This is the author accepted manuscript of: Cui, Y., Li, X., & Mao, X. (2025). Explicit multiscale numerical method for super-linear slow-fast stochastic differential
equations. Stochastic Processes and their Applications. Advance online publication. https://doi.org/10.1016/j.spa.2025.104653. For the purposes of open access,
a CC BY 4.0 licence has been applied to this manuscript.

Explicit multiscale numerical method for super-linear slow-fast
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Abstract

This work focuses on solving super-linear stochastic differential equations (SDEs) involv-
ing different time scales numerically. Taking advantages of being explicit and easily imple-
mentable, a multiscale truncated Euler-Maruyama scheme is proposed for slow-fast SDEs
with local Lipschitz coefficients. By virtue of the averaging principle, the strong convergence
of its numerical solutions to the exact ones in pth moment is obtained. Furthermore, under
mild conditions on the coefficients, the corresponding strong error estimate is also provided.
Finally, two examples and some numerical simulations are given to verify the theoretical
results.
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1 Introduction

Stochastic modelling plays an essential role in many branches of science and industry. Espe-
cially, super-linear stochastic differential equations (SDEs) are usually used to describe real-world
systems in various applications, for examples, the stochastic Lotka-Volterra model in biology for
the population growth [33], the elasticity of volatility model arising in finance for the asset price
[26] and the stochastic Ginzburg-Landau equation stemming from statistical physics in the study
of phase transitions [24]. In many fields, various factors change at different rates: some vary
rapidly whereas others evolve slowly. As a result the separation of fast and slow time scales arises

in chemistry, fluid dynamics, biology, physics, finance and other fields [5, 14, 17, 25]. Stochastic
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systems with this characteristic are studied extensively [10, 36, 37, 48] and are often modeled
by the slow-fast SDEs (SFSDEs)
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£(t))dt 4 o (z=(t))dW(¢),
dy(t) = _f(2°(t), y~(1))dt + kg(ws(t), Y (1)) dW2(t)

with initial value (2%(0),4%(0)) = (x0,y0) € R™ x R"2. Here, coefficients

(1.1)

b:R™ xR™ 5 R™, g :R™ — RM*d

fiR™ xR™ 5 R™, g:R™ x R™ — R™2*®

are continuous, while {W?(¢)}+>0 and {W?(#) }+>0 represent mutually independent d;-dimensional
and ds-dimensional Brownian motions, respectively. The parameter € > 0 represents the ratio
of nature time scales between z°(t) and y°(t). Especially, as ¢ < 1, 2°(¢t) and y°(t) are called
the slow component and fast component, respectively.

In various applications the time evolution of the slow component z°(¢) is under the spotlight.
Due to the existence of super-linear coefficients and multiple time scales as well as the coupling
of fast and slow components, it is almost impossible to anticipate the dynamics of slow-fast
components directly by solving the full system. Therefore, numerical methods or approximation
techniques become efficient tools. Hence, our main aim is to construct an appropriate numerical
scheme to approximate the slow component.

The averaging principle is one of the key techniques in the theoretical analysis of SFSDEs.
It essentially describes the asymptotic behavior of the slow component as € — 0. Precisely, let

the frozen equation described by
Ay (t) = f(x,y™ ¥ (8))ds + g(, y™* (1)) AW(t) (1.2)

with initial value y*(0) = yo, where x is regarded as a parameter. If the transition semigroup
of y™¥(t) has a unique invariant probability measure p* , which is independent of yg of course,

and the following integral

b(x)= [ bz, y)u*(dy). (1.3)
R™2
exists, the averaging principle reveals that under suitable assumptions on the coefficients the

slow component z°(t) converges to Z(t), which is the solution of

dz(t) = b(z(t))dt + o (2(t))dW(t),

(1.4)

The averaging principle was originally developed by Khasminskii [23]. Subsequently, fruitful
results on the averaging principle have been developed in the linear framework [8, 13, 15, 16,

30, 45, 46]. Recently, growing interests have been drawn to the study of the averaging principle



for SFSDEs with super-linear growth coefficients. Liu et al. [32] proved the strong convergence
of the averaging principle as the drift coefficients are locally Lipschitz continuous with respect
to the slow and fast variables. Hong et al. [19] gave the 1/6-order strong convergence rate for
a class of nonlinear stochastic partial differential equations (SPDEs). Shi et al. [41] obtained
the optimal convergence rate for SFSDEs driven by Lévy processes, which slow drift coefficient
satisfies the monotonicity condition and grows polynomially. Furthermore, the strong averaging
principles have been developed for various kinds of slow-fast stochastic systems, such as jump-
diffusion processes [11, 49], SPDEs [2, 4, 9], McKean-Vlasov SDEs [38], and so on.

The averaged equation derived from the averaging principle provides a substantial simpli-
fication of the original system. However, it is almost impossible to get the explicit form of
the invariant measure pu” in the averaged equation (1.4) due to the complicated dynamics of the
frozen equation (1.2). Thus, the heterogeneous multiscale method (HMM) [6, 7] was proposed to
approximate the averaged equation numerically. This facilitated the development of the numer-
ical approximation theory for the SFSDEs. In 2003, Vanden-Eijnden [43] proposed a numerical
scheme for the deterministic multi-scale system without rigorous analysis. E et al. [8] provided
a thorough analysis of the convergence and efficiency of the HMM scheme for SFSDEs without
slow diffusion term, where the slow drift and fast diffusion coefficients are bounded and the fast
drift coefficient is a smooth function with bounded derivatives of any order. In 2006, Givon et
al. [13] developed the projective integration schemes for SFSDEs in which the slow drift and
diffusion coefficients satisfy the Lipschitz condition and the fast drift and diffusion coefficients
are bounded. In 2008, Givon et al. [12] went a further step to extend the projective integration
schemes for jump-diffusion systems. In 2010, Liu [29] established the HMM numerical theory
for the fully coupled SFSDEs, where the slow drift and diffusion coefficients are bounded, all
coefficients are smooth and have bounded derivatives with any order. Bréhier [2, 3] developed
the HMM scheme for the slow-fast parabolic stochastic partial differential equations. All of the
above studies was carried out under the linear growth condition, so the Euler-Maruyama (EM)
sheme is used as a macro solver to simulate the evolution of the slow component owing to its
simple algebraic structure and the cheap computational cost.

The super-linear growth coefficients of the slow-fast stochastic systems bring the super-linear
structure to the averaged equation. For an example, consider a SFSDE with a super-linear slow
drift

daf(t) = (— (2°(t))® — y°(¢))dt + 2= (t)dW(2), L5
(1) = 2 (o)~ ()t + AW |
with (25(0),y°(0)) = (z0, yo). The corresponding frozen equation is described by
dy®(s) = (x — y®(s))ds + dW?2(s). (1.6)

By solving the Fokker-Planck equation, the invariant probability density of (1.6) is p®(dy) =



(y—)2
e” Vo) dy. Then the averaged equation is described by

I
(1.7)

dz(t) = (— 2°(t) — 2(t))dt + z(£)dW ' (¢).

As pointed out by [21] the EM approximation error of the above equation diverges to infinity in
pth moment for any p > 1. In fact, we implement the Projective Integration (PI) scheme with
the EM scheme as the macro-solver, as detailed in [13, (4.1)-(4.4)], to simulate the averaged
equation (1.7). However, the numerical solution generated by the PI scheme blows up quickly,
see Figure 1, differing from the dynamics of the underlying exact solution. Therefore, using the
EM scheme as a macro solver to simulate the averaged equation of SFSDE with super-linear
coefficients leads to the divergence possiblely. Although implicit numerical methods are feasible
as the macro solver for the super-linear averaged equation, their application may make the
algorithm and implementation more involved and expensive [8]. As a consequence, to construct

an appropriate explicit numerical scheme for super-linear SFSDEs to overcome the numerical

stiffness becomes an urgent target.
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Figure 1: The sample paths of the PI numerical solution Z(t) on t € [0,3] with A; = 276,
Ay =276 and M = 218,
Fortunately, great achievements have been made in the research of explicit numerical meth-
ods for super-linear SDEs, for examples, the tamed EM scheme [20, 22, 39, 40|, the tamed
Milstein scheme [47], the stopped EM scheme [31], the truncated EM scheme [27, 28, 34] and
therein. So far the ability of these modified EM methods to approximate the solutions of super-
linear diffusion systems has been displayed comprehensively. Inspired by the above works, we
are devoted to constructing an explicit multiscale numerical method suitable for super-linear
SFSDEs.
In fact, HMM relies heavily on the structure of the averaged equation for the slow variable.
Thus we have to overcome two major obstacles: the unknown form and super-linear structure
of b(-). Borrowing the idea from [34], we design a truncation device to modify the super-linear
coefficient b of original slow system in advance, so as to achieve the modification of b. This

modification can avoid possible large excursion from the super-linearity of b(-). Then fitting into



the framework of HMM, we construct an explicit multiscale numerical scheme involving three

subroutines as follows.

1. The truncated EM (TEM) scheme is selected as the macro solver to predict the macro
dynamics Z(t) ~ x¢(t) in which the modified averaged coefficient is required to be estimated

at each macro time step.

2. An appropriate numerical scheme is chosen as the micro solver to solve the frozen equation

to produce the data used for approximating the modified averaged coefficient.

3. An estimator is established to obtain the desired approximation of the modified averaged

coefficient.

Following this line, we construct an easily implementable explicit multiscale numerical scheme
for a class of super-linear SFSDEs and obtain its strong convergence.

The rest of this paper is organized as follows. Section 2 gives some notations, hypotheses
and preliminaries. Section 3 proposes an explicit multiscale numerical method. Section 4 pro-
vides some important pre-estimates. Section 5 yields the strong convergence of MTEM scheme.
Section 6 focuses on the error analysis of the explicit MTEM scheme and presents an important
example. Section 7 shows two numerical examples and carries out some numerical experiments

to verify our theoretical results. Section 8 concludes this paper.

2 Preliminary

Throughout this paper, we use the following notations. Let (2, F,P) be a complete prob-
ability space with a natural filtration {F;}:>0 satisfying the usual conditions (i.e. it is right
continuous and increasing while Fy contains all P-null sets), and E be the expectation corre-
sponding to P. Let |- | denote the Euclidean norm in R” and the trace norm in R™*%. If A is
a vector or matrix, we denote its transpose by AT. For a set D, let Ip(x) = 1if x € D and
0 otherwise. We set inf () = oo, where () is empty set. Moreover, for any a,b € R, we define
a Vb = max{a,b} and a A b = min{a,b}. We use C and C; to denote the generic positive
constants, which may take different values at different appearances, where the subscript [ in C}
is used to to highlight that this constant depends on the /. In addition, C, C; are independent of
parameters A1, As, n and M that occur in the next section. In particular, Cr usually denotes
some positive function increasing with respect to R.

Let P(R"™?) denote the family of all probability measures on R™2. For any p > 1, let P,(R"?)
be the set in P(R"2) with finite p-th moment, i.e.,

Pp(R"™) := {u € P(R™): / lylPu(dy) < OO},

RW/Q
which is a Polish space under the Wasserstein distance
1
Wy(pr, p2) = inf (/ ly1 — lepW(dylydw)) °
me€C(p1,12) N\ JRP2 xR"2



where C(u1, p2) stands for the set of all probability measures on R x R™2 with marginals
and po, respectively.
To state the main results, we impose some hypotheses on the coefficients b, o of slow equation

and f and g of fast equation.

(S1) There exists a constant 6; > 1 such that for any R > 0, z1,x2 € R™ with |z1| V |z2] < R
and y € R™?,

[b(a1,y) — blaz,y)| +|o(21) — o(22)] < Lpler — z2|(1+[y™),
here Lp is a positive constant dependent on R.

(S2 ) There exist constants 62 > 0 and K7 > 0 such that for any z € R™ and y;,y2 € R™2.
[b(, 31) = b, y2)| < Kilyr — yal (14 [2]% + [51]% + |y2|*?).
(S3) There exists a constant Ko > 0 such that for any € R™,
o (2)] < Ko(1 + |).
(S4) There exist constants 63,6, > 1 and K3 > 0 such that for any € R™, y € R"2,
(b, y)| < Ka(1+ x| + [y|™).

(S5) There exist constants K4 > 0 and A > 0 such that for any z € R™,y € R"2,

2b(x,y) < Ka(1+ [2*) + Aly[*

(F1) The functions f and g are globally Lipschitz continuous, namely, for any x1, x2 € R™ and

Y1, Y2 € R™ there exists a positive constant L such that
|f(@1,91) = f(z2,92)| V |g(@1,91) — g(@2,y2)| < L(|z1 — 22| + [y1 — v2|).
(F2) There exists a constant $ > 0 such that for any x € R™ and y1,y2 € R"2,
T 2 2
2(y1 — y2)" (f(z,y1) = fl@,92)) +1g9(z, 1) — g(2,92)]" < —Blyr — 2|

(F3) For some fixed k > 2, there exist constants oy > 0 and Ly > 0 such that for any x € R,
y € R™,

k—1
y' f(z,y) + T\g(:v,y)l2 < —aglyl® + Li(1 + |z]).

Remark 2.1. Referring to [32, Theorem 2.2], system (1.1) admits a unique global solution
(z°(t),y°(t)) under (S1)-(S5) and (F1)-(F3). Obviously, (F1) guarantees that the frozen equa-

tion (1.2) has a unique global solution y™¥%(s), which is a time homogeneous Markov process.



Lemma 2.1. If (F1)-(F3) hold with some k& > 2, then for any fixed x € R™, the transition
semigroup {P{}+>0 of equation (1.2) has a unique invariant probability measure p* € Py (R"2),

which satisfies that

[ o) < €+ ol (2.1)
Furthermore, for any x1,xo € R™,
Wi, 4) < Clay — 2a]. (2.2
Proof. For any fixed x € R™ and yo € R"2, under (F3) it follows from [32, Lemma 3.6] that

sup E|y=¥ (1)|F < C(1 + |z|*) < oo,
t>0

which implies that 0,,Pf € Pr(R"2) C Po(R"™?). It is well known that for any j1, po € Po(R™?)

Wl P poP) < [ Wa(d, B0, P dye)
R™2 xR"2

1
<[ E®O - oP) e de),
R"2 X R"2
here m € C(u1, pt2). Then under (F2), by virtue of [32, Lemma 3.7] we derive that

_ Bt
Wo (1 PE, polPy) < Ce™ 2 / ly1 — yo|m(dy1, dy2)
R"2 xR™2

1
2

_Bt
< Ce 2 (/ ly1 — y2|27r(dy1,dy2)>
R™2 xR™2
Then due to the arbitrariness of w € C'(u1, u2), we have
_Bt
Wa(ulPy, polPy) < Ce™ 2 Wa(p, p2),

which yields the uniqueness of invariant measure if it exists. Next we shall prove the existence
of invariant probability measure. In fact, it is sufficient to prove that for any fixed z € R™
and yo € R, {6y,P{}s>0 is a Wo-Cauchy sequence due to the completeness of P2(R"?) space,
where ¢y, is the Dirac measure with mass at point yg € R"2. Using the Kolmogorov-Chapman

equation and [32, Lemma 3.7], one derives that for any t,s > 0,

_Bt
W2(6y0Ptzv 6y0Ptz+s) = W2(5yoptw7 5yoP:tE]P)§) < Ce 2 WQ((SZJO’ 61/0]??)
B 1 Bs
< Ce™ % (yof? + Bly™ (5))? < Ce™ % (14 |al + lyol),
which implies that as ¢ — 00, {0,,P}}s>0 is a Wa-Cauchy sequence whose limit is denoted by
p*. Furthermore, in view of the continuity of Ws-distance(see, [44, Corollary 6.1]) we derive for

any t >0

Wo(u*Py, 1) = lim Wa(dy, Py, 6y P5) = 0,



which implies that u® is indeed an invariant probability measure of y*(s). On the other hand,

it follows from [32, Proposition 3.8] that
[ Wl < o+ 1a).
R™2
In addition, using the continuity of Wy again yields that
W3t %) = lim WA(3,, 5", 6,0 P7)

< lim E|y*t¥(t) — ym’yo(tﬂ2 < Clzy — xg\Q,

T t—ooo

where the last step follows from the [32, Lemma 3.10]. The proof is complete. O

The averaged equation (1.4), obtained via the averaging principle, substantially reduces the
complexity of the original system (1.1). Therefore, a numerical approach for system (1.1) can
be developed by formulating a numerical method for the averaged equation (1.4). To facilitate

this, we cite some known results on the averaging principle firstly.

Lemma 2.2 ([32, Theorem 2.3]). If (S1)-(S5) and (F1)-(F3) hold with k& > 46, vV 2(62 + 1) Vv
203 Vv 20,4, then for any 0 < p < k and T' > 0,

hmIEl( sup |z°(t) —a?(t)\p> =0,
=0 Nielo,1]

where z°(t) and Z(t) are the solutions of (1.1) and (1.4), respectively.

Lemma 2.3 ([32, Lemma 3.11]). If (S1)-(S3), (S5) and (F1)-(F3) hold with k > 2V, V2602V ,,

then for any zy € R™, the averaged equation (1.4) has a unique global solution Z(t) satisfying

IE( sup \:E(t)|p) < Chorpn Vp>0,T>0.
0<t<T

Remark 2.2. For any constant R > |z¢|, define the stopping time
Tr = inf{t > 0: |z(t)| > R}.
Then it follows from Lemma 2.3 that

R'P(rr < T) < Elo(T A7r)” < E( sup [2(t)”) < Cay 1,
0<t<T

which implies that
Cay Typ

P(tr <T) < T

3 The construction of explicit multiscale scheme

With the help of the strong averaging principle, this section is devoted to constructing an
easily implementable multiscale numerical scheme for the slow component of original SFSDE

(1.1). One notices from (S4) that for any y € R"2,

b, y)| < K(L A+ |2 ) (1 + [ ) + Ksly|™.



Then for any v > 1 and x € R™ with |z| < u

[b(ar, y)| < K5 sup o(u)(L+ |z]) + Ksly|™, (3.1)

lz|<u
where p(u) = 1+ u®V0a=1 and f3, 6, are given in (S4). Then for any step size A; € (0,1],
define
* -1 *% € ni

where x/|z| =0 € R™ if x = 0, and K is a constant satisfying K > 1+ ¢(|xg| V |yo|). Thus,
2ol VIyol < 7' (K) < ¢ (KAT2), VA€ (0,1] (3.2)
Furthermore, for any z € R™|
b, )| < CAL (1 + la™]) + Kslyl™. (3.3)

Moreover, under (S4), (F1)-(F3) with & > 2V 64 by the definition (1.3) we derive from the
above inequality and (2.1) that

bt =| [ bttt @) < [ bt o) (@)
R™2 R"2
_1 *
<CAP U+ )+ K [yl ()
R"2
_1
< CATE(1+]a*) + C(L+ 1) (1 + |a*)
_1
<CA, ?(1+|z*]), zeR™, (3.4)

where ;" is the unique invariant probability measure of the frozen equation (1.2) with the fixed
parameter z*, and the last step used the increasing of .

Because the analytical form of b(z*) is unobtainable, using the ergodicity of the frozen
equation (1.2), we approximate b(z*) by the time average of b(z*, -) with respect to the numerical
solution of the frozen equation (1.2) with fixed parameter x*. For convenience, for an integer

M > 0, we introduce an average function

M
1
Buy(z,h) = i Z b(x, hy), VYzeR™, (3.5)
1

m=

where h = {hp, }>°_; is an R™-valued sequence. Within the framework of HMM, we design an
easily implementable multiscale numerical scheme involving a macro solver and a micro solver
as well as an estimator. For clarity, we illustrate it as follows. Let A; and As denote macro

time step size and micro time step size, respectively.

(1) Macro solver: For the known X,,, since the drift coefficient b of the averaged equation may
be sup-linear, the truncated EM scheme is selected as macro solver to make a macro step

and get X, 1. Then we have

X1 = Xp 4+ BpAy + 0(Xn) AW,



where B,, ia an approximation of b(X*) that we obtain in third step, and na, (u) := [u/A1]
for any u > 0 with |¢/d] the integer part of t/5, and AW} = Wl ((n+1)A1) — Wi (nAy).

(2) Micro solver: To obtain B,, at each macro time step, for the known X,, € R™ use the EM
method to solve the frozen equation (1.2) with parameter z = X' fixed. Therefore, the

micro solver is given by

= Yo,
Yn)ffiyo _ Yﬂ{f:{vyo_i_ f(X;;,Yf’*”yO)AQ + g(XE, Yo n7yO)AW2

n,m?

X*7y0
}/6 n
m=0,1,,

where {W2(-)},n>0 is a mutually independent Brownian motion sequence and also inde-
pendent of W(t), and AW2 | = W2((m + 1)Az) — W3 (mAs).

(3) Estimator: For the known X,, and Y Xn¥0 := {Yn)ﬁ“y0 Fm>1, let
By, = By (X}, Y Xnt0)

as an approximation of b(X), where By;(-, -) is defined by (3.5) and M denotes the number

of micro time steps used for this approximation.

Overall, for any given Ay, Ag € (0,1] and integer M > 1, define the multiscale TEM scheme
(MTEM) as follows: for any n > 0,

( _1 X .
Xo =20, X, = (’Xn\ Ao (KA 2))’X7n‘7 Yyt =y, (3.6a)
V0o — YXwo o f(XCE Y X000) Ay 4 g(X5, Y00 AWE (3.6b)

m=0,1,--- M—1,
Xn+1 =Xp+ BM(X;;v YX:”yO)Al + U(Xn)AW% (360)

By this scheme we define the continuous approximation processes
X(t) = € [nAy, (n+1)Aq), (3.7)
¢
X (t) = z0 +/ By (X X(s ):yO)ds—i—/ o(X(s))dW(s). (3.8)
0

Note that X (nA;) = X(nA1) = X,,, that is, X(t) and X (¢) coincide with the discrete solution
at the grid points, respectively.

4 Some pre-estimates

In order to better study the strong convergence of the MTEM scheme, we need to study
some important properties of the averaged coefficient b(z) and its estimator Bys(x, Y, *) (de-
fined in later) in advance. In this section, we mainly provide some pre-estimates for b(x) and
By (x, Y 700).

By virtue of Lemma 2.1, we show that the drift term b of the averaged equation (1.4) inherits
the local Lipschitz continuity. O

10



Lemma 4.1. Under (S1), (S2), (S4) and (F1)-(F3) with £ > 2V 6; V 202 V 04, for any R > 0

and x1, 72 € R™ with |21| V |22 < R, there exists a constant Lg such that
]5(3:1) — 6(:62)| S I_/R|$1 — .TQ‘.
Proof. For any x1,z9 € R™, according to (1.3) we have
bon) = ban)l = | [ @) b))l die)
R™1 xR™2
< [ b))y dye)
R™1 xR"2
< [ ) — bea ) dye)
R™ xR"2
+ / |b(z2,y1) — b(z2, y2) | (dy1, dya),
R™1 xR™2

where m € C(u®', p*2) is arbitrary. Then for any R > 0 and z1,z9 € R™ with |z1| V |z2] < R,
by the Hoélder inequality it follows from (S1) and (S2) that

[b(x1) — b(x2)| < Lig|z1 — szl/ (L+ [y ") (dyn)
R™2

+ K1/ 1 — 2] (14 [22]% + |y1]% + |y2|%) 7 (dy1, dys)
R™1 xR™2

1
SLR’%—C@\/ (1+\y1|91)ﬂxl(dy1)+K1(/ :
R72

lyr — yo|*m(dyr, dyz))
R”™1 xR"2

Jun

X (/ (1 + \x2|202 + \y1|292 + ]yQ\QGQ)W(dyl,dyg)) 2.
R™1 xR™2

Then due to the arbitrariness of 7 € C(u®', p*2), under (F1)-(F3) with k& > 0; V 2605, applying
Lemma 2.1 yields that for any x, zo € R™ with |x1| V |z2| < R,

|b(z1) — b(x2)| < Crlzy — 22| (1 + [21]%) + CWo (™, 1) (1 + |z1|? + |22|%)
< Crlzy — 22| + CRWo(u*t, p*?) < Crlxy — 22|,

which implies the desired result. O

Next we reveal that the modified coefficient b(x*) preserves the Khasminskii-like condition

for all Ay € (0, 1], which is used to obtain the moment bound of the auxiliary process Z(t).

Lemma 4.2. If (S4), (S5) and (F1)-(F3) hold with k > 2V 6y, then for any z € R™ | A; €
(0,1,

2Tb(z*) < C(A+ |z]?), x€R™.

Proof. For x € R™ with |z| < 90_1(KA;1/2), x = z*. Using (S5) implies that

2Th(z*) = 27 /

[ b (dn) < Kaf1+ jaf) + /R 2 (dy).
no nQ

11



Using the Holder inequality and Lemma 2.1, we yield that
zTb(z*) < C(1 + |z]?). (4.1)

On the other hand, for any x € R™ with |z| > gofl(KAl_l/Q), it follows from the definition of
x* that x = (\x|/cp_1(KAI1/2))x*. This, together with (4.1), implies that

le_)({L‘*) — Lﬁ;(l‘*)jﬂg(ﬂj*) < . C(l—|— |l‘*‘2)
e KA ?) e (KA ?)
< Cle|((7' () ™" + Ja).

where the last inequality used the increasing of ¢ ~!. Thus the desired assertion follows. O

For any fixed x € R™, yp € R, and integer n > 0, define an auxiliary process y,*°(t)

described by

dy=0(¢) = f(z, y= (£))dt + g(z, y=v (t))AW2(t) (4.2)

on t > 0 with initial value y5,"*°(0) = yo. Thanks to the weak uniqueness of the solution of the
frozen equation (1.2), for any ¢ > 0, the distribution of y;,*° (¢) coincides with that of y*¥0(t) for
any n > 0. Consequently, according to Lemma 2.1, u® is also the unique invariant probability

measure of transition semigroup of y,,*°(¢) for any n > 0. Then use the EM scheme for (4.2)

Yup” = o, (4.3)
Y0 = Yo + fl, V) Ag + glz, Vi) AW2,,, m=0,1,- -
Furthermore, define
Yovo(t) = Yow, t € ImAg, (m+ 1)Ay),
Yo (t) = yo + /Ot fz, Y 2% (s))ds + /()tg(x,Yf’yO(s))dW3(s). (4.4)

Let Y% denote the discrete EM solution sequence generated by (4.3). Then, one observes that
Y X — yXnbo g g Thus,
B (X, Y X0y = By (X, YVXn%0) as, (4.5)

»Yo

Next, we first give several properties of Y;;"** in order for the estimation of By (x, Y, ).

Lemma 4.3 ([35, Lemmas 3.7]). If (F1) and (F3) hold with some k£ > 2, then there exists a
Ay € (0, 1] such that for any x € R™, yo € R™2, integer n > 0 and Ay € (0, Ag],

sup E[Y520* < C(1+ |yol* + []*),
m>0

and

_ k
sup E[Y,70 (1) — Y590 ()[F < C(1+ Jyol* + |2]F)AZ
t>0

12



Lemma 4.4 ([35, Lemmas 3.8]). Under (F1) and (F2), there exists a constant Ay € (0, 1] such
that for any Ay € (0, Az), y1,%2 € R"2, x € R™ | integers n > 0 and m > 0,

—BmA
E[Y7% — Y22 < Clyy —yol’e 7

The results of the above two lemmas can be obtained by the same way as [35, Lemmas 3.7,

3.8]. To avoid duplication we omit the detailed proofs.

Lemma 4.5. If (F1)-(F3) hold with some k& > 2, then for any fixed x € R", yy € R"2,
integer n > 0 and A € (0,As], Y,,*° determined by (4.3) admits a unique invariant measure

p>A2 € Py (R™), which is independent of gy and n, and satisfies

/R ylE A2 (dy) < C(1 + [2fF).
ng

»yYo

Proof. Since the EM numerical solutions Y,;"*°, n=1,--- 00 are i.i.d and have Markov prop-

erty, for any Ag € (0,1)], we use Pi{ﬁz to denote the same discrete Markov semigroup of Y,;"*°.
Under (F1)-(F3), with the help of Lemmas 4.3-4.4, proceeding a similar argument to [1, Theo-

»Yo

rem 3,1] we derive that for any yg € R™ and integer n > 0, Y;;"*° has a unique invariant measure

1®32 which is independent of yy and n. Furthermore, applying Lemma 4.3 yields that
Lol Ay = [ Bzt a v )
no n2

< / (Y28 F A N)ud2 (dy)
R™2

apmA
s/ (IylFe= ™57 AN ) um 22 (dy) + €+ ),
R"2

where the identity is due to the invariance of invariant measure p®?2 and the first inequality
holds by Jensen’s inequality since  — N Ax,x € R is a concave function. Then, taking m — oo

and using the dominated convergence theorem, we deduce that
L Qo Ay (ay) < €1+ fa)
n
Letting N — oo and applying the monotone convergence theorem, we get
[ ke < o+ 1ol
R72
The proof is complete. ]

Lemma 4.6. If (F1)-(F3) hold with some k > 2, then for any fixed x € R™, yo € R™2, integer

n >0 and Ay € (0, As],

sup E|Y550 — 429 (mAg)|? < O(1 + |2[?) As.
m>0

Proof. In view of (4.2) and (4.4), define v;;%° () := Y;,¥°(t) — yn*°(t) described by

A (6) = (. Y7 (0)~ (1) )t + (e, YI0(0) - gl (6) ) aWE (D).

13



Using the It6 formula we arrive at

B(cHapm o) <& [ |2 g+ (206 (1o (o)

—f@w%wwﬂ+w@me@»—m@%mwmﬁrm. (46)

Invoking (F1), (F2) and the Young inequality yields that

n

n

i Tvxww ~ fla i (s))] + g, i (5)
T () [f . T () = Fayi ()] + gl TE () — g

— gz, y=¥ ()]

(z, y20 (s)) |

+2( ”““’0( ))T[f(w,er’yO(S)) = F(@, Y00 ()] + [g(@, Yo (s) — gz, Vv (s))]
+2[g(@, Y7 (s)) — g, yn ™ (s))] (2, Y740 (5)) — g(x, Y7 (5)) |

< — BT ($)]2 + [TEH (5)][Y2 ¥ () — V70 (s)] + ClY,240(s)

<= Djggm(s) + Clyw(s) — Fpw(s)

_ er’y‘)(s)\Q

Then inserting the above inequality into (4.6) and using (F1) and (F3), we derive from the

result of lemma 4.3 that

t 3 —
ﬂm&%mﬁﬁc/e%m%W$—wm@Wmscu+MWMﬂi
0

which yields the desired result.

O

Taking Lemma 4.6 into consideration, we deduce the convergence rate between numerical

invariant measure p®?? and underlying invariant measure p® in Ws-distance.

Lemma 4.7. Under (F1)-(F3) with some k > 2, for any fixed z € R™ and Aj € (0, Ay,

Wo(p®, u™52) < O(1 + |z[) A3
Proof. From the proofs of Lemmas 2.1 and 4.5, we know that
im W (8olPra,, 1) = 0

and
hm WZ((SOP;ﬁz, Mx’A2) =0.
The above inequalities together with Lemma 4.6 derive that

Wy (/-an /’LZ‘7A2) < 77}E>noo Wo (’um’ 50anA2) + hm Wo (60PmA27 50P

< lim (Ely;°(mAs) —

m—ro0

14
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Now we turn to analyze the property of the estimator By (z, Y, ).

Lemma 4.8. If (S5), (F1) and (F3) hold, then for any 2 < ¢ < k, z € R™, yy € R"2,
Ay € (0, AQ], integers n > 0 and M > 1,

q
2

Ela” Bar(z*, Y7 %) 2 < C(1 + |27 + |yo|%).

Proof. For any z € R™ with |z| < go_l(KA;l/Q), x = z*. Making use of (S5) and the
elementary inequality yields that

i

q

NS

M
N 1
E|2T By(a, v w0)|# = E) S T, Y|

’r n,m

<E[K4(1—Hx| Z 0] ]

m=1 m=1

C(1+ |z|9) + = Z E|Y,2W|.

Then by (F1) and (F3), applying Lemma 4.3 and the Holder inequality implies that for any
AQ S (0, AQ],

q

M
c ol C a
El" By (2", Y %)|? < C(L+ |a?) + — 3 (BIYZ0 ) E < O+ [2]? + yol?).  (4.7)
Mm:l
On the other hand, for x € R™ with |z| > Lpfl(KAl_lﬂ), x = |w[:):*/<p*1(KA1_1/2). One

observes that

xTBM(w*’YTZC*,yO) — ﬁ(x*)TBM(w*’Yri&*,yO).
KA ?)
Due to (4.7) and (3.2), we obtain that
4 2|2
E‘xTBM(x*,YTf*’yO)P < -

(=1 (KAL)

Thus the desired assertion follows. O

CA+ |27 + |yol?) < C(1+ |2|* + [yol*).

(SIS

The error between b(x) and By (z, Yy ¥°) is the key to obtain the convergence of the MTEM
scheme numerical solution. By introducing an auxiliary function 522(-) defined in the below we
use |b(z) — 022 (z)|? and E|b22(z) — Bas(x, Yi¥)|? to estimate E|b(z) — Bas(x, Y ¥)|2. In fact,
under (S4) and (F1)-(F3) with & > 64, by virtue of Lemma 4.5, for any fixed z € R™ and
Ay € (0,A],

[ e < K [ (1 jaff e )
R™2 R™2
<O+ |z]%V9) < oo, (4.8)
which implies that b(zx, -) is integrable with respect to 132 Thus we define
20 = [ g (). (49)
R"2

Next we estimate |b(x) — b22(x)|? and E|b22(z) — By (x, Y %) |2, respectively.
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Lemma 4.9. Under (S2), (S4) and (F1)-(F3) with & > 2V 20,V 64, for any x € R™ and
AQ € (0, AQ],

[b(z) = b22(x)] < C(1+ |z|" 1) As.

Proof. Under (S4), (F1)-(F3) with k& > 2V 04, in view of (1.3) and (4.9), using (S2) and the
Hoélder inequality yields that

ba) @)l = | [ (o) b))l )|
R"™2 xR™2

< / b, y1) — b, yo) | (dyn, dyo)
R"2 xR"2
1

< C(/ ly1 — yo|*m(dys, dyz)) :
R"2 xR™2

N

X (/ (1+ |22 + |y1 [*2 + |y2|292)77(dy2»dy2)) ;
R"2 xR™2

x,Ag)

where m € C(u”, is arbitrary. Thus, we derive that

1

o) =52 (@) < O o) (L ol + [ P + [ el )
n2 n2
Then due to (F1)-(F3) with k > 2V 20,, applying Lemmas 2.1, 4.5 and 4.7 implies that
_ _ 1
[b(x) = b2 ()] < C(1+ |2|*)AS.
The proof is complete. ]

Before the estimation of E|b®2(z) — Bas(z, Y;%)|?, we prepare a useful result.

Lemma 4.10. Under (S2), (S4) and (F1)-(F3) with & > 2V 205 V 04, for any x € R™, y € R"2,
Ay € (0, As] and integers n > 0, M > 1,

—BmAg
8

622 (@) — Eb(x, Y;i#)| < C(1+ ||+ [y e

yIn,m

Proof. Under (S4) and (F1)-(F3) with k& > 2V 64, according to (4.9) and the invariance of

invariant measure %22, we have

BAz (.73) = lim b(x,Z)I{IZ‘Sk},U,z’AQ(dZ)

k—o00 R"™2

< lim E(b(x,yg;g)f{lym |§k})ul’7A2(dz). (4.10)

k—o00 Rn"2
Obviously, klim b(z, Yam) Iy <ky = b(x,Yaim), as. for any z € R™. In addition, by (S4)
—00 =
and (F1)-(F3) with k£ > 2V 64, using Lemma 4.5 yields that

[ Eb Y @) < o (14l + [
R"™2 R™2

(Lol [ fapendee)
R™2

(14 |z|%V0) < .

EJY,i a8 (d2) )
<C
<C

16



Then applying the dominated convergence theorem for (4.10) we derive that

522 (o) = / Eb(z, Y22 ) 22 (dz).
R"2
As a result, we have

672 (z) — Eb(x, Y59)| = ’]Eb(a: YY) — / Eb(x Yx’z),u”’AZ(dz)‘
R™2

y Tn,m » fn,m rTn,m

< / Elb(z, YY) — b(z, Y52 )| ™22 (dz).
R™2

s tnym ’ tn,m
Further using (S2) and the Holder inequality gives that

622 (2) — Eb(z, Y,130))|

m

<Ky [ B(VE = RO lal VI V) ) )
no

1 1
<C [ (@1 = Vil 2 (BO+ 22 + VLR + [VEa2))? | 22 d2).
R2
Under (F1)-(F3) with k£ > 2V 26,, utilizing Lemmas 4.3 and 4.4 we get

—BmAg

622 (2) — Eb(z, Y,i)| < Ce™ s /R |y — 2|1+ [2]* + [y|” + |2 ") 22 (d2)
n2

—BmAg

<Ce s /R (14 Ja|%2 1 4 [y[2 4! 4 |20+ 22 (dz)
n2

—BmAg

< O(1+ [z|?H 4 |yt e s

The proof is complete. ]

Lemma 4.11. Under (S2), (S4) and (F1)-(F3) with & > 205V 204 V (02 + 04 + 1), for any
r € R™M, gy € R™, Ay € (0,As] and integers n > 0, M > 1,

1

E’BAQ (1_) o BM(HZ’, er:,yo)|2 S C(l + ’x‘293\/294\/(92+93V94+1) + ‘yo’293V294V(92+93\/94«%1))]\4-A2 )

Proof. In light of (3.5), we derive that for any = € R™,

9 1 M 1 M 9 M M
| =5 > EUp, = e > EUnm + WZ > EUpg, (4.11)
m,l=1 m=1 =1 m=Il+1

E|622(2) — By (z, Y,5Y0

where

U, = (l_)A? (z) —b(z Yx’yo)) (l_)A2 (z) — b(= Y‘r’yo)).

sy tn,m ’ T m,l

By (S4), (F1) and (F3) with k£ > 26,4, invoking Lemma 4.3 and the Hélder inequality, we obtain
that

204

Efb(z, Yira0)[* < CE(1+ o + Y2002 ) < C(1+ o) + C (Bl F) ©

s fnm

<C(1+ |$‘2(93\/94) + |y0‘2(93\/64)).
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Then using the elementary inequality along with the above inequality and (4.8), for any m,l > 1,
we yield that for any = € R™,

E|Upi| < E[b(z, Y520 + E|b(z, Y520 + 2E[622 ()

» fn,m ' T m,l

< O(1 + |z20V00) |y |200sV00)) < o, (4.12)

which implies that |U,, | is integrable with respect to P. To compute precisely, let ggl denote
the o-algebra generated by

{Wg(s) S WD), s > ZAQ}.
Obviously, .7-"7% ; and QZJ are mutually independent. Since er Qyo is .7-“73 ;-measurable and indepen-

dent of G2, using the result of [42, p.221], we derive that for any 2 € R™ and 1 <[ <m < M,

B =E[ (5% () = b, V) x B (5 (2) — bla, Vira) | 72, |

L N > n,m
gE[}bAz (@) = b(x, Y, )] x ’6A2 () = Eb(z, Y, ) Lyxyyo]. (4.13)
T n,l
For any x € R™ and y € R, it follows from (S4) and (4.8) that
622 (@) = b, y)| = b2 ()] + [b(a, y)| < O(L+ [2]V0 + [y|*). (4.14)

Owing to (S2), (S4) and (F1)-(F3) with £ > 2V 260, V 64, using Lemma 4.10 derives that

(1 + ’x‘ez-i-l + ‘Z‘t‘)z-i-l).

ot B 5

T m,m—lI

Using (4.14) and substituting the above inequality into (4.13) lead to that for any = € R™,

B(m—DA
EU,,; < Ce™ 8 QE[(l + ]a:|93\/94 + ’Y$2y0|04)

X 1+ [al P4+ Yol

B(m—1)Ag
8

< Ce” E[(l + [0 H0aVOFL (1 4 | 0aVOa) |y o | fartL

4 (1 + |$|62+1)‘Y;’1y0|94 4 |Y;"2?JO|92+94+1):|.
Due to k > 02 + 64 + 1, using Lemma 4.3 we deduce that for any 1 <l <m < M,

Bm—DAq

EU, < Ce 5 (14 |o|f2T0V0atl g f2t0svOuitl) (4.15)

Hence, inserting (4.12) and (4.15) into (4.11) yields that

C(l + ’$‘2(93\/94) + ’y0‘2(93\/94))
M
C(1 4 |z|020V0at1 |y 0205 VOst1) M M

. 7 3y
=1 m=Il+1

A 2
E(b72(z) — By (2, Y ") | <

C(l 4 ’1"2(93\/94) 4 ’y0‘2(93\/94)) C(l + |x‘92+93\/94+1 + |y0’92+93\/94+1)
<

= M M(ePBa/8 1)
< C(l 4 ’$‘293v294v(92+63v94+1) 1 ‘y0’293v294v(92+03v94+1)) (% n MlAZ>
é C(l + |ZE|203\/204\/(02+03V94+1) + |y0|293\/294\/(92+93\/04+1)) MlAz7
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where the second to last inequality used the fact € — 1 > z, Vo > 0. The proof is complete. [
Combining Lemmas 4.9 and 4.11, we obtain the estimate of E|b(z) — By (x, Y;¥)|? directly.

Lemma 4.12. Under (S2), (S4) and (F1)-(F3) with k > 265V 204V (03 + 04 + 1), for any
r € R™M, 5o € R™2, Ay € (0,As] and integers n > 0, M > 1,

E\b(z) — Bu(x, Y;7%)

2 <C(1+ [ 202+ 1)V205v20s ’y0|2(02+1)\/203\/264) (A2 N MlA )
2

5 Strong convergence in pth moment

With the help of the averaging principle, this section aims to prove the strong convergence
between the slow component z°(¢) of original system (1.1) and the MTEM scheme numerical

solution X (¢) in pth moment.

Lemma 5.1. If (S3)-(S5), (F1) and (F3) hold with k& > 264, then for any zo € R™, yy € R"2,
0<p<k/0y, T>0and M >1,

sip E( sup [XOF) < Copoirs
A1€(0,1],A2€(0,A5] " t€[0,T]

and

— P
E( sup [X(t) = X(OF) < CugoraA-
0<t<T

Proof. For 2 <p < k/04, using the Ité formula, we deduce from (3.8) that for any ¢ > 0,

(X0 <|zol” +p /0 X (s)p? X7 (5)B(X7(5), Y X (I0)

P PJds +p [ PR X (90 (X ()W ),
0

where we write Bys(-,-) as B(,-) for short. Utilizing the Burkholder-Davis-Gundy inequality
[33, p.40, Theorem?7.2], the Young inequality and the Holder inequality implies that for any
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T >0,

E<£f§% ] X (t)lp) < |zo[” + pE /0 ! X (£)P2 HXT(t)B<X*(t),YX*(t)’y‘))

+ 2 Ho(x(0)?] e

ravae( [ IXOPaxo)par)
< \wolp+C/OTIEIX(t)detJrC/OTIE’XT(LL)B@(*@)’yX*(t),yo)

+C/0TEJ(X(t))|pdt+4\/§pE[ sup ]X'(t)\p_l(/OT‘J(X(t))}zdt)é}

g
dt

te[0,7
T _ T . P
< \x0|1’+0/ E|X(t)ypdt+c/ IE’XT(t)B<X*(t),YX WO) 2 dt
0
N P
+C/ IE‘ TB(X (t), Y X “WJ) 2 dt
1 _
+C’/ Elo(X (t))Pdt + E( sup |X(t)|p).
2 t€[0,T]
Then it follows from (S3) that
B T B T ) g
£( sup [X(1)]) < m0|p+0/ E( sup |X(s)|p>dt+0/ E| X7 (1)B(x° (1), v X O) "as
t€[0,T] 0<s<t 0
. P
+C/ IE‘ TB(X t), Y X (t%yO) 2 dt. (5.1)
X*(t) o X:L (t>7y0 ”Al(t>7y0 .
For any t > 0, one observes that Y Yo=Y "M =Y . Due to the independence

nl(t)
of Y ,yo(t) and X, (1), forany t > 0 and 2 < p < k/6,, under (S5), (F1) and (F3), we obtain

from (4.5) and the result of Lemma 4.8 that

* ya
E\XT(t)B(X*(t),YX (),y0> = E|X (t)B(X:LAl(t)yYX"A1(t>’yO> 2
" X; (t)"Y0 7
=E[E(| X2, o B(Xis, 00 Yor B )2XM1@)} < E(ERTBE Y0 oy, )
<C(L+ [yol? + Bl X,y ) < C(1+ [yo]?) + CE( sup |X(s)P?). (5.2)
0<s<t
Under (S4), we derive from (3.3) and (4.5) that
M
* * Xoa, Y0 Xn OLLUNIEZ
IE‘B(X (t), y X't ,y()) ZE‘B(X nAf ) Z ‘ X Yon thom )
M
1 XA (1)2Y0 04\ 1P
<— ZlEK AR SR E e i I ]
_p n Y0 | pb.
< CATE(L+ (X5, () Z nAf i (5.3)

Owing to (F1) and (F3) with pfy < k, using the Young 1nequahty and Lemma 4.3 yields that

pla POy
* /)
:E<E( |XnA1(t))) (E\Y”” "yl o= Xia, (t))

< O(1+ Jyo"™ + E’X:Al(t)|p94)'

*
Yo YXnAl (t)"Y0

E YX:LAI(t)
nAl (t)vm

na, (t),m
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Thanks to (3.2) , we derive that

pla _r

< CA; 2.

X:LAl (t)ayo

E|lY

na, (t),m

Inserting the above inequality into (5.3) implies that

E)B(X*(t),YX*@%yo) " <OAPE(L+ X2 ) < CALPE(L+ X)) (5.4)

This, together with (3.8), implies that for any ¢ > 0,

E|X(t) — X ()P <2 (IE

t
/ B(X*(s),YX*(S)’yO)ds’p—i—E
nAy (t)Al
t

[ etxnansf)

A (0)A

P p=2 [t
ds + A2 / Elo(X(s))[Pds )
na, (t)Al

<CAPE(1+ X (1)) (5.5)

Invoking the Holder inequality, (5.4) and (5.5) we obtain

y
P b
3 2

p)%

<CE(1+ X))’ < Cp+ CpE(Osup |X(S)|p>.

E(\X(t) - X(t)| ) g(E\X(t) - X(t)\p> : (E‘B(X*(t), YX*(t)vyO)

B(X*(t), yX ()

<s<t
(5.6)
Inserting (5.2) and (5.6) into (5.1) yields that
— T —
E( sup [X(1)F) < |xO|P+cp(1+\yO|p)+op/ E( sup [X(s)]")at.
t€[0,T] 0 0<s<t
A direct application of Gronwall’s inequality derives that
E( sup [X(F) < Caporp (5.7)

te[0,7

Then the second assertion holds directly by substituting (5.7) into (5.5). The case 0 < p < 2
follows directly by using the Holder inequality. The proof is complete. O

Remark 5.1. For any R > |zg|, define the stopping time
pa,.r =inf{t > 0:|X(t)] > R}. (5.8)
It follows from Lemma 5.1 that for any T > 0,
= Coo,Tp
P(pa,r <T) < OR%;.
To prove the strong convergence of the MTEM scheme (3.6), we introduce an auxiliary TEM

numerical scheme for the averaged equation (1.4)

Zy = o,

Zni1 = Zn +b(Z5) A1 + 0 (Z,) AW},
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and the corresponding continuous-time processes
Z(t) = Zn, t € [nAq, (n+1)A1),

and

t t

Z(t) = mo +/ b(Z*(s))ds—i—/ o(Z(s))dW(s). (5.10)
0 0

One observes that Z(nAj) = Z(nA1) = Z,. In what follows, we analyze the strong error

E<SUPogt§T |Z(t) — Z(t)P) and E(SUPogth |Z(t) — X(t)\Q), respectively. To proceed we give

the bound of the pth moment of Z(t).

Lemma 5.2. If (S3)-(S5) and (F1)-(F3) hold with & > 2V 6,4, then for any xop € R™, p > 0
and T > 0,

sup E( sup |Z()") < Cuoirp
A1€(0,1] 0<t<T

and

sup E|Z(t) — Z(t)|* < CporpA1.
0<t<T
Proof. The case that 0 < p < 2 follows directly from the case p > 2 by using Lyapunov’s
inequality. Thus we are only going to deal with the case p > 2. Applying the Itd6 formula
and Burkholder-Davis-Gundy inequality [33, p.40, Theorem7.2], under (S5) and (F1)-(F3), we
derive from the result of Lemma 4.2 that for p > 2 and T > 0,

E(0§3§Tz(t>lp)Slmolp+pCE/ ZOP 2 (1 + 12(1)?)dr

T — — —
+pE /0 Z(0) P2 Z(t) — Z(1)|[b(Z" (1) dt
T 1
+4v/2pE( /0 20" o(2(1)Par) .

Then by the Young inequality we obtain that for any T" > 0,

T
E( sup IZ(t)!p) < !wo\p+0/ E sup |Z(s)[? dt+C/ Z(t)\%|6(z*(t))|%)dt
o<t<T 0 0<s<t
1
+7E< sup ‘Z |p +CE /’O’ th (5'11)
2 \o<i<r

For any t > 0, due to (S4), (F1)-(F3) with k > 6,4, (3.4) hold. Then using (3.4) and (S3) yields
that

E|Z(t) = Z(®)[" = E|Z(t) = Zny, |"
+ ~ P t p
o5 [z 4B [ o))
na; (H)A1 R
_ P
<2 (MEIN(Z), (o) + ATE|o(Zy, o))

<CA} (1 +E|Z,, ") < CAF(1+E|Z()P). (5.12)
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Then utilizing (3.4) again and the Holder inequality implies that
_ _ _ 1, 1
B(12() - 20)E bz 0)1F) < (E120) - 20)F)F EBE@)P)}
< CAT(1L+EZMP)2A; (1 +EZH)P)?

<O+ E( sup |Z(s)yp). (5.13)
0<s<t

Applying (S3) and the Hélder inequality we get
T % T _
IE( / \U(Z(t))|2dt) < Crp+Cr, / E( sup |Z(s)\p)dt. (5.14)
0 0 0<s<t
Hence, substituting (5.13) and (5.14) into (5.11) yields that
— T —
E( sup [Z()) < a0’ + Cry+ Cryp / E( sup |Z(s)]")at.
0<t<T 0 0<s<t

An application of the Gronwall inequality gives that

IE( sup |Z(t)\p> < oty
0<t<T

Then inserting the above inequality into (5.12) implies that the another desired assertion holds.

The proof is complete. ]
Remark 5.2. From Lemma 5.2, for any constant R > |z, define a stopping time
pan g = inf{t > 0: |Z(t)| > R}. (5.15)
By a similar argument as Remark 2.2, for any 7' > 0, we have
Plpa,r <T) < Coorp/RP.
Lemma 5.3. If (S1)-(S5) and (F1)-(F3) hold with & > 2V 6; V 202 V 04, then for any T' > 0,
AI}IBOE(O;?T Z(t) — Z(t)|2) ~0.

Proof. Fix any constant R > |xg|. Define the truncated functions

br(x) = b( (|| A R)%), on(x) = o ( (|2l A R)%).
Consider the SDE
da(t) = br(a(t))dt + op(u(t)dW(t) (5.16)

with initial value @(0) = xg. Under (S1), (S2) and (F1)-(F3) with k£ > 61 V 265, one observes
from (S1) and the result of Lemma 4.1 that both br(x) and og(z) are global Lipschitz contin-
uous. Thus equation (5.16) has a unique global solution %(t) on ¢ > 0. Let U(t) denote the
continuous extension of the EM numerical solution of (5.16). It is well known [18, 24] that

E( sup |a(t) — U(t)|2> < CrA;, YT >0
t€[0,T]
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On the other hand, choose a constant A; € (0, 1] small sufficiently such that
@ YK (A1)~'/?) > R. One observes that for any A; € (0, A]

br(z) = b(z) = b(z*), VaxcR™ with |z| < R.
Then it is straightforward to see that that for any ¢ > 0
:f(t A TR) = ﬂ(t A TR), Z(t A pAl,R) = U(t N pAl,R), a.s.,

where 7r and pa, r are defined in Remarks 2.2 and 5.2, respectively. Under (S1)-(S5) and
(F1)-(F3) with k£ > 61 V 205 V 04, by virtue of Lemmas 2.3 and 5.2, the remainder of the proof
follows in a similar manner to that of [34, Theorem 3.5]. To avoid duplication we omit the
details. O

Then we turn to prove the strong convergence of the auxiliary process Z(t) and the MTEM

numerical solution X (t). By virtue of Lemma 5.1, we only need to prove strong convergence of

Z(t) and X ().

Lemma 5.4. If (S1)-(S5) and (F1)-(F3) hold with k > 61 VvV 20, Vv 20, V (03 + 04 + 1), for any
T >0 and A € (0,1],

: . 700y _ W(12) —
dim i E( o, 120 = XOF) =0

Proof. Define é(t) = Z(t) — X(t) for any t > 0 and 8a, r = pa,.r A pa,.r for any R > 0, where
pa.,r and pa, g are given by (5.8) and (5.15), respectively. Due to k > 204, let 2 < p < k/64.
Fix T > 0. For any § > 0, using the Young inequality yields that

E( sup [e(®)?) =E( sup |e(t) Lysy, pory) +E( sup [e(t)PLisy, nery)

0<t<T 0<t<T 0<t<T
9 20 N p p—2

<E( swp |e(t) Pl sy, oy ) + —E( sup [e(t)) + L P(Bayn < T).
0<t<T b 0<t<T poP—2

Owing to (S3)-(S5) and (F1)-(F3), it follows from the results of Lemmas 5.1 and 5.2 that

E( sup [e(®)") <277'E( sup |Z(®)F) +2"E( sup [X()") < Cugu.r
0<t<T 0<t<T 0<t<T

Furthermore, both Remarks 5.2 and 5.1 imply that

_ C T
P(fa,r < T) < Plpayr < T) + P(pa,p S T) < —02r
Consequently we have

Cl‘myo,Tmé + Cxo,ymT,p(p - 2)_
p pép% RP

E( sup |é(t)|2> SE( sup Ié(t)|21{ﬁA1,R>T}) +

0<t<T 0<t<T
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Now, for any € > 0, choose § > 0 small sufficiently such that Cy , 7.,0/p < €/3. Then for this
d, choose R > 0 large enough such that Cy yo.7(p—2)/(p0 = RP) < ¢/3. Hence, for the desired

assertion it is sufficient to prove

E( sup \e(t)‘ZI{ﬁAl,RXp}) <
0<t<T

. (5.17)

Wl m

From (3.8) and (5.10) we derive that
tA\Ba,R ,_ .
e(t A Bay,Rr) 2/ (b(Z*(s)) - BM(X*(S),yX (S)’y(’))ds
0

tABAL R
—I—/O (O‘(Z(S)) — O’(X(S)))dWl(S).
Recalling the definition of the stopping time Sa, g, it is straightforward to see that
Z*(s) =Z(s), X*(s)=X(s), Vsel0,tAPBa.,R]
Then we have

&t A Ba, r) = /0 s (5(2() ~ Bas (X (). ¥ ¥Ow) )

tABAL R
= [ o206 o) aw s),
0

Using the Holder inequality, the Burkholder-Davis-Gundy inequality [33, p.40, Theorem 7.2]

and the elementary inequality, we arrive at

E( sup |é(m5A1,R)|2) <oT /0 TIE(‘b(Z(s)) —BM<X(5),YX(S)’3”0> QI{SSBALR})ds

0<t<T

T
+ 8/0 E|o(Z(s A Bayr)) — o(X(s A Ba,g)2ds

§4T/OTE<)B(X(3)) —BM(X(S),yX<s>,yo> 21-{S§BA17R})0L<;

T
n 4T/0 E[B(Z(s A Bay.r)) — B(X(s A Bay.r))[2ds

T
+ 8/0 Elo(Z(s A Bay.r)) — o(X(s A Ba,.r))[?ds. (5.18)

For any 0 < s < T, one observes that for any w € {w € Q: s < Ba, r}, |X(s)| < R. Using this
fact and (4.5) implies that

2
I{SS/BALR})

2
f{|x<s>\gR})
2

(
<E([p(X () ~ Bur (X (s), Y X))
(

- X”A (s)7y0
=E b(Xnm(S)) — Bu (Xnﬁl(s)’ Y”Al(;) )

- (E [(IE(XM (s)) — Bum (Xml (s)1 Yri?(;)wo) )QI{lxml <s>|§R}) ’X"Al (S)D

_ 2
:E(E)b(x) ~ By (m yHuo )
x:XnAl (s)

f{\X%(s)\SR})

I{IXnAl (5)|§R}) '



By (S2), (S4) and (F1)-(F3) with k& > 2605 VvV 204 V (02 + 64 + 1), it follows from the result of
Lemma 4.12 that

(5000 — Bar (X9 YO L, )

1 1
— 2(92+1)\/293\/294 2(602+1)V203V204
CE[(l + ’X”A1(5)| + [vol )I{‘X7LA1(S)‘§R}:| (AQ + 37 M MA2)
1 1
<Cyo,R (Az tor Tt MA2> (5.19)

Under (S1), (S2), (S4) and (F1)-(F3) with k > 61 V 205 V 04, applying Lemma 4.1 yields that
E[b(Z(s A Bay,)) = b(X (s A Ba, )" VE|o(Z(s A Bay ) — o(X (s A Bay,r)
<(Ly v L3)Ble(s A Ba, )P < (v ZRE( sup [els A Ba, ). (5.20)

Inserting (5.19) and (5.20) into (5.18) we derive that

E( sup |e(t A 2><4T2C (A+ + )
0§t£T| ( BALR” — yo,R 2 M MAQ

T
(8 +4T) (L} v L) /0 B sup [e(s A Ba,.e) ) ds.

0<r<s

An application of the Gronwall inequality implies that

B s 1ot o m)I2) < Cr (824 375-)

For the given R, choose Ay € (0, Ay] small sufficiently such that Cy, A2 < €/9. For the fixed
Ay, choose M large sufficiently such that Cyy r/(MA2) < €/9. Therefore, we have

2) 7_’_ 2Cy07R < Z €
MAy — 3’

which implies that the required assertion (5.17) holds. The proof is complete. O

E( sup [e(t A Ba,n)l
0<t<T

Obviously, combing the second result of Lemma 5.1, Lemmas 5.3 and 5.4 derives the strong

convergence between Z(t) and X (t).

Theorem 5.1. If (S1)-(S5) and (F1)-(F3) hold with k& > 61 V 202V 204 V (62 + 04 + 1), then
for any xg € R™, yg e R, 0 <p < k/fy and T >0

i dim E( sup 70 - X(0F) =0 501
Al p B sup, [9(6) = X (2) (5.21)

Proof. For any T' > 0, combining Lemmas 5.1, 5.3 and 5.4 implies that the desired assertion
holds for p = 2. Obviously, (5.21) holds for 0 < p < 2 due to the Holder inequality. Next, we
consider the case 2 < p < k/6;. Choose a constant ¢ such that p < ¢ < k/04. Utilizing the

Hoélder inequality, Lemmas 2.3 and 5.1 we derive that

2(g—p)

=, o)~ XOP) =E( sy, a0 = X0 ¥ oto) - X

]
|

1S}

i
N

Q
|
N

< [E( sup_fot0) - X@))] [ swp s - X(017)]

0<t<T 0<t<T

<cr[B( suwp [2() - X0)F)] "

0<t<T



This, together with the case of p = 2, implies the required assertion. The proof is complete. [

Theorem 5.2. If (S1)-(S5) and (F1)-(F3) hold with k > 461 V 2(62 4+ 1) V 205 V 26,4, then for
any rg € R™ yp e R"™, 0 <p < k/0y and T > 0,

lim lim lim E( sup |:c€(t)—X(t)\p> = 0.
e—=0A1,A2—0 MAg—o0 0<t<T

Proof. For any 0 < p < k/64, using the elementary inequality, by virtue of Lemmas 2.2 and
Theorem 5.1, yields that

lim lim lim IE( sup |z°(t) — X (t) ]p>
e—0A1,A2—0 MAgs—o0 0<t<T

< lim Elzf(¢) — 2(H)P + 2° i li IE( ‘t—ti):.
<2 I Elet(t) 2P +27  m | Hm OiltlgT‘x() ) =0

The proof is complete. O

6 Strong error

This section focuses on the strong error estimate of the MTEM scheme. To obtain the rates
of convergence we need somewhat stronger conditions compared with the convergence alone,

which are stated as follows.

(S1’) For any x1,x2 € R™ and y € R™2, there exist constants #; > 1 and K > 0 such that
b1, y) = b(w2, )| + o (21) = o(22)] < Kot — za|(1+ |22 ™ + [a2|™ + [y|™).
(S4’) For any x1,x9 € R™ and y1,y2 € R™2, there is a constant K5 > 0 such that
2(z1 — x)" (b(w1,11) — b2, 12)) + |o(21) — o (w2) > < K5 (w1 — zaf* + [y1 — v2l?).
Remark 6.1. It follows from (S1’) and (S2) that for any (z,y) € R™ x R"2,

< Kily|(1+ |z|? + [y|?) + K|=[ (1 + |z|") + [5(0,0)]
< C(1+ || @VODHL 4|y 0,

namely, combining (S1’) and (S2) leads to (S4) with 65 =60, V63 + 1 and 64 = 65 + 1.

Remark 6.2. According to Remark 6.1, choose ¢(u) = 1 + u??V%. Then we have

bz, )| < C sup p(u)(1+[z)) + |y|"=*, Vu>1, |2] <

lz|<u

Using the similar techniques to that of Lemma 4.1, we derive that the averaged coefficient b

keeps the property of polynomial growth. To avoid duplication we omit the proof.
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Lemma 6.1. If (S1°), (S2) and (F1)-(F3) hold with £ > 2V 61 V 20, then for any 1, x2 € R™,
there is a constant L > 0 such that

|b(21) — b(x2)| < Llay — wa|(L+ |ag |71V + |ag]1V02).

Lemma 6.2. If (S1’), (S2), (S4’) and (F1)-(F3) hold with k> 2V (A2 + 1), then for any

T1,x0 € R™,
2(xy — I'Q)T(l_)(l'l) —b(z2)) + |o(z1) — o(z2)|?> < Clay — x9)°.

Proof. Due to (S1°), (S2) and (F1)-(F3) with & > 65 + 1, it follows from the definition of b(x)
and (S4’) that

2(16‘1 — $2)T(E(ZL‘1) — 5(532)) + |0'(3}1) _ U(x2)|2
:/an Rn2 [2(3:1 - ﬂUz)T(b(xl,yl) — b(x2, ?/2)) + |o(x1) — U(ﬂ:g)\Z]w(dyl x dyp)

<Kjs|x; —I2\2+K5/ ly1 — 2| *m(dy1, dya),
R™1 xR™2

here m € C(p*', *?) is arbitrary. Then owing to the arbitrariness of m € C(p™!, u*?),
2(x1 — x2)" (b(z1) = b(x2)) + |o(21) — 0(22)|” < Ks|w1 — @a* + KsW3 (1™, "),
Under (F1)-(F3), we deduce from (2.2) that
2(x1 — x2)" (b(x1) — b(x2)) + |o(21) — o(22)” < Clay — 22
The proof is complete. ]

According to Remark 6.1 and Lemma 4.12, we give the bound of E‘l_)(x) — By (z, Y,f’yo)‘Q.

Lemma 6.3. If (S1°), (S2) and (F1)-(F3) with & > 2(f2 + 1) hold, then for any x € R™,
Yo € R"2, Ay € (0,As], and integers n > 0, M > 1,

7 1
E]b(m) — BM(x,yrf,yO)IZ < C(l + |$‘2(92+1)+‘y0|2(92+1)) (Az + MA2>'

By the same proof techniques as the strong convergence of the MTEM scheme in Section 5,
we give the error estimates of E|Z(T) — Z(T)|? and E|Z(T) — X (T)|?, respectively.

Lemma 6.4. If (S1°), (S2), (S3), (S4’), (S5) and (F1)-(F3) hold with k > 2V 6, V 265, then
for any xg € R™, T > 0 and Ay € (0,1],

E|lZ(T) — Z(T)|* < CrayAr.
Proof. Let e(t) = z(t) — Z(t) for any t > 0. Define the stopping time

0 AT

A1 Py prrmar ) D e mar Py
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Choosing p > 2(61 V 02 + 1) and then using the Young inequality for p > 2, we derive that for
any T > 0,

Ele(T)|* = E(|e(T)|* T (g, >1y) + E(le(T)* Lo, <1y)
2A-Ele(T) P p—2)POa, <T
< E(e() g, o) + 221 (TP, (p—2) (4 )
p AP2
bAag

(6.1)
Under (S1°), (S2), (S3), (S5) and (F1)-(F3) with k£ > 6; Vv 265, it follows from the results of
Lemmas 2.3 and 5.2 that

Ele(T)[” < C(E[Z(T)]P +E|Z(T)P) < Cap1p-
Furthermore, by Remarks 2.2 and 5.2 we deduce that

P(0A1 S T) S ]P)(Tgﬂfl(KA;l/Z)
CSC(),T,P

T (etma )

<T)+P( <T)

Paretar'?)

Then inserting the above two inequalities into (6.1) and using p > 2(0; V 62 4 1) yield that
Ele(T)]* < CuyrpA1 +Ele(T Aba,)%
Thus for the desired result it is sufficient to prove
Ele(T A 0a,) > < Cup 1 pi.

Recalling the definition of the stopping time 6a,, one observes that Z*(t) = Z(t), 0 < t <
T A 6a,. Thus using the It6 formula for (1.4) and (5.10) yields that

TAOA, - ~
E|e(T A 6a,)? =E /O (267 (1) (b(@(1) — B(Z (1)) + |o(2(1) — o(2(1) ] at

Under (S4’) and (F1)-(F3) with £ > 6 + 1, utilizing the Lemma 6.2 and the Young inequality

we derive that
T/\eAl
Ele(T A0, )|? < CIE/ le(t) 2t + Ty + Jo. (6.2)
0

where
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Due to (S1°), (S2), (S3), (S5) and (F1)-(F3) with k£ > 61 V26,V 0y, it follows from the results
of Lemmas 5.2 and 6.1 that

T
Ji < C/ E[|Z(t) = Z()]P(1+ [Z(6) P00 4 |Z(2)PO102)) ] de
0
T - 1 ~ 1
<C / (BIZ(®) — Z2@1")* [EQU+ 2@ 4 2(0)0V%)] *at < Coprpt. (63)
0
In addition, using the Young inequality and the Holder inequality yields that

TAOa, - )
T < CB [ eOIIZ0) = ZEI0 + 0P + | ZOF" + 120" ar

N[

v 1 _
<c [ ®126) - 201" [EQ+ sF" + 120" +1208")] a
0
T
+ C/ Ele(t A Oa,)|*dt.
0
Similarly to (6.3), applying Lemmas 2.3 and 5.2 we show that
T
Jy < Cx07T7pA1 + C/ E\e(t A 9A1)’2dt' (6.4)
0
Inserting (6.3) and (6.4) into (6.2) and then using Gronwall’s inequality derive that
Ele(T A QAI)\Q < Cuo 1 pAl,

which implies the desired result. The proof is complete. ]

Lemma 6.5. If (S1°), (S2), (S3), (S4’), (S5) and (F1)-(F3) with k > [2(201 +1) V2(01 V02 +
1)](62 + 1) hold, then for any zo € R™, yo € R"2, T >0, Ay € (0,1], Ay € (0,Az] and M > 1,

_ _ 1
E|Z(T) = X(D) < Cryorr (81 + 82 + 75-).

Proof. Define the stopping time
b0 = Paypmracar’® N Pavp-i(kar’?y

where ﬁAl,w—l(KAfl/Q) and Py p-1(rcasl/?) ATe given by (5.8) and (5.15). Due to k > [2(260; +

1)V 2(61 V02 4+ 1)](02 + 1), we can choose a constant p such that
2 < 2(91V92+1)\/2(291 +1) <p< k/(@g—i—l).

By (S1’), (S2), (S3), (S5) and (F1)-(F3), using Lemmas 5.1 and 5.2 as well as the Holder
inequality yields that

si E( sup [Z@0P)v  swp B sup [K(OF) < Copyory (65)
A1€(0,1]  NOKtLT A1€(0,1],A42€(0,A5]  t€[0,T]
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Then applying the Young inequality, for any § > 0 we obtain that

Ele(T)* = E(|e(D) 1 (g, >1y) + E(|e(T)* L5, <1y)

B 2A p—2 -
<E(e(T) g, o) + 2 BT + L0, <), (6.6

AT

It follows from (6.5) that
Ele(T)P < 227 E|Z(T)IP + 2P E|X ()P < Cup,yo,7p-
Furthermore, by the Markov inequality and (6.5) we derive that

<T) <P(IX(TApy, )= (KA )

P(%l,@—l(m;” 2)

(KATY?)
< E‘X(T/\ﬁAlvw‘l(KAfl/Q))’p Co,y0.T,p
(e EAT) T (e EAT)
Then combining the above inequality and Remark 5.2 gives that
P(Oa, <T) <P(o, 1 onorin ST) 4B, 1 <T) < — CromTe
Le KAL) A~ (KAT)

(LKA )P

Due to p > 2(6; V 02 + 1), inserting the above inequality into (6.6) shows that

Cxo,yo,T,pAl + Cxo,yo,T,p
_1
P PATE (o L (KA ?))P
< E(e(T)PLig, >1y) + CrogorpAi-

Ele(T)]” < E(le(T)*Lig, >1y) +

Hence for the desired result it remains to prove that

E(le(T)* g, >11) < CaoorpAAr-

Obviously, X*(t) = X (t) and Z*(t) = Z(t) for any 0 <t < T A fa,. Using the Itd formula for
(3.8) and (5.10) and the Young inequality, under (S4’) and (F1)-(F3), by Lemma 6.2 we arrive
at that for any 7' > 0,

Ele(T A Oa,)* = E/OTAHAI PéT(t) (E(Z(t)) — By <X(t),YX(t),yo>> +lo(Z() - a(X(t))P] N
TAOA, o o 7 )
< IE/O [zéT(t) (b(Z(t)) - b(X(t))) +|o(Z(t)) — G(X(t))|2}dt
+ /OT CEle(t AOp,)Pdt + T + I + Is + Iy

T
g/ CEJE(t A Oa,)?dt + I1 + I + I + I, (6.7)
0
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g_cAlmWﬂm—MﬂmPHdﬂw—0@®WMu

In addition, owing to (S1°), (S2) and (F1)-(F3) with k£ > 2(f2 + 1), applying (4.5) and Lemma
6.3 implies that for any 0 <t < T,

— 2 _ e 7 2
E[p(X(1)) = By (X(t)’ YX(t)’y()) =E|b(Xns, ) — Bu (Xnm(t), yra yo)

LN (t)-Y0

= E[E<‘B(XnAl(t)) — By (XnAl(t)’ Yn)il(t) )

)

< C(Ag - L) (1 + [yo 2P + EIX,, )12”2“)).

s

=Xnp, @

Furthermore, due to p > 2(63 + 1), utilizing (6.5) and the Holder inequality we deduce that

1 T
L < C(A2 + 7> / (1 + |y0’2(92+1) +E|XnA1(t)‘2(92H))dt

MA
T 2(62+1)
) [ EXor) T ar

< Cyr (Az + MlAg)’ (6.8)

Under (S1°), (S2) and (F1)-(F3) with & > 61 V 265, by Lemma 6.1 and the Holder inequality

we derive that

< Cy, <A2 +

b+h<0/ X (1) = X(0)(1+ X (0) POV + X (1) POrvD) )t

+c1/ 1Z(0) —~ Z@P (1 + | 2P0 1| Z(0) )ar

2p(01VO2) _ 2p(01Vo2)

<o/ BIX() - X(0P)” (B(1+ X055 + 0] "75)) 7 a

2p(67 VO 2p(67V0g) N\ 2=2

+c/ B12(0) - 20)P)” (B(1+ 120 55 + 1200/ "55)) 7 at

Thanks to 2(01 V02 +1) < p < k/(62 + 1), we have 2p(0; V 02)/(p —2) <p < k/(#2+1). Then
applying Lemmas 5.1 and 5.2 and the Holder inequality yields that

2 p=2

h+h§C/TMX@—X@@p@u+X@W+W®M)pd

+c/ BIZ() - Z0)P)" (1 + 1Z0F + 1Z01) 7 dt < Coppoirphr. (69)
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In view of (S1°), together with using the Young inequality and the Holder inequality, we also
obtain that

TAOA, _ _
I < CE /0 E(0)(1X (1) — X ()] + 12() - Z(1)])

x (14 X0 + X0 + 2% + | Z2(8)])dt

hSAIN]

T B T B B
<c [ Eends)Pat+0 [ [BOX0 - XOF +12() - Z0))

4p01 4p6q _ 4p6q p;Q

x [EQU+ X + X0 + (2052 +120]73)] 7

Similarly, owing to 2(26, +1) < p < k/(#2+ 1), 4pb1/(p —2) < p < k/(62 + 1). By means of
Lemmas 5.1 and 5.2 and using the Hoélder inequality we deduce that

T T 2
I, < c/ Ele(t A Oa,)%dt + C/ E(X (1) - XOF +12() - Z@)P)]”
0 0
p=2
< [B(1+XOP + [XOF + 120 +120)7)] 7 at
T
< C/ Ele(t A Oa,)|?dt + CugyorpAi. (6.10)
0
Then inserting (6.8)-(6.10) into (6.7) implies that
T
Elea, (T A Bay)f < c/ EJe(t A Ba,) dt + Cag o rp (A1 + B2+ —— ).
0 MA,
Using the Gronwall inequality shows that
Elea, (T A Ba )‘2<Cx T <A1+A2+L)
1 1 — 0,Y0,4,P MAQ ’
which implies the desired result. The proof is complete. O

Combining Lemmas 5.1, 6.4 and 6.5, the error estimate of the MTEM scheme is yielded
directly.

Theorem 6.1. If (S1°), (S2), (S3), (S4’), (S5) and (F1)-(F3) hold with £ > [2(26; + 1) V
2(61 V 09 + 1)] (62 + 1), then for any zg € R™, yo € R"2, T > 0, A € (0,A1], Ay € (0, Ag] and
M>1,

1
- 2
EI#(1) = X(D) < Cryyorr (A1 + B2 + 75,

Theorem 6.1 gives the strong error estimate between the exact solution of the averaged
equation (1.4) and the numerical solution generated by MTEM scheme. The determination of
the strong convergence rate of the averaging principle further allows us to ascertain the strong
error estimate between the slow component of the original system and the MTEM numerical

solution. An important case is presented here to illustrate this. Let us assume that the slow
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drift term b = b1 + by and satisfies that
(B1) There exist constants C; > 0, a > 0 and 6 > 2 such that for any = € R™,

2Thy(z) < —alz|? + C1 (1 + |z?).
(B2) There exists a constants L > 0 such that for any z,x; € R™ and y; € R"2, i = 1,2,
b1 (2)] < L+ [2]"71),
b2 (21, y1) — b2(w2,2)| + |o(21) — o(22)| < L(|w1 — 2| + [y1 — w2),

where the constant 6 is given in (B1).

(B3) There exists a constant K > 0 such that for any z1,ze € R™,
(xl - ZL’Q)T(bl(xl) — bl(l‘z)) S K|J}1 — x2|2.

Meanwhile, Assumptions (F1)-(F3) are preserved without modification. Subsequently, the sub-

sequent strong averaging principle can be inferred from [19, Theorem 2.2].

Lemma 6.6 ([19, Theorem 2.2]). Suppose that (B1)-(B3) and (F1)-(F3) hold. Then for any
(z0,y0) € R™ x R™ and T > 0,
IE< sup |z5(t) —:Z‘(t)\2) < Ces.
t€[0,T]
Theorem 6.2. Suppose that (B1)-(B3) and (F1)-(F3) hold with £ > 4(20 — 1). Then for any
T>0,A¢c(0,1], Ay € (0,As] and M > 1,

1
Elo®(T) - X(T) < Cr ( TN A2> .

7 Numerical examples

This section gives two examples and carries out some numerical experiments by the MTEM

scheme to verify the theoretical results.

Example 7.1. Recall the SFSDE (1.5). The exact solution of the averaged equation with initial
value z(0) = zo has the closed form (see, e.g., [21, 24])

B zoexp(—3t + W(t))

- \/1 + 223 fot exp(—3s + 2W1(s))ds'

It can be verified that (S1°), (S2), (S3), (S4’), (S5) and (F1)-(F3) hold with 6; = 2,0, =1

and any k > 2. According to Remark 6.2, we can choose ¢(u) =1 +u?, ¥ u > 1. For the fixed
A1, Ay € (0,1] and integer M > 1, define the MTEM scheme for (1.5): for any n > 0,

z(t)

_1 1 *
Xo = x0, X, = (‘Xn\ A(2AE - 1)2) R Y5 =,

Yo = Vi 4 (X — Yo ™) Ag + AW2

n,m?

m=0,1,...,M—1,
R s 1L L (7.1)
Bu (X, VX0 = —(X7) —MZYmn,
m=1

Xpi1 = X + By (X2, Y5 AL + X, AW
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Figure 2 predicts the numerical solution generated by the MTEM scheme and the exact solution
of the averaged equation (1.7). Comparing Figure 1 and 2 one observes that the truncation
device in the MTEM scheme effectively suppresses the explosive divergence phenomenon of the
PI iteration process. Correcting the grid points by using the truncation mapping, the MTEM
numerical solution rapidly converges to the exact solution of the averaged equation after going

through the initial transient oscillation phase.

500 T T T T T
— —-MTEM numerical solution X (%)
400 || — —-Exact solution Z(t) i
It
i
I
= 300} -
— WL
N |||:
Il
= 200}y .
< I||I
= !
= 100 —|.|: -
I,
W,
l”l
O [l s s e e e e
f.
_100 1 1 1 1 1
0 0.5 1 1.5 2 25 3

Figure 2: The sample paths of the MTEM numerical solution X () on ¢ € [0, 3] with A; = 276,
Ay =276 and M = 218,

Owing to Theorem 2.2, one notices that x°(¢) converges to Z(t) as ¢ — 0. Next we pay
attention to the strong convergence between Z(t) and the numerical solution X (¢) by the MTEM
scheme (7.1) as Ay, Ay — 0 and M Ag — oo revealed by Theorem 6.1. To verify this result, we
carry out some numerical experiments by the MTEM scheme. Provided that we want to bound

the error by O(277)(¢q > 0), the optimal parameters are derived by Theorem 6.1 as follows:
A =0(279), Ay=0(279), M =0(2%).

In the numerical calculations, using 500 sample points we compute the sample mean square of
the error (SMSE)

500
_ 1 G ;
Bla(t) - X ~ o= > e () - XPP, (72)
j=1

where 7 )(nAl) and X7(1j ) are sequences of independent copies of Z(nA;) and X, respectively.
Note that for the fixed n and j, zU )(nAl) and Xflj ) are generated by a same Brownian motion.
Then we carry out numerical experiments by implementing (7.1) using MATLAB. In Figure 3,
the blue solid line depicts the SMSE for ¢ = 2, 3,4, 5,6, 7 with 500 sample points. The red dotted
line plots the reference line with the slope -1. In addition, we plot 10 groups of sample paths of
z(t) and X(t) for t € [0,5] with (Ay, Ay, M) = (278,276,212). The Figure 4 only depicts four

groups of them.
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0 T T T T T T T
log,(SMSE)
- -Reference line with slope -1

log, (SMSE)
IS

Figure 3: The SMSE for ¢ = 2,3,4,5,6,7 with 500 sample points. The red dashed line is the

reference with slope -1.

— & (t, w3)
- X ()]
—T(t, wi)
- X ()

Z(t) and X(¢)
Z(t) and X (t)

25 3 a5 4 45 5 0 05 1 15 2 25

Figure 4: Four pairs of sample paths of Z(¢) and X(¢) for ¢t € [0,5] with (Aj,Ag, M) =

(278,276 212),

Example 7.2. Consider the following SFSDE

(oW
8
™

t) = [2°(t) — 2°(1)(y*(1))* + y (1) ] dt + 2° (1) AW (1),

(2°(t) — 4y"(¢))dt + \}g(xa(t) +y° (1) dW?()

with the initial value (zg,y0) = (1,1). Assume that

b(z,y) =z —ay*+y, o(x)==x flr,y)=z—4y, glz,y)=2z+v.

(7.4)

It can be verified that (S1)-(S5) and (F1)-(F3) hold with 6; = 6, = 2,03 = 6, = 2 and
6 < k < 9. Then using lemma 2.2 yields that the strong convergence between z°(¢) and

the averaged equation Z(t) in pth (0 < p < k) moment. Although the averaged equation

provides a substantial simplification for SFSDE (7.3), the closed form of the averaged equation

is unavailable. Then classical numerical approximation techniques can’t be used directly. This

is where MTEM scheme defined by (3.6) comes in.

First, by (3.1) we take ¢(u) = 1+u%,u > 1. Then for any A; € (0, 1], Ay € (0,1] and integer
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M > 0, define the MTEM scheme for (7.3): for any n > 0,

1 1
* 2 2 n X’:;. J—
Xo=1,%; = (1Xa| A (28,7 = 1)7) oy, Y7 = 1,

Yo = Yt 4 (X — AY;m ) Ay + Yo " AW? m=0,1,...,M—1,

m— n,m?
M
* * * 1 * *\ 2 *
Bar(X;, Y50) = X5 + - mzl (= Xn(¥m)™ + ),

X1 = Xn + Bu (X5, YY) AL + X, AW,

Therefore, by Theorem 5.2, using this scheme we can approximate the slow component of SFSDE
(7.3) in the pth (0 < p < k/2) moment. In order to test the efficiency of the scheme, we
carry out numerical experiments by implementing (7.5) using MATLAB. Let (A, Ao, M) =
(2719278 216)  The Figure 5 depicts the five sample paths of | X (¢)| and sample mean value
of 100 sample points in different time interval [0, 7], where T' = 5 (left), T = 10 (middle) and
T = 20(right), respectively.

o

by
t

Figure 5: Five sample paths and sample mean value of | X (¢)| for 100 sample points in different

time intervals

8 Concluding remarks

In this paper, we have developed an explicit numerical scheme tailored for a category of
super-linear SFSDEs wherein the slow drift coefficient exhibits polynomial growth. An explicit
multiscale numerical scheme, termed MTEM, has been proposed through the application of a
truncation mechanism. The strong convergence of the numerical solutions yielded by the MTEM
scheme has been rigorously established. Furthermore, the convergence rate has been determined
under weakly restrictive conditions. The construction of an explicit scheme to approximate the
dynamical behaviors of the exact solutions for more generic SFSDEs featuring a super-linear
fast component remains an intriguing topic for future investigation. This direction will inform

our subsequent research endeavors.
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