PRX QUANTUM 8§, 040341 (2024)

Featured in Physics

Local Control and Mixed Dimensions: Exploring High-Temperature
Superconductivity in Optical Lattices

1,2,3,* 5
b

Henning Schlémer Hannah Lange®,"** Titus Franz®,>* Thomas Chalopin®,
Petar Bojovi¢®,>* Si Wang,>* Immanuel Bloch®,'>* Timon A. Hilker®,>* Fabian Grusdt®,'? and
Annabelle Bohrdt®2¢
lDepam‘mem‘ of Physics and Arnold Sommerfeld Center for Theoretical Physics (ASC),
Ludwig-Maximilians-Universitdt Miinchen, Theresienstr. 37, Miinchen D-80333, Germany
® Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, Miinchen D-80799, Germany
3Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
* Max-Planck-Institute for Quantum Optics, Hans-Kopfermann-Str. 1, Garching D-85748, Germany

> Laboratoire Charles Fabry, Institut d’Optique Graduate School, CNRS, Université Paris-Saclay,
Palaiseau 91127, France

® Institut fiir Theoretische Physik, Universitit Regensburg, Regensburg D-93035, Germany

® (Received 10 June 2024; revised 4 September 2024; accepted 16 October 2024; published 12 December 2024)

The simulation of high-temperature superconducting materials by implementing strongly correlated
fermionic models in optical lattices is one of the major objectives in the field of analog quantum
simulation. Here we show that local control and optical bilayer capabilities combined with spatially
resolved measurements create a versatile toolbox to study fundamental properties of both nickelate and
cuprate high-temperature superconductors. On the one hand, we present a scheme to implement a mixed-
dimensional (mixD) bilayer model that has been proposed to capture the essential pairing physics of
pressurized bilayer nickelates. This allows for the long-sought realization of a state with long-range super-
conducting order in current lattice quantum simulation machines. In particular, we show how coherent
pairing correlations can be accessed in a partially particle-hole transformed and rotated basis. On the other
hand, we demonstrate that control of local gates enables the observation of d-wave pairing order in the
two-dimensional (single-layer) repulsive Fermi-Hubbard model through the simulation of a system with
attractive interactions. Lastly, we introduce a scheme to measure momentum-resolved dopant densities,
providing access to observables complementary to solid-state experiments—which is of particular interest

for future studies of the enigmatic pseudogap phase appearing in cuprates.
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I. INTRODUCTION

Although the discovery of high-temperature supercon-
ductivity in copper oxide compounds dates back almost
40 years [1], a full understanding of its phase diagram
at finite doping remains elusive. The paradigmatic two-
dimensional (2D) Fermi-Hubbard (FH) model, believed to
capture the essential low-energy physics of high-7,. com-
pounds [2—4], has been subject to particular theoretical
and experimental scrutiny in recent decades. Advances in
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numerical techniques have allowed new light to be shed
on the intricate competition between various strongly cor-
related phases in the ground state of the FH model [5—12].
Furthermore, technological innovations in the field of ana-
log quantum simulation [13—20] have led to a plethora of
insights into the intermediate-temperature regime by ana-
lyzing real-space correlations, including the observation
of magnetic order [21-24] and the formation of magnetic
polarons [25-29]. With quantum gas microscope tech-
niques, spin-resolved density measurements of the many-
body state in the Fock basis can be obtained. However,
the following significant challenges arise when attempting
to microscopically study high-temperature superconduct-
ing (and their exotic normal) phases: (a) Superconducting
order of quantum many-body states can not be accessed
using local densities, as corresponding observables are
off-diagonal in the Fock basis. In particular, this requires
adding and removing singlet pairs to the system in a

Published by the American Physical Society
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coherent fashion, which is an exceptional challenge with
currently available techniques. Furthermore, small energy
differences between various collectively ordered phases
lead to small critical temperatures [6,8,30], which are out
of reach for state-of-the-art quantum simulators. (b) For
the study of the exotic normal phases in cuprate super-
conductors, momentum-resolved observables of dopants
are highly relevant [3,31,32]. Although momentum-space
densities of particles can be accessed using time-of-flight
measurements, the latter is not possible for the dopants of
the system.

Recently, mixed-dimensional (mixD) systems [33—37]
that can be engineered in optical lattices subject to poten-
tial gradients [38—40] have emerged as a compelling tool
to energetically favor and study collective phenomena in
strongly correlated models. In particular, this allowed for
the observation of real-space hole pairing due to magnetic
correlations in tailored ladder geometries [41], and pro-
vided novel insights into the formation of stripes on the
2D square lattice [42]. The experimental setup to engi-
neer mixD systems consists of an optical superlattice, i.e.,
coupled double wells, with tunable energy offset A (see,
e.g., the left-hand side of Fig. 2 for an illustration). This
allows for the realization of metastable states where the
hopping along the potential gradient is suppressed, while
spin-exchange remains finite [38—40].

With the discovery of high-temperature superconductiv-
ity at 7. ~ 80 K in pressurized bilayer nickelates [43—45],
mixD systems have gained broad attention also in the
condensed-matter community. Specifically, mixed dimen-
sions are widely believed to play an essential role in
the formation of superconductivity in the bilayer nick-
elate LazNi,O; (LNO) [46-49]. Indeed, simulations of
minimal, single-band models suggest astonishingly high
critical temperatures of the order of the magnetic cou-
pling J1 /2 in certain parameter regimes [50], which are
readily achievable in state-of-the-art quantum simulation
experiments [41].

In this paper, we present how local control of gates
and bilayer optical lattice capabilities can be indepen-
dently utilized to simulate minimal models and measure
observables relevant to both nickelate and cuprate high-
temperature superconductors. In particular, we argue that
these methods overcome the challenges in microscopically
studying superconducting and exotic normal phases: we
show how current state-of-the-art quantum simulators can
be used to (i) prepare and observe a state with supercon-
ducting order, i.e., (quasi-) long-range pair coherence, at
realistic temperatures in the mixD bilayer -/ model, (ii)
measure d-wave pairing correlations in the 2D FH model,
and (iii) access momentum-resolved dopant distribution
functions in the 2D #-J model. This directly facilitates
complementary measurements to solid-state experiments
of both bilayer nickelate and cuprate high-temperature
superconductors using analog quantum simulation. The

simulated Hamiltonians for proposals (i)—(iii) are shown
on the right-hand side of Fig. 1.

In the context of nickelate superconductors, we present
a scheme to simulate the 2D mixD bilayer -/ model on the
square lattice and adiabatically prepare states that feature
quasi-long-range pairing correlations,

Atoa i—j™ 0<T<T,
ATA)) ~ 1
(Ai4y) {const T=0, M

-
AT A

AT 1 [ At t
where Aj = —=(Ci 441G a2 — Ciya=1Cita=n ) CrCAtes

V2
an interlayer singlet between layers @ = 1,2 on site i. The

experimental setup consists of two FH layers with energy
offset A in the strong-coupling limit, giving rise to inter-
layer magnetic interactions, as well as intralayer tunneling
and magnetic coupling; hopping of particles between the
two layers, however, is suppressed, making the system
mixed dimensional [39—42]. The setup is summarized in
Fig. 1(a). An essential ingredient that allows for the mea-
surement of pair-pair correlations is to hole dope one layer,
while doublon doping the other layer [51,52], see the left-
hand side of Fig. 1(a). In Sec. 11, we start by showing that,
on bipartite lattices, the doublon-hole-doped bilayer mixD
t-J system is equivalent (up to tunable interlayer density-
density interactions) to a fully hole-doped description by
a partial particle-hole transformation applied to one layer
only [see the right-hand side of Fig. 1(a)].

Using the density-matrix renormalization group
(DMRG), we calculate Luttinger exponents of pair-pair
correlations in the ground state of the effective mixD model
on a ladder and demonstrate that quasi-long-range pairing
order exists for a broad range of experimentally relevant
parameters. Subsequently, we present a minimal adia-
batic preparation scheme of a quantum state featuring pair
coherence. We further propose a measurement protocol
involving resonant global interlayer tunneling /2 pulses,
which allows access to superconducting (pair-pair) corre-
lations in the particle-hole transformed Hamiltonian. These
correlations map to density-density correlations in the
physically implemented doublon-hole-doped system and
are hence readily accessible, without requiring to change
the number of fermions. We propose to apply this scheme
also to experimentally accessible 2D mixD bilayers, in
which the Berezinskii-Kosterlitz-Thouless (BKT) transi-
tion to a superconducting state with quasi-long-range pair-
ing correlations around 7, ~ J, /2 can be explored [50].

In connection with cuprates, in Sec. III we present a
related scheme that allows measurement of coherent pair-
ing correlations in the 2D FH model on the square lattice.
Following the ideas of Ho, Cazalilla, and Giamarchi [53],
we consider an implementation of the FH model with
strong attractive interactions [54], which is equivalent to
the repulsive system through a partial particle-hole trans-
formation, see Fig. 1(b). Coherent pairing order in the
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Physical system

(a) Measuring pairing correlations in mixD bilayer 7-J models
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FIG. 1. Exploring high-temperature superconductivity with optical lattices. (a) Scheme showing how to measure coherent pairing
correlations in the mixD bilayer # — J model. We propose to implement the Fermi-Hubbard model in the strong-coupling limit on a
bilayer geometry (physical system). By applying a potential gradient A between the two layers, interlayer tunneling is suppressed, such
that 7, = 0, butJ;, > 0. Up to tunable interlayer density-density interactions, the model relates to a fully hole-doped mixD bilayer #-J
model through a partial particle-hole transformation (mapped system). In the physical, doublon-hole-doped system, performing a global
resonant tunneling pulse (A = U) after ramping up the lattice depth results in Rabi oscillations with frequency 2 between singlets and
doublon-hole (dh) pairs on the rungs. In a 77 /2 rotated basis (red cross), density-density correlations in the doublon-hole-doped system
then correspond to coherent pair-pair correlations in the fully hole-doped system. The protocol is described in Sec. II. (b) In a similar
spirit, the 2D repulsive FH model relates to its attractive counterpart by a partial particle-hole transformation. To measure pairing
correlations of various symmetries (including d wave) (AII Arz) between bonds r; and r,, we propose to implement the attractive

FH model and apply local gates with unitaries Uﬁ acting on bonds r;. This gives rise to a Ramsey interferometer as a function of a
controlled phase dependency ¢, from which pairing correlations can be accessed in the repulsive model. In particular, probabilities

v 7 of measuring |1, | ) and ||, 1) states after applying the local gates correspond to pairing correlations in the repulsive model. The
protocol is described in Sec. III (c) By preparing the upper layer of a mixD setup at half-filling and loading (particle) dopants into the
(initially empty) lower layer, singlets can be mapped to holes in an effective 2D #-J model for J, > ¢,J| ﬁle 2, Singlet-to-dh transitions
then give access to momentum-resolved hole densities via time-of-flight measurements in the lower layer. The protocol is described in
Sec. IV.
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(a

FIG. 2.

(b)

Interlayer interactions. Left panel: illustration of the double-well geometry with on-site interaction U and energy offset A;

here, layer 1 (2) is the energetically upper (lower) layer. In the doublon-hole-doped setting, virtual processes lead to the appearance of
nearest-neighbor interlayer interactions between particles. Contributions come from (a) a particle in the upper (¢ = 1) and a doublon
in the lower (¢ = 2) layer, (b) a hole in the upper and a particle in the lower layer, and (c) a hole in the upper and a doublon in the

lower layer.

repulsive FH model can then be accessed through local
basis rotations in the implemented (attractive) model. In
particular, we show that local control of tunneling gates
allows for the observation of pairing correlations with dif-
ferent symmetries, e.g., the state can be probed on both
s-wave and d-wave pairing order. Thereby we extend the
ideas from Ref. [53], where noise-correlation measure-
ments have been proposed to analyze the antiferromag-
netic state on the attractive side. With recent advances in
local control in optical lattices [55], our scheme paves the
way for the long-sought demonstration of d-wave pairing
correlations in the plain-vanilla Hubbard model.

The toolbox of doped mixD bilayers additionally allows
for the exploration of momentum-resolved observables of
mobile holes in 2D ¢-J models, summarized in Fig. 1(c).
In particular, in Sec. IV we present a protocol to mea-
sure the free-hole (dopant) density in an effective 2D ¢-J
model in momentum space, {7, (k)), which is a particularly
relevant observable for revealing the properties of exotic
normal phases (such as the appearance of a small Fermi
surface in the pseudogap phase) of cuprates [3,31,32].
We note that this is in contrast to direct implementations
of the hole-doped 2D #-J model, which give access to
momentum-resolved particles—but not dopant densities.

To this end, we propose to implement a mixD bilayer
system in the limit of strong interlayer Kondo-type cou-
plings, i.e., strong spin exchange J;, without tunneling ¢,
between the layers, where mobile singlets can be mapped
to holes in an effective 2D model, Fig. 1(c). By coherently
driving tunneling transitions between interlayer singlets
and doublon-hole pairs and the subsequent removal of
one spin species, the momentum distribution of dopants
(ny(K)) can be accessed through time-of-flight measure-
ments. In particular, (7;(Kk)) does not depend on the spec-
tral weight at the respective momentum k, which can
be advantageous compared to angle-resolved photoemis-
sion spectroscopy (ARPES) in regions of the Brillouin
zone with low spectral weight, such as the backside of
the Fermi arcs [56]. Furthermore, the effective 2D #-J
model features hopping and spin interaction amplitudes
that originate from different layers. This allows for an
independent tuning of these parameters, and hence the

simulation of regimes that cannot be accessed through a
direct implementation of a 2D layer.

II. MEASURING PAIRING CORRELATIONS:
MIXED-DIMENSIONAL BILAYERS

In the following, we present how states with quasi-long-
range superconducting order can be prepared and how
coherent pairing correlations can be measured in realistic
experimental setups by implementing the mixD bilayer #-J
model in a transformed basis.

An essential ingredient to measure pairing correlations
in the mixD bilayer #-/ model is to experimentally imple-
ment a partially particle-hole transformed Hamiltonian.
Therefore, before precisely defining the proposed model,
we review the particle-hole symmetry of the standard #-
J model on bipartite lattices, retrieved from perturbation
theory from the FH model. We note that relevant models
for bilayer nickelates are defined on the (bipartite) square
lattice, where the particle-hole symmetry and hence our
proposed measurement scheme holds.

A. Particle-hole symmetry of the conventional #-J
model

When hole doping the FH model away from one parti-
cle per site and projecting out states with double occupancy
(valid in the strongly interacting limit U > ¢), the Hamil-
tonian reads (neglecting three-site, next-nearest-neighbor
terms approximately J)

H=—t) P (d{aaj,g —|—h.c.> P+ (gi §; _@> _

(ij).o (ij)
)

Here, &i(?, n;, and S; are fermionic annihilation (creation),

particle density, and spin operators on site i, respectively;
(i, j) denotes nearest-neighbor (NN) sites on the 2D square
lattice, and P is the Gutzwiller operator projecting out
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states with double occupancy,

7’1_[

— i Tn, . 3)

The total particle number is given by N = 3", 7ty + 7ty =
L — d, where L and d are the number of sites and (hole)
dopants in the system, respectively.

Similarly, we can consider doublon doping the FH
model. The perturbation theory works identically, how-
ever now we project out empty states, denoted by the

projector 7A3,
P=[]0-0-mpa-i). (4)

Up to an overall doping-dependent energy shift due to
double occupancies, the Hamiltonian reads

H=—t Y P(&,80+he) P+ Z ( _ ) :

(i)
)

where ;:1i =2—1,
occupied sites).

We now map the doublon-doped #-J model, Eq. (5), to
the hole-doped system, Eq. (2), and describe both in the
same Hilbert space. As a mere charge conjugation trans-
formation Cé;,C~! = 2{0, é&iaé—l = i, Which maps
particle creation to annihilation operators and vice versa,
leads to phase and spin flips (see Appendix A 1), the charge
conjugation operation can be redefined as

— iy =0 (1) for doublons (singly

CeioC™" = misgn(6)¢];.

st . (6)
Cci,oC = 1;sgn(6)Cis-

Here, the sign factor n; = ™ with w = [m, 7] is posi-
tive (negative) on sublattice 4 (B) on the square lattice and
o =1, is the spin state witho = —o.

Applying the transformation to single-particle states on
a given site (see Appendix A 1) yields

C10) = &H 0) = 111).
Clty=Celc'Cl0) = —¢,elel 10y =11). ()
ClYy=CelC'Cl0) = &8]e]10) = 1),

such that the singly occupied states map onto themselves,
while doublons map to holes and vice versa.

Transforming the relevant operators in the Hamiltonian
Eq. (5) for nearest-neighbor pairs (i, j) ultimately yields
(see Appendix A 1)

CHC = A, 8)

such that the description of the doublon-doped system in
the subspace of singly and doubly occupied sites is mani-
festly equivalent to a hole-doped description in the Hilbert
space of singly occupied and empty sites (i.e., the #-J
Hamiltonian is particle-hole symmetric). Note that this is
relying on the fact that the underlying lattice is bipar-
tite (hence, including the additional three-site term in the
t-J model does not change this result); nonbipartite lat-
tices (e.g., when considering diagonal couplings ¢ [12])
yield different signs in the hopping term after the charge-
conjugation operation, and are hence not particle-hole
symmetric.

B. Partial particle-hole mapping of the mixD #J model

We now consider the hole-doped mixD bilayer #;-J -J|
model, which we propose to simulate,

1= ) He+Ho ©)

a=1,2

Here, ﬂa denotes the Hamiltonian in layer ¢ = 1,2 alone,

Ha= =1 Y P (&, uliou +he) P
(ij).o

ﬁi,(xﬁ',a
+J|Z( oS = P ) (10)

and H,, is their interlayer Kondo-type coupling o< J

Hiy=J1 Z <Si,1 . gi,z - ni’fiJ) . (11)
i

This model, with 50% hole doping, has been proposed
to describe bilayer nickelate (LNO) high-T, superconduc-
tors under pressure [47—49]. In particular, it was shown
that the model features (quasi-) long-range s-wave pairing
order, with expected critical temperatures of 7. ~ J, /2 for
t/JL ~ 0.6 in the 2D limit [50].

The Hamiltonian Eq. (9) can be simulated in bilayer
optical lattices described by the on-site interaction U,
intralayer (interlayer) tunnel couplings 7 (), and a poten-
tial offset between the two layers A [41,42,57]. When
choosing 7,7, < A < U, the mixD setting in Eq. (9) is
realized, with effective parameters 7y =7, 1, =0, Jj =
45/Uand J, =28 /(U+ A) + 28 /(U = A).
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Experimentally, we argue below that it is advantageous
to simulate a closely related mixD bilayer model, with hole
doping in one and doublon doping in the other layer. Using
the notation from above, this model is described by the
Hamiltonian

=T+ Ho+ . (12)

Here, layer 1 (2) is hole (doublon) doped and the cou-

pling 7:(’12 contains additional interlayer density-density
interactions arising from the mapping of a Hubbard model
with a strong potential gradient between the layers, as
derived in Refs. [51,52] and discussed in more detail
next. The original motivation in Refs. [51,52] was to
utilize the additional interlayer density-density interac-
tions in the doublon-hole-doped model to tune the system
through a crossover associated with a Feshbach resonance.
Here we demonstrate another useful feature of this set-
ting that readily allows measurement of coherent pairing
correlations.

From now on, we assume that layer 1 is energetically
offset from layer 2, i.e., holes (doublons) are doped in layer
1 (2). We shall denote the layer with larger (smaller) on-
site energy as upper (lower) layer. On the left-hand side of
Fig. 2, we schematically show a single double well with
energy offset A, where « = 1 (¢ = 2) correspond to the
lower (upper) layer. We note that the situation of dou-
blon (hole) doping the upper (lower) layer instead leads to
the same conclusions as discussed in the following, how-
ever with a different sign of the additional density-density
interactions.

1. Density-density interactions
Before we apply a particle-hole mapping C in the

doublon-doped layer in order to relate H to a mixD bilayer
system with hole doping (), we describe the origin of the

additional interactions in H,
:/ & & JL A =
'le =JJ_ZSi,1Si’2 + (V- Z Zni,lni,z- (13)
i i

Virtual tunnel couplings between the doublon and
hole-doped layer lead to the appearance of nearest-
neighbor (interlayer) interactions between dopants. The

r}:{ = —l” Z ﬁ(&za’aej,a,a + 1’1-0)75 +¢JH Z (éi,a :
(Lj).o e

(i)

A

Sj,oz

following contributions appear when doublon doping the
energetically lower layer (¢ = 2) and hole doping the
upper layer (« = 1) [51,52], see Fig. 2 (we note that we
always imply 0 < A < U):

(1) =@ /Mg (1 — 1:1i,2) for a particle in the upper and
a doublon in the lower layer,

2 —# /M) - ;li,l)%i,z for a hole in the upper and a
particle in the lower layer,

3) —2[?1/(A - O] =) — 721i,2) for a hole in the
upper and a doublon in the lower layer.

Here, 7, denotes the hopping between layers in the bilayer
Fermi-Hubbard model with a gradient. Adding up the
above contributions, we find an effective interlayer nearest-
neighbor interaction of the form

V E ni,17i2,
i

with V=27 {(1/A) +[1/(U - A)]}. For A < U, inter-
actions are repulsive, V' > 0. As previously noted, the
sign of V changes when doublon (hole) doping the
energetically upper (lower) layer instead: in this case,
V= —2% {(A/A) = [1/(U+ A)]} <0 for all values of
A, U> 0.

Now we apply the partial particle-hole mapping G =
1, ®Co, acting only on the doublon-doped layer 2, in order
to obtain the effective Hamiltonian in the Hilbert space
with hole dopants only. Since we are in mixed dimensions,
no hopping terms 7, exist in the effective #-J description:
hence after applying the transformation C from Eq. (6), the
doublon-doped layer changes to an equivalent hole-doped

(14)

layer, CoH,C5 ' = H,. Moreover, using ConinCy I = flin

(see Appendix A 1), the coupling 7:{’12 transforms and we
obtain

CAz’f:[CAz_l = 7:(1 + 7:(2 + 7:[12 + VZ fli,lfli,z- (15)
i

Therefore, the physical implementation of the doublon-
hole-doped mixD bilayer FH model after the particle-hole
mapping corresponds to a fully hole-doped mixD bilayer
system with interlayer hole-hole interactions, i.e., the sim-
ulated Hamiltonian reads

ni,anj,a

4

) +J¢Z§i,1 ‘gi,2+<
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After the partial particle-hole transformation as specified
above, the interactions in Eq. (14) correspond to tunable
interlayer density-density interactions. We note that in the
case of hole or doublon-doping both layers in the physical
implementation, virtual tunnel couplings between the two
energetically offset layers merely lead to a constant energy
shift; hence, tunable density-density interactions V are a
particular feature of the doublon-hole-doped mixD bilayer
system [51,52].

C. Phase-coherent pairing correlations

Finally we explain why working with a doublon and
a hole-doped layer provides a major experimental advan-
tage. To this end, we note that resonant tunnel couplings
between the two layers, if added again, lead to the appear-
ance of terms like ézd,léi,g,z. In the particle-hole trans-
formed basis, these become CAZEIG’IELG,ZCA; ' x 8;0’16;’2,
which create and destroy pairs in the effective description
of holes and singly occupied sites. In the mixD setting
f),11 < A < U, such pair-creation and annihilation terms
do not appear. By explicitly tunnel coupling the two lay-
ers, the particle-hole transformed basis can be exploited to
measure coherent pair-pair correlations in the mixD bilayer
model without changing the total number of fermions,
which we demonstrate in more detail in Sec. I1 E. In the fol-
lowing, we argue that the effective model Eq. (16) features
long-range pairing order for a wide range of parameters
in the ground state (as well as quasi-long-range order
at finite 7 < T,). We then explain explicitly how pair-
ing correlations can be measured for a simple double-well
building block, before presenting state preparation and
measurement protocols for mixD systems.

(a)

10-1 algebraic fit
)

+10-2 ~

i 10 § § 8800
< 0.0,
S (¢

10—3 O%

10° 10!
x

1. Long-range superconducting order in the simulated
model: numerical results

For a typical experimental value of A = U/2, we
obtain |V] = 1.5J,. In the following, we show that this
is a moderate repulsion, which does not qualitatively
change the physics and superconducting properties of the
mixD model. We perform DMRG calculations [58—62] of
Eq. (16) on a ladder geometry, for varying #;/J, V/J, and
hole doping § = 0.5 in both layers. We explicitly exploit
the U(1)*=! x U(1)*=? charge-conservation symmetry in
each leg.

Figure 3(a) shows pair-pair correlations (Ajﬁi 4 for
a ladder of length L, = 60, with J, /#; = 1.5 as approx-
imately realized in Ref. [41] and for varying interlayer
density-density interactions V/fy = —3...3. In a gap-
less 1D system, pairing correlations decay algebraically,
(Aj&i +o) ~ xX, with K the Luttinger parameter. Corre-
sponding fits for i = 10 and x = 1,...,42 are shown by
solid lines in Fig. 3(a). For a broad range of interaction
strengths V/¢, clear algebraic signals are found. Only for
strong repulsive interactions V > V., ~ 2.5ty ~ 1.7, we

observe the onset of an exponential decay for (AZ.TAi )
and large distances x. This is in agreement with previous
observations of a pair charge gap opening at commensu-
rate doping § = 0.5 and intermediate repulsion V [52], see
also Appendix A 2.

Figure 3(b) presents K as a function of both V/¢; and
J1/t. Again, for most considered values of V'/# and J, /¢
we find Luttinger parameters K &~ 1. Only for large V >
V.~ 3.01” = 2.0, and JJ_/[” < L.5, K becomes signifi-
cantly larger before the onset of an exponential decay. The
Kondo coupling J, /t; = 1.5 and the corresponding | V] =
1.5/, [indicated by the gray lines in Fig. 3(b)] realized
in the experiment [41] are deep in the K &~ 1 regime for

. - 1

a1

) 0 2
VI

FIG. 3. DMRG simulations. (a) Coherent pairing correlations (AITA,-H) in the ground state of a mixD ladder of length L, = 60 at
hole doping 6 = 0.5, for experimentally relevant couplings J; /f; = 0.5 and J, /ty = 1.5 [41] and for various interaction strengths V'/¢.
Fits to algebraic decay functions are shown by solid lines; for illustrative reasons, only odd distances are shown. (b) Luttinger decay
exponents K as a function of J, /¢y and V/t. Contours denote extrapolated lines of constant K, black dots the points evaluated for
the extrapolation. The arrow with the color gradient indicates the V/# scan in (a) from attractive (blue) to repulsive (red) interactions.
Gray lines show typical interaction strengths for A = U/2, V' = 1.5J, see Eq. (16).
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attractive V (i.e., doublon-doping the energetically upper
layer), and for repulsive interactions (i.e., doublon-doping
the energetically lower layer) K ~ 1.5. Note that it is
possible to tune J /¢; and V/t, e.g., via the potential off-
set A, to the regime with smaller K, i.e., longer-ranged
correlations.

We note that at finite temperature, correlations decay
exponentially in ladder systems due to their one-
dimensional nature [63]. Nevertheless, in the same spirit
as early observations of antiferromagnetic order [21-24,
64], measurable finite-range correlations are expected in
regimes realistically accessible to ultracold atom experi-
ments. In particular, in Ref. [50] it was shown that binding
energies in ladder systems exceed E,/J; > 0.5 for all
values of #/J . Therefore, for temperatures 7/E, < 1,
we expect sizable pairing correlations in ladder systems.
In contrast, in the 2D bilayer limit, we expect algebraic

J

A 1
Y el eenls) = —
~ 2

Similarly,

A 1
ch;,]ca,Z |dh) = E

This gives rise to Rabi oscillations between singlets and
doublon-hole pairs, Fig. 4(b). Double-well Rabi oscilla-
tions of single particles have been demonstrated with high
fidelity in Refs. [55,57,65,66].

When mapping the doublon-hole-doped system to
the fully hole-doped mixD #-J basis via the partial
particle-hole transformation, we now see that the tunnel-
ing operations in Egs. (17) and (18) formally correspond

o I 142 =& 581 14)1 1), | o [dh).

correlations up to relatively high critical BKT tempera-
tures even in the presence of interlayer density repulsions.
Indeed, in the perturbative limit of strong interlayer cou-
plings, the system maps to a 2D hard-core bosonic system
in which critical temperatures of 7, ~.J, /2 have been
estimated [50].

2. A single double well

As an experimental building block, consider a sin-
gle double well with energy offset A < U, loaded with

two fermions (Ny = N, =1). The ground state corre-

sponds to a spin singlet, |s) = —5(11); [1)2 = )1 1)),

see Fig. 4(a). When tuning the tunneling transition between
doublon-hole pairs |[dh) = |0), |1 ), and singlets |s) into
resonance, i.e., setting A = U, hopping transitions are
induced,

17)
=+0)111)2
AT A AT A
&l 121210) 110)2 + 8] ,2,210); 114)5 | o< Is) (18)
==)1lt)2
[
to spin-singlet creation and annihilation operators,
A v o ALl At oa e
CZ(CLCT,Z + ci’]cl,z)cz = cl’lc;2 — c%ci’z,
—
At
. C, " (19)
AT A AT A —1 A A A A
CZ(CT,ZCT’I + c%zci,l)Cz =C1C2 —C41C1 2
—_———
A
dh pair
singlet >
1 5 7 0o/

FIG. 4. Double-well Rabi oscillations. (a) A single double-well building block with energy shift A < U. The ground state with one
particle per site is a singlet state. (b) When tuning A = U to resonance, coherent Rabi oscillations (in time 7) between singlets and
doublon-hole pairs are induced, with holes (doublons) situated in the energetically upper (lower) site, labeled site 1 (2).
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Therefore, the Rabi oscillations between doublon-hole and
singlet states in the physical system map onto coherent
oscillations between a rung-singlet and a paired state of
two holes after applying the partial particle-hole trans-
formation C, on the second (doublon-doped) layer. Thus,
measurements of singlet-to-doublon-hole oscillations in
the physical system provide a direct measurement of coher-
ent pair creation in the corresponding C,-transformed Sys-
tem that we ultimately propose to investigate. We finally
note that tuning A of the optical superlattice to reso-
nance has the advantage of high control, while avoiding
lattice-shaking-induced transitions, which cause heating.

D. State-preparation scheme

Based on coupled double wells as building blocks, in
the following we present a state-preparation scheme for
simulating the mixD system. We note that ultimately,
the simulation of the full 2D bilayer model Eq. (16) is
desirable. For this purpose, bilayer capabilities of existing
quantum gas microscope experiments [67,68] used e.g.,
for spin-resolved imaging [69,70] can be utilized. Offset-
ting the two layers by an energy A then implements the
mixD model on a 2D square lattice geometry. However, as
a first step, we argue that implementing mixD ladders as in
Ref. [41] already constitutes a valuable setup that is read-
ily available to measure coherent pairing correlations in 1D
systems. For this purpose, the state preparation consists of
the following steps, summarized in Fig. 5:

(1) Loading doublon-hole pairs into multiple (separate)
double wells with strong potential gradients A > U
realizes the product state

)10, 1), (20)

(d)

FIG. 5.

where i denotes the index of the double wells. Lat-
tice potentials are sufficiently deep, such that #; = 0.
This can be achieved with low entropy starting from
a band insulating state [71] in the lower layer.

(2) By globally tuning the optical superlattice to reso-
nance (A = U), singlets are coherently created. The
fraction of doublon-hole pairs compared to singlets
can be controlled depending on the time 7y for
which resonant tunneling is switched on. After T,
A is further ramped down to A < U. This allows
for the preparation of e.g., a 50:50 mixture (50%
doublon and hole doping) as present in LNO.

(3) When adiabatically ramping down the lattice depth,
in-plane hopping ¢ is induced, simulating the mixD
bilayer system Eq. (16). When considering a ladder
geometry, adiabatic ramping of #; guarantees that
a low-temperature Luther-Emery liquid of phase-
coherent pairs [51,52] is realized.

This scheme can also be directly applied to a mixD
bilayer constituted by two coupled 2D layers. Note that the
phase-coherent creation of pairs in step (2) readily real-
izes the product state Q); (« [0, 1 ); + B |s);), which has
long-range pairing correlations and is hence adiabatically
connected to low-energy states of the mixD #-/ model.
We expect that after sufficient thermalization times, the
system reaches an equilibrium steady-state whose corre-
lation functions correspond to those of the mixD system,
Eq. (16). This suggests high fidelities reachable in step (3).

The accuracy of the global /2 pulse ultimately sets
the doping value of the simulated mixD bilayer model.
We note that away from 50% doping, the system remains
superconducting, with only slight renormalization of pair-
pair correlations [50]. Thus, we expect that the mea-
surement output is stable against infidelities of the state-
preparation scheme, e.g., due to local fluctuations of the
Hamiltonian parameters.

RURE L ARE S

t =0

SRRAP AR”»

State-preparation scheme. State preparation for simulating the mixD #-J model on a ladder. (a) A band insulating state is

prepared in deep double wells with A > U. (b) Tuning A = U for a given amount of time, singlets are created with a certain average
density |B]? (where still #; = 0), cf. Fig. 4. Afterwards, A is tuned to A < U. (c) Hopping between double wells is adiabatically turned
on by ramping down the lattice potentials, which enables the simulation of the mixD bilayer model on a ladder geometry in step (d).

040341-9



HENNING SCHLOMER et al.

PRX QUANTUM 5, 040341 (2024)

E. Measurement protocol

After the adiabatic state preparation of the doublon-
hole-doped mixD system, coherent pair-pair correlations
can be measured. In particular, in the fully hole-doped tar-
get system that we propose to realize in a particle-hole
transformed basis, we would like to directly measure cor-
relations (A:Aj), where AT f(cm 1A1¢2 Il,laZM)
creates an interlayer singlet on site i. This requires measur-
ing é, Af Aj (fz_ ! in the physical system with doublon (hole)
doping in the lower (upper) layer.

In the following, we first describe the protocol in the
limit of strong Kondo couplings J; > ¢,J|, where a map-
ping to an effective spin-1/2 system reveals how coherent
pairing correlations can be accessed through a basis rota-
tion in the subspace of singlets and doublon-hole pairs.
Subsequently, we extend the discussion to situations away
from the perturbative regime.

1. Perturbative limit

In the case of strong Kondo couplings J, > t,J),
fermions pair into tightly bound interlayer singlets with
associated binding energies J,. In this limit, the low-
energy Hilbert space of Eq. (9) is spanned by chargon-
chargon pairs (i.e., holes on site i in both layers, |0); =
10);110);2), and rung-singlets, |1); :lAaiT|0)i. Here, we
have defined the (hard-core) bosonic operator b’ that
creates an interlayer spin singlet on site i, ZAJIT 0); =
1 (e ( T118y2 = &l 1ely2) 10, with BBy < 1 due to the
hard-core constraint. As derived in Ref. [20] (see also
Refs. [50-52]), by considering second-order perturbative
processes where interlayer singlets are virtually destroyed,

the mixD bilayer model Eq. (9) maps to a hard-core
bosonic system with nearest-neighbor interactions on a

(@)  State preparatlon see Fig. 5

[2e &2 ‘b;d' EGF%:)%} 1) @loz)e

A<U A<U

(d)

)
Measure densities Evaluate pair-pair o o

in rotated basis correlations

single-layer square lattice,

HHCB———ZP (b by +he)P — JLbe
(i.j)

wonmen DB BB
+1<Z<3bjbib]?bj— 5 ——’2’), 1)
ij)

where K = 41 /J, and § = 1 —J;/2K.

For what follows, it is useful to associate the chargon-
chargon pair and interlayer singlet with two spin states of
an effective XXZ model described by spin-1/2 operators
JE, w=1x,y,z (see, e.g., Ref. [72]),

i _U.bT j_ i)la

(22)
Ji=blbi—1)2,
where again n; is 1 (—1) on the A(B) sublattice. The hard-
core bosonic model Eq. (21) then maps to a 2D XXZ spin
model,

Pz =K Y (N5 + 30y +63305) . @23)

We note that in Eq. (23), constant terms that arise have
been dropped. The magnetization of the spin model relates
to the filling # of the bilayer model through m = n — 1/2.
In particular, we note that for J; = 0, Eq. (23) reduces
to the 2D Heisenberg model with an emerging SU(2)
symmetry.

Pair-pair correlations in the mixD 7/ model map to
in-plane spin-spin correlations of the XXZ Hamiltonian,
(A:Aj) — in; (j;rjj—)_ These can be accessed through a
basis rotation in the subspace of singlets and hole pairs,
in analogy to measurements of in-plane (off-diagonal)

(c)
dh pair

singlet

t” =0 A=U TQ()/TF

(ATA) = mong (= 1/2) 5~ 12)) 1o )

ny=1 0 1

FIG. 6.

0 1 0

Measurement protocol. After state preparation [cf. Fig. 5] in step (a), lattice potentials are ramped up to freeze out #; = 0,

(b). A /2 basis rotation by tuning U = A (c) and consecutively measuring densities of singlets and doublon-hole pairs (d) then allows

for evaluation of pair-pair correlations in step (e).
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spin-spin correlations in the FH model [73], (J F j;) =
2 (j’icff) =2 (jizjj?)mt. In particular, we propose the fol-
lowing measurement scheme, summarized in Fig. 6:

(1) State preparation, see Fig. 5.

(2) Ramp up lattice depth to freeze in-plane degrees of
freedom, #; = 0.

(3) Rotate basis by a global /2 tunneling pulse, see
Fig. 4.

(4) Measure densities [which corresponds to a measure-
ment of the mapped spin J in the XXZ model in the z
basis after the rotation (3), i.e., either a doublon-hole
pair or singlet is measured at each site i].

(5) Using Eq. (22), evaluate pair-pair correlations via

@Mj) = 2mim; (s — 1/2) (R — 1/2))dh+mt, (24)

Here, (0) gp o denotes measurement of the doublon-
hole-doped system in the rotated basis and 7; =
1 (0) for a measured singlet (doublon-hole pair) on
site i in the rotated basis.

2. Away from the perturbative limit

When tuning the system away from the perturba-
tive limit, hopping processes can break interlayer sin-
glets. The basis states of a single rung hence not only
include singlets and doublon-hole pairs, but consist of
d = 9states {|0); [14)5, 10} [11)2, 1001 [0)2, 1s) s [1123)),
where |s), |f123) denote the rung singlet and three triplet
states, respectively. A global 7/2 tunneling pulse as
described above realizes a basis rotation only in the sub-
space of the states {|dh),|s)}, as all other transitions are
either Pauli blocked or off resonant as shown in Fig. 7.

When taking snapshots in the rotated basis, only con-
tributions from singlets and doublon-hole pairs contribute
to Eq. (24). The two triplet states |1); [1)2, [4)114)2 as
well as the states |a); [11),, |0); |0), are trivially identi-
fied in spin-resolved snapshots and have zero contribution
to Eq. (24). Spin-resolved measurements in the mixD
setting have been demonstrated on ladder geometries in
Ref. [41], which can be extended to 2D bilayers with cur-
rent technologies. In order to also distinguish the triplet

dh-singlet transition dh-triplet transition

Pauli blocked

resonant

FIG. 7.

1)1 )2+ )1 1), from the singlet |1); 1), — )1 [1)2,
we propose to adiabatically apply an S magnetic field gra-
dient along the rungs before the final measurement, during
which (see Appendix A 3)

1
V2
!

V2

up to overall phases, while all other configurations remain
unaffected. We note that this is in contrast to singlet-triplet
oscillations, where a quench under a magnetic field gra-
dient leads to coherent oscillations between singlet and
triplet states [21,39,65,74].

During the measurement scheme, infidelities of global
basis rotations and adiabatic ramping of the magnetic field
gradient lead to quantitative deviations of the measure-
ment signal to the true pair-pair correlations. However,
we stress that signals consistent with finite values away
from zero constitute evidence for the existence of pair-
pair correlations in the system. Therefore we argue that,
while ultimately obtaining quantitatively accurate results
is desirable, the qualitative interpretation of nonzero sig-
nals influenced by infidelities remains the same. This paves
the way towards a systematic exploration of superconduct-
ing phases in inherently repulsively interacting fermionic
systems with state-of-the-art ultracold atom simulators.

UM H =)D = 1M )2,
(25)
AP 2+ H )2 = W11,

ITII. MEASURING PAIRING CORRELATIONS: 2D
FERMI-HUBBARD MODEL

We have demonstrated that in the mixD setting, coher-
ent pair creation and annihilation processes can be natu-
rally implemented through tunneling transitions between
doublon- and hole-doped layers. We now show that related
ideas allow for the measurement of pairing correlations in
the 2D (single-layer) FH model, through a partial particle-
hole transformation that maps the attractive to the repul-
sive FH model. In particular, we show that local control
enables access to spin-singlet pairing correlations between

~

both horizontal and vertical bonds, PP = (AIaAj’ﬂ),

ij
hole hopping doublon hopping

off resonant off resonant

Allowed and blocked transitions. Applying a /2 pulse by tuning A = U leads to the following effect depending on the

local configuration: transitions between local rung singlets and doublon-hole pairs are resonant. Meanwhile, transitions between local
rung triplets and doublon-hole pairs are Pauli-blocked and interlayer hopping of single holes and doublons is off resonant.
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where AIM = % (6;T8:+éu’¢ - ai,¢ez+ém) with e, the
unit lattice vectors along i = x,y. For s-wave pairing, all
combinations of «, 8 yield the same sign in the correla-
tor, whereas a d-wave pairing structure features different
signs of P¥ compared to P, P”. This way, our scheme
allows for a direct observation of the sign and nodal
structure of the pair-pair correlations in the 2D-doped FH
model, which can be identified as a superconducting order
parameter.

We note that pairing correlations between parallel
bonds, i.e., o = §, are easier to access experimentally
compared to the case o # 8, where in the latter two optical
superlattices with different orientations need to be realized,
e.g., by using local addressability. Nevertheless, indepen-
dent of the pairing symmetry, P: j:,s # 0 at large distances
[i —j| > 1 if the system features superconducting order.
Hence, working with a superlattice with one orientation
and fixing o = B, pairing correlations (including d wave)
can be detected in the 2D FH model (though the symmetry
can not be uniquely specified in this case).

Our proposed measurement scheme relies on a particle-
hole symmetry of the 2D FH model, which in turn
requires the underlying lattice to be bipartite. State-of-the-
art numerical calculations suggest the absence of long-
range superconducting order in the ground state of the
plain-vanilla 2D Fermi-Hubbard model on the square lat-
tice (i.e., without next-nearest-neighbor terms #') [8]. While
finite values of ¢ are believed to stabilize superconduc-
tivity [12] in the ground state, at typical temperatures of
quantum simulation platforms correlations are expected to
decay exponentially in both the plain-vanilla and finite
¢ FH model. Therefore, independent of the (short- or
long-range) pairing structure of the ground state, at first
only exponentially decaying pair-pair correlations can be
accessed with currently available technologies. We argue
that it is these short-range correlations (including their
symmetry) that can be probed with our measurement
scheme, which, in turn, constitutes the first valuable steps
towards simulating and probing superconductivity in 2D
FH-type models. Furthermore, we stress that even in this
regime many open questions can be addressed, including
the microscopic nature of the formation of pairs and the
relation between the pseudogap and superconductivity.

A. Partial particle-hole mapping of the 2D
Fermi-Hubbard model

Consider the repulsive (U > 0) 2D FH model on the
square lattice at finite doping, which we would ultimately
like to simulate,

R U) = —t Y (8,850 +he) +UY gy (26)

On a bipartite lattice, a partial particle-hole mapping of one
spin species

A & foro =
Cop, ¢t = |1, Toro =t 27)
mc; | foro =|

transforms (up to an overall constant) the repulsive to the
attractive FH model [53] (see also Refs. [54,75]), i.e.,

C'HEUC =HEt,-D)+UY my. (28

Note that from Eq. (27), it follows that the vacuum state of
the repulsive model |0) transforms as ¢ 10) =TT; ?::f ! |0).
Thus, a hole pair |0), |0), = |0, 0) on neighboring sites 1,2
in the repulsive model corresponds to a spin-down pair
é|0)1 0}, =4)1 )2 =1,1) in the attractive model.
Accordingly, hole doping the repulsive system translates
to a finite magnetization on the attractive side, ¢ ”N;,CA =
N, — N;, where Nj, ., denote the total number of holes, up
and down spins, respectively.

Furthermore, the spin-singlet state |s) in the repulsive
Hamiltonian maps to

1
V2

in the attractive model, see also Fig. 8(b) for a summary of
the transformation.

In the following, we show how the application of local
unitary gates, which map |#) = |});[{), and |s) to the
unmagnetized spin-triplet and singlet state, respectively,
allows measurement of the pairing operator. In particu-
lar, spin-resolved measurement statistics in the z basis after
applying the gates give access to pair-pair correlations in
the repulsive FH model.

1) = Cls) = —= (1)1 10)2 + 10); 1)) (29)

B. Measurement protocol

Starting from a low-temperature state of the attractive
FH model (U < 0) in an optical lattice, lattice depths are
ramped up globally to freeze any dynamics. The goal is
to measure the pair correlator in the repulsive FH model
(A;Arz) on bonds r; = (i,i+€,) and r; = (j,j + €,/),
each of them aligned along the unit vectors €,,¢).

To understand how this can be achieved we find it
convenient to decompose the quantum many-body wave
function into the following (orthogonal) contributions: (i)
states with two holes at bond r; in the repulsive model,
corresponding to ||, }); in the attractive model, (ii) the
states with a singlet pair at bond r;, corresponding to
15); = % (|T¢, 0); + 10, Ti)i) in the attractive model, and
(iii) orthogonal contributions |¢). Notably, applications of
Ar,— only act within the subspace spanned by (i) and (ii).
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(a) (b) attractive repulsive

ABZ,[
’A:‘U‘ |T*L)z7|0)z7|l’>z |T)i’|l)i>|o)i
B U<U$ T |§>7|‘Lvl’> |S>7|070>

) | C P (¢)
(&9 N 3 3 (© @il +a; B
S|4 ol

™

TDW/Z

r@ b=l ) ——> 1) ——>|t2) t2)

|5) — €[, 0)—> €"2|t],0)—>e"A |1, 0)— ¥ | 5) — 4fevi|Bil

FIG. 8. Measuring pairing correlations in the plain-vanilla FH model. (a) Circuit that allows measurement of coherent pair-pair
correlations in the repulsive FH model between bonds r;, r; through implementation of the attractive FH model. The mapping from
the attractive to the repulsive side is summarized in (b). The shown sequence in (a) consists of a combination of local tunneling
and spin gates. The former are realized by locally reducing the lattice depth and tuning the superlattice offset A. Adiabatic tuning
of a magnetic field gradient AB, allows ||, }) to be mapped [corresponding to the hole-pair state in the repulsive model, see (b)]
to a spin-triplet, whereas |5) [corresponding to |s) in the repulsive model, see (b)] is transformed to a spin singlet. After each step,
relative phases between the two input states are picked up, with an overall phase shift of ¢ by the end of the sequence. Spin-resolved
measurements after applying the unitary allow for the evaluation of pairing correlations ng’ﬁ in the repulsive FH model. (c¢) The
overall phase difference ¢ between the final output states gives rise to oscillations of measurement probabilities Py,, from which

( (AI] + Arl) (AIZ + A,z) ) = (1B} + a}B1) (25 + o5 B2) can be reconstructed.

Therefore, a general pure state on bond r; in the repul- In the following, we introduce a measurement circuit
sive model reads that realizes a unitary % = IL 0%, which allows extrac-
tion of such products a(*) ,B(*) from Fock-basis snapshots of
[¥)i = @i 10,0); + Bils); + |¢) . (30)  the transformed state. We design the measurement proto-
col such that the action of this unitary on the state realizes

COITCSpOIldil’lgly, we get in the attractive model a Ramsey_type interferometer,
1) = i [, 4); + Bil5); + 19) - 31) DE 1) = (™ I i+ v Y1)+, (34)

To motivate how our measurement scheme works, we  ith )/ii"p
assume a product state |W) = |{), |¥), that explicitly
breaks the U(1) particle conservation symmetry next.
However, in Appendix B2 we provide a proof for arbi-
trary correlated states. The scheme still works in the lat-
ter case since we employ only unitary operations acting
independently on the different bonds r;.

= \/Li(ou + e B;), see Fig. 8(a).

Before we discuss the experimental realization of [¥
in Sec. III C, we explain how it gives access to the pair
correlations Eq. (33): consider the probability to measure
|1, 1)y, after applying U,

Expectation values of the pairing fields in the repulsive Pl () = li(1, 4 |(A]fi|1})i|2
model yield 1 .
= §|C¥i +e¥Bil?, (35)
(WAL 1Y) = @i}, "
A ok (32) and P} defined in analogy. The difference between these
(VIAgY) = o B, i
probabilities,
and therefore
Pr(p) : = (P — PN (@)
(Wi (A] +An) (AL + Ay, ) 1w) =267 (! +eMaip),  (36)
= (1] + i) (@afy + a3 ). (33)  evaluated at each of the two bonds r; hence gives, via

. . ® 0 o) Born’s rule, access to (Al + Ar,-) from the measurement
Hence, by measuring certain products of oy, e, ", B, statistics of | 1 and 1| configurations.
2(*) in the attractive model, pairing correlations in the The phase dependency Py, (¢) gives rise to Ram-

repulsive model can be accessed. sey fringes, i.e., oscillations between +4|w;||B;]|, with
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Pr(p =0) = a;Bf + B = (Al + A.), see Fig. 8(b).
Correspondingly, by computing Py, Py, = (V| (AII + A,l)

(Aiz + AQ) | W), pair-pair correlations can be computed.

We note that when the U(1) particle conservation sym-
metry is spontaneously broken, the order parameter aver-
aged over many independent experimental realizations
vanishes, i(xﬁlﬁg)lx//) i = 0, and correspondingly P, = 0.
Nevertheless, for general correlated states, the product of
the probabilities Py, Py, (corresponding to pair-pair corre-

lations (AIiArj + h.c.)) is finite at large distances |r; — r; |
for states with superconducting order [76].

In particular, in this case Py, Py, depends only on the
overall phase difference picked up during the measurement
scheme on the two bonds. When applying a control phase
@control to one of the two bonds, Ramsey fringes as a func-
tion of Ycontrol can be observed in Py, Py, (@control). Though
pairing correlations can be directly accessed by setting
@control = 0, observation of the Ramsey fringes constitutes
a valuable experimental verification of the coherence of the
interferometer.

C. The measurement circuit

The measurement protocol that we propose consists of a
sequence of unitaries that is applied locally on all bonds r;
independently. We focus on the states that contribute to the
pair correlations, namely ||, |),, and |s),,, that correspond
to hole and singlet pairs on bond r; in the repulsive model.
The general idea of the measurement protocol is to apply a
unitary f/‘fl that transforms the states ||, |.); and |5); to spin
singlets and triplets (up to a controlled overall phase dif-
ference @), respectively, from which pair-pair correlations
can be accessed by taking spin-resolved measurements in
the z basis. Note that all other contributions are orthogonal
and remain orthorgonal during the sequence due to the uni-
tarity of (Affl The gate sequence that realizes U‘fl consists of
the following steps, summarized in Fig. 8(a).

(1) First, by locally turning on tunneling (i.e., by reduc-
ing the lattice depth of double wells on sites con-
nected by bonds r;), Rabi oscillations between the
states |1, 0) and |0, 1] ) are induced with effective
doublon tunneling rate 4¢2/|U|. Starting from |5), a
7/2 tunneling pulse 7T, D, ), transforms the state to
[11,0). Meanwhile, tunneling transitions of ||, |)
are Pauli blocked, i.e., the state stays invariant (up
to an overall dynamical phase) under TDﬂ 2

(2) Spin-flip pulses o' on the first sites of the respective
double wells (i.e., on sites i, j) transforms ||, ) —
|1, }), while |1, 0) remains unchanged.

(3) By applying an adiabatic magnetic field gradient
ramp along z, the transformation |1, ) — |f) =
\sz(l )+ 1,1)) is performed (see Appendix B 1);

again, up to an overall phase, the doublon-hole state
1], 0) remains invariant.

(4) Lastly, resonant oscillations between doublons
and singlets (A = |U|) allow realization of a 7
pulse between the doublon-hole and singlet state,
%DS,, [11,0) o |s). The triplet state ,, on the other
hand, is Pauli blocked from corresponding tunnel
transitions.

During this sequence, a relative phase ¢ between the final
singlet and triplet states is picked up. By applying a poten-
tial gradient after the first tunneling unitary, this overall
relative phase ¢ can be varied and the Ramsey fringes
observed. This, in turn, ultimately allows measurement of
pair-pair correlations (AII Arz + Arl Aiz). In particular, by
varying u, ' for a given pair of sites i, j, d-wave pairing
correlations can be measured by evaluating

(A} Ajx+ Al A, — A

Ajy — Al Ajc+he). (37)

IV. MEASURING DOPANT PROPERTIES IN THE
2D +J MODEL

The mixD setting does not only allow investigation of
bilayer systems such as nickelate superconductors, but can
also be mapped to a 2D single-layer -/ model in some
limits. In a similar spirit to doped carrier mean-field for-
mulations of the #-J model [77-79], we use an enlarged
Hilbert space comprising one mixD rung per site, and map
the low-energy states in the large J, U > ¢ limit of the
mixD bilayer with a half-filled upper layer to the 2D #-J
model states.

Compared to direct 2D cold atom realizations of the
FH model [19,20], our proposal features two main advan-
tages: Firstly, the holes and dopants of the effective #-J
model are represented by particles in an auxiliary layer,
enabling direct measurement of hole properties, such as
the momentum-resolved hole density (7, (k)). This is par-
ticularly intriguing since (7;(k)) does not depend on the
spectral weight at momentum k, and can hence give access
to regions of the Brillouin zone that cannot be investi-
gated with ARPES, such as the backside of the Fermi arcs
[56]. In contrast, the direct implementation of the 2D #-J
model is limited to momentum-resolved particle densities.
Furthermore, the hopping and superexchange amplitudes
of the effective 7~/ model can be tuned independently
from each other as they originate from different layers of
the mixD bilayer. In contrast, in 2D realizations of the
t-J model without the mapping that will be introduced
below, the effective parameters are fixed by the relation
J =4~ /U.

Below, we introduce the mapping from the physical,
mixD bilayer to a 2D #-J model and the required parameter
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regimes before turning to the discussion of the measure-
ment protocol for determining the momentum-resolved
dopant density of the effective 2D #-J model.

A. Hole doping the one layer

In order to map the mixD bilayer to a 2D #-J model, we
consider the mixD bilayer with layer-dependent parame-
ters U, and t‘ﬁ‘ in the large U,,J; > tﬁ‘ limit. In this limit,
the large on-site repulsion U, in both layers leads to maxi-
mally singly occupied sites in the whole system, and the
large interlayer Kondo coupling J, to a ground state at
half-filling consisting of singlets at each rung between the
layers.

The filling in each layer can be controlled individu-
ally. Here, we consider a half-filled (energetically) upper
layer (4= = 1) and 7;4—> < 1. In this case, the low-
energy states are either the (bosonic) rung singlets ZA)j
or singly occupied rungs with an empty site in layer
o o=e b

. . 24
o = 2, represented by fermionic operators ¢; i1 Dt

see Appendix C. We would like to point out that éi,a

with 7 = ##=2/2, J = J=" and y = J=2/J, see Fig. 9(a)
and Appendix C. This model corresponds to a #-J model
with an additional chemical potential. Note that this model

mixD bilayer (a) State preparation

O © .R.; ® O /. > single-layer t-J model
- 00080 ®

® R KA

100

)

=l

_ B
§2_Hinheetal 075'—‘;‘
R

‘ ‘ &b

=

w

0.4

0.2
hole doping § in layer a = 2

0.6 0.8

FIG. 9.

annihilates a rung singlet before creating a particle in layer
a =1, ie., a particle of layer « = 2 is removed. Fur-
thermore, only the lower layer « = 2 contributes to the
in-plane hopping terms since the particles in the half-filled
upper layer are blocked due to the single-particle con-
straint. Vice versa, all spin interactions arise from particles
of the upper layer « = 1 at singly occupied rungs since the
lower layer features either empty sites or particles that are
part of rung singlets, both without any contribution to the
spin exchange. This is taken into account by defining the
spin operator in the low-energy subspace,

2 2t o nv 2 & 217

Si = C.’ —Cijy = Si,l(l - bi bi), (38)
which act only on the singly occupied rungs and not on the
singlets.

B. Mapping to a 2D (single-layer) 7-J model

With these considerations, we arrive at an effective
single-layer model,

(39

is formulated with respect to a vacuum of only rung sin-
glets of the actual mixD bilayer: creating holes in the actual
model with respect to this vacuum corresponds to creating

(b) dh to singlet pulse and remove upper layer

dh pair

singlet
TQQ/TI’

(c) Time-of-flight expansion after removing one
spin species

(O @

_’k/

® O)

._’k

Measurement protocol of momentum-resolved density. (a) State preparation. For large J, /¢, singlets form on the rungs of

the mixD layer and allow the system to be mapped to a 2D single-layer -/ model. We also show numerical results for the rung-singlet
probability Ag [see Eq. (40)] obtained for a ladder of length L = 40 and different hole dopings of the lower leg § (i.e., hole doping 1 — §
of the effective -/ model). We use J, /t; and J; /t; = 0.07 as used in Hirthe et al. [41]. After the state preparation, a -basis rotation
is applied (b), which maps all singlets to dh pairs with doublons in the lower & = 2 layer and holes in the upper & = 1 layer. When
removing one spin species from the lower layer and ramping down the lattice depth (c), the remaining indistinguishable particles—one
per dopant—are free and their momentum can be measured using a time-of-flight protocol.
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particles in the effective -/ model and vice versa. Addi-
tionally, a three-site term leads to a next-nearest-neighbor
hopping of dopants when considering the corresponding
three-site term of the r — J layer o = 2, see Appendix C.
Compared to a direct realization of the 2D #-J layer, two
advantages become apparent in Eq. (39): (i) In principle,
7 and J could be independently controlled if 7 from each
layer o of the physical bilayer are controlled individually.
Note that this implies y # 1, and hence a slight deviation
from the original -/ model. (ii) As we will show below,
the fact that doped holes in the #-J monolayer Eq. (39) cor-
respond to particles in the physical bilayer model allows
measurement of the momentum-resolved density of holes.

C. Rung singlets in the strong J, > ¢ limit: numerical
results

The mapping introduced above relies on the formation
of singlets on each rung that represent doped holes in the
effective #-J model. This mapping is exact in the J, /¢ —
oo limit. In order to estimate the effect of finite J, /¢ <
oo as realized in experiments, we consider the case of
layer-independent parameters J, ¢; and calculate the sin-
glet expectation value for experimentally realized regimes
J||/f|| =0.07 and Jl/l‘” =0.5,...,3.0 [41] using DMRG.
Specifically, we consider a ladder geometry of length L =
40 upon hole doping the lower leg § = 0,...,0.95. Note
that since the effective #-J model (39) is formulated with
respect to a vacuum of L rung singlets of the actual mixD
bilayer, this corresponds to hole doping the #-J with 1 — §.
Figure 9(a) shows the simulated system and the numeri-
cal results for the rung singlet probability averaged over
all rungs and normalized by the number of particles N,
present in the system,

L

A T
As = N, Z <_Si0 “Si + Znioni1>-

i

(40)

For all § we find Ag > 0.8 for sufficiently large Kondo
coupling J; > 1.5ty and Ay > 0.9 forJ, > 2.5¢, i.e., sin-
glets dominate along the rungs as required for the mixD
bilayer to single-layer #-J mapping.

D. Measurement protocol

The mixD bilayer can be realized experimentally in the
large J, regime that is needed for the mapping to the
single-layer #-J model Eq. (39), e.g., with the same prepa-
ration scheme as in Ref. [41], where a mixed-dimensional
ladder of J, /J = 21(5) > 1 was realized. Using the map-
ping Eq. (39), momentum-resolved hole densities (7, (k))
can be accessed through the following measurement pro-
tocol, summarized in Fig. 9:

(1) After state preparation, the dynamics is frozen by
ramping up a deep lattice to start the measurement
procedure.

(2) Similar to Sec. I E, the rung singlets are brought
into resonance with doublons in the lower layer for
A = U, see Fig. 7. Using a w-tunneling pulse, sin-
glets are transformed into doublons in the lower
layer. Then, the upper layer is spatially removed
from the lower @ = 2 layer.

(3) The remaining o = 2 layer consists only of dou-
blons or empty sites. Upon removing one spin
species from this layer and ramping down the
intralayer lattice depth, the remaining indistinguish-
able particles move freely, allowing for a time-of-
flight (TOF) measurement similar to Ref. [80] in
order to determine their momentum resolved density
(k).

In the last step, a bandmapping [81] is applied, which
maps the quasimomentum states in the presence of the
in-plane optical lattice potential of the form V(x,y) =
Vi (cosz(nx/ax) + cos?(my /ay)) (with lattice constants
a,) to momentum states by ramping down V,, [80,81].
The position rror of each atom after a free expansion
of the system for a duration trof is determined using a
quantum gas microscope and mapped to its momentum k
with k, = wmA? ¥fop/(2htror) [80]. Note that in order to
achieve a sufficiently long time of flight, the initial in-plane
system size L, has to be small compared to the total sys-
tem size L,,°F. In particular, L] °F /L, limits the momentum
resolution in direction u = x, y.

As a slight modification of the above protocol, we note
that it is also possible to prepare a doublon-doped FH
system in the (initially) energetically lower layer, while
the other one is empty. Doublons are then transferred to
the other layer via two consecutive 7 pulses (where in the
second step the sign of the energy offset is switched). In
analogy to the above scheme, one spin species is removed
to ensure indistinguishability and TOF measurements can
be performed. This way, the implementation of strong
interlayer couplings J; can be avoided; however, virtual
doublon-hole fluctuations may have notable effects for
moderately strong repulsions.

V. DISCUSSION

Motivated by recent studies of high-temperature super-
conductivity in bilayer nickelates [43—45], we have pro-
posed a scheme to prepare and measure a state with
(quasi-) long-range pair coherence in ultracold atom simu-
lators. With estimated critical temperatures on the order of
J1/2 in the mixD bilayer -/ model, our scheme provides
a directly realizable protocol for the observation of super-
conducting correlations in a system with strongly repul-
sively interacting fermions with current state-of-the-art
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experimental platforms. Additionally, simulating minimal
models of bilayer nickelates may allow for an experimen-
tal observation of BEC-BCS-type crossovers as a func-
tion of ¢ /J1 [50,82,83]. Furthermore, differences between
single- and multiband models can be studied by engineer-
ing tailored bilayer and ladder systems that mimic multiple
orbitals. This opens the door to directly simulate strongly
correlated materials with ultracold atoms in optical lattices,
and may be a major step towards designing new materials
with high critical temperatures.

Moreover, local addressability of spin-flip and tunneling
gates allows measurement of both coherent pairing corre-
lations and momentum-resolved dopant densities in 2D FH
models. While the former utilizes a mapping of the repul-
sive FH to its closely related attractive cousin, the latter is
achieved by projecting mobile holes to interlayer singlets,
whose momentum can be accessed through time-of-flight
measurements in the auxiliary layer. These capabilities
directly bridge solid-state and cold-atom experiments, and
may help to microscopically study the enigmatic (normal
and superconducting) phases appearing in copper-oxide
compounds. Our work also paves the way for a direct
measure of d-wave pairing fluctuations in the plain-vanilla
Hubbard model using ultracold atoms in optical lattices.
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APPENDIX A: PAIRING CORRELATIONS IN
MIXED-DIMENSIONAL BILAYERS

1. Particle-hole transformation

We here review the motivation for the particle-hole
transformation Eq. (6) (see also e.g., Ref. [84]). Consider
for this the charge conjugation transformation C, which
maps particle creation to annihilation operators and vice
versa,

C&i’o’ Cc = C:r o
_ (AD)
Cel C7" =G

Let us evaluate how the single-particle states {|0),|1),
[{)} behave under the transformation C. First, consider the
action on the vacuum state, which is defined by ¢, [0) = 0
for all i, o. Applying the transformation yields

0= Céy |0) = C&,CT'CI0) =&, Cl0),  (A2)
such that the transformed vacuum state is the fully occu-
pied state, C|0) = ]_[m Cio 10). Furthermore, we get for
each i (we omit the lattice site index i for simplicity)

CIt) = Ce} |0y = cefc'c|o)
=gl =2l =11 (A3
and
Cl) =ce 0y =celc o)
5’@51 0) ==&} 10) == I1). (A4

The spin flips of the single-particle states under the
transformation as seen above are intuitive when con-
sidering a state in the subspace of single and double
occupancies, |1, {,1!,1). Applying the hopping term
el aesa 11 bt ) = =111, 1. 1), we see that the
hopping of the 1 spin maps to a hopping of a | spin
in the subspace of empty and singly occupied sites,
E;ﬁ;“T,%O,T) =|4,0,],1). Note that there is an
additional sign change of the hopping term after the
transformation, as CE:, Uéj,(,C_l = cmc;r(r = chm (for
i j).

To account for the appearing spin and phase flips, we
redefine the charge conjugation operation C and make it
site and spin dependent (i.e., we add a unitary transforma-
tion to the charge conjugation Eq. (A1), UCUT = C rep-
resenting another possible particle-hole transformation),

Cé,C! = msgn(a)cm,
. (A5)
CEZGC_I = 1isgn(d)Cis-

Here, the sign factor n; = e™ 1 with m = [, 7] is positive
(negative) on sublattice 4 (B) on the square lattice; note
that C also switches spins 0 <> o.

Applying the transformatlon to single-particle states on

a given site (C [0) = ]_[m G;. 10) still holds),

Clt) =
Cl) =

CelC1C10) = —¢,2le] 10y = 1),
o o (A6)
1C1C10) = aefel10=11),

such that the singly occupied states map onto themselves,
while doublons map to holes and vice versa. Transform-
ing the relevant operators in the Hamiltonian Eq. (5) for
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nearest-neighbor pairs (i, j) yields

CiieC™' = &i58], = 1 - is
CriC" = iy

CPC =P

Céi,aéj,gCA_l = _2'102';& = e;,&aiﬁ

(AT)

AnA | PN R A
O EC(ciTcu —|—Ci¢ci,T)C =5
5o A | A At oA AST B
CSyC 1 = EIC(CI¢CLT - CITCi’i)C 1 = Si/

Furthermore, the total particle number transforms as
éNé_l = Zi (2 — ;’i,T — ;li,i) =L— d, such that Zi fli,T +
niy, =L +d, i.e., the transformed system has a total of
L + d particles (d doublons).

2. Charge gaps

In Sec. II, Fig. 3 we observe long-range pairing correla-
tions in the mixD bilayer, with the onset of an exponential
decay for large V and small J, . This is accompanied with
the opening of a charge gap uy, 42— at the respective
values of V and small J,, as shown for the same ladder
systems of length L, = 60 in Fig. 10. In Fig. 10(a), we
show wy,+2—nn = E(Np 4 2) — E(N},) in the ground state
of'a mixD ladder of length L, = 60 at hole doping N, = 60
(6 = 0.50) and N;, = 58 (6 = 0.48). At commensurate § =
0.50, ptn,+2-nn is significantly decreased with respect to
8 = 0.48 for large V/t. The strongest decrease is observed
for smallJ, /t = 0.5 as soon as V'/¢t becomes large V/t > 1,
and the smallest decrease is found for large J, /t = 3. This
is in agreement with the onset of an exponential decay of

a —

( );
= 1751 Ji/t=05
E/ Jijt=1
| 5.07 == J [t =2
~ =], [t =3
251
=
8 001
I
.
S 25
N —— N,=60
501 """ M=38
g 3 2 0 1 2 3

v/t

the pairing correlations only for small J, /¢ and large V/t.
The decrease is explicitly shown in Fig. 10(b).

3. Distinguishing singlet from triplet states

In order to measure coherent pairing correlations as
described in Sec. IIE, singlet states need to be distin-
guished from triplet states after ramping up the lattice
depths and freezing out in-plane motion. In order to do
so, we propose to adiabatically ramp up a magnetic field
gradient, which has the following effect: consider the
Hamiltonian

H(B.) = Heu(t, U) + B.S5, (A8)

where ﬂFH(t, U) is the FH model with hopping (on-site
repulsion) ¢ (U), and B, denotes the magnetic field gradient
strength. If B, is ramped up adiabatically, |#;) = || {) and
|t;) = |11) stay eigenstates of the Hamiltonian throughout
the transformation. On the other hand, the singlet state will
adiabatically transform to |s) — |1 ), and the triplet state
|t;) transforms to the remaining product state || 7). This
is illustrated in the left panel of Fig. 11, where we show
the instantaneous eigenenergies of H(B.) as a function of
B./t for U/t = 12. Spin-resolved snapshots after rapidly
turning off the field then allow to distinguish between states
that have originally been in a spin-singlet and spin-triplet
state. We note that (after freezing in-plane dynamics) the
Hamiltonian conserves S'** in each double well, such that
diabatic transitions to other states in the triplet manifold,
e.g., [t)) = [{l), are suppressed.

We note that the adiabatic process is in contrast to
singlet-triplet oscillations, where the state is quenched
under the magnetic field gradient Hamiltonian (i.e., the
process is nonadiabatic). In this case, the relative phase
between the states [1) and || 1) is dynamically changed,
I14) +e®O1)1).

(b)
Ju/t=05
Jy/t=1
< 1.5 Ji/t =15
= = J, [t =2
E - J, [t =25
£ 101 == J/t=3
I
1
§ 0.51
0.0 1 H—H_“-“. ] . ] - "' " ill .
-3 -2 -1 0 1 2 3
V/t

FIG. 10. DMRG simulations of charge gaps. (a) wuy,+2--nn = E(Nj, +2) — E(,) in the ground state of a mixD ladder of length
L, = 60 at hole doping N, = 60 (8§ = 0.50, solid lines) and N, = 58 (8 = 0.48, dashed lines), for J;/#; = 0.5 and for various Kondo
couplings J /t and interaction strengths V/#. (b) Differences [y, +2=62—Nr=60 — [N, +2=60—Ni=58. In both plots the opening of a charge

gap for large V' is clearly visible.
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| Repulsive FH model Attractive FH model
=ls) =[4) H=1s) =[1)
It2) = [11) it2) = [11) -
. =) =[4) = [ty =[4L)
0 1) = [11) [14) = 1)

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
B.Jt

FIG. 11. Adiabatic magnetic field gradient ramp. Evolution of instantaneous eigenstate energies of Hamiltonian Eq. (A8) as a func-
tion of B, /t, with U/t = 12 (U/t = —12) on the left-hand (right-hand) side. For B, /¢ = 0, triplet states are degenerate and energetically
offset from the singlet state. While |14) and || | ) stay invariant under the adiabatic transformation, the singlet state transforms to |1 )
(]4 1)), and the triplet state to || 1) (|1 )) in the repulsive (attractive) case. This allows (i) a singlet to be distinguished from triplet
states in spin-resolved snapshots, as required in the measurement scheme, Sec. I1 E, and (ii) the transformation |1]) — |f;) to be
applied through a reversed adiabatic protocol as proposed in the measurement scheme, Sec. 111 C.

APPENDIX B: 2D FERMI-HUBBARD MODEL
1. f]Bz gate

During the measurement gate sequence, the state |1) is transformed into the triplet UB_, ™) =) = %(MM +

[41)). This can be realized through a reversed adiabatic protocol as described in Appendix A 3. A magnetic field gradient
is rapidly turned on, and then ramped down adiabatically to B, — 0. The instantaneous eigenenergies of the double-well
Hamiltonian Eq. (A8) as a function of B, are shown for U/t = —12 in the right panel of Fig. 11. During the adiabatic
process, |1J) — |t2), while the doublon-hole state |1, 0) remains unaffected as required in the measurement scheme
Sec. IIT C.

2. Mixed states
We here show that the arguments presented in Sec. III to access pairing correlations in the 2D FH model hold also

for a general correlated state. In particular, expectation values are given by (AII Arz) =tr (ﬁfgﬁil AQ), where ,6{3 is the

reduced density matrix in the subspace of hole-pairs and singlets on bonds ry, r, (as Ag) acts only on this subspace).
The most general form of [)1"27 in the basis {|00), |00),, |s); |00}, ,]00), |s),,|s); |s),} reads (note that fermion number
conservation implies a; = a, = b; = b, = ¢, =0),

* *
P a, ap G

~h_ |a@2 p2 ] b}
1012 - ai c D3 b; ) (B 1)
¢ by by ps

with 2;21 p; = 1. Thus, pairing correlations are given by the antidiagonal elements,
w[Ah(AL +An) (AL + An)| = e+ el e+ e (B2)
As we show now, these elements can be accessed by taking snapshots in the rotated basis (i.e., after applying the attractive-

to-repulsive U mapping and the unitary 0%). Specifically, in analogy to the strategy for a product state as outlined in the
main text, we calculate the probability of measuring the transformed state as [1]); |11 )2,

PRI =t [ AT 100 1142 (1l (1 077 (B3)
For ¢ = 0, the transformed state U%=0 |10), [11), & UP=0(|52), |t2) + 12)1 Is)5 + Is); 12)5 + Is) Is),) corresponds to

the equal superposition [00), |00), + [00); |s), + |s}; 100), + |s); |s), in the repulsive model. Extending this to the other
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possible states in the rotated basis, we find

U= 11 )1 11402 2 100), 100), + [00), [s); + Is); 100), + [s); ),

)1100) ) )
=" 1)1 )2 ~100); [00); 4 100), [s); — Is); [00); — Is); Is)z, (B4)
=0 L)1 114)2 ~100); [00), — [00), [s), + Is); [00), — Is); Is)z,
U= [14)1 14.1)2 2100}, 100); — 00}, Is)y — Is); 100); + Is)y Is), -
From this, it is straight forward to show that
PG+ P = P - PG ~ ek e b, (35)

which extends the results presented in the main text to arbitrary correlated many body states.

APPENDIX C: MIXD BILAYER TO SINGLE-LAYER ¢-J MODEL MAPPING

Here, we consider the mapping of the mixD bilayer, with microscopic fermions with spin index o and layer index o
represented by ¢, 4, to a single-layer -/ model in the U,J| > ¢ limit and derive the effective Hamiltonian (39). In the
large U > ¢ limit, doubly occupied sites are projected out and we get the anticommutation relations, see e.g., Ref. [85],

(€ o € 1.0} = {Ci0r Ciiorar} = 0, (C1)
and

{éi,a,oza 8’;’0/50/} = 6ij80t0l, < oo’ (1 - nloz) + Cm/ a/cla oz) P (CZ)

The latter implies that no opposite spin can be created on top of another spin since ¢; 4 4, ?:IT 1a )= =1+ 3’i,¢,a5:¢ y—

8i,¢,a6’zm) [}) =0 and ¢; W,Ei 1 V) = 0, reflecting the single-occupancy constraint. Furthermore, & W’&iT,T,a [0y =0
and it 4214, 10) = 10).

1. Derivation of fermionic commutations
In the following, we derive the fermionic anticommutation relation for the operators ¢;, of the effective model,

A

(Gio: 1) = 8y [ doorb]bi + e;i(,/,lei,a,la — )] (€3)

The commutation relations for the bosonic and fermionic parts of 2’?0 = b; are as follows:

1 0,1
sl L PP AT At PSP S 1
I:blsbj] 3 [Ci,¢,2ci,T,1 — Ci2Ci,15C41Cj 0 — cj,i,lcj,T,Z] = 8ij(1 — ny1 — nip + niphiy — b by). (C4)
Equation (C4) is the commutation relation for hard core bosons. In particular,
(01810 = (O = A1 — g2 + g2 |()) =0,

i.e., if the rung is already occupied by a singlet it is not possible to create another singlet on the same rung. Furthermore,
Eq. (C4) implies <8|bib§|8> =1 and( o \bib;r |6)= 0. Equation (C4) is derived by calculating

Gignlinn o 8l = (G el e L+ aael el e
L2601 G 4165,02 | = CLL2 [ G Cia164,0 2 .2 €5 41¢5,0,2 | Citl
A A AF At At A At A
= Ciy20Cin 1> G 165 0 — CpalCina, € H)Cin

= Jjj [5‘i,¢,2(1 - ﬁi,¢,1)5;¢,2 - E’JT’M(I — iy + ﬁu,z)&m,l]

3ij [(1 —nig)(1 — 1) — 5};¢,1 (1 — i+ ﬁi,¢,2)5i,¢,1]

8ij [(1 = Ay — Aip + Aighiy — iy ofig) ]
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and
Gianlinn el & ol = anel, el L+ e el el L |a
L2050 G 165,02 | = G2 | G G019, 2 1,25 €54,165,0,2 | Cidl
A A AF At At A At ya
= Cinalinas Gl o — Cpalcing, G ol

. A At A At At At A A
=% (c"Tazcj,T,lCi:%lcj,u = €16 0G0 260

s At oA At A A At A A
= 8ij | G4 Cir2Cj 0 Cidt = Cjg 16y 2Cit 2l
——
=0
AMoAt A A
= —0ijCj 1,165,y 2611 26001

~

where we have made use of [4, BC] = {4, B}C — B{A, C}. Furthermore, [Bi, 8i,(,,1] =0, bi¢i,,1 = 0 and that 7,6 = 0.
With these results, we can calculate

1 |:81] (850 (1 — nl 1) — cw’ lcld 1) — e;a’,laiﬂ:l:l bj
— 88 bib—of  bibe

ijCoo’ Vi Vi Cj,a’,l i DjCio,1
= 8ij | 800rbi by + & ) G0 (1 — in) | —C) ¢ C5
= 0ij [ 900’ U; Ui + Ci,a’,lclagal( n1,2) J[,/Cwa ( )

where we have used that ﬁi,llA)i =0, 610,11% = 0 (second to third line), and 7;,¢,1 = 0 and lgi?:i,(,,l = 0 (third to fourth
line). In particular, Eq. (C3) implies

<U|cwc 19)=0+1-1=0
and
A 1 1
z At _ _
<O|CiTCi¢|O> =1+ (5 - 5) =1,
as we expect for fermions. From Eq. (C5) we obtain Eq. (C3).

2. Derivation of ﬂeﬂ

In order to derive Eq. (39), we start from the mixed-dimensional bilayer #-/ model, and explicitly consider different
in-plane hoppings and superexchange interactions, 7 and J|, respectively,

_ Z t‘l)ll Z Z (eia,aajﬁ’a + hC) P + Zjﬁx Z (Si,aSj,a — %I}’\li,aﬁjﬂ)
o (iLj) o a (iLj)

+JLZ< 1152——11117112) (Co)

with J| = 4£ /U, and a = 1,2. The hopping term z‘ﬁf:‘ vanishes since we consider a fully occupied upper layer o = 1.
The hopping term in layer o = 2 leads to indirect hopping of singlets (or singly occupied rungs, respectively),

a=2 to= 2 o= 2

N t
03175130 =021 {11 =179 =L 0313 $) =1
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and gives rise to the first term in Eq. (39). The Jl“"zz spin interaction term vanishes since there are either empty sites or
singlets, and only
Ja=2 a=2 a=2

P I 57 517 I 5 5
_ 2 l’li,zl’lj,z = 2 b bb b = —T(l — nl)(l — nj)

remains, since in the low-energy subspace the spin interaction term gives only contributions if no singlets are involved.
The same holds for the upper layer « = 1, where this is taken into account by the new spin operators

2 24 Opp2 n o O A
S = CIM%CW = clTM 1b ’w chwl ;u,l%(l — Ni2)Ci,1
~ Oy A kA
= CiT,M,l zzw it (1= i) = 8i1(1 — b by), (C7)

where again we have made use of IA)iéi,g,l = 0 and 74 ¢i,,1 = 0. Lastly, there is a constant —J, |‘|’:1 /4 contribution in Eq. (C6)
since 717, = 1 everywhere. This yields

» l’(‘)‘(zz Q 1 J‘?zz Shih C8
Heff=P —T 4 wCy;‘f‘hC P+Z J| Sl'Sj_Z - 4 ninj . ( )
(i.j) (i.j)
In the derivation of the  — J mixD model Eq. (C6), an additional three-site term
~ JH ~ AT AT A A
= Z Z (ck(7 WNigaCioa + CioaCisaCioatisa T h.c.) (C9)

(ij.k) o

appears that is often neglected. This term gives only a contribution for the doped layer « = 2. Furthermore, for large J
the second term of Eq. (C9) flips the spin at site j and hence projects out of the rung-singlet low-energy subspace—a
process that we neglect to first order in J|. The first term leads to a next-nearest-neighbor hopping of dopants in the
effective model if the intermediate site j is empty,

. J=?
P == 23 (Eotstio +he.). (C10)
(ij.k)y o
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