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Abstract—Cryogenic electrical machines can have high power
densities because conductors can carry large current densities at
low temperatures. This paper compares four types of conductors:
copper Litz wire, aluminum Litz wire, MgB2 multifilamentary
wire, and REBCO tape, and one set of material parameters are
used for each conductor for case studies in this paper. Based
on analytical loss formulas from the literature, the conductors’
loss at different engineering current densities, temperatures and
external magnetic fields are compared. The effect of striating
REBCO tapes is also investigated. On an individual conductor
level, under simultaneous transport ac with external ac field of
amplitude 0.4 T, both at 150 Hz, we find that when MgB2 and
REBCO carry ac close to their critical current densities, their
losses are lower than the losses of the Litz wires at the same
current densities. Further, we consider 3 MW, 4,500 rpm, 150
Hz machines with magnetic loading of 0.4 T when the armature
is made of the different conductors. As the current density in
armature conductors increases, the machine volume decreases.
At 77.5 K, machines with copper and aluminum Litz wires have
lower losses than machines with REBCO for the same machine
volumes. At 20 K, for small machine volumes, machines with
aluminum Litz wire armatures have the lowest losses.

Index Terms—Superconducting machines, REBCO, MgB2,
Litz wire, ac loss, T-A homogenized formulation

I. INTRODUCTION

Electrical machines with high power densities (kW/kg) can
be useful in many applications, for example, in electric motors
for aircraft or in wind turbine generators, both of which have
received significant interest as the world seeks to reduce its
carbon emissions.

There are numerous ways to increase the power density of
electrical machines, for example, by using conductors with
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high current densities. In future, in a hydrogen economy,
electric aircraft may use hydrogen as fuel, and thus the free
cooling power can be exploited. Cooling copper or aluminum
to cryogenic temperatures can reduce their resistivities and
thus increase their current densities; on the other hand, su-
perconductors can carry very high current densities, but suffer
from problems such as the possibility of quench and cost.

Two superconductors, namely, MgB2 and REBCO (where
“RE” is a rare-earth element, for example, Y or Gd), are of
interest. MgB2 has low cost compared to REBCO and can
be made into fine filaments and this helps reduce ac loss.
Reducing ac loss is important when superconductors are used
in the stator of a machine, where time-varying magnetic field
is experienced whilst transport ac is carried in the conductors.
REBCO is also popular due to its high critical current density.

The H2GEAR project, led by GKN Aerospace, is develop-
ing a powertrain for future hydrogen-powered aircraft that ac-
commodates up to 96 passengers using cryogenic normal-state
conductor rather than using superconductor, citing the reason
that using more conventional materials makes the system
deliverable sooner [1]. However, superconductors may be the
only candidate that is able to deliver a light enough powertrain
for large aircraft, and the ASuMED [2] and ASCEND [3]
projects investigated superconducting motor and powertrain,
respectively. Following ASCEND, Airbus is now developing
a 2 MW superconducting electric propulsion system demon-
strator in the new project called Cryoprop.

Sumption [4] compared the losses of YBCO and MgB2

under specific conditions, and Sumption et al. [5] provided
maximum current densities (according to different criteria)
for different materials including copper, aluminum, MgB2 and
REBCO operating under transport dc, as well as simultaneous
transport ac and alternating external magnetic field. Expected
reduction in mass and volume of machines when the machines
were made of different materials were also provided. However,
only specific temperatures and fields were considered. Thus,
this paper extends the loss calculations to other temperatures
and fields. Haugan et al. [6] compared the mass and loss of an
aircraft electrical distribution system when cables were made
of copper-cladded aluminum, hyperconducting aluminum and
YBCO. On a machine level, Kalsi et al. [7] compared two
machines whose armatures were made of REBCO CORC
cables and MgB2 (both at 20 K), respectively, and it was
found that the former had higher power density (excluding
cooler) but also higher loss. Nam et al. [8] compared wind
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generators made of YBCO and MgB2 field coils and found
that the former was lighter and smaller.

This paper compares the performance of copper and alu-
minum Litz wires, MgB2 and REBCO on an isolated conduc-
tor level, and when they are used in the armatures of electrical
machines. In particular, the loss values are compared, since
the current that can flow in conductors are limited by the
amount of heat that can be tolerated by the cooling system.
Analytical formulas and critical current datasets are taken from
the literature for the purpose of loss calculations. In contrast
to much of literature, comparisons on an isolated-conductor
level are made for a continuous range of temperatures (20
K to 270 K), fields and transport current values, rather than
at discrete values, and thus allowing trends to be seen as a
variable changes. Further, a machine sizing formula is used
to estimate the diameter of a machine when different current
densities flow in the stator conductors. A simple machine
design procedure is provided to design air-cored machines with
different armature and rotor current densities to output a rated
power of 3 MW; numerical simulations are performed to verify
the output torque predicted by the machine sizing formula. In
addition, loss in the armature is estimated based on largely
analytical formulas. For REBCO in armature slots, formulas
by Clem et al. [9] are used to calculate transport ac loss of a
finite stack of tapes, and taking inspiration from Yuan et al.
[10], we modify [9] to calculate magnetization loss too for a
finite stack of tapes. Comparison between analytical formulas
and numerical simulations are provided for loss in machines
with REBCO armatures. In the numerical simulations, the
homogenized T -A formulation is used to simulate stacks of
REBCO tapes in a slot in the armature. The volumes and
the losses of 3 MW machines with armatures made of the
four different conductors with different current densities are
estimated.

The rest of the paper is organized as follows. Section II
gives the geometry of the conductors and the formulas used
to estimate losses for isolated conductors. Section III gives
formulas to estimate transport ac loss and magnetization loss in
a stack of REBCO tapes. Section IV compares the conductors
on an isolated conductor level when each conductor is simul-
taneously carrying transport ac and subject to an alternating
external magnetic field. Section V compares the volumes and
losses of machines whose armatures are made of the different
conductors. Finally, Section VI states the limitations of this
study and we conclude in Section VII.

II. LOSS FORMULAS FOR DIFFERENT MATERIALS IN
ISOLATION

A. Copper and aluminum Litz wires

For a Litz wire made of cylindrical filaments with a linear
magnetic material, provided the filament diameter is less than
the skin depth δ, the loss per unit length (W/m) when it is
subject to a sinusoidally varying external magentic field of
amplitude Ĥ and carrying sinusoidally varying transport ac of
amplitude Î , both at frequency f , is [11]

TABLE I: Parameters of Copper and Aluminum Litz Wires

Description Symbol Unit Value

Number of filaments in wire N - 270
Radius of a filament rs mm 0.04
Radius of Litz wire rL mm 0.95

Data from supplier [12]. The filament diameter corresponds to
AWG 40, which was a diameter used in [5], and was also used
in motor design and statorette experiment in [13]. A slotless high-
frequency permanent magnet synchronous machine [14], [15] used
AWG 38, which is only slightly larger. The Litz wire diameter is
the mean of the maximum and minimum outer diameter of the
Grade 1 unserved Litz wire provided in [12].

TABLE II: Coefficients for Resistivity Formula (2)

Coefficient Value for copper Value for aluminum

a0 3.692×10−1 −7.55×10−2

a1 2.214×10−3 2.167 ×10−2

a2 −4.312×10−4 −1.283×10−3

a3 1.679×10−5 2.836×10−5

a4 −9.311×10−8 −1.306×10−7

b0 −2.484 −1.944

b1 5.699×10−2 1.958×10−3

b2 1.078×10−4 9.07×10−4

b3 −3.917 ×10−7 −2.959×10−6

b4 4.405×10−10 3.447×10−9

PLitz =
RdcÎ

2

2
+

RdcÎ
2

2

(
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ω2(µĤ)2σπr4s (1a)
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1
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δ =

√
2

ωµσ
, (1c)

where µ is taken as the permeability of free space µ0, ω = 2πf
is the angular frequency, σ = 1/ρ is the conductance and is
the inverse of the resistivity of the filament material (copper or
aluminum), and the rest of the parameters and their values are
defined in Table I. The three terms in (1a) are the ‘rms’ loss,
skin loss and proximity loss, respectively [11]. The resistivities
of copper and aluminum at different temperatures are [11]:

ρ(T ) =

{
a0 + a1T + a2T

2 + a3T
3 + a4T

4, 20 ≤ T ≤ Tx

b0 + b1T + b2T
2 + b3T

3 + b4T
4, Tx ≤ T ≤ 270

(2)
where ρ is the resistivity in nΩ·m; T is the temperature in K;
values of coefficients are given in Table II; Tx is 75.4 K and
75.1 K for copper and aluminum, respectively. For 300 K, we
take the resistivities of copper and aluminum as 1.73 µΩcm
and 2.72 µΩcm, respectively [5].

B. MgB2

The geometry of the MgB2 multifilamentary wire consid-
ered consists of MgB2 filaments embedded in a matrix, which
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is in turn surrounded by an outer sheath. There is a central area
(called the core) in the matrix in which there is no filament and
only the matrix material is present. Details of the geometry are
given in Table III, which are mainly taken from the wire with
strand code 3799 detailed in [16].

When the multifilamentary wire is subject to sinusoidally
varying external field of amplitude Ĥ and carrying sinu-
soidally varying transport ac of amplitude Î , both at frequency
f , the total average loss Pt (in W/m) can be estimated as [4],
[5], [16]1

Pt = Ph + Pe + Pc + PI + Px, (3)

where Ph is the hysteresis loss in the superconducting fila-
ments, Pe is the eddy current loss in metal outer sheath, Pc

is the coupling loss in matrix and superconductor. Ph, Pe and
Pc are due to the external magnetic field. PI is the transport
ac loss due to transport ac in the superconducting filaments.
These are given as follows. Px is the interaction term and will
be ignored for simplicity [4].

For frequency less than 4πρtf/(µ0L
2
p), assuming fully pene-

trated filaments and relatively long twist pitch (Lp/(2πr0) > 3
[20, p.127]), the average hysteresis loss (in W/m) is [20, (9.56)
multiplied by wire area]

Ph = λf
8

3π
Jcdfilµ0Ĥπr20 (4)

where Jc = Jc(T, µ0Ĥ) is the critical current density of the
filament.

The sum of eddy current loss and coupling loss per unit
volume is given in [21, (3.10)], which when multiplied by the
area of conductor and noting 1/T

∫ T

0
Ḃ2 dt = 2(πfB̂)2 and

taking B̂ = µ0Ĥ , we get the sum of eddy current loss and
coupling loss per unit length as

Pe + Pc =2(πfµ0Ĥ)2
((

rf
r0

)2(
Lp,M

2π

)2(
1

ρms

r20 − r2f
r20 + r2f

+
1

ρtf

r2f − r2c
r2f

+
1

ρmc

r2c
r2f

)
+

r40 − r4f
4ρmsr20

)
πr20. (5)

Finally, the average transport ac loss per unit length is [7]

PI =
µ0f

π
I2c

(
(1− Γ) ln(1− Γ) + Γ− Γ2

2

)
. (6)

where Γ = Î/Ic,M and Ic,M = Jc,Mλπr20 is the critical current
of multifilamentary wire.

The critical current of an MgB2 wire is Ic,M = Jc,Mλπr20 ,
where the critical current density Jc,M(T,B) (in A/m2) of
MgB2 filament at different temperature T (in K) and external
magnetic field B (in T) has the form given in [22]

Jc,M(T,B) = Jc0(t) exp

(
− Bm

B0(t)

)
(7a)

Jc0(t) = Jc00(1− αt2) (7b)
B0(t) = B00(1− βt), (7c)

1This addition is a simple approximation. Such approach is also used
for estimating loss in machines in [7], [17], [18]. However, comparison
between similar theoretical analysis and experiments are done in [19], with
good agreements found.

TABLE III: Parameters of Multifilamentary MgB2 Wire

Description Symbol Unit Value

Number of MgB2 filaments - - 114 [16, Table 1]
Radius of core rc µm 44 [16, Table 5]
Radius of matrix (inner radius of
outer sheath)

rf µm 191 [16, Table 5]

Outer radius of outer sheath r0 µm 240 [16, Table 5]
Twist pitch Lp,M mm 10
Diameter of an MgB2 filament dfil µm 14.8 [16, Table 4]
Resistivity of core ρmc nΩm 117 [16, Table 1]
Transverse resistivity of
filamentary zone

ρtf nΩm 46 [16, Table 5]

Resistivity of outer sheath ρms nΩm 360 [16, Table 1]
Proportion of the composite wire
occupied by MgB2

λ - 0.12 [16, Table 1]

Parameters are mainly taken from parameters of the wire with strand
code 3799 detailed in [16].

TABLE IV: Parameters of REBCO Tape

Description Symbol Unit Value

Number of REBCO filaments NR - 10
Width of multifilamentary tape wtape mm 4
Width of a groove wgrv µm 20 [23]
Thickness of upper copper layer tCu1 µm 5 [24]
Thickness of upper silver layer tAg1 µm 2 [24]
Thickness of REBCO layer tR µm 2.35 [24]
Thickness of substrate tH µm 40 [24]
Thickness of lower silver layer tAg2 µm 1 [24]
Thickness of lower copper layer tCu2 µm 5 [24]
Thickness of whole tape ttape µm 55.65
Twist pitch Lp,R m 0.3
Resistivity of Hastelloy substrate ρH µΩm 1.23 [25]
Resistivity of copper ρCu nΩm (2)
Resistivity of silver ρAg Ωm interpolation of

[26, p.1260]

where, in this paper, we take t = T/35.2, α = 1.1, β = 1,
Jc00 = 106 A cm−2, B00 = 4, and m = 1.2. When
the MgB2 composite wire is under an alternating external
magnetic field, the Jc,M(T,B) of MgB2 filaments is calculated
in this paper with B being the amplitude of the alternating
external magnetic field.

C. REBCO

1) REBCO tape in isolation: REBCO is supplied in the
form of a composite tape consisting of different layers, and
the superconducting REBCO layer is only a thin layer in the
composite tape. To reduce ac loss, the REBCO layer can be
striated [27], [28] into NR filaments. The total loss of such a
tape subject to sinusoidally varying external field of amplitude
Ĥ and carrying sinusoidally varying transport ac of amplitude
Î , both at frequency f , is given by (3). Ph is the hysteresis loss
in the superconducting material, Pe is the eddy current loss in
metal layers, Pc is the coupling loss due to coupling current
that runs through the superconducting material and metal.
Ph, Pe and Pc are due to the external magnetic field. PI is
the transport ac loss due to transport ac in the superconducting
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material. The terms in (3) are given as follows. Details of the
geometry of the REBCO tape are given in Table IV, which
contains variables used in the following equations. Many of
the parameters are based on Molodyk et al. [24]. The layers in
the tape, from top to bottom, are: upper copper layer (5 µm),
upper silver layer (2 µm), REBCO (2.35 µm), buffer layers
(≈ 0.3 µm), Hastelloy (40 µm), lower silver layer (1 µm), and
lower copper layer (5 µm). The total thickness is thus 55.65
µm.

The hysteresis loss (in W/m) of a thin unstriated REBCO
strip due to the external magnetic field is given by Brandt and
Indenbom [29]

Ph,Brandt =µ0w
2
stripJcsĤ(

2Hc

Ĥ
ln

(
cosh

(
Ĥ

Hc

))
− tanh

(
Ĥ

Hc

))
f,

(8)

where wstrip is the width of the strip, Hc = Jcs/π, Jcs is the
sheet critical current density (A/m) given by Jcs = Ic/wstrip
where Ic is the critical current of the REBCO strip.

For striated tapes, we approximate the hysteresis loss by
a formula by Mawatari [30], which gives the hysteresis
loss per cycle per unit volume of an infinite array of thin
superconducting strips under perpendicular external magnetic
field. Multiplying the formula of Mawatari [30] by the cross-
sectional area of the filaments, we calculate the hysteresis loss
per unit length of a striated REBCO tape as

Ph =− (fNRwfiltR)
2µ0L

2
cell

πwfil,htR

∫ Ĥ

0

dξ(Ĥ − 2ξ)

× ln

[
1− sin2(πwfil,h/Lcell)

cosh2(ξ/Hc)

]
, (9)

where wfil,h = wfil/2 is half the width of a filament, the width
of a filament being wfil = (wtape − wgrv(NR − 1))/NR where
wgrv is the width of a groove. Hc = Jcs/π,Jcs is the sheet
critical current density (A/m) given by Jcs = Ic/(wfilNR)
where Ic is the critical current of the whole striated REBCO
tape. Lcell is the width of a periodic unit cell of the infinite
array in Mawatari’s formula, and is taken as the sum of the
filament width and groove width [28], Lcell = wfil +wgrv. For
simplicity, we use (9) regardless of the number of filaments,
including the unstriated case, where wfil = wtape.

There are Hastelloy substrate, copper and silver layers in a
REBCO tape, and eddy current loss is induced in these layers
when the tape is subject to an external magnetic field. When
the tape is striated, we assume the upper copper and upper
silver layer are striated as well. The total eddy current loss is
the sum of eddy current loss in the Hastelloy substrate, copper
and silver layers. The eddy current loss in each metal layer i
when acted on by an external magnetic field perpendicular to
tape, provided metal layer’s half-thickness (ti/2) is less than
the skin depth δ =

√
ρi

πfµ0
, is [31, (26)]

Pe =
π2

6ρi
(µ0Ĥwif)

2tiwiNi, (10)

where ti is the thickness of the layer i, i = Cu1, Cu2, Ag1,
Ag2, H, denoting upper copper, lower copper, upper silver,

lower silver, and Hastelloy layers, respectively; wi is the width
a filament wfil if i = Cu1 and Ag1, and is the width of the tape
wtape if i = Cu2, Ag2 and H; Ni is the number of filaments
NR if i = Cu1 and Ag1, and is 1 if i = Cu2, Ag2 and H; ρi
is the resistivity of layer i, where ρCu1, ρCu2 are given in (2),
ρAg1, ρAg2 are calculated from interpolation of data by Matula
[26, p.1260], and ρH is taken as temperature-independent as
1.23 µΩm, since the resistivity of Hastelloy is approximately
1.228-1.236 µΩm at in the range 20-80 K [25]. Equation (10)
is the same as [32, (16)], which is for large field.

When a tape is striated by laser, the transverse resistivity
is strongly affected by laser settings [33], which affect the
resistivity and amount of redeposited material. Depending on
the barrier resistance between superconductor and substrate,
the path of the coupling current may be different [23], [33],
[34], making it difficult to estimate the transverse resistance.
For example, if transverse current flows predominately in the
Hastelloy substrate instead of the barriers and the supercon-
ducting filaments, the equation for transverse resistivity by
Oberly et al. [35, after (2)] cannot be used [33]. Carr et
al. [36] suggested the transverse resistivity in the anisotropic
continuum model can be written as

ρ⊥ =
ktR

wfil
ρH, (11)

where wfil is the width of a filament, tR is the thickness of the
superconducting layer, ρH is the resistivity of the Hastelloy
substrate, and k is a parameter ranging from π to ∞ depending
on the effect of the laser. The value of π is for the case
when the resistance between the superconducting filaments
and the substrate is zero, and the value of ∞ is when the
laser removes the top silver layer, superconductor (and buffer)
perfectly without redeposition resulting in complete filament
decoupling [36]. The transverse resistivities of a 10-filament
tape (SAE 5-µm) was experimentally measured by Godfrin
et al. [23] to be approximately 10 nΩm. Taking the filament
width wfil to be 12 mm/10, thickness tR to be 1.5 µm [23],
ρH = 1.23 µΩm, applying (11), k is 6.5, which is towards
the lower end of the range of k. In this paper, for simplicity,
we assume ρ⊥ to be temperature independent2, and is given
in (11) with k = 6.5.

The coupling loss (in W/m) for twisted multifilamentary
strip conductor is [20, (12.23)]

Pc =
1

4ρ⊥
(fLp,Rµ0Ĥ)2wtapetR. (12)

Finally, the average transport ac loss per unit length of the
multifilamentary tape is [20, p.192]

PI =
µ0f

π
I2c
(
(1− Γ) ln(1− Γ) + (1 + Γ) ln(1 + Γ)− Γ2

)
(13)

where Γ = Î/Ic,R and Ic,R is the critical current of the
multifilamentary tape.

The critical current Ic,R(T,B,NR) (in A) at different tem-
perature T (in K) and external magnetic field B (in T) is
obtained by interpolation of per cm width critical current

2Measurements of transverse resistivity of samples done above around 70
K in [37] were temperature independent.
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Fig. 1: Loss components in a REBCO tape when it is striated into different number of filaments. Performance at T = 20 K
and 77.5 K are plotted. The tape carries 150 Hz transport ac with amplitude 0.9Ic(T, B̂,NR), whilst being under a 150 Hz
alternating external magnetic field of amplitudes B̂ of 0.4 T and 1 T, respectively.

Ic(T,B) data of a SuperOx YBCO tape (at zero degree
field angle) available on [38], multiplied by total width of
all filaments. The additional reduction of critical current due
to reasons other than the loss of REBCO material, which is
equal to the sum of width of grooves, is not considered for
simplicity. When the REBCO tape is under an alternating
external magnetic field, its Ic,R(T,B) is calculated in this
paper with B being the amplitude of the alternating external
magnetic field.

2) Effect of striation on losses: To investigate the effective-
ness of striation on reduction of ac loss, we plot in the left
axes in Fig. 1 the loss per unit volume (loss per unit length
divided by area of tape wtapettape ) of a REBCO tape with
different number of filaments carrying a 150 Hz transport ac
of amplitude 0.9Ic(T,B,NR) whilst being under a 150 Hz
alternating external magnetic field with amplitudes 0.4 T and
1 T, respectively. It can be seen that eddy current loss in the
metal layers dominates at higher number of striation, thus, the
effect of striation saturates at high number of striation. Also,
for tapes at 77.5 K, striating the tapes can increase the total

loss because of the coupling loss. Although the total loss of
the tapes at 20 K is higher than at 77.5 K, the transport current
carried at 20 K is also higher than that at 77.5 K: for NR =
1–100, 0.9Ic(T = 20, B = 0.4, NR) corresponds to 1740–886
A , and 0.9Ic(T = 77.5, B = 0.4, NR) corresponds to 48–25
A; 0.9Ic(T = 20, B = 1, NR) corresponds to 1130–577 A,
and 0.9Ic(T = 77.5, B = 1, NR) corresponds to 25–13 A.
The tapes carry 90% of critical current, which changes with
number of striation. Thus, we also plot on the right axes in
Fig. 1 the total loss per unit volume per unit current amplitude.
Compared to unstriated tapes, striating tapes to 100 filaments
can reduce the total loss per unit volume per unit current in
0.4 T (by 74% at 77.5 K and 81% at 20 K) and in 1 T (by
19% at 77.5 K and 67% at 20 K). In design, the benefit of
reduced hysteresis loss has to be balanced against the reduction
in critical current (due to loss of REBCO material) and the
presence of coupling loss.
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Fig. 2: The stack of tapes modeled and the homogenized
bulk. The current density distribution when calculating
transport ac loss and magnetization loss are also shown on
the figure on the right.

III. LOSS OF REBCO TAPES IN A STACK

A. Transport ac loss

For an infinitely thick stack of HTS tapes, equations to
calculate the magnetization loss and transport ac loss are
readily available [30], [39]–[41]. However, HTS coils are made
of a finite number of tapes, so equations for a finite stack are
needed. Clem et al. [9] provided simple equations to estimate
transport ac loss of a stack of HTS tapes with finite stack
height. The stack was modeled as an anisotropic bulk. The
method is summarized as follows.

Consider a stack of HTS tapes extending infinitely long into
the page in the y direction. The cross-section of the stack is
on the x-z plane. The tapes have width 2a in the x direction;
and the tapes are stacked in the z direction with distance Dsep
between adjacent tapes, and the total stack height is 2b. The
thickness of each tape in z direction is d. Each tape has a
critical current Ic and carries a transport current I . The stack
is modeled as an anisotropic bulk, as shown in Fig. 2. The
critical current density of the bulk Jc = Ic/(2aDsep).

The current distribution in the bulk is separated into the
critical and subcritical regions,

Jy =

{
Jc, c < |x| < a

Jm −c < x < c
, (14)

where
Jm
Jc

= 1− a

c

(
1− I

Ic

)
. (15)

Since 0 < Jm < Jc, c/a ranges from 1− (I/Ic) to 1.
For better accuracy, c = c(z), Jm = Jm(z) should be

used, but for ease of calculation, Clem et al. [9] assumed c
to be a constant. To find c, the following equation is solved
numerically. In this paper, we minimize the absolute value
of the left-hand-side of the following equation (specifically,

the expression involving Ay), via the golden section search
method, with c’s starting range being (1− (I/Ic))a to a).∫ b

0

∫ c

0

Bz(x, z) dx dz =

∫ b

0

Ay(c, z)−Ay(0, z) dz = 0,

(16)
where

Ay(x, z) = a2
(
fy(−1,−c′, b′, x′, z′)

+ jmfy(−c′, c′, b′, x′, z′) + fy(c
′, 1, b′, x′, z′)

)
(17)

Bz(x, z) = a
(
fz(−1,−c′, b′, x′, z′)

+ jmfz(−c′, c′, b′, x′, z′) + fz(c
′, 1, b′, x′, z′)

)
(18)

fy(x1, x2, b, x, z) = −µ0Jc
4π

[[
uv ln

(
u2 + v2

)
+ u2 tan−1

( v
u

)
+ v2 tan−1

(u
v

)]x−x2

u=x−x1

]z−b

v=z+b

(19)

fz(x1, x2, b, x, z) = −µ0Jc
2π[[

1

2
v ln

(
u2 + v2

)
+ u tan−1

( v
u

)]x−x2

u=x−x1

]z−b

v=z+b

.

(20)

where jm = 1 − a
c

(
1− I

Ic

)
, x′ = x/a, z′ = z/a, b′ =

b/a, c′ = c/a. fz(x1, x2, b, x, z) is the z component of B
generated at (x, z) due to uniform current density Jc in region
x1 < x < x2, −b < z < b. The resulting Bz is negative of
what is presented in [9].

Once c is found, the transport ac loss Q′ (in J/cycle/meter)
of the bulk is

Q′
transp = 4Q′

init (21)

Q′
init = −4Jc

∫ b

0

∫ a

c

(a− x)Bz(x, z) dx dz. (22)

To verify the method above numerically, the ac loss of
a stack of tapes with different transport ac amplitudes is
evaluated. The stack is made of tapes of width 2a = 12 mm,
Dsep = 111.3 µm, and stack height 2b = 8a. Each tape has
Ic = 3, 720 A, and carries ac of varying amplitudes at 150 Hz.
The above method, called semi-analytical method due to use
of numerical procedures to find c in (16) and integration in
(22), is used to evaluate the transport ac loss of the bulk. For
comparison, the transport ac loss of the bulk is also calculated
by T -A homogenized method [42] in COMSOL3. In addition,
for reference, the result obtained by multiplying the loss of
an isolated tape carrying transport ac of amplitude Î by the

3In COMSOL simulations, the E-J power law is used, with n = 30,
Ec = 1 × 10−4 V/m, Jc = 1.32 × 1011 A/m2 of the HTS
layer in a tape; HTS layer thickness is 2.35 µm. Current imposed
on each tape is Î cos(2πft − 2π/3)r(t) where the ramp function
r(t) = 1/(1 + exp(−5(10ft − 1.8))), f = 150 Hz, and Î is the current
amplitude. One period is simulated, and the average transport ac loss is
calculated by averaging the loss in the second half of the period simulated.
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Fig. 3: Transport ac loss of a stack of tapes calculated
by the semi-analytical method by Clem et al. [9], T -A
homogenized method in COMOSL, and Norris formula for
an isolated strip. Each 12 mm wide tape has Ic = 3, 720 A.
Stack height 2b = 48 mm. Tape separation Dsep = 111.3
µm.

number of tapes is also plotted. The average power loss (W/m)
of an isolated thin strip carrying transport ac is [43] (same as
(13))

P =
µ0I

2
c f

π

(
(1− Γ) ln(1− Γ) + (1 + Γ) ln(1 + Γ)− Γ2

)
,

(23)
where Γ = I/Ic.

The results are shown in Fig. 3. There is some discrepancy
between COMSOL and the method by Clem et al. at higher
values of Î/Ic (discrepancy of 31% at Î/Ic = 0.967). This is
possibly due to the restriction of assuming constant c rather
than allowing c(z) to vary with z. This accuracy may be
deemed acceptable at the initial design stages of a machine,
and higher accuracy can be obtained by numerical simulation.
However, simply multiplying the loss of an isolated tape by
the number of tapes present in the stack gives results that are
orders of magnitude smaller than the method by Clem et al.,
thus showing the importance of considering the tapes together
as a stack when calculating ac loss.

B. Magnetization loss

Yuan et al. [10] modified the method by Clem et al. [9] by
allowing c(z), and extended it to the situation of alternating
magnetic field in the z direction. To calculate the loss of a
stack of tapes (modeled as a bulk) under alternating magnetic
field of amplitude B̂a, this paper modifies [9] in light of
[10], as follows. With reference from [10, eq. (9)], the current
distribution in the bulk magnetized by a magnetic field B̂a is

Jy =


−Jc, c < x < a

0 −c < x < c

Jc, −a < x < −c

. (24)

Taking into account the external field B̂a and noting there is
no current for −c < x < c,

Bz(x, z) = B̂a + a
(
fz(−1,−c′, b′, x′, z′)

− fz(c
′, 1, b′, x′, z′)

)
. (25)

We continue to use constant c, which is found by solving
the following numerically (via the golden section method in
this paper), ∫ b

0

∫ c

0

Bz(x, z) dx dz = 0. (26)

Once c is found, the magnetization loss Q′ (in J/cycle/meter)
of the bulk is

Q′
mag = 4Q′

init, mag (27)

Q′
init, mag = 4Jc

∫ b

0

∫ a

c

(a− x)Bz(x, z) dx dz. (28)

To verify the above procedure, we calculate the magnetiza-
tion loss of a stack of tapes made of tapes of width 2a = 4 mm,
stack height 2b = 0.01964 m, made of tapes with Ic = 1927 A
each and tape separation 111.6 µm (176 tapes in stack). The
bulk is subject to alternating magnetic field in the z direction
of various amplitudes B̂a, at f = 150 Hz. The above modified
Clem procedure is used to evaluate the magnetization loss.
Further, the magnetization of the bulk is also evaluated in
COMSOL using T -A homogenized method 4. In addition, for
reference, the result obtained by multiplying the loss of an
isolated tape under alternating magnetic field (perpendicular
to tapes’ face) of amplitude B̂a by the number of tapes (176)
is also plotted. The average power loss (W/m) of an isolated
thin strip under alternating magnetic field of amplitude B̂a in
the direction perpendicular to the flat side of the tape is given
in (8).

The results can be found in Fig. 4. It can be seen there is
good agreement between COMSOL and the modified Clem
method. However, simply multiplying the loss of an isolated
tape by the number of tapes present in the stack gives results
that are much higher than the other two methods. This is due
to the shielding effect by other tapes in the stack that is not
accounted for if tapes are considered in isolation.

IV. COMPARISON BETWEEN INDIVIDUAL CONDUCTORS

Section IV compares the losses of isolated conductors using
formulas in Section II.

A. Loss at different current densities

In this Section IV-A, we compare the loss per unit volume of
different conductors. The loss per unit volume of a conductor
is its loss per unit length divided by the conductor area in

4In COMSOL simulations, the E-J power law is used, with n = 30,
Ec = 1 × 10−4 V/m, Jc = 2.05 × 1011 Am−2 of the HTS layer
in a tape; HTS layer thickness is 2.35 µm. Magnetic flux density applied
perpendicular to the tapes is B̂a sin(2πft)r(t) where the ramp function
r(t) = 1/(1 + exp(−5(10ft − 1.8))), f = 150 Hz, and B̂a is the
magnetic flux density amplitude. One period is simulated, and the average
magnetization loss is calculated by averaging the loss in the second half of
the period simulated.
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Fig. 4: Magnetization loss of a stack of tapes calculated by
the modified Clem method, T -A homogenized method in
COMOSL, and the Brandt and Indenbom formula for an
isolated strip. Each 4 mm wide tape has Ic = 1, 927 A.
Stack height 2b = 19.64 mm. Tape separation Dsep = 111.6
µm.

Table V. A loss of 1 W/cm3 = 10−6 W/m3 and is equivalent
to a conductor of cross-sectional area of 1 mm2 generating 1
W of loss per meter in length.

The respective loss per unit volume of conductor when
each of the four conductors are transporting ac at different
engineering current densities Je are plotted in Fig. 5, for a
few chosen temperatures. The conductors are simultaneously
being subject to an alternating external magnetic field of
amplitude 0.4 T. The frequency for transport current and
magnetic field are both 150 Hz, and this frequency value is
assumed throughout Section IV. The Je is the transport ac
amplitude divided by the conductors’ cross-sectional areas.
The range of transport current evaluated in the plot and the
cross-sectional areas of the four conductors are given in Table
V. The default REBCO tape used for comparison in Section IV
has twist pitch Lp,R = 0.3 m [35, Table 1], and has NR = 10
filaments.

From Fig. 5, it can be seen that at 77.5 K, the copper and
aluminum Litz wires can achieve lower loss levels than the
REBCO tape at Je less than 1.8 ×108 A/m2, which is 0.79 of
the critical engineering current density of the REBCO tape. At
20 K, the aluminum Litz wire offers similar loss as the MgB2

wire at 2.3× 108 A/m2 and as the REBCO tape at 2.3× 109

A/m2. However, the MgB2 wire and REBCO tape still give
lower losses at the highest Je they can achieve, respectively,
compared to the aluminum Litz wire.

B. Loss at different temperatures

Next, we plot the loss per unit length per unit current
amplitude of the different conductors when they carry dif-
ferent transport ac under different temperatures in Fig. 6. The
conductors are simultaneously being subject to an alternating
external magnetic field of amplitude 0.4 T. For the copper and
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Fig. 5: Loss per unit volume of conductor when an isolated
conductor, at different temperatures, is carrying 150 Hz
transport ac of different amplitudes (amplitudes converted
to engineering current densities) whilst simultaneously being
subject to a 150 Hz alternating external magnetic field of
amplitude 0.4 T.
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Fig. 6: Loss per unit length of conductor per unit ac
amplitude carried when the conductors are carrying the
selected transport ac amplitudes at different temperatures.
The conductors are simultaneously being subject to an
alternating external magnetic field of amplitude 0.4 T. Both
the transport ac and the external magnetic field are at 150
Hz.

aluminum Litz wires, transport current of 100 A, 570 A and
1,400 A are tested and the corresponding Je are shown in the
plot. For the MgB2 wire and REBCO tape, transport current
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Fig. 7: Loss per unit length of conductor per unit ac amplitude carried when the conductors at different temperatures are
subject to alternating external magnetic fields of different amplitudes, whilst carrying transport ac of amplitudes specified in
the main text. Both the transport ac and the external magnetic field are at 150 Hz.

TABLE V: Range of Current per Conductor

Conductor Current range Conductor area

REBCO tape 0.3 to 0.99 of Ic,R(T,B) ttapewtape

MgB2 wire 0.3 to 0.99 of Ic,M(T,B) πr20

Copper Litz wire 15–20,000 A πr2L
Aluminum Litz wire 15–20,000 A πr2L

tested at 50%, 70% and 90% of their respective critical current
Ic(T,B) at the different temperatures T , with B = 0.4 T.

Whilst carrying higher current (densities) result in higher
loss per unit length, Fig. 6 shows that higher current can give
lower loss per unit length per unit current for superconductors,
so to carry the same current, the overall loss can be lower in
superconductors by increasing the current density in the wire
than having multiple wires. In contrast, for the Litz wires, the
loss is generally higher if the current density is higher. Also,
reducing the temperature does not always guarantee lower
losses for the aluminum Litz wire and the REBCO tape. This
plot is useful when considering which are the best current
density and temperature that will generate the lowest loss when
carrying the same amount of current.

C. Loss at different magnetic field amplitudes

The loss per unit length per unit current amplitude for the
different conductors when they carry a transport ac whilst be-
ing subject to alternating external magnetic fields of different
amplitudes are plotted in Fig. 7. A few selected temperatures
are used. For the copper and aluminum Litz wires, a transport
ac amplitude of 300 A is selected; for the MgB2 wire and
the REBCO tape, transport ac amplitudes of 50% and 90%,
respectively, of their respective critical currents Ic(T,B) at the
B and T shown in Fig. 7 are selected.

Of the temperatures plotted, the loss of the copper and
aluminum Litz wires are almost independent of the field
except the aluminum Litz wire at 20 K and 30 K. For the
superconductors, reducing the field reduces the loss. At fields
above 0.7 T at 20 K and above 0.3 T at 77.5 K, the losses of
the superconductor(s) are higher than those of the copper and
aluminum Litz wires.

V. COMPARISON BETWEEN MACHINES MADE WITH
DIFFERENT CONDUCTORS

This section considers air-cored radial flux synchronous
machines whose armatures are made of the REBCO tape,
the MgB2 wire, the copper Litz wire, and the aluminum Litz
wire, respectively. The rotor excitation is not the focus of this
paper and it is assumed that for all machine sizes, a magnetic
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loading Bs0 = 0.4 T is provided by the rotor excitation. The
design of the rotor excitation to provide the same Bs0 for
different machine sizes is outlined in Appendix A. We consider
machines with power P = 3 MW and speed 4,500 rpm [44].
The frequency f of the field variation and ac supply is taken
as 150 Hz, which corresponds to p = 2 pole-pairs when the
rotation speed is 4,500 rpm. The machine parameters are listed
in Table VI. This Section V calculates the armature loss and
machine volume when different current densities are carried
in the different armature conductors.

A. Sizing of machine

The use of cryogenic normal-state conductors or super-
conductors can reduce the size of the machine due to their
ability to carry high current density. This Section V-A derives
a relationship between the current density in the conductor of
the armature and the machine volume.

The power of a three-phase generator is [45]

P =
π2

√
2
kwBs0AsD

2Lns, (29)

where kw is the fundamental harmonic winding factor, L is the
machine’s active length, ns is the rotational speed (in rev·s−1),
As is the electric loading [45] As =

6TphIrms

πD , where Irms is the
stator phase current (rms), and Tph is the number of turns in
series per phase. Adapting As to our case where we want to
express it in terms of current density of conductor in stator
slot area,

As =
Jrms,slot × (total stator coil area)

πD

=

1√
2
Jλfill (πDλcp) (λtaD)

πD

=
1√
2
JDλfillλcpλta, (30)

where we assume the stator winding’s radial thickness is
λtaD, and λcp is the fraction of circumference occupied by
stator windings, Jrms,slot is the rms of the sinusoidal current
density flowing in stator slot area, J is the amplitude of the
engineering current density of individual conductors in the
stator slots (i.e., the current amplitude carried by the conductor
divided by total conductor area of an individual conductor),
and λfill is the fill factor of a stator slot (i.e., proportion of a
stator slot’s cross-sectional area occupied by conductors).

The interpretations of D and Bs0 in (29) for air-cored
machines are as follows, according to [46]. D = 2ra where ra
is the mean radius of stator winding, Bs0 is amplitude of the
fundamental of the radial magnetic flux density measured at ra
produced by the rotor field winding. Bs0 is taken as 0.4 T in
this study, and the design of field excitation to produce 0.4 T
is outlined in Appendix A.

Let α = L/D. Putting (30) in (29), the machine diameter
D can be found as a function of current density J in the
conductors of the armature,

D(J) =

(
2P

π2kwBs0nsJλtaλcpλfillα

) 1
4

, (31)

TABLE VI: Parameters of Machine

Description Symbol Unit Value

Power P W 3×106

Rotational speed ns rev·s−1 75
Electrical frequency f Hz 150
Number of pole pairs p - 2
Fundamental harmonic winding factor kw - 1
Magnetic loading (amplitude of
fundamental of the radial component of
magnetic flux density at mean armature
radius due to rotor excitation)

Bs0 T 0.4

Proportion of machine periphery taken by
armature winding

λcp - 0.5

Radial thickness of armature as a
proportion of armature diameter

λta - 0.1

Fill factor of stator slot λfill - 0.5
Ratio of machine length to diameter
(L/D)

α - 0.5

where values of the other parameters are listed in Table VI.
The volumes of machine is π

4αD
3. For ease of reference, the

volume of machines for different armature conductor current
densities J are plotted in Fig. 8(a), so that the value of J
corresponding to different machine volumes can be read off
easily.

The validity of (31) is verified in Appendix A, in which
machines with different J and corresponding D are designed
and their torques are evaluated numerically.

B. Loss of machine armatures with different conductor mate-
rials

1) REBCO: This section shows how formulas in Section III
can be used to estimate the loss of an REBCO armature in
a machine with current density amplitude J in the REBCO
tapes, operating at temperature T . In our machine shown
in Fig. 9, each slot has radial thickness wslot = Dλta and
circumferential width hslot =

πDλcp

6p . In our calculations of
loss, the slots in armature are modified to be rectangular
(which is likely to be the case with racetrack REBCO coils).
Each slot is thus modeled as a stack of tapes with width
wstack equal to wslot rounded to the nearest 4 mm, and height
hstack = wslothslot/wstack. The width of the tapes is wstack. The
separation between tapes Dsep = ttape/λfill.

Each tape carries ac with amplitude I = Jttapewstack. The
critical current Ic of each tape is interpolated from Ic(T,B)
data of SuperOx YBCO tape [38] and scaled to width wstack.
In particular, the B when performing the interpolation is taken
as

B = Bmean(J) +Bs0, (32)

where Bmean(J) is the mean of magnetic flux density |B| over
the rectangular stack area when current density Jλfill flows
uniformly through it. This is a way to take into account the
reduced Ic due to self-field when a current flows through the
tapes, because Jc is assumed to be constant in formulas in
Section III.

Further, the tape turns with minimum current density Ic,min
in a stack is found by interpolating Ic(T,B) data with B =
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Bmax(J)+Bs0, where Bmax(J) is the mean |B| over the area
of the rectangular slot where the outermost tapes are located
(covering the 5% of stack area) when the rectangular stack
area has current density Jλfill flowing uniformly through it.
If I > Ic,min, the machine with the corresponding J is not
evaluated since the current in a tape due to the imposed J
will exceed the critical current of the outermost tape turns of
the coil.

The transport hysteresis loss (in W/m) of tapes in a slot
is estimated as the transport hysteresis loss of a stack (of
tapes) with width 2a = wstack and height 2b = hstack, which
is given by Q′

transpf where Q′
transp is from (21). Similarly, the

magnetization hysteresis loss (in W/m) of the tapes in a slot
is estimated as the magnetization hysteresis loss of a stack of
width 2a = wstack and height 2b = hstack, which is given by
Q′

magf where Q′
mag is from (27). The total loss of REBCO in

a machine is the sum of hysteresis and magnetization losses
scaled to the length of the machine, multiplied by the number
of stator slots.

Note that coupling loss is not considered due to the lack of
formulas for the situation of tapes in a stack. Thus, tapes are
assumed to be unstriated and of width wstack. The eddy current
loss is also not considered because Müller [40, Fig. 3] showed
that in an infinitely thick stack (2b → ∞), the eddy current loss
when I/Ic > 0.02 is at least one order of magnitude smaller
than the hysteresis loss when considering transport ac losses.
If I < 0.02Ic, the machine is not evaluated to avoid giving
inaccurate loss values. Also, when considering magnetization
losses, Müller [40, Fig. 7a] showed that if the applied field
amplitude Ĥa = B̂a/µ0 is such that Ĥa

Hd
> 0.1, where Hd =

Jc,HTSd/π = Ic/(2aπ), d is the thickness of the HTS layer,
and Jc,HTS is the critical current density of the HTS layer, then
the eddy current loss is at least one order of magnitude less
than the hysteresis loss.

Comparison of hysteresis loss in a rectangular slot in a
machine calculated numerically in COMSOL and (largely) an-
alytically using the above method can be found in Appendix B.

2) Litz wires and MgB2: This section calculates the losses
of the Litz wires and the MgB2 wires in the armatures of
machines with different engineering current density amplitudes
J in the armature conductors. Formulas for isolated wires in
Section II will be used, but the external field experienced
by each wire will take into account the self-field created by
current in other wire turns in the same slot, in addition to the
field due to rotor excitation.

For simplicity, the rectangular assumption for the shape
of the armature slots will be kept in order to simplify the
calculation of magnetic field in different parts of the slot.
The rectangular slot has dimensions wstack by hstack (we keep
the subscript “stack” for consistency with the previous section
on REBCO tape losses). In order to avoid the complexity of
evaluating the field experienced by each wire turn in a slot,
the rectangular slot is divided into 9 regions with equal areas
(a 3-by-3 grid). The mean magnetic flux density amplitude
|B| is found in each of the nine regions (only 4 needs to be
evaluated due to symmetry) when current density Jλfill flows
uniformly through the rectangular slot area. The loss (in W/m)
dissipated by each wire turn in a given region is given by (1a)

for a Litz wire and (3) for an MgB2 wire for a given current
amplitude I through the wire and simultaneous application of
external ac magnetic field with amplitude B. I is J multiplied
by the respective wire cross-sectional areas, and B is

B = Bmean(J, region) +Bs0 (33)

where Bmean(J, region) is the mean |B| in the region the wire
turn is in, Bs0 = 0.4 T is the magnetic loading provided by
the rotor excitation. The total number of wire turns in each
slot is wstackhstackλfill/Awire where Awire is the cross-sectional
area of the respective MgB2 or Litz wire. Summing the loss
(in W/m) of wire turns in each region of a rectangular slot, and
multiplying by the number of armature slots, and multiplying
by the length of machine will give the total armature loss for
a machine.

When evaluating the loss of an MgB2 multifilamentary wire
in one of the 9 regions of the rectangular slot, the critical
current is calculated according to (7a) with external field given
by (33). However, we also find the minimum critical current
Ic,min of wire turns in the rectangular slot by interpolating
Ic(T,B) data with B = Bmax(J) + Bs0, where Bmax(J) is
the maximum |B| in the area near the edges of the rectangular
slot. If I > Ic,min, the machine with the corresponding J is
not evaluated since the current in the wire due to the imposed
J will exceed the critical current of the outer wire turns of the
coil.

The validity of the method proposed to evaluate losses
of MgB2 wires in machine armature is supported by Terao
et al. [19]. In [19], the ac loss of MgB2 multifilamentary
wires in a coil carrying transport ac and subject to a rotating
magnetic field is calculated using a similar method. The field
experienced by the wire turns (which is used in analytical ac
loss formulas) is taken as the sum of 1) mean B over slot area
due to transport current, and 2) mean B over slot area due
to external field. The analytical results agree with well with
experiments. In this paper, we have made a slight improvement
by dividing the slot area into 9 regions rather than using one
mean B for all wires in the slot.

C. Results

Fig. 8(b) plots the volumes and losses of machines when
the armatures are made of different conductors at different
temperatures carrying ac with different J . The range of J is
106.5 ≤ J ≤ 109.5, but for MgB2 and REBCO machines,
certain machines within this range of J is not evaluated due
to reasons explained in Sections V-B1 and V-B2.

Following a given curve in Fig. 8(b), the smaller the ma-
chine volume, the higher the J . At 20 K, at machine volumes
below 0.03 m3 (which corresponds to J ≈ 3 × 107 A/m2),
armatures with the aluminum Litz wires have the lowest
losses, although the losses of REBCO and aluminum Litz wire
armatures are similar at machine volume of approximately
0.01 m3 (corresponding to J ≈ 2× 108 A/m2).

In Fig. 5, which is for isolated conductors, the loss of the
MgB2 wire is higher than that of the aluminum Litz wire below
2× 108 A/m2. Thus, it is not too surprising that for machine
volumes larger than 0.01 m3 (corresponding to J < 2 × 108
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Fig. 8: (a) The armature conductor engineering current
densities that give rise to machines with different volumes.
(b) Machine volumes and armature losses of machines
whose armatures are made of the different conductors,
when the conductors carry ac of different amplitudes at the
specified temperatures.

A/m2), MgB2 armatures have higher loss. MgB2 cannot create
machines smaller than 0.01 m3 because at higher J , machines
are not evaluated due to reasons explained in Section V-B2.

At 77 K, REBCO armatures have higher losses compared
to copper and aluminum Litz wire armatures.

The level of loss permitted in a superconducting motor for
aircraft varies in the literature. Berg et al. [47] suggested a tar-
get loss of 0.05% or below. In future aircraft, liquid hydrogen
on board can function as both fuel and coolant, thus providing

free cooling to the machine. Patel et al. [48] estimated the
minimum machine efficiency if machine is cooled using only
the latent heat of vaporization L of hydrogen, as follows:
the power dissipation of the machine generated at operating
temperature of superconductor Ploss = Pin(1 − ηm) where ηm
is the machine’s cold efficiency, and Pin is the input power
to the machine from combustion of hydrogen fuel (either
in fuel cell or in gas turbine connected to generator), thus
Pin = ηfcṁH2Hc, where Hc is the higher heat value of H2 (142
MJ/kg), and ηfc is the efficiency of fuel cell (taken as 0.5 in this
paper). If the machine’s power loss is to be less than the power
needed to vaporize the hydrogen that powers the machine,
Ploss < ṁH2L, where L is the latent heat of vaporization of
hydrogen (445.6 kJ/kg [49]), then ηm > 1 − L

ηcHc
≈ 0.995.

For 3 MW machine, this means loss should be less than 15
kW.

VI. LIMITATIONS

This study has the following limitations.

• The coupling loss for a striated REBCO tape depends a
lot on the effective transverse resistivity, which is difficult
to obtain.

• Different MgB2 and REBCO have different critical cur-
rents and properties depending on manufacturing methods
and doping. Here, we select only one set of critical current
density for each material.

• The resistivities of copper and aluminum also vary de-
pending on purity. From (2) used in this paper, the resis-
tivity of copper and aluminum at 20 K are 3.60×10−10

and 5.07×10−11
Ωm, respectively; the resistivity of

copper and aluminum at 270 K are 1.54×10−8 and
2.48×10−8

Ωm, respectively.
• Numerical modelling is required to model conductors

under external magnetic field whilst carrying transport
current. The analytical formula presented in (3) with the
interaction term ignored is just an approximation.

• When considering the loss of machines in REBCO ar-
matures, the width of the tapes is assumed to be the slot
thickness in the radial direction rounded to the nearest
4 mm, and the tapes are assumed to be unstriated. This
is due to lack of analytical formulas for loss in a finite
array of finite stacks of tapes (i.e., stacks of finite height).
Using narrower tapes with striation may reduce loss.

• When calculating the volume of machines, geometric
constraints have been disregarded, such as lower limit of
practical size of machine, e.g., due to minimum winding
radius. Although the absolute machine volumes presented
may not be practical, the machine volumes relative to
each other still provide useful comparison between the
conductors.

• The mass of machine is not estimated due to uncertainty
in ratio between active and passive mass, and active mass
varies depending on whether iron is used and the winding
configurations (which affect the end-winding length).

• The loss in the end windings is not considered.
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TABLE VII: Summary of Results

Conductor Cu Litz Al Litz MgB2 REBCO unstriated REBCO 10 filaments

Temperature (K) 20 77.5 300 20 77.5 20 20 77.5 20 77.5

Max transport Je an isolated conductor can carry whilst under external ac field 0.4 T, both at f = 150 Hz, such that loss ⩽ certain level
Max Je (×106 Am−2): loss ⩽ 3×106 W/m3 89 40 13 230 40 230 – – – –
Max Je (×106 Am−2): loss ⩽ 3×108 W/m3 890 340 150 2400 350 630a –d 240b 4600 230c

Lowest machine volume such that armature loss ⩽ certain value. P = 3 MW, 4,500 rpm, f=150 Hz, Bs0 = 0.4 T
Min vol (×10−3 m3): loss ⩽ 15 kW (i.e.,
ηm ⩾ 99.5%)

11 34 110 4.2 34 –f 7.9 – not
tested

not
tested

a loss 0.050×108 W/m3; bloss 0.66×108 W/m3; closs 0.80×108 W/m3

d loss below 14.3×108 W/m3 for Je < 3500× 106 A/m2; loss ≈ 14.4×108 W/m3 at Je = 4600× 106 A/m2

f min loss approximately 23 kW, volume approximately 20 ×10−3 m3

VII. CONCLUSION

The performance of specific copper Litz wire, aluminum
Litz wire, MgB2 multifilamentary wire and REBCO composite
tape are compared on an individual conductor level under
specific conditions, and on a machine level under specific
machine parameters.

On an individual conductor level, for the four conductors
(with their specific geometric and electrical properties) under
the conditions of alternating external magnetic field of ampli-
tude B̂= 0.4 T with transport ac at different amplitudes, both
at 150 Hz:

• At 77.5 K, the loss is higher in REBCO than copper and
aluminum Litz wires when they carry the engineering cur-
rent densities below 79% of critical engineering current
density of REBCO.

• At 20 K, MgB2 and aluminum Litz wire carrying 220
MA/m2 both give the same loss of 3.0 MW/m3; REBCO
and aluminum Litz wire carrying 2,300 M/Am2 both
give the same loss of 220 M/Wm3. MgB2 can achieve
a maximum of 630 M/Am2 whilst REBCO can achieve a
maximum of 8,200 M/Am2; and at these current densities,
the loss in aluminum Litz wires is higher than the loss
in MgB2 and REBCO, respectively.

• When REBCO tapes carry 0.9Ic(T,B,NR) whilst under
external ac magnetic field of amplitude B̂: compared
to unstriated tapes, striating tapes to 100 filaments can
reduce the total loss per unit volume per unit transport
current amplitude in B̂=0.4 T (by 74% at 77.5 K and
81% at 20 K) and in B̂=1 T (by 19% at 77.5 K and
67% at 20 K).

This paper has also considered 3 MW, 4,500 rpm, 2-pole-
pair (150 Hz electrical frequency) electrical machines whose
armatures are wound with the four conductors, respectively,
and whose rotor excitations produce a radial magnetic field
with fundamental harmonic of 0.4 T amplitude at mean
armature radius. As the armature conductor current density
varies:

• At 77.5 K, REBCO is not competitive against copper
or aluminum Litz wires, since the Litz wires give lower
machine loss at all machine volumes possible by REBCO
(machine volume depends on transport current density
carried).

• At 20 K, at machine volumes below 0.03 m3, armatures
with aluminum Litz wires have the lowest loss.

Table VII extracts figures of merit from Fig. 5 and 8(b), plus
additional simulation for unstriated REBCO, for comparison
between conductors.

In conclusion, based on the material properties and ana-
lytical formulas from the literature used in this paper, case
study results suggest that at 77.5 K, REBCO is not competitive
against copper and aluminum Litz wires. At 20 K, on an
individual conductor level, for the conditions presented, MgB2

and REBCO offer lower loss at their respective maximum
achievable current densities than aluminum Litz wire. In the
machine case study presented, aluminum Litz wire gives the
machines with the lowest loss at small machine volumes.
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APPENDIX A
NUMERICAL VERIFICATION OF MACHINE SIZING EQUATION

FOR AIR-CORE MACHINE

This appendix provides sizing formulas to design an air-core
machine that outputs the required torque for a 3 MW, 4,500
rpm machine. The general geometry of the machine is given
in Fig. 9.

A. Fielding winding design to provide Bs0

Consider a sinusoidal sheet current (with unit A/m and is
represented as 1D circular line in the 2D model plane) located
in air at radius rf with distribution

Jsheet = Ĵsheet sin(pθ). (34)

By solving Laplace’s equation of magnetic vector potential,
it can be shown that at radius ra > rf , the amplitude of
the sinusoidal variation of the magnetic flux density in radial
direction Br(ra, θ) is [45], [46]

Bs0 =
µ0

2
Ĵsheet

(
rf
ra

)p+1

. (35)
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Fig. 9: Topology of the general air-cored machine with p =
2 pole pairs. The unit of spans indicated by double-arrow
lines in circumferential direction is radians.

In our machine in Fig. 9, the spatial distribution of current
density in field excitation coils, when reduced to 1D in the
2D model plane by shrinking the radial direction, can be
represented as a sheet current density

Jsheet =

∞∑
n=1

an sin(npθ) (36)

an =
4Jdc

πn

(
cos
(nα2π

2

)
− cos

(nα3π

2

))
df , (37)

where df = Dλta/2 = raλta is the radial thickness of field
coils, and we assume rotor is at position ϕ = 0.

At radius ra > rf , it can be shown that

Br(ra, θ) =
∞∑

n=1

µ0

2

(
rf
ra

)np+1

an cos(npθ). (38)

The fundamental component of Br(ra, θ) has amplitude,

Bs0 =
µ0

2

(
rf
ra

)p+1

a1

=

(
rf
ra

)p+1
2µ0Jdcdf

π

(
cos
(α2π

2

)
− cos

(α3π

2

))
.

(39)

So to design a rotor field excitation that creates Bs0 = 0.4
T at r = ra = D/2, when D varies, Jdc has to be set as

Jdc =
Bs0π

2µ0

(
rf
ra

)p+1

df
(
cos
(
α2π
2

)
− cos

(
α3π
2

)) . (40)

For simplicity, we set α2 = 0.5, α3 = 0.75, df = Dλta/2, and
airgap (radial distance between inner stator coil radius and
outer rotor coil radius) to be D/40.
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Fig. 10: Average torque of machines with different J . The
range of the y axis is 5% of the desired torque 6,366 Nm
(plotted as the black line).

B. Verification of sizing equation

From (31), D is a function of the conductor’s engineering
current density amplitude J , and we vary J to get machines
with different D in Fig. 8(a) and 8(b). To verify the validity of
(31), i.e., that machines with the J-D relationship in (31) can
indeed output a power of 3 MW at 4,500 rpm (corresponding
to a torque of 6,366 Nm), we design different machines by
varying J and using (31) to set D and using (40) to design
the field excitation to give Bs0 = 0.4 T. Indeed, the machine
geometry is automatically set given J . The torque output by
the machines as they rotate are evaluated in COMSOL, and
the average torque5 by machines with different J are plotted
in Fig. 10. The average torque output is within 3% of the
required torque of 6,366 Nm for machines with different J .

As a specific example, for the machine with J = 109 A/m2,
D = 0.201 m according to (31) and Jdc according to (40), the
Br at ra = D/2 due to rotor excitation alone is plotted in
Fig. 11, which verifies that the field excitation produces a Br

with fundamental component amplitude of 0.4 T at r = ra.
The torque generated as the rotor rotates is plotted in Fig. 12,
giving an average torque of 6,307 Nm, which is acceptable.

APPENDIX B
NUMERICAL SIMULATION OF AC LOSS OF REBCO

ARMATURE

This appendix simulates two machines with J = 2 × 109

A/m2 and J = 1.3 × 108 A/m2 in the REBCO tapes in
the armatures. These J values are close to the corresponding
machines at the end points of the line for 20 K REBCO in
Fig. 8(b). The COMSOL simulation loss results are compared
to transport and magnetization loss results calculated by the

5One electrical period (1/f ) is simulated, and the average torque
is calculated over the second half of the period, since the armature
and field current densities are multiplied by a ramp function r(t) =
1/(1 + exp(−5(10ft − 1.8))) to ensure zero initial conditions for ease of
simulation.
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Fig. 12: Torque generated by the machine with J = 109

A/m2. The torque is calculated by Arkkio torque in COM-
SOL. The average torque generated by this machine (6,307
Nm) is also plotted.

semi-analytical methods in Sections III-A and III-B, respec-
tively.

In COMSOL simulations, the armature coils are rectangles
as described in Section V-B1. All slots except one have
spatially uniform current density, and current distribution in
REBCO tapes is modeled for one slot. There are two COM-
SOL simulations for each machine. In the first simulation, the
REBCO tapes in the slot is modeled as a one stack (thus one
bulk) using the T -A homogenized formulation. Thus, the tapes
are assumed to be as wide as the stack width wstack, as stated
in V-B1. In the other simulation, since wstack are in multiples
of 4 mm, the tapes are modeled as multiple stacks, each stack
with width 4 mm, and the stack height remains unchanged.
The stacks are separated by 0.1 mm. This second geometry
can be modeled in COMSOL but we have not encountered

TABLE VIII: Loss of REBCO in an Armature Slot in a
Machine Environment

Description Case 1 Case 2

Modeled as one stack

Amplitude of engineering current density of
tape J [A/m2]

2× 109 1.3× 108

Stack width wstack = 2a [mm] 16 32
Stack height hstack = 2b [mm] 23.3 45.7
Tape separation Dsep [mm] 0.111 0.111
Critical current of a tape Ic [A] 519× 4 1, 240× 8

Transport current amplitude per tape I [A] 445× 4 28.9× 8

Amplitude of external field1 B̂ [T] 0.4 0.4

Transport loss by Clem method [9] [W/m] 1.23 ×
106

1,280

Magnetization loss by modified Clem method
[W/m]

571 475

Total loss calculated by COMSOL2 [W/m] 921,000 6,830

Modeled as multiple stacks

Stack width wstack = 2a [mm] 4 4
Stack height hstack = 2b [mm] 23.3 45.7
Number of stacks 4 8
Tape separation Dsep [mm] 0.111 0.111
Critical current of a tape Ic [A] 519 1,240
Transport current amplitude per tape I [A] 445 28.9

Total loss calculated by COMSOL2 [W/m] 824,000 26,200
1 For calculation of magnetization loss by the modified Clem
method. Amplitude of external field is taken as the magnetic
loading Bs0. In COMSOL, the stack(s) are in a machine
environment under a rotating external magnetic field.
2 Averaged over the second half of the electrical period simulated.
Note for Case 2, when the slot is modeled as one stack, we
simulate 1.5 electrical period and the average over the last half
period is slightly higher, at 6,990 W/m.

analytical formulas to model a finite array of finite stacks.
The results are shown in Table VIII. For the one-stack model

in Case 1 (J = 2 × 109 A/m2), there is reasonable agree-
ment between the semi-analytical and numerical (COMSOL)
results. The difference is larger for Case 2 (J = 1.3 × 108

A/m2) when the transport current is only 2.3% of the tapes’
Ic. The discrepancy between numerical and semi-analytical
methods is due to many factors, e.g., the transport ac loss and
magnetization loss are calculated separately in semi-analytical
methods, but they interact and COMSOL calculates the total
loss; the actual stack is subject to rotating magnetic field
but we assume the field is in the stack height direction and
uniform in space when calculating the magnetization loss
using the semi-analytical method. When separating the stack
into narrower stacks, COMSOL results show a reduced loss in
Case 1 and an increased loss in Case 2. The reasons for such
behavior is subject to further investigation.
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