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A B S T R A C T

We propose a novel model for a vascularised poroelastic composite representing the myocardium which
incorporates both mechanical deformations and electrical conductivity. Our structure comprises a vascularised
poroelastic extracellular matrix with an embedded elastic inclusions (representing the myocytes) and we
consider the electrical conductance between these two solid compartments. There is a distinct lengthscale
separation between the scale where we can visibly see the connected fluid compartment separated from the
poroelastic matrix and the elastic myocyte and the overall size of the heart muscle. We therefore apply the
asymptotic homogenisation technique to derive the new model. The effective governing equations that we
obtain describe the behaviour of the myocardium in terms of the zero-th order stresses, current densities,
relative fluid–solid velocities, pressures, electric potentials and elastic displacements. It effectively accounts
for the fluid filling in the pores of the poroelastic matrix, flow in the vessels, the transport of fluid between
the vessels and the matrix, and the elastic deformation and electrical conductance between the poroelastic
matrix and the myocyte. This work paves the way towards a myocardium model that incorporates multiscale
deformations and electrical conductivity whilst also considering the effects of the vascularisation and indeed
the impact on mechanotransduction.

. Introduction

The human heart pumps blood around the body using the strength of its muscular walls which possess a layered microstructure. The three
istinct layers are the endocardium, the myocardium, and the epicardium. The myocardium is the most dominant layer and is found between
he thin epicardium and endocardium. As the myocardium is the most dominant layer it has its own blood supply via the coronary arteries. The
yocardium is susceptible to a variety of diseases, such as myocardial infarction, angina and the effects of ageing (Whitaker, 2014; Weinhaus and
oberts, 2005).

The myocardium of the heart is formed from individual cardiac muscle cells, which are called myocytes. The myocytes are connected end to end
t the gap junctions by the intercalated discs. This means that between adjacent myocytes there exist strong electrical and mechanical connections
n every direction. This allows the myocardium to act as a single contractile unit (Bader et al., 2021) with fast and coordinated contraction
hroughout. The electrical activation creates the contraction of the heart muscle which then pumps blood around the body. The electrophysiology
f the heart is complex and has many features that should be taken into account such as ion channels and the transport of ions, for further details
n cardiac electrophysiology the reader is directed to Katz (2010), Opie (2004) and Weidmann (1974).

The myocardium has a microstructure where we can identify cardiac myocytes surrounded by a collagen matrix (which is produced by the
ardiac fibroblasts) with an interconnected blood flow through the permeating vasculature (Purslow, 2008). We can only identify these structures
n a microscale length which is much smaller than the size of the entire heart muscle. The microstructure of the myocardium is very complex
eometrically and for this reason is strongly impacted by a variety of diseases, in particular myocardial infarction. In the case of myocardial
nfarction we have a reduction in the blood flow and therefore the myocytes do not receive enough oxygen and nutrients and therefore cannot
urvive. In their place the fibroblasts create a collagen rich scar tissue to retain the structural integrity of the heart.

Due to the heart being a very complex organ both structurally and in terms of its behaviours this has mean that it is a key area for investigation
y researchers. The electrophysiology, mechanical behaviour and modelling the heart as a porous medium has resulted in a variety of modelling
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approaches (Peirlinck et al., 2021; Owen et al., 2018; Smith et al., 2004; Cookson et al., 2012; Ng et al., 2005; Pesavento et al., 2017; Di Gregorio
et al., 2021). An extremely prominent approach is modelling the myocardium via constitutive nonlinear elastic theory via the Holzapfel–Ogden
law (Holzapfel and Ogden, 2009). This incorporates the underlying microstructural collagen and elastin fibre orientations when modelling the

yocardium as a layered structure.
Since the heart is multiscale in nature, to capture its behaviour correctly, we create computationally feasible models where the macroscale

ffective governing equations encode the properties and interactions of the microscale constituents. To create such a model we must setup a
roblem that consists of the governing equations for each microstructural constituent and interface conditions describing the interactions that
ccur between them. Problems of this kind can be upscaled via a wide range of techniques. The upscaling leads to a macroscale system of effective

governing equations. These upscaling methods are known as homogenisation techniques and have been described in detail in Hori and Nemat-Nasser
(1999) and Davit et al. (2013). Some examples of homogenisation techniques are mixture theory, effective medium theory, volume averaging, and
asymptotic homogenisation. Each of these methods has advantages and disadvantages and the choice of technique should be made by considering
the desired characteristics of the macroscale model.

In this case we choose to apply the asymptotic homogenisation technique, which has been utilised by many works in the literature. It has been
popularly used in the theory of poroelasticity such as in Burridge and Keller (1981) and Penta et al. (2020), in the modelling of elastic materials

ith composite microstructures (Penta and Gerisch, 2015, 2017a), and also applied to materials that are electroactive in Di Stefano et al. (2020),
Penta et al. (2018) and Penta et al. (2021). The technique has been very important in extending the theory of poroelasticity and has been used
to include important biological phenomena such as growth and remodelling and vascularisation (Penta et al., 2014; Penta and Merodio, 2017;
Mascheroni et al., 2023). The theory of poroelasticity was further extended to include poroelastic materials with more complicated microstructures
uch as poroelastic composites and double poroelastic materials (Miller and Penta, 2020, 2021a) via the asymptotic homogenisation technique.
 major benefit of using the asymptotic homogenisation technique is that the models that arise are computationally feasible. This feature has

allowed for computational studies investigating properties of poroelastic materials such as the effective stiffness, porosity and compressibility to be
considered in Miller and Penta (2022b) and Dehghani et al. (2018). The technique has also been applied to model double porosity in fluid-saturated
lastic media by Rohan et al. (2016). This work takes into consideration the interplay of a poroelastic phase and an interconnected fluid phase.

This model was then used for the specific application of compact bone in Rohan et al. (2012). This model has indeed many applications which is
further evidenced by the investigations into tissue perfusion carried out in Rohan and Cimrman (2010) and Rohan et al. (2021).

In addition to all these examples, heart modelling has been previously approached via the asymptotic homogenisation technique, for example
the structural changes cause as a result of myocardial infarction have been investigated numerically in Miller and Penta (2022a). The electrical
bidomain model (Bader et al., 2021; Richardson and Chapman, 2011) has been considered and derived using the asymptotic homogenisation
technique, as well as the electrical and mechanical bidomain model of the heart (Miller and Penta, 2023).

In this work we apply the asymptotic homogenisation technique to a problem that we have set up to describe the mechanical and electrical
eformations of the perfused myocardium. We assume that the size of the heart is much larger than the scale where we can identify the elastic
yocytes, the poroelastic extracellular matrix and the permeating vasculature. We call this scale the microscale. We associate a length with the
icroscale that is much smaller than the length of the entire heart muscle. If we zoom in further on the extracellular matrix portion of the microscale

hen we find that the domain is a porous matrix with fluid flowing in the pores. To account for this porescale microstructure we use the governing
equations of Biot’s poroelasticity for the extracellular matrix. When looking at the entire heart muscle we no longer see the myocytes or the blood
vessels as the variations are smoothed out and so we denote the scale of the heart as the macroscale. We are then able to apply the asymptotic
homogenisation technique to upscale the problem we have described on the microstructure, by accounting for the continuity of current densities,
stresses, elastic displacements, and then also the difference in the electric potentials and by accounting for the zero flux across the interface between
the elastic myocyte and the poroelastic extracellular matrix and by accounting for the continuity of fluxes, stresses, fluid transport, slip over the
porous surface, and the insulation of the current density on the interface between the vascular network and the poroelastic extracellular matrix.

The novel macroscale PDEs model that is derived contains a balance equation for the current densities and a balance equation for the stresses.
hese balance equations contain additional terms that allow for the model to account for the difference in the electric potentials at different points

n the microstructure. The model also comprises two balance equations of the relative fluid–solid velocities of the vessels and interstitial fluid.
These contain terms related to the strains of the elastic myocyte and the poroelastic extracellular matrix and to the fluid transport between the
ompartments due to the leakage of the fluid from the vessels into the poroelastic matrix. The macroscale model coefficients allow for the properties
f the microstructure to be retained in the macroscale model and these are to be computed by solving the microscale differential problems of the
symptotic homogenisation technique.

The current work builds upon prominent modelling approaches in the literature such as the model for vascularised poroelastic materials by
Penta and Merodio (2017), the electrical and mechanical bidomain model of Miller and Penta (2023) and the models of a poroelastic matrix with
elastic inclusion by Royer et al. (2019) and Chen et al. (2020). This work combines key features from Penta and Merodio (2017) and Miller and
Penta (2023) to create a vascularised, electrical and mechanical myocardium model. The model will encode structural and behavioural features of
he myocardium over two distinct finer scales. This level of microstructural detail being encoded in the final macroscale model allows for a greater
nderstanding of the myocardial behaviour due to a more realistic microstructure being considered. Our model captures elastic behaviour, electrical
ctivity and perfusion and therefore paves the way towards a computationally feasible microstructurally motivated myocardium model which can
e used to understand whether the differences in myocyte and extracellular matrix displacements and perfusion effects the mechanotransduction
f the overall heart and hence greater understanding of the influence of disease.

We structure the remainder of this work as follows. In Section 2 we introduce the governing equations for each phase in our microstructure
hat describes the myocardium. Then in Section 3 we carry out a multiple scales expansion and apply the asymptotic homogenisation technique

to derive the equations governing the myocardium in terms of the zero-th order quantities. The macroscale results are presented in Section 4. We
then provide a numerical example investigating the electrical conductivity of the perfused myocardium in Section 5. Finally we provide a summary
f our work and future perspectives in Section 6. We additionally have an Appendix that comprises a scheme that can be utilised to solve the

macroscale model.
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Fig. 1. A 2D sketch representing the multiple scales in the myocardium. The myocyte 𝛺𝑖 is shown in pink and the extracellular domain 𝛺𝑒 is in blue. There is an interface 𝛤
between the two domains. There is also the fluid compartment shown in red which is in contact with just the extracellular domain via the interface 𝛾.

2. Problem

We wish to study the microstructure of the myocardium which we define as a set 𝛺 ∈ R3 with 𝛺 as the union of the extracellular matrix 𝛺𝑒,
the myocyte 𝛺𝑖, and an interconnected vascular fluid network 𝛺f with �̄� = �̄�𝑖 ∪ �̄�𝑒 ∪ �̄�f . A sketch of a cross-section of our domain 𝛺 is given in
Fig. 1.

We now introduce the equations that we will use to describe each domain, as well as appropriate interface conditions that will close the problem.
To describe the electrical conductivity in each domain we use the passive steady-state electrical bidomain equations, as introduced in Roth (1991,
1992, 2016). We have

∇ ⋅ (𝖦𝑖∇𝜙𝑖) = 𝛽 𝐺(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑖 in 𝛺𝑖, (1a)

∇ ⋅ (𝖦𝑒∇𝜙𝑒) = −𝛽 𝐺(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑒 in 𝛺𝑒, (1b)

where we have that 𝖦𝑖 and 𝖦𝑒 are the second rank conductivity tensors in the myocyte and extracellular matrix respectively, the scalar electric
potentials in each domain are given by 𝜙𝑖 and 𝜙𝑒, the scalars 𝛽 and 𝐺 are the ratio of membrane area to tissue volume and membrane conductance
parameters respectively, and 𝐼𝑖 and 𝐼𝑒 are source terms in the myocyte and extracellular matrix respectively. We note that in following Roth (1992)
we also assume that at any point within the tissue, the difference between the myocyte and extracellular potentials is equal to the transmembrane
potential which we call 𝑉 and will appear in equations to follow. These steady-state bidomain Eqs. (1a) and (1b) are written in terms of the balance
of the electric current density in each domain, which we can write as

𝐣𝑖 = −𝖦𝑖∇𝜙𝑖 in 𝛺𝑖, (2a)

𝐣𝑒 = −𝖦𝑒∇𝜙𝑒 in 𝛺𝑒. (2b)

These are given by Ohm’s Law with conductivity tensors 𝖦𝑖 and 𝖦𝑒 and we write the applied electric fields as ∇𝜙𝑖 and ∇𝜙𝑒.
We now require the mechanical equations in each domain. We have the following balance equations

∇ ⋅ 𝖳𝑖 = −𝖦𝑖∇𝜙𝑖 × 𝐁 in 𝛺𝑖, (3a)

∇ ⋅ 𝖳𝑒 = −𝖦𝑒∇𝜙𝑒 × 𝐁 in 𝛺𝑒, (3b)

where 𝖳𝑖 is the stress tensor in the myocyte and 𝖳𝑒 is the effective stress tensor in the extracellular matrix, 𝐮𝑖 and 𝐮𝑒 are the elastic displacements
in the myocyte and matrix respectively. We see from the balance Eqs. (3a) and (3b) that each domain is subject to a body force. This is a Lorentz
force on the action potential currents, 𝐣𝑖 and 𝐣𝑒, where we have a magnetic field 𝐁 (Puwal and Roth, 2010). We can write these body forces as

𝐣𝑖 × 𝐁 = −𝖦𝑖∇𝜙𝑖 × 𝐁 and 𝐣𝑒 × 𝐁 = −𝖦𝑒∇𝜙𝑒 × 𝐁. (4)

The body forces used here were chosen for a variety of reasons. The initial reason being this force has been previously considered in Puwal and
Roth (2010) when creating a mechanical bidomain model and investigating the effect of magnetic forces on action currents associated with a
propagating action potential wave front. By using also this force we will be able to compare with the numerical results obtained by Puwal and
Roth (2010). The second reason for this choice of body force is that there are important applications where the Lorentz force has been used in
imaging, e.g. elastic displacement due to Lorentz force has been recently proposed as a potential use of MRI . We direct the reader to Dorfmann
and Ogden (2006, 2014), Maugin (2013), Fu (2024) and Liguori and Gei (2023) for further details on electroelastic materials and the effects of
applied electric body forces.

We assume that the myocyte is an anisotropic linear elastic material and therefore has a stress tensor which can be written as

𝖳𝑖 = C𝑖∇𝐮𝑖 in 𝛺𝑖, (5)

where C𝑖 is the fourth rank elasticity tensor with corresponding components (𝐶 𝑖)𝛼 𝛿 𝜏 𝜅 , for 𝛼 , 𝛿 , 𝜏 , 𝜅 = 1, 2, 3, and 𝐮𝑖 is the elastic displacement in the
myocyte. We assume that the extracellular matrix is a poroelastic material with the effective stress tensor

𝖳𝑒 = C𝑒∇𝐮𝑒 − �̂�𝑒𝑝𝑝 in 𝛺𝑒, (6)

where C𝑒 is the fourth rank effective elasticity tensor with corresponding components (𝐶𝑒)𝛼 𝛿 𝜏 𝜅 , for 𝛼 , 𝛿 , 𝜏 , 𝜅 = 1, 2, 3, 𝐮𝑒 is the elastic displacement
�̂�𝑒 is the Biot’s tensor of coefficients and 𝑝𝑝 is the interstitial pressure of the fluid in the pores. The coefficients C𝑒 and �̂�𝑒 can be obtained via a
finer scale homogenisation process such as those detailed in Burridge and Keller (1981) and Penta et al. (2020).

We have that the tensors C and C are equipped with right minor and major symmetries, these are defined as
𝑖 𝑒

3 
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(𝐶 𝑖)𝛼 𝛿 𝜏 𝜅 = (𝐶 𝑖)𝛼 𝛿 𝜅 𝜏 ; (𝐶𝑒)𝛼 𝛿 𝜏 𝜅 = (𝐶𝑒)𝛼 𝛿 𝜅 𝜏 , (7a)

(𝐶 𝑖)𝛼 𝛿 𝜏 𝜅 = (𝐶 𝑖)𝜏 𝜅 𝛼 𝛿 ; (𝐶𝑒)𝛼 𝛿 𝜏 𝜅 = (𝐶𝑒)𝜏 𝜅 𝛼 𝛿 . (7b)

By combining (7a)–(7b) then the left minor symmetries follow. By using the right minor symmetries we can rewrite the stress Eqs. (5) and (6) as

𝖳𝑖 = C𝑖𝜉(𝐮𝑖) in 𝛺𝑖, (8a)

𝖳𝑒 = C𝑒𝜉(𝐮𝑒) − �̂�𝑒𝑝𝑝 in 𝛺𝑒, (8b)

where we have that

𝜉(∙) = ∇(∙) + (∇(∙))T
2

, (9)

is the symmetric part of the gradient operator.
Since the extracellular matrix is poroelastic we have Darcy’s law

𝐰𝑒 = −𝖪𝑒∇𝑝𝑝 in 𝛺𝑒, (10)

with the pressure in the pores 𝑝𝑝, hydraulic conductivity tensor 𝖪𝑒 and where we have defined using the relative fluid–solid velocity

𝐰𝑒 = 𝜙(𝐯 − �̇�𝑒) in 𝛺𝑒, (11)

where the interstitial fluid velocity is 𝐯 and 𝜙 is the underlying porosity of the poroelastic extracellular matrix.
To completely govern the extracellular matrix portion of our microstructure we have the standard Biot’s conservation of mass equation (Biot,

1955, 1956a,b, 1962), which reads
𝑝𝑝
𝑀

= −�̂�𝑒 ∶ 𝜉(�̇�𝑒) − ∇ ⋅ 𝐰𝑒 in 𝛺𝑒, (12)

where 𝑀 is the Biot’s modulus and the other terms are defined previously. We should note that the equations we have chosen to govern the
xtracellular matrix are the equations of Biot’s poroelasticity (Biot, 1955, 1956a,b, 1962) which can also be derived via application of the asymptotic

homogenisation technique to a finer scale problem that what we are considering here, see Burridge and Keller (1981) and Penta et al. (2020)
Now we consider the fluid in the blood vessels. We require a balance equation for this domain. This is given as

∇ ⋅ 𝖳f = 0 in 𝛺f , (13)

and we have that 𝖳f is the fluid stress tensor. We are making the assumption that our fluid is incompressible and Newtonian, and so therefore has
the constitutive equation

𝖳f = −𝑝f 𝖨 + 2𝜇 𝜉(𝐯f ), (14)

where we have 𝐯f as the fluid velocity, 𝑝f is the pressure and 𝜇 the viscosity of the fluid. Since the fluid is incompressible we require the
ncompressibility constraint

∇ ⋅ 𝐯f = 0 in 𝛺f . (15)

By using the constitutive law (14) in the balance Eq. (13) with the incompressibility constraint (15) we obtain the Stokes’ problem

𝜇∇2𝐯f = ∇𝑝f in 𝛺f . (16)

We have now described the equations governing each of the subdomains (𝛺𝑖, 𝛺𝑒 and 𝛺f ). In order to close our problem we require to place
conditions on each of the interfaces. We have the interface between the poroelastic matrix and the elastic myocyte which we shall call 𝛤 . We can
define this as 𝛤 ∶= 𝜕 𝛺𝑖 ∩ 𝜕 𝛺𝑒. We also have a second interface between the poroelastic matrix and the embedded fluid phase which we shall call
𝛾. We can define this as 𝛾 ∶= 𝜕 𝛺𝑒 ∩ 𝜕 𝛺f .

First we close the problem by prescribing conditions on the solid–solid interface 𝛤 , these are continuity of the current densities, prescribed jump
in electric potential, continuity of stresses, continuity of elastic displacements and the insulation of the fluid flux across the boundary between the
oroelastic extracellular matrix and the solid elastic myocyte

𝖦𝑖∇𝜙𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛤 on 𝛤 , (17a)

𝜙𝑖 − 𝜙𝑒 = 𝑉 on 𝛤 , (17b)

𝖳𝑖 ⋅ 𝐧𝛤 = 𝖳𝑒 ⋅ 𝐧𝛤 on 𝛤 , (17c)

𝐮𝑖 = 𝐮𝑒 on 𝛤 , (17d)

𝐰𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (17e)

where 𝑉 is a given and is the potential drop across the membrane (Richardson and Chapman, 2011) and 𝐧𝛤 is the normal to the interface 𝛤
ointing into the myocyte.

We now state the conditions on the interface 𝛾 between the blood vessels and the extracellular matrix. These include the continuity of fluxes,
continuity of stresses, fluid flow across the interface between the vessels and the extracellular matrix, the fluid slip over a porous surface using the
Beavers–Joseph–Saffman condition, and the insulation of the current density from the fluid. We have

𝐰𝑒 ⋅ 𝐧𝛾 = 𝐰f ⋅ 𝐧𝛾 on 𝛾 , (18a)

𝖳f𝐧𝛾 = 𝖳𝑒𝐧𝛾 on 𝛾 , (18b)

𝐧𝛾 ⋅ (𝖳f𝐧𝛾 ) + 1 (𝐯f − �̇�𝑒) ⋅ 𝐧𝛾 = −𝑝𝑝 on 𝛾 , (18c)

𝐿𝑝

4 
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𝜏𝛽 ⋅ (𝖳f𝐧𝛾 ) = − 𝛼
√

𝑘
(𝐯f − �̇�𝑒) ⋅ 𝜏𝛽 on 𝛾 , (18d)

𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 , (18e)

where we have that 𝐿𝑝 is the leakage from the vessels, 𝑘 is the permeability and 𝛼 is a dimensionless parameter depending on the properties of the
nterface 𝛾. We have defined 𝐧𝛾 as the normal to the interface 𝛾 pointing into the fluid. We note that for the sake of simplicity we are assuming

that the electrical current density does not travel into the vessel fluid however this can indeed be modified and extended, see Conclusions Section 6
for further discussion surrounding this extension.

Now that we have described all the equations in our fluid–structure interaction problem we can summarise them here for convenience with
their corresponding subdomain or interface included. We have

∇ ⋅ (𝖦𝑖∇𝜙𝑖) = 𝛽(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑖 in 𝛺𝑖, (19a)

∇ ⋅ (𝖦𝑒∇𝜙𝑒) = −𝛽(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑒 in 𝛺𝑒, (19b)

𝐣𝑖 = −𝖦𝑖∇𝜙𝑖 in 𝛺𝑖, (19c)

𝐣𝑒 = −𝖦𝑒∇𝜙𝑒 in 𝛺𝑒, (19d)

∇ ⋅ 𝖳𝑖 = −𝖦𝑖∇𝜙𝑖 × 𝐁 in 𝛺𝑖, (19e)

∇ ⋅ 𝖳𝑒 = −𝖦𝑒∇𝜙𝑒 × 𝐁 in 𝛺𝑒, (19f)

𝖳𝑖 = C𝑖𝜉(𝐮𝑖) in 𝛺𝑖, (19g)

𝖳𝑒 = C𝑒𝜉(𝐮𝑒) − �̂�𝑒𝑝𝑝 in 𝛺𝑒, (19h)

𝐰𝑒 = −𝖪𝑒∇𝑝𝑝 in 𝛺𝑒, (19i)
𝑝𝑝
𝑀

= −�̂�𝑒 ∶ 𝜉(�̇�𝑒) − ∇ ⋅ 𝐰𝑒 in 𝛺𝑒, (19j)

∇ ⋅ 𝖳f = 0 in 𝛺f , (19k)

𝖳f = −𝑝f 𝖨 + 2𝜇 𝜉(𝐯f ) in 𝛺f , (19l)

∇ ⋅ 𝐯f = 0 in 𝛺f (19m)

𝜇∇2𝐯f = ∇𝑝f in 𝛺f (19n)

𝖳𝑖 ⋅ 𝐧𝛤 = 𝖳𝑒 ⋅ 𝐧𝛤 on 𝛤 , (19o)

𝐮𝑖 = 𝐮𝑒 on 𝛤 , (19p)

𝖦𝑖∇𝜙𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛤 on 𝛤 , (19q)

𝜙𝑖 − 𝜙𝑒 = 𝑉 on 𝛤 , (19r)

𝐰𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (19s)

𝐰𝑒 ⋅ 𝐧𝛾 = 𝐰f ⋅ 𝐧𝛾 on 𝛾 , (19t)

𝖳f𝐧𝛾 = 𝖳𝑒𝐧𝛾 on 𝛾 , (19u)

𝐧𝛾 ⋅ (𝖳f𝐧𝛾 ) + 1
𝐿𝑝

(𝐯f − �̇�𝑒) ⋅ 𝐧𝛾 = −𝑝𝑝 on 𝛾 , (19v)

𝜏𝛽 ⋅ (𝖳f𝐧𝛾 ) = − 𝛼
√

𝑘
(𝐯f − �̇�𝑒) ⋅ 𝜏𝛽 on 𝛾 , (19w)

𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 . (19x)

To begin the derivation of our model we must perform a multiscale analysis. To do this we begin by (i) non-dimensionalising the problem
hat we have just introduced in this section, then (ii) introduce two well-separated length scales, (iii) we then apply the two scale asymptotic

homogenisation technique to the non-dimensional equations that govern each domain, and (iv) determine the macroscale equations describing the
effective behaviour of the myocardium.

3. Multiscale analysis

The heart can be characterised by two different length scales, see Fig. 1. We associate the average lengthscale of the heart by 𝐿 (the macroscale),
and we have a second lengthscale 𝑑 which we call the microscale, and we assume that this is comparable with the distance between adjacent
myocytes and vessels. To emphasise the difference between the two scales, we perform a non-dimensional analysis of the problem presented in
Section 2.

3.1. Non–dimensionalisation of the problem

We wish to understand the mutual weights of each of the relevant fields in the problem and therefore we formulate the model in non–dimensional
form. This means that we will capture the correct asymptotic behaviour of the material once we apply the asymptotic homogenisation technique.
The model that we will derive is assumed to describe the myocardium in a healthy scenario but will allow for modifications to certain conditions
or diseases at a further stage. Due to the desire to keep the model as general as possible we do not choose specific condition or disease related
5 
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parameters to carry out the non–dimensionalisation. We do however perform a formal non–dimensionalisation that indicates the appropriate
symptotic behaviour of each of the relevant fields.

We choose to scale the spatial variable and the elastic displacement by the characteristic length scale 𝐿 of the heart muscle. This means that
the stresses and elasticity tensors will also be scaled by 𝐿. We make the assumption that the system can be characterised by a reference pressure
gradient 𝐶, and that the characteristic fluid velocity is given by the typical parabolic profile proportional to that of a Newtonian fluid slowly
flowing in a cylinder of radius d. We choose that the change in electric potential can be scaled by 𝛷0 and the electrical conductivities are scaled
by 𝖦0, the typical conductance. We therefore non–dimensionalise by using

𝐱 = 𝐿𝐱′, C𝑖 = 𝐶 𝐿C′
𝑖 , C𝑒 = 𝐶 𝐿C′

𝑒, 𝖳𝑖 = 𝐶 𝐿𝖳′
𝑖 , 𝖳𝑒 = 𝐶 𝐿𝖳′

𝑒, 𝐮𝑒 = 𝐿𝐮′𝑒,

𝐮𝑖 = 𝐿𝐮′𝑖 , 𝜙𝑖 = 𝛷0𝜙
′
𝑖 , 𝜙𝑒 = 𝛷0𝜙

′
𝑒, 𝑉 = 𝛷0𝑉

′, 𝖦𝑖 = 𝖦0𝖦
′
𝑖 ,

𝖦𝑒 = 𝖦0𝖦
′
𝑒, 𝐁 = 𝐿

𝖦0𝛷0
𝐁′, 𝐯 = 𝐶 𝑑2

𝜇
𝐯′, 𝑝 = 𝐶 𝐿𝑝′.

(20)

We note that the gradient operator can be scaled as

∇ = 1
𝐿
∇′. (21)

We now use these scalings and obtain the non-dimensionalised form of the microscale governing equations

∇ ⋅ (𝖦𝑖∇𝜙𝑖) = 𝛽(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑖 in 𝛺𝑖, (22a)

∇ ⋅ (𝖦𝑒∇𝜙𝑒) = −𝛽(𝜙𝑖 − 𝜙𝑒) − 𝐼𝑒 in 𝛺𝑒, (22b)

𝐣𝑖 = −𝖦𝑖∇𝜙𝑖 in 𝛺𝑖, (22c)

𝐣𝑒 = −𝖦𝑒∇𝜙𝑒 in 𝛺𝑒, (22d)

∇ ⋅ 𝖳𝑖 = −𝖦𝑖∇𝜙𝑖 × 𝐁 in 𝛺𝑖, (22e)

∇ ⋅ 𝖳𝑒 = −𝖦𝑒∇𝜙𝑒 × 𝐁 in 𝛺𝑒, (22f)

𝖳𝑖 = C𝑖𝜉(𝐮𝑖) in 𝛺𝑖, (22g)

𝖳𝑒 = C𝑒𝜉(𝐮𝑒) − �̂�𝑒𝑝𝑝 in 𝛺𝑒, (22h)

𝐰𝑒 = −𝖪𝑒∇𝑝𝑝 in 𝛺𝑒, (22i)
𝑝𝑝
𝑀

= −�̂�𝑒 ∶ 𝜉(�̇�𝑒) − ∇ ⋅ 𝐰𝑒 in 𝛺𝑒, (22j)

∇ ⋅ 𝖳f = 0 in 𝛺f , (22k)

𝖳f = −𝑝f 𝖨 + 𝜖2𝜉(𝐯f ) in 𝛺f , (22l)

∇ ⋅ 𝐯f = 0 in 𝛺f (22m)

𝜖2∇2𝐯f = ∇𝑝f in 𝛺f (22n)

𝖳𝑖 ⋅ 𝐧𝛤 = 𝖳𝑒 ⋅ 𝐧𝛤 on 𝛤 , (22o)

𝐮𝑖 = 𝐮𝑒 on 𝛤 , (22p)

𝖦𝑖∇𝜙𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛤 on 𝛤 , (22q)

𝜙𝑖 − 𝜙𝑒 = 𝑉 on 𝛤 , (22r)

𝐰𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (22s)

𝐰𝑒 ⋅ 𝐧𝛾 = 𝐰f ⋅ 𝐧𝛾 on 𝛾 , (22t)

𝖳f𝐧𝛾 = 𝖳𝑒𝐧𝛾 on 𝛾 , (22u)

𝐧𝛾 ⋅ (𝖳f𝐧𝛾 ) + 1
𝜖 𝐿𝑝

(𝐯f − �̇�𝑒) ⋅ 𝐧𝛾 = −𝑝𝑝 on 𝛾 , (22v)

𝜏𝛽 ⋅ (𝖳f𝐧𝛾 ) = −𝜖 𝛼
√

𝑘
(𝐯f − �̇�𝑒) ⋅ 𝜏𝛽 on 𝛾 , (22w)

𝖦𝑒∇𝜙𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 . (22x)

where we can define

𝜖 = 𝑑
𝐿
, (23)

and we have that

𝛽 =
𝛽 𝐺 𝐿2

𝐺0
, (24)

is a dimensionless parameter associated with the ratio between membrane area and tissue volume. We can see that during the non-
imensionalisation Eqs. (22l), (22n), (22v), and (22w) all gain a scaling by a power of epsilon. This will allow us to obtain the correct asymptotic

behaviour when applying the upscaling. For example the 𝜖2 scaling which appears in (22l) is the standard scaling for Stokes’ flow and represents
the asymptotic behaviour of the characteristic fluid velocity flowing in the pores (Sanchez-Palencia, 2006; Penta et al., 2020, 2014).

Now that we have obtained the non-dimensional system of PDEs (22a)–(22x) we can introduce the two scale asymptotic homogenisation
technique which will derive the new model by enforcing the assumption that the microscale and the macroscale are well separated.
6 
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3.2. The asymptotic homogenisation technique

Here we now introduce the asymptotic homogenisation technique which we will then use to derive a macroscale model describing the perfused
lectrical myocardium from the Eqs. (22a)–(22x). The first assumption that we make is that the microscale (where individual myocytes and vessels

are clearly resolved from the extracellular matrix), denoted by 𝑑, is very small in comparison with average size of the heart muscle 𝐿. That is,
𝜖 = 𝑑

𝐿
≪ 1. (25)

Since we have two well separated scales we require a local spatial variable that will capture the microscale variations of the fields. We have

𝐲 = 𝐱
𝜖
. (26)

We note that the spatial variables 𝐱 and 𝐲 are formally independent and are representative of the macroscale and the microscale, respectively. Due
to the two independent scales we must transform the gradient operator

∇ → ∇𝑥 +
1
𝜖
∇𝑦. (27)

We assume that all the fields in our analysis are functions of both variables 𝐱 and 𝐲. We also assume that the fields can be represented in terms of
a power series of 𝜖, i.e.

𝜑𝜖(𝐱, 𝐲, 𝑡) =
∞
∑

𝑙=0
𝜑(𝑙)(𝐱, 𝐲, 𝑡)𝜖𝑙 , (28)

where 𝜑 is representative of a typical field involved in our analysis.
In order to allow the analysis to be carried out we make the same assumption as in Richardson and Chapman (2011) and let the electric potential

𝑉 be a given with the following expansion

𝑉 = 𝑉 (0)(𝐱, 𝑡) +⋯ , (29)

that is, 𝑉 depends only on the macroscale at order zero.
Before carrying out the analysis we make two more assumptions.

Remark 3.1 (Microscale Periodicity). The analysis in this work can be simplified by considering only a single subset of the domain which we denote
as a periodic cell. For this to be the case we make the assumption that every field 𝜑(𝑙) in (22a)–(22x) is 𝐲-periodic. This assumption allows for
he microscale differential problems that are a feature of the asymptotic homogenisation technique can be solved on just a finite subset of the
aterial which leads to a reduced computational cost. This assumption is not necessary per se, and the analysis can indeed be carried out by

ssuming that the fields are only locally bounded. By taking a local boundedness approach we would only determine the functional form of the
acroscale model where the coefficients are to be obtained from microscale problems that need to be solved on the whole microstructure of the
aterial. Therefore solving the model derived via local boundedness is very computationally expensive in comparison with microscale periodicity.

or further information and examples see Burridge and Keller (1981) and Penta and Gerisch (2017b).

Remark 3.2 (Macroscopic Uniformity). In multiscale materials it is well known that at different macroscale points the underlying microstructure
an vary. Such a variation has been investigated by Penta et al. (2014), Burridge and Keller (1981), Holmes (2012), Penta and Gerisch (2015)

and Dalwadi et al. (2015). By considering that the microscale varies with respect to the macroscale point this requires additional terms in the
inal model that arise via proper application of the Reynolds transport theorem. This will dramatically increase the computational cost. Therefore
ere we neglect this dependence to simplify the derivation of the model. We therefore have a material which at every macroscale point possesses

the same underlying microstructure. We can equivalently say the microscale geometry does not depend on 𝐱. We call this property macroscopic
uniformity and we have the simple differentiation under the integral sign

∫𝛺
∇𝐱 ⋅ (∙)dy = ∇𝑥 ⋅ ∫𝛺

(∙)dy, (30)

where (∙) is a tensor or a vector quantity.

Remark 3.3 (Periodic Cell). Before beginning the analysis we make the identification between the domain 𝛺 and the corresponding periodic cell,
where the extracellular matrix, myocyte and fluid vasculature portions are denoted by 𝛺𝑒, 𝛺𝑖, and 𝛺f , respectively. We can identify the interfaces
etween the different domains as 𝛤 ∶= 𝜕 𝛺𝑒 ∩ 𝜕 𝛺𝑖, 𝛾 ∶= 𝜕 𝛺𝑒 ∩ 𝜕 𝛺f . These interfaces have corresponding unit normals 𝐧𝛤 and 𝐧𝛾 . This cell is shown

in Fig. 1. We have that |𝛺| = |𝛺𝑖| + |𝛺𝑒| + |𝛺f | is the domain volume and is equal to 1 since we assume we have a unit cube. Our periodic cell
cube) has periodic boundary conditions applied on all the faces, where we have assumed that the vessels and myocytes extend only in the 𝑧-axis
irection.

3.3. Multiple scales expansion

We are now ready to begin the derivation of the macroscale model. We can apply the assumptions (27) and (28) of the asymptotic
homogenisation technique to the Eqs. (22a)–(22x) to obtain, accounting for periodicity, the following

𝜖2∇𝐱 ⋅ (𝖦𝑖∇𝐱𝜙
𝜖
𝑖 ) + 𝜖∇𝐱 ⋅ (𝖦𝑖∇𝐲𝜙

𝜖
𝑖 ) + 𝜖∇𝐲 ⋅ (𝖦𝑖∇𝐱𝜙

𝜖
𝑖 ) + ∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙

𝜖
𝑖 ) = 𝜖2𝛽(𝜙𝜖

𝑖 − 𝜙𝜖
𝑒) − 𝜖2𝐼𝜖

𝑖 in 𝛺𝑖, (31a)

𝜖2∇𝐱 ⋅ (𝖦𝑒∇𝐱𝜙
𝜖
𝑒) + 𝜖∇𝐱 ⋅ (𝖦𝑒∇𝐲𝜙

𝜖
𝑒) + 𝜖∇𝐲 ⋅ (𝖦𝑒∇𝐱𝜙

𝜖
𝑒) + ∇𝐲 ⋅ (𝖦𝑒∇𝐲𝜙

𝜖
𝑒) = −𝜖2𝛽(𝜙𝜖

𝑖 − 𝜙𝜖
𝑒) − 𝜖2𝐼𝜖

𝑒 in 𝛺𝑒, (31b)

𝜖𝐣𝜖𝑖 = −𝜖𝖦𝑖∇𝐱𝜙
𝜖
𝑖 − 𝖦𝑖∇𝐲𝜙

𝜖
𝑖 in 𝛺𝑖, (31c)

𝜖𝐣𝜖 = −𝜖𝖦 ∇ 𝜙𝜖 − 𝖦 ∇ 𝜙𝜖 in 𝛺 , (31d)
𝑒 𝑒 𝐱 𝑒 𝑒 𝐲 𝑒 𝑒
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𝜖∇𝐱 ⋅ 𝖳
𝜖
𝑖 + ∇𝐲 ⋅ 𝖳

𝜖
𝑖 = −𝜖𝖦𝑖∇𝐱𝜙

𝜖
𝑖 × 𝐁𝜖 − 𝖦𝑖∇𝐲𝜙

𝜖
𝑖 × 𝐁𝜖 in 𝛺𝑖, (31e)

𝜖∇𝐱 ⋅ 𝖳
𝜖
𝑒 + ∇𝐲 ⋅ 𝖳

𝜖
𝑒 = −𝜖𝖦𝑒∇𝐱𝜙

𝜖
𝑒 × 𝐁𝜖 − 𝖦𝑒∇𝐲𝜙

𝜖
𝑒 × 𝐁𝜖 in 𝛺𝑒, (31f)

𝜖𝖳𝜖
𝑖 = 𝜖C𝑖𝜉𝐱(𝐮𝜖𝑖 ) + C𝑖𝜉𝐲(𝐮𝜖𝑖 ) in 𝛺𝑖, (31g)

𝜖𝖳𝜖
𝑒 = 𝜖C𝑒𝜉𝐱(𝐮𝜖𝑒) + C𝑒𝜉𝐲(𝐮𝜖𝑒) − 𝜖�̂�𝑒𝑝

𝜖
𝑝 in 𝛺𝑒, (31h)

𝜖𝐰𝜖
𝑒 = −𝜖𝖪𝑒∇𝐱𝑝

𝜖
𝑝 + 𝖪𝑒∇𝐲𝑝

𝜖
𝑝 in 𝛺𝑒, (31i)

𝜖
�̇�𝜖𝑝
𝑒

= −�̂�𝑒 ∶ 𝜉𝑦�̇�𝜖𝑒 − 𝜖�̂�𝑒 ∶ 𝜉𝑥�̇�𝜖𝑒 − ∇𝑦 ⋅ 𝐰𝜖
𝑒 − 𝜖∇𝑥 ⋅ 𝐰𝜖

𝑒 in 𝛺𝑒, (31j)

𝜖∇𝐱 ⋅ 𝖳
𝜖
f + ∇𝐲 ⋅ 𝖳

𝜖
f = 0 in 𝛺f , (31k)

𝖳𝜖
f = −𝑝𝜖f 𝖨 + 𝜖 𝜉𝐲(𝐯𝜖f ) + 𝜖2𝜉𝐱(𝐯𝜖f ) in 𝛺f , (31l)

𝜖∇𝐱 ⋅ 𝐯𝜖f + ∇𝐲 ⋅ 𝐯𝜖f = 0 in 𝛺f , (31m)

𝜖3∇2
𝑥𝐯

𝜖
f + 𝜖2∇𝑥 ⋅ (∇𝑦𝐯𝜖f ) + 𝜖2∇𝑦 ⋅ (∇𝑥𝐯𝜖f ) + 𝜖∇2

𝑦𝐯
𝜖
f = ∇𝑦𝑝

𝜖
f + 𝜖∇𝑥𝑝

𝜖
f in 𝛺f , (31n)

𝖳𝜖
𝑖 ⋅ 𝐧𝛤 = 𝖳𝜖

𝑒 ⋅ 𝐧𝛤 on 𝛤 , (31o)

𝐮𝜖𝑖 = 𝐮𝜖𝑒 on 𝛤 , (31p)

𝖦𝑖∇𝐲𝜙
𝜖
𝑖 ⋅ 𝐧𝛤 + 𝜖𝖦𝑖∇𝐱𝜙

𝜖
𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝐲𝜙

𝜖
𝑒 ⋅ 𝐧𝛤 + 𝜖𝖦𝑒∇𝐱𝜙

𝜖
𝑒 ⋅ 𝐧𝛤 on 𝛤 , (31q)

𝜙𝜖
𝑖 − 𝜙𝜖

𝑒 = 𝑉 𝜖 on 𝛤 , (31r)

𝐰𝜖
𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (31s)

𝐰𝜖
𝑒 ⋅ 𝐧𝛾 = 𝐰𝜖

f ⋅ 𝐧𝛾 on 𝛾 , (31t)

𝖳𝜖
f𝐧𝛾 = 𝖳𝜖

𝑒𝐧𝛾 on 𝛾 , (31u)

𝜖𝐧𝛾 ⋅ (𝖳𝜖
f𝐧𝛾 ) + 1

𝐿𝑝
(𝐯𝜖f − �̇�𝜖𝑒) ⋅ 𝐧𝛾 = −𝜖 𝑝𝜖𝑝 on 𝛾 , (31v)

𝜏𝛽 ⋅ (𝖳𝜖
f𝐧𝛾 ) = −𝜖 𝛼

√

𝑘
(𝐯𝜖f − �̇�𝜖𝑒) ⋅ 𝜏𝛽 on 𝛾 , (31w)

𝖦𝑒∇𝐲𝜙
𝜖
𝑒 ⋅ 𝐧𝛾 + 𝜖𝖦𝑒∇𝐱𝜙

𝜖
𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 . (31x)

Now that we have our multiple scales expansion we proceed by substituting power series of the type (28) into the appropriate fields in ((31a)−(31x)).
We then will equate the coefficients of 𝜖𝑙 for 𝑙 = 0, 1,… in order to derive the macroscale model for the perfused myocardium in terms of the relevant
leading (zero-th) order fields. In the case that a term in the asymptotic expansion retains a dependence on the microscale, we apply the integral
average. This average is defined as

⟨𝜑⟩𝑘 = 1
|𝛺|

∫𝛺𝑖

𝜑(𝐱, 𝐲, 𝑡)𝑑𝐲 𝑘 = 𝑖, 𝑒, f . (32)

The integral average is performed over one representative periodic cell due to the assumption of 𝐲-periodicity and |𝛺| is the volume of the domain
and the integration is performed over the microscale. We have that |𝛺| = |𝛺𝑖| + |𝛺𝑒| + |𝛺f |. We note that (32) represents a cell average.

Equating coefficients of 𝜖0

∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙
(0)
𝑖 ) = 0 in 𝛺𝑖, (33a)

∇𝐲 ⋅ (𝖦𝑒∇𝐲𝜙
(0)
𝑒 ) = 0 in 𝛺𝑒, (33b)

𝖦𝑖∇𝐲𝜙
(0)
𝑖 = 0 in 𝛺𝑖, (33c)

𝖦𝑒∇𝐲𝜙
(0)
𝑒 = 0 in 𝛺𝑒, (33d)

∇𝐲 ⋅ 𝖳
(0)
𝑖 = −𝖦𝑖∇𝐲𝜙

(0)
𝑖 × 𝐁(0) in 𝛺𝑖, (33e)

∇𝐲 ⋅ 𝖳
(0)
𝑒 = −𝖦𝑒∇𝐲𝜙

(0)
𝑒 × 𝐁(0) in 𝛺𝑒, (33f)

C𝑖𝜉𝐲(𝐮
(0)
𝑖 ) = 0 in 𝛺𝑖, (33g)

C𝑒𝜉𝐲(𝐮(0)𝑒 ) = 0 in 𝛺𝑒, (33h)

𝖪𝑒∇𝐲𝑝
(0)
𝑝 = 0 in 𝛺𝑒, (33i)

−�̂�𝑒 ∶ 𝜉𝑦�̇�(0)𝑒 − ∇𝑦 ⋅ 𝐰(0)
𝑒 = 0 in 𝛺𝑒, (33j)

∇𝐲 ⋅ 𝖳
(0)
f = 0 in 𝛺f , (33k)

𝖳(0)
f = −𝑝(0)f 𝖨 in 𝛺f , (33l)

∇𝐲 ⋅ 𝐯
(0)
f = 0 in 𝛺f , (33m)

∇𝑦𝑝
(0)
f = 0 in 𝛺f , (33n)

𝖳(0)
𝑖 ⋅ 𝐧𝛤 = 𝖳(0)

𝑒 ⋅ 𝐧𝛤 on 𝛤 , (33o)

𝐮(0)𝑖 = 𝐮(0)𝑒 on 𝛤 , (33p)

𝖦 ∇ 𝜙(0) ⋅ 𝐧 = 𝖦 ∇ 𝜙(0) ⋅ 𝐧 on 𝛤 , (33q)
𝑖 𝐲 𝑖 𝛤 𝑒 𝐲 𝑒 𝛤
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𝜙(0)
𝑖 − 𝜙(0)

𝑒 = 𝑉 (0) on 𝛤 , (33r)

𝐰(0)
𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (33s)

𝐰(0)
𝑒 ⋅ 𝐧𝛾 = 𝐰(0)

f ⋅ 𝐧𝛾 on 𝛾 , (33t)

𝖳(0)
f 𝐧𝛾 = 𝖳(0)

𝑒 𝐧𝛾 on 𝛾 , (33u)

(𝐯(0)f − �̇�(0)𝑒 ) ⋅ 𝐧𝛾 = 0 on 𝛾 , (33v)

𝜏𝛽 ⋅ (𝖳
(0)
f 𝐧𝛾 ) = 0 on 𝛾 , (33w)

𝖦𝑒∇𝐲𝜙
(0)
𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 .. (33x)

Using (33g) and (33h) we can see that the leading order elastic displacements 𝐮(0)𝑖 and 𝐮(0)𝑒 are rigid body motions. We therefore have by
𝐲-periodicity, that they do not depend on the microscale variable 𝐲. We therefore write

𝐮(0)𝑖 = 𝐮(0)𝑖 (𝐱, 𝑡) and 𝐮(0)𝑒 = 𝐮(0)𝑒 (𝐱, 𝑡). (34)

Due to the interface condition (33p) on 𝛤 we can use that

𝐮(0) = 𝐮(0)𝑖 = 𝐮(0)𝑒 , (35)

throughout the remainder of this work.
We also see from (33k), (33i) and (33l) that the leading order fluid pressure 𝑝(0)f and the leading order interstitial pore pressure 𝑝(0)𝑝 do not

depend on the microscale variable. That is
𝑝(0)f = 𝑝(0)f (𝐱, 𝑡) and 𝑝(0)𝑝 = 𝑝(0)𝑝 (𝐱, 𝑡). (36)

Since we made the assumption (29) that the difference in electric potentials 𝑉 (0) is a given and does not depend on the microscale variable 𝐲
we can write down the 𝜖0 problem for the leading order electric potentials 𝜙𝑖

(0) and 𝜙𝑒
(0). To make use of the assumption (29) We define a new

variable,

�̄�(0)
𝑒 = 𝜙(0)

𝑒 + 𝑉 (0). (37)

and this allows us to write the 𝜖0 problem in terms of 𝜙𝑖
(0) and the new variable �̄�(0)

𝑒

∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙
(0)
𝑖 ) = 0, in 𝛺𝑖 (38a)

∇𝐲 ⋅ (𝖦𝑒∇𝐲�̄�
(0)
𝑒 ) = 0, in 𝛺𝑒 (38b)

𝜙(0)
𝑖 = �̄�(0)

𝑒 , on 𝛤 (38c)

𝖦𝑖∇𝐲𝜙
(0)
𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝐲�̄�

(0)
𝑒 ⋅ 𝐧𝛤 on 𝛤 (38d)

The Eqs. (38a)–(38d) represent a boundary value problem that is of linear-elastic type. It has no source terms in (38a) and (38b) and is equipped
ith the jump condition (38d) between the current densities and with the continuity condition between the zero order electric potentials (38c).
his type of problem has only solutions which are constant with respect to the macroscale variable 𝐲, this has been proved in Bakhvalov and

Panasenko (2012) and Cioranescu and Donato (1999). This allows us to deduce that 𝜙𝑖
(0) and �̂�(0)

𝑒 do not depend on the microscale variable 𝐲. It
hen follows using (29) that both 𝜙𝑖

(0) and 𝜙𝑒
(0) do not depend on that microscale. We therefore have

𝜙𝑖
(0) = 𝜙𝑖

(0)(𝐱, 𝑡) and 𝜙𝑒
(0) = 𝜙𝑒

(0)(𝐱, 𝑡) (39)

Due to this result the balance Eqs. (33e) and (33f) can be rewritten as

∇𝐲 ⋅ 𝖳
(0)
𝑖 = 0, (40a)

∇𝐲 ⋅ 𝖳
(0)
𝑒 = 0. (40b)

We now equate the coefficients of 𝜖1

∇𝐲 ⋅ (𝖦𝑖∇𝐱𝜙
(0)
𝑖 ) + ∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙

(1)
𝑖 ) = 0 in 𝛺𝑖, (41a)

∇𝐲 ⋅ (𝖦𝑒∇𝐱𝜙
(0)
𝑒 ) + ∇𝐲 ⋅ (𝖦𝑒∇𝐲𝜙

(1)
𝑒 ) = 0 in 𝛺𝑒, (41b)

𝐣(0)𝑖 = −𝖦𝑖∇𝐱𝜙
(0)
𝑖 − 𝖦𝑖∇𝐲𝜙

(1)
𝑖 in 𝛺𝑖, (41c)

𝐣(0)𝑒 = −𝖦𝑒∇𝐱𝜙
(0)
𝑒 − 𝖦𝑒∇𝐲𝜙

(1)
𝑒 in 𝛺𝑒, (41d)

∇𝐱 ⋅ 𝖳
(0)
𝑖 + ∇𝐲 ⋅ 𝖳

(1)
𝑖 = −𝖦𝑖∇𝐱𝜙

(0)
𝑖 × 𝐁(0) − 𝖦𝑖∇𝐲𝜙

(1)
𝑖 × 𝐁(0) in 𝛺𝑖, (41e)

∇𝐱 ⋅ 𝖳
(0)
𝑒 + ∇𝐲 ⋅ 𝖳

(1)
𝑒 = −𝖦𝑒∇𝐱𝜙

(0)
𝑒 × 𝐁(0) − 𝖦𝑒∇𝐲𝜙

(1)
𝑒 × 𝐁(0) in 𝛺𝑒, (41f)

𝖳(0)
𝑖 = C𝑖𝜉𝐱𝐮

(0)
𝑖 + C𝑖𝜉𝐲𝐮

(1)
𝑖 in 𝛺𝑖, (41g)

𝖳(0)
𝑒 = C𝑒𝜉𝐱𝐮(0)𝑒 + C𝑒𝜉𝐲𝐮(1)𝑒 − �̂�𝑒𝑝

(0)
𝑝 in 𝛺𝑒, (41h)

𝐰(0)
𝑒 = −𝖪𝑒∇𝐱𝑝

(0)
𝑝 + 𝖪𝑒∇𝐲𝑝

(1)
𝑝 in 𝛺𝑒, (41i)

�̇�(0)𝑝 = −�̂�𝑒 ∶ 𝜉𝑦�̇�(1) − �̂�𝑒 ∶ 𝜉𝑥�̇�(0) − ∇𝑦 ⋅ 𝐰(1) − ∇𝑥 ⋅ 𝐰(0) in 𝛺𝑒, (41j)

𝑒

𝑒 𝑒 𝑒
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∇𝐱 ⋅ 𝖳
(0)
f + ∇𝐲 ⋅ 𝖳

(1)
f = 0 in 𝛺𝑓 , (41k)

𝖳(1)
f = −𝑝(1)f 𝖨 + 𝜉𝐲(𝐯

(0)
f ) in 𝛺𝑓 , (41l)

∇𝐱 ⋅ 𝐯
(0)
f + ∇𝐲 ⋅ 𝐯

(1)
f = 0 in 𝛺𝑓 , (41m)

∇2
𝑦𝐯

(0)
f = ∇𝑦𝑝

(1)
f + ∇𝑥𝑝

(0)
f in 𝛺𝑓 , (41n)

𝖳(1)
𝑖 ⋅ 𝐧𝛤 = 𝖳(1)

𝑒 ⋅ 𝐧𝛤 on 𝛤 , (41o)

𝐮(1)𝑖 = 𝐮(1)𝑒 on 𝛤 , (41p)

𝖦𝑖∇𝐲𝜙
(1)
𝑖 ⋅ 𝐧𝛤 + 𝖦𝑖∇𝐱𝜙

(0)
𝑖 ⋅ 𝐧𝛤 = 𝖦𝑒∇𝐲𝜙

(1)
𝑒 ⋅ 𝐧𝛤 + 𝖦𝑒∇𝐱𝜙

(0)
𝑒 ⋅ 𝐧𝛤 on 𝛤 , (41q)

𝜙(1)
𝑖 − 𝜙(1)

𝑒 = 𝑉 (1) on 𝛤 , (41r)

𝐰(1)
𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 , (41s)

𝐰(1)
𝑒 ⋅ 𝐧𝛾 = 𝐰(1)

f ⋅ 𝐧𝛾 on 𝛾 , (41t)

𝖳(1)
f 𝐧𝛾 = 𝖳(1)

𝑒 𝐧𝛾 on 𝛾 , (41u)

𝐧𝛾 ⋅ (𝖳
(0)
f 𝐧𝛾 ) + 1

𝐿𝑝
(𝐯(1)f − �̇�(1)𝑒 ) ⋅ 𝐧𝛾 = −𝑝(0)𝑝 on 𝛾 , (41v)

𝜏𝛽 ⋅ (𝖳
(1)
f 𝐧𝛾 ) = − 𝛼

√

𝑘
(𝐯(0)f − �̇�(0)𝑒 ) ⋅ 𝜏𝛽 on 𝛾 , (41w)

𝖦𝑒∇𝐲𝜙
(1)
𝑒 ⋅ 𝐧𝛾 + 𝖦𝑒∇𝐱𝜙

(0)
𝑒 ⋅ 𝐧𝛾 = 0 on 𝛾 . (41x)

With the equated coefficients of powers 0 and 1 of 𝜖 we will now form problems for the order 1 electric potentials, elastic displacements and
the relative fluid–solid velocities.

3.4. Problem for electric potentials 𝜙(1)
𝑖 and 𝜙(1)

𝑒

By taking the Eqs. (41a), (41b), (41r), (41q) and (41x) we can write the following problem for the electric potentials 𝜙(1)
𝑖 and 𝜙(1)

𝑒 . We have,

∇𝐲 ⋅ (𝖦𝑖∇𝐱𝜙
(0)
𝑖 ) + ∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙

(1)
𝑖 ) = 0 in 𝛺𝑖, (42a)

∇𝐲 ⋅ (𝖦𝑒∇𝐱𝜙
(0)
𝑒 ) + ∇𝐲 ⋅ (𝖦𝑒∇𝐲𝜙

(1)
𝑒 ) = 0 in 𝛺𝑒, (42b)

𝜙(1)
𝑖 − 𝜙(1)

𝑒 = 𝑉 (1) on 𝛤 , (42c)

(𝖦𝑖∇𝐲𝜙
(1)
𝑖 − 𝖦𝑒∇𝐲𝜙

(1)
𝑒 ) ⋅ 𝐧𝛤 = (𝖦𝑒∇𝐱𝜙

(0)
𝑒 − 𝖦𝑖∇𝐱𝜙

(0)
𝑖 ) ⋅ 𝐧𝛤 on 𝛤 . (42d)

(𝖦𝑒∇𝐲𝜙
(1)
𝑒 − 𝖦𝑒∇𝐱𝜙

(0)
𝑒 ) ⋅ 𝐧𝛾 = 0 on 𝛾 (42e)

We exploit the linearity of problem (42a)–(42e) to propose the ansatz

𝜙(1)
𝑖 = 𝛷𝑖 ⋅ ∇𝐱𝜙

(0)
𝑖 + �̂�𝑖 ⋅ ∇𝐱𝜙

(0)
𝑒 + �̃�𝑖, (43a)

𝜙(1)
𝑒 = 𝛷𝑒 ⋅ ∇𝐱𝜙

(0)
𝑒 + �̂�𝑒 ⋅ ∇𝐱𝜙

(0)
𝑖 + �̃�𝑒, (43b)

where we have that 𝛷𝑖, 𝛷𝑒, �̂�𝑖 and �̂�𝑒 are vectors and �̃�𝑖 and �̃�𝑒 are scalars. We have that these auxiliary fields 𝛷𝑖, 𝛷𝑒, �̂�𝑖, �̂�𝑒, �̃�𝑖 and �̃�𝑒 satisfy
he following cell problems

∇𝐲 ⋅ (∇𝐲𝛷𝑖𝖦
T
𝑖 ) + ∇𝐲 ⋅ 𝖦

T
𝑖 = 𝟎 in 𝛺𝑖, (44a)

∇𝐲 ⋅ (∇𝐲�̂�𝑒𝖦
T
𝑒 ) = 𝟎 in 𝛺𝑒, (44b)

𝛷𝑖 = �̂�𝑒 on 𝛤 , (44c)

(∇𝐲𝛷𝑖𝖦
T
𝑖 − ∇𝐲�̂�𝑒𝖦

T
𝑒 ) ⋅ 𝐧𝛤 = −𝖦T

𝑖 ⋅ 𝐧𝛤 on 𝛤 , (44d)

(∇𝐲�̂�𝑒𝖦
T
𝑒 ) ⋅ 𝐧𝛾 = 𝟎 on 𝛾 (44e)

and

∇𝐲 ⋅ (∇𝐲�̂�𝑖𝖦
T
𝑖 ) = 𝟎 in 𝛺𝑖, (45a)

∇𝐲 ⋅ (∇𝐲𝛷𝑒𝖦
T
𝑒 ) + ∇𝐲 ⋅ 𝖦

T
𝑒 = 𝟎 in 𝛺𝑒, (45b)

�̂�𝑖 = 𝛷𝑒 on 𝛤 , (45c)

(∇𝐲�̂�𝑖𝖦
T
𝑖 − ∇𝐲𝛷𝑒𝖦

T
𝑒 ) ⋅ 𝐧𝛤 = 𝖦T

𝑒 ⋅ 𝐧𝛤 on 𝛤 , (45d)

∇𝐲𝛷𝑒𝖦
T
𝑒 ⋅ 𝐧𝛾 = 𝖦T

𝑒 ⋅ 𝐧𝛾 on 𝛾 (45e)

and

∇𝐲 ⋅ (𝖦𝑖∇𝐲�̃�𝑖) = 0 in 𝛺𝑖, (46a)

∇𝐲 ⋅ (𝖦𝑒∇𝐲�̃�𝑒) = 0 in 𝛺𝑒, (46b)
̃ ̃ (1)
𝜙𝑖 − 𝜙𝑒 = 𝑉 on 𝛤 , (46c)

10 



L. Miller and R. Penta

𝐣

Mechanics of Materials 202 (2025) 105215 
(𝖦𝑖∇𝐲�̃�𝑖) ⋅ 𝐧𝛤 = (𝖦𝑒∇𝐲�̃�𝑒) ⋅ 𝐧𝛤 on 𝛤 . (46d)

(𝖦𝑒∇𝐲�̃�𝑒) ⋅ 𝐧𝛾 = 0 on 𝛾 (46e)

where there are periodic conditions on the boundary 𝜕 𝛺⧵𝛤 ∪𝛾 and to ensure uniqueness of solution we require a further condition on the auxiliary
fields 𝛷𝑖, 𝛷𝑒, �̂�𝑖, �̂�𝑒, �̃�𝑖 and �̃�𝑒. We propose zero average in their respective domains, that is

⟨𝛷𝑖⟩𝑖 = 0, ⟨𝛷𝑒⟩𝑒 = 0, ⟨�̂�𝑖⟩𝑖 = 0, ⟨�̂�𝑒⟩𝑒 = 0, ⟨�̃�𝑖⟩𝑖 = 0, ⟨�̃�𝑒⟩𝑒 = 0. (47)

As we have expressions for 𝜙(1)
𝑖 and 𝜙(1)

𝑒 from (43a) and (43b) we can write down the leading order Ohm’s law for the current densities 𝐣(0)𝑖 and
(0)
𝑒 (Eqs. (41c) and (41d)) as

𝐣(0)𝑖 = −𝖦𝑖∇𝐱𝜙
(0)
𝑖 − 𝖦𝑖∇𝐲𝜙

(1)
𝑖

= −(𝖦𝑖 + 𝖦𝑖(∇𝐲𝛷𝑖)T)∇𝐱𝜙
(0)
𝑖 − 𝖦𝑖(∇𝐲�̂�𝑖)T∇𝐱𝜙

(0)
𝑒 − 𝖦𝑖∇𝐲�̃�𝑖

= −(𝖦𝑖 + 𝖦𝑖𝖱𝑖)∇𝐱𝜙
(0)
𝑖 − (𝖦𝑖𝖰𝑖)∇𝐱𝜙

(0)
𝑒 − 𝖦𝑖𝐬𝑖 (48)

and

𝐣(0)𝑒 = −𝖦𝑒∇𝐱𝜙
(0)
𝑒 − 𝖦𝑒∇𝐲𝜙

(1)
𝑒

= −(𝖦𝑒 + 𝖦𝑒(∇𝐲𝛷𝑒)T)∇𝐱𝜙
(0)
𝑒 − 𝖦𝑒(∇𝐲�̂�𝑒)T∇𝐱𝜙

(0)
𝑖 − 𝖦𝑒∇𝐲�̃�𝑒

= −(𝖦𝑒 + 𝖦𝑒𝖱𝑒)∇𝐱𝜙
(0)
𝑒 − (𝖦𝑒𝖰𝑒)∇𝐱𝜙

(0)
𝑖 − 𝖦𝑒𝐬𝑒 (49)

where for convenience and readability we have used the notation

𝖱𝑖 = (∇𝐲𝛷𝑖)T, 𝖱𝑒 = (∇𝐲𝛷𝑒)T, 𝖰𝑖 = (∇𝐲�̂�𝑖)T, 𝖰𝑒 = (∇𝐲�̂�𝑒)T, 𝐬𝑖 = ∇𝐲�̃�𝑖, 𝐬𝑒 = ∇𝐲�̃�𝑒. (50)

To govern the current densities on the macroscale we require a balance equation. To do this we need to equate the coefficients of 𝜖2 in (31a)
and (31b) and use the 𝜖2 definition of (31c) and (31d). We have

∇𝐱 ⋅ (𝖦𝑖∇𝐱𝜙
(0)
𝑖 ) + ∇𝐱 ⋅ (𝖦𝑖∇𝐲𝜙

(1)
𝑖 ) + ∇𝐲 ⋅ (𝖦𝑖∇𝐱𝜙

(1)
𝑖 ) + ∇𝐲 ⋅ (𝖦𝑖∇𝐲𝜙

(2)
𝑖 ) = 𝛽(𝜙(0)

𝑖 − 𝜙(0)
𝑒 ) − 𝐼 (0)𝑖 , (51a)

∇𝐱 ⋅ (𝖦𝑒∇𝐱𝜙
(0)
𝑒 ) + ∇𝐱 ⋅ (𝖦𝑒∇𝐲𝜙

(1)
𝑒 ) + ∇𝐲 ⋅ (𝖦𝑒∇𝐱𝜙

(1)
𝑒 ) + ∇𝐲 ⋅ (𝖦𝑒∇𝐲𝜙

(2)
𝑒 ) = −𝛽(𝜙(0)

𝑖 − 𝜙(0)
𝑒 ) − 𝐼 (0)𝑒 , (51b)

with the coefficient of the 𝜖2 terms in the expansions of Ohm’s law

𝐣(1)𝑖 = −𝖦𝑖∇𝐱𝜙
(1)
𝑖 − 𝖦𝑖∇𝐲𝜙

(2)
𝑖 , (52a)

𝐣(1)𝑒 = −𝖦𝑒∇𝐱𝜙
(1)
𝑒 − 𝖦𝑒∇𝐲𝜙

(2)
𝑒 . (52b)

We can then use the expressions for the order 1 current densities (52a) and (52b), along with the leading order current densities (41c) and (41d)
in (51a) and (51b) to obtain

∇𝐱 ⋅ 𝐣
(0)
𝑖 + ∇𝐲 ⋅ 𝐣

(1)
𝑖 = 𝛽(𝜙(0)

𝑖 − 𝜙(0)
𝑒 ) − 𝐼 (0)𝑖 , (53a)

∇𝐱 ⋅ 𝐣(0)𝑒 + ∇𝐲 ⋅ 𝐣(1)𝑒 = −𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 ) − 𝐼 (0)𝑒 . (53b)

We also consider the 𝜖2 expansions of interface conditions (31q) and (31x)

(𝖦𝑖∇𝐱𝜙
(1)
𝑖 + 𝖦𝑖∇𝐲𝜙

(2)
𝑖 ) ⋅ 𝐧𝛤 = (𝖦𝑒∇𝐱𝜙

(1)
𝑒 + 𝖦𝑒∇𝐲𝜙

(2)
𝑒 ) ⋅ 𝐧𝛤 , (54a)

(𝖦𝑒∇𝐱𝜙
(1)
𝑒 + 𝖦𝑒∇𝐲𝜙

(2)
𝑒 ) ⋅ 𝐧𝛾 = 0, (54b)

which when using (52a) and (52b) can be written as

𝐣(1)𝑖 ⋅ 𝐧𝛤 = 𝐣(1)𝑒 ⋅ 𝐧𝛤 , (55a)

𝐣(1)𝑒 ⋅ 𝐧𝛾 = 0. (55b)

We can take the integral average of the sum of (53a) and (53b) which gives

∫𝛺𝑖

∇𝐱 ⋅ 𝐣
(0)
𝑖 d𝐲 + ∫𝛺𝑖

∇𝐲 ⋅ 𝐣
(1)
𝑖 d𝐲 − ∫𝛺𝑖

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲 + ∫𝛺𝑒

∇𝐱 ⋅ 𝐣(0)𝑒 d𝐲 + ∫𝛺𝑒

∇𝐲 ⋅ 𝐣(1)𝑒 d𝐲 + ∫𝛺𝑒

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲 + ∫𝛺𝑖

𝐼 (0)𝑖 d𝐲 + ∫𝛺𝑒

𝐼 (0)𝑒 d𝐲 = 0 (56)

We apply macroscopic uniformity to the first and third integrals and the divergence theorem to the second and fourth integrals and we obtain

∇𝐱 ⋅ ⟨𝐣
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝐣(0)𝑒 ⟩𝑒 + ∫𝜕 𝛺𝑖⧵𝛤

𝐣(1)𝑖 𝐧𝜕 𝛺𝑖
dS + ∫𝛤

𝐣(1)𝑖 𝐧𝛤 dS + ∫𝜕 𝛺𝑒⧵𝛤∪𝛾
𝐣(1)𝑒 𝐧𝜕 𝛺𝑒

dS − ∫𝛤
𝐣(1)𝑒 𝐧𝛤 dS − ∫𝛾

𝐣(1)𝑒 𝐧𝛾dS − ∫𝛺𝑖

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲 + ∫𝛺𝑒

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲

+ ∫𝛺𝑖

𝐼 (0)
𝑖 d𝐲 + ∫𝛺𝑒

𝐼 (0)
𝑒 d𝐲 = 0. (57)

The terms on the external boundaries will cancel out due to periodicity and using the interface conditions (55a) and (55b) we see that the terms
on 𝛤 and 𝛾 will also disappear. This leaves

∇𝐱 ⋅ ⟨𝐣
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝐣(0)𝑒 ⟩𝑒 − ∫𝛺𝑖

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲 + ∫𝛺𝑒

𝛽(𝜙(0)
𝑖 − 𝜙(0)

𝑒 )d𝐲 + ∫𝛺𝑖

𝐼 (0)𝑖 d𝐲 + ∫𝛺𝑒

𝐼 (0)𝑒 d𝐲 = 0. (58)

Since we have (33r) and the leading order electric potentials (39) do not depend on the microscale we can rewrite (58) as
(0) (0) (0)
∇𝐱 ⋅ ⟨𝐣𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝐣𝑒 ⟩𝑒 − 𝛽 𝑉 (|𝛺𝑒| − |𝛺𝑖|) + |𝛺𝑒|𝐼𝑖 + |𝛺𝑖|𝐼𝑒 = 0. (59)
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where we have that

⟨𝐣(0)𝑖 ⟩𝑖 = −⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖∇𝐱𝜙
(0)
𝑖 − ⟨𝖦𝑖𝖰𝑖⟩𝑖∇𝐱𝜙

(0)
𝑒 − ⟨𝖦𝑖𝐬𝑖⟩𝑖 (60a)

⟨𝐣(0)𝑒 ⟩𝑒 = −⟨𝖦𝑒 + 𝖦𝑒𝖱𝑒⟩𝑒∇𝐱𝜙
(0)
𝑒 − ⟨𝖦𝑒𝖰𝑒⟩𝑒∇𝐱𝜙

(0)
𝑖 − ⟨𝖦𝑒𝐬𝑒⟩𝑒 (60b)

3.5. Problem for the poromechanics

We now investigate the elastic displacements 𝐮(1)𝑖 and 𝐮(1)𝑒 . By using balance Eqs. (40a), (40b) with leading order stresses (41g) and (41h) along
with the interface conditions (41p), (33o) and (33u) using (33l) we can write

∇𝐲 ⋅ (C𝑖𝜉𝐱(𝐮(0))) + ∇𝐲 ⋅ (C𝑖𝜉𝐲(𝐮
(1)
𝑖 )) = 0 in 𝛺𝑖, (61a)

∇𝐲 ⋅ (C𝑒𝜉𝐱(𝐮(0))) + ∇𝐲 ⋅ (C𝑒𝜉𝐲(𝐮(1)𝑒 )) = −∇𝐲 ⋅ (𝑝(0)𝑝 �̂�𝑒) in 𝛺𝑒, (61b)

𝐮(1)𝑖 = 𝐮(1)𝑒 on 𝛤 , (61c)

(C𝑖𝜉𝐲(𝐮
(1)
𝑖 ) − C𝑒𝜉𝐲(𝐮(1)𝑒 ) − �̂�𝑒𝑝

(0)
𝑝 )𝐧𝛤 = (C𝑒 − C𝑖)𝜉𝐱(𝐮(0))𝐧𝛤 on 𝛤 , (61d)

(C𝑒𝜉𝑦(𝐮(1)𝑒 ) + C𝑒𝜉𝑥(𝐮(0)) − �̂�𝑒𝑝
(0)
𝑝 )𝐧𝛾 = −𝑝(0)f 𝐧𝛾 on 𝛾 . (61e)

We exploit the linearity of the problem and propose the ansatz

𝐮(1)𝑖 = 𝑖𝜉𝐱𝐮(0) + 𝐚𝑖𝑝(0)𝑝 + 𝐛𝑖𝑝
(0)
f , (62a)

𝐮(1)𝑒 = 𝑒𝜉𝐱𝐮(0) + 𝐚𝑒𝑝(0)𝑝 + 𝐛𝑒𝑝
(0)
f , (62b)

where 𝑖 and 𝑒 are third rank tensors and 𝐚𝑖, 𝐚𝑒, 𝐛𝑖 and 𝐛𝑒 are vectors which solve the following cell problems

∇𝐲 ⋅ (C𝑖𝜉𝐲(𝑖)) + ∇𝐲 ⋅ C𝑖 = 0 in 𝛺𝑖, (63a)

∇𝐲 ⋅ (C𝑒𝜉𝐲(𝑒)) + ∇𝐲 ⋅ C𝑒 = 0 in 𝛺𝑒, (63b)

𝑖 = 𝑒 on 𝛤 , (63c)

(C𝑖𝜉𝐲(𝑖) − C𝑒𝜉𝐲(𝑒))𝐧𝛤 = (C𝑒 − C𝑖)𝐧𝛤 on 𝛤 , (63d)

(C𝑒𝜉𝑦(𝑒))𝐧𝛾 = −C𝑒𝐧𝛾 on 𝛾 . (63e)

and

∇𝐲 ⋅ (C𝑖𝜉𝐲𝐚𝑖) = 𝟎 in 𝛺𝑖, (64a)

∇𝐲 ⋅ (C𝑒𝜉𝐲𝐚𝑒) = −∇𝐲 ⋅ �̂�𝑒 in 𝛺𝑒, (64b)

𝐚𝑖 = 𝐚𝑒 on 𝛤 , (64c)

(C𝑖𝜉𝐲𝐚𝑖 − C𝑒𝜉𝐲𝐚𝑒 − �̂�𝑒)𝐧𝛤 = 𝟎 on 𝛤 , (64d)

(C𝑒𝜉𝑦(𝐚𝑒) − �̂�𝑒)𝐧𝛾 + 𝐧𝛾 = 𝟎 on 𝛾 . (64e)

and

∇𝐲 ⋅ (C𝑖𝜉𝐲𝐛𝑖) = 𝟎 in 𝛺𝑖, (65a)

∇𝐲 ⋅ (C𝑒𝜉𝐲𝐛𝑒) = 𝟎 in 𝛺𝑒, (65b)

𝐛𝑖 = 𝐛𝑒 on 𝛤 , (65c)

(C𝑖𝜉𝐲𝐛𝑖 − C𝑒𝜉𝐲𝐛𝑒)𝐧𝛤 = 𝟎 on 𝛤 , (65d)

(C𝑒𝜉𝑦(𝐛𝑒))𝐧𝛾 = −𝐧𝛾 on 𝛾 . (65e)

For uniqueness of solution we require an additional condition on the auxiliary tensors 𝑖 and 𝑒 and the vectors 𝐚𝑖, 𝐚𝑒, 𝐛𝑖 and 𝐛𝑒 so we propose

⟨𝑖⟩𝑖 = 0, ⟨𝑒⟩𝑒 = 0, ⟨𝐚𝑖⟩𝑖 = 0, ⟨𝐚𝑒⟩𝑒 = 0, ⟨𝐛𝑖⟩𝑖 = 0 and ⟨𝐛𝑒⟩𝑒 = 0. (66)

Now that we have the expressions for the order 1 elastic displacements 𝐮(1)𝑖 and 𝐮(1)𝑒 we can write the leading order stresses (41g) and (41h) as

𝖳(0)
𝑖 = C𝑖𝜉𝐱𝐮(0) + C𝑖𝜉𝐲𝑖𝜉𝐱𝐮(0) + C𝑖𝜉𝐲𝐚𝑖𝑝(0)𝑝 + C𝑖𝜉𝐲𝐛𝑖𝑝

(0)
f

= (C𝑖 + C𝑖M𝑖)𝜉𝐱𝐮(0) + C𝑖𝖫𝑖𝑝
(0)
𝑝 + C𝑖𝖭𝑖𝑝

(0)
f , (67)

and

𝖳(0)
𝑒 = C𝑒𝜉𝐱𝐮(0) + C𝑒𝜉𝐲𝑒𝜉𝐱𝐮(0) + C𝑒𝜉𝐲𝐚𝑒𝑝(0)𝑝 + C𝑒𝜉𝐲𝐛𝑒𝑝

(0)
f − �̂�𝑒𝑝

(0)
𝑝

= (C𝑒 + C𝑒M𝑒)𝜉𝐱𝐮(0) + (C𝑒𝖫𝑒 − �̂�𝑒)𝑝(0)𝑝 + C𝑒𝖭𝑒𝑝
(0)
f , (68)

where we have used the notation for conciseness and readability
M𝑖 = 𝜉𝐲𝑖, M𝑒 = 𝜉𝐲𝑒, 𝖫𝑖 = 𝜉𝐲𝐚𝑖, 𝖫𝑒 = 𝜉𝐲𝐚𝑒, 𝖭𝑖 = 𝜉𝐲𝐛𝑖, and 𝖭𝑒 = 𝜉𝐲𝐛𝑒. (69)
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We need a balance equation that takes into consideration the extracellular matrix, the myocyte and the fluid network. Taking the integral
verage of (41e), (41f) and (41k) gives

∫𝛺𝑖

∇𝐱 ⋅ 𝖳
(0)
𝑖 d𝐲 + ∫𝛺𝑖

∇𝐲 ⋅ 𝖳
(1)
𝑖 d𝐲 + ∫𝛺𝑖

(𝖦𝑖∇𝐱𝜙
(0)
𝑖 × 𝐁(0))d𝐲 + ∫𝛺𝑖

(𝖦𝑖∇𝐲𝜙
(1)
𝑖 × 𝐁(0))d𝐲 + ∫𝛺𝑒

∇𝐱 ⋅ 𝖳
(0)
𝑒 d𝐲 + ∫𝛺𝑒

∇𝐲 ⋅ 𝖳
(1)
𝑒 d𝐲 + ∫𝛺𝑒

(𝖦𝑒∇𝐱𝜙
(0)
𝑒 × 𝐁(0))d𝐲

+ ∫𝛺𝑒

(𝖦𝑒∇𝐲𝜙
(1)
𝑒 × 𝐁(0))d𝐲 + ∫𝛺f

∇𝐱 ⋅ 𝖳
(0)
f d𝐲 + ∫𝛺f

∇𝐲 ⋅ 𝖳
(1)
f d𝐲 = 0. (70)

We apply the divergence theorem to the second and seventh integral and use the expressions (43a) and (43b) that we have obtained for 𝜙(1)
𝑖 and

𝜙(1)
𝑒 to give

∇𝐱 ⋅ ⟨𝖳
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝖳

(0)
𝑒 ⟩𝑒 + ∇𝐱 ⋅ ⟨𝖳

(0)
f ⟩f + ∫𝜕 𝛺𝑖⧵𝛤

𝖳(1)
𝑖 ⋅ 𝐧𝜕 𝛺𝑖

dS − ∫𝛤
𝖳(1)
𝑖 ⋅ 𝐧𝛤 dS

+ ∫𝜕 𝛺𝑒⧵𝛤∪𝛾
𝖳(1)
𝑒 𝐧𝜕 𝛺𝑒

dS + ∫𝛤
𝖳(1)
𝑒 ⋅ 𝐧𝛤 dS + ∫𝛾

𝖳(1)
𝑒 ⋅ 𝐧𝛾dS + ∫𝛺𝑖

𝖦𝑖∇𝐱𝜙
(0)
𝑖 × 𝐁(0)d𝐲

+ ∫𝛺𝑒

(𝖦𝑒∇𝐱𝜙
(0)
𝑒 × 𝐁(0))d𝐲 + ∫𝛺𝑖

(𝖦𝑖∇𝐲(𝛷𝑖∇𝐱𝜙
(0)
𝑖 + �̂�𝑖∇𝐱𝜙

(0)
𝑒 + �̃�𝑖) × 𝐁(0))d𝐲

+ ∫𝛺𝑒

(𝖦𝑒∇𝐲(𝛷𝑒∇𝐱𝜙
(0)
𝑒 + �̂�𝑒∇𝐱𝜙

(0)
𝑖 + �̃�𝑒) × 𝐁(0))d𝐲 + ∫𝜕 𝛺𝑓 ⧵𝛾

𝖳(1)
f ⋅ 𝐧𝜕 𝛺f

dS − ∫𝛾
𝖳(1)
f ⋅ 𝐧𝛾dS = 0. (71)

The terms of the external boundaries cancel due to periodicity and the terms on 𝛤 cancel due to (41o) and the terms on 𝛾 cancel due to (41u) so
that we have

∇𝐱 ⋅ ⟨𝖳
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝖳

(0)
𝑒 ⟩𝑒 + ∇𝐱 ⋅ ⟨𝖳

(0)
f ⟩f + ∫𝛺𝑖

(𝖦𝑖∇𝐱𝜙
(0)
𝑖 × 𝐁(0))d𝐲 + ∫𝛺𝑒

(𝖦𝑒∇𝐱𝜙
(0)
𝑒 × 𝐁(0))d𝐲

+ ∫𝛺𝑖

(𝖦𝑖∇𝐲𝛷𝑖∇𝐱𝜙
(0)
𝑖 × 𝐁(0))d𝐲 + ∫𝛺𝑖

(𝖦𝑖∇𝐲�̂�𝑖∇𝐱𝜙
(0)
𝑒 × 𝐁(0))d𝐲 + ∫𝛺𝑖

(𝖦𝑖∇𝐲�̃�𝑖 × 𝐁(0))d𝐲

+ ∫𝛺𝑒

(𝖦𝑒∇𝐲𝛷𝑒∇𝐱𝜙
(0)
𝑒 × 𝐁(0))d𝐲 + ∫𝛺𝑒

(𝖦𝑒∇𝐲�̂�𝑒∇𝐱𝜙
(0)
𝑖 × 𝐁(0))d𝐲 + ∫𝛺𝑒

(𝖦𝑒∇𝐲�̃�𝑒 × 𝐁(0))d𝐲 = 0. (72)

We can rewrite by collecting together integrals and using the notation (50) we have

∇𝐱 ⋅ ⟨𝖳
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝖳

(0)
𝑒 ⟩𝑒 + ∇𝐱 ⋅ ⟨𝖳

(0)
f ⟩f + ⟨𝖦𝑖𝖱𝑖 + 𝖦𝑖⟩𝑖∇𝐱𝜙

(0)
𝑖 × ⟨𝐁(0)

⟩𝑖

+ ⟨𝖦𝑒𝖱𝑒 + 𝖦𝑒⟩𝑒∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑒 + ⟨𝖦𝑖𝖰𝑖⟩𝑖∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑖

+ ⟨𝖦𝑒𝖰𝖾⟩𝑒∇𝐱𝜙
(0)
𝑖 × ⟨𝐁(0)

⟩𝑒 + ⟨𝖦𝑖𝐬𝑖 × 𝐁(0)
⟩𝑖 + ⟨𝖦𝑒𝐬𝑒 × 𝐁(0)

⟩𝑒 = 0. (73)

Which can finally be written as

∇𝐱 ⋅ ⟨𝖳
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝖳

(0)
𝑒 ⟩𝑒 = −⟨𝖦𝑖𝖱𝑖 + 𝖦𝑖⟩𝑖∇𝐱𝜙

(0)
𝑖 × ⟨𝐁(0)

⟩𝑖 − ⟨𝖦𝑒𝖱𝑒 + 𝖦𝑒⟩𝑒∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑒 − ⟨𝖦𝑖𝖰𝑖⟩𝑖∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑖 − ⟨𝖦𝑒𝖰𝖾⟩𝑒∇𝐱𝜙
(0)
𝑖 × ⟨𝐁(0)

⟩𝑒

− ⟨𝖦𝑖𝐬𝑖 × 𝐁(0)
⟩𝑖 − ⟨𝖦𝑒𝐬𝑒 × 𝐁(0)

⟩𝑒 + 𝜙∇𝐱𝑝
(0), (74)

where we have used 𝖳(0)
f = −𝑝(0)𝖨.

3.6. Problem for vessel fluid flow

We wish to write down a problem for the fluid network flow. We begin with (41n), (33m), (33v) and (33w)

∇2
𝑦𝐯

(0)
f = ∇𝑦𝑝

(1)
f + ∇𝑥𝑝

(0)
f in 𝛺f , (75a)

∇𝑦 ⋅ 𝐯
(0)
f = 0 in 𝛺f , (75b)

(𝐯(0)f − �̇�(0)) ⋅ 𝐧𝛾 = 0 on 𝛾 , (75c)

𝜏𝛽 ⋅ (𝖳
(1)
f 𝐧𝛾 ) = − 𝛼

√

𝑘
(𝐯(0)f − �̇�(0)) ⋅ 𝜏𝛽 on 𝛾 , (75d)

where we have that

𝖳(1)
f = −𝑝(1)f 𝖨 + 𝜉𝐲(𝐯

(0)
f ). (76)

We can define the leading order relative fluid–solid velocity 𝐰(0)
f as

𝐰(0)
f ∶= 𝐯(0)f − �̇�(0). (77)

Then using this we can write down the problem in terms of the relative-fluid velocity as

∇2
𝑦𝐰

(0)
f − ∇𝑦𝑝

(1)
f − ∇𝑥𝑝

(0)
f = 0 in 𝛺f , (78a)

∇𝑦 ⋅ 𝐰
(0)
f = 0 in 𝛺f , (78b)

𝐰(0)
f ⋅ 𝐧𝛾 = 0 on 𝛾 , (78c)

𝜏𝛽 ⋅ (𝜉𝐲(𝐰
(0)
f )𝐧𝛾 ) = − 𝛼

√

𝑘
𝐰(0)
f ⋅ 𝜏𝛽 on 𝛾 . (78d)

We can propose the ansatz
13 
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𝐰(0)
f = −𝖶f∇𝑥𝑝

(0)
f , (79a)

𝑝(1)f = −𝐏f ⋅ ∇𝑥𝑝
(0)
f . (79b)

where 𝖶f is a second rank tensor and 𝐏f is a vector that satisfies

∇2
𝑦𝖶

T
f = ∇𝑦𝐏f − 𝖨 in 𝛺f , (80a)

∇𝑦 ⋅𝖶
T
f = 0 in 𝛺f , (80b)

𝖶T
f ⋅ 𝐧𝛾 = 0 on 𝛾 , (80c)

𝜏𝛽 ⋅ (𝜉𝐲(𝖶T
f )𝐧𝛾 ) = − 𝛼

√

𝑘
𝖶T

f ⋅ 𝜏𝛽 on 𝛾 , (80d)

where periodic conditions apply on the boundary 𝜕 𝛺f ⧵ 𝛾 and a further condition is to be placed on 𝐏f for the solution to be unique, such as

⟨𝐏f ⟩f = 0. (81)

The macroscale flow in the fluid network, which is described in terms of relative fluid–solid velocity, is obtained averaging (79a). That is
⟨𝐰(0)

f ⟩f = −⟨𝖶f ⟩f∇𝑥𝑝
(0)
f (82)

The final equation we require governs the fluid pressure. We begin with the incompressibility constraint (41m) and integrate over the fluid
domain. That is

∫𝛺f

∇𝐱 ⋅ 𝐯
(0)
f d𝐲 + ∫𝛺f

∇𝐲 ⋅ 𝐯
(1)
f d𝐲 = 0. (83)

Which by applying macroscopic uniformity and rearranging can be written as

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f + ∫𝛺f

∇𝐲 ⋅ 𝐯
(1)
f d𝐲 = 0. (84)

We can then apply the divergence theorem to the integral to obtain

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f = − 1

|𝛺|
∫𝛾

𝐯(1)f ⋅ 𝐧𝛾d𝑆 . (85)

We want to use the interface condition (41v) to obtain an expression for 𝐯(1)f ⋅ 𝐧𝛾 . So we have

𝐧𝛾 ⋅ (𝖳
(0)
f 𝐧𝛾 ) + 1

𝐿𝑝
(𝐯(1)f − �̇�(1)𝑒 ) ⋅ 𝐧𝛾 = −𝑝(0)𝑝 (86)

with 𝖳(0)
f = −𝑝(0)f 𝖨, so we can write the interface condition as

𝐧𝛾 ⋅ (−𝑝
(0)
f 𝐧𝛾 ) + 1

𝐿𝑝
(𝐯(1)f − �̇�(1)𝑒 ) ⋅ 𝐧𝛾 = −𝑝(0)𝑝 . (87)

We can now rearrange this to obtain an expression for 𝐯(1) ⋅ 𝐧𝛾 that can be used in the integral (84)

− 𝐯(1)f ⋅ 𝐧𝛾 = (𝑝(0)𝑝 − 𝑝(0)f )𝐿𝑝 − �̇�(1)𝑒 ⋅ 𝐧𝛾 . (88)

We now can rewrite the integral (84) as

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

1
|𝛺|

∫𝛾
((𝑝(0)𝑝 − 𝑝(0)f )𝐿𝑝 − �̇�(1)𝑒 ⋅ 𝐧𝛾 )d𝑆 . (89)

This becomes

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) − 1
|𝛺|

∫𝛾
�̇�(1)𝑒 ⋅ 𝐧𝛾d𝑆 . (90)

In order to reverse the divergence theorem on the integral above we must add and subtract the contribution over the solid–solid interface 𝛤 . That
is

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) − 1
|𝛺|

∫𝛾
�̇�(1)𝑒 ⋅ 𝐧𝛾d𝑆 − 1

|𝛺|
∫𝛤

�̇�(1)𝑒 ⋅ 𝐧𝛤 d𝑆 + 1
|𝛺|

∫𝛤
�̇�(1)𝑒 ⋅ 𝐧𝛤 d𝑆 . (91)

The first two integrals above allow us to reverse the divergence theorem to obtain a term in the extracellular domain, and we can use interface
ondition (41p) to change the final integral to be in terms of the solid velocity in the myocyte domain

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + 1
|𝛺|

∫𝛺𝑒

∇𝐲 ⋅ �̇�(1)𝑒 d𝐲 + 1
|𝛺|

∫𝛤
�̇�(1)𝑖 ⋅ 𝐧𝛤 d𝑆 . (92)

Since the myocyte domain has entire boundary 𝛤 we can then reverse the divergence theorem on the final integral to obtain

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + 1
|𝛺|

∫𝛺𝑒

∇𝐲 ⋅ �̇�(1)𝑒 d𝐲 + 1
|𝛺|

∫𝛺𝑖

∇𝐲 ⋅ �̇�
(1)
𝑖 d𝐲. (93)

This can be written as

∇ ⋅ ⟨𝐯(0)⟩ =
|𝛾|𝐿𝑝 (𝑝(0) − 𝑝(0)) + ⟨∇ ⋅ �̇�(1)⟩ + ⟨∇ ⋅ �̇�(1)⟩ . (94)
𝐱 f f
|𝛺|

f 𝐲 𝑒 𝑒 𝐲 𝑖 𝑖
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Or indeed as

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + ⟨Tr(𝜉𝐲�̇�(1)𝑒 )⟩𝑒 + ⟨Tr(𝜉𝐲�̇�
(1)
𝑖 )⟩𝑖. (95)

Since we have expressions for 𝐮(1)𝑖 and 𝐮(1)𝑒 (62a) and (62b) we can write the relationship as

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + ⟨Tr(𝜉𝐲𝑒)⟩𝑒𝜉𝐱�̇�(0) + ⟨Tr(𝜉𝐲𝐚𝑒)⟩𝑒�̇�(0)𝑝

+ ⟨Tr(𝜉𝐲𝐛𝑒)⟩𝑒�̇�
(0)
f + ⟨Tr(𝜉𝐲𝑖)⟩𝑖𝜉𝐱�̇�(0) + ⟨Tr(𝜉𝐲𝐚𝑖)⟩𝑖�̇�(0)𝑝 + ⟨Tr(𝜉𝐲𝐛𝑖)⟩𝑖�̇�

(0)
f (96)

Using the notation we defined in (69) we have

∇𝐱 ⋅ ⟨𝐯
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + (⟨TrM𝑒⟩𝑒 + ⟨TrM𝑖⟩𝑖)𝜉𝐱�̇�(0) + (⟨Tr𝖫𝑖⟩𝑖 + ⟨Tr𝖫𝑒⟩𝑒)�̇�(0)𝑝 + (⟨Tr𝖭𝑖⟩𝑖 + ⟨Tr𝖭𝑒⟩𝑒)�̇�
(0)
f . (97)

We recall that we have the expression for the relative fluid–solid velocity 𝐰f = 𝐯(0)f − �̇�(0). This can be rearranged for 𝐯(0)f and substituted in (97) to
btain

∇𝐱 ⋅ (⟨𝐰
(0)
f ⟩f + 𝜙�̇�(0)) = |𝛾|𝐿𝑃

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + (⟨TrM𝑒⟩𝑒 + ⟨TrM𝑖⟩𝑖)𝜉𝐱�̇�(0) + (⟨Tr𝖫𝑖⟩𝑖 + ⟨Tr𝖫𝑒⟩𝑒)�̇�(0)𝑝 + (⟨Tr𝖭𝑖⟩𝑖 + ⟨Tr𝖭𝑒⟩𝑒)�̇�
(0)
f . (98)

We can expand the left hand side of (98) and note that we are able to express 𝜙∇𝐱 ⋅ �̇�(0) as 𝜙𝖨 ∶ 𝜉𝐱�̇�(0) to obtain

∇𝐱 ⋅ ⟨𝐰
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + (⟨TrM𝑒⟩𝑒 + ⟨TrM𝑖⟩𝑖 − 𝜙𝖨) ∶ 𝜉𝐱�̇�(0) + (⟨Tr𝖫𝑖⟩𝑖 + ⟨Tr𝖫𝑒⟩𝑒)�̇�(0)𝑝 + (⟨Tr𝖭𝑖⟩𝑖 + ⟨Tr𝖭𝑒⟩𝑒)�̇�
(0)
f . (99)

3.7. Problem for interstitial flow

We wish to write down a problem for the interstitial fluid flow. We begin with (33j), (41s) and (41t)

∇𝐲 ⋅ 𝐰(0)
𝑒 = 0 in 𝛺𝑒 (100a)

𝐰(0)
𝑒 ⋅ 𝐧𝛾 = 𝐰(0)

f ⋅ 𝐧𝛾 on 𝛾 (100b)

𝐰(0)
𝑒 ⋅ 𝐧𝛤 = 0 on 𝛤 (100c)

We can use (41i), the definition that 𝐰(0)
f = 𝐯(0)f − �̇�(0) and (33v) to rewrite the problem as

∇𝐲 ⋅ (𝖪𝑒∇𝐲𝑝
(1)
𝑝 ) = −∇𝐲 ⋅ (𝖪𝑒∇𝐱𝑝

(0)
𝑝 ) in 𝛺𝑒 (101a)

(𝖪𝑒∇𝐲𝑝
(1)
𝑝 ) ⋅ 𝐧𝛾 = −(𝖪𝑒∇𝐱𝑝

(0)
𝑝 ) ⋅ 𝐧𝛾 on 𝛾 (101b)

(𝖪𝑒∇𝐲𝑝
(1)
𝑝 ) ⋅ 𝐧𝛤 = −(𝖪𝑒∇𝐱𝑝

(0)
𝑝 ) ⋅ 𝐧𝛤 on 𝛤 (101c)

We can propose the ansatz

𝑝(1)𝑝 = −𝐏𝑝 ⋅ ∇𝐱𝑝
(0)
𝑝 (102)

where 𝐏𝑝 is a vector that satisfies the following cell problem

∇𝐲 ⋅ (∇𝐲𝐏𝑝𝖪
T
𝑒 ) = −∇𝐲 ⋅ 𝖪

T
𝑒 in 𝛺𝑒 (103a)

(∇𝐲𝐏𝑝𝖪
T
𝑒 ) ⋅ 𝐧𝛾 = −𝖪T

𝑒 ⋅ 𝐧𝛾 on 𝛾 (103b)

(∇𝐲𝐏𝑝𝖪
T
𝑒 ) ⋅ 𝐧𝛤 = −𝖪T

𝑒 ⋅ 𝐧𝛤 on 𝛤 (103c)

where periodic conditions apply on the boundary 𝜕 𝛺 ⧵ 𝛤 ∪ 𝛾 and a further condition is to be placed on the auxiliary vectors for the solution to be
unique, such as

⟨𝐏𝑝⟩𝑒 = 0 (104)

We can now write the leading order Darcy’s law in the extracellular domain using the ansatz. That is,
⟨𝐰(0)

𝑒 ⟩𝑒 = ⟨𝖪𝑒(∇𝐲𝐏𝑝)T − 𝖪𝑒⟩𝑒∇𝐱𝑝
(0)
𝑝 (105)

We require one final equation to describe the interstitial fluid flow. We begin with (41j) which is given by
�̇�(0)𝑝

𝑒
= −�̂�𝑒 ∶ 𝜉𝑦�̇�(1)𝑒 − �̂�𝑒 ∶ 𝜉𝑥�̇�(0) − ∇𝑦 ⋅ 𝐰(1)

𝑒 − ∇𝑥 ⋅ 𝐰(0)
𝑒 , (106)

we now rearrange and apply the integral average to obtain

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = −𝜙𝑒

�̇�(0)𝑝

𝑒
− ⟨�̂�𝑒 ∶ 𝜉𝑦�̇�(1)𝑒 ⟩𝑒 − ⟨�̂�𝑒⟩𝑒 ∶ 𝜉𝑥�̇�(0) −

1
|𝛺|

∫𝛺𝑒

∇𝑦 ⋅ 𝐰(1)
𝑒 d𝐲. (107)

We can then apply the divergence theorem to the integral in (107) to obtain

∇ ⋅ ⟨𝐰(0)
⟩ = −𝜙 �̇�(0)𝑝 − ⟨�̂� ∶ 𝜉 �̇�(1)⟩ − ⟨�̂� ⟩ ∶ 𝜉 �̇�(0) − 1 𝐰(1) ⋅ 𝐧 dS − 1 𝐰(1) ⋅ 𝐧 dS, (108)
𝑥 𝑒 𝑒 𝑒𝑒

𝑒 𝑦 𝑒 𝑒 𝑒 𝑒 𝑥
|𝛺|

∫𝛤 𝑒 𝛤
|𝛺|

∫𝛾 𝑒 𝛾
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Since we have the interface conditions (41s) and (41t), we can use these to rewrite the two integrals as

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = −𝜙𝑒

�̇�(0)𝑝

𝑒
− ⟨�̂�𝑒 ∶ 𝜉𝑦�̇�(1)𝑒 ⟩𝑒 − ⟨�̂�𝑒⟩𝑒 ∶ 𝜉𝑥�̇�(0) −

1
|𝛺|

∫𝛤
0dS − 1

|𝛺|
∫𝛾

𝐰(1)
f ⋅ 𝐧𝛾dS, (109)

We also have Eq. (41v), with (33m) which allows us to write 𝐰(1)
f ⋅ 𝐧𝛾 as

𝐰(1)
f ⋅ 𝐧𝛾 = −𝐿𝑝(𝑝(0)𝑝 − 𝑝(0)f ) (110)

and therefore we can use this in the final integral and rewrite the expression as

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = −𝜙𝑒

�̇�(0)𝑝

𝑒
− ⟨�̂�𝑒 ∶ 𝜉𝑦�̇�(1)𝑒 ⟩𝑒 − ⟨�̂�𝑒⟩𝑒 ∶ 𝜉𝑥�̇�(0) −

1
|𝛺|

∫𝛤
0dS +

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) (111)

We can reverse the divergence theorem on the remaining integral to obtain

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = −𝜙𝑒

�̇�(0)𝑝

𝑒
− ⟨�̂�𝑒 ∶ 𝜉𝑦�̇�(1)𝑒 ⟩𝑒 − ⟨�̂�𝑒⟩𝑒 ∶ 𝜉𝑥�̇�(0) +

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ), (112)

We are able to use the expression that we have for �̇�(1)𝑒 (62b) to obtain

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = ⟨MT

𝑒 ∶ �̂�𝑒 − �̂�𝑒⟩𝑒 ∶ 𝜉𝐱�̇�(0) − ⟨�̂�𝑒 ∶ 𝖫𝑒⟩𝑒�̇�
(0)
𝑝 − ⟨�̂�𝑒 ∶ 𝖭𝑒⟩𝑒�̇�

(0)
f − 𝜙𝑒

�̇�(0)𝑝

𝑒
+

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ). (113)

We have now derived our complete macroscale model for the electrical activity and mechanical deformations in the perfused myocardium.

4. Macroscale model

The macroscale governing equations describe the effective homogenised behaviour of the myocardium in terms of the leading order elastic
isplacement 𝐮(0), the leading order electric potentials 𝜙(0)

𝑖 and 𝜙(0)
𝑒 , the relative fluid solid velocities 𝐰(0)

f and 𝐰(0)
𝑒 and the pressures 𝑝(0)𝑝 and 𝑝(0)𝑓 .

ur model in the homogenised domain 𝛺𝐻 is given by

∇𝐱 ⋅ ⟨𝐣
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝐣(0)𝑒 ⟩𝑒 = 𝛽 𝑉 (0)(|𝛺𝑒| − |𝛺𝑖|) − |𝛺𝑒|𝐼𝑖 − |𝛺𝑖|𝐼𝑒, (114a)

∇𝐱 ⋅ ⟨𝖳
(0)
𝑖 ⟩𝑖 + ∇𝐱 ⋅ ⟨𝖳

(0)
𝑒 ⟩𝑒 = −⟨𝖦𝑖𝖱𝑖 + 𝖦𝑖⟩𝑖∇𝐱𝜙

(0)
𝑖 × ⟨𝐁(0)

⟩𝑖 − ⟨𝖦𝑒𝖱𝑒 + 𝖦𝑒⟩𝑒∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑒 − ⟨𝖦𝑖𝖰𝑖⟩𝑖∇𝐱𝜙
(0)
𝑒 × ⟨𝐁(0)

⟩𝑖 − ⟨𝖦𝑒𝖰𝖾⟩𝑒∇𝐱𝜙
(0)
𝑖 × ⟨𝐁(0)

⟩𝑒

− ⟨𝖦𝑖𝐬𝑖 × 𝐁(0)
⟩𝑖 − ⟨𝖦𝑒𝐬𝑒 × 𝐁(0)

⟩𝑒 + 𝜙∇𝐱𝑝
(0), (114b)

𝜙(0)
𝑖 − 𝜙(0)

𝑒 = 𝑉 (0), (114c)

∇𝐱 ⋅ ⟨𝐰
(0)
f ⟩f =

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) + (⟨TrM𝑒⟩𝑒 + ⟨TrM𝑖⟩𝑖 − 𝜙𝖨) ∶ 𝜉𝐱�̇�(0) + (⟨Tr𝖫𝑖⟩𝑖 + ⟨Tr𝖫𝑒⟩𝑒)�̇�(0)𝑝 + (⟨Tr𝖭𝑖⟩𝑖 + ⟨Tr𝖭𝑒⟩𝑒)�̇�
(0)
f . (114d)

∇𝑥 ⋅ ⟨𝐰(0)
𝑒 ⟩𝑒 = ⟨MT

𝑒 ∶ �̂�𝑒 − �̂�𝑒⟩𝑒 ∶ 𝜉𝐱�̇�(0) − ⟨�̂�𝑒 ∶ 𝖫𝑒⟩𝑒�̇�
(0)
𝑝 − ⟨�̂�𝑒 ∶ 𝖭𝑒⟩𝑒�̇�

(0)
f − 𝜙𝑒

�̇�(0)𝑝

𝑒
+

|𝛾|𝐿𝑝

|𝛺|

(𝑝(0)𝑝 − 𝑝(0)f ) (114e)

where we have the averaged leading order current densities

⟨𝐣(0)𝑖 ⟩𝑖 = −⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖∇𝐱𝜙
(0)
𝑖 − ⟨𝖦𝑖𝖰𝑖⟩𝑖∇𝐱𝜙

(0)
𝑒 − ⟨𝖦𝑖𝐬𝑖⟩𝑖 (115a)

⟨𝐣(0)𝑒 ⟩𝑒 = −⟨𝖦𝑒 + 𝖦𝑒𝖱𝑒⟩𝑒∇𝐱𝜙
(0)
𝑒 − ⟨𝖦𝑒𝖰𝑒⟩𝑒∇𝐱𝜙

(0)
𝑖 − ⟨𝖦𝑒𝐬𝑒⟩𝑒 (115b)

and the averaged leading order solid stresses

⟨𝖳(0)
𝑖 ⟩𝑖 = ⟨C𝑖 + C𝑖M𝑖⟩𝑖𝜉𝐱𝐮(0) + ⟨C𝑖𝖫𝑖⟩𝑖𝑝

(0)
𝑝 + ⟨C𝑖𝖭𝑖⟩𝑖𝑝

(0)
f (116a)

⟨𝖳(0)
𝑒 ⟩𝑖 = ⟨C𝑒 + C𝑒M𝑒⟩𝑒𝜉𝐱𝐮(0) + ⟨C𝑒𝖫𝑒 − �̂�𝑒⟩𝑒𝑝

(0)
𝑝 + ⟨C𝑒𝖭𝑒⟩𝑒𝑝

(0)
f (116b)

and finally the leading order relative fluid–solid velocities are

⟨𝐰(0)
f ⟩f = −⟨𝖶f ⟩f∇𝑥𝑝

(0)
f (117a)

⟨𝐰(0)
𝑒 ⟩𝑒 = ⟨𝖪𝑒(∇𝐲𝐏𝑝)T − 𝖪𝑒⟩𝑒∇𝐱𝑝

(0)
𝑝 (117b)

The novel model comprises the balance equation for the leading order current densities (114a). The current densities (115a) and (115b) comprise
both the electric fields of each compartment premultiplied by second rank tensors that are to be obtained by solving the cell problems (44a)–(44e)
and (45a)–(45e) and a vector term that arises from premultiplying the solutions to the cell problem (46a)–(46e) by the conductivity tensors. These
oefficients arising from the cell problem solutions account for the differences in the electric potentials in each phase and encode these in the
odel.

To solve the homogenised model (114a)–(114e) in 𝛺𝐻 it must be supplemented by external boundary conditions on 𝜕 𝛺𝐻 and initial conditions
or the macroscale solid displacement, potentials, pressures and relative fluid–solid velocities are required.

We can re-write the balance as follows when using (63a) and (63b)

∇𝐱 ⋅
(

(

⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖 + ⟨𝖦𝑒𝖰𝑒⟩𝑒
)

∇𝐱𝜙
(0)
𝑖 +

(

⟨𝖦𝑒 + 𝖦𝑒𝖱𝑒⟩𝑒 + ⟨𝖦𝑖𝖰𝑖⟩𝑖
)

∇𝐱𝜙
(0)
𝑒 +

(

⟨𝖦𝑖𝐬𝑖⟩𝑖 + ⟨𝖦𝑒𝐬𝑒⟩𝑒
)

)

= 𝛽 𝑉 (0)(|𝛺𝑒| − |𝛺𝑖|) − |𝛺𝑒|𝐼𝑖 − |𝛺𝑖|𝐼𝑒, (118)

The Eq. (114c) provides a constraint such that the 𝑉 (0) is a given and therefore allows that only one of 𝜙(0)
𝑖 or 𝜙(0)

𝑒 is to be calculated in order to
obtain both. We can substitute (61e) written in the form 𝜙(0) = 𝜙(0) + 𝑉 (0) into (118) and rearrange to obtain
𝑖 𝑒
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∇𝐱 ⋅
(

(

⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖 + ⟨𝖦𝑒𝖰𝑒⟩𝑒 + ⟨𝖦𝑒 + 𝖦𝑒𝖱𝑒⟩𝑒 + ⟨𝖦𝑖𝖰𝑖⟩𝑖
)

∇𝐱𝜙
(0)
𝑒

)

= ∇𝐱 ⋅
(

−
(

⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖 + ⟨𝖦𝑒𝖰𝑒⟩𝑒
)

∇𝐱𝑉
(0) − ⟨𝖦𝑖𝐬𝑖⟩𝑖 − ⟨𝖦𝑒𝐬𝑒⟩𝑒

)

+ 𝛽 𝑉 (0)(|𝛺𝑒| − |𝛺𝑖|) − |𝛺𝑒|𝐼𝑖 − |𝛺𝑖|𝐼𝑒, (119)

We can define the following

𝖣 ∶= ⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖 + ⟨𝖦𝑒𝖰𝑒⟩𝑒 + ⟨𝖦𝑒 + 𝖦𝑒𝖱𝑒⟩𝑒 + ⟨𝖦𝑖𝖰𝑖⟩𝑖, (120)

𝐟 ∶= −(⟨𝖦𝑖 + 𝖦𝑖𝖱𝑖⟩𝑖 + ⟨𝖦𝑒𝖰𝑒⟩𝑒
)

∇𝐱𝑉
(0) − ⟨𝖦𝑖𝐬𝑖⟩𝑖 − ⟨𝖦𝑒𝐬𝑒⟩𝑒, (121)

𝛽 = 𝛽(|𝛺𝑒| − |𝛺𝑖|), (122)

and therefore (119) can be written as

∇𝐱 ⋅
(

𝖣∇𝐱𝜙
(0)
𝑒

)

= ∇𝐱 ⋅ 𝐟 − 𝛽 𝑉 (0) − |𝛺𝑒|𝐼𝑖 − |𝛺𝑖|𝐼𝑒. (123)

We also have the balance equation for the solid stresses (114b), where the stresses are (116a)–(116b). These stresses comprise tensors C𝑖+C𝑖M𝑖
and C𝑒 + C𝑒M𝑒 which are to be found by solving (63a)–(63e). The stresses also contain terms relating to the interstitial pressure and the fluid
ressure where the coefficients of these terms are to be found by solving (64a)–(64e) and (65a)–(65e). The problems to be solved are similar to
hose found for elastic composite in Penta and Gerisch (2015) and Penta and Gerisch (2017a), poroelastic composites in Miller and Penta (2020,

2022b) and Miller and Penta (2022a) and double poroelastic (Miller and Penta, 2021a). The balance Eq. (114b) also has terms that show the
nfluence of the electric potentials and Lorentz forces on the deformations of the material. These terms again arise by solving the cell problems

(44a)–(44e) and (45a)–(45e) and (46a)–(46e).
The final two Eqs. (114d) and (114e) represent the balance of the relative fluid–solid velocities of the vessels and interstitial fluid. These relative

fluid–solid velocities are given by (117a) and (117b) where the coefficients are to be obtained by solving (80a)–(80d) and (103a)–(103c) We see that
hese are related to the strains of the elastic myocyte and the poroelastic extracellular matrix and to the fluid transport between the compartments
ue to the leakage of the fluid from the vessels into the poroelastic matrix.

5. Numerical example — electrical conductance of the perfused myocardium

In this section we wish to consider a first example of what our novel model can tell us about the electrical conductivity of the myocardium.
e consider the macroscale balance Eq. (123), restated here for convenience. We have

∇𝐱 ⋅
(

𝖣∇𝐱𝜙
(0)
𝑒

)

= ∇𝐱 ⋅ 𝐟 − 𝛽 𝑉 (0) − |𝛺𝑒|𝐼𝑖 − |𝛺𝑖|𝐼𝑒. (124)

The cell problems (44a)–(44e) and (45a)–(45e) can be solved to determine the second rank tensor 𝖣 which we call the effective conductance tensor
as well as the vector 𝐟 . We take this opportunity to study the tensor 𝖣 in the case of modelling the electrical, vascularised myocardium.

We are considering the effective conductance tensor of the myocardium and we wish to consider it post myocardial infarction. In this case,
physiologically it can be observed that the volume fraction of myocytes in the infarct zone decreases due to the death and damage of myocytes.
This dramatically reduces the functionality of the heart and therefore the heart looks for a way to regain homeostasis. So for this reason in the
egions surrounding the infarct zone the intact myocytes increase in volume to attempt to compensate for the section of damaged heart (Olivetti

et al., 1987). We wish to consider the effect that the change in volume has on the electrical conductivity of the myocardium. We should note that
we are assuming that the increases in myocyte volume fraction that we are studying correspond to different infarct sizes (and therefore the greater
the infarct the greater the increase in the healthy myocytes to compensate) and not a time dependent increase following the infarction (Olivetti
et al., 1994; Anversa et al., 1985).

As the 3D geometry of our unit cell is assumed to be a cube with cylindrical myocyte extending in the 𝑧-axis direction, as well as 4 vessels (one
n each corner of the cube) also extending in the direction of the 𝑧-axis we are able to cut the plane and carry out 2D simulations which will be

less computationally expensive whilst still retaining the desired accuracy, see Parnell and Abrahams (2006, 2008) and Miller and Penta (2022a)
for a reduction of poroelastic type cell problems from 3D to 2D and validation of the 2D simulations. The cell problems are therefore to be solved
on the following 2D composite geometry Fig. 2. We use the following conductivity tensors obtained from Roth (1991) and Sachse et al. (2009) for
the transversal and longitudinal conductivities in the myocyte and extracellular matrix

𝖦𝑖 =
(

0.047 0
0 0.469

)

, and 𝖦𝑒 =
(

0.214 0
0 0.375

)

. (125)

We now present the results for the conductance tensor 𝖣 in the transversal and longitudinal directions. We consider the two components of the
econd rank tensor 𝖣 in the balance Eq. (123). From Fig. 3(a) we can see the effective conductivity decreases in the transversal direction with the
ncreasing myocyte volume. We can explain this due to the fact that the myocyte has a much lower conductivity in the transversal direction than
he extracellular matrix therefore as the volume of the myocyte increases the homogenised effective conductivity tensor 𝖣 then the influence of the
ow transversal conductance creates a decrease in the transversal conductance. In Fig. 3(b) we can see that the longitudinal effective conductivity

increases with increasing myocyte volume. This can be explained due to the fact that the myocyte has already a higher longitudinal conductance
that the extracellular matrix and is it increases in volume this larger value plays an increasingly important role in the conductance of 𝖣. The
myocytes in adjacent cells join end to end therefore the larger the volume fraction of the myocyte the larger the contact area between adjacent
myocytes leading to the increasing longitudinal conductance.

We now carry out the simulations to investigate the influence that on the conductance at four fixed fluid volume fractions 𝜙𝑓 = 5%, 10%, 15%, 20%
nd for each of these varying the myocyte volume fraction from 5–40%. The fluid volume fractions have been chosen to represent the following

settings; 5% reduced flow leading to infarction, 10–15% normal range of healthy perfusion, 20% over perfused leading to myocardial injury.
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Fig. 2. The Comsol Multiphysics geometry for the electrical cell problems.

Fig. 3. Plots of the components of the second rank effective conductivity tensor 𝖣.

Fig. 4. The transverse conductance vs myocyte volume for four fixed fluid volume fractions.

In figure Fig. 4 we can see that the effective conductivity decreases in the transversal direction with the increasing myocyte volume for all four
fixed fluid volume fractions. We see the conductivity value decreases with increasing fluid volume fraction. We can explain this due to the fact
that the myocyte has a much lower conductivity in the transversal direction than the extracellular matrix. Therefore as the volume of the myocyte
increases and indeed as we consider a matrix with larger vessels (increasing fluid volume fraction) the homogenised effective conductivity tensor
𝖣 will show the decrease due to the fact that the extracellular matrix which has the higher transversal conductance is getting taken over by the
myocyte and the vessels which have lower and zero conductance respectively. Thus meaning that we have a decrease in the transversal conductance.

In figure Fig. 5 we can see that the longitudinal effective conductivity increases with increasing myocyte volume for all four fixed fluid volume
fractions. We see that the longitudinal conductivity value is lower the higher the fluid volume fraction. The behaviour here can be explained due
to the fact that the myocyte has already a higher longitudinal conductance than the extracellular matrix and as it increases in volume this larger
value plays an increasingly important role in the conductance of 𝖣. The increasing fluid volume causes the transversal conductance to become
lower as we have a larger vessel volume and these have zero conductance. The myocytes in adjacent cells join end to end therefore the larger the
volume fraction of the myocyte the larger the contact area between adjacent myocytes leading to the increasing longitudinal conductance.
18 
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Fig. 5. The longitudinal conductance vs myocyte volume for four fixed fluid volume fractions.

6. Conclusions

In this work, we have derived a novel system of PDEs describing the effective electrical and mechanical behaviour of a vascularised poroelastic
matrix with embedded electro-active inclusions (representing the myocytes) and a vascular network designed to represent the myocardium tissue.

Here we have applied the asymptotic homogenisation technique to a set of equations that we have developed to capture the behaviour of the
mechanical and electrical deformations of the perfused myocardium. Due to the multiscale nature of the heart we can assume that the size of the
heart muscle is much larger than the scale where we can identify individual elastic myocytes embedded in the poroelastic extracellular matrix with
the permeating vasculature embedded in the matrix surrounding the myocytes. The scale where all these features are visible has been described
as the microscale. This microscale has a length that is much smaller than the length of the entire heart muscle. If we zoom in further on the
extracellular matrix then we find that the domain is a porous matrix with a fluid flow in the pores. We call this scale the porescale. To account for
this porescale microstructure we use the governing equations of Biot’s poroelasticity in the extracellular matrix. At the scale of the heart muscle,
we can no longer visibly see any myocytes or permeating vasculature and therefore we call this the macroscale. Due to the sharp scale separation
that this system possesses, we could rely on the asymptotic homogenisation technique to upscale the microstructural problem.

In doing so we account for the continuity of current densities, stresses, elastic displacements, and also the difference in the electric potentials and
no flux on the interface between the elastic myocyte and the poroelastic matrix. Furthermore we account for the continuity of fluxes, stresses, fluid
transport, slip over the porous surface, and the insulation of the current density on the interface between the vascular network and the poroelastic
extracellular matrix.

The novel macroscale governing equations comprise a balance equation for the current densities and a balance equation for the stresses. These
balance equations both contain terms that allow for the model to account for the difference in the electric potentials at different points in the
microstructure as well as the differences in elastic properties of the underlying microstructure. We also have two further balance equations, one
for the relative fluid–solid velocities of the vessels and one for the interstitial fluid. These equations also give information on how the strains of the
elastic myocytes and the poroelastic extracellular matrix relate to the fluid transport between the compartments due to the leakage of the fluid from
the vessels into the poroelastic matrix. Due to the model being derived via asymptotic homogenisation the coefficients in the governing equations
allow for the properties of the microstructure to be retained. These coefficients are found by solving the microscale differential problems that we
present which are different from the cell problems found in the works that precede this.

We should note that this work has extended the model for vascularised poroelastic materials (Penta and Merodio, 2017), the electrical and
mechanical bidomain model (Miller and Penta, 2023) and the models of a poroelastic matrix with elastic inclusion (Royer et al., 2019; Chen et al.,
2020). This work combines (Penta and Merodio, 2017; Miller and Penta, 2023) The amalgamation of all these works has allowed us to create a
vascularised, electrical and mechanical myocardium model, where there is an even deeper underlying poroelastic structure encoded in the matrix.
The combination of all these features across 3 physical scales of resolution is encoded in the final macroscale model which allows for a greater
understanding of the myocardial behaviour due to the realistic microstructure that is considered.

The key novelty of the model is that it captures the electrical, mechanical and vascular behaviour of the myocardium. The differences in
electrical properties are captured through the balance of current densities which comprise both the electric fields of each compartment premultiplied
by second rank tensors that are to be obtained by solving the cell problems (44a)–(44e) and (45a)–(45e) and a vector term that arises from
premultiplying the solutions to the cell problem (46a)–(46e) by the conductivity tensors. The mechanical deformations are captured via the balance
of stresses which contains terms which are to be found by solving (63a)–(63e) that account for the varying elastic properties at different points in
the microstructure. The stresses also contain terms relating to the interstitial pressure and the fluid pressure where the coefficients of these terms
are to be found by solving (64a)–(64e) and (65a)–(65e). The balance Eq. (114b) also has terms that show the influence of the electric potentials
and Lorentz forces on the deformations of the material. The balance of the relative fluid–solid velocities of the vessels and interstitial fluid capture
the behaviour of the fluid network flow and the poroelastic flow. These equations describe the myocardium in terms of the strains of the elastic
myocyte and the poroelastic extracellular matrix and the fluid transport between the compartments due to the leakage of the fluid from the vessels
into the poroelastic matrix, where the coefficients are to be obtained by solving (80a)–(80d) and (103a)–(103c).

The new model has been developed to study the electrical and mechanical properties of the perfused myocardium and can be used to model
both the healthy and diseased heart. Having a model that can describe the mechanical deformations, the perfusion and the electrical activity of
19 
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the myocardium is a very useful tool. The novel model can be used to understand how the electrical function and the elastic deformations can
e impaired or changed by various diseases or disorders of the heart conduction system. With the novel model, we have derived here we can
nvestigate how the structural changes caused by myocardial ischaemia induce differences in the heart electrophysiology.

The model presented in this work has some limitations that can well be addressed to give a more thorough understanding of the myocardium
behaviour. In this work we have assumed that the myocytes and extracellular matrix undergo finite deformations (linear). This means that the
extracellular matrix is described using Biot’s standard poroelasticity and the myocytes are modelled using linear elasticity theory. We would however
be able to extend this work by assuming that each phase is subject to large deformations and therefore use a nonlinear poroelastic formulation for
the extracellular matrix, such as those presented in Brown et al. (2014), Collis et al. (2017) and Miller and Penta (2021b), and a nonlinear elastic
ormulation with a strain energy function chosen to capture the behaviour of the myocytes. These extensions do however cause a large increase in
he computational complexity as we no longer have the full decoupling of scales. This leads to the cell problems having a very large computational
xpense to be solved. There are emerging techniques in the literature that are working to overcome this issue, such as in Dehghani and Zilian

(2021, 2023) to make extensions of this kind much more computationally possible. This way, comparisons with alternative approaches such as
those dealt with in Pezzuto et al. (2014) will also be possible.

We have that the difference in the electric potentials 𝑉 is a given and that it depends only on the macroscale variable at leading order. As 𝑉 (0),
nd also 𝑉 (1) which is the term that drives the cell problem (41b)–(41e), are the differences in electrical potentials and arise because of transport of
ons at a finer microstructural level than we are considering in this work, it would be possible to create a finer scale problem to obtain an expression
or these values and cell problems from which they can be calculated. This would mean that we would be able to encode another further level of
icrostructural complexity in the model.

It would also be possible to incorporate further finer scale components of the microstructure such as collagen and elastin fibres in the matrix
portion of our model. We could consider an approach such as taken in Federico and Herzog (2008) and Hashlamoun et al. (2016) which focus on
the influence of microstructural fibre arrangements both in soft tissues and porous media. A further extension could be to consider a modification
o the assumption that the blood vessels are insulated to the electrical activity. This would involve changing the interface conditions to allow for
lectrical current to flow into the vessels which could then be used to understand if the electrical activity provides enhancement to the perfusion.

This paper could be further developed to theoretically add transport of solute between the domains via delivery from the vessels such as to
investigate drug delivery to the myocardium. This could be used to determine the effects of drug delivery on the treatment of heart diseases.

e can study the use of nanoparticles to treat cardiovascular diseases such as in the studies (Fan et al., 2020; Suarez et al., 2015; Zhang et al.,
2018). This can involve incorporating the flow of nanoparticles over a porous medium (Mahabaleshwar et al., 2023) and nanofluid flow due to
tretching/shrinking porous materials (Vishalakshi et al., 2021) in our current framework. We could also consider a non-Newtonian fluid and the

influence on mass transfer and the slip condition in porous media (Sneha et al., 2024).
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Appendix. — solving the model

We now provide a step-by-step guide that can be followed to solve the macroscale model (114a)–(114e). We begin by explaining how to obtain
the effective model coefficients. We then detail how these coefficients will be used when solving (114a)–(114e). The model coefficients encode the
structural details such as geometry and properties of the elastic, poroelastic and fluid phases as well as the electrical properties of the solid phases.
Due to the fact that the model is derived via assuming macroscopic uniformity of the material (see Remark 3.2) then the two scales (microscale
nd macroscale) are fully decoupled and the guide below can be used to solve the model. We solve the model as follows

1. The first step is to set the original material properties of the myocyte and the extracellular matrix at the microscale and the fluid in the vessels.
We choose to make the assumption that each of the domains is isotropic. For the myocyte, since it is elastic, we require two independent
elastic constants that can be the Poisson ratio and Young’s modulus (or alternatively the Lamé constants). We could however not make this
assumption and just provide the elasticity tensor for each phase. For the extracellular matrix, since it is poroelastic we require the effective
elasticity tensors C𝑒, the Biot’s tensor �̂�𝑒, the Biot’s modulus 𝑀 and the hydraulic conductivities 𝖪𝑒. Since we assume that the extracellular
matrix is isotropic we need to fix 5 parameters. These parameters are two independent elastic constants e.g. the Poisson ratio and Young’s
modulus (or alternatively the Lamé constants), hydraulic conductivity, Biot’s coefficient and Biot’s modulus. We also must fix the original
electrical properties such as the conductivity tensors in each phase with up to 9 components and the potential drop 𝑉 across the interface.
The last property we need to fix is the magnetic field 𝐁. We also determine the fluid viscosity.

2. We must determine the microscale geometry, this includes defining the specific geometry of a single periodic cell and the volume of each
of the phases.
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3. We now begin the process that allows us to determine the macroscale model coefficients. We begin by solving the problems that will allow us
to determine the tensors and vectors that contribute to the coefficients in the electrical current densities. We have the problems (44a)–(44e),
(45a)–(45e) and (46a)–(46e) in components where we note subscripts 𝛤 and 𝛾 refer to the interface on which the normal relates to

𝜕
𝜕 𝑦𝛿

(

(𝖦𝑖)𝛿 𝜅
𝜕(𝛷𝑖)𝛼
𝜕 𝑦𝜅

)

+
𝜕(𝖦𝑖)𝛿 𝛼
𝜕 𝑦𝛿

= 0 in 𝛺𝑖, (A.1a)

𝜕
𝜕 𝑦𝛿

(

(𝖦𝑒)𝛿 𝜅
𝜕(�̂�𝑒)𝛼
𝜕 𝑦𝜅

)

= 0 in 𝛺𝑒, (A.1b)

(𝛷𝑖)𝛼 = (�̂�𝑒)𝛼 on 𝛤 , (A.1c)
(

(𝖦𝑖)𝛿 𝜅
𝜕(𝛷𝑖)𝛼
𝜕 𝑦𝜅

− (𝖦𝑒)𝛿 𝜅
𝜕(�̂�𝑒)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛤 )𝛿 = −(𝖦𝑖)𝛿 𝛼(𝑛𝛤 )𝛿 on 𝛤 , (A.1d)
(

(𝖦𝑒)𝛿 𝜅
𝜕(�̂�𝑒)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛾 )𝛿 = 0 on 𝛾 , (A.1e)

and

𝜕
𝜕 𝑦𝛿

(

(𝖦𝑖)𝛿 𝜅
𝜕(�̂�𝑖)𝛼
𝜕 𝑦𝜅

)

= 0 in 𝛺𝑖, (A.2a)

𝜕
𝜕 𝑦𝛿

(

(𝖦𝑒)𝛿 𝜅
𝜕(𝛷𝑒)𝛼
𝜕 𝑦𝜅

)

+
𝜕(𝖦𝑒)𝛿 𝛼
𝜕 𝑦𝛿

= 0 in 𝛺𝑒, (A.2b)

(�̂�𝑖)𝛼 = (𝛷𝑒)𝛼 on 𝛤 , (A.2c)
(

(𝖦𝑖)𝛿 𝜅
𝜕(�̂�𝑖)𝛼
𝜕 𝑦𝜅

− (𝖦𝑒)𝛿 𝜅
𝜕(𝛷𝑒)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛤 )𝛿 = (𝖦𝑒)𝛿 𝛼(𝑛𝛤 )𝛿 on 𝛤 , (A.2d)
(

(𝖦𝑒)𝛿 𝜅
𝜕(𝛷𝑒)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛾 )𝛿 = (𝖦𝑒)𝛿 𝛼(𝑛𝛾 )𝛿 on 𝛾 , (A.2e)

and

𝜕
𝜕 𝑦𝛼

(

(𝖦𝑖)𝛼 𝛿
𝜕(�̃�𝑖)
𝜕 𝑦𝛿

)

= 0 in 𝛺𝑖, (A.3a)

𝜕
𝜕 𝑦𝛼

(

(𝖦𝑒)𝛼 𝛿
𝜕(�̃�𝑒)
𝜕 𝑦𝛿

)

= 0 in 𝛺𝑒, (A.3b)

(�̃�𝑖) − (�̃�𝑒) = 𝑉 (1) on 𝛤 , (A.3c)
(

(𝖦𝑖)𝛼 𝛿
𝜕(�̃�𝑖)
𝜕 𝑦𝛿

)

(𝑛𝛤 )𝛼 =
(

(𝖦𝑒)𝛼 𝛿
𝜕(�̃�𝑒)
𝜕 𝑦𝛿

)

(𝑛𝛤 )𝛼 on 𝛤 , (A.3d)
(

(𝖦𝑒)𝛼 𝛿
𝜕(�̃�𝑒)
𝜕 𝑦𝛿

)

(𝑛𝛾 )𝛼 = 0 on 𝛾 , (A.3e)

The problems (A.1a)–(A.1e) and (A.2a)–(A.2e) are vector problems. These have driving forces of conductivity tensor of each phase applied
to the normal of the interface. The problem (A.3a)–(A.3e) is a scalar problem.

4. We will now consider the elastic coefficients. We are able to solve the elastic-type cell problem (63a)–(63e) which has the solution auxiliary
tensors M𝑒 and M𝑖. These tensors then appear in the macroscale model coefficients, such as in the leading order stress. The cell problem to
be solved is, in components

𝜕
𝜕 𝑦𝛿

(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜂 𝜈𝜏 𝜅 (𝑖)
)

+
𝜕(𝐶𝑖)𝛼 𝛿 𝜂 𝜈

𝜕 𝑦𝛿
= 0 in 𝛺𝑖, (A.4a)

𝜕
𝜕 𝑦𝛿

(

(𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜂 𝜈𝜏 𝜅 (𝑒)
)

+
𝜕(𝐶𝑒)𝛼 𝛿 𝜂 𝜈

𝜕 𝑦𝛿
= 0 in 𝛺𝑒, (A.4b)

(𝑖)𝛼 𝜂 𝜈 = (𝑒)𝛼 𝜂 𝜈 on 𝛤 , (A.4c)
(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜂 𝜈𝜏 𝜅 (𝑖) − (𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜂 𝜈𝜏 𝜅 (𝑒)
)

(𝑛𝛤 )𝛿 = (𝐶𝑒 − 𝐶𝑖)𝛼 𝛿 𝜂 𝜈 (𝑛𝛤 )𝛿 on 𝛤 (A.4d)

(𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜂 𝜈𝜏 𝜅 (𝑒)(𝑛𝛾 )𝛿 = −(𝐶𝑒)𝛼 𝛿 𝜂 𝜈 (𝑛𝛾 )𝛿 on 𝛾 . (A.4e)
The solution to problem (A.4a)–(A.4e) is found by fixing the couple of indices 𝜏 , 𝜅 = 1, 2, 3 such that we are solving six elastic-type cell
problems. When we do this we obtain the strains 𝜉𝜂 𝜈𝜏 𝜅 (𝑖) and 𝜉𝜂 𝜈𝜏 𝜅 (𝑒) so that for each fixed couple of indices 𝜏, 𝜅 we have a linear elastic
problem. For other examples of where this process has been carried out and utilised see also [27, 11, 10]. We have used the notation

𝜉𝜂 𝜈𝜏 𝜅 (𝑖) = 1
2

( 𝜕(𝑖)𝜏 𝜂 𝜈
𝜕 𝑦𝜅

+
𝜕(𝑖)𝜅 𝜂 𝜈

𝜕 𝑦𝜏

)

;

𝜉𝜂 𝜈𝜏 𝜅 (𝑒) = 1
2

( 𝜕(𝑒)𝜏 𝜂 𝜈
𝜕 𝑦𝜅

+
𝜕(𝑒)𝜅 𝜂 𝜈

𝜕 𝑦𝜏

)

.
(A.5)

We also have two more elastic-type cell problems (64a)–(64e) and (65a)–(65e) driven by variations in the constituents’ compressibility since
we have a poroelastic extracellular matrix and an elastic myocyte

𝜕
𝜕 𝑦𝛿

(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑖)
)

= 0 in 𝛺𝑖, (A.6a)

𝜕 (

(𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑒)
)

=
𝜕(�̂�𝑒)𝛼 𝛿 in 𝛺𝑒, (A.6b)
𝜕 𝑦𝛿 𝜕 𝑦𝛿
21 
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(𝑎𝑖)𝛼 = (𝑎𝑒)𝛼 on 𝛤 , (A.6c)
(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑖) − (𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑒)
)

(𝑛𝛤 )𝛿 = (�̂�𝑒)𝛼 𝛿(𝑛𝛤 )𝛿 on 𝛤 , (A.6d)

((𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑒))(𝑛𝛾 )𝛿 = (�̂�𝑒)𝛼 𝛿(𝑛𝛾 )𝛿 − (𝑛𝛾 )𝛼 on 𝛾 , (A.6e)

and
𝜕
𝜕 𝑦𝛿

(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑏𝑖)
)

= 0 in 𝛺𝑖, (A.7a)

𝜕
𝜕 𝑦𝛿

(

(𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑏𝑒)
)

= 0 in 𝛺𝑒, (A.7b)

(𝑏𝑖)𝛼 = (𝑏𝑒)𝛼 on 𝛤 , (A.7c)
(

(𝐶𝑖)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑏𝑖) − (𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑏𝑒)
)

(𝑛𝛤 )𝛿 = 0 on 𝛤 , (A.7d)
(

(𝐶𝑒)𝛼 𝛿 𝜏 𝜅𝜉𝜏 𝜅 (𝑎𝑒)
)

(𝑛𝛾 )𝛿 = −(𝑛𝛾 )𝛼 on 𝛾 , (A.7e)

where we have used the notation

𝜉𝜏 𝜅 (∙) = 1
2

(

𝜕(∙)𝜏
𝜕 𝑦𝜅

+
𝜕(∙)𝜅
𝜕 𝑦𝜏

)

, (A.8)

where ∙ = 𝑎𝑖, 𝑎𝑒, 𝑏𝑖, 𝑏𝑒. The solutions to problems (A.6a)–(A.6e) and (A.7a)–(A.7e) is obtained by solving 3 cell problems for each 𝛼 = 1, 2, 3.
5. We also have the cell problem (80a)–(80d) which we require to solve to find the coefficient of the Darcy equation governing fluid network

flow. We have the cell problem in components
𝜕(𝑊f )𝛿 𝛼
𝜕 𝑦𝜅𝜕 𝑦𝜅

−
𝜕(𝑃f )𝛼
𝜕 𝑦𝛿

+ 𝛿𝛼 𝛿 = 0 in 𝛺f , (A.9a)

𝜕(𝑊f )𝛼 𝛿
𝜕 𝑦𝛼

= 0 in 𝛺f , (A.9b)

(𝑊f )𝛿 𝛼(𝑛𝛾 )𝛿 = 0 on 𝛾 , (A.9c)

(𝜏𝛽 )𝛿 ⋅
(

𝜕(𝖶f )𝛿 𝛼
𝜕 𝑦𝜅

+
𝜕(𝖶f )𝜅 𝛼
𝜕 𝑦𝛿

)

(𝑛𝛾 )𝜅 = − 𝛼
√

𝑘
(𝖶f )𝛿 𝛼 ⋅ (𝜏𝛽 )𝛿 on 𝛾 , (A.9d)

6. The last cell problems we require to solve give us the coefficients of the interstitial flow equation. We solve the problem (103a)–(103c). In
components these are

𝜕
𝜕 𝑦𝛿

(

(𝐾𝑒)𝛿 𝜅
𝜕(𝑃𝑝)𝛼
𝜕 𝑦𝜅

)

= − 𝜕(𝐾𝑒)𝛿 𝛼
𝜕 𝑦𝛿

in 𝛺𝑒 (A.10a)
(

(𝐾𝑒)𝛿 𝜅
𝜕(𝑃𝑝)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛾 )𝛿 = −(𝐾𝑒)𝛿 𝛼(𝑛𝛾 )𝛿 on 𝛾 (A.10b)
(

(𝐾𝑒)𝛿 𝜅
𝜕(𝑃𝑝)𝛼
𝜕 𝑦𝜅

)

(𝑛𝛤 )𝛿 = −(𝐾𝑒)𝛿 𝛼(𝑛𝛤 )𝛿 on 𝛤 (A.10c)

7. When solving the cell problems we need the solution to be unique. We therefore require one additional condition. We make the choice that
the cell averages of the auxiliary variables are zero.

8. The auxiliary second rank tensors and vectors arising from the cell problems (𝖰𝑒, 𝖰𝑖, 𝖱𝑒, 𝖱𝑖, 𝖫𝑖, 𝖫𝑒, 𝖭𝑖, 𝖭𝑒, 𝖶f , ∇𝐲𝐏𝑝, 𝐬𝑒 and 𝐬𝑖) are then
substituted in where they appear in the macroscale equations and this leads to a macroscale model with coefficients that encode the
microstructural details.

9. The structure and geometry of the macroscale must be set. This includes giving boundary conditions for the homogenised cell. We also must
provide initial conditions for the macroscale solid elastic displacement, pressure and the electric potential drop 𝑉 .

10. Finally, after carrying out all the above steps our macroscale model (114a)–(114e) can then be solved.

Data availability

No data was used for the research described in the article.
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