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Optical measurements are widely used in orbit determination (OD) during the approach
phase of an asteroid exploration mission. Optical-only OD suffers from range ambiguity,
leading to poor OD performance. This paper proposes a method to improve optical-only OD
performance using vision-based range (VBR) measurements. The proposed method doesn’t rely
on prior knowledge about the shape or size of the asteroid. The proposed method first calculates
the asteroid’s area projected on the image, with which the ratios of ranges from spacecraft to
asteroid between different epochs are obtained. Then, VBR measurements are constructed
by multiplying the range ratios and the previous range estimations. A linear programming
algorithm is developed to filter noises and improve the accuracy of VBR measurements.
Additionally, as the VBR measurement relies on both current and previous states, expressions of
the covariance are derived to handle the time-series dependency of VBR measurements, which
can improve the accuracy and uncertainty quantification capacity. Finally, optimal estimations
are obtained using both the angle and VBR measurements in a Kalman filter framework. The
proposed method’s performance is validated in the approach phase of the Bennu asteroid.
Numerical simulations show that the estimation accuracy and convergence are improved by

approximately 37%.

I. Introduction
THE last two decades have witnessed an increased interest in asteroid exploration from both scientific and engineering
communities [1H4]. As asteroids are remnants of our early solar system, a detailed investigation of their composition

can provide deep insight into the origins of life and the formation of the planets. In addition, asteroid exploration is of
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interest for potential in-situ resource utilization [5,[6]. Various asteroid exploration missions have been implemented,
including NEAR Shoemaker [7]], Hayabusa2 [§]], OSIRIS-REx [9} [10], and AIDA [11}12].

There are several types of asteroid exploration missions, such as the flyby [3} [13| [14]], landing [[15. [16], impact
[L1L [12]], and sample return [10, [17]. No matter which type of mission, the approach to the asteroid is an inevitable
phase in which the spacecraft needs to find the asteroid, determine orbits, and guide its trajectory toward the asteroid
[3L118L119]. As an effective orbit determination (OD) method, on-board optical measurements have been widely used
in previous asteroid missions [20-23]]. It is well-known that the optical measurement approach to OD suffers from
drawbacks related to range ambiguity [24} 25]. The approach trajectory with respect to the asteroid is an almost straight
line, toward the asteroid. The straight line-like relative trajectory causes the similarity of measurements at different
epochs and significantly degrades the performance of optical-only OD [19, 26, [27]] The range ambiguity problem of
optical measurements can be resolved by constructing additional range measurements. Generally, there are two ways
to construct range information: direct and indirect. The direct means is to add an on-board range sensor, such as a
Lighting Detection and Ranging (LiDAR) [28} [29], to provide reliable range measurements. However, the on-board
range sensor can only work when the spacecraft is close enough to the asteroid (usually tens of kilometers). In addition,
a range sensor like LiDAR adds more complexity to the spacecraft, which is inappropriate for small-satellite platforms
whose mass and power are limited [22].

An indirect means of constructing range measurement (or measurements related to range information) is by
combining optical information with additional information of the target body, such as shape and size (or diameter).
Christian proposed a method to navigate a spacecraft using the target body’s centroid and apparent diameter in images
[30]. The target body is modeled as a triaxial ellipsoid with known sizes, and then the position of the spacecraft relative
to the target body can be obtained by fitting the projection of the target body on the image using an ellipse. Recently,
Takahashi et al. made significant progress in this area by investigating the possibility of using angular size (equivalent
to dividing the range by the asteroid’s mean radius) measurement to improve optical-only asteroid approach navigation
performance [13]. Takahashi’s method relies on shape reconstruction methods to accurately model the asteroid’s
shape [5} 31]] and an initial guess of the asteroid’s mean radius. In addition, the problem of range ambiguity can be
improved if a secondary asteroid exists (say, a binary asteroid system) [32]], or the spacecraft executes a maneuver [19].
These methods rely on particular conditions (shape, number of asteroids, or additional maneuvers), which limit their
applicability.

This paper proposes a method to improve the performance of in-direct, passive (without additional maneuver),
optical-only OD during the asteroid approach phase. The proposed method constructs additional vision-based range
(VBR) measurements without prior information (shape or size) about the target asteroid. The VBR measurement of a
current epoch is obtained by multiplying the range ratios between the current and previous epochs and the estimated

range of the previous epoch. The range ratio is obtained based on the asteroid’s area projected on the image plane at



different epochs, which are calculated using a subpixel edge detection-based method. In this way, range measurements
are obtained without requiring shape or size information of the asteroid. To address the effects of the asteroid’s
irregular shape on the VBR measurements, a linear programming algorithm is developed to smooth the range ratio
data. Additionally, as the VBR measurement is related to both the current and the previous state, new expressions
for the cross-correlation covariance matrix and the predicted measurement covariance matrix are derived under the
framework of the extended Kalman filter. The newly derived covariance expressions can better handle the time-series
dependency of the VBR measurements. The proposed method is applied to solve the OD problem in the approach
phase to the asteroid Bennu to validate its performance. The proposed method’s accuracy and convergence are tested by
comparing it with several competitive methods. Moreover, the sensitivity of the proposed method with respect to the
target asteroid’s ephemeris error is also investigated and discussed.

The remainder of this paper is organized as follows. The dynamics and measurement models, the standard extended
Kalman filter, and the pixel area calculation method are introduced in Sec.[[} Section [[II] details the key techniques of

the proposed method. Numerical examples are given in Sec. and conclusions are given in Sec.

I1. System Model & Preliminaries

A. Dynamics and measurement model
A classic OD problem can be represented by a combination of a nonlinear dynamical equation and a measurement

equation in the form
x = f(t,x)
, (1)
z=h(x)+e¢
where x = [r;v] € RO denotes the state vector of the spacecraft at the epoch ¢, 7 = [x,y,z]T € R¥*andv = [%,y,z]T € R3
represent the position and velocity vectors of the spacecraft, respectively, ¥ = f(¢,x) : R® — R® is an ordinary
differential equation defining the nonlinear dynamics model, z € R is the measurement vector, k(x) € R denotes the
measurement model, € € R™ is the zero-mean white measurement noise and m is the dimension of the measurement
model.
The heliocentric equatorial inertial (HEI) frame is employed in this work. It is a fixed reference frame with its origin
at the center of the Sun and its x-axis aligned with the mean vernal equinox at 1200hrs Terrestrial Time on 1 January
2000 (i.e., J2000). The dynamic model used herein to describe the motion of the spacecraft includes the point-mass

gravity fields of the Sun and perturbation bodies, and the solar radiation pressure (SRP), given by
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where u, denotes the gravitational constant of the Sun, u; and r; € R? represent the gravitational constant and the
position vector (in the HEI frame) of the i-th perturbation body, respectively, Cr stands for the reflection coefficient of
the spacecraft, Po = 4.56 x 107% N/m? is the reference value of the SRP at a distance of 1 AU (149597870.0 km) from
the Sun and % denotes the area-to-mass ratio of the spacecraft. The ephemeris data of the disturbing bodies used herein
comes from the Jet Propulsion Laboratory’s Development Ephemerides (DE430) [33].

Two measurements are employed: the angle measurement and the vision-based range (VBR) measurement. Therefore,

the measurement equation in Eq. (I)) can be further written as

4] hi(x)+é&
= :h(x)+8: ’ (3)

2 hy(x) + &

where z; = h(x) + & and z, = hy(x) + &, represent the angle measurement equation and the VBR measurement
equation, respectively. The angle measurement describes the relative direction between the spacecraft and the asteroid.
Once the image is taken by equipped optical sensors, the angle information can be obtained by identifying points and
streaks in the image and then extracting the targeted asteroid. The angle measurement can be represented by the right
ascension « and the declination 3, given by

_ - . -1 %a—%
1Ya y,ﬂzsm 1 Za ’
Xq =X lra —rll

@ = tan

“

where 7y = [X4, Va, 2a]T € R3 represents the position vector of the asteroid. The angle measurements are obtained
using a moment algorithm called the center-of-mass algorithm [34]. Additionally, the VBR measurement model will be
provided in Sec. [[1I

The corresponding discrete format of the OD problem is formulated as

xp=F(xp_1,tk-1,tk)

21,k hi(xp) +erk | > %)
K = =h(xy)+&r =

20,k hy(xi) + &2k

where x; € R®, z; € R™ and g € R™ are the state, measurement, and measurement noise at the epoch 7, respectively,

F : R® > R® represents the discrete dynamics equation, given by

1k
F(xp_1,ti-1,t) = / S, x)dr+xp_1. (©)

t-1



B. Extended Kalman filter

The extended Kalman filter (EKF) is a classic algorithm for solving OD problems and is taken as the base algorithm
in this work. The EKF linearizes the nonlinear dynamics and measurement equations and then obtains the optimal
estimation in a Bayesian filtering framework. The process of an EKF, following [35} 36], begins with the time update
procedure.

The time update procedure calculates the predicted state and the associated a priori covariance. Given the estimated
state £;_; € R® and the associated covariance matrix ﬁk_l € RO%6 at epoch #_1, the predicted state X |x—1 € R® and

the a priori covariance IA’k‘k_l € R%% can be obtained as
Biph-1 = F (X1, tr—1, 1) - 7

Prioy = ®F (£ Proy [@F (Re-D]" + 0y ®)

OF (Xp—1,ti-1,11) € ROX6

where @, € R®* is the covariance matrix of the process noises at the epoch 7 and (D;’; [ (Fpo1) = o

is the state transition matrix (STM). The STM can be obtained by integrating Eq. (9) based on the estimated state £4_:
A Af (1,2, N
@] (&)=L er (2)

T—1

€))

@) (£1-1) = Ioxs

Following the time update procedure is a measurement update procedure, which first calculates the predicted
measurement Zx|x—1 € R"™, the cross-correlation covariance matrix ﬁ;zk_l € R®™_ and the predicted measurement

. . 44 .
covariance matrix Py, _; € R™, given by

Zrjk-1 = h(Erjr-1) (10
P 1 = Pry_ HY (11)
Pl 1 = HiPry Hy + Ry, (12)

Oh (Xyjk-1) € RM*6

where R; = {sksi} € R™ ™ is the covariance matrix of the measurement noise at epoch 7y, Hy = T

is the partial derivative matrix of the predicted measurement at epoch #; with respect to the predicted state £z x—.
On the receipt of the measurement z;, the estimated state £; € R® and the posterior (updated) covariance matrix
ﬁk € RO%6 ¢ epoch 7, are obtained from

Ki=P (P D™ (13)

X =Xpk—1 + K (2 — Zij-1) » (14)



P =Py - K P KT (15)

C. Pixel area calculation using subpixel edge detection

Following [37], a subpixel edge detection algorithm is used to calculate the pixel area of the target asteroid in the
image. The algorithm is composed of several steps, outlined in Fig.[I] The first step converts the input image (the raw
image) to grayscale format, and then converts this grayscale image to binary image by thresholding. Thresholding is
particularly useful when working with grayscale images as it simplifies the image and reduces noise. Letting Igpay

(0 < Igray < 255) and I be the grayscale and binary images, respectively, then, the thresholding process is given as

1 Igray(ix,iy) >1n
Il(iniy) = B (16)

0 elsewise

where 77 is a user-defined threshold.

Raw image

Y

Step 1: Binary image

Y

Step 2: Pixel edge detection using improved
morphological gradient filter operator

Y

Step 3: Subpixel edge detection using Zernike
moment algorithm

Y

Step 4: Pixel area calculation

Fig.1 Flowchart of the pixel area calculation algorithm.

In the second step, the Zernike moment algorithm is employed to realize the subpixel edge detection based on the
pixel edge detection results from step 2; Zernike masks of size 7 X 7 are employed for subpixel edge detection. The
process of the Zernike moment algorithm is detailed in Ref. [38]]. Upon the subpixels of the asteroid edge detected
by the Zernike moment algorithm, a polygon specified by these subpixels is constructed. Thereafter, the area of the
polygon can be calculated, representing the asteroid’s area on the image.

It should be noted that there are also some methods, such as the polynomial fitting algorithm, the ellipse fitting



algorithm, the Gauss surface fitting algorithm, and the sigmoid curve fitting algorithm, that are available for subpixel
edge detection and area calculation [37,[39]. The algorithm shown in Fig.[T|can be interchanged with other methods.
The focus of this paper is improvement of optical-only OD performance by generating range measurement from the

pixel area information, rather than the subpixel edge detection method or the pixel area calculation method.

II1. Methodology

A. Vision-based range measurement model
Using the method presented in Sec. the pixel areas of the target asteroid at different epochs can be calculated.
Let Sk and Sk—s be the pixel areas of the target asteroid at a current epoch #4 and a prior epoch #_ s, respectively, where

¢ € N* and 7;_s is an epoch prior to 7. Then, a pixel area ratio can be obtained as

k-6 _ Sk
Kk = N
Sk-s

7)

where K’,ﬁ_ s represents the ratio between the pixel areas at the epochs 7z and fx_s. As shown in Fig.[2l AOAB ~ AOA’B’,
which shows that the radius of the asteroid’s projection on the image (AB) is inversely proportional to the range between
the asteroid and the spacecraft OB’ (say, OB’ - AB = A’B’ - OB). Note that the area is proportional to the square of the
radius (Sx ~ AB?), indicating that the area is inversely proportional to the square of the range. Therefore, a range ratio
can be expressed as

1911:75 _ Pk _ 1 _ Sk-s ’ (18)

Pk-s Kk=o Sk

where p; and pj_s represent the ranges at the epochs 7 and f4_s, respectively, 0'](“5 stands for the range ratio
of the epochs f;_s and t;. Given the estimated state X£; at current epoch fz, a state at the prior epoch fx_s,

Rr-sk = [Pr-sik; Pr—s|k]”, can be computed using Eq. (3) as

Riosik = F(Rp, tr, tr-s) (19)

It should be noted that £4_ 5|k # £x_s as £_s represents the state estimated by the OD algorithm, whereas £_ 5| is a
state propagated from epoch ¢, to epoch 74 _s based on £y.

Combing Eq. (I8) and Eq. (I9)), a VBR measurement at epoch #; can be obtained as

22(xk; 81, 6) = 07 Prsikc » (20)
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Fig.2 An illustration of the relationship between the pixel area and the range.
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Range between the spacecraft and asteroid

where py_ sk is an estimated distance at the epoch ;_ s, which is computed based on the state £4_ 5| as

Pr-sk = [Pr-sik = ra(te=s)|| - (21

Note that there are various variables that are related to the range between the asteroid and spacecraft. Table [T]
is provided to distinguish these range variables and improve readability. One can see from Table [T] that, if § = 0,
Pk-s|k = Pk- In addition, it should be noted that different from a regular measurement (e.g., an angle measurement)
that can be directly obtained from a sensor, the VBR measurement proposed in this paper is a combination of range ratio
(can be directly obtained from optical sensors) and estimated state (i.e., £, see Eq. (19)-(21)). However, it adds an
additional, range-related constraint on the estimated state, that is, 19]]:_5 Pk-s|k = Pk (not an equal sign here due to the
measurement noises). That constraint is independent of the angle measurement, which is expected to improve the OD

accuracy.

B. Range ratio data preprocessing and covariance analysis

The shape of an asteroid can be modeled as a sphere (or an ellipsoid), and thus, the range ratio 19,’:“5 can be
well-expressed using the pixel areas of the target asteroid (i.e., Sx and Si_s). However, due to the irregular shape and
spin of many asteroids, including the asteroid considered in this work, the pixel areas of the target asteroid in the image
are not only related to the range between the spacecraft and the asteroid, but also depend on the shape and spin state
of the asteroid. In this case, the obtained VBR measurement has compound errors, and its uncertainties cannot be

accurately modeled. A method is proposed herein to improve the accuracy of the VBR measurement for non-spherical



Table 1 Definitions of several range variables

Symbol Definition Expression Additional statement
The true range at the
given epoch i

N An estimated range at

P ok = lr(ti) = ra(t)|l

The position vector 7(#) is estimated

. Ok = ||F(ti) —ra(t
Pk the given epoch 7 P = IF(t) = ra ) by the filter.
. The position vector 7 _ 5| is obtained
~ An estimated range at o p . k=olk R
Pr-6lk Pi—sk = ||rk_5\k - ra(tk_(;)” by propagating the estimated state £«

a previous epoch 7y _
p p k=6 from a epoch #; back to a epoch #x_.

Various VBR measurements can be
22(xg; Xk, 0) = ﬁ,’:’éﬁk,(;‘k obtained at the given epoch t; by
changing the value for 6.

A VBR measurement

Xi; Xk, O .
22(xg; X, 0) at the given epoch 7

asteroids.
Assume that the images of the target asteroid are available at k+1 epochs (7o, 1, - - - , #x). Then, a total of @
range ratios can be obtained, given by
Py = {ﬁg“s’é <g<p<kpeNg eN*,éeN*}
k-6 k-6 k=6 k- 6k
ﬁk 1 ﬁk 2 ﬂk k-1 ﬂk k
ﬁk:l—dl ﬁk:1—52 L ﬂk:l—ék,l
k-1 k-1 k-1 ’ 22)
2-5 2-65
05 ! 05 2
1-6
9, !

where Py represents the set of range ratios available at epoch #x and 6; = j (1 < j < k and j € N*). With a given ¢,

k+1-j range ratios are available, which form the data set

Pi(67) = {05

6j3q3psk,peN+,qu+}
, (23)

_ (gk=6; qk-1-6; 0
- {ﬂk R A ,1961_}
where P (6;) S Px is a collection of range ratios satisfying § = ¢ ;.

6j

. ok—=8; . k-6;  k-1- k—-6;-M+1
To smooth the range ratio ﬂk 7, M successive elements, z?k ",ﬂk_l T 9,

KM+l o are selected from the set

Pi(6;), where M is a user-defined parameters satisfying M < k+1—j. Letp; (i € {k, k—=1,--- k=6, - M+ 1})
and p; be the true range and range rate at the epoch #;. During the interval [z §j—M+1s tr ], the range rate is approximated
using a linear model as

P~ Pk-s;-m1 + Pt = tks;-Mm+1) 5 (24)



where § denotes the averaged velocity rate in the given interval [f;_s —M+1s tr]. Here, the averaged velocity rate’p
is introduced to aid in deriving an approximated solution to smooth the range ratio measurements, and it will not be
employed when implementing the algorithm. Using Eq. (29), the range between the spacecraft and the asteroid can be
approximated using a quadratic expression as

. Pt~ fk—é,—M+1)2
P R Pr-6;-M+1 + Pk—6;-M+1(t = tk—s,—M+1) + 3 . (25)

Thus, the range ratio ﬁf_é'f (i e {k, k—=1,---,k—=6;-M+ 1}) can be approximated as

. B(AT:)?
PN Pk—6;-M+1 + Pk—s;-M+1AT; + ==
! . BATios;)?
Pk—6;-M+1 + Pk—6;-M+1ATi_5; + ————
(26)
S (AT = (ATiis)?
) = :
Pr-65;-Mm+1(AT; = ATi_5,) + p———F—"—
=14 - i
. ﬁ(ATi—él-)2
Pk—6;-M+1 + Pk—6;-M+1ATi_s; + ————

where AT, =t; —ti_s - M+ and Ati_s = lios; —lk—5,-M+1 A€ introduced to simplify the expressions. Then, assuming
that the length of the interval [z;_s M+ t] is much smaller than that of the approach phase, which holds if we select

a small value of M, the change in the range is much smaller than the range itself. Thus,

) P(ATi_s,)?
Pk—6;-M+1 + Pr—6;-M+1ATi_s; + % N Pk-5;-M+1 5 27
(AT))? = (ATi-s,)” = (AT + ATi—5,) (AT = ATis;) ~ 207 (AT; = ATi)) - (28)
Substitution of Eqs. Z7)-(28) into Eq. (26) gives
Py Sk—o.—M+1 + PAT;
970 x4 (Ary — Ary_y,) M T PTT (29)
| Pk-6;-M+1
Letco = 22%™ and ey = — P then, E (29) can be further written as
0= Pk-5;-M+1 1= Pi-s;-M+1’ » B4
9% ~ 1+ (AT; - Ati_g;) (co + 1AT) , (30)

where c( and c; are two coeflicients to be fitted using the selected M range ratios. Recall that the algorithm doesn’t
require an exact value or an initial guess for the averaged velocity rate §; instead, it indirectly estimates § by determining

. . . . . ’\i—éj _ i i i
the coeflicient c1, and thereby, smoothing the incoming range ratio data. Let ?, ™ =1+ co7;_ o T 5, Thes,—Me1

10



be the predicted range ratio at the epoch #;. Then, the residual error at the epoch #; can be formed as

Ai—(Sj
i

i-6;

i-6;
— l‘}i

e; = =1+ (A1, — Ati_s5,)(co + c1AT) = ¥, 3D
The coefficients ¢y and ¢ in Eq. (30) can be determined by minimizing the sum of the absolute values of residual errors

in Eq. (31). The cost function is written as

J= Z le:] . (32)

i=k+1-M
Note that the distance between the spacecraft and the asteroid usually becomes smaller as the spacecraft moves

closer to the asteroid. Therefore, a constraint is added as

ai

D,

4

T 1= (AT - Atz (co + c1AT) < 0. (33)

The constraint in Eq. (33) is employed for the approaching phase. If the spacecraft is departing the asteroid, the constraint

can be rewritten as 52_6" -1=(A1; - A‘ri_(;j.)(co + c1At;) > 0. However, if an additional maneuver is executed, the

assumption of being closer to the asteroid is not valid, which is one of the limitations of this smoothing method.
Noting that At; — Aty_s, = (t; = tk—s;-m+1) — (ti—s; = tk—s,-m+1) = ti — ti—5; > 0. Then, using Egs. (32)-(33),

an optimization problem is defined as

k
min J= Y el
€0-€1 i=k+1-M . (34)

s.t. co+ciA; £0

The optimization problem in Eq. (34) is difficult to solve as it is non-convex. To address the optimization problem

and make it easier to determine the coefficients, define a slack variable s = [Sgri—a, -+, Sx]T € RM, which satisfies

lei| < si;fori=k+1-M,--- k, (35)

The inequation in Eq. (35) can be further rewritten as

i-0;

i

1+ (A1 = Ati_5,)(co + c1A7) — ¥

IA

Si

(36)
i-3;
i

1+ (A1 = Ati_5,)(co + c1AT;) = 0

\

—5;

Rearrange the terms in Egs. (33)) and (36) and define y = [c1; co; s] € RM*2; then, the constraints in Egs. (33)) and (36)
can be rewritten in the matrix form

Ax <B, (37

11



where

[A,A1]0 Ay Iy

A= _ _ €R3MX(M+2), (38)
[A1,A1] 0 Ay Iy
Az Oprxm
ATpy1-p — AT— s, I ATppi-m
141 — c R(M+l),A2 — c R(M+1))<2 (39)
ATk - ATk_éj 1 ATk
B
_M=5; _s1T
B=| _p, | €< By =oM% . 970 e mMXT (40)
0M><1

In Egs. (38)-@0), © is an element-wise multiplication operator, and 0,4 = [0] pxq and I ,xq = [1] x4 are matrixes of
size p X g (p, g € N*) with elements being 0 and 1, respectively.
Using the vector y, the cost function given in Eq. (34) is rewritten, and the non-convex optimization problem is

further formulated as a linear programming problem (LPP) as

min J=cTy
X , 41)
st. Ay <B

where ¢ = [01x2, I1xpr]T € RIM*2X1 I this paper, the LPP in Eq. (@T) is solved using an interior-point optimizer
MOSE Once the LPP is solved, the predicted (smoothed) range ratio at the epoch #, ﬁllz—éj , is obtained using
Eq. (30).

A further difficulty in using the VBR measurement for asteroid approach OD lies in how to model the uncertainty
(usually represented by the standard deviation [STD]) of the measurement. Without modeling the measurement
uncertainties and constructing the measurement noise matrix (as shown in Eq. (12)), the filter algorithm cannot update
the estimated state and obtain the posterior covariance matrix. In this work, the STD of the predicted error of range ratio

A0 i approximated by the STD of the residual error e;, given as

k

. 2
Zk e — Zll:JflfMei
k+1-M L M

M

0'(19:_6‘f) ~o(e;) = (42)

*Available at https: //www.mosek. com/ [retrieved on January 2025]
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The covariance of the range ratio error is then expressed as

k-5, k=5, NP INE
PO = B(ADL 7)) ~ [o-(ﬁk f)] , 43)
k—é_,' _ "k—éj Pk . . . . k—5j .
where A, =v, 7 - 5. fepresents the true range ratio error. Substitution of the expression of A, ™ into
-9
Eq. yields
A k=6 ak—6; A
(k38K 05) =0 T Pr-siik P Pr-sj1k

, (44)

. k=6, A
Pk-s;1k =AD" Pr—s; 1k

Pk k-5;\ A Pk
=( - Ay J)Pk—a,-|k =
Pk-5; Pk

J

where z5(xx;£¢,0;) € R! represents the VBR with a given & at the epoch 7. Considering more than one VBR

measurement, the model given in Eq. (44) can be further written as

6j;

Pk A A
Pi-o;, Pk=05 Ik +Ad Pi-s;, 1k
Pk b + A9 5j2ﬁ
Py, Pk=0i Ik k=5, |k

) = . : (45)

k—
k
k—
k

22Xk Rk, 01,6y 20,

P
Pk-6;
L JnypR

A k=6, N
P~ 1k + A, Pr=6j,. Ik

where z3(xx; %%, 0,0/, -+, 0 ) € R™BR and nypg is the number of VBR measurements per epoch. It should be

JnyBRr

noted that Eqs. (4)-(@3) don’t mean that the VBR measurement relies on the true range (i.e., px and p—s;). Instead,

by splitting the range ratio data 19,’(“5 into a true part 5 Ii kéf and a noise part Aﬁ’;_d’ , we can easily investigate the OD
system uncertainties and derive the expression for the covariance matrixes, which will be shown in the next subsection.

According to the above discussion, the process of generating a VBR measurement is detailed in Table[2] Multiple
VBR measurements can be obtained by changing the value for ¢;. It can provide more information related to the
orbit, which can be considered as a constraint on the ranges at both epochs 7, and Tk-5;- Thus, if nyggr increases, the

estimation is expected to be more accurate as more constraints are added.

C. System modeling with VBR measurements

For a filter algorithm (say, EKF), comparisons between the collected measurements and the predicted measurements
are required. The differences between the collected measurements and the predicted measurements are usually called
measurement residuals. The uncertainty of the measurement residuals is described using the predicted measurement
covariance matrix 1327 «—1 (as shown in Eq. (I2)). In a standard case, the measurement at a given epoch, 7, only depends

on the state at that epoch, t;. However, the VBR measurement model contains both the current state and the previous
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Table 2 Procedure to generate a VBR measurement

procedure [z, (xy; £k, 0;), Pi_(s’] = generateVBR(Xy, 1, M, ;)

1: Compute the pixel areas at various epochs to obtain S; (i € N*,i < k) > Sec.
2: Compute the range ratios to construct the data set £ (5;). > Eq. (23)
3: Select M range ratios from the data set $; (6 ;) and smooth them to obtain 19];76" . > Eq. (1)
4: Propagate the estimated state £4 from the 7, back to 7x_ s, to obtain Fi_s, |- > Eq.
S: Compute the estimated range py—s; k- > Eq. 1)
6: Compute the VBR measurement as z»(xx; £x,0;) = ﬁ';fé‘fﬁk_(sjm > Eq. 20)
7: Compute the covariance matrix as Pllz_éj ~ [a‘(ﬁ,’i_éf )% > Egs. (42)-(@3)

o k-6;
return z(xy; Xx, 6;) and P, J

state, as range ratios rely on data at different epochs (as shown in Egs. (@4)-(@3)). In this case, Eq. no longer holds,

requiring a new expression for ﬁ?j x—1- In general, the predicted measurement covariance matrix ﬁ:,’j x—1 18 defined as
Py = B{(z - B{za}) (ze - E{z )T} (46)
Note that E{zx} = h(£xjx—1) since E{&r} € 0,,x1.Then, the measurement covariance matrix ﬁfik_l is rewritten as
Py =E{lzk — hEr-)] [z — h(E =117} 47)

. . . 44 .
Using Eq. (3), the measurement covariance matrix Py, _; can be partitioned as

AZZ AZZ

2z Piik-1 Piogr-r

Pix-1 = , (48)
LY44 LY#4
Py k-1 Poo ki

where

P it = B{lzik = hiRrge-)1 276 — By Rre-D]7} (49)

Substituting the equation z; x = ki (xx) + &] & into Eq. @I), multiplying out terms, and taking € ; and h; (x%) to

. . 44 .
be pairwise uncorrelated [40], Py x|, can be rewritten as

pzlzl,k|k—1 =E{[h1(x) + &1k — b1 Rrpe—1)][h1 (xk) + &1k — By (Rge-1)]"} 50)

=E{hi(x)h] (xp)} = by (R -1l (Frppor) + E{Sl,kslT,k}

Let R i = E{sl,kslTk} € R?*2 pe the covariance matrix of the angle measurement. After defining 6xx = x¢ — £g k-1

14



and expanding k1 (xy) in a Taylor series, with respect to X4|x—1, yields the first-order approximation

hi(xi) = hy(£rjp-1 +0x1) = hy(Rxi-1) + Hy 1 6x g, (1)
where
R oh(x bbr.
Hy i (Xgjp-1) = al( ) =H (52)
X X=X k-1

Using Eq. (51)) and recalling that pk|k_1 = E{éxk(Sx{} and Ry . = E{sl,kslT’k},

44

PT jeor  HiaPr HY  + Ry (53)

Then, the expression for 1333 k|k—1 can be derived. First, consider the case of nypr = 1 (Eq. (44)). Substituting

Eq. (#4) into Eq. @#9), ﬁ§§ k|k—1 1S rewritten as

2
5 koA k=6; » .
ST =E{[ P Pr—s;1k + AT, jpk—éjk_hZ(xklk—l)] } (54)
Pk-6;
where
. . hy(x . .

P Pr-s;1k — ha(Rx-1) = Mkz(xk—(sﬂk) = ho(Rgp-1) - (55)
pk—éj h2(xk—6j)

Using the Taylor series expansion, h2(xx) and ha(x-s,) can be approximated as

hy(xi) ~ ho(Rxpr-1) + H2 k6x¢ , (56)
ho(xk-s;) = ho(Rp—s;1k) + Hok—5,0X k-5, » (57)
where 6xk_s; = Xk-5; — Xx—s;|k and
R oh,(x bbr.
Hy  (Rri-1) = 62( ) “ZH, ., (58)
x x=Xp k-1
R ohy(x abbr.
Hy -5 (Xp-s;1k) = 62( ) H s, (59)
x *=Rr-5;[k

The two deviations, 0x_s i and dx, can be connected using an STM as
199 A -1
OXp—s; ® [(D,k,éf (xklk—l)] 0xg, (60)
where @ (£kk—1) stands for the STM from epoch #;_s; to epoch #; based on the state £4x_1. Using Egs. (56)-(60)

k-5
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yields

By (x0) N hy(%y)
hy(xk-s) ;. o, (X )
2(xk 6,) hz(xk_6j|k)+H2,k—6j [‘Dii_(sj(xmk_l)] Oxi
H; 1 6x
+

1
ho(Ri—s,1k) + Ho k-, [‘1)?;_61_ (xAk|k—l)] 0x

Note that
ha (% ha (£ B
2(£1) 20 g el )] o
hy(£_s,1k) + Ha k-5 [(I);i—él» (xAk|k71)] 0X [hZ(xk—6_i|k)]
hy (%)

ho(%-s1k)

H2,k5xk Hz,k(sxk

. C e T ha(Rr_sk)
hao(%-s,1k) + Ho k-5, [(D:Laf(xk\k—l) 2(Fe-y16)

Substituting Egs. (61)-(63) into Eq. (33) yields

1
6xk

ha(xy) R A
—h Xr_S. _h % _
hy(x-s,) 2(Rr-s;1k) — ho(Rk-1)
Hy. 101 ha (%) h (%) e -1 . .
= h (xA _5 ) + h (; _k- ) B ,\2 k 2H2,k—5j [q):‘ifaj (.X'k\k—])] 0X h2(xk76j|k) _hZ(xk) .
2(X -5,k 2(Rk—s; 1k [hZ(xk—6j|k)]

hy (%)

-1
———H) _[(I)lk‘ . ] 5x s
hy(R1-s;1%) d; tk,éj( klk—1)

= Hz,ktsxk -

Substituting Eq. (64) into Eq. (34), P5; 1 can be further expressed as

Ly&4

~ k—=5; 4 2 ~ s ~T R k=5; , Jk—6;
Py pk-1 {[Hz,k5xk + A, jpk—éj\k] } = Ho 1 Prji—1 Hy i + (Pr—s, 1) {00, A9, 7}

~ I T ~ 2 pk—06;
=Hy i Prj-1Hy o + (Pr-s;6) P

where
hy (%)

-1
= Hz,k—a»[‘l)tk (fkk—l)] .
ho(%-s,1k) A

H);=Hj; -

Similarly,

44

£ k=38; » A ~T
Pl2,k|k—l = E{[Hl,kéxk +81,k] X [Hz,kéxk +Aﬂk ka—éjlk]} = Hl,kPk|k—1H2,k ,

&4

~ k=6: . T ~ A
Py k-1 & E{[Hlk(sxk + A9, ’Pkfajuc] X [Hi k0xy + &1 k] } = H2,kPk|k—1H{,k-
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Substituting Eqgs. (33)), (63, (©7) and (68) into Eq. (@8)), the measurement covariance matrix ﬁfj «—1 is derived as

5 5 ~T
2z Hy ;P HY , +Rix H i Prj—1Hy

~ A T ~ A ~T ~ 2 k—06;
Hy Py H H i Py Hy i+ (Pr-6;16) Py

. . - R« 021
Let H; = [Hy 1; Hy ;] € R**® and Ry = € R¥3; then Eq. can be further expressed

N 2 pk—=06;
012 (Pr-s;16)° P
as

A ~ A ~T ~
Pl ~ HiPro H + Ry (70)

s A =T ~ S .

The two terms Hy Pyx—1H; and Rj account for the uncertainties in measurement residual errors due to the state
uncertainties and measurement noises, respectively.

Using the same derivation process in Eqs. (46)-(70), the new expression of the cross-correlation covariance matrix

AXZ .
P} k-1 can be obtained as

S 71)

Recall that the expressions in Egs. (70)-(71) correspond to the case of nygr = 1. For the case where more than one

VBR measurements is employed at epoch 7, the matrixes H; and R}, are rewritten as

H
N -1
I F1€73) Ik A
ﬁk _ H2,k hz(ﬁ_k_(s]‘k)HQ,kfé] I:(I)fk—ci] (xk|k—l)] c R(2+”‘VBR)X6 ’ (72)
-1
hy (%) Tk a
R T rermmrs LR @5 rie)|
R, 05,1 0>
k=5,
0 bk—si1k) P, 0
P (Pr-611k)" Py 2x1 R o) o)
R k—5;
_ 012 012 (Pk—énVBR\k)ZPk !

Then, the predicted measurement covariance matrix IA’Z x—1 and cross-correlation covariance matrix P\ﬁk,] can be
obtained by substituting Egs. (72)-(73) into Egs. (70)-(71). The the estimated state £; and the posterior covariance

matrix P can be obtained using Eqs. (T3)-(T3).
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D. Overall procedure

An overview of the developed procedure for asteroid approach OD is shown in Fig. [3} the procedures of the EKF,
the angle measurement generation, and VBR measurement generation are represented by yellow, purple, and green
blocks, respectively. Note that the code to implement this is available in [41]. The user-defined parameters in the
proposed method are the number of VBR measurements (as shown in Eq. (@3)), nygr, and the number of the range ratio
data selected for smoothing, M. It can be seen from Eqs. (22)) and (d3)) that k-nypgr should be no less than zero. Thus,
nypr < k at epoch #;. In addition, according to Eq. (23)), the set Px (6 ;) contains k+1-6; elements. Therefore, given a
value of 6; (j € N* and j < k), the number selected data, M, should be no larger than k+1-§ ;- For example, at the
epochty, j < 1,nygr < 1, and M < 1, which means that only one VBR measurement is available, and only one range
ratio data can be employed for the LLP in Egs. @-@ At the epoch 12, j < 2, nypr < 2,and when j =1 (6; = 1),

M <2, whereas when j =2 (6, =2), M < 1.

IV. Numerical Simulations
Several numerical simulations are presented to assess the performance of the proposed asteroid approach OD method.
The simulations are performed on a laptop with a 2.5 GHz processor (12th Gen Intel(R) Core(TM) i5-12500H) and a 16

GB RAM. Note that the implementation is not optimized for efficiency.

A. Scenario

The approach phase of the asteroid Bennu is taken as an example to examine the performance of the proposed OD
method. The initial epoch (#() is set as 26 September 2018, 19:15:30 UTC (2458388.30243056 Julian Date). The initial
states of the spacecraft and the Bennu in the HEI frame are listed in Table [3|to four decimal places, and the approach
OD simulation is carried over 14 days (336 hours) with a measurement interval of 1 hour. The dynamics in Eq. are
employed to describe the motion of both Bennu and spacecraft. Four perturbation bodies, the Earth, Earth’s Moon,
Mercury, and Mars, are considered for the dynamics in Eq. (@), as they have closer distance with the simulated objects
than other bodies have. The area-to-mass ratios of the spacecraft and the asteroid are set as 4.038 x 10~ km? /kg
and 1.302 x 107! km?/kg, respectively. The area-to-mass ratios are roughly obtained by dividing the area of the
OSIRIS-Rex explorer (or asteroid Bennu) by its mass. The area and mass data of the OSIRIS-Rex explorer and asteroid
Bennu come from [9]]. In this work, the orbits (as well as the STM) are propagated using a Runge-Kutta (4,5) solver
with a relative tolerance of 10~!2 and an absolute tolerance of 10~!2 [42]].

The nominal trajectory and the time history of the relative distance between the spacecraft and the Bennu are
presented in Fig. @(a)|and Fig. @(b)] respectively. In Fig. Bennu is not shown to scale. The relative trajectory shown
in Fig. is near-linear, making the optical OD suffer from range ambiguity. It should be noted that the approach

trajectory used in this paper is not the same trajectory in the true OSIRIS-REx mission, which contained four asteroid
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Fig.3 Flowchart of the proposed method.

Table 3 The initial states of the spacecraft and the asteroid Bennu in the HEI frame

Position (km)

Velocity (km/s)

Object -

y z X y Z
Bennu 128987502.9094 -101140857.3511 -57700694.7742 13.7847 20.4332 11.4878
Spacecraft  128986714.1768 -101134740.0474 -57698638.5856 13.7853 20.4282 11.4861
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approach maneuvers (AAMSs) to slow down the approach rate and correct the trajectory [10, |43]]. As this numerical
simulation aims to show the advantages of adding VBR measurements, a non-maneuver approach trajectory is desired

to simplify the presentation of the method.

= = Relative trajectory 7000 gy T—
O [Initial epoch ¢ t) Q& PO (km)

¢ Final epoch 336 . 6000

5000
4000 1
3000

2000 -

Relative distance (km

-4000 1000 + S fasil

P336 = ?50 (kII}) —NO 1336

— Ya k
y—y ( m) -6000 0 400 0 ; ; ;
& — 24 (km) 0 2 4 6 8 10 12 14
“ Epoch (day)
(a) Relative trajectory (b) Relative distance

Fig.4 Nominal orbit of the approach phase.

The images of Bennu during the approach phase are rendered using a free software Blendelﬂ with the 3D model of
Bennu from NAS The properties of the camera are set to match the properties of the PolyCam on-board OSIRIS-REXx:
Table[] The spin of Bennu is considered, with the spin period set as 4.276 hours [9]. Bennu’s equator is tilted by 176
deg [9]. A parallel ray light source is added to simulate sunlight, with the light strength, diffuse factor, specular factor,
and volume factor set as 5, 1, 1, and 1 in Blender, respectively. When generating the images, the camera is pointed
towards Bennu to make sure that the asteroid is always in the field of view.

Table 4 Properties of the camera simulated [10}44]

Properties PolyCam (at co)
IFOV (urad/pixel) 13.5

Detector size (pixel) 1024 x 1024
Aperture (mm) 175

Focal length (mm) 630

Pixel size (microns) 8.5 X 8.5

Some of the rendered images are shown in Fig.[5] All the rendered images are available at [41]]. In Fig.[5] the scale
of each image is different, as such a pixel count scale for each image is shown. In addition, the ranges between the
spacecraft and asteroid Bennu corresponding to the images in Fig. [5]are shown by black crosses in Fig. @b} It can
be seen from Fig. [5]that Bennu occupies approximately 30 pixels in the image at a distance of 6500 km, whereas the

number of pixels increases to more than 1000 at a distance of 250 km. Note that background noise, such as the star field,

T Available at https://www.blender.org/ [retrieved on January 2025]
# Available at https://nasa3d.arc.nasa.gov/detail/bennu [retrieved on January 2025]
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is not considered when rendering the images, equivalent to the background noise having been eliminated with common
image filtering algorithms such as the Gaussian filtering algorithm, median filtering algorithm, or bilateral filtering

algorithm [45].

Epoch ¢y Epoch t5

EpOCh th(]

10

5 10 15 5 10 15 5 10 15 5 10 15

EpOCh t200 Epoch t3[)() Epoch t33()
50 120 150
20 40 100
15 80 100
30 60
10
20 40 50
5 10 20

5 10 15 20 10 20 30 40 50 20 60 100 50 100 150

Fig. 5 Examples of the rendered images (axes are in pixels).

B. Measurement calculation results

The performance of the center-of-mass algorithm for asteroid centroid extraction, the subpixel edge detection
algorithm, and the range ratio smoothing algorithm are analyzed in this section via numerical simulations. The outputs
of the center-of-mass algorithm at different epochs are shown in Fig. [6] whose axes are in pixels. As expected, the true
center does not coincide with the center of brightness due to irregular shape and illumination conditions. The STD of
the angle measurement errors due to the residuals between the true center and the center of brightness is 2 x 1073 rad
for the right ascension and 3 X 107 rad for the declination. In addition, white noise, with STD of 10~ rad, is added to
the obtained right ascension and the declination to simulate attitude estimation errors. This leads to the choice of the

angle measurement covariance R j as

1.2%2 x 10 3rad? 0
Ry, = . (74)

0 1.032 x 10~ 8rad?

The pixel area calculation results at the epochs 7y and 75 are shown in Fig.[/| The raw images are displayed in

Fig. and Fig. whereas the corresponding subpixel edges are shown in Fig. and Fig. In Fig. and
Fig. the red crosses represent the subpixel edges detected by the Zernike moment algorithm (see step 2 in Fig. [I)),

and the pixel area of the asteroid on the image is obtained by computing the area of the polygon (the red areas). In this
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Fig. 6 Centroid extraction results using the center-of-mass algorithm.

work, 7 = 0.1 X 255 (note that 255 is the maximal gray value of a pixel) is selected as the threshold to convert grayscale
images to binary images (see step 1 in Fig.[I). Such a threshold value is selected after a trial-and-error procedure.
Although background noises are not added to the image, noises also exist around the edges of the asteroid due to the
limitation of the resolution ratio. These edge noises make the asteroid look blurry, and its size in the image is larger
than it actually is. The thresholding process can help reduce the edge noises and improve the accuracy of pixel area
calculation.

The range ratio data and covariance prediction results are shown in Fig.|8| The profiles of 19,’(“1 (the original range
ratios predicted using Eq. (I8)) and ﬁl’(‘ ! (the smoothed range ratios obtained by solving the LLP in Eq. (#T))) are shown
in blue and green lines in Fig. As a reference, the true range ratio, [%, is represented by the black line in Fig.
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Fig.7 Pixel area calculation results.
The number of the range ratio data for smoothing, M, is set as
k k<10
M = . (75)

10 elsewise

In addition, Fig. gives the smoothed range ratio data without the constraint in Eq. (33) (shown in red lines).

The errors for the original and two smoothed range ratios with respect to the true data are plotted in Fig. It can

be seen from Fig. that the maximal predicted error of the original range ratios is approximately 0.1, which, after
smoothing with the constraint, decreases to no more than 0.05. The mean absolute errors of smoothing with and without

the constraint are 0.0084 and 0.0116, respectively. Compared with smoothing without the constraint, adding a constraint
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Fig.8 Range ratio data preprocessing results.

like Eq. (33) improves the accuracy by approximately 27.59%. In addition, the green line (i.e., after smoothing with the
constraint) in Fig. tends to underestimate the range ratio. This is because Eq. (33)) always constrains the smoothed
data to be smaller than 1.

The covariance predictions of the range ratio 5’,?1 (after smoothing with the constraint) are shown in Fig. EI, with
the absolute errors and the predicted STD (Eq. (@2)) represented by blue and red curves, respectively. The predicted
STD profiles have similar tendencies and magnitudes, indicating that Eq. (@2) can effectively predict the uncertainties
of range ratios. Note that the range ratio errors are not evenly distributed. This is because the measurements are
generated using rendered images, and non-Gaussian errors are inevitably carried over when calculating the pixel area

and smoothing the data.

Errors
Predicted STD | |

0 2 4 6 8 10 12 14
Epoch (day)

Fig.9 Predicted standard deviation for the range ratio data.
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C. Orbit determination performance analysis

The OD performance of the proposed method is validated on the example approach phase of the asteroid Bennu.
Ephemeris errors are not added to Bennu’s state (r,,) in simulations here; however, a sensitivity analysis to such errors is
presented in Sec. In addition, during the implementation of orbit estimation, the EKF’s dynamics model is set as
exactly the same as that in Eq. (Z). That is, no process noises are added as the physical properties (e.g., the reflection
coefficient) of the spacecraft can always be accurately measured in the designing process. however, in the numerical
simulation, a process noise covariance matrix of @, = 10~!#I is added to avoid potential numerical singularity, which
2 2 2 2

o

is a normal step in implementing Kalman filters. Letting Py = diag {[0' % O 0"2,, 0"2,]} be the covariance

R YR
matrix of the initial estimation X(, where og and oy denote the position and velocity STD, respectively, two cases are

simulated with their initial position and velocity STD listed in Table [3]

Table 5 Parameter settings of two cases simulated

Case or (km) oy (km/s)
Casel 100 0.01
CaseII 10 0.001

Before presenting the simulation results, a new frame, noted as the spacecraft-centered relative (SCR) frame, is
defined. As shown in Fig.|10} the HEI and SCR frames are colored black and red, respectively. The origin of the SCR
frame (O) is located in the (mass) center of the spacecraft (in this work, the spacecraft is considered as a point), with the
X-axis pointing to the target asteroid (say, the line-of-sight [LOS] direction in Fig.[I0), and the j- and Z-axes vertical to
the ¥-axis. In this paper, the ¥- and Z-axes of the SCR frame are determined using Schmidt orthogonalization. The steps
for generating such a SCR frame are detailed as follows. First, define a 3-dimensional unit matrix as T = I3 € R¥3,
Then, replace the first column of the unit matrix with the LOS direction and generate a new matrix 7”. Finally, perform
Schmidt orthogonalization for the new matrix 7” and generate matrix 7”’. The directions along the X-, y- and Z-axes (of
the SCR frame) in the HEI frame are represented by the first, second, and third columns of the matrix 7*’. In the defined
SCR frame, the absolute value of the coordinate of the target asteroid along the ¥-axis is equivalent to the distance

between the spacecraft and the asteroid.

1. Single case simulation results

A single OD simulation is performed based on case I in Table[5] As such, the initial guess (£¢) is off by 100 km
for the position components and 0.01 km/s for the velocity components such that they lie on the boundary of the 1o
ellipsoid of the initial uncertainties. The time histories of the estimated errors of case I using angle-only measurements
are depicted in Fig.[T1] The estimated errors in the inertial frame are shown in Fig. whereas Fig. [TT[b)] gives the

estimated errors in the relative frame. It is seen from Fig. [[T]that the estimated errors converge after approximately 6
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Fig. 10  An illustration of the spacecraft-centered relative frame.

days. The position errors increase up to ¢ = 2 days before stabilizing. This is because the position errors are affected by
the propagation of velocity components. As shown in Fig.[TT] the velocity errors converge at around 7 = 2 days, before
which the position errors continuously grow. Note that measurements at the initial epoch are employed, which means
that at the initial epoch, only the measurement update procedure (of EKF) is performed (in other epochs, both time and
measurement update procedures are performed). This also explains why the position errors at the initial epoch are not
100 km. The maximal position and velocity errors are on the orders of 1000 km and 10 m/s, respectively. It is also
interesting to see from Fig. [TT[b)| that the estimated errors along the £-axis (represented by blue lines) converge much
slower than the errors along the other two axes. Recall that the coordinate along the ¥-axis is equivalent to the range

between the spacecraft and the asteroid. Such a result is expected due to the range ambiguity of angle-only measurement.
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Fig. 11  Single-run estimated errors.
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Consider now the same initial guess and covariance but with a VBR measurement per epoch (nygr = 1) to improve
the approach OD performance. At each epoch 7, a VBR measurement is constructed by determining the range ratio for
the current epoch (i.e., tx) with respect to the one right before (i.e., rx—1). Thus, the VBR measurement at the epoch
is given as zp(xg; X, 01 = 1). The time histories of estimated errors using the angle and one VBR measurement per
epoch are also presented in Fig.[TT] As expected, the estimated errors with one VBR measurement per epoch converge
much faster than the estimated errors with the angle-only measurement. By adding one VBR measurement per epoch,
the maximal position estimated error decreases to no more than 250 km, which is approximately one-fifth of that using
angle-only measurements. Re-note that nypg is the number of VBR measurements employed per simulated epoch; that
is, nypr = 1 doesn’t mean that one single VBR measurement is repeatedly employed at all time steps. We will not

emphasize this in the following of this paper for simplicity.

2. Monte Carlo simulation results

Monte Carlo (MC) studies are performed to further assess the performance of the proposed method. One hundred
MC runs are performed for each case given in Table|3] In each MC run, the initial guess X is randomly generated
from the distribution N (%¢; xo, Po) with x( being the true initial state (the true initial state is listed in Table [3) and
Py = diag {[03, 03,03, 02, o, 0%} being the initial covariance (the values of o and oy are listed in Table . In
addition, the attitude estimation errors are randomly generated in the angle measurements in each run (with the STD of
the attitude errors being 10~ rad). Note that the same images (as shown in Fig. |5) are employed for different runs,
as no noises are considered when rendering these images, ensuring only uncertainties in the initial orbit estimation
and attitude estimation, rather than those from image processing, are considered herein. For case I, the position and
velocity estimated errors (in the HEI frame) of 100 MC runs using angle-only measurements are represented by grey
lines in the left subplots in Fig. and Fig. [I2[b)] respectively. Moreover, Fig.[3]gives the MC results of the case
II. In Fig. and Fig. e = [ex, ey, e;]" (see Fig. and Fig. and é = [é,,éy,¢,]7 (see Fig.and
Fig.[I3[b)) denote the position and velocity estimated errors, respectively. Additionally, at each epoch, two STDs are
analyzed: one is the statistical STD, and the other is the predicted STD. The predicted STDs over time are obtained
from the EKF’s measurement update step, say, the square root of the diagonal elements of the posterior covariance

matrix in Eq. (I3). The statistical STDs are obtained based on the 100 MC runs, defined as

nmMc -

2
'21 (Aki = Ak)

STDA(tk) = ’A € {ex, Ey, eZ’ éx’ éy,éz} H (76)

nMc—l

where Ay ; denote the estimated errors (in HEI frame) at the epoch ¢ in the i-th MC run, respectively, nyc = 100 is the
"MC A . . . _
Zist Ok represents the mean estimated errors. In Fig.|12|and Fig. , the statistical

total number of MC runs, and Ay = ==1—
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and predicted 30 (three times the STDs) bounds are shown by blue and red lines, respectively. One can see from Fig. [I2]
and Fig. [[3] that at the beginning, the statistical and predicted STDs are in good agreement. However, when the errors
converge (e.g., 10days < ¢ < 14 days), these two STDs don’t match well. Our explanation is given as follows. As shown
in Eqgs. (I2)-(T3), the posterior covariance matrix Py is mainly affected by the measurement noise covariance Ry when
the estimated errors are very small. In this work, the angle measurements come from implementing the center-of-mass
algorithm on the rendered pictures; thus, the angle measurement noises are not Gaussian distributed, and a covariance

R, cannot accurately capture the distribution.
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Fig. 12 Monte Carlo simulation results of Case I.

The right subplots of Fig.[I(a)} Fig.[T(b)] Fig.[T3(a)} and Fig.[T3(b)| present the MC results with one additional

VBR measurement per epoch. As shown in Fig. and Fig.[TAb)] in case I, by adding one VBR measurement per

epoch, the estimated errors are significantly reduced, especially for the first 5 days (i.e., ¢ < 5 days). However, slight
improvements benefiting from the VBR measurements are shown for case II (see Fig. and Fig.[T3(D)). The reasons
for different levels of improvement in the two cases will be discussed in the second half of this subsection. In addition,
using the proposed method (i.e., with one VBR measurement per epoch), the statistical and predicted so- curves match
well in case II, while they are in bad agreement in case II. This is related to the uncertainty quantification capacity of the
proposed method, which will be further analyzed and discussed in Sec.[[V.C.4] and this subsection mainly focuses on
investigating the accuracy and convergence performances.

Three metrics are employed to compare the OD performance with and without VBR measurements: the STD of

the estimated errors, the averaged STD (ASTD), and the time-weighted STD (TWSDT). Here, the STDs refer to the
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Fig. 13 Monte Carlo simulation results of Case II.

statistical ones. The definition of the statistical STD is shown in Eq. (76), whereas the mathematical models of the

remaining two metrics are given as

S, STDA(tk)

ASTD(A) = 5

,AE {ex,ey’ez,éx,éy’éz}, (77)

N
TWSTD(A) = Zk:l tr X STDA(tk), A € {ex, ey, ez, €x, €y, €.}, (78)

where N = 336 is the total number of epochs. The STD and ASTD are employed to evaluate the accuracy of different
methods. Smaller STD and ASTD indicate smaller estimated errors and better accuracy. The TWSTD is used to assess
the convergence performance. A method with smaller TWSTD converges faster, as it has smaller estimated errors in
earlier epochs.

The STD profiles using angle-only measurements, angle and one VBR (i.e., nygr = 1) measurements, and angle and
five VBR (i.e., nygr = 5) measurements are shown in Fig. @ The ASTD and TWSTD results are detailed in Table|§[,
Table[7} Table[8] and Table[d] It can be seen from Fig. [T4]that using VBR measurements can improve both estimated
accuracy and convergence (see the results of method “Angle and VBR (with Eq. (72))”). The improvement becomes
more remarkable when more VBR measurements are employed (nygr becomes larger). Similar results can be found
in Table[6] Table[7] Table[8] and Table[9] As shown in Table [f]and Table[7] for case I, the averaged STDs along the
y-axis using angle-only measurements, angle and one VBR measurements, and angle and five VBR measurements

are 124.7648 km, 77.8539 km, and 51.5626 km, respectively, and the time-weighted STDs along y-axis using these
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three types of measurements is 1410.3536 km-day, 783.4698 km-day, and 478.7245 km-day, respectively. When one
VBR measurement is added, the values of the ASTDs and TWSTDs (along the y-axis) are reduced by 37.5995% and
44.4487%, respectively, whereas when five VBR measurements are employed, the values of these two metrics (along

the y-axis) is decreased by 58.6722% and 66.0564%, respectively.
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Fig. 14 Time histories of the STDs using different types of measurements (HEI frame).

To show the performance of the derived expressions for the cross-correlation covariance matrix and the predicted
measurement covariance matrix (Eq. (72))), Table[6] Table[7] Table 8] and Table [9] compare the MC simulation results
of methods with and without (i.e., H k= [Hix,Hop, - Hax] € R(2+"VBR)X6) these newly derived covariance

expressions. It is seen from these four tables that both the accuracy and the convergence performances degrade
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Table 6

ASTD results of case I using different methods (HEI frame)

Position (km)

Velocity (km/s)

Methods NVBR - - -

X y Z x y Z
Angle only 0 17.3633 124.7648  42.0902 0.1732 1.1476 0.4083
Angle and VBR 1 11.4972  77.8539  26.3503 0.0803 0.4164 0.1578
(with Eq. (72)) 5 79781  51.5626  17.4993  0.0436 0.1605 0.0757
Angle and VBR 1 78.7585 448.1978 153.8172 0.3381 1.8256 0.6522
(without Eq. (72)) 5 13.4138  76.8231  26.2692 0.0591 0.2694 0.1130
Takahashi’s method 0 15.3646 106.5900 36.0265 0.1534 1.0139 0.3650

Table 7 TWSTD results of case I using different methods (HEI frame)

Methods nvER Position (km-day) Vel.ocity (km-fiay/s) .
X y Z X y b4
Angle only 0 188.2264 1410.3536  474.7454 22348 144962 5.1914
Angle and VBR 1 107.5533  783.4698  264.1119 1.0122 4.8228 1.8730
(with Eq. (72)) 5 67.2858  478.7245  161.5832  0.5487 1.6201  0.8526
Angle and VBR 1 452.7732 3037.3828 1029.4527 2.1384 12.5649 4.5775
(without Eq. (72)) 5 89.1455  603.3649  204.1794 0.7083 2.6544 1.2151
Takahashi’s method 0 1547152  1143.6715 385.2397 19841 12.7637 4.6323
Table 8 ASTD results of case II using different methods (HEI frame)
Methods nvER Position (km) Vel.ocity (km{s) .
b y z X y Z
Angle only 0 5.3671 39.3311  13.2549 0.0341 0.2323 0.0802
Angle and VBR 1 5.0720  37.1670  12.5223 0.0327 0.2234 0.0774
(with Eq. (72)) 5 2.6696  18.9527  6.3998  0.0165 0.0996 0.0362
Angle and VBR 1 18.1024 114.2608 38.8305 0.0492 0.3211 0.1105
(without Eq. (72)) 5 10.3473  58.3468 19.9781 0.0258 0.1525 0.0535
Takahashi’s method 0 49227 359641 12.1201 0.0319 0.2174 0.0756
Table 9 TWSTD results of case II using different methods (HEI frame)
Methods nvER Position (km-day) Vel.ocity (km-.day/s) .
X y Z X y Z
Angle only 0 56.9139 4252984 143.1805 0.4147 2.7793 0.9639
Angle and VBR 1 53.7083  401.4775 135.1217 0.3976 2.6723 0.9304
(with Eq. (72)) 5 25.8273  189.6818 63.9353  0.1994 1.1529 0.4258
Angle and VBR 1 1324433  911.2068 308.0972 0.4981 3.1587 1.0988
(without Eq. (72)) 5 61.9448 405.7041 137.6266 0.2457 1.3807 0.4989
Takahashi’s method 0 51.8668 387.2340 130.3564 0.3880 2.6019 0.9101
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considerably when the derived covariance expressions are not used. The averaged STDs of the proposed method are
approximately one order of magnitude smaller than those of the method without using the derived covariance expressions
(see Averaged STD results in Table[8). This degradation is caused by the uncertainties related to the VBR measurements
not being accurately predicted if the time-series dependency is not considered.

It is interesting to find from Fig. that for case II, the gain obtained from the VBR measurements seems to
be weaker than that in case 1. For case II, the ASTDs along the y-axis are reduced by 5.5% and 51.8% using one and
five VBR measurements, respectively (as a comparison, the reduction ratios of case I are 37.6% and 58.7%). This can
be understood as, the VBR measurement proposed in this work is not an ‘accurate’ measurement, rather it relies on
the range ratios obtained from the pixel area of the asteroid in the images. Its accuracy is much poorer than the range
measurement obtained using traditional sensors such as a laser range finder. As shown in Fig. the range ratio errors
at the first several epochs are on the order of 0.01. Therefore, at the first several epochs, with a distance of 6500 km, the
VBR measurement error is approximately 65 km. The magnitude of the VBR measurement is larger than that of the
initial position uncertainties in case II (10 km). Thus, the improvements of the VBR measurements on the approach OD
performance are limited. However, case I has larger initial uncertainties (100 km), where remarkable improvements can
be gained using VBR measurements. That’s also the reason why the accuracy with VBR measurements is more similar
to the angle-only case for # > 5 days in Fig. The VBR measurements still provide extra information at those points;

however, such information is almost useless for the OD due to its large errors.

3. Comparison with an existing improvement method

The proposed method can be compared with Takahashi’s method [13]]. Takahashi et al. handled the range ambiguity
of angle-only measurements using angle size measurements. The mathematical model of the angle size of the asteroid is
expressed as

R
h3(xg) = —, (79)
Pk

where /3 (xy) stands for the angle size measurement model, py represents the range between the spacecraft and asteroid
at epoch #, and R is the asteroid’s mean radius. In Takahashi’s method, the asteroid’s mean radius is added to the state

vector to be estimated, considering that the size of the asteroid is unknown. The state vector is then augmented as
X=[xy,z%y 2R eR’. (80)

The angle size measurement contains the range information, which can alleviate the range ambiguity to a certain extent.

In this simulation, the angle size measurement is obtained by fitting the asteroid’s area projected on the image as a circle
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and calculating the mean radius, given by

S
ZS(xk)th(xk)"'SS,k:\/?k, (81)

where z3(x) is the angle size measurement obtained using the rendered images, €3  denotes the angle size measurement
noise, and S (unit: rad®) represents the asteroid’s area projected on the image. The true asteroid’s mean radius is given
as R = 246 m. The initial estimated asteroid’s mean radius is set as R = 0.9R, and the initial covariance of R is given as
P(R) = (0.1R)?. The covariance of the angle size measurement is set as Ry = 13.5% urad®.

The corresponding results from Takahashi’s method are listed in Table[6] Table[7} Table[8] and Table[d]as a comparison.
Takahashi’s method outperforms the conventional angle-only approach in terms of accuracy and convergence, and its
performance is poorer than that of the proposed method. Three reasons related to the poor performance of Takahashi’s
method are identified. First, Takahashi’s method models the asteroid as a sphere, which is too simple for the irregular
shape model used in the simulation (as shown in Fig.[5). Second, simply assuming the angle size measurement errors as
Gaussian-distributes (R3 = 13.5% urad?) may be too optimistic, and a more sophisticated error model is desired due to
the irregular shape of the asteroid. Third, Takahashi’s method introduces a new parameter (the asteroid’s mean radius)
to construct the angle measurement. Although a new measurement is brought in, it increases the state dimension of the

OD system, and thus, the algorithm needs more time to converge.

4. Analysis of uncertainty quantification capacity
The Mahalanobis distance (MD) is taken as a metric to evaluate the uncertainty quantification capacity of the

proposed method. The MD at the epoch 7 is defined as

MD(t) = /(81 —x) P (84 - x0). (82)

where £, and x represent the estimated and true states at the epoch ¢, and Py is the state covariance predicted by
the EKF (using Eq. (I3)). An MD closer to the square root of the problem dimension (i.e., V6 for the OD problem
investigated in the work) indicates a better uncertainty quantification capacity [46].

Based on the 100 MC runs, the mean MDs are obtained for the proposed method and competitive methods (say,
angle-only ). Figure [15| gives the mean MD results with time. As references, the desired MD (i.e., MD = V6) is
shown by grey dashed lines in Fig.[I5] As shown in Fig. in case II (with larger initial uncertainties), adding
additional VBR measurements leads to larger MDs than the angle-only results, indicating that the EKF’s uncertainty
quantification capacity is poorer. However, in case II, adding one VBR per epoch doesn’t significantly impact the MD

results (see Fig. [[3[b)), which also matches the results in Fig. 13. Our explanation is given as follows. When deriving
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new expressions for the covariances ﬁﬁk_l and IA’),:T,(_I, a linear approximation is employed, as shown in Eq. (63).
The linear solution’s predicted errors grow as the magnitude of the state deviation dx increases, leading to a poorer
accuracy of the covariances 137(7 x—1 and ﬁ;:‘zk_l. A simple simulation is implemented to validate the explanation. Let
k = 1 and take the epoch 7| as an example. Random errors are added to the true state x|, with the position and velocity
STDs being 104 p, km and 14 p, m/s, respectively. One hundred MC runs are carried out, and the mean relative errors
(MREs) are computed after determining the relative errors of the linear solution (say, Eq. (64)) in each MC run. As
shown in Fig.[T6] the MREs increase as the magnitude of estimation uncertainties (i.e., 6x) become larger. When,
Ap, = 100, the MREs are approximately 50%. As shown in Fig.[T2] it’s possible that the position errors reach 1000 km
in the first case. The accuracy of the linear approximation can be further improved by considering high-order terms,

such as implementing the VBR measurements in a high-order EKF framework [47} 48]].
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Fig. 15 Mahalanobis distance results of the MC simulation.
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Fig. 16 Predicted errors of the VBR derivative under different levels of estimation uncertainty.

Another thing that should be mentioned is that when the number of VBR measurements increases, the EKF’s

uncertainty quantification performance degrades. As shown by green lines in Fig.[T5] using five VBR measurements per
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epoch leads to a much larger MD, indicating that the predicted covariance is smaller than it should be. This is because
when nypr > 1, the pixel area information, in fact, is repeatedly employed during the filter process. However, the
Kalman filter assumes that observations are independent. Reusing a measurement treats it as multiple independent
inputs, which will reinforce its effect on the orbital state estimation, artificially amplify its influence, and ultimately

underestimate uncertainty.

5. Computational cost analysis

Recalling that the implementation is not optimized for efficiency, the one-step computational costs of different
methods are provided in Table [I0] as a means of comparison. The time costs of centroid extraction and pixel area
calculation are approximately 0.32 milliseconds and 2.41 milliseconds, respectively. The one-step computational
time of the angle-only method is 8.04 milliseconds. The computational time increases by approximately 33.96% and
144.29% when adding one VBR measurement and five VBR measurements, respectively. The increased computational
cost comes from the pixel area calculation and the integrations of the STM (I)ii_dj (£kjk-1) (as shown in Eq. (©0)). In

addition, the proposed method’s benefits over that of Takahashi’s method incur an increased computational cost.

Table 10 Computational costs of different methods

One-step computational cost (millisecond)

Methods NVBR . - - - —
Centroid extraction  Pixel area calculation =~ One-step estimation Total
Angle only 0 0.3089 - 8.0465 8.3555
1 .32 241 4 11.1
Angle and VBR 0.3260 07 8.4565 933
5 0.3117 2.2913 17.8089 20.4120
Takahashi’s method 0 0.2508 2.0920 6.7991 9.1420

D. Sensitivity analysis

The simulation results are obtained by assuming that the true state of the asteroid is known. A sensitivity
analysis is performed to analyze the influences of the ephemeris errors on the performance of the proposed method.
Gaussian-distributed ephemeris errors are added at the initial epoch. The initial estimated state of the asteroid (¥, (#p))
is randomly selected from the Gaussian distribution N (X, (t0); x4 (t0), P4 (t0)), where x4 (¢) represents the true initial

state of the asteroid (listed in Table , and P, (1p) is the covariance, given by

P,(t9) = Adiag{[x4(10)]*}, (83)

in which A is a user-defined factor. The estimated state of the asteroid at any given epoch ¢, £,(¢), can be obtained by

propagating the initial estimated state £, (#9) using the dynamics in Eq. 2).
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Given the state estimation X at the epoch 7, the estimated state relative to the asteroid can be expressed as

s/a

V=R - Ra(tr) (84)

where the superscript s/a represents the state of the spacecraft relative to the asteroid. The true spacecraft state relative

to the asteroid is given as

s/a

X" =xp—xa(tk) . (85)

The residual error between Eq. (84) and Eq. (83) can be defined as

s/a

e, =)?‘]i/a—x2/a=)?k—xk—fa(tk)—xa(tk) ) (86)
—_— —
ek eq(ty)

where ei/ ¢ denotes the relative estimated error, e = £ —xy and e, (tx) = £4(¢x) —X 4 (tx) represents the state estimated
error of the spacecraft and the ephemeris error of the asteroid at the epoch 7, respectively.

The relative estimated error ei/ ¢ rather than the estimated error ey, is employed to evaluate the performance of
the proposed method in the presence of ephemeris errors. One hundred MC runs are implemented for case I, and the
corresponding ASTD results when A = 1075 and A = 10~ are listed in Tableand Table respectively. Re-note
that the results in Table [T1] and Table [T2]are in the HEI frame. As shown in Table[TT]and Table[12] the estimated errors
of both two methods (that is, with and without VBR measurements) increase when considering the ephemeris errors.
However, noteworthy improvements can be found by adding VBR measurements. Taking the situation 1 = 107> as
an example, when using one VBR measurement, the averaged STDs along the x-, y-, and z-axes decrease by 42.06%,

44.65%, and 44.52%, respectively, whereas when using five VBR measurements, the averaged STDs along the three

axes are reduced by 58.50%, 62.28%, and 62.07%, respectively.

Table 11  ASTD results of case I considering ephemeris errors (1 = 107°)

Methods HVER Position (km) Vel.ocity (km{s) |
Angle only 0 18.8980 134.3115 45.3375 0.1891 1.2581 0.4432

1 10.9487  74.3289  25.1524 0.0812 0.4385 0.1706

Angle and VBR
5 7.8424  50.6492  17.1932 0.0450 0.1628 0.0777

Note that the intent of this simulation is to demonstrate the proposed method’s capacity for improving OD
performance in the presence of ephemeris errors. In practice, the ephemeris errors of the asteroid can be handled using

cooperative OD techniques, in which the orbits of both the spacecraft and the asteroid are estimated simultaneously.
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Table 12 ASTD results of case I considering ephemeris errors (1 = 10™%)

Methods —_— Position (km) Vel.ocity (km{s) .
Y Z X y Z
Angle only 0 20.0281 140.1841 47.3595 0.1753 1.1973 0.4190

1 14.8367 99.3538  33.6441 0.0870 0.4821 0.1777

Angle and VBR
5 103991 66.7698 22.6712 0.0517 0.1991 0.0878

V. Conclusion

Valid vision-based range (VBR) information can be obtained by calculating the asteroid’s area projected on the
image plane and generating range ratio data. Numerical simulations show that the range ambiguity problem of the
conventional angle-only orbit determination (OD) system can be solved using the proposed VBR measurements. The
OD errors are reduced by at least 37.59%, and the convergence performances can be significantly improved using the
proposed method. Noteworthy improvements in estimated accuracy for the asteroid approach OD can be achieved if the
number of the VBR measurements used increases or the initial estimation uncertainties are larger; however, they also
lead to a poorer uncertainty quantification capability of the filter algorithm. Additionally, sensitivity analysis results
show that the proposed method outperforms the conventional angle-only OD approach in the presence of ephemeris

€ITor1Ss.
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