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5 Abstract. We mathematically model Smectic-A (SmA) phases with a modified Landau-de

6 Gennes (mLdG) model as proposed in [1]. The orientational order of the SmA phase is described by

7 a tensor-order parameter Q, and the positional order is described by a real scalar u, which models

8 the deviation from the average density of liquid crystal molecules. Firstly, we prove the existence

9  and regularity of global minimisers of the mLdG free energy in three-dimensional settings. Then, we
10 analytically prove that the mLdG model can capture the Isotropic-Nematic-Smectic phase transition
I1 as a function of temperature, under some assumptions. Further, we explore stable smectic phases on
12 asquare domain, with edge length A, and tangent boundary conditions. We use heuristic arguments
13 to show that defects repel smectic layers and that nematic ordering promotes layer formation. We use
14 asymptotic arguments in the A — 0 and A — oo limits which reveal the correlation between the num-
15 ber and thickness of smectic layers, the amplitude of density fluctuations with the phenomenological
16 parameters in the mLdG energy. For finite values of A, we numerically recover BD-like and D-like
17  stable smectic states observed in experiments. We also study the frustrated mLdG energy landscape
18 and give numerical examples of transition pathways between distinct mLdG energy minimisers.

19 Key words. modified Landau—de Gennes model, smectic liquid crystals, phase transition, defect
20  configurations
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1. Introduction. Liquid crystals are mesophases intermediate between the solid
and liquid states, characterized by orderly molecular arrangements [2], that is, the
constituent molecules align along certain locally preferred directions, referred to as
“directors” in the literature. These orderly molecular arrangements give rise to dis-
tinctive optical and electrical properties in liquid crystals, making them valuable in
display technologies, optical devices, and sensors [3, 4, 5]. Liquid crystals can exhibit
28 different phases, such as nematic and smectic phases. The nematic phase has long-
29 range orientational order but lacks positional order, while the smectic phase possesses
30 both long-range orientational order and partial positional order, leading to a layered
31 structure with positional coherence within the layers [6]. There are several smectic
32 phases, such as Smectic-A and Smectic-C, each with distinct characteristics [7]. In
33 the Smectic-A phase, the director is parallel to the normal of the layer. In contrast,
34 in the Smectic-C phase, there is a non-zero angle between the director and the normal
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of the layer. In this paper, we focus on the Smectic-A phase, which will simply be
referred to as the “smectic phase”.

External constraints, such as confinement and boundary anchoring, can induce
deformations in the liquid crystal. These deformations may not coincide with the
liquid crystal phase in the bulk, leading to geometric frustrations. As a result, a diverse
array of textures with characteristic defect structures may spontaneously assemble
[8, 9]. For instance, when a smectic liquid crystal is deposited on a substrate that
promotes varying boundary anchoring, their layers may bend and form focal conic
domains (FCDs) [10]. These FCDs have been utilized as guides for colloidal dispersion
[11], in soft lithography [12], and as templates for superhydrophobic surfaces [13]. The
experimental observations in [14] suggest a stable BD-type smectic profile on square
domains, with a pair of line defects localised near a pair of opposite square edges. This
BD-type configuration is stablised by the smectic positional ordering but is unstable
for pure nematics [15, 16, 17], which indicates the distinctive properties of confined
smectic configurations.

Recent work has focused on the Nematic-Smectic (N-S) phase transition and
the coupling between directors and smectic layers. For example, the existence of
geometric memory in the N-S transition leads to FCDs melting into a dense array of
boojums defects [18]. By using colloidal silica rods and leveraging their significant
density difference with the dispersing solvent, nematic and smectic phases can be
confined within a single chamber which produces a smectic-nematic interface, and
the directors in the smectic-nematic interface leave fingerprints in the nematic slice
[14]. On spherical shells, the N-S phase transition, or the emergence of the layer
structure, initially occurs on the thicker side of the shell, distant from the point
defects [19]. These experimental findings inspire us to mathematically study the N-S
phase transition and structural phase transitions in confined smectic systems.

The very complicated structures that emerge in the frustrated smectic phase are
challenging to model mathematically. The key point in modelling the smectic phase
is to incorporate the nematic director and the layer structure, i.e. an additional
positional order parameter must be introduced to describe the modulation of the
density of liquid crystal molecules, compared to a simple nematic phase. In recent
decades, several powerful continuum mathematical theories have been used for the
nematic phase such as the microscopic Onsager model, the macroscopic Landau-de
Gennes (LdG) model, the macroscopic Oseen-Frank model, and the Ericksen-Leslie
model [20]. For modelling the smectic phase, an additional positional order parameter
is required to construct the layered structure. For instance, the extended Maier-
Saupe model [21] is a molecular model for the smectic phase, which qualitatively
predicts the N-S phase transition as a function of temperature. The molecular model
is computationally expensive due to its inherent high-dimensional complexity but
its parameters can be correlated with the underpinning molecular structures. For
computational convenience, there have been competing phenomenological theories for
smectic phases, obtained by adding the density modulation to the Oseen-Frank energy
or the LdG energy for nematic phases [22, 23, 24, 1, 25, 26]. These phenomenological
models can successfully predict the structures observed in experiments, although there
is no mapping between the phenomenological parameters and structural details e.g.,
properties of smectic layers. Most of the existing work focuses on numerical results,
with a lack of interpretability of the models, which is essential for studying structural
phase transitions and for controlling properties of confined smectic systems.

We address some of these questions by a systematic study of the modified Landau-
de Gennes (mLdG) model as presented in [1], which is adept at capturing geometric
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frustration, FCDs, and oily streaks [27], commonly observed in experiments on con-
fined smectics. In the mLdG framework, there are two order parameters: the LdG
nematic order parameter, Q, described in detail in the next sections that encodes the
(nematic) directors and a positional order parameter u, which models the deviation
of the molecular density from the average density. The mLdG free energy comprises
the LdG free energy (which depends on Q and its gradient), a bulk smectic energy
pivotal for nematic-smectic transitions, and a nematic-smectic coupling energy. The
bulk smectic energy is a standard Ginzburg-Landau potential or a quartic polynomial
in u. The nematic-smectic coupling energy depends on the Hessian of v and is param-
eterised by two phenomenological parameters - a coupling strength, By, and a second
parameter, g, which determines the thickness and multiplicity of smectic layers, at
least in the mLdG framework. The nematic-smectic coupling energy determines the
relative alignment of the layer normals and directors, and within the remit of our
work, the mLdG energy minimisers have co-aligned layer normals and directors and
are hence, thought to model the SmA phase. The mLdG energy minimisers model
stable and experimentally relevant (observable) smectic phases.

Firstly, in Section 2, we prove the existence and regularity of the mLdG en-
ergy minimiser, in three-dimensional settings, subject to strong and weak versions
of experimentally relevant tangent boundary conditions for the directors. The tan-
gent boundary conditions require the directors to be tangent to (in the plane of) the
boundary. In Section 3, we analytically study the Isotropic-Nematic-Smectic phase
transitions as a function of temperature. The LdG bulk energy has analytic criti-
cal points: isotropic and nematic critical points under periodic boundary conditions
[2]. We cannot find analytic critical points of the mLdG energy easily and this poses
technical challenges in demonstrating that the mLdG energy can capture the N-S
phase transition. We show that there are two critical temperatures, 77" > T3 in the
mLdG model. Then we prove that the nematic phase loses stability at T' < T35 by
studying the second variation of the mLdG energy and provide an analytic estimate
of the Morse index of the nematic critical point for T < T5. We further use the
Crandall and Rabinowitz bifurcation theorem [28] to demonstrate that the nematic
phase undergoes a pitchfork bifurcation at 1" = T35, accompanied by the appearance
of layered smectic structures. In Section 4, we demonstrate that the nematic-smectic
coupling term favours the formation of layered structures in regions of strong nematic
or orientational ordering, again something which could be experimentally checked.
Lastly, we study mLdG energy minimisers on square domains, as a function of the
temperature and square edge length A, subject to tangent boundary conditions for the
directors on the edges. We draw on parallels with the nematic study in [29, 30, 31],
provide some physical interpretations of the phenomenological parameters in the bulk
smectic energy and the nematic-smectic coupling energy and also give some numeri-
cal examples of transition pathways between distinct energy minimisers. The energy
landscape is very frustrated with multiple minimisers, that have subtle differences in
their structural properties, and this introduces new challenges in the study of mLdG
solution landscapes. We conclude with some perspectives in Section 5.

2. Theoretical framework. The Landau-de Gennes (LdG) model [2] is the
most celebrated continuum theory for nematic liquid crystals and has been hugely
successful for describing the Isotropic-Nematic (I-N) phase transition [32] and struc-
tural transitions for nematics [33]. The LdG theory describes the nematic phase by
the LdG Q-tensor order parameter, which is a traceless and symmetric 3 X 3 matrix.
The Q tensor is isotropic if Q = 0, uniaxial if Q has a pair of degenerate nonzero

This manuscript is for review purposes only.



134
135
136
137
138
139
140
141
142
143
144
145

146
147

148

149
150
151
152
153

[S2 G4

J

[SL TNV, SIS, e} |

Ju—
oo

159

160
161
162
163
164
165
166

167

168
169
170
171

4 B. SHI, Y. HAN, C. MA, A. MAJUMDAR, L. ZHANG

eigenvalues, and biaxial if Q has three distinct eigenvalues [2]. A uniaxial nematic
phase has a single distinguished direction of averaged molecular alignment, modelled
by the eigenvector with the non-degenerate eigenvalue. A biaxial nematic phase has
a primary and a secondary nematic director. In approximately two-dimensional (2D)
scenarios, we can use the reduced Landau-de Gennes (rLdG) model, with the rLdG
order parameter - a symmetric and traceless 2 X 2 matrix with only two degrees of free-
dom: one degree of freedom for the nematic director in the plane and the second degree
of freedom describes the degree of ordering about the 2D director [16, 29, 34, 35]. In
this paper, we use a modified LdG (mLdG) theory to study confined smectic phases,
wherein we use either the LdG or the rLdG order parameter to describe the orienta-
tional /nematic ordering with an additional real-valued positional order parameter u
and additional energy terms to describe the intrinsic layering of smectic phases [1, 36].

2.1. Preliminaries. The modified Landau-de Gennes (mLdG) energy is pro-
posed in [1, 36] and is given by

(2.1) E(Quu) = /ﬂ (4G (Q) + font) + fine(Q, ) dx,

where 0 C R3 is the working domain, the nematic order parameter Q(x) € R3*3,
and the positional order parameter, u(x) € R, models the deviation of the molecular
density from the average molecular density at position x. The positional order pa-
rameter, u, is the real part of the complex order parameter in [6]. For further details,
we refer the reader to [23]. The first term in (2.1) is the LdG free energy density,

(22) fra6(Q) = 5 IVQE + fin (@),

where K is a positive material-dependent elastic constant. The elastic energy density
penalizes spatial inhomogeneities, and the thermotropic bulk energy density, fpn.,
dictates the preferred nematic liquid crystal (NLC) phase as a function of temperature,

(2.3) fin(@) = 0@~ Tt + T2y,

where A = a1 (T — 1Y) is the rescaled temperature, with oy > 0, and 77 is a char-
acteristic liquid crystal temperature; B,C' > 0 are material-dependent bulk con-
stants. For example, typical values for the representative NLC material MBBA are
B =0.64 x 10'Nm™ %, C = 0.35 x 10'Nm™? and K =4 x 10~''N [33, 37]. The min-
imisers of fy,, depend on A and determine the NLC phase for spatially homogeneous
samples. The minimiser of f, is the isotropic state for A > B For A < L2 , the

27C 27C
minimisers of f, constitute a continuum of Q-tensors defined below:

Nz{Q:s+( 13)}7s+:B+\/32—24AC7

nen— —
wn-3 iC
where n is an arbitrary unit vector field (referred to as the nematic director), and I3
is the 3 x 3 identity matrix.

The second term in (2.1) is the bulk energy density of the smectic order parameter
u, which can be derived from the Landau theory of phase transitions [6, 23, 25]:

a b c
2.4 ) = w4 2wt St
( ) fbs(u) 2“ + 3u +4U 5
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where a = ao(T — T¥) is a temperature-dependent parameter with ay > 0, and
Ty < Ty is a critical material temperature related to N-S phase transition; b,¢ > 0
are material-dependent constants. A non-zero b will result in non-symmetrical layer
structures [23], and we take b = 0 to study symmetric layer structures. When a < 0,
i.e. the temperature is low enough, the minimisers of fys(u) prefer a non-zero density
distribution, u.

The third term in (2.1) is the coupling term between the smectic and nematic
order parameters:

By |D2u|*, A > B2,

(2.5) fint(Q, u) By ‘DQu e (g N I?3) u‘2,otherwise,
where By is a phenomenological coupling constant between Q and u, typically chosen
to be on the scale of 1/¢* to counterbalance the magnitude of the coupling energy
density fine [1, 23]. D?u is the Hessian of u. For a low temperature 7' < Ty and
assuming a uniaxial Q = s; (n®n — I3/3), fin: is minimized by u = sin(¢n - x),
which corresponds to a layered structure that has the layer normal co-aligned with
the uniaxial director n, characteristic of the SmA phase. Consequently, ¢ is often
identified with the wave number of the SmA layers [1, 23], and is expected to be related
to the SmA layer thickness [ by ¢ = 2m/l. The layer thickness [ of a homogeneous
SmA, is usually slightly larger than the long axis of a rod-like liquid crystal molecule,
L, but less than 2L [38]. The layer thickness of the equal mass mixture of 8OPhPy8
and 60PhPy8 in the SmA phase is about 28.5 Angstrom in [39].
The admissible Q-tensors belong to the space

(2.6) w3, = {Qesiqewy?},

and the admissible smectic order parameter, u, belongs to W£’2, where

3
Sp = {Q eRY?: Qi =Qji, Yy Qui= 0} ;
=1
(2.7) '
Wht = u:Q—)R:/ |u|p+Z|D°‘u|p dz < o0
Q

lor| <k

To study the Isotropic-Nematic-Smectic (I-N-S) phase transition and structural
transitions in confinement, we consider three different kinds of boundary conditions:
(1) Periodic boundary condition for Q and u on a one-dimensional domain © = [0, h]:

(2.8) {Qm) — Q(h), D.Q(0) = D,Qh),

u(0) = u(h), Dyu(0) = Dyu(h), Dyppu(0) = Dygu(h).

We impose periodic boundary conditions on the derivative of Q to ensure that Q is
smooth at the boundaries. Similarly, we impose periodic boundary condition on the
second derivative of wu.

(2) Dirichlet boundary conditions for Q [16, 29] and natural boundary condition
for u are specified as follows,

(2.2 = Qpc on 09,
{(D2u+q2 (%+%)u) 7=0, [V. (D2u+q2 (%+%)u):| 7=0, on 9,
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with the specified Dirichlet boundary Q. € WB%SfS(ﬂ where ng’iso is a fractional
order Sobolev space which is the image space of the trace operator on Wégso [40].
One admissible example is the tangential Dirichlet boundary condition in [35], for
which the nematic director is tangent to or in the plane of the domain boundary and
such boundary conditions are motivated by experiments [15]. The natural boundary
condition for u implies that the molecular density distribution is unconstrained.

(3) We can also use weak boundary conditions or surface energies for the LdG
order parameter as shown below [41], and the total energy is

(2.10) B(Quu) = E(Q.u) +w /a 19 - QulPds. w0,

where w > 0 is the penalty strength. From the method of variations, the critical point
of (2.10) satisfies the weak anchoring boundary conditions for Q [42] and natural
boundary condition for u,

92+ 22 (Q - Que) =0 on 90
{(D2u+q2 (§+%)u)~ﬁ=0, [v.(D2u+q2( +§3) )} .7=0, on 9.

2.2. The proofs of existence and regularity.

PROPOSITION 2.1. The mLdG energy functional (2.1) has at least a global min-
imiser (Q,a) in WSl)QSo X W5’2, subject to the above three types of boundary conditions.

Proof. The admissible space WQ S, X WQ is non-empty. The existence of a global
minimiser of (2.1) under Dirichlet boundary conditions for both Q and u has been
proven in [36]. We prove that the existence of a global minimiser also holds with weak
anchoring for Q and natural boundary condition for w. The bulk energy f;,,(Q) is a
fourth-order polynomial of Q, and the fourth-order term is positive because C' > 0.
Hence, there exists a positive M (that depends on A, B, C) such that f,,(Q) > £|Q[*
for |Q|> > M, so that

fn(Q) > {§|Q|4 > MCIQP,|QP > M.

(2.11) | 2
min|qz<ar fon(Q) = constant, |Q|* < M.

Thus, there exist two positive constants, C1(A, B,C) > 0,Cs(A, B,C) > 0, such that

(212) | fn(Quix> G4, B.C) QI - Ca(AB.O).
and

[ 5 1aR + fm(@dx+o [ Q- Qul?as
Q o0

(2.13) .
2 min <2701(A7B70)> ||Q||W12 - (AaBaO)7

which means (2.1) is coercive with respect to Q. Now we prove the coerciveness
estimate in u, i.e. if E(Q,u) is bounded, then u is also bounded in Wé’Q. The
bulk energy fus(u) is a fourth order polynomial of u with ¢ > 0, and [, fps(u) dx
is bounded, so [ul| .2, HUQHL% are also bounded. Similarly, ”Q”Lsz),so’ 1Q ”Lsz?,so are

shown to be bounded.

This manuscript is for review purposes only.
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When 4 > %, the boundedness of || D?ul|2, can be directly obtained from (2.5).
Q

For A < %, \|D2u||2L% is bounded by
1 I
/me%x</2p%+f<Q+-ﬂu @+2/<ﬁ€g+3)u
Q ) sy 3 Q s+ 3

238 Given the boundedness of both [|u/|3, and ||D2uHL?2 along with the inequality, [[u|?, +
Q Q
239 |\D2u||L§2 > C3(Q)||Vul|3, from Theorem 5.19 of [43], we have established the bound-
Q

240 edness of ||ul|y2.2 which proves the coerciveness estimate for u. The weak lower
Q

2 2

dx.

241  semi-continuity of the LdG energy and the surface energy is guaranteed in [42] and
242 the weak lower semi-continuity features of fs and N-S coupling term are guaranteed
243 in [36]. The existence of a global minimiser follows from the direct methods in the

244 calculus of variations. O
245 For A < %, the Euler-Lagrange equations of the free energy (2.1) are given by
t 2
KAQ=AQ — B (Q2 - r(§2)13> +0tr(Q%)Q

tr(u - D?
+2Byq? /s, - (u - D%y — r(ugu)I3> +2Byq* - Sgqu,
246 (2.14) Q 1 *
2BoA%u = — au — bu? — cu® — 2By D?u : <q2 ( + 3))

St 3
I
e <Q + 3>
Sy 3

— 2B,V - (v <q2 <Q+I3> u>) — 2B, -
Syt 3

a\2
2147 where A2y = (88722 + 38722 + 80722) u, and we prove that the weak solutions of (2.14),
1 2 3

2

218 Qe Wé’éo,a S Wé’Q, are in fact, classical solutions of (2.14).

249 PROPOSITION 2.2. Let € be a bounded, connected open set in R3, 90 is CH1/2
250  continuous, and K, By # 0, then the weak solutions Q € Wslz’,zsovﬂ € W£’2 of (2.14)
251 are classical solutions of (2.14), i.e. Q € Ca.s, and u € Ccg.
252 Proof. Assume that Q € Wézzso,ﬂ € Wé’z are weak solutions of the following
253  Euler-Lagrange equation,
_ _ _ tr(Q2 o
KAQ=AQ-B <Q2 - T(? )Ig) + Ctr(QH)Q
Q)
tr(u - D*u Q
+2Bog? /sy - (u prg - @ D7) 13) +2Bygt - 32@2,
3 57
fa(u) f3(Q,a
251 (2.15) , ’ 3 Q-
a c
A=t g 2 2 B _p2a- (2=
u 230u 2Bou QBOU Y 1 St + 3
fa(a) f5(Q,a)
= = 2
I I
(o (3 8)) e
Sy 3 Sy 3

f6(Q,a) f7(Q,a)
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From the density of & in Wy? and W32 [40], we can assume that the boundary
data (or trace) of @ and @) coincide with functions in C&.
Recall that we are working in 3D case. By using the Sobolev embedding the-

orem in Ehe 3D case I40], we have u € Wé’Q — Cgoz’%,Q € W£12:280 — L?Z,SU’ and
then f1(Q), f2(@), f3(Q,a) € L?Z,So' The right-hand side of the first partial differen-

tial equation is in L3 g , and elliptic regularity yields Q € Wéé , which is allowed
»20 190
by the regularity of boundary data and that of the domain [44]. Hence, we have
1 _ _ _
fi@) € CO% C L2, £5(Q, 1), f6(Q, ), f+(Q, %) € L2. Then the right-hand side of
the second partial differential equation in (2.15) is in L??,Sm and elliptic regularity
yields u € Wé’Q. Then, the right-hand side of the first equation of (2.15) belongs to
WéQSO — Cg’,ls/j and the Schauder estimate [45] gives Q € Céls/o ®. One can continue
to alternately increase the regularity of Q and u to obtain the full regularity. 0

In the subsequent discussion, we will focus on the 2D (two-dimensional) case to
facilitate comparisons with the experimental observations of smectic phases on square
domains [14] and with the numerical results for nematic phases on 2D domains [16, 46].
The results in Sections 3, 4.1, 4.2, can be generalized to 3D cases, by employing
the same methodology. In [47], the authors prove that in the thin film limit or
for approximately 2D scenarios, and for certain choices of the surface energies that
enforce tangent boundary conditions, the LdG energy minimisers are z-invariant, have
a fixed eigenvector, 2 (the unit-vector in the z-direction) with associated fixed negative
eigenvalue. This automatically reduces the number of degrees of freedom from 5 to
2, see below:

Qap+2I, 0 T )
2.16 = 6 g Q
( ) Q < 0 _ q; ) 2D 0 —q1 )

where the constant, g3, depends on the phenomenological parameters in the LdG
energy and the anchoring coefficients in the surface energies. The symmetric, traceless
2 x 2 matrix, Qap is often referred to as the rLdG order parameter [29]. Consequently,
the LdG energy reduces to

E>p(Qap,u) = ; Jos(u) + fint 20 (Qap, )
@17) 2 vQuo P + 22 (Q3p) + § (@) dx

fon,20(Q2D)
where Qap C R? (the 2D cross-section of the 3D domain in the thin-film limit),

2
Ayp = A— %—&—%. When As;p < 0, the minimizer of fy, 2p is Qe2p = s4 2p(n2p X
nyp — Io/2), where nyp is an arbitrary 2D unit vector and

(2.18) S+2D =V —2A2D/C7
and thus, the 2D coupling energy density, fint 2p, is defined to be:
2
B ‘D2u+ 2 (@#—2)@&’ Asp <0,
(2.19) fint2p(Qap,u) = ° 9 T \svap T2 P
BO |D2u’ ,A2D 2 0.

For brevity, we omit the SU.bSCI‘ipt, 2D, in E2Da fint,ZD QQD, Q2Da S4+.2D, A2D- All
subsequent results are based on the functional in (2.17), also known as the rLdG
energy in [29].
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3. Thermotropic phase transition. We consider the I-N-S phase transition
with periodic boundary conditions. Consider the one-dimensional domain 2 = [0, h]
and assume that the rLdG order parameter, Q, is of the form

(3.1) Q- (%3 _0Q> .

This corresponds to nap = (1,0) in the definition of Qap above so that there is only
one degree of freedom: the scalar order parameter, @, that measures the degree of
ordering about the director. When A < 0, the free energy (2.17) simplifies to

(3.2)

h
ElD(Q,U):/O Jos(u)+Bo

2
+KQ*+AQ*+CQ* du,

Upe + ¢° L—Fl U
o V-24/C 2

and for A > 0,

h
(3.3) Eip(Q,u) = /O fos(u) + Bou?, + KQ2 + AQ? + CQ* du.

The two temperature-dependent parameters are A = a1 (T —T7), and a = ao (T —T%),
where 75 < T7. It is known that the isotropic phase loses stability for 7' < 75, and
we show that the nematic phase (with w = 0) loses stability at T < T3, and the
smectic phase (with non-zero u) is the energy minimiser for @ < 0. Hence, T} and T
are the critical temperatures for the I-N and N-S phase transitions respectively, with
Ty < T [2].

The admissible spaces are
(3.4)

Qe VQ = {Q € W512)27Q(0) = Q(h)7DwQ(O) = DmQ(h)}7

u € Vy = {uec W3 u(0) = u(h), Dyu(0) = Dyu(h), Dypu(0) = Dygu(h)},

and the E-L equations for A < 0 are

_ 3 2Boq*utiss 2Boq* Q 1Y,2
2KQ:L‘I*2AQ+4CQ + \/—2A/C +\/—2A/C <\/—2A/C+2>u s

_ _ 3 2 Q 1 2 Qauau
(3.5) 2ByUgyrr = au + cu® + 4Byq (\/T/C + 2) Uge + 2Bog \/m

2
+4Byq? 7;’3‘;:‘”/0 + 2Boq* (634/0 + %) u.

ProOPOSITION 3.1. Let ¢, By, K,C be positive constants, and let q = 2”% for a
fized positive integer ng, where ng = 1,2,3,---. As temperature decreases, the energy
functional (3.2) exhibits second-order I-N phase transition at T = Ty, and nematic
phase is stable for Ty <T < T, but loses stability when T < T

Proof. The isotropic phase (Q; = 0,u; = 0) is always a solution of the E-L
equation of (3.2) for A < 0 and (3.3) for A > 0, and the nematic phase (Qn =
V—A/2C un = 0) is the solution of (3.5) when A < 0.

For T > Ty, we have a = ao(T —T5) 2 0, A = an(T = T7) = 0 ie. fps(u) =
0,AQ? + CQ* > 0. Hence, for any @Q,u in admissible space, the isotropic phase
(Qr =0,ur = 0) is the global minimiser for T' > T}, i.e.

h
(3.6) E1p(Q,u) = /0 fos(w) + BouZ, + KQ2 + AQ* + CQ* dz > 0 = E1p(Qr, ur).

Tha anuscript is for review purpose: 0y,
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For Ty > T > Ty, we have a = ao(T — T5) > 0, i.e. fis(u) > 0. Hence, for
any @, in admissible space, nematic phase (Qy = /—A4/2C,uy = 0) is the global
minimiser for 77 > T > T5.

To investigate the stability of nematic phase near T' = T3, we calculate the second
variation of (3.2) at (Qn = +/—A/2C,uy = 0) for a periodic perturbation, (1, 72),

h
(3.7) 2 Euplnim) = [ (alT) 5 +2B0 (rass + )" + 2K (a)? — 407
0

The stability of the nematic phase is measured by the minimum eigenvalue of §2F1 p,

(3.8) pr = in 752E1D(m’ )
' meVomeVa [Mp2 4 p2qy
0 7’1 772

If ur < 0, the nematic phase is unstable. If up > 0, the nematic phase is stable.

For T < TY, i.e., —4A > 0, any perturbation with a non-zero 7, is always a stable
direction. Thus, we only consider the perturbation (0,72). The Fourier expansion of
the function, 73, in Q = [0, h] is given by

Zan)
W)

) + vy, sin(

Nt 2mnx
(3.9 N2 = wo/2 + Z Wy, €os( .

n=1

By substituting (3.9) into (3.7), we have

2Byq* -
82, p(0,1) = h/2- <a—|—oq> w3+h/2~z

2 (w’r27.+v721)'

Am2n? 2
230 (hQ — q2> +a

n=1
(0,m) is an eigenfunction of (3.7) if and only if
(3.10) 2a1) + 4Bolsaae + 8Boq* s + 4Bog n = M.

One can verify that (3.10) is the first order optimal condition (or KKT condition

[48]) of (3.8). By substituting (3.9) into (3.10), we get that n = 1, n = cos(2%2%)

and n = sin(%}:”’), n =1,2,3--- are the eigenvectors of 6°E with eigenvalues p =

2

2
a + 2Byq* and a + 2By (% — q2) ,n=1,2,3---, respectively. For ng € ZT s.t.

2
(4”;;lg —q2) =0, then = sin(%%) = sin (¢z) and n = cos(%%) = cos (qx)

are the eigenvectors corresponding to the minimum degenerate eigenvalue p = a.
For T7 > T > Ty, ie., a > 0, the second variation is always positive, i.e., the
nematic phase is stable. For T' < T3, ie., a < 0, the eigenvector n = 1 is an
unstable eigendirection if and only if the corresponding eigenvalue a + 2Byg* < 0 is

negative, and the eigenvectors sin(%%) and cos(%f:”), n =1,2,3---, are unstable

2
eigendirections if and only if the corresponding eigenvalue a + 2B, (4”:—2"2 —q¢%) is

negative. Thus, the Morse index of the nematic phase, i.e., the number of eigenvectors
corresponding to negative eigenvalues is

(311) inematics =2X Card(Nnematics) + mo,
where
An2n2 2
(3.12) Nyematics = {n €7Z" :a+ 2B, (7;2" - q2> < o} O

Tha anuscript is for review purpose: 0y,
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SMECTIC LIQUID CRYSTAL IN MODIFIED LDG MODEL 11

and card(Npematics) is the cardinal number of N, eimatics. If @ 4+ 2Bog* = 0, mg = 0;
otherwise mg = 1, i.e. 7 = 1 is an unstable eigendiretion. As a < 0 decreases, more
positive integers satisfy the constraint in (3.12), and the Morse index of the nematic
phase, inematics, INCreases.

Remark 3.2. The energy functional in (3.2) exhibits a second-order I-N phase
transition, so that the isotropic and nematic phases cannot coexist in the 2D Q-
tensor model (2.17). The 2D isotropic phase, Q;so2p = 0, is not equivalent to the
3D isotropic phase, Q;so,3p = 0 (see (2.16)). A first-order I-N phase transition can
be demonstrated using a similar method that employs the full 3D Q-tensor, with five
degrees of freedom, in (2.1).

For example, in Figure 1, we substitute the parameter values in the caption, into
(3.11), and get Nyematic = {3,4,5} and mg = 0, i.e., the Morse index of the nematic
phase ipematics = 6 with unstable eigendirections n = sin(nx), cos(nx), n € Npematics-
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F1G. 1. The nematic critical point forh =2r,q=4,T = =30, 1T} =0, Ty = =10, a =T-T5 =
—20, A=T-Tf = =30, Bp = 0.1, ¢ = 10,C = 10. Vi to Vg are the unstable eigendirections
associated with u and V7 is a stable eigendirection. The pairs of unstable eigendirections V1 and
Vo, V3 and Vi, Vs and Vs are the orthogonal linear combinations of sin(nz) and cos(nz) with
n = 4,3,5 respectively. The colour bar represents the modulation of the density, and we use the
same visualization method in the following figures. The white lines define the nematic director.

The aforementioned calculations show that the nematic phase loses stability as
the temperature decreases. In the remainder of this section, we demonstrate that
when the nematic phase loses stability, it bifurcates into a more stable smectic phase.
To study this, we consider the E-L equation for u,

(3.13) 2ByUyzwe + au + cu® + 4Byq*ugy + 2Bogtu = 0,

ie. fix @ = 5 in (3.5) for brevity, but the results also hold for variable Q. In
the proof of Proposition 3.1, we note that the minimum eigenvalue of the nematic
phase is degenerate, which presents technical difficulties in bifurcation theory [49]. To
circumvent this issue, we construct the following working space:

(3.14) V=V, W5,

where V,, is defined in (3.4). This restricts n = cos(gx) from serving as an eigenvector
and then simplifies the minimum eigenvalue at the nematic phase.

PROPOSITION 3.3. Given any positive ¢, By, and ¢ = 2”h"°, where ng is a natural
number, a pitchfork bifurcation of (3.13) arises at a =0 or T =Ty, u=0in V.
More precisely, there exists positive numbers €, and two smooth maps

(3.15) t€(—0,0) = a(t) € (—e,e),t € (—0,0) 2w €V

This manuscript is for review purposes only.
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such that all the pairs (a,u) € R XV satisfying
u is a solution to (3.13),|a] < e, Hu”Wff <e
are either
nematic phase : u = 0 or smectic phases : u =+ (tsin(qa:) + tht) .

Proof. The proof follows the same paradigm as in Theorem 5.2 in [50] and Theo-
rem 5.1 in [46], and we address the necessary technical differences that arise because
the study in [50] and [46] focuses on a second-order partial differential equation, while
our analysis involves a fourth-order partial differential equation.

To show that a pitchfork bifurcation arises at a = 0, we apply the Crandall and
Rabinowitz bifurcation theorem [28] to the operator F : R x V — W, >? (W5 >? is
the dual space of WS%Q) defined by

(3.16) F(a,w) := 2By Dyprew + aw + cw® + 4Byg® Dypw + 2Byg w.

We have to check four assumptions of Theorem 1.7 in [28]:
(a) F(a,0) = 0; (b) The partial derivatives Dy F, Dy F, DgoF exist and are con-

tinuous; (c)dim (W%) = dim (Kernel (D F(0,0))) = 1; (d) DgwFwo ¢
Range(D,, F(0,0)), where wy € Kernel (D, F(0,0)).
F(a,0) = 0 holds for all a € R. We have

D, F(a,w) = w,
(3.17) Dy F(a,w) = 2By Dyyze + a + 3cw? + 4Bog* D,y + 2Bog?,
DawF(CL,w) = 1a

and they are continuous, since D, F(a,w) : V — W52’2 is a bounded linear operator.
For checking F satisfies assumption (c), we should calculate the kernel space of

(3.18) Dy F(0,0) = 2By Dy + 4Boq* Dyy + 2Boq* = 2Bo(Dyy + ¢*)(Daw + ¢°)
in V, i.e. the solution space of the following differential equation:

(319) {Dwf(o, 0)w = 2By Dot + 4Byq?Dapw + 2Bogiw = 0,

w(0) = w(h) =0, D,w(0) = Dyw(h), Dypw(0) = Dypw(h).

The general solution of the differential question in (3.19) without considering the
boundary condition is

(3.20) w = (k1 + kox)sin(qz) + (ks + kax)cos(qzx), k; € R,i = 1,2,3,4.
By taking the boundary condition into account, we have w = kysin(qx), k1 € R, and
(3.21) dim (Kernel (DF(0,0))) = dim ({w = kysin(qz), k1 € R}) = 1.

For any u,,up € V, we have
(3.22)

h
(D F(0,0)uq, up) = 2By / ((Dow + ¢*)(Daa + ¢*)ua) wpda
0

1
— 2B, / ((Daz + @) (D + ¢*)tup) wgd = (uq, Dy F(0,0)us)
0

This manuscript is for review purposes only.
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by using the boundary conditions of u, and u;, which means D,, F(0,0) is a self-adjoint
operator, and hence it is a Fredholm operator of index 0 [51]. We have

(323)  dim ( Ran;z(;ﬁ)o? O))) — dim (Kernel (D, F(0,0))) = 1,

which satisfies assumption (¢). We also need to check the last assumption (d),
(3.24) D F(a,w)sin(qz) = sin(qx) ¢ rangeD,,F(0,0),
i.e. the following differential equation,

(3 25) 2BODwx;E:vw + 4Boq2me + 230q4w = Sln(qx)a
’ w(0) = w(h) = 0, Dyw(0) = Dyw(h) = 0, Dypw(0) = Dypw(h),

does not have a solution. One can check that the general solution of (3.25) without
considering the boundary condition is

x2sin(qx)

.2 =
(3.26) w 16B0g?

+ kysin(gx), k1 € R,

and it cannot satisfy the boundary conditions with any k1 € R, so that sin(qz) ¢
Range (D,,F(0,0)). All the assumptions of Crandall and Rabinowitz’s theorem are
satisfied, and the proposition follows directly from [28]. ]

PROPOSITION 3.4. Given positive ¢, By, K,C, and ¢ = Q“h"(’, where ng s a natural
number, in (3.5), the nematic phase (Q = sy /2,u = 0) loses stability in Vo x V at
the critical temperature T = T, via a symmetric pitchfork bifurcation.

Proof. In Proposition 3.3, we fix Q@ = =5 in (3.5) for brevity, but the results
also hold for coupled system (3.5) without treating @) to be a constant by defining
Fla,wr,w2) = (Fi(a, wi,ws), Fala, wi,ws)) : Rx Vo x V — ng X WS;Q’Q where
(3.27)

Fi(a,wy,wy) := — 2K Dypwy + 2A(a)(s4 (a)/2 + w1) +4C(s4 (a) /2 + w)?
4 w1y
+ QBOQQUJQDwQﬂUQ 2Boq (1 + S+(a)) wg
s4+(a) s4+(a)
Fola,wy,ws) :=2ByDypaews + awy + cwi + 4Byq? (1 +

b
w1

s4+(a)

D,wi D, 2
F4By? 22 | 9B gt <1+ bt > w3,
s+(a) s4(a)

) waw2

2 U)QDzmwl

s+(a)

Aa) = ai(g; + 75 — 1I7) and sy (a) = /—2A(a)/C. The proof follows the same
paradigm as in Proposition 3.3. One can check that

+ 2Boq

(3.28) Dy w2)F(0,0,0) = (—2K Dy — 4A(0),2Bo(Day + ¢°)(Daw + ¢°))

is also a Fredholm operator of index 0, and dim(Kernel(D,, w,)F(0,0,0)) = 1 since
the spectrum [51] of —2K D, — 4A(0), A(0) < 0 in Vg is positive which does not
change the dimension of kernel space. O

In Figure 2, we numerically calculate the N-S bifurcation, accomplished using the
sine spectral method for v and Fourier spectral method for @ [52] (see Appendix). This

This manuscript is for review purposes only.
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numerical scheme covers the boundary conditions in Vg x V. For a > 0, the minimum
eigenvalue at the nematic phase, as calculated both numerically and analytically, is
both simple and positive, indicating stability. When a = 0, a simple zero eigenvalue
emerges with eigenvector n = sin(gz). As a becomes negative, the nematic phase loses
stability and bifurcates into two smectic phases, corresponding to u = ¢ sin(qz) + t2w;
and u = —tsin(qx) — t2w; respectively, in pitchfork bifurcation.

The numerically calculated bifurcation diagram of the I-N-S phase transition v.s.
temperature 7' is shown in Figure 3. The isotropic phase with u;y = 0 and Q; = 0
is always a critical solution of (3.2). When T > Ty, the isotropic phase is a global
minimiser of (3.2). For Ty > T > T3, the isotropic phase loses stability, and the
nematic phase with uy = 0 and Qun # 0 becomes stable. For T' < T3, the nematic
phase loses stability and the smectic phase with ug #Z 0 and Qg # 0 becomes stable.

Smectic 1

0.5

———————————————————————————————————— Nematic 0

-5

—0.2 ;

-0.5

Smectic -1

>

o l--—-— - —-———

Fi1G. 2. Schematic illustration of the the N-S phase transition with a =T + 10, b =0, ¢ = 10,
A=T,C =10, K = 0.2, h = 2w, q = 4, Bg = 0.001, and the pitchfork bifurcation for a < 0.
The solid black line denotes a stable phase, while the dashed black line denotes an unstable phase in
all figures. We numerically calculate the minimiser (Umin,Qmin) of (3.2) with various a, and plot
Umin- We track the bifurcation across =5 > T > —15 (5 > a > —5).

4. Smectics under confinement. In this section, we focus on the low temper-
ature regime (i.e., a < 0 and A < 0) to investigate smectic profiles under confinement.
In Sections 4.1 and 4.2, we study the minimisers of the coupling energy, assuming a
given rLdG Q-profile, compatible with a defect-free perfectly ordered nematic state
and a nematic defect respectively. These formal calculations give us some heuristic in-
sight into how smectic layers respond to nematic profiles, with and without defects i.e.
do defects repel smectic layers and do smectic layers concentrate near well-ordered
nematic regions and if so, is there a correlation between the layer normal and the
nematic director?

4.1. The positional order far from defects. Based on previous work [19, 53],
we assume that far away from defects in confined geometries,

(4.1) Q:s+<n®n—%).

This manuscript is for review purposes only.
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2
1.5
5 1 Isotropic
0.5
0.
1.5
10
0

Qmu.z' 0 -30 T

FiG. 3. Phase transitions for T} =0, Ty = =10, a1 = a2 =1, C =c =10, h =27, ¢ = 4,
Bop = 0.001. We use umaz(T) and Qmaz(T), where umaz(T) = maxogegh wh(z) and Qmax(T)
= maxoge<h @7 (), to represent the global minimizer (Q7(x),uj.(z)) of Eip at T. For better
visualisation, we plot the 2D y-invariants: Q(z,y) = Q(z) and u(z,y) = u(z).

This models a perfectly ordered nematic state, which is also a minimiser of f, in
(2.17), with arbitrary 2D nematic director n. Based on the analysis in Section 3, we
assume a simple periodic structure for u, compatible with a layer structure,,

(4.2) u(x) = ky cos(gk - x),

where k = g—zl, if |Vu| # 0, is the layer normal, and ¢ is the wave number of the

layer. Substituting (4.1) and (4.2) into the coupling term (2.5), we obtain

I 2
(4.3) ’DQu—i—q2 (Q+22>u zk%|—52k®k-u+q2n®n-u’2.
S+

The above coupling term is minimised by ¢ = ¢, k = n. Thus, we deduce that away
from defects, we can interpret the phenomenological parameter ¢ in (2.17) to be the
wave number of the smectic layers and the smectic layer normal is aligned with the
nematic director, n, in perfect agreement with the definition of SmA. Of course, these
deductions do not shed light into the structure of arbitrary critical points of (2.17).

4.2. The positional order near defects. We can assume Q = 0 near defects
in the rLdG model [29]. Substituting Q = 0 into the coupling term (2.5), we obtain

2 2
B ‘D% n %12 dx.

(44) Ecouple(Q = 0, u) = /

Q

It’s straightforward to verify that w = 0 is a global minimiser since Egoupie(Q =
0,u) 2 0 = Ecoupie(Q = 0,u = 0). Our aim is to demonstrate that v = 0 is indeed
the unique minimiser, which implies that domains with defects do not support layered
structures. We prove (a) Ecoupie(Q = 0,u) is convex, so that every minimiser u* is a
global minimiser, i.e. Ecoupie(u*) = 0, and (b) if Ecoupie(u*) = 0, then u* = 0. (a)

is obvious, since (4.4) is a squared norm of (D2u + QQT“IQ). Next, we prove (b). If

2 2’LL 2 2'lL 1
Du + qTIQ = 0, then uyy = 0, Upy = Uyy = —qT. From the regularity result

This manuscript is for review purposes only.
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in Proposition 2.2, we can assume that u has C® regularity. Since u,, = 0, then

2
Uy = — 2 2Uy =0, Upyy = —L5= = 0, which imply u, = u, =0, and further u=Cy

where Cj is a constant. Then we deduce Cy = 0 from vz, = uyy = q “ = 0. Hence,
(a) and (b) hold, which means that v = 0 is the unique minimiser of (4 4).

In Figure 4, given a Q-field on a square domain with edge length A and natural
boundary conditions for Q and wu, we plot the numerical minimiser, u, of (2.17) with
relatively large By and relatively small a and ¢. The u almost vanishes at the central
point defect and produces a layered structure far away from the defect, in agreement
with our analysis above.

Fi1G. 4. The energy-minimising profile for u with a fixed Q-field on the left. This Q-field has a
+1 central point defect. We use a = —0.1, ¢ = 0.1, A2 = 30, ¢ = 2w, By = 10~2. The colour bar
of left plot is the order parameter \/ Tr(Q?2)/2 and the white lines define the nematic director. We
use the same color bar for u as before.

4.3. Structural transitions for smectics on square domains. We consider
qualitative properties of energy minimisers of (2.17) on 2D square domains: ) =
[~ A2, By rescaliiig the system according to x = ¥, F o= %, A2 = %, a= 56,
€= 55, @ = 20 , By = 2?}"20, A= 2C where the unit of By is Nm?2, the unit of K is
N, the unit of A is m, and the unit of ¢ is m~!. Then the non-dimensionalised energy

is given by
— a By wa(Q I
E _ 2 (@ 2 2o 1p2, 22 (W | 12
(@ /[11] (A (2 4 )+)‘2 )\q<5++2>u

A trQ2)2
IVQ|* + X2 <2trQ2 + (r?)» dz.
In the following, we drop all the bars, and the E-L equations of (4.5) are

2

(4.5)

1
2

AQ =)\? <AQ +

2

o a0 ¢ o3\ _yep2 [ o(Q I
A%y = A(230u+2Bou> )\Du.(q (s++2)>

2
e o (0 (202)9) e (2+2)
St 2 S+ 2

Regarding the boundary conditions, we assume Dirichlet tangent boundary conditions
for the nematic director i.e. the director, n = £(1,0) on the horizontal edges and

tr(u- D?
+2Boq? /s - <u -D?u — MIg) + 2)\2B0q4g2u2,

This manuscript is for review purposes only.
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n = £(0, 1) on the vertical edges, and the density is naturally distributed, i.e.,
(4.7)

sy L(z)/2 0
Q 0 s L(w)2) MY {1,-1},
Q — _3+L(y)/2 0 on r = {17 _1}7
0 s+L(y)/2
(D2u—|—/\2q2 (%—F%’)u -7 =0, [V- <D2u+)\2q2 (%—i—%) u)} -7 =0, on 09,
where

x+1u_]- << _1+607
(4.8) L(z) =< 1,]z| <1 — ¢,

is a trapezoidal function with a small enough ¢q, to avoid the mismatch in the bound-
ary conditions, at the square vertices [34, 46, 54].

4.3.1. Large domain size limit. In the A — oo limit or in the Oseen-Frank
limit, we can assume that the interior profile is almost a minimiser of fp, in (2.17)
with no defects [35]. In the Oseen-Frank limit, the interior profile is

(4.9) Q=s, (no X Nng — ;) ,
where ng = (cos 0, sin§) and 6 is a solution of the Laplace equation, subject to Dirich-
let conditions compatible with (4.7); the condition on # originates from the nematic
elastic energy. However, numerical results show that ng is often constant away from
the square edges, particularly for large A [30]. Analogous to the discussion in Section
4.1, we assume a constant ng or 8 in (4.9) and assume a periodic structure for

(4.10) u = Agcos(k - x)

with unknown Ao and k, where A, is the amplitude of the layers, I (if |k] # 0) is

) 2w
the wave number of layers, and % is the layer normal.

By substituting (4.10) and (4.9), we have that the leading order terms in (4.5),
in the A = oo limit are:

(4.11)
au®>  cu' By Q I * A (trQ?)?
A2 [ B0 g, 22 (B2 Pkl ¢
/Q<2+4+>\4 u+qs++2u+2rQ+ 3 X
3cAl kx k|’ .
— 2 (aAg + % + QBoAg q2no X g — % + Constant + O <|k|>> .

The leading order energy in (4.11) is minimised by

—4a
4.12 k=qg\ng,Ag =/ —
( ) qANg, Ag 3c 3

since the constant can be set to zero by adding a suitable constant to fp, in (4.11).
These relations contain useful information: (i) the layer normal is aligned with ny;
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(ii) the number of layers is proportional to A and the (iii) layer thickness, [ is inversely
proportional to g, in the A — oo limit. Further, the amplitude of the layer oscillations,
Ap, depends on the parameters of f;s as expected, at least for energy minimisers in
the A — oo limit. In the first and second pairs of plots in Figure 5, we fix ny =
(v/2/2,v/2/2) in (4.9), and numerically calculate the minimiser of u in (4.11), without
assuming the periodic profile of w in (4.10). In the numerical results, the wave number
is proportional to \; the layer normal follows the director ng; the amplitude of u is
close to Ag in (4.12). More specifically, the numerically computed number of layers for
\k|;72r\/§ =20 (

A% = 50 is 20, which is equal to the predicted value where % denotes the

number of layers in a unit length, and 2v/2 is the square diagonal length) in (4.12), and
the amplitude is 1.1432, close to the predicted value Ay = \/73—40“ ~ 1.1547 in (4.12).

For A\? = 150, the number of layers is 35 and the predicted value is |k|;i\/§ = 34.6410
in (4.12). The numerically calculated amplitude is 1.1403, while the predicted value
is Ag = /52 ~ 1.1547 in (4.12). In the third pair plotted in Figure 5, the director
field is compatible with the boundary condition (4.7). The number of layers along
the diagonal is also 35, and the numerically calculated amplitude is 1.1474, both of
which are also close to the predicted values.

A2 =50

Fic. 5. The distribution of layers, u, is calculated by minimising (4.5) with fized Q-field. In the

left two plots, Q11 = 0,Q12 = 57'*', i.e. the nematic director is uniformly aligned along the line y = x.

This is not compatible with the boundary conditions in (4.7). In the right plot, Q11 = s+ cos(20)/2,
Q12 = s+ sin(20)/2, 0 is a solution of the Laplace equation, compatible with the boundary conditions

in (4.7). The parameters are a = —5, c=5, Bg = 1073, ¢ = 2, A = —0.8359.

4.3.2. Small domain size limit. There is a unique global minimiser of the LdG
energy on square domains, in the A\ — 0 limit, known as the Well Order Reconstruction
Solution (WORS) [16, 46, 55] with two crossed line defects along the square diagonals.
In this subsection, we show that in the A — 0 limit, the stable smectic critical points
of (2.17) have the WORS as their Q-profile, i.e. Q = Qwonrs and u does not have
a layer structure. In the A — 0 limit, we take a regular perturbation expansion of Q
and u in powers of A as shown below:

(4.13) Q=Qo+AQ + Qo+, u=ug+uy + Nug+- -

where (Qg, ug) is the solution of the following partial differential equation:

i

_ L2 . D2, tr(ug-Duo)
(4.14) AQo =2By-q°/sy (UO D=ug 5 12)
A2U0 =0
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subject to the boundary condition:

syL(z)/2 0
= ony={1,—1},

Qo 0 s, L(x)/2 y=A{ }
4.15 —s L(y)/2 0
(419 Qo = s+L)/ onz={l,-1}

0 s+L(y)/2
D?uy -7 =0, [V . DZuo] -7 =0, on 0f.
PROPOSITION 4.1. The solutions of (4.14) with boundary conditions (4.15) are
QO(J:? y) 0
QO(xv y) = )
Uo(xay) = k’l.’E + k2y + k3a k’b S R7l = 17 27 3a
where
(4.17)
. k(1 k(14
Qutoyy = 3 Ao (5] k(o g 1)y o (572) +sinh (2=522)
0\ ¥) = k2m2eq S 2 sinh(km)
k odd
. kn(l—x . km(l1+x
4sy sm km”) . (kr(y+1) sinh (%) + sinh (%)
B Z k2m2e St 2 sinh (k) '
k odd
Proof. Since the boundary-value problem for ug is not dependent on Qg, we note

that ug is actually the critical point of the following energy functional,

(4.18) Ep(u) :/ | D?u|?dx,
[-1,1]2

with natural boundary conditions. Ey(u) is convex on u, and thus all the critical
points are the global minimiser, i.e. Ey(ug) = 0. Consequently, ug satisfies D, ug =
Dyyug = Dgyug = 0, so that ug is a linear function,

(419) Uo :k1I+k2y+k3,ki ER,’L': 1,2, 3.

Given a linear ug, the partial differential equation of Qg simplifies to

AQO = 07
s+ L(z)/2 0
QOZ * ( )/ Ony:{17_1}7
(4.20) 0 —s4L(x)/2
—s4.L 2 0
Qo = s+L(y)/ onz={1,-1},
0 siL@y)2
which can be solved by the separation of variables. A standard computation for the
WORS profile as in [56] yields the results in (4.17). 0

Remark 4.2. Clearly, the solution of (4.14) with the boundary condition (4.15)
is not unique because all linear functions, ug are compatible with the leading order
problem (4.14). The implication supports our physical intuition that small domains
cannot accommodate layer structures. One can directly check that the eigenvector of
Qo is either horizontal or vertical, and Qo(z,x) = Qo(x, —z) = 0, which means Qq
has two line defects along the diagonals of square (also see Figure 6).
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Next, we solve for QQ1, Q2, u1, us to examine the effects of small perturbations, for
small but non-zero A\. Up to O()), the governing partial differential equations for Q;
and u; are

2 —
(4.21) ATu =0,
AQ; =0

with the boundary conditions

(422) {leo, on 89,

D?u, -7 =0, [V~D2u1] -7 =0, on Of.

which only has the trivial solution, i.e. @; = 0 and linear u;. Up to O(A\?), the
governing partial differential equations for Qo and us are

2
AQr=A Qo+ 7”@5)%

(4.23) +2By - ¢* /s - (uO - D%uy — Mb) +2By - gt Seud,
7
o= (5 (2 (3 + ).
with the boundary conditions
(4.24)
Q2 =0, on 012,
<D2U2 +q¢2 (%0 + 152) uo) V=0, [V . (D2U2 +¢? (%0 + %) uo)} -7 =0, on 0.

The differential equation for Q2 can be numerically solved using the finite difference
method, but the boundary-value problem for us is difficult to solve because of the
complex boundary condition, which involves the second and third derivatives. Fortu-
nately, the solution of (4.23) with the boundary condition (4.24) is a critical point of
the following functional

2
dx

)

(4.25) E(uy) = /[1 .

1
D2U2 + q2 ((QO + 2> Uo
Sy 2

without any boundary anchoring. By minimizing the above energy, we can numerically
calculate ug, which exhibits some oscillation along the directors of WORS, as shown
in Figure 6(a). For A2 = 0.01, the density distribution, u, is no longer a linear function
and tends to demonstrate a layer structure.

4.3.3. Modest domain size. In this section, we numerically study the stable
smectic critical points of (4.5) with modest A, which complements the A — 0 and A —
oo problems. Unless otherwise specified in the figure caption, the default parameter
values are: a = —5, c =5, By = 1073, ¢ = 27 (corresponding to a molecular length of
approximately 10~7 m), and A = —0.8359 (which is calculated from the parameters
in [16, 17, 54]). For the fixed value of temperature as coded in the values of a and
A, as the domain size increases from A2 = 1 to A\? = 30, three stable smectic states
are shown in Figure 7. These states are the minimisers of (4.5) and have the lowest
energy according to our numerical calculations. We can recognise the Q-profiles from
the LdG studies: the WORS with two line defects on diagonals, the BD with two
line defects localised near opposite edges, and the D state with the nematic director
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Fic. 6. (a) From the left to the right are the profiles of Qo = Qwors,uo = 1, Q2 and usz
solved from (4.23), and Qo +0.01Qz, ug +0.01luz for A2 = 0.01. (b) The full numerical solution for
A2=0.01. (¢) The plot of the difference between Qo+ 0.01Qz2, up+0.01uz and the numerical solution

(Qa=0.1,ur=0.1) for A2 = 0.01, i.e. /Tr(Qo +0.01Q2 — Qr=0.1)%/2 and ug + 0.01lus — ur—g.1-
The parameters are a = —5, ¢ =5, Bg = 1073, ¢ = 27, and A = —0.8359.

P

A2 =4.38 A2 =30
Increasing domain size

Fic. 7. From small X to large X\, the nematic director of minimisers of (4.5) exhibit the WORS,
BD and D profiles respectively. The colour bar is the same as in Figure /.

along a square diagonal and with no interior defects [16, 54]. The corresponding u
profiles have layer normal along the director of Q profiles. The BD-like and D-like
smectic states can be observed in experiments in [14]. We note that the BD-like
state, which is unstable in the rLdG theory for nematic phase, gains stability in the
mLdG framework, at least for some values of A. The WORS-like state is hard to
achieve practically because of the small domain constraint, which could correspond
to nanoscale domains.

To further explore the interplay between the positional order and orientational
order, we track the solution branches, with small and large A, as temperature de-
creases. In Figure 8(a), for small \? = 4.38, the stable state is the nematic WORS
(where w = 0) for high temperatures. As the temperature decreases, the BD-state
appears gradually and separates the cross-line defects into two distinct line defects,
localised near a pair of opposite square edges. We speculate that the stability of the
BD-like smectic state is enhanced by the positional order parameter u, to avoid more
dislocations in the WORS-like smectic state. In Figure 8(b), for a large domain cap-
tured by A2 = 30, the nematic D state crystallizes into the smectic D-like state, which
reflects the memory of the director in the N-S phase transition.

In the LdG theory for nematics, we can find at least six different (meta)stable
critical points of the LdG (rLdG) energy on square domains with tangent boundary
conditions, when A is large enough. There are two D states, for which the nematic
director aligns along one of the square diagonals and four R states, for which the
director rotates by 7 radians between two opposite square edges. The profiles of D
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1

W

i

N

Decreasing temperature

Fic. 8. (a) The structural transition from the WORS-type to the BD-type smectic with
decreasing temperature for A\ = 4.38, and the rescaled temperature-dependent parameters are
a=1,-02,-2,-5 A = —0.4286,—0.5916, —0.7544, —0.8359 from left to right respectively. (b)
Depicts the structural transition between the D-type smectic and the crystallised D-type smectic with
decreasing temperature for A2 = 30, with the same re-scaled temperature-dependent parameters as
wn (a). Colour bar as in Figure /.

and R are unique in nematics, once we take symmetry into account [16, 54]. However,
in the mLdG model, we can find multiple (meta)stable D-like and R-like states with
subtle differences in the corresponding u profiles (see Figure 9(a)). This could sug-
gest a frustrated energy landscape, implying the existence of numerous similar energy
minimisers that differ slightly in their structural details. Intuitively, the u-dependent
energy densities fps(u) and fin:(Q,u) are highly nonlinear with respect to u and in-
volve the Lo-norm of the second derivative of u, which contributes to a frustrated
energy landscape. In contrast, the Q-dependent f14¢(Q) involves only the Lo-norm
of the first derivative of Q, resulting in a smoother energy landscape [16]. We first
choose relatively large values for |al, ¢, and By to ensure that the frustrated fps(u) and
fint(Q,u) dominates. By using the saddle dynamics [57], we search for the transition
pathway between the R1 and R2 states, via an index-1 transition state R3, in Figure
9(b). In such a frustrated energy landscape, it is difficult for an R-like state to break
the energy barrier and reach the lower energy D-like states, because the local minima
around it are similar R-like states, as shown in Figure 9(d). One strategy to alleviate
the frustration is to reduce the parameters |al,c, By i.e. make the nematic or LdG
energy dominant. By reducing |a|, ¢, and By in the same ratio, the Euler-Lagrange
equation for u in (2.14) remains unchanged, and the minimizer profiles are not sig-
nificantly altered. In Figure 9(c) and Figure 9(e), with reduced parameters |a|, ¢, By,
the energy landscape is smoother and we find a transition pathway between R-like
and D-like states via an index-1 J-like state. This transition pathway is analogous to
its purely rLdG counterpart in [16, 34].

5. Conclusion and discussion. We model smectic configurations in the mLdG
framework, which is essentially the LdG framework for nematic liquid crystals aug-
mented by a positional /smectic order parameter, u, and coupling between the ne-
matic and smectic order parameters. This model was proposed in [1] with multiple
phenomenological parameters: a,c, By and q. We do various formal calculations to
give some physical interpretation of these coefficients, e.g., a should depend on the
temperature to capture the N-S phase transition and for sufficiently large domains,
the amplitude of the density fluctuations depends on a and ¢, the number of layers is
proportional to characteristic geometric parameters, the layer normal is aligned along
the nematic director and q is inversely proportional to the smectic layer thickness and
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F1G. 9. (a) R and D type mLdG energy minima for A\? = 30. The domain enclosed by red lines
demonstrates the difference between the two R states and two D states, respectively. (b) A frustrated
transition pathway with A2 = 30, Bg = 1073,a = —5,c¢ = 5. R1 and R2 are energy minima, and R3
s an index-1 transition state. R3-R1 (R2) is the slight pointwise difference between the RS and R1
(R2). (c) The transition pathway between locally stable R state and more stable D state via index-1
transition state J with A\? = 30, Bg = 1075,a = —0.05, ¢ = 0.05, and the y-azxis is the scaled energy,
Escateq = eE~E®B) | for better visualization. The schematics in (d) and (e) represent the frustrated
energy landscape in (b) and the smooth energy landscape in (c), respectively.

can be interpreted as the layer wave number, at least for mLdG energy minimisers.
The smectic layer thickness is often related to typical molecular lengths - the length of
the long axis of a rod-like liquid crystal molecule. Our work allows for a more direct
and meaningful comparison with experimental parameters.

More precisely, we first prove the existence and regularity of a minimiser of the
mLdG energy in suitable admissible spaces, for three different types of experimentally
relevant boundary conditions. Then, we prove that the mLdG energy can model the
I-N-S phase transition with respect to temperature. We then investigate structural
phase transitions on square domains (with edge length ) subject to tangent boundary
conditions for the nematic Q-tensor. Our primary findings are as follows: (a) in
the A — 0 limit or for (very) small square domains, the mLdG energy minimiser is
essentially the nematic WORS without a layer structure; (b) in the A — oo limit or
for large square domains, the number of layers increases assuming that By and q are
independent of temperature and A; (c¢) for a finite but non-zero A, the mLdG energy
minimisers favor the WORS or BD profiles for small square domains, but prefer to
bend the D profiles for large square domains, which is in agreement with experimental
results in [14]. We find multiple (meta)stable states without interior defects and the
transition pathways between them, for large square domains which demonstrates a
frustrated energy landscape.

There are several extensions of this work. We plan to generalise our work on
square domains to arbitrary 2D polygons, in parallel to the work on polygons in
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the rLdG /nematic framework carried out in [29], along with generalisations to 3D
geometries e.g., cuboid [42] and spherical shells [14]. Further, there are limitations of
the mLdG model, e.g., the Isotropic-Smectic phase transition [25, 26] is outside the
scope of the mLdG model. We also plan to develop variants of the mLdG model that
can capture multiple phase transitions.

Acknowledgements. BS would like to thank the University of Strathclyde for
its support and hospitality when work on this paper was undertaken.

Appendix: Numerical method. A (meta)stable state can be found by the
gradient descent method, and a transition state can be found by the saddle dynamic
[57]. For the confinement problem in Section 4, we use finite difference methods for
spatial discretization with mesh size dx. The discretization of the gradient flow of
(2.17) is,

@ fAsQ A Q- O r(QR)Q
M2
_2B0q2/8+<unD§zun_WI)_2 BO q4 Qn 2
+

Unp+1 — Un Qn I2
Ttn _ —QBOAgmurrFl — au, — Cui — QBO . Dgzuﬂ . <q2 . <S+ + 2)>

(e 7 (B 5)) o (21)
S+ 2 St 2

where A2 As.,Vs,, D3, are the discretization of A% AV, D? and At, is the
Barzilai-Borwein (BB) step size [58] at the n-th iteration. In (5.1), we discretize
the fourth-order operator A% implicitly to ensure the stability of the BB step size.

In Section 3, we study the phase transition problem with periodic boundary con-
ditions, and we use the spectral method [52] for spatial discretization,

2
Unp,

N/2 N/2 ~ 2mikx/h
mikx —_nN/o UK€ ,u €V,
(5.2) Q) Z Qre®™™ I, Q € Vo, u(w) = { SRV
/2 Zk | Upsin (2kmz/h),u €V,

where N is an even integer, and we choose N = 32. Recall that V' =V, N W Q, SO
we use the sine spectral method to discretize u € V. By substituting (5.2) in (3.2),
we obtain a discretized form of the energy,

(5.3) E(Qk, i) = B(Q,u).

This results in a function of 2(N+41) variables, and we directly search for the minimum
by using the gradient descent method for finite-dimensional functions.

REFERENCES

[1] J. Xia, S. MacLachlan, T. J. Atherton, and P. E. Farrell. Structural landscapes in geometrically
frustrated smectics. Physical Review Letters, 126(17):177801, 2021.

[2] P. G. De Gennes and J. Prost. The physics of liquid crystals. Number 83. Oxford University
Press, 1993.

[3] J. P. F. Lagerwall and G. Scalia. A new era for liquid crystal research: Applications of lig-
uid crystals in soft matter nano-, bio- and microtechnology. Current Applied Physics,
12(6):1387-1412, 2012.

Tha anuscript is for review purpose: 0y,
T}1/9 manuscript 1 JOT TEVIEW PUTrPOSES ()nl([



-~
o NS
S ©

~
ot ot

B =

~ 1
ot ot
Y Ot

SMECTIC LIQUID CRYSTAL IN MODIFIED LDG MODEL 25

[4] H. K. Bisoyi and Q. Li. Liquid crystals: versatile self-organized smart soft materials. Chemical
Reviews, 122(5):4887-4926, 2021.
[5] R.S. Edwards, J. Ward, L. Q. Zhou, and O. Trushkevych. The interaction of polymer dispersed
liquid crystal sensors with ultrasound. Applied Physics Letters, 116(4):044104, 2020.
[6] P. G. De Gennes. An analogy between superconductors and smectics A. Solid State Commu-
nications, 10(9):753-756, 1972.
[7] J. Han, Y. Luo, W. Wang, P. Zhang, and Z. Zhang. From microscopic theory to macroscopic
theory: a systematic study on modeling for liquid crystals. Archive for Rational Mechanics
and Analysis, 215:741-809, 2015.
[8] Z.F. Huang, H. Lowen, and A. Voigt. Defect dynamics in active smectics induced by confining
geometry and topology. Communications Physics, 5(1):294, 2022.
[9] C. E. Williams and M. Kléman. Dislocations, grain boundaries and focal conics in smectics A.
Le Journal de Physique Collogues, 36(C1):C1-315, 1975.
[10] M. Kléman and O. D. Lavrentovich. Grain boundaries and the law of corresponding cones in
smectics. The European Physical Journal E, 2(1):47-57, 2000.
[11] J. Milette, S. Relaix, C. Lavigne, V. Toader, S. J. Cowling, I. M. Saez, R. B. Lennox, J. W.
Goodby, and L. Reven. Reversible long-range patterning of gold nanoparticles by smectic
liquid crystals. Soft Matter, 8(24):6593-6598, 2012.
[12] Y. H. Kim, D. K. Yoon, H. S. Jeong, and H. T. Jung. Self-assembled periodic liquid crystal
defects array for soft lithographic template. Soft Matter, 6(7):1426-1431, 2010.
[13] D. S. Kim, Y. J. Cha, H. Kim, M. H. Kim, Y. H. Kim, and D. K. Yoon. Creation of a super-
hydrophobic surface from a sublimed smectic liquid crystal. RSC Advances, 4(51):26946—
26950, 2014.
[14] L. B. G. Cortes, Y. Gao, R. P. A. Dullens, and D. G. Aarts. Colloidal liquid crystals in
square confinement: isotropic, nematic and smectic phases. Journal of Physics: Condensed
Matter, 29(6):064003, 2016.
[15] C. Tsakonas, A. Davidson, C. Brown, and N. J. Mottram. Multistable alignment states in
nematic liquid crystal filled wells. Applied physics letters, 90(11):111913, 2007.
[16] J. Yin, Y. Wang, J. Z. Chen, P. Zhang, and L. Zhang. Construction of a pathway map on a
complicated energy landscape. Physical Review Letters, 124(9):090601, 2020.
[17] B.Shi, Y. Han, J. Yin, A. Majumdar, and L. Zhang. Hierarchies of critical points of a Landau-de
Gennes free energy on three-dimensional cuboids. Nonlinearity, 36(5):2631, 2023.
[18] A. Suh, M. J. Gim, D. Beller, and D. K. Yoon. Topological defects and geometric memory
across the nematic—smectic A liquid crystal phase transition. Soft Matter, 15(29):5835—
5841, 2019.
[19] H. L. Liang, S. Schymura, P. Rudquist, and J. Lagerwall. Nematic-smectic transition under
confinement in liquid crystalline colloidal shells. Physical review letters, 106(24):247801,
2011.
[20] W. Wang, L. Zhang, and P. Zhang. Modelling and computation of liquid crystals. Acta
Numerica, 30:765-851, 2021.
[21] W. L. McMillan. Simple molecular model for the smectic A phase of liquid crystals. Physical
Review A, 4(3):1238, 1971,
[22] J. H. Chen and T. C. Lubensky. Landau-Ginzburg mean-field theory for the nematic to smectic-
C and nematic to smectic-A phase transitions. Physical Review A, 14(3):1202, 1976.
(23] M. Y. Pevnyi, J. V. Selinger, and T. J. Sluckin. Modeling smectic layers in confined geometries:
order parameter and defects. Physical Review E, 90(3):032507, 2014.
[24] J. M. Ball and S. J. Bedford. Discontinuous order parameters in liquid crystal theories. Molec-
ular Crystals and Liquid Crystals, 612(1):1-23, 2015.
[25] D. Izzo and M. J. De Oliveira. Landau theory for isotropic, nematic, smectic-A, and smectic-C
phases. Liguid Crystals, 47(1):99-105, 2020.
[26] P. Biscari, M. C. Calderer, and E. M. Terentjev. Landau—de gennes theory of isotropic-nematic-
smectic liquid crystal transitions. Physical Review E—Statistical, Nonlinear, and Soft
Matter Physics, 75(5):051707, 2007.
[27] J. P. Michel, E. Lacaze, M. Goldmann, M. Gailhanou, M. De Boissieu, and M. Alba. Structure
of smectic defect cores: X-ray study of 8CB liquid crystal ultrathin films. Physical review
letters, 96(2):027803, 2006.
(28] M. G. Crandall and P. H. Rabinowitz. Bifurcation from simple eigenvalues. Journal of Func-
tional Analysis, 8(2):321-340, 1971.
[29] Y.Han, A. Majumdar, and L. Zhang. A reduced study for nematic equilibria on two-dimensional
polygons. SIAM Journal on Applied Mathematics, 80(4):1678-1703, 2020.
[30] C. Luo, A. Majumdar, and R. Erban. Multistability in planar liquid crystal wells. Physical
Review E, 85(6):061702, 2012.

Thi. 1script 15 f ly.
This manuscript is for review purposes only



26 B. SHI, Y. HAN, C. MA, A. MAJUMDAR, L. ZHANG

782 [31] J. Yin, Z. Huang, and L. Zhang. Constrained high-index saddle dynamics for the solution

783 landscape with equality constraints. Journal of Scientific Computing, 91(2):62, 2022.

784 [32] M. Fei, W. Wang, P. Zhang, and Z. Zhang. On the isotropic-nematic phase transition for the
785 liquid crystal. Peking Mathematical Journal, 1:141-219, 2018.

786 [33] A. Majumdar. Equilibrium order parameters of nematic liquid crystals in the Landau-de
787 Gennes theory. European Journal of Applied Mathematics, 21(2):181-203, 2010.

788  [34] B. Shi, Y. Han, and L. Zhang. Nematic liquid crystals in a rectangular confinement: solution
789 landscape, and bifurcation. SIAM Journal on Applied Mathematics, 82(5):1808-1828, 2022.
790  [35] Y. Han, B. Shi, L. Zhang, and A. Majumdar. A reduced Landau-de Gennes study for ne-
791 matic equilibria in three-dimensional prisms. IMA Journal of Applied Mathematics, page
792 hxad031, 11 2023.

793 [36] J. Xia and P. E. Farrell. Variational and numerical analysis of a Q-tensor model for smectic-A
794 liquid crystals. ESAIM: Mathematical Modelling and Numerical Analysis, 57(2):693-716,
795 2023.

796 [37] P.J. Wojtowicz, P. Sheng, and E. B. Priestley. Introduction to liquid crystals. Springer, 1975.
797 [38] S. Mei and P. Zhang. On a molecular based Q-tensor model for liquid crystals with density

798 variations. Multiscale Modeling € Simulation, 13(3):977-1000, 2015.
799  [39] E. Enz. Electrospun Polymer-Liquid Crystal Composite Fibers. PhD thesis, Martin-Luther-
800 Universitat Halle-Wittenberg, Halle, Germany, 2013.

801  [40] R. A. Adams and J. J. Fournier. Sobolev spaces. Elsevier, 2003.
802  [41] M. Nobili and G. Durand. Disorientation-induced disordering at a nematic-liquid-crystal-solid

803 interface. Physical Review A, 46(10):R6174, 1992.

804  [42] B. Shi, Y. Han, A. Majumdar, and L. Zhang. Multistability for nematic liquid crystals in
805 cuboids with degenerate planar boundary conditions. SIAM Journal on Applied Mathe-
806 matics, 84(2):756-781, 2024.

807  [43] S. Bedford. Calculus of variations and its application to liquid crystals. PhD thesis, Oxford
808 University, UK, 2014.

809  [44] L. C. Evans. Partial differential equations, volume 19. American Mathematical Society, 2022.
810  [45] E. M. Landis. Second order equations of elliptic and parabolic type. American Mathematical
811 Society, 1997.

812  [46] G. Canevari, A. Majumdar, and A. Spicer. Order reconstruction for nematics on squares and

813 hexagons: A Landau—de Gennes study. SIAM Journal on Applied Mathematics, 77(1):267—
814 293, 2017.

815  [47] D. Golovaty, J. A. Montero, and P. Sternberg. Dimension reduction for the Landau-de Gennes
816 model in planar nematic thin films. Journal of Nonlinear Science, 25(6):1431-1451, 2015.

817  [48] S. P. Boyd and L. Vandenberghe. Convex optimization. Cambridge university press, 2004.
818  [49] S. N. Chow and J. K. Hale. Methods of bifurcation theory, volume 251. Springer Science &
819 Business Media, 2012.

820  [50] X. Lamy. Bifurcation analysis in a frustrated nematic cell. Journal of Nonlinear Science,
821 24(6):1197-1230, 2014.

822 [51] J.Ize. Bifurcation theory for Fredholm operators, volume 174. American Mathematical Society,
823 1976.

824 [52] J. Shen, T. Tang, and L. L. Wang. Spectral methods: algorithms, analysis and applications,

825 volume 41. Springer Science & Business Media, 2011.

826  [53] X. Yao, L. Zhang, and J. Z. Chen. Defect patterns of two-dimensional nematic liquid crystals
827 in confinement. Physical Review E, 105(4):044704, 2022.

828  [54] M. Robinson, C. Luo, P. E. Farrell, R. Erban, and A. Majumdar. From molecular to continuum
829 modelling of bistable liquid crystal devices. Liquid Crystals, 44(14-15):2267-2284, 2017.
830  [55] S. Kralj and A. Majumdar. Order reconstruction patterns in nematic liquid crystal wells.
831 Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences,
832 470(2169):20140276, 2014.

833  [56] L. Fang, A. Majumdar, and L. Zhang. Surface, size and topological effects for some nematic
834 equilibria on rectangular domains. Mathematics and Mechanics of Solids, 25(5):1101-1123,
835 2020.

836 [57] J. Yin, L. Zhang, and P. Zhang. High-index optimization-based shrinking dimer method for
837 finding high-index saddle points. SIAM Journal on Scientific Computing, 41(6):A3576—
838 A3595, 2019.

839  [58] J.Barzilai and J. M. Borwein. Two-point step size gradient methods. IMA Journal of Numerical
840 Analysts, 8(1):141-148, 1988.

This manuscript is for review purposes only.



	Introduction
	Theoretical framework
	Preliminaries
	The proofs of existence and regularity

	Thermotropic phase transition
	Smectics under confinement
	The positional order far from defects
	The positional order near defects
	Structural transitions for smectics on square domains
	Large domain size limit
	Small domain size limit
	Modest domain size


	Conclusion and discussion
	References



