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Abstract

This paper is concerned with the almost sure stabilization of hybrid systems by introducing intermittent stochastic noise with
jumps. By means of the Lyapunov function method and the ergodic property of Markov chain, sufficient conditions are given for
stability of hybrid stochastic systems with intermittent stochastic noise. With the aid of the comparison method and M-matrix
theory, it is shown that hybrid systems can be stabilized by discrete-time intermittent stochastic feedback control provided the
duration between two consecutive observations is sufficient small. Finally, two examples are presented to illustrate our results.
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1 Introduction

In our life, uncertainty is ubiquitous and pervasive, which
is often encountered and regarded as the resource of in-
stability of systems. However, it is noted that noise can
also be used to stabilise a given unstable system or to
make a system even more stable when it is stable. The
study of stochastic stabilization was initiated by Has-
minskii (1980) who used two white noise sources to sta-
bilize a system. Since then, stabilization of differential
system by noise have been studied by many authors and
we here mention (Arnold et al.,1983; Appleby et al.,2008;
Mao,1994; Caraballo et al.,2003; Wu and Hu,2009). In
particular, stabilization theory was further established
by Deng et al.(2012), Mao et al.(2007), Yuan et al.(2005),
Yin et al.(2012), Zhao et al.(2020) for hybrid stochastic
systems. Mao et al. (2007) considered the following un-
stable hybrid system

ẋ(t) = f(x(t), r(t)) (1.1)

and stabilized this system by introducing the noise feed-
back control g(x(t), r(t))dw(t), which is equivalent to ex-
amining the stability of the following stochastic hybrid
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system

dx(t) = f(x(t), r(t))dt+ g(x(t), r(t))dw(t). (1.2)

In these systems, the underlying process is a two-
component process (x(t), r(t)), in which x(t) describes
the state and r(t) is a continuous-time Markov chain in
a finite state space S = {1, 2, · · · , N} and describes the
random environment. Actually, (1.2) can also be regard-
ed as a random switching system among the following N
stochastic differential equation (SDE)

dx(t) = f(x(t), i)dt+ g(x(t), i)dw(t), i = 1, 2, · · · , N,
(1.3)

according to the Markov chain r(t). Recently, Chao et
al.(2017), Yin and Xi(2010), Zong et al.(2014), Tran and
Tien(2022) have extended the stability results of Mao et
al.(2007) to (1.2) and showed that even if some subsys-
tems are not stable, the overall hybrid system (1.2) may
still be stable, that is, Markov chain can serve as a stabi-
lizing factor. Chao et al.(2017), Yin and Xi(2010), Zong
et al.(2014), Tran and Tien (2022) revealed that jump
diffusion noise can also play stabilizing roles.

It can be noted that the above noise as the feedback
control needs continuous observation for the state x(t),
which is not easy to realize in practice. Mao(2013, 2016)
introduced the feedback control based on the discrete-
time state observations, and developed the correspond-
ing theory in Hagiwara and Araki (1988) from determin-
istic systems to stochastic systems, which may save ob-
serving costs. That is, introduce a discrete-time stochas-
tic feedback control g(x(δ(t)), r(t))dw(t), where δ(t) =
t0+ b(t− t0)/τc τ , and b(t− t0)/τc is the integer part of
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(t− t0)/τ , such that the controlled system

dx(t) = f(x(t), r(t))dt+ g(x(δ(t)), r(t))dw(t), t ≥ t0
(1.4)

becomes stable. Following this work, some interesting re-
sults on stochastic stabilization with discrete-time feed-
back control were established by Dong(2018), Song et
al.(2018), Wan et al.(2023) and Liu et al.(2024). Indeed,
the feedback control g(x(δ(t)), r(t))dw(t) is designed
based on the discrete-time observations of the state x(t)
at times t0 + nτ for n ∈ N. Thus this strategy can not
only save cost but also be easily implemented. Howev-
er, the existing results (Fei et al.,2019; Li et al.,2020;
Shao,2017; You et al.,2015) indicate that the original
system (1.4) can be stabilized by feedback control only
when the duration τ is sufficiently small. It means that
the feedback controller g(x(δ(t)), r(t))dw(t) is almost
continuously observing without any rest time. This pa-
per will introduce a class of intermittent control strategy
that allows the feedback controller to have obvious rest
time, which implies that this strategy is more economic.

As a non-continuous control strategy, intermittent con-
trol includes working time and rest time. During the
working time, the feedback controller is in running state,
while during the rest time, it is in off state. Therefore, the
controlled system can be viewed as a switching between
a random system and a deterministic system. In compar-
ison with continuous-time feedback control, this strategy
can achieve the stability of system with less control time,
and has wider application potential in stochastic stabi-
lization theory. Zhang et al.(2018) applied the intermit-
tent stochastic noise to stabilize nonlinear systems, and
establish a class of theories on stabilization by intermit-
tent stochastic perturbation. Liu and Wu(2020) showed
that an unstable system can be stabilized by the inter-
mittent stochastic feedback based on delay and discrete
time observation. Mao et al.(2022) studied the stabiliza-
tion of hybrid systems via periodically intermittent con-
trol and established a sufficient stability criterion on in-
termittent hybrid SDEs. Yin and Cao(2020) investigat-
ed the almost sure exponential stabilization of differen-
tial system by intermittent stochastic perturbation with
jumps. For more intermittent control results of stochas-
tic system, please refer to Liu et al. 2019, Liu et al. 2020,
Wu et al. 2019,2022, Mao et al. 2023; Wan et al. 2024.

This work will focus on the almost sure exponential sta-
bilization of nonlinear hybrid systems by intermittent s-
tochastic noise with jumps. Given the unstable hybrid
system (1.1), this paper aims to introduce the intermit-
tent stochastic feedback control driven by Brownian mo-
tion w(t) and the compensated Poisson random measure

Ñ(dt, dv) to make the controlled system

dx(t) = f(x(t), r(t))dt+ g(x(δ(t)), r(t))I(t)dw(t)

+

∫
0<|v|<c

h(x(δ(t)−), r(t−), v)I(t)Ñ(dt, dv) (1.5)

to become almost surely exponentially stable, where I :
[t0,∞)→ {0, 1} is defined by

I(t) =
∞∑

n=0

I[tn,tn+θn)(t), t ≥ t0,

to show the control time and [tn, tn+1) is called the n-th
control period. By the comparison method and M-matrix
theory, it can be shown that the hybrid system (1.1) can
be stabilized by intermittent stochastic feedback control.

The main contributions of this paper are highlighted as
follows:

(1) This paper exhibits significant differences in the con-
trol of stochastic noise. Specifically, the control of s-
tochastic noise adopts an intermittent mode, rather
than the continuous control approach used in previous
studies (Chao et al.,2017; Yin and Xi,2010; Zong et
al.,2014). Different from the above mentioned works,
we need to overcome the complex switching mechanism
where stochastic noise and intermittent control occur
simultaneously, and the derived stability criteria not
only depend on the intensity of stochastic noise w(·),
Ñ(·, ·), but also on the intermittent control parameter
θ. Furthermore, Theorem 3.10 reveals that intermit-
tent stochastic perturbation induced by the compen-
sation Poisson random jumps serves as a stabilizing
factor, which is illustrated by Example 5.1.

(2) This paper focuses on the non-periodic intermittent
control strategy for hybrid stochastic systems. By re-
moving the quasi-periodic condition and the minimum
control ratio condition in the existing works (Liu and
Wu, 2020; Wu et al., 2022) and introducing the average
noise control ratio, this control strategy becomes more
flexible and efficient, which is also verified in Example
5.2. Meanwhile, it is mentioned that if tn+1 − tn = T
and θn = %T , % ∈ (0, 1), the non-periodic intermittent
control strategy adopted in this paper can degenerate
into a periodic case, which is consistent with the stud-
ies of Zhang et al. (2018), Mao et al. (2022), Wu et al.
(2019) and Wan et al. (2024).

(3) When I(t) = 1, (1.5) degenerates into the hybrid s-
tochastic systems with the classical feedback control
based on discrete time observation, namely, the state
need to be observed at discrete times t0 + nτ for n ∈
N. In comparison with the existing feedback control
base on discrete time observation in Mao (2013), Dong
(2018), Song et al. (2018), Fei et al. (2019), Wan et al.
(2023) and Liu et al. (2024), the intermittent control
of this paper implies that the state is only observed at
discrete times in the control width, say {t0 + nτ, n ∈
N}

⋂
{
⋃

n∈N[tn, tn+θn)}. In other words, the intermit-
tent control strategy proposed in this paper only re-
quires discrete-time observations within the working
time of intermittent control period. This significant-
ly reduces unnecessary observation operations, avoids
the monitoring of the system state during non critical
periods, and thus further reduces the control cost.

2 Preliminaries

Throughout this paper, unless otherwise specified, we
use the following notation. Let |.| denote the Euclidean
norm in Rn. If A is a vector or matrix, its transpose is
denoted by A>. If A is a matrix, its trace norm is de-
noted by |A| =

√
trace(A>A) while its operator nor-

m is defined by ‖A‖ = sup{|Ax| : |x| = 1}. If A is a
symmetric matrix, denote by Λmax(A) and Λmin(A) its
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largest and smallest eigenvalue, respectively. The func-
tion f : R+ → Rn is said to be cadlag if it is right
continuous and left limits with f(t−) = lims↑t f(s). Let
w(t) = (w1(t), · · · , wm(t))> be an m-dimensional Brow-
nian motion defined on the probability space (Ω,F , P )
with a filtration {Ft}t≥t0 satisfying the usual condition-
s (i.e., it is increasing and right continuous, F0 contains
all P -null sets). Let L(t) be an Ft-adapted Lévy process
with Lévy measure π(.). Define

N(t, Z) :=
∑

t0≤s≤t

IZ(∆L(s)) =
∑

t0≤s≤t

IZ [L(s)− L(s−)],

where N(·, ·) defined on [t0,∞) × Rn0 is an Ft-adapted
Poisson random measure, and Z is a Borel subset ofRn0 =

Rn\{0}. The compensator Ñ of N is denoted by

Ñ(dt, dv) = N(dt, dv)− π(dv)dt,

where π is a Lévy measure satisfying
∫
Rn0

(1∧|v|2)π(dv) <
∞.

Let r(t), t ≥ t0 be a right-continuous Markov chain on the
probability space (Ω,F , P ) taking values in a finite state
space S = {1, 2 . . . N} with generator Γ = (γij)N×N .
Here γij ≥ 0 is the transition rate from i to j, i 6= j,
while γii = −

∑
j 6=i γij . As a standing hypothesis, we

assume that the Markov chain r(t) is irreducible. Under
this condition, we have that r(t) has a unique stationary
distribution π̃ = (π̃1, π̃2, · · · , π̃N ) ∈ R1×N satisfying the
linear equation

π̃Γ = 0 subject to
N∑
i=1

π̃i = 1

and π̃i > 0 for each i ∈ S. Assume that the Markov chain
r(t), the Brownian motion w(t) and the Poisson random

measure Ñ(dt, dv) are independent. Let us consider the
following hybrid stochastic systems by aperiodically in-
termittent feedback control based on discrete-time state
observations

dx(t) = f(x(t), r(t))dt+ g(x(δ(t)), r(t))I(t)dw(t)

+

∫
0<|v|<c

h(x(δ(t)−), r(t−), v)I(t)Ñ(dt, dv), (2.1)

on t ≥ t0, with the initial data x(t0) = x0 ∈ Rn, r(t0) =
r0 ∈ S. Here f : Rn × S → Rn, g : Rn × S → Rn×m

and h : Rn × S × Rn0 → Rn. Let τ > 0, δ(t) = t0 +
b(t− t0)/τc τ, in which b(t− t0)/τc is the integer part of
(t− t0)/τ . Recall that I : [t0,∞)→ {0, 1} is defined as

I(t) =
∞∑
n=0

I[tn,tn+θn)(t), t ≥ t0, (2.2)

where [tn, tn+1) is called the n-th control period, 0 <
θn ≤ tn+1−tn is the n-th control width and limn→∞ tn =
∞ such that the average noise control ratio θ is defined
by

θ := lim inf
n→∞

1

(tn − t0)

n−1∑
k=0

θk ∈ (0, 1). (2.3)

Clearly, when τ = 0, the discrete-time state feedback
controlled system (1.5) degenerates into the continuous-
time controlled SDEs

dx(t) = f(x(t), r(t))dt+ g(x(t), r(t))I(t)dw(t)

+

∫
0<|v|<c

h(x(t−), r(t−), v)I(t)Ñ(dt, dv). (2.4)

By the strong ergodicity of Markov chains, this paper
also utilizes the Lyapunov function method to establish
sufficient criteria for almost sure exponential stability of
hybrid stochastic systems (2.4).

Denote by C2(Rn × S;R+) the family of all real-valued
nonegative functions V (y, i) on Rn × S, which are con-
tinuously twice differentiable in y. For any V (y, i) ∈
C2(Rn × S;R+), define GV : Rn × S × [t0,∞)→ R as

GV (y, i, t)

= LV (y, i, t) +

∫
0<|v|<c

[V (y + h(y, i, v)I(t), i)− V (y, i)

−Vy(y, i)h(y, i, v)I(t)]π(dv) + (ΓV )(y, i), (2.5)

where

LV (y, i, t) = Vy(y, i)f(y, i)

+
1

2
trace[g>(y, i)Vyy(y, i)g(y, i)I(t)],

(ΓV )(y, i) =
∑
j∈S

γijV (y, j) =
∑

j∈S,j 6=i

γij(V (y, j)− V (x, i))

and Vy(·, ·), Vyy(·, ·) denote the gradient and Hessian ma-
trix of V (·, ·), respectively.

Remark 2.1 Eq. (2.1) can also be expressed as follows:

dx(t) = f(x(t), r(t))dt+ g(x(δ(t)), r(t))dw(t)

+

∫
0<|v|<c

h(x(δ(t)−), r(t−), v)Ñ(dt, dv),

t ∈ [tn, tn + θn),

dx(t) = f(x(t), r(t))dt, t ∈ [tn + θn, tn+1).

(2.6)

When t ∈ [tn, tn + θn), (2.6) is a switching diffusion pro-
cess with jumps. when t ∈ [tn, tn + θn), (2.6) is a switch-
ing process. In other words, system (2.6) will switch back
and forth between these two classes of systems over time.
This means that these three classes of noise, as noise feed-
back controls, are combined with intermittent control s-
trategies to form a special switching mechanism.

In Liu and Wu(2020), the authors added the following
quasi-periodic condition: infn{θn} = a and supn{tn+1 −
tn} = b, where 0 < a < b < ∞, or the minimum control

ratio condition: c = lim supn→∞
tn+1−tn−θn
tn+1−tn ∈ (0, 1) to

the aperiodic intermittent control strategy. However, it
should be noted that these two conditions are still con-
servative and may not satisfy the wind power generation
(see Liu and Chen (2015)). In fact, these two condition-
s do not guarantee that the solution of Eq. (5.6) is pth
moment exponentially stable. This paper uses the aver-
age noise control ratio defined by (2.3) to characterize
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the aperiodic intermittent control. By the average noise
control ratio θ, this paper can estimate the lower bound
on the length of the control interval on (t0, t), i.e., for any
t ≥ t0, there exists a positive constant L0 ≥ 0

L(t0, t) ≥ θ(t− t0)− L0 (2.7)

denotes the total control interval length in (t0, t).

Remark 2.2 If tn+1 − tn = T and θn = %T , % ∈ (0, 1),
then

I(t) := Ĩ(t) =
∞∑
n=0

I[t0+nT,t0+nT+%T )(t). (2.8)

This strategy is called as the periodic intermittent con-
trol with the control period T and the control width %T .
Moreover, it can be observed that the average noise con-
trol ratio is θ = %.

In this paper, the following assumption is imposed on the
coefficients f , g and h.

Assumption 2.3 Assume that there exist three nonneg-
ative constants k1, k2 and k3 such that

|f(x, i)−f(y, i)| ≤ k1|x−y|, |g(x, i)−g(y, i)| ≤ k2|x−y|∫
0<|v|<c

|h(x, i, v)− h(y, i, v)|2π(dv) ≤ k3|x− y|2

for all x, y ∈ Rn and i ∈ S. Moreover, assume that
f(0, i) = 0, g(0, i) = 0 and h(0, i, v) = 0 for all i ∈ S.

Theorem 2.4 Under Assumption 2.3, Eq. (2.1) has a
unique global solution x(t) on t ≥ t0.

The proof is omitted since it is similar to Yin and Xi
(2010).

Remark 2.5 When k1, k2 and k3 are dependent on the
state i, that is, k1, k2 and k3 are replaced by k1i, k2i

and k3i in Assumption 2.4, the result of this theorem
still holds and the proof process is not changed by letting
kj = maxi∈S kji, j = 1, 2, 3. Of course, in this theorem,
the global Lipschitz condition in this assumption can be
replaced by the local Lipschitz condition and the linear
growth condition.

3 Intermittent continuous-time stochastic stabi-
lization

In this section, the stabilization problem of Eq. (3.1) via
the continuous-time intermittent control is investigated.
It is also shown that the hybrid system (1.1) can be sta-
bilized by the linear feedback control.

3.1 Almost sure exponential stabilization

This subsection mainly aims to establish some sufficient
stability criteria on intermittently hybrid stochastic sys-
tems with jumps. Consider the following continuous-time

controlled SDEs

dy(t)=f(y(t), r(t))dt+ g(y(t), r(t))I(t)dw(t)

+

∫
0<|v|<c

h(y(t−), r(t−), v)I(t)Ñ(dt, dv) (3.1)

on t ≥ t0 with the initial value y(t0) = y0, r(t0) = r0.

Similar to Theorem 2.4, it can be proved that Eq. (3.1)
has a unique global solution on t ≥ t0. Assumption 2.3
also indicate that y(t) = 0 is the trivial solution of Eq.
(3.1). To study the stability of Eq. (3.1), let us propose
the following non-zero property, which means that almost
all sample paths of all solutions to (3.1) starting from the
non-zero initial value will never reach the origin.

Assumption 3.1 Assume that there exist two constants
hi > 0 and k4 ≥ 0 such that |x + h(x, i, v)| ≥ hi|x| and∫

0<|v|<c |x ·h(x, i, v)|π(dv) ≤ k4|x|2 for all x ∈ Rn, i ∈ S
and v ∈ Rn0 .

Lemma 3.2 Let Assumptions 2.3 and 3.1 hold. Then for
any y0 ∈ Rn0 and i ∈ S,

Py0,i(y(t) 6= 0 for all t ≥ t0) = 1. (3.2)

Proof. For y 6= 0 and i ∈ S, define V (y, i) = |y|−1. It is
easily observed that

Vy(y, i) = −|y|−3y, Vyy(y, i) = −|y|−3I + 3|y|−5yy>.

Then we obtain

GV (y, i, t) =−|y|−3x>f(y, i) +
1

2

(
− |y|−3|g(y, i)|2

+3|y|−5|y>g(y, i)|2
)
I(t)

+

∫
0<|v|<c

[
|y + h(y, i, v)I(t)|−1 − |y|−1

+|y|−3y>h(y, i, v)I(t)
]
π(dv). (3.3)

Noting that |y + h(y, i, v)| > 0, and by Lemma 3.1 in
Applebaum and Siakalli(2009)

|y + h(y, i, v)I(t)|−1 − |y|−1 + |y|−3y>h(y, i, v)I(t)

≤ [|h(y, i, v)|2 + 2|y> · h(y, i, v)|]I(t)

|y|2(|y + h(y, i, v)I(t)|)
. (3.4)

Substituting (3.4) into (3.3) yields

GV (y, i, t)

= −|y|−3y>f(y, i) +
1

2
(−|y|−3|g(y, i)|2

+3|y|−5|y>g(y, i)|2)I(t)

+

∫
0<|v|<c

[|h(y, i, v)|2 + 2|y> · h(y, i, v)|]I(t)

|y|2(|y + h(y, i, v)I(t)|)
π(dv).

If I(t) = 0, then by Assumption 2.3,

GV (y, i, t) =−|y|−3y>f(y, i)

≤ |y|−2|f(y, i)| ≤ k1|y|−1. (3.5)
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If I(t) = 1,

GV (y, i, t)≤ |y|−2|f(y, i)|+ |y|−3|g(y, i)|2

+
1

hi|y|3

∫
0<|v|<c

[|h(y, i, v)|2

+2|y> · h(y, i, v)|]π(dv)

≤ (k1 + k2
2 +

k3

hi
+

2k4

hi
)|y|−1. (3.6)

Combing (3.5) with (3.6) gives GV (y, i, t) ≤ (k1 + k2
2 +

k3

hi
+ 2k4

hi
)|y|−1. For the initial values y(t0) = y0 and

r(t0) = i, let 0 < ε < |y0| < d and define the stopping
time τε := inf{t ≥ t0 : |y(t)| ≤ ε} and τd := inf{t ≥ t0 :
|y(t)| ≥ d}. By the Itô formula, we have

E
[
e
−(k1+k2

2+
k3
hi

+
2k4
hi

)(τε∧τd∧t)|y(τε ∧ τd ∧ t)|−1
]

= |y0|−1e
−(k1+k2

2+
k3
hi

+
2k4
hi

)t0

+E
∫ τε∧τd∧t

t0

e
−(k1+k2

2+
k3
hi

+
2k4
hi

)s

×
[
−(k1+ k2

2 +
k3

hi
+

2k4

hi
)|y(s)|−1+GV (y(s), r(s), s)

]
ds

≤ |y0|−1e
−(k1+k2

2+
k3
hi

+
2k4
hi

)t0 . (3.7)

Noting that τε < τd ∧ t, we have |y(τε ∧ τd ∧ t)|−1 > ε−1.
Then from (3.7),

e
−(k1+k2

2+
k3
hi

+
2k4
hi

)t
ε−1P(τε < τd ∧ t)

≤E
[
e
−(k1+k2

2+
k3
hi

+
2k4
hi

)(τε∧τd∧t)|y(τε ∧ τd ∧ t)|−1
]

≤ |y0|−1e
−(k1+k2

2+
k3
hi

+
2k4
hi

)t0 .

By Assumption 2.3, Eq. (3.1) has a unique global so-
lution. This implies that hybrid jump-diffusion process
(3.1) has no finite explosion time, that is, τd →∞ almost
surely as d → ∞. Therefore, for any t ≥ t0, P(τε < t) ≤
|y0|−1εe

(k1+k2
2+

k3
hi

+
2k4
hi

)(t−t0)
. Now letting ε → ∞ gives

P(τ0 < t) = 0 for any t ≥ t0, where τ0 := inf{t ≥ t0 :
|y(t)| = 0}. This completes the proof. 2

Now, let us show that (3.1) is almost surely exponentially
stable.

Assumption 3.3 Assume that there exist constants
αi ∈ R, βi ≥ 0 and λi ≥ 0 such that

x>f(x, i) ≤ αi|x|2, |g(x, i)| ≤ βi|x|, |x>g(x, i)| ≥ λi|x|2

for all x ∈ Rn and i ∈ S.

Assumption 3.4 Assume that there exists a function
h̄i(v) ≥ 0 and a constant ϑi > 0 such that |h(x, i, v)| ≤
h̄i(v)|x| and

∫
0<|v|<c x

>h(x, i, v)π(dv) ≥ ϑi|x|2 for all

x ∈ Rn and i ∈ S.

Remark 3.5 By Lemma 3.2, it is known that Assump-
tion 3.1 prevents the process y(t) of (3.1) jumps from
a nonzero state to zero, which can help us construct a
Lyapunov function such as V (x) = |x|p for p ∈ (0, 1) to

obtain stability of Eq. (3.1). However, the proof of The-
orem 3.7 indicates that Assumptions 2.3 and 3.1 alone
are not sufficient to prove that Eq. (3.1) is almost surely
exponentially stable. To ensure the stability of the inter-
mittent hybrid stochastic system with jumps (3.1), As-
sumptions 3.3 and 3.4 are needed.

Let us first give a strong law of large numbers for local
martingales.

Lemma 3.6 (see Lipster (1980)) Let M(t), t ≥ t0 be a
local martingale vanishing at t = t0 and ζ(t) a contin-
uous adapted non-negative increasing process such that

limt→∞ ζ(t) = ∞ and
∫∞
t0

d〈M〉(s)
(1+ζ(s))2 < ∞ a.s., where

〈M〉(t) := 〈M,M〉(t) is the quadratic variation process.

Then limt→∞
M(t)
ζ(t) = 0 a.s.

Theorem 3.7 Let p ∈ (0, 1) and Assumptions 2.3, 3.1,
3.3, 3.4 hold. If

max
i∈S

{∫
0<|v|<c

(
[log(1 + h̄pi (v))]2 + h̄pi (v)

)
π(dv)

}
<∞,

Eq. (3.1) satisfies

lim sup
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃iαi + θmax
i∈S

(
0.5β2

i

−λ2
i − ϑi +

1

p

∫
0<|v|<c

h̄pi (v)π(dv)
)
a.s. (3.8)

In particular, if
∑
i∈S π̃iαi+θmaxi∈S

(
0.5β2

i −λ2
i −ϑi+

1
p

∫
0<|v|<c h̄

p
i (v)π(dv)

)
< 0, then the trivial solution of

Eq. (3.1) is almost surely exponentially stable.

Proof. Fix y0 6= 0 and r0 ∈ S arbitrary, and rewrite
y(t; t0, y0, r0) = y(t). By Lemma 3.2, y(t) 6= 0 for all
t ≥ t0 almost surely. Define V (x, i) = log |x|p for all i ∈ S
and p ∈ (0, 1). Applying the generalized Itô formula gives

log |y(t)|p = log |y0|p

+

∫ t

t0

1

|y(s)|p
[
p|y(s)|p−2y>(s)f(y(s), r(s))

+
(p

2
|y(s)|p−2trace[g>(y(s), r(s))g(y(s), r(s))]

+
p(p− 2)

2
|y(s)|p−4|y>(s)g(y(s), r(s))|2

)
I(s)

]
ds

−
∫ t

t0

1

2|y(s)|2p
p2|y(s)|2p−4|y>(s)g(x(s), r(s))|2I(s)ds

+

∫ t

t0

∫
0<|v|<c

{
log(|y(s) + h(y(s), r(s), v)I(s)|p)

− log(|y(s)|p)

−p|y(s)|p−2y>(s)h(y(s), r(s), v)I(s)

|y(s)|p
}
π(dv)ds

+M1(t) +M2(t), (3.9)
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where M1(t) =
∫ t
t0

py>(s)g(y(s),r(s))I(s)
|y(t)|2 dw(s) and

M2(t) =

∫ t

t0

∫
0<|v|<c

log
[
|y(s−)

+h(y(s−), r(s−), v)I(s)|p
]
− log

[
|y(s−)|p

]
Ñ(ds, dv)

are two local martingales vanishing at t = t0. By Assump-
tion 3.4 and the elementary inequality log(1 +x) ≤ x for
x > 0,∫ t

t0

∫
0<|v|<c

{
log(|y(s) + h(y(s), r(s), v)I(s)|p)

− log(|y(s)|p)

−p|y(s)|p−2y>(s)h(y(s), r(s), v)I(s)

|y(s)|p
}
π(dv)ds

=

∫ t

t0

∫
0<|v|<c

{
log
[ |y(s)+h(y(s), r(s), v)I(s)|p

|y(s)|p
]

−py
>(s)h(y(s), r(s), v)I(s)

|y(s)|2
}
π(dv)ds

=

∫ t

t0

∫
0<|v|<c

N∑
i=1

log
[ |y(s)+h(y(s), r(s), v)I(s)|p

|y(s)|p
]

×I{r(s)=i}π(dv)ds

−
∫ t

t0

∫
0<|v|<c

N∑
i=1

py>(s)h(y(s), r(s), v)I(s)

|y(s)|2

×I{r(s)=i}π(dv)ds

≤
∫ t

t0

∫
0<|v|<c

N∑
i=1

log
[
1+h̄pi (v)I(s)

]
I{r(s)=i}π(dv)ds

−
∫ t

t0

N∑
i=1

pϑiI{r(s)=i}I(s)ds

≤
∫ t

t0

∫
0<|v|<c

h̄pr(s)(v)I(s)π(dv)ds−
∫ t

t0

pϑr(s)I(s)ds. (3.10)

By Assumption 3.3, substituting (3.10) into (3.9) gives

log |y(t)|p ≤ log |y0|p +

∫ t

t0

(
pαr(s) + [0.5pβ2

r(s)

−pϑr(s)+

∫
0<|v|<c

h̄pr(s)(v)π(dv)]I(s)
)
ds

−
∫ t

0

p

|y(t)|4
|y>(s)g(y(s), r(s))|2I(s)ds

+M1(t) +M2(t). (3.11)

The quadratic variation of the martingale M1(t) is

〈M1(t),M1(t)〉 =

∫ t

t0

p2|y>(s)g(y(s), r(s))|2I(s)

|y(s)|4
ds.

For arbitrary ε ∈ (0, 1) and k = 1, 2, · · · , the exponential
martingale inequality (Applebaum and Siakalli (2009))
gives

P
{

sup
t0≤t≤n

[
M1(t)− ε

2
〈M1(t),M1(t)〉

]
>

2

ε
log n

}
≤ 1

n2
.

By the Borel–Cantelli lemma, for almost all ω ∈ Ω, there
is an integer n0 = n0(ω) such that if n ≥ n0,

M1(t) ≤ 2

ε
log n+

ε

2
〈M1(t),M1(t)〉 (3.12)

for all t0 ≤ t ≤ n. Substituting (3.12) into (3.11), and
then using Assumption 3.3 yields

log |y(t)|p ≤ log |y0|p +
2

ε
log n+

∫ t

t0

pαr(s)ds+M2(t)

+

∫ t

t0

[0.5pβ2
r(s)−pϑr(s)+

∫
0<|v|<c

h̄pr(s)(v)π(dv)

−(p− p2

2
ε)λ2

r(s)]I(s)ds

for all t0 ≤ t ≤ n, n ≥ n0 almost surely. Hence for almost
all ω ∈ Ω, if t0 + n− 1 ≤ t ≤ t0 + n and n ≥ n0,

1

t
log |y(t)|

≤ 1

p(t0 + n− 1)

(
log |y0|p +

2

ε
log n+M2(t)

)
+

1

t

∫ t

t0

αr(s)ds+
1

t

∫ t

t0

{
[0.5β2

r(s) − ϑr(s)

+
1

p

∫
0<|v|<c

h̄pr(s)(v)π(dv)− (1− p

2
ε)λ2

r(s)]I(s)
}
ds.

On the other hand, by Assumption 3.4,

〈M2(t),M2(t)〉

=

∫ t

t0

∫
0<|v|<c

[
log(|y(s−) + h(y(s−), r(s−), v)

×I(s)|p)− log(|y(s−)|p)
]2
π(dv)ds

≤
∫ t

t0

∫
0<|v|<c

max
i∈S

[log(1 + h̄pi (v)I(s))]2π(dv)ds

≤ C(t− t0),

where C = maxi∈S
∫

0<|v|<c[log(1 + h̄pi (v))]2π(dv) < ∞.

Then, by Lemma 3.6, limt→∞
M2(t)
t = 0 a.s., which im-

plies that

lim
t→∞

1

t
log(|y(t)|)

≤ lim
t→∞

1

t

∫ t

t0

αr(s)ds+ lim
t→∞

1

t

∫ t

t0

{
[0.5β2

r(s) − ϑr(s)

+
1

p

∫
0<|v|<c

h̄pr(s)(v)π(dv)−(1− p
2
ε)λ2

r(s)]I(s)
}
ds. (3.13)

Since the Markov chain is exponentially ergodic for

the finite states, limt→∞
1
t

∫ t
t0
I{r(s)=i}ds = π̃i a.s and

limt→∞
1
t

∫ t
t0
αr(s)ds=limt→∞

∑
i∈S αi

1
t

∫ t
t0
I{r(s)=i}ds =
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∑
i∈S π̃iαi a.s. Thus,

lim
t→∞

1

t
log(|y(t)|)

≤
∑
i∈S

π̃iαi + max
i∈S

(
0.5β2

i − ϑi +
1

p

∫
0<|v|<c

h̄pi (v)π(dv)

−(1− p

2
ε)λ2

i

)
lim
t→∞

1

t− t0

∫ t

t0

I(s)ds

≤
∑
i∈S

π̃iαi + θmax
i∈S

(
0.5β2

i − ϑi

+
1

p

∫
0<|v|<c

h̄pi (v)π(dv)− (1− p

2
ε)λ2

i

)
. (3.14)

Letting ε→ 0 yields the desired assertion (3.8). 2

Remark 3.8 The emergence of I(t) has changed the o-
riginal characteristics of the hybrid system in Yin and
Xi(2010), Chao et al.(2017). As a result, the derived sta-
bility results are no longer applicable to the intermittent
stochastic system. Therefore, we utilize stochastic anal-
ysis and inequality techniques to address the problem of
the complex switching mechanism that arises when noise
feedback is combined with intermittent control. In addi-
tion, Theorem 3.7 shows that the trivial solution of E-
q. (3.1) is almost surely exponentially stable if and only

if θ ∈ (

∑
i∈S

π̃iαi

mini∈S{λ2
i
−0.5β2

i
+ϑi−1

p

∫
0<|v|<c

h̄p
i
(v)π(dv)}

, 1), whose

convergent speed not only depends on αi, βi, λi, ϑi and
h̄i(v), but also on the parameter θ.

Remark 3.9 Based on our assumption, the determinis-
tic system

ẏ(t) = f(y(t), r(t)) (3.15)

is unstable, that is
∑
i∈S π̃iαi > 0. Therefore, the right

hand side of equation (3.8), maxi∈S θ
(

0.5β2
i − λ2

i − ϑi +

1
p

∫
0<|v|<c h̄

p
i (v)π(dv)

)
< 0 implies that for all i ∈ S, the

deterministic system (3.15) can be stabilized by noise,
which in turn leads to the stability of the entire hybrid
system.

Let us return to Remark 2.2. If I(t) is defined as (2.8),
stochastic system (3.1) degenerates the hybrid SDEs with
periodically intermittent stochastic noise

dy(t) = f(y(t), r(t))dt+ g(y(t), r(t))Ĩ(t)dw(t)

+

∫
0<|v|<c

h(y(t−), r(t−), v)Ĩ(t)Ñ(dt, dv). (3.16)

Unlike I(t), we shall use the periodicity of the function

Ĩ(t) to obtain a better stabilization results than Theo-
rem 3.7. By improving the intermittent parameter %, the
following stability theorem follows.

Theorem 3.10 Let conditions of Theorem 3.7 hold. The

trivial solution y(t) of Eq. (3.16) satisfies

lim sup
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃i

(
αi + %[0.5β2

i − λ2
i

−ϑi +
1

p

∫
0<|v|<c

h̄pi (v)π(dv)]
)
a.s. (3.17)

In particular, if % is in

( ∑
i∈S π̃iαi∑

i∈S π̃i[λ
2
i − 0.5β2

i + ϑi − 1
p

∫
0<|v|<c h̄

p
i (v)π(dv)]

, 1
)
,

then the trivial solution y(t) of Eq. (3.16) is almost surely
exponentially stable.

To prove Theorem 3.10, the following lemma is need (also
see Song et al.(2018)).

Lemma 3.11 For any t ≥ 0, h > 0 and i ∈ S,

P(r(s) 6= i for some s ∈ [t, t+ h]|r(t) = i) ≤ 1− e−γ̃h,

where γ̃ = maxi∈S(−γii).

Proof of Theorem 3.10. Similar to the proof of (3.13),

lim
t→∞

1

t
log(|y(t)|) ≤ lim

t→∞

1

t

∫ t

t0

(
αr(s) + [0.5β2

r(s)

−λ2
r(s)−ϑr(s)+

1

p

∫
0<|v|<c

h̄pr(s)(v)π(dv)]Ĩ(s)
)
ds.

By the ergodic property of Markov chain r(t),

lim
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃iαi + lim
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds,

(3.18)
where

ψr(s) = 0.5β2
r(s)−λ

2
r(s)−ϑr(s) +

1

p

∫
0<|v|<c

h̄pr(s)(v)π(dv).

Let us claim that

lim
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds = %
∑
i∈S

π̃iψi a.s. (3.19)

To prove (3.19), it is sufficient to prove

lim inf
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds ≥ %
∑
i∈S

π̃iψi (3.20)

and

lim sup
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds ≤ %
∑
i∈S

π̃iψi. (3.21)
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Let δ ∈ (0, 1) be arbitrary and $ = %T/m for a suffi-
ciently large integer m such that $ < δ. It follows that

lim inf
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds

= lim inf
n→∞

1

(n+ 1)T

n∑
j=0

∫ t0+jT+%T

t0+jT

ψr(s)ds ≥
m−1∑
v=0

Qv, (3.22)

whereQv = lim inf
n→∞

1

(n+ 1)T

n∑
j=0

∫ t0+jT+(v+1)$

t0+jT+v$

ψr(s)ds.

Let us first show

Q0 = lim inf
n→∞

1

(n+ 1)T

n∑
j=0

∫ t0+jT+$

t0+jT

ψr(s)ds.

For each i ∈ S, define τ i0 = inf{j ≥ 0 : r(t0 + jT ) = i}
and τ in = inf{j ≥ τ in−1 : r(t0 + jT ) = i} for n ≥ 1.

Then τ in are finite stopping times such that 0 ≤ τ i0 <
· · · < τ in ↑ ∞ a.s. Set Sin = inf{j ≥ 0 : τ ij ≤ n} and

let T in represent the number of the elements in set Sin.
By the ergodic property of the Markov chain, we have

limn→∞
T in
n+1 = π̃i. Thus,

Q0 = lim inf
n→∞

1

(n+ 1)T

∑
i∈S

∑
j∈Sin

∫ t0+jT+$

t0+jT

ψr(s)ds

= lim inf
n→∞

{∑
i∈S

T in
(n+ 1)T

( 1

T in

∑
j∈Sin

∫ t0+jT+$

t0+jT

ψr(s)ds
)}

≥
∑
i∈S

1

T
lim inf
n→∞

T in
(n+ 1)

(
lim inf
n→∞

1

T in

×
∑
j∈Sin

∫ t0+jT+$

t0+jT

ψr(s)ds
)

=
∑
i∈S

π̃i
T

lim inf
n→∞

1

n+ 1

n∑
j=0

∫ τ ijT+$

τ i
j
T

ψr(s)ds. (3.23)

By the strong Markov property, {r(τ ijT + t)}t≥t0 form-
s a Markov chain with the same generator Γ which s-

tarts from i. Then we have that {
∫ τ ijT+$

τ i
j
T

ψr(s)ds}j≥0

are independent identically distributed with mean value

E(
∫ τ i0T+$

τ i0T
ψr(s)ds). By the large number law,

lim
n→∞

1

n+ 1

n∑
j=0

∫ τ ijT+$

τ i
j
T

ψr(s)ds = E
∫ τ i0T+$

τ i0T

ψr(s)ds.

Note that r(τ i0T ) = i and $ < δ. Letting Ω0 = {ω ∈
Ω : r(s) 6= i for some s ∈ [τ i0T, τ

i
0T +$]} and by Lemma

3.11, we get P(Ω0) ≤ 1− e−γ̃$ ≤ γ̃$. Hence,

E
∫ τ i0T+$

τ i0T

ψr(s)ds

= E
(
IΩ0

∫ τ i0T+$

τ i0T

ψr(s)ds
)

+ E
(
IΩ̄0

∫ τ i0T+$

τ i0T

ψr(s)ds
)

≥ E
(
IΩ0

∫ τ i0T+$

τ i0T

min
j 6=i

ψjds
)

+ E
(
IΩ̄0

∫ τ i0T+$

τ i0T

ψids
)

≥ E
(
IΩ0

∫ $

0

min
j∈S

ψjds
)

+ E
(
IΩ̄0

∫ $

0

ψids
)

= min
i∈S

ψi$P(Ω0) + ψi$P(Ω̄0)

≥ min
i∈S

ψiγ̃$
2 + ψi$ − ψiγ̃$2

≥ ψi$ − (max
i∈S

ψi −min
i∈S

ψi)γ̃$
2.

Substituting this into (3.23) gives Q0 ≥ $
T

∑
i∈S π̃iψi −

(maxi∈S ψi − mini∈S ψi)γ̃
$2

T . Similarly, we can show

Qv ≥ $
T

∑
i∈S π̃iψi − (maxi∈S ψi − mini∈S ψi)γ̃

$2

T for
v = 1, 2, · · · , m− 1. Combing these with (3.22) yields

lim inf
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds

≥ m[
$

T

∑
i∈S

π̃iψi − (max
i∈S

ψi −min
i∈S

ψi)γ̃
$2

T
]

≥ %
∑
i∈S

π̃iψi − (max
i∈S

ψi −min
i∈S

ψi)ργ̃δ.

Similarly,

lim sup
t→∞

1

t

∫ t

t0

ψr(s)Ĩ(s)ds≤m[
$

T

∑
i∈S

π̃iψi + max
i∈S

ψiγ̃
$2

T
]

≤ %
∑
i∈S

π̃iψi + max
i∈S

ψiργ̃δ.

Since δ > 0 is arbitrary, lim inft→∞
1
t

∫ t
t0
ψr(s)Ĩ(s)ds ≥

%
∑
i∈S π̃iψi, lim supt→∞

1
t

∫ t
t0
ψr(s)Ĩ(s)ds ≤ %

∑
i∈S π̃iψi.

The required assertion (3.17) follows from (3.18) and
(3.19). The proof is therefore completed. 2

Remark 3.12 The proof of Theorem 3.10 is highly tech-
nical. In this process, not only the transition probability
inequality is employed, but also the periodic characteris-
tics of Ĩ(t) and the ergodic property of the Markov chain
are utilized. Furthermore, under the periodic control s-
trategy, the criteria for determining stability are much
more lenient. In Theorem 3.10, when the right hand side
of equation (3.17) is less than 0, it implies that the hybrid
system is stable. However, the right hand side of equation
(3.17),

∑
i∈S

π̃i

(
%[0.5β2

i − λ2
i − ϑi +

1

p

∫
0<|v|<c

h̄pi (v)π(dv)]
)
< 0

does not require that for all i ∈ S, all deterministic sys-
tems (3.15) can be stabilized by noise. In other words,
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this theorem allows that the subsystems are unstable un-
der some modes i. By using the ergodicity of the Markov
chain, we can cleverly ensure the stability of the whole
hybrid system and effectively make up for the instability
of subsystems in some modes.

Remark 3.13 In Theorems 3.7 and 3.10, λi and ϑi re-
veal the stabilization contribution of Brownian motion
w(t), the compensated Poisson noise Ñ and Markov
chain r(t). For the periodic intermittent control, when
the control period T is fixed, we can enhance or weak-
en the noise intensity to shorten or increase the con-
trol time. Hence, the intermittent control strategy in
this paper is more flexible. For example, as the t-
wo parameters λi and ϑi increases, the lower bound∑

i∈S
π̃iαi∑

i∈S
π̃i[λ2

i
−0.5β2

i
+ϑi− 1

p

∫
0<|v|<c

h̄p
i
(v)π(dv)]

of the intermit-

tent parameter % can be taken smaller, which means
that the control time can be shortened and the control
cost can be reduced accordingly.

3.2 Design of linear feedback control with intermittent
jump-diffusion noise

Suppose that f satisfies Assumptions 2.3 and 3.3. Let
us show that the hybrid system (1.1) can be stabilized
by linear feedback control with intermittent Brownian
motion and the compensated Poisson random measures.
Let g(x, i) = (G1,ix,G2,ix, · · · , Gm,ix) and h(x, i, v) =
Hi(v)x where Gk,i and H(i, v) are all n × n matrices.
Then the controlled hybrid stochastic systems becomes

dy(t) = f(y(t), r(t))dt+

m∑
k=1

Gk,r(t)y(t)I(t)dw(t)

+

∫
0<|v|<c

Hr(t−)(v)y(t−)I(t)Ñ(dt, dv), (3.24)

where I(t) is defined by (2.2).

Assumption 3.14 For any i ∈ S, assume that∫
0<|v|<c |Hi(v)|π(dv) < ∞ and that Hi(v) does not have

any eigenvalue equal to −π almost surely.

It is obvious that Eq. (3.24) has a unique solution on
t ≥ t0. By Theorem 3.7, we shall obtain some sufficient
conditions on the coefficients of (3.24) for the trivial so-
lution to be almost surely exponentially stable.

Theorem 3.15 Let Assumptions 2.3 and 3.1 hold.
Assume that for any x ∈ Rn and i ∈ S, there
are nonnegative constants β̄i, λ̄i and ϑ̄i such that∑m
k=1 |Gk,ix|2 ≤ β̄i|x|2,

∑m
k=1 |x>Gk,ix|2 ≥ λ̄i|x|4, and∫

0<|v|<c x
>Hi(v)xπ(dv) ≥ ϑ̄i|x|2. Then the trivial solu-

tion y(t) of Eq. (3.24) satisfies

lim sup
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃iαi+θmax
i∈S

(
0.5β̄i − λ̄i − ϑ̄i

+
1

p

∫
0<|v|<c

|Hi(v)|pπ(dv)
)
a.s.

In particular, if
∑
i∈S π̃iαi + θmaxi∈S

(
0.5β̄i− λ̄i− ϑ̄i +

1
p

∫
0<|v|<c |Hi(v)|pπ(dv)

)
< 0, then the trivial solution of

Eq. (3.24) is almost surely exponentially stable.

Proof. Let βi =
√
β̄i, λi =

√
λ̄i and ϑi = ϑ̄i. It follows

that the coefficients of Eq. (3.24) satisfy Assumptions
3.3 and 3.4. By Theorem 3.7, Eq. (3.24) is almost surely
exponentially stable if∑
i∈S

π̃iαi + θmax
i∈S

(
0.5β̄i − λ̄i − ϑ̄i

+
1

p

∫
0<|v|<c

|Hi(v)|pπ(dv)
)
< 0.

If I(t) of Eq. (3.24) is changed to Ĩ(t), then we have the
following hybrid stochastic systems

dy(t) = f(y(t), r(t))dt+
m∑
k=1

Gk,r(t)y(t)Ĩ(t)dw(t)

+

∫
0<|v|<c

Hr(t−)(v)y(t−)Ĩ(t)Ñ(dt, dv). (3.25)

Theorem 3.16 Let conditions of Theorem 3.15 hold.
The trivial solution of Eq. (3.25) satisfies

lim sup
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃i

(
αi + %[0.5β̄i − λ̄i − ϑ̄i

+
1

p

∫
0<|v|<c

|Hi(v)|pπ(dv)]
)
a.s. (3.26)

If

% ∈
( ∑

i∈S π̃iαi∑
i∈S π̃i[λ̄i−0.5β̄i+ϑ̄i− 1

p

∫
0<|v|<c |Hi(v)|pπ(dv)]

, 1
)
,

Eq. (3.25) is almost surely exponentially stable.

Actually, there are many choices for the matricesGk,i and
Hi(v) in order to stabilize the given hybrid systems (1.1).
For example, in (3.25), let Gk,i = σk,iI for 1 ≤ k ≤ m,
i ∈ S and Hi(v) = hi(v)I, where σk,i are constants and I
is the n× n identity matrix. Then the hybrid stochastic
system (3.25) can be rewritten as

dy(t) = f(y(t), r(t))dt+
m∑
k=1

σk,r(t)y(t)Ĩ(t)dw(t)

+

∫
0<|v|<c

hr(t−)(v)y(t−)Ĩ(t)Ñ(dt, dv). (3.27)

Note that for each i ∈ S,
∑m
k=1|Gk,ix|2 =

(∑m
k=1σ

2
k,i

)
|x|2,∑m

k=1 |x>Gk,ix|2 =
(∑m

k=1 σ
2
k,i

)
|x|4 and∫

0<|v|<c x
>Hi(v)xπ(dv) =

∫
0<|v|<c hi(v)π(dv)|x|2 for all

x ∈ Rn. By Theorem 3.16, Eq. (3.27) satisfies

lim sup
t→∞

1

t
log(|y(t)|) ≤

∑
i∈S

π̃i

(
αi + %[Cphi − 0.5

m∑
k=1

σ2
k,i]
)

9

Almost sure stabilization of hybrid systems by intermittent stochastic noise with jumps



almost surely, where

Cphi =
1

p

∫
0<|v|<c

|hi(v)|pπ(dv)−
∫

0<|v|<c
hi(v)π(dv).

If % ∈
( ∑

i∈S
π̃iαi∑

i∈S
π̃i[0.5

∑m

k=1
σ2
k,i
−Cp

hi
]
, 1
)
, then the hybrid

stochastic system (3.27) is almost surely exponentially
stable.

4 Intermittent discrete-time stochastic stabi-
lization

This section will establish a sufficient stability criterion
on hybrid stochastic systems by intermittent feedback
control based on discrete-time observations. In fact, Eq.
(2.1) can be rewritten as the following hybrid stochastic
delay differential equations (SDDEs)

dx(t) = f(x(t), r(t))dt+ g(x(t− ζ(t)), r(t))I(t)dw(t)

+

∫
0<|v|<c

h(x((t− ζ(t))−), r(t−), v)I(t)Ñ(dt, dv),(4.1)

where ζ : [t0,∞)→ [0, τ ] is defined by ζ(t) = t− t0 − kτ
for t0 + kτ ≤ t < t0 + (k + 1)τ , k = 0, 1, 2, · · · . For
delay system, Lemma 3.2 is invalid, so the Itô formula
to log |x(t)|p for p ∈ (0, 1) cannot be used. This section
will adopt a comparative method to study the almost
sure exponential stability of the solution to Eq. (4.1).
It will be shown that if auxiliary hybrid stochastic sys-
tem with continuous-time intermittent feedback control
(3.1) is pth moment exponentially stable, then so is the
hybrid stochastic systems by discrete-time intermittent
feedback control (4.1) for sufficiently small τ . Let us use
the M-matrix theory to study the pth moment exponen-
tial stability of the system (3.1).

Assumption 4.1 There exists p ∈ (0, 1) such that

Ap := diag(ρ1(p), · · · , ρN (p))− Γ (4.2)

is a nonsingular M-matrix, where ρi(p) = 0.5p[(2−p)λ2
i−

β2
i ] + pϑi −

∫
0<|v|<c h̄

p
i (v)π(dv)− pαi.

Remark 4.2 Assumption 4.1 is proposed to ensure the
exponential stability of Eq. (3.1), which is the key to ob-
tain the exponential stability of Eq. (4.1) by using com-
parative method. Moreover, this assumption is easy to
be checked by the M-matrix theory.

Since Ap is a nonsingular M-matrix. By Lemma 4.2 of
Mao(1999), A−1

p is well defined with A−1
p ≥ 0. Setting

(ς1, · · · , ςN )> := A−1
p

−→
1 , where

−→
1 = (1, · · · , 1)>, we can

obtain that ςi > 0, i ∈ S. For simplicity, define ς̂ =

mini∈S ςi, ς̌ = maxi∈S ςi, ς̄ = maxi∈S(pαi+
∑N
j=1 γij

ςj
ςi

).

Theorem 4.3 Let Assumptions 2.3, 3.1, 3.3, 3.4 and 4.1
hold. There exists constant T > 0 such that for any t ≥ T

E|y(t)|p ≤ ς̌

ς̂
|y0|pe−γ(t−t0), (4.3)

where γ = (ς̌−1 + ς̄)θ− ς̄. The trivial solution of Eq. (3.1)
is pth moment exponentially stable if θ ∈ ( ς̄

ς̌−1+ς̄ , 1).

Proof. If y0 = 0, y(t; t0, 0, r0) ≡ 0, the assertion (4.3) is
trivial. Fix y0 6= 0 and r0 ∈ S arbitrary. Define V (y, i) =
ςi|y|p. Clearly, ς̂|y|p ≤ V (y, i) ≤ ς̌|y|p. By (2.5),

GV (y, i, t)

=
{
p
x>f(y, i)

|y|2
+
p

2

( trace[g>(y, i)g(y, i)]

|y|2

+(p− 2)
|y>g(y, i)|2

|y|4
)
I(t) +

∫
0<|v|<c

[
|y + h(y, i, v)I(t)|p

|y|p

−1− py
>h(y, i, v)I(t)

|y|2
]π(dv) +

N∑
j=1

γij
ςj
ςi

}
ςi|y|p. (4.4)

By Assumptions 3.4,∫
0<|v|<c

[ |y+h(y, i, v)I(t)|p

|y|p
−1−py

>h(y, i, v)I(t)

|y|2
]
π(dv)

≤
∫

0<|v|<c
[
|y|p + |h(y, i, v)|pI(t)

|y|p
− 1]π(dv)− pϑiI(t)

≤
∫

0<|v|<c
h̄pi (v)π(dv)I(t)− pϑiI(t). (4.5)

Substituting (4.5) into (4.4) gives

GV (y, i, t)

≤
{(
pαi+0.5p[β2

i −(2−p)λ2
i ]+

∫
0<|v|<c

h̄pi (v)π(dv)−pϑi
)

+

N∑
j=1

γij
ςj
ςi

}
I(t)ςi|y|p+

(
pαi+

N∑
j=1

γij
ςj
ςi

)
(1−I(t))ςi|y|p

=
1

ςi

{(
pαi + 0.5p[β2

i − (2− p)λ2
i ]

+

∫
0<|v|<c

h̄pi (v)π(dv)−pϑi
)
ςi+

N∑
j=1

γijςj

}
I(t)V (y, i)

+
(
pαi +

N∑
j=1

γij
ςj
ςi

)
(1− I(t))V (y, i).

Then, by Assumption 4.1, we have

GV (y, i, t) =− 1

ςi
I(t)V (y, i)

+
(
pαi +

N∑
j=1

γij
ςj
ςi

)
(1− I(t))V (y, i)

≤ [ς̄ − (ς̌−1 + ς̄)I(t)]V (y, i). (4.6)

When t0 ≤ t < t0 + θ0, the generalized Itô formula gives

E
[
V (y(t), r(t))eς̌

−1(t−t0)
]
− V (y0, r0)

= E
∫ t

t0

eς̌
−1(s−t0)

(
GV (y(s), r(s), s)+ς̌−1V (y(s), r(s))

)
ds.

By (4.6), we have GV (y, i, t) ≤ −ς̌−1V (y, i) for
t0 ≤ t < t0 + θ0, which implies that EV (y(t), r(t)) ≤
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V (y0, r0)e−ς̌
−1(t−t0). Similarly, when t0 + θ0 ≤ t < t1,

E
[
V (y(t), r(t))e−ς̄(t−t0−θ0)

]
−EV (y(t0+θ0), r(t0+θ0))

= E
∫ t

t0

e−ς̄(s−t0−θ0)
(
GV (y(s), r(s), s)− ς̄V (y(s), r(s))

)
ds.

Therefore, when t0 + θ0 ≤ t < t1, GV (y, i, t) ≤ ς̄V (y, i)
and

EV (y(t), r(t)) ≤ EV (y(t0 + θ0), r(t0 + θ0))eς̄(t−t0−θ0)

≤ V (y0, r0)e[−ς̌−1θ0+ς̄(t−t0−θ0)].

By induction, when tn ≤ t < tn + θn, we have

EV (y(t), r(t)) ≤ EV (y(tn), r(tn))eς̄(t−tn)

≤ V (y0, r0)e−ς̌
−1[
∑n−1

k=0
θk+(t−tn)]

×eς̄
∑n−1

k=0
(tk+1−tk−θk). (4.7)

And when tn + θn ≤ t < tn+1, we have

EV (y(t), r(t))

≤ EV (y(tn + θn), r(tn + θn))eς̄(t−tn−θn)

≤ V (y0, r0)e−ς̌
−1
∑n

k=0
θk

×eς̄[
∑n−1

k=0
(tk+1−tk−θk)+(t−tn−θn)]. (4.8)

(4.7) and (4.8) together yields that for any t ≥ t0,

EV (y(t), r(t)) ≤ V (y0, r0)e

∫ t
t0

[ς̄−(ς̌−1+ς̄)I(s)]ds
. This im-

plies

E|y(t)|p ≤ ς̌

ς̂
|y0|pe

∫ t
t0

[ς̄−(ς̌−1+ς̄)I(s)]ds
. (4.9)

In fact, for any t ∈ [tn, tn + θn), we can derive that∫ t

t0

[ς̄ − (ς̌−1 + ς̄)I(s)]ds

≤ ς̄(t− t0)− (ς̌−1 + ς̄)

∫ tn

t0

I(s)ds

= ς̄(t− t0)− (ς̌−1 + ς̄)L(t0, tn)

≤ ς̄(t− t0)− (ς̌−1 + ς̄)[θ(tn − t0)− L0].

While for any t ∈ [tn + θn, tn+1), we have∫ t

t0

[ς̄ − (ς̌−1 + ς̄)I(s)]ds

≤ ς̄(t− t0)− (ς̌−1 + ς̄)

∫ tn+θn

t0

I(s)ds

= ς̄(t− t0)− (ς̌−1 + ς̄)L(t0, tn + θn)

≤ ς̄(t− t0)− (ς̌−1 + ς̄)[θ(tn + θn − t0)− L0].

Therefore, we have

lim sup
t→∞

1

t− t0

∫ t

t0

[ς̄ − (ς̌−1 + ς̄)I(s)]ds

≤ lim sup
t→∞

1

t− t0

(
ς̄(t− t0)−(ς̌−1+ ς̄)[θ(tn − t0)−L0]

)
= ς̄ − (ς̌−1 + ς̄)θ. (4.10)

Consequently, (4.10) shows that there exists a T > 0

such that for any t > T ,
∫ t
t0

[ς̄ − (ς̌−1 + ς̄)I(s)]ds ≤ [ς̄ −
(ς̌−1 + ς̄)θ](t− t0). Hence, it is concluded that E|y(t)|p ≤
ς̌
ς̂ |y0|pe[ς̄−(ς̌−1+ς̄)θ](t−t0), as required. 2

In fact, we are only interested in the case ς̄ ≥ 0, otherwise
dy(t)/dt = f(y(t), r(t)) is already exponentially stable in
pth moment. In addition, Theorem 4.3 will play a crucial
role in the proof of the following Theorem 4.6. In order
to prove the main result, the following two lemmas are
needed.

Lemma 4.4 Let Assumptions 2.3, 3.3 hold and p ∈
(0, 1). Then, for any t ≥ t0,

E|x(t)|p ≤ |x0|pe0.5pC1(t−t0), (4.11)

E|x(t)− x(δ(t))|p ≤ |x0|pe0.5pC1(t−t0)H1(p, τ), (4.12)

where α̌ = maxi∈S αi, β̌ = maxi∈S βi, C1 = [2α̌ + β̌2 +

k3], H1(p, τ) = [3τ(τk2
1 + k2

2 + k3)]
p
2 .

Proof. Applying the Itô formula yields that for t ≥ t0,

|x(t)|2 = |x0|2 +

∫ t

t0

{
2x>(s)f(x(s), r(s))

+|g(x(δ(s)), r(s))|2I(s)
}
ds

+

∫ t

t0

2x>(s)g(x(δ(s)), r(s))I(s)dw(s)

+

∫ t

t0

∫
0<|v|<c

(|x(s) + h(x(δ(s)−), r(s−), v)I(s)|2

−|x(s)|2−2x>(s)h(x(δ(s)−), r(s−), v)I(s))π(dv)ds

+

∫ t

t0

∫
0<|v|<c

(|x(s) + h(x(δ(s)−), r(s−), v)I(s)|2

−|x(s)|2)Ñ(dt, dv).

By Assumptions 2.3 and 3.3,

E|x(t)|2 ≤ |x0|2 + (2α̌+ β̌2)

∫ t

t0

E|x(s)|2ds

+k3

∫ t

t0

E|x(δ(s)−)|2ds

≤ |x0|2 + C1

∫ t

t0

sup
t0≤u≤s

E|x(u)|2ds,

where C1 = [2α̌+ β̌2 + k3]. It is easy to observed that

sup
t0≤u≤t

E|x(u)|2 ≤ |x0|2 + C1

∫ t

t0

sup
t0≤u≤s

E|x(u)|2ds.

Consequently, the Gronwall inequality gives

sup
t0≤u≤t

E|x(u)|2 ≤ |x0|2eC1(t−t0). (4.13)

By the Hölder inequality, we then have E|x(t)|p ≤(
E|x(t)|2

) p
2 ≤ |x0|pe0.5pC1(t−t0). On the other hand, it

11

Almost sure stabilization of hybrid systems by intermittent stochastic noise with jumps



can be computed that

E|x(t)− x(δ(t))|2

≤ 3E
∣∣∣ ∫ t

δ(t)

f(x(s), r(s))ds
∣∣∣2

+3E
∣∣∣ ∫ t

δ(t)

g(x(δ(s)), r(s))I(s)dw(s)
∣∣∣2

+3E
∣∣∣ ∫ t

δ(t)

∫
0<|v|<c

h(x(δ(s)−), r(s−), v)I(s)Ñ(dv, ds)
∣∣∣2.

By the Cauchy-Schwarz inequality, the Itô martingale
isometry and Assumption 2.3,

E|x(t)− x(δ(t))|2

≤ 3τE
∫ t

δ(t)

|f(x(s), r(s))|2ds

+3E
∫ t

δ(t)

|g(x(δ(s)), r(s))|2I(s)ds

+3E
∫ t

δ(t)

∫
0<|v|<c

|h(x(δ(s)−), r(s−), v)|2I(s)π(dv)ds

≤ 3τk2
1

∫ t

δ(t)

E|x(s)|2ds+ 3k2
2

∫ t

δ(t)

E|x(δ(s))|2ds

+3k3

∫ t

δ(t)

E|x(δ(s)−)|2ds. (4.14)

Substituting (4.13) into (4.14) gives

E|x(t)− x(δ(t))|2

≤ 3
(
τk2

1 + k2
2 + k3

)∫ t

t−τ
sup

t0≤u≤s
E|x(u)|2ds

≤ 3τ
(
τk2

1 + k2
2 + k3

)
|x0|2eC1(t−t0).

Once again, by the Hölder inequality, we have E|x(t) −
x(δ(t))|p ≤ |x0|pe0.5pC1(t−t0)H1(p, τ), as required. 2

Lemma 4.5 Let Assumptions 2.3, 3.3 hold and p ∈
(0, 1). Then, for any t ≥ t0,

E|x(t)− y(t)|p

≤ |x0|pH2(p, τ)(eC1(t−t0) − 1)
p
2 e0.5pC2(t−t0), (4.15)

whereC2 =2k1+2k2
2+2k3 andH2(p, τ)=

[ (2k2
2+2k3)H1(2,τ)

C1

] p
2 .

Proof. By the Itô formula,

E|x(t)− y(t)|2 ≤ 2k1E
∫ t

t0

|x(s)− y(s)|2ds

+E
∫ t

t0

|g(x(δ(s)), r(s))− g(y(s), r(s))|2ds

+E
∫ t

t0

∫
0<|v|<c

|h(x(δ(s)−), r(s−), v)

−h(y(s−), r(s−), v)|2π(dv)ds. (4.16)

By Assumption 2.3,

E
∫ t

t0

|g(x(δ(s)), r(s))− g(y(s), r(s))|2ds

≤ 2E
∫ t

t0

|g(x(δ(s)), r(s))− g(x(s), r(s))|2ds

+2E
∫ t

0

|g(x(s), r(s))− g(y(s), r(s))|2ds

≤ 2k2
2E
∫ t

t0

|x(δ(s))− x(s)|2ds

+2k2
2E
∫ t

t0

|x(s)−y(s)|2ds (4.17)

and

E
∫ t

t0

∫
0<|v|<c

|h(x(δ(s)−), r(s−), v)

−h(y(s−), r(s−), v)|2π(dv)ds

≤ 2k3E
∫ t

t0

|x(δ(s)−)− x(s−)|2ds

+2k3E
∫ t

t0

|x(s−)− y(s−)|2ds. (4.18)

Because both x(t) and y(t) are càdlàg processes,
they have at most countable jumps. Therefore, the
jump processes 4x(s) = x(s) − x(s−) = 0 and
4y(s) = y(s)−y(s−) = 0 for almost every s ∈ [t0, t], and

hence E
∫ t
t0
|x(s−) − y(s−)|2ds = E

∫ t
t0
|x(s) − y(s)|2ds.

Similarly, we can have E
∫ t
t0
|x(δ(s)−) − x(s−)|2ds =

E
∫ t
t0
|x(δ(s)) − x(s)|2ds. By Lemma 4.4, substituting

(4.17) and (4.18) into (4.16) gives

E|x(t)− y(t)|2 ≤ C2E
∫ t

t0

|x(s)− y(s)|2ds

+(2k2
2 + 2k3)E

∫ t

t0

|x(δ(s))− x(s)|2ds

≤ C2E
∫ t

t0

|x(s)− y(s)|2ds

+
(2k2

2 + 2k3)H1(2, τ)|x0|2

C1

(
eC1(t−t0) − 1

)
,

where C2 = 2k1 +2k2
2 +2k3. Then, the Gronwall inequal-

ity implies that

E|x(t)− y(t)|2 ≤ (2k2
2 + 2k3)H1(2, τ)|x0|2

C1

×
(
eC1(t−t0) − 1

)
eC2(t−t0).

Applying the Hölder inequality gives

E|x(t)− y(t)|p ≤ |x0|p
[ (2k2

2 + 2k3)H1(2, τ)

C1

] p
2

×
(
eC1(t−t0) − 1

) p
2

e0.5pC2(t−t0),

which is the required assertion. 2
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Now, let us establish the main results.

Theorem 4.6 Let Assumptions 2.3, 3.1, 3.3, 3.4 and 4.1
hold. Choose a free parameter ε ∈ (0, 1). Let τ∗ ≥ 0 be
the unique root to the equation

H2(p, τ)[eC1(τ+
log( ς̌

ς̂ε
)

γ ) − 1]
p
2 e0.5pC2(τ+

log( ς̌
ς̂ε

)

γ ) = 1− ε.
(4.19)

Then, for any initial values x0 ∈ Rn and r0 ∈ S, the
solution of Eq. (2.1) satisfies

lim sup
t→∞

1

t
log(E|x(t)|p) < 0 (4.20)

and

lim sup
t→∞

1

t
log(|x(t)|) < 0 a.s. (4.21)

provided τ ∈ (0, τ∗).

Proof. Let

F (τ, p) = H2(p, τ)[eC1(τ+
log( ς̌

ς̂ε
)

γ ) − 1]
p
2 e0.5pC2(τ+

log( ς̌
ς̂ε

)

γ ).

When p is fixed, F (·, p) is a continuously increasing func-
tion of τ ≥ 0. When τ = 0, F (·, p) equals to zero, so Eq.
(4.19) must have a unique root τ∗ > 0. Choose a positive

integer k̃ such that

log( ς̌ς̂ε )

γτ
≤ k̃ < 1 +

log( ς̌ς̂ε )

γτ
. (4.22)

This implies ς̌
ς̂ e
−γk̃τ ≤ ε. Write y(t0 + k̃τ ;x0, r0) = yk̃.

By Theorem 4.3,

E|yk̃|
p ≤ ς̌

ς̂
|x0|pe−γk̃τ ≤ ε|x0|p. (4.23)

By the elementary inequality (a+ b)p ≤ ap + bp for any
a, b ≥ 0 and 0 < p < 1, E|xk̃|p ≤ E|yk̃|p + E|xk̃ − yk̃|p.
Using (4.23) and Lemma 4.5,

E|xk̃|
p≤|x0|p

(
ε+H2(p, τ)[eC1k̃τ−1]

p
2 e0.5pC2k̃τ

)
. (4.24)

By (4.22), we have

ε+H2(p, τ)[eC1k̃τ − 1]
p
2 e0.5pC2k̃τ < ε+H2(p, τ)

×[eC1(τ+
log( ς̌

ς̂ε
)

γ ) − 1]
p
2 e0.5pC2(τ+

log( ς̌
ς̂ε

)

γ ) ≤ 1.

Thus, we can choose λ > 0 such that ε+H2(p, τ)[eC1k̃τ−
1]
p
2 e0.5pC2k̃τ = e−λk̃τ . It then follows from (4.24) that

E|xk̃|p ≤ |x0|pe−λk̃τ . Let us now consider the solution

x(t) of Eq. (2.1) on t ≥ t0 + k̃τ . Since Eq. (2.1) is a
SDDEs, the pair (x(t), r(t)) is not a time-homogeneous
Markov process. However, due to the special feature
of Eq. (2.1), the pair {(x(t0 + k̃τ), r(t0 + k̃τ))}k̃∈N+

forms a discrete-time Rn × S-valued time-homogeneous
Markov process (for example, see Mao (2013)). Ow-
ing to the time-homogeneous property of Eq. (2.1),

we can get E(|x2k̃|p|Fk̃τ ) ≤ |xk̃|pe−λk̃τ . This implies

E|x2k̃|p ≤ E|xk̃|pe−λk̃τ ≤ |x0|pe−2λk̃τ . Repeating this
procedure gives

E|xlk̃|
p≤E|x(l−1)k̃|

pe−λk̃τ ≤|x0|pe−lλk̃τ , l = 0, 1, 2, · · · .
(4.25)

For any t ≥ t0, there is a unique l ≥ 0 such that t0+lk̃τ ≤
t < t0 + (l + 1)k̃τ . By Lemma 4.4 and (4.25),

E|x(t)|p ≤ E|xlk̃|
pe0.5pC1(t−t0−lk̃τ)

≤ |x0|pe−lλk̃τe0.5pC1k̃τ ≤ |x0|pM̃e−λ(t−t0),

where M̃ = e(λ+0.5pC1)k̃τ . The assertion (4.20) follows.
Finally, by Mao(2016), we can obtain another assertion
(4.21). The proof is therefore completed. 2

5 Examples

Example 5.1 Let r(t) be a right-continuous Markov
chain taking values in S = {1, 2} with the generator

Γ = (γij)2×2 =

−2 2

1 − 1

 . Consider the following

hybrid system

ẋ(t) = Ar(t)x(t), t ≥ 0 (5.1)

where A1 =

−1 1

1.5 − 1

 , A2 =

−0.5 1

1 − 1.5

 .

Obviously, the Markov chain r(t) has the station-
ary distribution

∑
i∈S π̃ = (π̃1, π̃2) = ( 1

3 ,
2
3 ). In

fact, f(x, i) = Aix, (i = 1, 2) satisfies Assump-

tion 3.3, where αi = Λmax(
Ai+A

>
i

2 ). Then, we have∑2
i=1 π̃iαi =

∑2
i=1 π̃iΛmax(

Ai+A
>
i

2 ) = 0.162, which im-
plies that the trivial solution of hybrid systems (5.1)
is almost surely exponentially unstable. To make this
hybrid systems (5.1) stable, let us introduce the period
intermittent noise such that the intermittently hybrid
SDEs with jumps can be described by

dx(t) =Ar(t)x(t)dt+Br(t)x(t)Ĩ(t)dw(t)

+

∫
0<|v|<1

Cr(t−)(v)x(t−)Ĩ(t)Ñ(dt, dv), (5.2)

where Ñ is a compensated Poisson random measure on
[0,∞)×R0 whose corresponding Lévy measure is given by

π(dv) = 0.5e−|v|dv. Here B1 =

−0.5 − 0.4

0.2 0.3

 , B2 =

 0.1 0.6

−0.3 − 0.4

 , and C1(v) =

 v2 0

0 1.2v2

 , C2(v) =

 1.5v2 0

0 1.5v2

 , Ĩ(t) =
∞∑
n=0

I[nT,nT+%T )(t). Assume that

w(t), Ñ(dt, dv) and r(t) are independent. It is easy to see
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that β̄1 = 0.7285, λ̄1 = 0.5258, β̄2 = 0.7659, λ̄2 = 0.3898
and ϑ̄1 = 0.1606, ϑ̄2 = 0.2409. Then we get that

2∑
i=1

π̃i

(
αi + %[0.5β̄i−λ̄i−ϑ̄i+2

∫
0<|v|<1

√
Ci(v)π(dv)]

)
= 0.162− 0.2849%. (5.3)

By Theorem 3.16, if % ∈ (0.5686, 1), then Eq. (5.2)
is almost surely exponentially stable. That is, hy-
brid systems (5.1) can be stabilized by intermit-

tent stochastic perturbation Br(t)x(t)Ĩ(t)dw(t) and∫
0<|v|<1

Cr(t−)(v)x(t−)Ĩ(t)Ñ(dt, dv) with % ∈ (0.5686, 1).

However, if the jumps are excluded from the hybrid s-
tochastic systems (5.2), that is, if Ci(v) = 0, i = 1, 2, 3

or Ñ = 0, we have
∑2
i=1 π̃i

(
αi + %[0.5β̄i − λ̄i]

)
=

0.162 − 0.0842%. In particular, when % = 1, then we get∑2
i=1 π̃i

(
αi + 0.5β̄i − λ̄i

)
= 0.0778 > 0, which implies

that the following linear hybrid system

dx(t) = Ar(t)x(t)dt+Br(t)x(t)dw(t) (5.4)

is almost surely exponentially unstable. This example
shows that even if % = 1, the intermittent noise of on-
ly one Brownian motion cannot ensure the stability of
the system (5.4), while the jump noise Ñ can stabilize
stochastic system (5.4). Obviously, Eq. (5.3) becomes

2∑
i=1

π̃i

(
αi + 0.5β̄i − λ̄i + %[−ϑ̄i

+2

∫
0<|v|<1

√
Ci(v)π(dv)]

)
= 0.0778− 0.2141%.

By Theorem 3.10, if % ∈ (0.3634, 1), the following inter-
mittently hybrid SDEs

dx(t) =Ar(t)x(t)dt+Br(t)x(t)dw(t)

+

∫
0<|v|<1

Cr(t−)(v)x(t−)Ĩ(t)Ñ(dt, dv)

becomes almost surely exponentially stable. This implies
that hybrid stochastic systems (5.4) can be stabilized by

intermittent jump noise
∫

0<|v|<1
Cr(t−)(v)x(t−)Ĩ(t)Ñ(dt,dv)

if % ∈ (0.3634, 1).

Example 5.2 Let r(t) be a right-continuous Markov
chain taking values S = {1, 2} with the generator

Γ = (γij)2×2=

−1 1

3 − 3

 . Consider the scalar hybrid

system

ẋ(t) = µr(t)x(t), t ≥ 0, (5.5)

where µ1 = 0.4, µ2 = −0.2. Obviously, the Markov chain
r(t) has the stationary distribution π̃ = (π̃1, π̃2) = ( 3

4 ,
1
4 )

with the average
∑2
i=1 π̃iµi = 0.25. It is obvious that

hybrid systems (5.5) is unstable.

Now, let us design an aperiodic intermittent control to
stabilize the hybrid systems (5.5). Consider the intermit-
tently hybrid stochastic systems with jumps

dx(t) = µr(t)x(t)dt+ σr(t)x(t)I(t)dw(t)

+

∫
0<|v|<1

hr(t−)(v)x(t−)I(t)Ñ(dt, dv), (5.6)

where Ñ is a compensated Poisson random measure on
[0,∞)× R0 whose corresponding Lévy measure is given

by π(dv) = 0.5e−|v|dv. Here σ1 =
√

2, σ2 = 1, h1(v) =
−0.5v2, h2(v) = −0.4v2 and

I(t)=
∞∑
k=0

I[k,k+0.15)∪[k+0.3,k+ι)(t), 0.3<ι<1. (5.7)

Assume w(t), Ñ(dt, dv) and r(t) are independent. By
(5.7),

lim
n→∞

1

t2n

2n−1∑
k=0

θk= lim
n→∞

0.15n+ (ι− 0.3)n

n
= ι− 0.15

and

lim
n→∞

1

t2n+1

2n∑
k=0

θk = lim
n→∞

0.15n+ (ι− 0.3)n+ 0.15

n+ 0.3

= ι− 0.15.

Hence, we obtain the average control ratio θ = ι− 0.15.
Choose p = 0.5 such that ρ1(0.5) = 0.089 and
ρ2(0.5) = 0.256. The matrix A0.5 defined in (4.2) be-

comes A0.5 =

 1.089 − 1

−3 3.256

 , which is a nonsingular

M-matrix. Then, we can determine ς1 = 7.795, ς2 = 7.489
and hence, ς̌−1 = 0.1283 and ς̄ = 0.1607. By The-
orem 4.3, if θ ∈ (0.556, 1), the intermittently hy-
brid stochastic system (5.6) has the property that
lim supt→∞

1
t logE|x(t)|p ≤ 0.1607 − 0.289θ. This im-

plies that hybrid systems (5.5) can be stabilized by inter-
mittent stochastic perturbation σr(t)x(t)I(t)dw(t) and∫

0<|v|<1
hr(t−)(v)x(t−)I(t)Ñ(dt, dv) if ι ∈ (0.706, 1).

Next, let us use the intermittent feedback control based
on discrete-time state observations to stabilize (5.5)

dx(t) = µr(t)x(t)dt+ σr(t)x(δ(t))I(t)dw(t)

+

∫
0<|v|<1

hr(t−)(v)x(δ(t)−)I(t)Ñ(dt, dv). (5.8)

Choose θ = 0.75, ε = 0.9 such that (4.19) becomes
H2(0.5, τ)[e(3.5577τ+4.0116)−1]0.25e(1.5788τ+1.7803) = 0.1,
which has the unique positive root τ∗ = 1.161 × 10−10

(which is about 3.66 milliseconds if the time unit is of
year). By Theorem 4.6, the intermittently hybrid stochas-
tic system (5.8) is almost surely exponentially stable if
τ < 1.161 × 10−10. Figure 1 shows the hybrid system
(5.5) can be stabilized by intermittently feedback control
based on discrete-time state observations when θ = 0.75.
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Fig. 1. The sample paths of intermittently hybrid stochastic
system (5.8).

Remark 5.3 If the minimum control ratio c is employed
in Example 5.2, then we have c = 0.5 and the average
control ratio θ = 1− c, γ = (ς̌−1 + ς̄)θ − ς̄ = −0.0162 <
0, this implies that stochastic controlled system (5.6) is
pth moment exponentially unstable. In other words, the
existing assumptions about the infimum of control time
and the upper limit of control ratio cannot work.

Remark 5.4 It can be seen from the definition of I(t)
that the control cycle is not periodic and the control
width is not unique. In fact, let ι = 0.9, when n is odd,
then tn+1−tn = 0.3 and θn = 0.15, while when n is even,
then tn+1 − tn = 0.7 and θn = 0.6. Therefore, Example
5.2 shows that the unstable system (5.5) can be stabilized
by using the aperiodic intermittent control with (5.7).

Remark 5.5 The control strategy proposed in this pa-
per can also be used to investigate the consensus prob-
lem of homogeneous multi-agent systems. For example,
Li et al. (2014) considered the consensus control for a
network of multi-agent systems, and utilize stochastic
noise to achieve mean square and almost sure consensus
of these systems. However, when communication band-
width and channels are limited, it is unrealistic for multi-
agent systems to perform continuous measurements to
obtain control signals. Intermittent stochastic control in
multi-agent systems can work well.

6 Conclusion

This paper is devoted to the stochastic stabilization of
hybrid systems by intermittent stochastic feedback con-
trol. The Lyapunov function method and intermittent
control strategy are used to establish sufficient stability
criterion on intermittent hybrid SDEs with jumps. How-
ever, by comparison method and M-matrix theory, it is
also shown that the hybrid system can be stabilized by
the intermittent feedback control based on discrete-time
observations as long as τ < τ∗. This paper mainly aim-
s to investigage the time-triggered control strategy. The
event-triggered control laws for hybrid systems is also in-
tersting and will be considered in the future. In addition,
the consensus of multi-agent systems with intermittent
stochastic noise will be investigated.
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