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ABSTRACT
This study presents a peridynamic (PD)-based numerical framework for simulating ice–structure
interaction under dynamic loading, with a specific focus on impact-induced fracture. The frame-
work integrates a rate-dependent damagemodel that captures the strain-rate sensitivity of ice –
specifically its enhanced compressive strength at high strain rates and nearly rate-independent
tensile strength – into a PD formulation. To enforce contact between ice and rigid structures, a
discrete elementmethod (DEM)-basedpenalty contact algorithm is implemented. This algorithm
incorporates both normal and tangential interactions using classical Hertzian and Mindlin con-
tact laws, augmented with Coulomb friction, thereby enabling realistic representation of fric-
tional dissipation and stick–slip phenomena during contact events. The impactor is modelled
using a multi-sphere approach, allowing for extension to complex geometries. The model is val-
idated using drop ball test (DBT) simulations, where a rigid steel sphere impacts an ice plate.
Numerical results, including the residual velocity of the impactor and the evolution of fracture
patterns, are shown to be in excellent agreement with experimental data and prior benchmarks.
Further analyses explore the sensitivity of themodel to spatial and temporal resolution, aswell as
the influence of damping ratio on damage patterns. The framework accurately captures velocity-
dependent fracture behaviour, showing localized crushing and complex crack branching under
high-speed impact and simpler radial cracking under lower velocities.
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1. Introduction

Reliable prediction of ice loads and fracture propa-
gation is critical in engineering applications such as
offshore hydrocarbon exploration, resource extraction,
and ship navigation in ice-infested waters. Accurate
numerical modelling of ice–structure interactionsmust
incorporate complex phenomena, including the initi-
ation, nucleation, and propagation of fractures, gran-
ular flow dynamics of crushed or fragmented ice, and
size-dependent microstructural effects associated with
grain boundaries. Capturing these processes is vital
for designing robust and resilient structures, ensur-
ing operational safety, and effectively mitigating risks
associated with harsh cold-region environments.

Traditionally, researchers have relied on classical
continuummechanics (CCM) as the theoretical frame-
work for computational modelling of ice. While this
approach has significantly advanced our understand-
ing, it often falls short when it comes to represent-
ing critical phenomena such as fracture and granular
flow (West et al., 2022). These shortcomings stem, in
part, from the reliance on spatial derivatives within
the classical framework, making it inherently ill-suited
to simulating discontinuous response such as nucle-
ation and propagation of cracks which are important to

understanding the fracture process of ice. Additionally,
deformation in ice shows strong dependency on the
finite size of individual grains (Behn et al., 2021), which
cannot be easily addressed by conventional continuum
methods.

In response to these limitations, peridynamics (PD)
has emerged as a promising alternative modelling
approach. PD (Silling, 2000) is a nonlocal theory that
replaces spatial derivatives with integral interactions
via ‘bonds’ among points within a finite horizon. This
formulation naturally allows discontinuities, such as
cracks, to initiate and propagate freely without addi-
tional crack-tracking methods, making PD particu-
larly suitable for modelling brittle fracture in ice. Since
ice fracture critically influences processes like calv-
ing, structural loading in polar regions, and naviga-
tion hazards, PD provides a powerful and accurate
tool to address these engineering and environmental
challenges.

By effectively capturing phenomena such as size
effects and fracture, PD offers enhanced accuracy for
understanding brittle fracture processes in materials
like ice, addressing critical engineering challenges. Par-
ticularly important among these challenges are tri-
bological processes involving surface contact, where
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fracture plays a key role. PD has successfully been uti-
lized to solve various dynamic fracture problems caused
by solid-body impacts (Amani et al., 2016; Anicode
et al., 2020; N. Liu et al., 2017; Oterkus et al., 2012;
Silling et al., 2017; Wang et al., 2019).

In PD simulations, contact methods primarily fall
into two categories: the reflection-based reposition-
ing method (RRM) and penalty-based methods. RRM
(Madenci & Oterkus, 2014) addresses interpenetration
by geometrically reflecting overlapping points across
boundary surfaces. On the other hand, penalty meth-
ods impose repulsive forces upon detecting overlap
or proximity, and is further classified into short-range
force (SRF) methods (Macek & Silling, 2007) and clas-
sical penalty approaches rooted in discrete element
method (DEM)-based contact laws, such as Hertzian
or linear contact laws (Anicode et al., 2020; Fukumoto
& Shimbo, 2023; Jha et al., 2021; Walayat et al., 2023,
2024).

PD has been widely employed in studies investi-
gating ice–structure interactions, demonstrating sig-
nificant capabilities for modelling complex fracture
processes. Liu et al. (2020) developed a coupled
bond-based PD (BBPD) and updated Lagrangian par-
ticle hydrodynamics (ULPH) approach, modelling
ice–water interactions using ghost particles for fluid-
solid coupling and the RRM for solid–solid con-
tact. Similarly, Song, Yan, et al. (2019) and Song, Yu,
et al. (2019) adopted non-ordinary state-based PD
(NOSBPD) with modified Drucker–Prager constitu-
tive models, using RRM for rigid impacts on ice tar-
gets, analysing phenomena such as crater formation
and viscoelastic-plastic deformation. Jia et al. (2024)
employed BBPD andRRM to investigate ice sheet pene-
tration, whileM. Liu et al. (2017) appliedNOSBPDwith
the SRF approach to simulate ice interactions with ver-
tical cylindrical structures. Vazic et al. (2019) studied
ice plates under bending loads using PD Mindlin plate
theory, again relying on RRM for contact interaction.

Of particular note, Zhang, Wang, et al. (2023) exam-
ined dynamic fracture induced by small spherical pro-
jectile impacts on ice plates using rate-dependent BBPD
and the RRMcontact approach.However, as with previ-
ous approaches employing RRM or SRF, their method-
ology inherently neglects tangential interactions, par-
ticularly frictional effects. This omission limits their
capability to accurately simulate shear-driven phenom-
ena, frictional energy dissipation, and realistic stick-
slip behaviour, critical in various practical ice–structure
interaction scenarios.

To address these limitations, the current study pro-
poses to utilize a DEM-based penalty contact algorithm
integrated within a PD framework, explicitly target-
ing ice–structure interactions. Unlike earlier PD studies
on ice-structure interaction employing RRM or SRF,
this approach fully incorporates both normal and tan-
gential contact interactions through classical Hertzian

normal contact and Mindlin tangential contact laws,
complemented by a Coulomb frictionmodel. This inte-
gration allows the realistic representation of frictional
dissipation, tangential shear forces, and stick-slip phe-
nomena, significantly enhancing predictive accuracy in
simulating tribological effects during impacts.

Additionally, this DEM-based penalty algorithm
adopts amulti-sphere representation for approximating
the shape of impacting bodies, extending its applica-
bility beyond simple spherical geometries. This multi-
sphere concept enables the framework to handle arbi-
trarily shaped impactors, thus broadening its utility for
complex, real-world impact scenarios.

To the authors’ best knowledge, this work repre-
sents the first integration of a friction-inclusive, DEM-
based penalty contact algorithm within a PD model
specifically tailored for ice–structure interaction stud-
ies. Consequently, the developed framework overcomes
critical deficiencies inherent in previous RRM and SRF
approaches, offering engineers and researchers a robust
and versatile numerical tool for thoroughly investigat-
ing complex ice–structure tribological interactions.

The manuscript is structured as follows: Section 2
details the theoretical foundations, including PD the-
ory (2.1), rigid body dynamics for multi-sphere
impactor modelling (2.2), and the penalty-based con-
tact algorithm (2.3). Section 3 describes computational
implementation, addressing discretization of the PD
equations andnumerical simulationmethods. Section 4
provides validation comparisons with experimental
data and benchmarks, while Section 5 summarizes the
study’s key findings and suggests avenues for future
research.

2. Theoretical and numerical background

2.1. Peridynamic theory for brittle fracture

PD (Silling, 2000) represents a significant advancement
in continuum mechanics, especially for capturing dis-
continuities such as cracks and fractures without need-
ing specialized crack-tip treatments. In PD, the state
of a material point x is influenced not only by local
contacts but by all material points x′ within a finite
distance called the horizon δ. This nonlocal formu-
lation replaces the spatial derivatives in classical con-
tinuummechanics (CCM) with integral-based interac-
tions, allowing crack initiation and growth to emerge as
natural consequences of the bond-based forces rather
than requiring additional criteria or mesh enrichment
schemes.

Themaximumdistance overwhich a point can inter-
act with another is known as the horizon δ. All points
x′ that lie within δ of x form the family Hx. Interac-
tions between points are called bonds, and these bonds
carry forces governed by a constitutive function f (also
referred to as the PD force function in elasticity). These
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long-range, pairwise forces enable PD to handle discon-
tinuities naturally,making the theory highly suitable for
fracture modelling.

In the presence of external body forces, the gov-
erning equation of motion in PD typically takes the
form:

ρ(x)ü(x, t) =
∫
Hx

f(x, x′, t)dVx′ + b(x, t) (1)

where ρ is the material density, u(x, t) is the displace-
ment vector at point x and time t, and b(x, t) is a
body force density. The term f(x, x′, t) specifies the pair-
wise force function, which governs howmaterial points
within the horizon interact. In the context of elasticity,
the pairwise force function f can be written as:

f(t, ξ , η) = ξ + η

|ξ + η| [csμ(t, ξ , η)] (2)

where: ξ = x′ − x is the relative position in the refer-
ence configuration; η = u′ − u is the relative displace-
ment between points x and x′; c is a material constant
(bond stiffness); s is a kinematic quantity called the
bond stretch; and μ(t, ξ , η) is a damage parameter that
can degrade the bond.

In three-dimensional elasticity, the bond elastic stiff-
ness c often takes the form:

c = 18K
πδ4

(3)

where K is the bulk modulus and δ is the horizon. The
bond stretch s is defined as:

s = |ξ + η| − |ξ |
|ξ | (4)

To account for brittle fracture, damage is introduced via
the damage function μ(t, ξ , η), which may be:

μ(t, ξ , η) =
{
1, s < s0
0, s ≥ s0

(5)

where s0 is the critical stretch. If s reaches or exceeds s0,
the bond is irreversibly broken. One commonly used
form for the critical stretch in a straightforward brittle
model is:

s0 =
√
5G0

6Eδ
(6)

where G0 is the critical energy release rate, E is the
Young’s modulus, and δ is the horizon. However, the
mechanical behaviour of ice is known to be rate depen-
dent. Its compressive strength increases with increas-
ing strain rates, while its tensile strength remains
approximately rate independent (Petrovic, 2003). Con-
sequently, the simple brittlemodel in Equation (6)must
be revised to capture this rate-dependent ice behaviour.
To that end, the rate-dependent damage model pro-
posed in Wu et al. (2020) is employed in this study.

This model separates the damage mechanisms due to
compressive and tensile loading, thereby defining the
critical stretch parameter according to:

s0 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎧⎪⎨
⎪⎩

σc

E
, ṡ ≤ ε̇0

σc

E
[1 + C1 ln(ṡ)], ṡ > ε̇0

if s < 0(compressive)

σt

E
, if s ≥ 0(tensile)

(7)

where σc and σt are respectively the uniaxial com-
pressive strength (assigned a negative sign) and tensile
strength (assigned a positive sign). s < 0 represent the
compressive state and s ≥ 0 represent the tensile state.
ṡ measures the rate of stretch in the bond, ε̇0 and is
a critical strain rate beyond which dynamic effect is
considered. The exponent C1 scales how sensitive the
fracture process is to strain-rate effects. The expression
for ṡ is given by:

ṡ = η̇

|ξ | · (ξ + η)

|ξ + η| (8)

Local damage at a specific point is characterized by the
weighted ratio of the eliminated interactions to the total
initial interactions of amaterial pointwith its surround-
ing elements. This local damage can be quantified on a
scale from zero to one using the following expression:

ϕ(x, t) = 1 − ∫H μ(x′ − x)dV ′

∫H dV ′ (9)

2.2. Rigid body dynamics (RBD)

In this study, the impactor is assumed to be rigid under-
going finite translations and rotations. The shape of the
impactor is approximated using a multi-sphere repre-
sentation. In this approach, the surface of the particle
referred to as a clustered particle (CP) is discretized by
inscribing a set of component spheres (CSPs), each tan-
gent to the overall particle surface at specific points.
This assumption allows for a rigid-body kinematics and
dynamics without internal deformation.

Although each CSP moves rigidly with the parti-
cle, the presence of multiple spheres allows for a more
refined approximation of complex geometries while
still preserving the rigid-body assumption for global
motion.

Multi-sphere kinematics
Let xNCP be the position vector of some reference point
in the clustered particle (i.e. the impactor) in the global
inertial frameN , and let TN→B

CP be the rotation matrix
that maps vectors fromB toN . Here,B is a body-fixed
local reference frame. In the multi-sphere model, each
CSP is located at a fixed local position vector rB rela-
tive to the reference point in the particle as shown in
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Figure 1. Consequently, the position xNj,CSP of the jth
component sphere on the particle’s surface is given by:

xNj,CSP(r
B, t) = xNCP(t) + TN→B

CP (t)rB (10)

Differentiating Equation (10) with respect to time gives
the velocity of each CSP as:

ẋNj,CSP = ẋNCP + ṪN→B
CP rB (11)

With ωN
CP as the angular velocity in N , we have

ṪN→B
CP = ω̃N

CPT
N→B
CP , leading to:

ẋNj,CSP = ẋNCP + ω̃N
CPT

N→B
CP rB (12)

Noting that:

ω̃CPTN→B
CP rB = ω̃CPrN ≡ ωCP × rN

= −rN × ωCP ≡ −r̃NωCP (13)

where rN = TN→B
CP rB and r̃N is the skew-symmetric

matrix of rN , then Equation (12) can be written as:

ẋNj,CSP = ẋNCP − r̃NωCP (14)

Differentiating Equation (12)with respect to time yields
the acceleration:

ẍNj,CSP = ẍNCP − r̃N ω̇N
CP + ω̃N

CPω̃
N
CPr

N (15)

Each differential volume element ρ(x)dV satisfies (in
N ):

ρ(xNj,CSP)ẍ
N
j,CSP(r

B, t) = fNext(x
N
j,CSP) + fNint(x

N
j,CSP)

(16)

where f is the force vector. Let the sum of all external
forces on the body be FN and the sum of all external
moments about xNCP be MN . Internal forces in a rigid
body or on the boundary combine to yield net exter-
nal translational and rotational loads. The net external
translational load is given by:∫

V
ρẍNj,CSPdV = FN (17)

and the external rotational load is given by:∫
V

ρ(rN × ẍNj,CSP)dV = MN (18)

Substituting Equation (15) into Equation (17) and not-
ing that ω̇N

CP is the same for all point within the rigid
body yields:(∫

V
ρdV

)
ẍNCP −

(∫
V

ρ r̃N dV
)

ω̇N
CP

+
(∫

V
ρrN dV

)
ω̃N
CPω̃

N
CP = FN (19)

If rN is measured from the centre of mass of the
rigid body, then the third integral vanishes. Using

the identity of skew-symmetric matrix −r̃N = (r̃N )T ,
Equation (19) becomes:

(∫
V

ρdV
)
ẍNCP +

(∫
V

ρ(r̃N )
T
dV

)
ω̇N
CP = FN (20)

Writing
∫
V ρdV = MRR and

∫
V ρ(r̃N )

T
dV = MRθ ,

Equation (20) yields:

MRRẍNCP + MRθ ω̇
N
CP = FN (21)

Substituting Equation (15) into Equation (18) and not-
ing ṙN = ωN

CP × rN yields:

(∫
V

ρ(r̃N )dV
)
ẍNCP +

(∫
V

ρ(r̃N (r̃N )
T
)dV

)
ω̇N
CP

+
(∫

V
ρ(r̃N rN )dV

)
ω̃N
CPω̃

N
CP = MN (22)

Since r̃N rN = 0,∀rN , then the third integration in
Equation (22) vanishes. WritingMRθ = ∫

V ρ r̃TdV and
Mθθ = ∫

V ρ r̃r̃TdV reduces Equation (22) to:

MRθ ẍNCP + Mθθ ω̇
N
CP = MN (23)

Thus, from Equations (21) and (23), the Newton–Euler
dynamic equilibrium of the clustered particle is
given by:

[
MRR MRθ

MRθ Mθθ

]{
ẍNCP
ω̇N
CP

}
=

{
FN
MN

}
(24)

Note that FN and MN in Equation (24) represent the
total external forces and moments acting on the clus-
tered particle. These include contributions from body
forces (and their associated moments), centrifugal or
gyroscopic effects, contact forces/moments, and any
other external loading. However, if we assume that only
contact forces act on the clustered particle, then FN
reduces to the net contact force and MN becomes the
resultant contact moment arising from that force.

2.3. Contact algorithm

Under this multi-sphere approximation, let P be the
impactor particle approximated by a multi-sphere rep-
resentation and Q be the particle of a target material.
Contact between P and Q is established by checking
each CSP of P against Q.Whenever a CSP in P and par-
ticle Q satisfy specified contact constraints, the normal
and tangential overlaps are computed. The computed
overlaps are then used to compute contact forces and
moments based on a contact law. The net force and
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Figure 1. Schematic representation of the multi-sphere
approximation of a clustered particle.

moments acting on P can be written respectively as:

FCP =
N∑
j=1

Fj,CSP (25)

and

MCP =
N∑
j=1

Mj,CSP =
N∑
j=1

rj × Fj,CSP (26)

These forces and moments then feed into the govern-
ing equation of the contacting pairs. As mentioned
in section 1, the classical penalty approach of mod-
elling contact will be implemented in this study. In this
penalty paradigm, the normal contact force is obtained
using the Hertzian contact theory while the tangen-
tial contact law is based on a Mindlin-type tangential
stiffness law.

The contact algorithm can be divided into two
main parts: detection and enforcement. The detection
algorithm identifies which bodiesmight come into con-
tact during the current time step by searching for pairs
that satisfy the contact constraints defined by forces and
kinematic conditions.When two pairs i and k come into
contact, the interaction consist of a force Fik is decom-
posed into a normal component Fn,ik and a tangential
component Ft,ik.

Contact detection
The contact detection algorithm test to see which pair
(i, k) satisfy the so-called Signorini’s unilateral contact
condition for contact in the normal direction. These
conditions are written as follows:

Fn,ik ≤ 0, g ≥ 0, Fn,ik · g = 0 (27)

Implying respectively, no tension (Fn,ik ≤ 0), no inter-
penetration (g ≥ 0) and complementarity (Fn,ik can be

nonzero only if g = 0) where g is the gap between the
particles as shown in Figure 2, and is given by:

g = rk + ri − δik (28)

with δik being the distance between the particles and is
given by:

δik = xk − xi (29)

Interparticle friction is generally responsible for the
tangential interaction. The frictional sliding contact in
the tangential direction, is governed by complemen-
tarity conditions that can be expressed analogously to
Equation (27) as follows (Lazarević et al., 2002):

φt ≤ 0, λt ≥ 0, φtλt = 0 (30)

where φt is the slip criterion defined in the context of
Coulomb friction model as:

Ft,ik − μFn,ik ≤ 0 (31)

and λt is a positive scalar defined such that:

vt,ik = λt
Ft,ik
Ft,ik

(32)

where μ is the Coulomb friction coefficient in Equa-
tion (31), and vt,ik in Equation (32) is the tangential
component of the relative velocity vik of the contact
point given by:

vt,ik = vik − vn,ik (33)

with vn,ik being the normal component of vik. The rel-
ative velocity vik and its normal component vn,ik are
respectively given by:

vik = (vk + ωk × sk) − (vi + ωi × si) (34)

and

vn,ik = (vik · nik)nik (35)

where si and sk are vectors connecting the respective
particle mass centre to the contact point.

Contact enforcement
Once overlapping pairs are identified, the enforcement
step computes and applies the normal and tangential
contact forces (and moments) at the contact point. The
total contact force Ft,ik in terms of its normal and
tangential components is given as:

Fik = Fn,ik + Ft,ik (36)

The force-displacement relation in the normal direc-
tion is based on Hertzian contact law. The normal
component dn,ik of the overlap is given by:

dn,ik = rk + ri − nikδik (37)

where nik is the unit normal. The normal component
Fn,ik of the contact force is computed based on the
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Figure 2. Schematic illustrating the geometric and kinematic
definitions involved in the contact of two pairs.

Hertzian contact law as:

Fn,ik = 1
Ni

Ni∑
j=1

(Kndn,ik + Cnḋn,ik) (38)

where the normal stiffnessKn, and the normal damping
Cn are respectively given as:

Kn = 2Ē
√
R̄δ1/2, Cn = ζn

√
m̄Kn, δ = d(k)

(i),n (39)

Inwhich ζn is the damping ratio in the normal direction
and:

1
Ē

= 1 − v2(i)
E(i)

+ 1 − v2(k)
E(k)

,
1
R̄

= 1
R(i)

+ 1
R(k)

,

1
m̄

= 1
m(i)

+ 1
m(k)

(40)

denote the effective Young’s modulus, radius and mass
of contacting particles i and k. The force-displacement
relations in the tangential direction are based on the
elastic no-slip Mindlin law and the effective tangential
force at the point idue to interactionwith its neighbours
is given as:

Ft,ik = 1
Ni

Ni∑
k=1

(Ktdt,ik + Ctḋt,ik (41)

where:

Kt = 8Ḡ
√
R̄δ1/2, Ct = ζt

√
m̄Kt , δ = d(k)

(i),n (42)

in which ζt is the damping ratio in the tangential direc-
tion and:

1
Ḡ

= 2 − vi
Gi

+ 2 − vk
Gk

(43)

denote the effective tangential direction damping ratio
and shear modulus respectively. In Equation (43), v∗

denotes Poisson’s ratio. Whenever the condition in
Equation (31) is not satisfied, then Ft,ik is scaled to:

Ft,ik = μFn,ik
Ft,ik
Ft,ik

(44)

Once the normal and tangential components of the
contact force are obtained fromEquations (38) and (41)
or (44) respectively, the net reaction on the clustered
particle due to contact is obtain by using Equation (36).

3. Computational implementation

3.1. Discretization of the peridynamicmodel

Recall from Equation (1) that PD describes a con-
tinuum model of motion using an integral-based for-
mulation. To solve it on a computer, one must dis-
cretize this continuum. Over the years, various numer-
ical approximation approaches have been proposed,
including meshfree methods (Parks et al., 2008; Silling
& Askari, 2005), collocation methods (Evangelatos &
Spanos, 2011; Wang & Tian, 2014), and finite-element-
based methods (Chen & Gunzburger, 2011; Wang &
Tian, 2012).

Among these, the meshfree approach originally sug-
gested in Silling and Askari (2005) is both straightfor-
ward to implement and relatively cost-effective com-
putationally, and has consequently become the most
widely adopted scheme. In this work, we employ that
meshfree approximation for the same reasons.

Under the meshfree discretization, the continuous
volume is represented by a set of nodes. The dis-
crete form of the peridynamic equation of motion (1)
becomes:

ρiüi =
N∑
j=1

f(xi, xj, t)Vj + bi (45)

where ρi := ρ(xi) is the mass density at node xi; üi =
∂ui
∂t with ui being the displacement at xi; Vj is the nodal
volume associated with node xj; and bi is the external
body-force term at node xi.

Here, N is the number of nodes in the horizon
(neighbourhood) of node i.

3.2. Time integration scheme and numerical
stability

The discretized peridynamic Equation (45) is solved
using an explicit forward Euler integration scheme.
At each discrete time increment t = tn, the accelera-
tion, velocity, and displacement for a given node iii are
updated explicitly as follows:

1. Acceleration:

üni = Ln
i + bi
ρi

(46)
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where Ln
i =

N∑
j=1

f(xi, xj, t)Vj captures the internal pair-

wise PD forces.
2. Velocity update:

u̇n+1
i = u̇ni + üni 
t (47)

3. Displacement update:

uin+1 = uni + u̇n+1
i 
t (48)

where 
t represents the time step, ρi the local den-
sity, bi the body force density, and Vj the nodal volume
of neighbouring points. Due to the explicit nature of
the Euler scheme, numerical stability requires adher-
ence to a critical time step constraint, similar to the
Courant–Friedrichs–Lewy (CFL) condition. Specifi-
cally, this stability criterion is given by (Silling&Askari,
2005):


t <

√
2ρ∑
j VjCij

(49)

where Cij is the micromodulus tensor (Silling, 2011)
and ρ is the local density. If 
t violates this inequality,
the explicit scheme can become unstable.
The choice of incremental time step 
t, spatial dis-
cretization spacing 
, and horizon size δ significantly
influence numerical convergence and computational
efficiency. Detailed discussions on numerical conver-
gence and sensitivity to these parameters are provided
in Section 4.

4. Verification and validation

This section presents the verification and validation
studies carried out to establish the reliability and pre-
dictive capability of the proposed PD framework. Con-
vergence analyses will be conducted to ensure that the
solutions are not artefacts of numerical resolution or
time integration instability.

The section is structured into fourmain subsections.
In Subsection 4.1, a spatial convergence study is con-
ducted by varying the nodal spacing in the x–y plane
while keeping other parameters fixed. The convergence
criterion is based on changes in the residual impactor
velocity. Subsection 4.2 focuses on temporal conver-
gence, where the time step is reduced incrementally to
examine its influence on the solution. In Subsection 4.3,
a parametric study is performed to investigate the influ-
ence of the damping ratio. Finally, in Subsection 4.4,
a benchmark simulation is conducted to validate the
model against experimental data from Zhang, Liu, et al.
(2023), which has also been numerically validated in
Zhang, Wang, et al. (2023), highlighting the model’s
ability to replicate both global dynamics and localized
fracture patterns.

Figure 3. Schematic showing the problem set-up.

Figure 4. Experimental set-up showing ice sample sandwiched
between two acrylic plates.

Unless otherwise stated, all simulations in this
section are based on a standard setup replicating the
DBT scenario. The problem involves a rigid steel sphere
impacting an ice plate, as illustrated in Figure 3. The
ice plate has dimensions of 0.22 × 0.22 × 0.01m. In
the experimental configuration, the ice specimen is
clamped between two acrylic plates or frames, each
containing a circular opening of approximately 150mm
indiameter, as shown in Figure 4. This boundary condi-
tion is reproduced numerically bymodelling the acrylic
plates using PD points, with their displacement and
velocity in the z-direction (i.e. uz and u̇z) constrained to
zero. The impactor is a 15mm diameter steel ball with
a mass of 13.99 g, treated as a rigid body with an ini-
tial velocity of 71.7m s–1. The material properties of
ice, based on Zhang, Wang, et al. (2023), are: Young’s
modulus E = 3.8GPa, Poisson’s ratio ν = 0.25, den-
sity ρ = 907 kg m–3, critical strain rate ε̇0 = 1.04 s−1,
tensile strength σdt = 1.43MPa, and a strain-rate sen-
sitivity constant C1 = 0.2. For the steel impactor, the
assumed properties are Young’s modulus E = 206GPa,
Poisson’s ratio ν = 0.28, and density ρ = 7860 kgm–3.
The coefficient of friction between the steel and the ice
surface is set to μ = 0.3.



JOURNAL OF HYDRAULIC RESEARCH 57

Figure 5. Residual velocity predictions for varying spatial resolutions.

4.1. Spatial convergence study

To ensure that our numerical predictions are inde-
pendent of mesh resolution, we conducted a spatial
convergence study by varying the nodal spacing in
the x − y plane (
x = 
y) from 7.3333 × 10−4m to
5.5 × 10−3m, while maintaining a constant through-
thickness spacing (
z = 6.0 × 10−4) and horizon size
(δ = 3
x). All simulations used a damping ratio of
0.05 and a time step 
t = 5.0 × 10−7s. Simulations
for each grid were performed using a damping ratio
of 0.05 and a time step of 5.0 × 10−7s, replicating
the 71.7 m s–1 drop-ball test. The residual impactor
velocity was observed. Convergence was defined as a
change of less than 1% between successive grid refine-
ments. As illustrated in Figure 5, refinement from
x =
7.8571 × 10−4m (280 × 280) to 7.3333 × 10−4m pro-
duced a 0.5% variation in residual velocity, which is
within the 1% threshold. Accordingly, a spatial resolu-
tion of
x = 
y = 9.1667 × 10−4m (with
z = 6.0 ×
10−4m and δ = 3
x) was selected for all further analy-
ses, balancing computational efficiency and numerical
accuracy.

4.2. Temporal convergence study

To ensure stability and accuracy of the time integration
scheme, a temporal convergence study was performed.
The PD equations were integrated using explicit for-
ward Euler method (see Section 3.2), which requires
the time step 
t to satisfy a critical stability condi-
tion related to material properties and nodal spacing

(see Equation 49). To satisfy this constraint and assess
convergence, we first estimated the critical time step,
which yielded 
tcrit ≈ 6.1 × 10−7. Simulations were
then conducted with 
t values ranging from 5.0 ×
10−7s to 1.0 × 10−6s.

For this study, the spatial resolution was fixed
using the mesh that satisfied the spatial conver-
gence criteria (
x = 
y = 9.1667 × 10−4m, 
z =
6.0 × 10−4m). The impactor residual velocity was used
as convergence metric, and the result from the sim-
ulations is presented in Figure 6. It was observed
that reducing the time step from 9.0 × 10−7s to 8.0 ×
10−7 s resulted in ≈ 0.81% change in residual veloc-
ity. All subsequent reduction in 
t resulted in less that
0.1% change in output. Based on this assessment, 
t =
6.0 × 10 − 7s was adopted for subsequent simulations
as it is below the critical time step 
tcrit , and lies on
the converged plateau as shown in Figure 6, thus ensur-
ing temporal stability while maintaining computational
efficiency.

4.3. Parametric study on damping ratio

To understand how damping affects impact-induced
fracture in ice, a parametric study was conducted using
a 6mm thick ice plate. Although damping is a stan-
dard feature in dynamic simulations to account for
energy loss, there is limited experimental data speci-
fying appropriate damping ratios for ice–steel contact.
Therefore, this study explores how variations in damp-
ing ratio influence the simulation results.
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Figure 6. Residual velocity predictions for varying temporal
resolutions.

Figure 7. Time history of impactor velocity for varying damp-
ing ratios.

Simulations were carried out using damping ratios
ranging from 0.1 to 0.6 in steps of 0.1, based on val-
ues reported by Sodhi (1994). All other factors – such
as material properties, mesh size, and loading condi-
tions – were kept constant throughout the analysis. The
results are summarized in Figures 7, 8 and 9, which
show, respectively, the evolution of impactor velocity,
the normal contact force, and the final damage patterns
for each damping ratio.

The velocity and force plots reveal that simulations
with damping ratios of 0.1 and 0.2 produce very similar
outcomes. Likewise, simulations with damping ratios
between 0.3 and 0.6 show close agreement. This sim-
ilarity is also reflected in the observed damage patterns.

While the overall crack patterns remain largely con-
sistent across all cases, the level of damage near the
impact zone varies noticeably. At lower damping values
(0.1 and 0.2), less energy is absorbed through damp-
ing, leading to more severe local damage, including
extensive cracking andmaterial crushing. As the damp-
ing ratio increases, the damage near the impact site
becomes less intense, suggesting that higher damping

Figure 8. Evolution of normal contact force for different damp-
ing ratios.

more effectively absorbs vibrational energy and slows
down crack propagation.

These findings indicate that the damping ratio sig-
nificantly influences the severity of impact damage
and should be chosen carefully in simulations of
ice–structure interaction.

4.4. Benchmark simulation

Following the convergence studies (Sections 4.1 and
4.2) and parametric analyses of the damping ratio
(Section 4.3), a benchmark simulation was conducted
to rigorously validate the proposed numerical frame-
work. The objective of this simulation was to com-
pare numerical predictions directly with the experi-
mental findings of Zhang, Liu, et al. (2021), specifically
focusing on the impact response of a 10mm thick ice
plate impacted by a steel sphere at an initial veloc-
ity of 71.7m s–1. A damping ratio of 0.3 was selected
for the benchmark simulation. The grid resolution was
set to 280 × 280 × 10, while the time step was chosen
well below the critical stability limit to ensure temporal
accuracy.

Figure 10 illustrates the timehistory of the impactor’s
velocity during its interaction with the ice speci-
men. The simulation predicts a residual velocity v =
{0, 0,−60.4}T m s–1, (|v| = 60.4 m s–1), which is in
good agreement with the experimentally measured
value of 60.8m s–1 reported in Zhang, Liu, et al.
(2023). In comparison, a previous numerical study
Zhang, Wang, et al. (2023), using a similar boundary-
condition approach, predicted a residual velocity of
59.0m s–1. The close correspondence between our
numerical result and the experimental measurement
validates the accuracy of our framework in capturing
the deceleration dynamics of the impactor.

The negative residual velocity indicates that the
impactor does not rebound upon contact with the ice.
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Figure 9. Final damage patterns in the 6mm ice plate for varying damping ratios: (a) ζ = 0.1, (b) ζ = 0.2, (c) ζ = 0.3, (d) ζ = 0.4,
(e) ζ = 0.5, and (f ) ζ = 0.6.

(m
 s
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)

Figure 10. Evolution of the impactor velocity during impact
event for impact velocity of 71.7m s–1.

Instead, it penetrates through the ice, experiencing a
reduction in velocity due to energy dissipation from
fracture.

The corresponding evolution of the normal com-
ponent of the contact force is depicted in Figure 11.
The contact force profile shows an initial increase to a

primary peak, reflecting intense localized ice crushing
and initiation of microcracks. Subsequently, the force
decreases to a local minimum before rising to a sec-
ondary peak at time t = 0.1776µs. This secondary peak
corresponds to advanced fracture propagation, crack
interactions, and fragmentation phenomena within the
ice specimen. Figure 14 shows the ice damage config-
uration corresponding to the secondary peak observed
in the evolution of the normal contact force. This peak
is attributed to the mechanical resistance provided by
the load-bearing ligament – the remaining intact por-
tion of ice that continues to resist penetration even
after the initial failure and partial material loss. As the
impactor progresses deeper into the plate, this ligament
is eventually overcome, leading to a drop in the contact
force and establishing the final damage state.

The fracture evolution in the ice specimen is pre-
sented in Figure 12, showing the progression of damage
throughout the impact event. The initial impact gen-
erates a localized damage zone beneath the impactor
Figure 12a, acting as a nucleation site for microcracks.
These microcracks subsequently grow and coalesce,
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Figure 11. Normal component of contact force for impact
velocity of 71.7m s–1.

Figure 12. Evolution of damage in ice sample due to impact for impact velocity of 71.7m s–1.

leading to the formation of macrocracks. The radial
cracks are the first to develop, emanating outward from
the impact point.

As the impactor continues to penetrate, circum-
ferential cracks begin to form. As the circumferential
cracks develop, the radial cracks continue to bifurcate,
leading to a complex crack propagation pattern. This
phenomenon is characteristic of high-velocity impact
on brittle materials, as observed in Bouzid et al. (2001).
The simultaneous propagation of radial and circum-
ferential cracks, along with the branching of radial
cracks, reflects the complex stress redistribution occur-
ring within the ice plate due to the dynamic impact
load. This damage pattern agrees well with the dam-
age pattern observed in the experimental work (Zhang,
Wang, et al., 2023).
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Figure 13. Final damage state of the ice sample showing parti-
cle dispersion (a) top view, (b) bottom view.

Figure 14. Cross-sectional view of the impacted ice plate
showing the embedded impactor and surrounding damage
pattern.

It is important to note that, in visualizing the damage
progression, all material points whose damage param-
eter is equal to 1.0 as computed from Equation (9) are

Figure 15. Evolution of damage with impact velocity, v = 10 m s–1.

deemed to have been completely damaged and are elim-
inated in the visualization. This filtration allows for
better visualization of the fracture pattern and mate-
rial loss. Figure 13 shows the final damage state with-
out excluding partially damaged material points. This
shows the cloud of fragmented ice particles generated
by the impact event particularly showing debris disper-
sion due to the high-energy impact (Figure 14).

To further validate the numerical framework and
assess its predictive capability in different impact sce-
narios, the impact velocity was reduced to 10m s–1,
and the corresponding damage evolution was analysed.
The resulting fracture pattern due to this lower velocity
impact event is presented in Figure 15.

As expected, reducing the impact velocity results in
a less complex fracture pattern compared to the high-
velocity impact case. The damage evolution in this sce-
nario predominantly features radial cracks propagating
outward from the impact site, and a circumferential
crack reflecting a typical brittle fracture response under
relatively mild loading conditions. In contrast to the
high-velocity impact case, the radial and circumferen-
tial cracks in this lower energy impact do not exhibit
bifurcation.

This distinction highlights the influence of impact
velocity on crack complexity. In high-velocity impacts,
the higher stress intensities at crack tips lead to more
extensive crack branching, increasing the complexity of
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the fracture pattern. In contrast, at lower impact veloc-
ities, the energy available for fracture propagation is
reduced, leading to a simpler, more predictable crack
morphology.

5. Conclusion and summary

This study presents a PD-based numerical frame-
work specifically developed for accurately simulating
ice–structure interactions. The approach incorporates
a rate-dependent damage model to capture the strain-
rate sensitivity of ice, particularly its increased com-
pressive strength at higher strain rates while maintain-
ing nearly rate-independent tensile strength. Central to
this work is the integration of a DEM-based penalty
contact algorithm,which addresses limitations of previ-
ous PD studies that employed RRM or SRF approaches.

Unlike earlier methods, the proposed DEM-based
penalty contact algorithm fully represents both nor-
mal and tangential contact interactions through clas-
sical Hertzian and Mindlin contact laws, augmented
by Coulomb friction. This enables a realistic simula-
tion of frictional dissipation, tangential shear forces,
and stick-slip phenomena, significantly enhancing the
predictive accuracy of the model for complex tribo-
logical processes inherent in ice–structure interactions.
Additionally, a multi-sphere representation of impact-
ing bodies was employed to generalize the method
beyond simple spherical geometries, offering the capa-
bility to handle arbitrarily shaped impactors. Although
this multi-sphere capability informed the derivation of
governing equations of the impactor in this study, it was
not explicitly activated in the current analyses.

The numerical model was rigorously verified and
validated. Temporal and spatial convergence studies
were performed to ensure the simulation results are
stable and reliable. A detailed parametric study on
damping ratio was also conducted, since this param-
eter affects how energy is absorbed during impact yet
remains largely undocumented for ice–steel contact.
The study revealed that lower damping ratios resulted
in more intense localized damage, while higher val-
ues reduced damage severity, especially near the impact
zone.

To validate the model, simulations were conducted
to replicate a drop ball experiment reported in the lit-
erature. The predicted residual velocity of the impactor
was −60.4m s–1, closely matching the experimentally
observed value of −60.8m s–1. The evolution and final
pattern of cracks – including radial and circumferential
fractures – also aligned well with experimental obser-
vations. Further validation at a reduced impact velocity
of 10m s–1 resulted in simpler, predominantly radial
fracture patterns without crack bifurcation – contrast-
ing sharply with the more complex crack branching
observed at higher velocities. These findings confirm
the model’s effectiveness in capturing the velocity-
dependent fracture behaviour of ice.

This research represents an advancement in numeri-
cal modelling of ice–structure interactions, particularly
due to the following contributions.

(1) Rate-dependent damage modelling: accurately
represents the dynamic fracture behaviour of ice
under various strain rates.

(2) DEM-based penalty contact algorithm: realisti-
cally enforces normal and tangential contact con-
straints, including friction and slip phenomena,
overcoming significant shortcomings of existing
PD contact methods (RRM and SRF).

(3) Rigorous validation: demonstrates excellent pre-
dictive capabilities against experimental data, cap-
turing both global dynamics and local fracture
phenomena.

The framework presented here provides a robust
foundation for further research, including the incorpo-
ration of thermomechanical effects and simulations of
more complex interaction scenarios such as floating ice
impacts, ship-ice collisions, and ice-induced structural
damage. Moreover, it offers significant practical impli-
cations for offshore engineering, polar navigation, and
climate impact studies, including:

(1) Load mitigation strategies: identification of criti-
cal velocity thresholds for safe operational limits in
ice-infested waters, facilitating the development of
guidelines for vessel speeds and operational proto-
cols to reduce collision risks.

(2) Structural design guidance: enhanced prediction
of frictional energy dissipation and loading paths
enables engineers to design more reliable struc-
tures capable of effectively managing normal and
tangential ice-induced loads.

(3) Risk management and safety protocols: detailed
simulations under various impact scenarios pro-
vide critical insights for formulating proactive
emergency responses to mitigate damage during
unforeseen collisions.

(4) Regulatory contributions: validated numerical res-
ults can support revisions of classification soci-
ety guidelines for ice-class vessels and offshore
platform certifications, leading to more robust
and safety-oriented design standards for structures
operating in polar and subpolar environments.
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Notation

b(x, t) body force density (Nm−3)
bi body force density of material point i

(Nm−3)
c material constant (Nm−6)
Cij micromodulus tensor (Nm−6)
E Young’s modulus (Nm−2)
f PD force function (Nm−6)
f force vector (N)
G0 critical energy release rate (Jm−2)
N number of nodes in the horizon (neigh-

bourhood) of node (−)
s kinematic quantity called the bond stretch

(−)
s0 critical stretch (−)
t time (s)
u(x, t) displacement vector at point x (m)
ui displacement at xi (m)
ü second derivative of displacement field u

with respect to time (m s−2)
Vj nodal volume associated with node xj (s3)
δ horizon (m)
Hx family of point x (−)
ρ material density (kgm−3)
ξ relative position in the reference configu-

ration (m)
η relative displacement between points x

and x′ (m)
μ(t, ξ , η) damage parameter that can degrade the

bond (−)
σc uniaxial compressive strength (Nm−2)
σt tensile strength (Nm−2)
ṡ rate of stretch in the bond (s−1)
ε̇0 critical strain rate (s−1)
xNCP position vector of some reference point

(m)
TN→B
CP rotation matrix that maps vectors from

N → B (−)
ωN
CP angular velocity inN (rad/s)

ω̇ derivative ofωwith respect to time (rad/s)
FN sum of all external forces on the body in

N (N)
MN sum of all external moments about xNCP

(Nm)
φt slip criterion (−)
λt positive scalar (−)
μ Coulomb friction coefficient (−)
ζt damping ratio in the tangential direction

(−)
ρi mass density at xi (kgm−3)

t time step (s)
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