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ARTICLE INFO ABSTRACT
Keywords: When estimated space-time covariance matrices from finite data, any intersections of ground truth eigenvalues will be
Analytic eigenvalue decomposition obscured, and the exact eigenvalues become spectrally majorised with probability one. In this paper, we propose a

Space-time covariance estimation
Spectral majorisation
Partial reconstruction
Hungarian algorithm

novel method for accurately extracting the ground truth analytic eigenvalues from such estimated space-time covari-
ance matrices. The approach operates in the discrete Fourier transform (DFT) domain and groups sufficiently eigen-
values over a frequency interval into segments that belong to analytic functions and then solves a permutation
problem to align these segments. Utilising an inverse partial DFT and a linear assignment algorithm, the proposed
EigenBone method retrieves analytic eigenvalues efficiently and accurately. Experimental results demonstrate the ef-
fectiveness of this approach in reconstructing eigenvalues from noisy estimates. Overall, the proposed method offers a
robust solution for approximating analytic eigenvalues in scenarios where state-of-the-art methods may fail.

Video to this article can be found online at https://doi.org/10.1016/
j-sctalk.2025.100437.
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Fig. 1. Example of two analytic eigenvalues An (¢?), m = 1, 2, of a parahermitian matrix R(z) [1-4] derived from a source model consisting of innovation filters [5] that
model the power spectral densities of source signals and of causal and stable transfer function matrices that form the convolutive mixing system [6,7]. For such
parahermitian matrices, an analyti eigenvalue decomposition exists in almost all cases [4,8,9], with factors that are analytic functions in the complex variablezor of the
normalised angular frequency Qwhen evaluated on the unit circle z = &/?.
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Fig. 2. If R(z)is not exactly known but estimated from N snapshots of data [10-13], the resulting perturbed matrix R(z) has analytic eigenvalues Am (é?), m = 1,2. For

N < o, with probability one eigenvalues A, (¢?) will be spectrally majorised, i.e. will have lost any zero crossings compared to A, (¢?) [14]. Existing analytic EVD algo-

rithms [15-22] will extract A, (¢?), which will require much higher time domain support and hence incur higher computational complexity than any processing derived
from the ground truth EVD factors. Hence the extraction of the unmajorised ground truth eigenvalues is important for applications involving the construction of paraunitary
systems [23-26] or subspace projections [27-30].
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Fig. 3. Visualisation of how an analytic function, here A, (e’“), m = 1, can be reconstructed from any segment, here S1, S2, or S3. This is due to the definition of an analytic

function as being identical to its own Taylor series expansion in any point, and the uniqueness theorem of analytic functions [31].
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Fig. 4. The proposed EigenBone method [32] operates in the DFT domain, where in - here 32 — frequency bins standard EVDs [33,34] are computed.
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Fig. 5. EigenBone segmentation step: segments are formed on sufficiently long frequency intervals where the minimum eigenvalue distance exceeds a preset threshold. Here,
segments are formed on 2 frequency intervals — note the wrap-around due to 27-periodicity of the eigenvalues.
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Fig. 6. EigenBone alignment step: segments are associated across different frequency intervals; this is performed via a partial reconstruction, exploiting the “Dinosaur Bone”
theorem.
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Fig. 7. EigenBone retrieval step: the analytic ground truth eigenvalues are recovered via a reconstruction from segment-weighted average.
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Fig. 8. EigenBone Segmentation step example with (a) the minimum eigenvalue distance for the example eigenvalues of Fig. 1, and (b) the resulting segmentation.
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Fig. 9. Partial reconstruction via a least squares fit of time domain functions to the 4 segments in Fig. 8. The first column is for the wrapped-around frequency interval in Fig. 8,
the second column for the second interval in Fig. 8. In order to associate the functions correctly, the segments in the 2nd column must be permuted. This can be identified via a
number of algorithms [35-39], with the Hungarian algorithm [38] being our method of choice.
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Fig. 10. Correctly retrieved ground truth eigenvalues via a reconstruction from segment-weighted averages.
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Fig. 11. Numerical example for a3 X 3 parahermitian matrix with (a) challenging intersections of eigenvalues [18], and (b) the segmentation performed by the EigenBone
method.
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Fig. 12. Partial reconstructions akin to the simpler case in Fig. 9. Each response represents a time domain best least square fit to a segment, with real (blue circles) and
imaginary parts (red asterisks). The association by the Hungarian algorithm is not difficult, and colour-coded for the three analytic eigenvalues. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

(6

|
0 /4 /2 3r/4

™

| : I
5m/4 3m/2 /4 27

normalised angular frequency Q

Fig. 13. Retrieved analytic eigenvalues based on a reconstruction from the segment-weighted average. The shaded curves represent the ground truth, which is closely
matched by the proposed approach. Although demonstrated here for analytic eigenvalues, the method can similarly be applied to recover analytic singular values
[40,41], where a similar loss of intersections occurs when addressing estimated transfer function matrices [42].

CRediT authorship contribution statement

Sebastian J. Schlecht: Conceptualization, Formal analysis, Software,
Writing — original draft, Writing — review & editing. Stephan Weiss:
Conceptualization, Formal analysis, Software, Writing — original draft,
Writing — review & editing.

Acknowledgments

Funding: The work of S. Weiss was supported by the Engineering and
Physical Sciences Research Council (EPSRC) Grant number EP/S000631/1
and the MOD University Defence Research Collaboration in Signal
Processing.

Declaration of interests

The authors declare that they have no known competing financial inter-
ests or personal relationships that could have appeared to influence the
work reported in this paper.

The authors declare the following financial interests/personal relation-
ships which may be considered as potential competing interests:

Data availability

Data will be made available on request.
References

[1] P.P. Vaidyanathan, Multirate Systems and Filter Banks, Prentice Hall, Englewood Cliffs,
1993.

[2] J.G. McWhirter, P.D. Baxter, T. Cooper, S. Redif, J. Foster, An EVD algorithm for Para-
Hermitian polynomial matrices, IEEE Trans. Signal Process. 55 (5) (May 2007)
2158-2169.

[3] V.W.Neo, S. Redif, J.G. McWhirter, J. Pestana, LK. Proudler, S. Weiss, P.A. Naylor, Poly-
nomial eigenvalue decomposition for multichannel broadband signal processing, IEEE
Signal Process. Mag. 40 (7) (Nov. 2023) 18-37.

[4

[5

=

[6

[7]

[8

—

[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

S. Weiss, J. Pestana, LK. Proudler, On the existence and uniqueness of the eigenvalue
decomposition of a parahermitian matrix, IEEE Trans. Signal Process. 66 (10) (May
2018) 2659-2672.

A. Papoulis, Probability, Random Variables, and Stochastic Processes, 3rd edition
McGraw-Hill, New York, 1991.

S. Redif, J.G. McWhirter, S. Weiss, Design of FIR paraunitary filter banks for subband
coding using a polynomial eigenvalue decomposition, IEEE Trans. Signal Process. 59
(11) (Nov. 2011) 5253-5264.

S. Redif, S. Weiss, J. McWhirter, Sequential matrix diagonalization algorithms for polyno-
mial EVD of parahermitian matrices, IEEE Trans. Signal Process. 63 (1) (Jan. 2015) 81-89.
S. Weiss, J. Pestana, LK. Proudler, F.K. Coutts, Corrections to “on the existence and
uniqueness of the eigenvalue decomposition of a parahermitian matrix, IEEE Trans. Sig-
nal Process. 66 (23) (Dec. 2018) 6325-6327.

G. Barbarino, V. Noferini, On the Rellich eigendecomposition of Para-Hermitian matri-
ces and the sign characteristics of *-palindromic matrix polynomials, Linear Algebra
Appl. 672 (Sep. 2023) 1-27.

T. Kato, Perturbation Theory for Linear Operators, Springer, 1980.

X. Mestre, On the asymptotic behavior of the sample estimates of eigenvalues and eigen-
vectors of covariance matrices, IEEE Trans. Signal Process. 56 (11) (Nov. 2008)
5353-5368.

C. Delaosa, J. Pestana, N.J. Goddard, S. Somasundaram, S. Weiss, Sample space-time co-
variance matrix estimation, IEEE International Conference on Acoustics, Speech, and
Signal Processing, Brighton, UK May 2019, pp. 8033-8037.

C. Delaosa, F.K. Coutts, J. Pestana, S. Weiss, Impact of space-time covariance estimation
errors on a parahermitian matrix EVD, IEEE Sensor Array and Mulithcannel Signal Pro-
cessing Workshop July 2018, pp. 1-5.

F.A. Khattak, S. Weiss, LK. Proudler, J.G. McWhirter, Space-time covariance matrix es-
timation: Loss of algebraic multiplicities of eigenvalues, Asilomar Conference on Sig-
nals, Systems, and Computers, Pacific Grove, CA, Oct. 2022.

M. Tohidian, H. Amindavar, A.M. Reza, A DFT-based approximate eigenvalue and sin-
gular value decomposition of polynomial matrices, EURASIP J. Adv. Signal Process.
2013 (1) (2013) 1-16.

F.K. Coutts, K. Thompson, LK. Proudler, S. Weiss, An iterative DFT-based approach to
the polynomial matrix eigenvalue decomposition, Asilomar Conference on Signals, Sys-
tems, and Computers, Pacific Grove, CA Oct. 2018, pp. 1011-1015.

S. Weiss, LK. Proudler, F.K. Coutts, J. Pestana, Iterative approximation of analytic eigen-
values of a parahermitian matrix EVD, IEEE International Conference on Acoustics,
Speech, and Signal Processing, Brighton, UK May 2019, pp. 8038-8042.

S. Weiss, LK. Proudler, F.K. Coutts, J. Deeks, Extraction of analytic eigenvectors from a
parahermitian matrix, Sensor Signal Processing for Defence Conference, Edinburgh, UK
Sep. 2020, pp. 1-5.

S. Weiss, LK. Proudler, F.K. Coutts, Eigenvalue decomposition of a parahermitian ma-
trix: extraction of analytic eigenvalues, IEEE Trans. Signal Process. 69 (Jan. 2021)
722-737.

S. Weiss, LK. Proudler, F.K. Coutts, F.A. Khattak, Eigenvalue decomposition of a
parahermitian matrix: extraction of analytic eigenvectors, IEEE Trans. Signal Process.
71 (Apr. 2023) 1642-1656.


http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0005
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0005
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0010
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0010
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0010
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0015
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0015
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0015
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0020
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0020
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0020
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0025
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0025
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0030
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0030
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0030
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0035
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0035
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0040
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0040
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0040
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0045
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0045
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0045
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0050
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0055
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0055
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0055
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0060
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0060
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0060
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0065
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0065
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0065
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0070
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0070
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0070
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0075
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0075
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0075
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0080
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0080
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0080
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0085
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0085
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0085
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0090
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0090
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0090
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0095
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0095
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0095
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0100
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0100
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0100

S.J. Schlecht, S. Weiss

[21]

[22]
[23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

F.A. Khattak, LK. Proudler, S. Weiss, Scalable extraction of analytic eigenvalues from a
parahermitian matrix, 32"¢ European Signal Processing Conference, Lyon France Aug.
2024, pp. 1317-1321.

F.A. Khattak, LK. Proudler, S. Weiss, Scalable analytic eigenvalue extraction algorithm,
IEEE Access 12 (2024) 166652-166659.

S.J. Schlecht, E.A.P. Habets, On lossless feedback delay networks, IEEE Trans. Signal
Process. 65 (6) (June 2017) 1554-1564.

S.J. Schlecht, Allpass feedback delay networks, IEEE Trans. Signal Process. 69 (2021)
1028-1038.

S. Weiss, S.J. Schlecht, O. Das, E. De Sena, Polynomial Procrustes problem: Paraunitary
approximation of matrices of analytic functions, European Signal Processing Confer-
ence, Helsinki, Finland, 2023.

O. Das, S.J. Schlecht, E. De Sena, Grouped feedback delay networks with frequency-
dependent coupling, IEEE/ACM Trans. Audio Speech Lang. Process. 31 (2023)
2004-2015.

S. Weiss, S. Bendoukha, A. Alzin, F.K. Coutts, L.LK. Proudler, J.A. Chambers, MVDR
broadband beamforming using polynomial matrix techniques, European Signal Process-
ing Conference, Nice, France Sep. 2015, pp. 839-843.

S. Weiss, C. Delaosa, J. Matthews, LK. Proudler, B. Jackson, Detection of weak transient
signals using a broadband subspace approach, Sensor Signal Processing for Defence
Conference, Edinburgh, Scotland Sep. 2021, pp. 65-69.

C.A.D. Pahalson, L.H. Crockett, S. Weiss, Detection of weak tran-sient broadband signals
using a polynomial subspace and likelihood ratio test approach, 32"4 European Signal
Processing Conference, Lyon, France, Aug. 2024.

V.W. Neo, C. Evers, S. Weiss, P.A. Naylor, Signal compaction using polynomial EVD for
spherical array processing with applications, IEEE/ACM Trans. Audio Speech Lang. Pro-
cess. 31 (2023) 3537-3549.

L.V. Ahlfors, Complex Analysis: An Introduction to the Theory of Analytic Functions of
One Complex Variable, McGraw-Hill, New York, 1953.

[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

[40]

[41]

[42]

Science Talks 14 (2025) 100437

S.J. Schlecht, S. Weiss, Reconstructing analytic dinosaurs: polynomial eigenvalue de-
composition for eigenvalues with unmajorised ground truth, 32"¢ European Signal Pro-
cessing Conference, Lyon, France Aug. 2024, pp. 1287-1291.

G. Strang, Linear Algebra and its Application, Academic, New York, NY, USA, 1980.
G.H. Golub, C.F. van Loan, Matrix Computations, The Johns Hopkins Univ. Press, Balti-
more, MD, USA, 1996.

P. Ferreira, Interpolation and the discrete Papoulis-Gerchberg algorithm, IEEE Trans.
Signal Process. 42 (10) (1994) 2596-2606.

M. Marques, A. Neves, J.S. Marques, J. Sanches, The Papoulis-Gerchberg algorithm with
unknown signal bandwidth, Lect. Notes Comput. Sci (2006) 436-445.

B.G. Salomon, H. Ur, A method for the recovery of gaps in general analytic signals, ISRN
Signal Process. 2011 (2011) 1-6.

H.W. Kuhn, The Hungarian method for the assignment problem, Naval Res. Logist.
Quart. 2 (1-2) (1955) 83-97.

D. Pachauri, R. Kondor, V. Singh, Solving the multi-way matching problem by permuta-
tion synchronization, Advances in Neural Information Processing Systems, vol. 26,
Curran Associates, Inc, 2013.

S. Weiss, LK. Proudler, G. Barbarino, J. Pestana, J.G. McWhirter, On properties and
structure of the analytic singular value decomposition, IEEE Trans. Signal Process. 72
(Apr. 2024) 2260-2275.

F.A. Khattak, M. Bakhit, L.K. Proudler, S. Weiss, Extraction of analytic singular values of
a polynomial matrix, 32nd European Signal Processing Conference, Lyon, France Aug.
2024, pp. 1297-1301.

M. Bakhit, F.A. Khattak, LK. Proudler, S. Weiss, Impact of estimation errors of a matrix
of transfer functions onto its analytic singular values and their potential algorithmic ex-
traction, 28th Annual IEEE High Performance Extreme Computing Conference, Wal-
tham, MA, Sep. 2024.


http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0105
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0105
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0105
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0105
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0110
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0110
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0115
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0115
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0120
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0120
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0125
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0125
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0125
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0130
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0130
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0130
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0135
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0135
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0135
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0140
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0140
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0140
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0145
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0145
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0145
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0145
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0150
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0150
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0150
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0155
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0155
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0160
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0160
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0160
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0160
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0165
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0170
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0170
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0175
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0175
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0180
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0180
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0185
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0185
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0190
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0190
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0195
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0195
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0195
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0200
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0200
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0200
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0205
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0205
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0205
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0210
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0210
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0210
http://refhub.elsevier.com/S2772-5693(25)00019-2/rf0210

	Polynomial eigenvalue decomposition for eigenvalues with unmajorised ground truth – Reconstructing analytic dinosaurs
	CRediT authorship contribution statement
	section2
	Acknowledgments
	Declaration of interests
	References




