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Abstract—We want to recover paraunitary matrices under
small random perturbations. The polynomial Procrustes method,
based on the analytic singular value decomposition of the
perturbed system, in principle solves this. For small random
perturbations, where the analytic singular values are close to
unity, we propose a simplified polynomial Procrustes method
that exploits this property, but show that the support of the
solution is generally increased compared to the perturbed matrix.
We therefore embed the simplified Procrustes method into an
iterative truncation scheme, which can reduce the support while
ensuring that a paraunitary approximation remains within a
perimeter that is equivalent to the level of perturbation.

I. INTRODUCTION

In some cases a system A(z) of transfer functions that

are analytic in z ∈ C is expected to be lossless or parau-

nitary. This includes, for example, physical processes on a

microscopic level [1], the Kelly-Lochbaum vocal tract model

for speech coding [2], as well as reverberation filters and

scattering matrices in multichannel audio [3]–[5]. Modelling

imprecisions and estimation errors, e.g. incurred during system

identification [6], [7], will result in deviations of the measured

system A(z) from a paraunitary one.

In order to estimate the closest paraunitary system to A(z)
in a least squares sense, we have previously suggested a

polynomial Procrustes method [8]. This is based on an analytic

singular value decomposition (SVD) of A(z) [12]. To admit

an SVD with analytic factors, the singular values of A(z)
cannot be constrained to be non-negative. In order to detect

such zero crossings, the singular values have to be extracted,

before the Procrustes solution is assembled from the left- and

right-singular vectors.

Paradoxically, while the method in [8] works well for sys-

tems with distinct non-zero singular values, it is ill-conditioned

if A(z) is already close to a paraunitary system, because

all its singular values are close to unity and hence can

be very similar. Irrespective, a randomly perturbed matrix

A(z) will possess singular values that are strictly positive

on the unit circle [13] with probability one. Therefore in this

paper, we suggest a simplified Procrustes method that avoids

the recovery of singular values and exploits the cancellation

of ambiguities in the left- and right-singular vectors when

constructing a DFT-domain solution. This is then equivalent

to a previous method in [9].

The temporal support of the simplified Procrustes method

can be significant, and simulation results presented here indi-

cate that such support increases with the level of perturbation.

While analytic functions can be arbitrarily closely matched by

polynomials of sufficient length via shifts and truncations [10],

[11], the support impacts on cost, complexity, and latency of

the polynomial realisation of the Procrustes solution. There-

fore, we propose a modified scheme, whereby the precise Pro-

crustes solution to A(z) is replaced by one that remains within

the levels explainable by the incurred perturbation, but offers

a shorter support while satisfying paraunitarity. A proposed

scheme, operating an iterated truncation and recalculation of

the Procrustes solution, is therefore investigated in this paper.
We reflect on measuring the level of perturbation from A(z)

in Sec. II, review the polynomial Procrustes solution and an

algorithm in Secs. III and IV. An iterative scheme to limit the

support is proposed in Sec. V and explored in simulations in

Sec. VI, before Sec. VII draws conclusions.

II. RANDOM PERTURBATION OF A PARAUNITARY MATRIX

A. Randomly Perturbed Paraunitary Matrix

Assume that a paraunitary system Q(z) : C → C
M×M is

perturbed,

A(z) = Q(z) +E(z) , (1)

and we measure a noisy matrix A(z) instead. The perturbation

matrix can arise in a system identification context, where the

ground truth system is paraunitary or very nearly so. The

elements of the random perturbation matrix E[n] ◦ • E(z) =
∑

n E[n]z−n are assumed to be temporally and spatially un-

correlated complex circularly-symmetric Gaussian with vari-

ance σ2
e . If E(z) is of temporal support L, and with the

expectation operator E{·}, we have E
{
E[n]EH[n− τ ]

}
=

Mσ2
eIδ[τ ].

While for Q(z), paraunitarity implies Q(z)QP(z) =
QP(z)Q(z) = I with the parahermitian transpose QP(z) =
{Q(1/z∗)}H, the same no longer holds for the perturbed

A(z), and generally we find that

A(z)AP(z) 6= I . (2)

Unless A(z) is parahermitian such that A(z) = AP(z),
generally (2) also implies A(z)AP(z) 6= AP(z)A(z).

B. Error in Paraunitarity

In many cases, we do not know the ground truth Q(z) of

the system A(z) perturbed according to (1), but we can easily

assess the error in paraunitarity based on (2) via

ξ = d{A(z)AP(z), I} , (3)
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Fig. 1. Normalised histogram of ensemble results as the estimated probability
density function p̂(ξ) of the paraunitarity error ξ, and a χ2 distribution p(ξ)
of degree M2L and with the mean in (5).

where the distance d{B(z),C(z)} between two analytic ma-

trices B(z) and C(z) can be measured on the unit circle as

d{B(z),C(z)} =

∮

|z|=1

‖B(z)−C(z)‖2F
dz

z
. (4)

In order to take the stochastic nature of the perturbation into

account, we assess the mean squared value of the paraunitarity

error. Using matrix trace rules, the Isserlis formula for fourth

order cumulants [14], and the fact that for Gaussian processes

complementary cross-correlations are zero [15], it can be

shown that

E{ξ} = 2LM2σ2
e(1 + LMσ2

e) , (5)

based on the parameters of the perturbation assumed in

Sec. II-A.

Example 1: For a system with spatial dimension M = 10,

both Q(z) and E(z) of temporal support L = 8, and with

σ2
e = 10−3, the mean square paraunitarity error is measured

over an ensemble of 2 · 104 random perturbations. Since the

elements of E[n] are Gaussian distributed, ξ should follow a

χ2-distribution. Fig. 1 shows the normalised histogram for the

paraunitarity error in (3), together with a χ2 distribution with

M2L degrees of freedom — the number of elements in E[n]
— and mean 1.728 as given by (5), which closely matches the

ensemble results. △

III. POLYNOMIAL PROCRUSTES SOLUTION AND IMPACT

OF NEAR-PARAUNITARITY

A. Analytic Singular Value Decomposition

In most cases, a matrix A(z) that is analytic in z admits an

analytic SVD [12]

A(z) = U(z)Σ(z)V P(z) , (6)

such that the matrices of left- and right-singular vectors U(z)
and V (z) are paraunitary and analytic. The diagonal matrix

Σ(z) = diag{σ1(z), . . . , σM (z)} contains the corresponding

analytic singular values. On the unit circle, these satisfy

σm(ejΩ) ∈ R. While the analytic SVD has unique singular

values, if U(z) and V (z) are matrices holding valid left- and

right-singular vectors, then so are U(z)Ψ(z) and V (z)Ψ(z)
where Ψ(z) is a block-diagonal paraunitary matrix whose

subblock dimensions are determined by the multiplicities of

the analytic singular values [12]. For distinct singular values,

Ψ(z) is a diagonal matrix containing allpass functions.

An analytic SVD as in (6) is denied if A(z) is connected to

block filtering [16], and also in the case that singular values

possess an odd number of zero crossings. The former case

can be excluded by design. Regarding the latter case, for the

near-paraunitary systems considered in this paper, we assume

that singular values are close to unity, satisfying

|σm(ejΩ)− 1|2 < ǫ (7)

for some threshold 0 < ǫ ≪ 1. As a result, analytic singular

values in the context of this paper do not possess zero-

crossings, and the decomposition in (6) exists.

B. Polynomial Procrustes Problem

In [9], we have established a polynomial Procrustes problem

of finding a paraunitary matrix Q∗(z) that is closest to a matrix

A(z) in the least squares sense. Using this distance definition

in (4), the polynomial Procrustes problem can be formulated

as

Q∗(z) = argmin
Π(z)

d{Π(z),A(z)}

s.t. Π(z)ΠP(z) = I . (8)

For (6) with non-negative singular values σm(ejΩ) ≥ 0, m =
1, . . . ,M , (8) is solved by [9]

Q∗(z) = U(z)V P(z) , (9)

which is a simple extension of the standard Procrustes

method [17] to matrices of analytic functions. The allpass

ambiguity that is shared between both U(z) and V (z) cancels

in (9).

Example 2: As a simple example for M = 1, consider

A(z) = 1 + 1
4z

−1 + 1
64z

−2 = (1 + 1
8z

−1)2. By expanding

with an allpass filter,

A(z) =
(1 + 1

8z
−1)

1 + 1
8z

· (1 + 1
8z)(1 +

1
8z

−1)

z−1
1
8 + z

1 + 1
8z

︸ ︷︷ ︸

U(z)

· ( 18z +
65
64 + 1

8z
−1)

︸ ︷︷ ︸

Σ(z)

· 1
︸︷︷︸

V P(z)

(10)

we obtain an analytic SVD. The singular value is symmetric

and hence positive on the unit circle, with a deviation from a

unit gain according to (7) by ǫ = ( 1764 )
2. Despite the simplicity

of A(z), the polynomial Procrustes solution

Q∗(z) = U(z)V P(z) = z−1
1
8 + z

1 + 1
8z

(11)

is of infinite temporal support and non-causal. Nonetheless the

solution decays quickly as shown in Fig. 2, and can be made

finite and causal by shift and truncation operations. △
While Example 2 featured a degenerate 1-d matrix without

random perturbation, it highlights that for a matrix A(z)
of finite support, the support of the polynomial Procrustes

solution may no longer be finite. More so, the analytic SVD

can lead to factors that, while analytic in z, are algebraic or

even transcendental functions [12]. Therefore, the support of

the Procrustes solution can be expected to often exceed the

support of A(z).
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Fig. 2. (a) Time domain support of the polynomial Procrustes solu-
tion q∗[n] ◦ • Q∗(z) as given in (11) and (b) comparison between
a[n] ◦ • A(z) and q∗[n].

IV. DFT-DOMAIN SIMPLIFIED PROCRUSTES METHOD

A. Bin-Wise SVD and Ambiguities

For the square matrix A(z), we evaluate bin-wise SVDs in

K frequency bins Ωk = 2π k
K

, k = 0, . . . , (K − 1), such that

in the kth bin

A(ejΩk) = UkΣkV
H
k . (12)

Under assumption (7), there are no zero singular values in any

bin, and hence ambiguities between the left- and right-singular

vectors are strictly coupled [12]: based on Sec. III-A, with

an appropriately selected unitary matrix Ψk, U′
k = UkΨk

and U′
k = UkΨk are also valid matrices of left- and right-

singular vectors w.r.t. (12). Therefore in every bin these

ambiguities drop out from the product U′
kV

′H
k = UkV

H
k , and

the polynomial Procrustes solution in bin k is determined via

Q̂∗,k = UkV
H
k . (13)

The reconstruction

Q̂
(K)
∗ [n] =

1

2π

K−1∑

k=0

Q̂∗,ke
jΩkn (14)

yields an length K approximation of the polynomial Pro-

crustes solution, which can be arbitrarily accurate for a suffi-

ciently large DFT size K.

B. DFT Size

If K is too small, the reconstruction via (14) will suffer from

time-domain aliasing, resulting in an error in paraunitarity. To

measure the latter,

χK =
∑

n

∥
∥
∥

∑

ν

Q̂
(K)
∗ [ν]Q̂

(K)H
∗ [ν − n]− δ[n]I

∥
∥
∥

2

F
(15)

can be evaluated. Thus, the DFT size can be iteratively

increased until χK falls below some sufficiently small thresh-

old χ0. If K is increased in powers of two, the DFT of

A[n] ◦ • A(z) required for the l.h.s. of (12) can be computed

efficiently using fast Fourier transform algorithms, and any

bin-wise SVD calculations evaluated in (12) can be reused in

the next iteration.

V. ITERATIVELY TRUNCATED SIMPLIFIED PROCRUSTES

METHOD

A. Paraunitary Solution within the Range of Perturbation

Using the distance measure in (4), for the Procrustes solu-

tion Q∗(z), we will always have that

d{A(z),Q∗(z)} ≤ d{A(z),Q(z)} = d{E(z),0} . (16)

We therefore want to relax the strict solution of the Procrustes

method to find a paraunitary matrix Qi,∗(z) that approximately

satisfies d{A(z),Qi,∗(z)} ≤ d{E(z),0}, and uses the addi-

tional design freedom to shorten the support of Qi,∗(z).
In order to estimate d{E(z),0}, we can estimate the pa-

raunitarity error of A(z) as defined in (3) in conjunction with

(5). The latter related the mean of the paraunitarity error to the

variance σ2
e of the perturbation term E(z), but its inversion,

bearing in mind the positivity constraint σ2
e > 0,

σ2
e =

1

2LM

(√

1 + 2
M

L
E{ξ} − 1

)

, (17)

can still provide a useful bound towards the metric in (16).

B. Iterative Truncation: Chop Chop!

Without immediate guarantee of convergence but within the

spirit of (the criminal rather than the algorithm) Procrustes,

we trim or ’chop’ the support of the solution from (14) after

convergence, and reiterate the polynomial Procrustes method

on this shortened version and no longer paraunitary matrix.

For the iterative truncation algorithm, we commence with

an initial setting A0(z) = A(z), calculate the Q̂0,∗(z) of

the simplified Procrustes method according to Sec. IV, and

measure its distance χ0 = d{A(z),Q0,∗(z)}. At the ith
iteration, i > 0, we truncate the previous solution to form

a new near-paraunitary matrix Ai(z) = f(Q̂i−1,∗(z)), where

f(·) represents a suitable truncation operation such as in [18].

For this, we define an element-wise energy term pi[n],

pi[n] = ‖Q̂i−1,∗[n]‖
2
F (18)

with Q̂i−1,∗[n] ◦ • Q̂i−1,∗(z), such that f(·) trims all outer

components from Q̂i−1,∗[n] whose energy falls below some

threshold. Using the method in Sec. IV then find the clos-

est paraunitary matrix Q̂i,∗(z). After measuring the distance

χi = d{A(z), Q̂i,∗(z)}, we iterate until either the support has

sufficiently shortened, until a maximum number of iterations

is reached, or until χi exceeds the limit of the assumed

perturbation due to (17). The later condition prevents the

algorithm from diverging, and retains a paraunitary solution

with a distance from A(z) equivalent to its perturbation.

Example 3: A paraunitary matrix Q(z) : C → C
4×4

with temporal support L = 6 is perturbed by an equally

dimensioned matrix E(z) with σ2
e = 10−3. Running the

Procrustes algorithm once results in a solution Q1,∗(z) of

support ∆ = 120 that is equivalent to the approach in [9].

The iterated truncation to the original support L = 6 and

application of the Procrustes algorithm leads to a reduction of

the support ∆ as indicated by pi[n] in Fig. 3. Fig. 4 shows the

least squares mismatches to both the ground truth paraunitary

Q(z) and the original matrix A(z); note that the latter remains

below the assumed perturbation bound given by (16) and (17),

as otherwise the algorithm would terminate. Overall, with 10

iterations, the support is more than halved. The convergence

slows, and 3000 iterations the support has been reduced to one

third of the solution achievable by a single iteration, i.e. by

the method in [9].
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Fig. 3. Energy pi[n] in coefficients of Qi,∗[n], as defined in (18) for the
iteratively truncated Procrustes solution in Example 3, and the support ∆ of
the different paraunitary approximations.
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Fig. 4. Least squares mismatches of the iterated solution Qi,∗(z) and A(z),
which remains below the estimated perturbation energy d{A(z),Q(z)} =
M2Lσ̂2

e , and the mismatch between Qi,∗(z) and Q(z)} for Example 3.

The above Example 3 highlights that while the paraunitarity

error remains within the range of the perturbation, the support

of the solution can be significantly reduced.

VI. ENSEMBLE SIMULATION

We provide a wider-ranging simulation scenario, in which

we generate an ensemble of 104 random paraunitary matrices

Q(z) : C → C
4×4 of temporal support L = 6 constructed

from elementary paraunitary operations [19]. Each matrix is

perturbed by a matrix E(z) with complex Gaussian elements

of variance σ2
e ∈ {10−3, 10−4, 10−5}. If ratios between the

energies in Q(z) and E(z) are considered, then these values

for σ2
e correspond to SNRs of 16.2, 26.2, and 36.2 dB.

We run the proposed iteratively truncated simplified Pro-

crustes method with a maximum of 30 iterations; this may not

fully exploit the possibilities highlighted in Example 3, but

can hopefully provide a reasonable support reduction while

maintaining a sensible number of iterations. For the first

iteration of the polynomial Procrustes approach, equivalent

to the method in [9], we record the initial support as ∆.

Thereafter, the proposed algorithm is permitted to iterate until

it terminates with a new support ∆′.

The measured distribution for the ratio γ = ∆/∆′, i.e. the

factor by which the proposed algorithm manages to shorten the

support, is shown in Fig. 5. In some cases, the algorithm is not

able to provide an improvement, and already stops at the first

iteration — this is in 26% of the cases for σ2
e = 10−5, 11% for

σ2
e = 10−4, and less than 2% for σ2

e = 10−5. This results in

Dirac impulses in the distributions shown in Fig. 5 for γ = 1,

where no shortening is possible. It is clear that higher support

reductions are possible for larger random perturbations.

1 1.5 2 2.5 3 3.5 4 4.5 5

0

0.5

1

1.5

Fig. 5. Estimated distributions of support improvement γ based on ensemble
simulations for different values of σ2

e .
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Fig. 6. Estimated joint distributions of initial and iterated supports ∆ and
∆′ for different levels of perturbation σ2

e .

To highlight the absolute support values ∆ and ∆′, Fig. 6

visualises their estimated joint distributions; the cases γ = 1
lie on the line bisecting the angle, and this part of the

distributions is shown in its entirety. The distributions for

the three values of σ2
e are well separated, and indicate that

higher perturbations result in a significant increase in the

support ∆ for the initial Procrustes solution according to [9].

Larger values of σ2
e in turn permit a larger range within which

subsequent iterations can operate, and the reduction in support

is such that, with the exception of those cases with γ = 1
— which are increasingly rare as σ2

e grows —, the proposed

method appears capable of reducing the support ∆′ to values

that are almost independent of the level of perturbation of the

original paraunitary system.

VII. CONCLUSIONS

We have proposed a simplified polynomial Procrustes

method for finding the paraunitary matrix that is closest to

a randomly perturbed one in the least squares sense. Because

of the perturbation, this solution typically deviates from the

ground truth one, also resulting in an increased support length.

The proposed algorithm, through an iterated truncation and

re-application of the proposed simplified Procrustes method,

is able to shorten this support in the majority of cases and

particularly where it matters most: for higher perturbations

that otherwise result in large support when using an existing

approach. By reducing the support length, the benefit of the

proposed method directly translates to lower numerical com-

plexity, computational cost, and latency for implementations.
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