; + G FQ;
1€

N
+ QiFiGi(yil,) Qi FGi)" + 5 AT, + Z ’Yij@j)- (2.47)

j=1

We hence have the following corollary.
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Corollary 2.7. Under Assumption 2.1, find matrices G; and positive numbers y; (i € S) in
two steps as described above. Then Theorem 2.4 holds with [ being defined by (2.47) and

3 Stabilisation by Event-triggered Output Injection

3.1 Stabilisation

Let us now return to the given SDE (1.1). Instead assuming the state is observable, we now
consider the situation where the output y(t) := G,«,)@(t) is observable at discrete times
{t;}ren, in which G; € R™™ is known for every i € S (in general, [ < n). In this situation,
the event-triggered control should be designed based on y(t) but not z(t;). More precisely,
given we only consider linear control functions in this paper, we need to design N matrices
F; € R™! so that the event-triggered controlled SDE

dx(t) = (f(0(t),r(8),8) + Py Yiym)dt + g(a(t), v(t), )AB() (3.1)

becomes stable, where Yy = y(0) and for k =1,2,---,

Y, — {Ykl if y(t) is close to Yi_1, (3.2)

y(tx) otherwise.

The control F,.;)Y|¢/-| is called the event-triggered output injection. We can show in the same
way as we did in Section 2 that under Assumption 2.1, the controlled SDE (3.1) with any
initial data 2(0) = 2o € R™ and r(0) = ry € S has a unique global solution z(t) such that
E|z(t)]* < oo for all ¢ > 0.

By Definition 1.1, we can show in the same way as we did in Section 2 that Yy = (I,, +

A(ty))Gr(te), where A(ty) = diag(Aq(tx), - - A, () is Fy-measurable and A(t;,) €
[—A,A] a.s. for every i € S. The controlled SDE (3.1) can therefore be written in the
modified form

da(t) = (F(x(t),7(£), 1) + Fu (I + A(6)) Gy (8))dt + g(x(t), r(t), )dB().  (3.3)

The stability of this controlled SDE is very much related to the robust stability of the auxiliary
uncertain SDE

dz(t) = (f(2(t),7(t).1) + Fry(In + (1)) Gr2(1) )dt + g(2(t), 7 (t), 1)dB(2), (3-4)

where p(t) = diag(e1(t),- - ,¢n(t)) is an Fi-adapted process such that its every element
wi(t) € [-A,A] a.s. We impose the following assumption for the mean square exponential
stability of this uncertain SDE (see, e.g., [24]).

Assumption 3.1. There exist positive numbers 3, B; (i € S) and symmetric positive definite
matrices (Q; € R™ ™ such that

207 Qi f (x,4,t) + trace[g(z, i, 1) Qig(x,4,1)]

N
+a" (QiFiGi +GTE Qi+ BIQiF F Qi + (A% 3,)G] G + Z %ij)iB < —Blzf*  (3.5)
j=1

for all (x,i,t) €e R" x S x Ry.
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In what follows, we let \,, and Ay, be the same as defined by (2.14) and set
Kp =max |||, Ko =max||Gi, Kor = max [|Q:Fill, De =max||G; - GlI°.  (3.6)
We will see that the stabilisation by the event-triggered output injection is more complicated

than the stabilisation by the event-triggered state feedback. Let us present three lemmas
before we form our main result in this section.

Lemma 3.2. Set ¥ = max;es(—7i;). Then
E(“Gr(t) — Gr(6t)||2) < Dg(l — 6_%—), vt > 0. (37)

Proof. Let t > 0 be arbitrary and k = [t/7] so ty = §; <t < tg41. Given r(tx) = i, define the
stopping time

n; = inf{s >ty : r(s) #i},

where and throughout this paper we set inf ) = oo (in which ) denotes the empty set as usual).
It is well known (see, e.g., [1]) that n; — ¢ has the exponential distribution with parameter
—. Hence

P(r(s) # i for some s € [ty, tgs1]|r(te) = 1) = P(n; — tx < 7|r(ts) = 1)
= / (—vi)e"Pds =1 — " <1—e 7.
0
Consequently, P(r(t) # i|r(ty) = i) <1 — e 7. Therefore

E(|Grt) — GrionlI?) =D P(r(tr) = DE(|Gry — Gil *[r(te) = 1)

€S
< SP(r(ty) = i) DP(r(t) # ilr(te) = i)
€S
< Dg(1—e ) (3.8)

as required. O

Lemma 3.3. Let Assumption 2.1 hold. If 7 < 1/[V6KpKg(1+4 A)], then the solution of the
controlled SDE (3.1) has the property that

E(|lz(t) — 2(8)[*) < Hs(7)E|z(t)]* + H4(T)/ Elz(s)|*ds (3.9)

d¢

for allt > 0, where

6T KrKg(l+ A)?

_ 3(rKF + K7)
1 —-6[TKpKg(1+ A)J2

T 1—6[rKpKa(1+ A2

Hs(7) and Hy(T) (3.10)

Proof. Let t € [ty, ty41) for some k € Ny. By Assumption 2.1, it follows easily from (3.3) that
t
E(|lz(t) — z(8,)]*) < 3(TK} + K3) / E|z(s)|*ds + 3[rKrKa(1 + A)PE|2(t,)|?
tg

<3(TK} + K3) / E|z(s)|*ds + 6[7TKpKg(1 4+ A)(E|x(t)]? + E|z(t) — 2(5,)]?).

173

This implies the required assertion 3.9 as 6[TKrpKg(1 + A))? < 1. O
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Lemma 3.4. Let Assumption 2.1 hold. If 7 < 1/(KpKg(1 + A)), then the solution of the
controlled SDE (3.1) has the property that

E(lz(t)||2(t) — 2(:)]) < Hs(7)Elz(t)|* + He(7) /5 Elx(s)|*ds (3.11)

for allt > 0, where

T 1—7KpKg(1+A) ‘

and
Hy(r) = 0.5(K7 + Ky /\/T)

_ , 1
1— rKpKa(l+ A) (3:13)

Proof. For t € [ty,try1) for some k € N, by Assumption 2.1 and property (2.10), it follows
from (3.3) that

E(l2(t)|la(t) - 2(8)]) = E(2(t) o) — 2(t)])
<E(Jz(1) / (Kla(s)| + KpEa(l+ A)le(t))ds + [2()IM@)]),  (3.14)

where M(t) = fttk g(x(s),7(s),s)dB(s). We can then prove the lemma in the same way as
Lemma 2.3 was proved. 0.

Theorem 3.5. Let Assumptions 2.1 and 3.1 hold. Choose a free parameter 6 € (0, 5/[Kqr(1+
A)]) and fix it. Set 0y = 2KgrKa(l + A), 02 = 03(0) = Kgr(l + A)0, 03 = 03(0) =
Kor(1+A)/0 (so > o09). Let H3(7),- -+, Hs(T) be the same as defined in Lemmas 3.3 and
3.4. Set ¥ = max;es(—7i;) and define

H7<T) = 6 — 09 — O'1H5(T) — 20'3Dg(1 — 6_’77—)[1 —+ H3<T>], (315)

Hg(7) = 01Hg(T) + 203D (1 — e 77) Hy(1). (3.16)
Let 7 € (0, [V6KpKqg(1+ A)]™) be the unique root to the following equation of T

H;(1) — THs(1) = 0. (3.17)

If T < 7, then the solution of the controlled SDE (3.1) has the properties that

1
limsup - log(E|z(t)|*) < —¢, (3.18)
t—o00 t
and 1 _
lim sup — log(|z(t)]) < < a.s., (3.19)
t—o0 t 2
where € > 0 is the unique root to the equation
Ho(7) — Ely — 7€ Hg(1) = 0. (3.20)
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Proof. Noting that H;(7) — 7Hg(7) will decrease strictly and continuously from f — oy > 0
to negative infinity as 7 changes from 0 to 1/[v6KrKg(1+ A)] and hence 7* is well defined.
Given that 7 < 7%, we have H7(7) — 7Hg(7) > 0 and hence there must have a unique root
£ > 0 to equation (3.20).

Applying the generalized It6 formula (see, e.g., [18, 24]) to V(z(t),r(t)) := 2 (¢) Q@) (t),
we obtain

dV (z(t),r(t)) = Jo(t)dt + dM(t) (3.21)
for t > 0, where M (t) is a continuous martingale with A (0) = 0 and

Ja(t) := 22" (1) Qe f (w(t), m(8),1) + Froy (I + A(&))Gr(at)ﬂf(@)l

+ trace[g” (z(t), r(t), ) Qring(x(t), 7(t), )] + Zl Yoy 52T (£)Q (1) (3.22)
But
227 (1) Qrity Foty(In 4+ A(51)) Grsy (61
= 22" (1) Quity oty (In + A(8,) Gy (t) + Ja(1)
<a'(t )(Qr(t)Fr(t)G + G Frny Qe + By Qi Friy Frn Qrety
(82 B0) Gl G ) 2(0) + T3 (2), (3.23)
where

o) = =257 (0w Fro (I + A Crgn(t) — Gogayr()].
Substituting this into (3.22) and then applying condition (3.5), we get
Jo(t) < =Bla(t)]” + J5(t). (3.24)
But

[ J5(t)] < 2Kqr(1+ A)|z(0)]|Grp (2(t) = 2(8)) + (Griry = Gran)=(0)]

< 2KqrKa(1+ A)le@)||z(t) — 2(5)] + 2Kqr (1 + A) [z @)z (0)[[|Gray — Griol
< 2KqrKa(1+ A)|e(t)|x(t) — x(0)]
)
)

1
+ Kor(L+8) (0lla@®)? + 512 (@) I|Griy = Gris 1)
= o (t)]|2(t) — 2(8)] + ool (t)]* + o5]2(8)*|Griy — Grisn I,
where 01, 09, 03 have been defined in the statement of the theorem. We hence have

EJy(t) < —(8 — 02)Elx(t)|* + o E(|a(t)]|x(t) — 2(3:)])
+ 3B (|2(0) P Grity — Grian|I?)- (3.25)

Noting that z(¢;) is independent of Gty — Gr(s,) while applying Lemmas 3.2 and 3.3, we derive
that

E(|2(00)*1Grey — GronlI*) = EISE(&)IQEHGW Grianll”
<2(Elz(t)]” + Elz(t) — 2(3:)[))EllGyre) — GrianI”

<2D6(1 — ) ([L+ Hy(IEJa(t) + Hi(7) /5 Ela(s) ds). (3.26)
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Substituting this into (3.25) and applying Lemma 3.4, we get
t
EJy(t) < — Hy(r)Ela(t)? + Hs(7) / E|z(s)|?ds (3.27)
Ot

for all ¢ > 0. An application of the generalized It formula to eV (x(t), r(t)) gives
RV (1), (1)) = V (0, 70) + /0 = <§EV(3:(5), r(s)) + EJg(S))ds. (3.28)
This, together with (3.27), implies
A€ Elz(t)]? < Ayslol® — /Ot e**[H(1) — A E|x(s)|?ds

+ Hy(r) /0 t efs( /6 8E|x(v)|2dv>ds. (3.29)

s

But, recalling (2.34), we have
t s ~ t
/ e€s</ E|x(v)|2dv>ds STGET/ e Elx(v)|*dv. (3.30)
0 5 0

Therefore
t
A€ Elz(t)[* < Aaglwo]® — / e [Hy (1) — Edpr — 7T Hg(7)|E|z(5) |2 ds = Aar|wo|?,  (3.31)
0
where (3.20) has been used. This implies the first assertion (3.18). The second assertion (3.19)

can be proved in the same way as Theorem 2.4 was proved. The proof is complete. O

Remark 3.6. In Theorem 3.5, we introduce a free parameter 6 € (0,8/[Kqr(1 + A)]). We
observe that 7 determined there depends on 0. In application, it is better to have a larger
T*. At this moment, we do not know how to choose a better 6 so that the corresponding T* is
larger. We will tackle this open problem in the future.

3.2 Design of matrices F;’s

Let us now explain how to design F;’s in two steps.
Step 3.2.1. The same as Step 2.5.1.

Once this first step is done, we observe that condition (3.5) is now equivalent to

N
Qi+ QiFG; + GIFIQ; + BiQiFiF Qi + (A%/B)GI G+ Y 73;Q; <0, i€S.  (3.32)

j=1

By setting y; = 1/6; > 0, the matrix inequalities above becomes

Qi + QiF,G; + GTFIQ; + Qi Fy(y: L) " (Q: F,)T

N
+ yzA2G?Gz + Z%’j@j < 0, 1€S. (333)

j=1
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By the well-known Schur complements, these are equivalent to the following LMIs of F; and
Yi:

Wi QiF; .
( FTO, In) <0, i€S, (3.34)

where W, := Qi+QZ~F,~Gi +GTErQ;+y: A’GT G, +Z§V:1 7:;Qj. We hence arrive at our second
step.
Step 3.1.2. Find a solution (F},y;)ies of the LMIs (3.34) with F; € R™*! and y; > 0.
These two steps ensure that Assumption 3.1 is satisfied with §; = 1/y; (i € S) as well as

f=- max Amax (Qz +QiFGi + Gl FQ;
e
N
+ QiFi(yiln) HQiF)" + MG Gy + Z %‘ij) : (3.35)
j=1
We hence have the following corollary.

Corollary 3.7. Under Assumption 2.1, find matrices G; and positive numbers y; (i € S) in
two steps as described above. Then Theorem 3.5 holds with B being defined by (3.35).

4 Examples

To illustrate our theoretical results, we will discuss a couple of examples.

Example 4.1. Let us consider the linear hybrid SDE
d(t) = Uye(t)dt + Vigz(D)dB(2) (4.1)

ont > 0. Here x(t) = (z1(t), z2(¢))", B(t) is a scalar Brownian motion, r(t) is a Markov chain
on the state space S = {1, 2} with the generator

2 2
A

and the system matrices are
1 -1 -5 —1
Ul - [ 1 —5 :| ) U2 = |: 1 1 :| )

1 1 -1 -1
IS O
The computer simulation (Figure 4.1) shows this hybrid SDE is not almost surely exponentially
stable and hence it is not exponentially stable in mean square either.

Let us now design an event-triggered feedback control to stabilize the system. Let the
event-triggered parameter A = 0.1. Assume that the controlled SDE has the form

dx(t) = (UT(t)x(t) + Fr(t)Gr(t)XLt/-rJ)dt + V;(t)x(t)dB(t) (4.2)
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Figure 4.1: The computer simulation of the sample paths of the solution of the SDE (4.1) using the
Euler-Maruyama method with step size 1072 and initial data 2(0) = (1, —1)T, »(0) = 1.

on t > 0, which is equivalent to
dx(t) = (Ur(t)x(t) + FryGry (12 + A((St)):c(ét))dt + Vo (t)dB(t). (4.3)

Assume

but we need to determine G; and G5 in R**? and then make sure 7 is sufficiently small for the
controlled SDE (4.2) to be exponentially stable in mean square and almost surely as well. It is
easy to see that Assumption 2.1 holds with K; = 5.236 and K, = v/2. To apply Corollary 2.7,
we apply two steps in Section 4 to determine GG; and Gs. In Step 1, we choose Q1 = Q2 = Is.
Then Qz = U; + Ul + V'V;, namely

A 4 0 A -8 0
It is easy to verify that

G1 = (—670)7 G2 = (07 —6)7 =Y = 60

form a solution of the LMIs (2.46). By (2.14) and (2.47), we compute K4 = Kga = 6 and
B = 6.8. Consequently, equation (2.22) becomes

6.8 = 13.2(11.8367 + v/27) /(1 — 6.67),

which has its unique solution 7* = 0.02051 in (0,0.1515152). By Corollary 2.7, if we set G; as
above and make sure that 7 < 0.02051, then the controlled SDE (4.2) is exponentially stable
in mean square and almost surely as well. We perform a computer simulation (Figure 4.2)
with 7 = 0.01. It supports the theoretical results clearly.
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Figure 4.2: The computer simulation of the sample paths of the solution of the controlled SDE
(4.2) with 7 = 0.01 using the Euler-Maruyama method with step size 1073 and initial data
I‘(O) = (17 _1)T7 T(O) =L

Example 4.2. Let us now apply our theory to the stochastic Hopfield neural networks (see,
e.g., [3, 14, 15, 31, 34, 35]). For illustration, it is sufficient to consider the following Hopfield
neural network with two neurons

di(t) = [~ Dygya(t) + Uyp(x(t))]dt + Vi (t)dB(2) (4.4)

ont > 0. Here x(t) = (x1(t), z2(t))T, B(t) is a scalar Brownian motion, r(t) is a Markov chain
on the state space S = {1,2} with the generator

—1 1
M
o(z) = (tanh(z;), tanh(xs))T and the system matrices are D; = diag(0.1,0.2), Dy = diag(0.2,0.1),

U1:[0.5 —0.1}7 UQZ{ 0.5 0.1}7

0.1 05 ~0.1 0.5
~0.1 0.1 0.1 —0.1
Vl_[ 0.1 0.1}’ ‘/2_{—0.1 —0.1}'

Matrices U; and U, consist of the transfer coefficients between two neurons and themselves in
mode 1 and 2, respectively, and they are illustrated in Figure 4.3. The computer simulation
(Figure 4.4) shows this hybrid SDE is not almost surely exponentially stable and hence it is
not exponentially stable in mean square either.

We now design an event-triggered feedback control to stabilize the system. Let the event-
triggered parameter A = (0.1. Consider the case where the system is observable only in mode
1 but not in mode 2 so we could only use a feedback control in mode 1 (namely we have to
set the control function to be 0 in mode 2). Assume the controlled SDE has the form

da(t) = (= Drpyz(t) + Upiyp(2(t)) + Apiy X /7)) dt + Vonyz () dB(t) (4.5)
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Figure 4.3: Hopefield neural network with two neurons. Left: mode 1. Right: mode 2.
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Figure 4.4: The computer simulation of the sample paths of the solution of the SDE (4.4) using the
Euler-Maruyama method with step size 1072 and initial data (0) = (—1,1)7, (0) = 1.

ont >0, where Ay = 0 and A; = diag(—2.1, —2). It is easy to see that Assumption 2.1 holds
with K7 = 0.7099 and Ky = 0.1414. To verify Assumption 2.5, we observe that

the left hand side of (2.38) when i =1
< —0.227 — 0.423 + 1.4398|z|* — 4.22% — 423 < —2.9602|z|?,

while
the left hand side of (2.38) when i = 2
< —0.422 — 0.202 + 1.4398|2|* < 1.0398|z|2.
We hence have that by = —2.9602, by + 2A||A;|| = —2.5402 while by = 1.0398, by + 2A||As|| =

1.0398. Consequently, the matrix A defined by (2.37) becomes

3.5402 -1
A= ( -3 1.0602)
which is a non-singular M-matrix. That is, Assumption 2.5 is satisfied. To apply Theorem

2.6, we compute ¢; = 2.734827 and ¢ = 8.681834 by (2.40). Then f =1, K4 = 2.1 and
Kga = 5.743137. Consequently, equation (2.22) becomes

1 = 12.6349(3.01997 + 0.1414+/7) /(1 — 4.627),
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which has its unique solution 7% = 0.0178 in (0,0.2164502). By Theorem 2.6, if we set
Ay = diag(—2.1,—-2) and Ay = 0 and make sure that 7 < 0.0178, then the controlled SDE
(4.5) is exponentially stable in mean square and almost surely as well. We perform a computer
simulation (Figure 4.5) with 7 = 0.01. It supports the theoretical once again.
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Figure 4.5: The computer simulation of the sample paths of the solution of the controlled SDE (4.5)
using the Euler-Maruyama method with step size 1072 and initial data z(0) = (—1,1)T, 7(0) = 1.

5 Conclusion

In this paper we have established the new theory on how to design an event-triggered control
based on a trajectory of the state or output observations at discrete times to stabilise a given
unstable hybrid SDE. We have explained clearly how our event-triggered control based on the
trajectory is significantly different from most of the existing papers where an event-triggered
mechanism for SDEs is designed based on a criterion in terms of the mathematical expectation
of the system state. We have also explained how the case where the state is observable differs
significantly from the case where the output is observable. Accordingly, we have developed
the event-triggered state feedback control for the former while the event-triggered output
injection for the latter. In both cases, we have shown that the stability of the event-triggered
controlled SDE is related to the stability of the corresponding uncertain SDE. With such a
novel approach, we have successfully established our new theory on the stabilisation of hybrid
SDEs by event-triggered control based on a trajectory of the state or output observations at
discrete times. Two examples have been discussed to illustrate the new theory.
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