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Abstract  
Friction can be regarded as a dynamic variable within a dynamical system including sliding 

interfaces. In general, friction and vibration effects have been studied together in many studies 

but usually studied in one direction, primarily focusing on the effects of friction on vibration and 

other direction has not been widely studied, with limited attention given to their closed-loop 

feedback interactions in engineering applications. The presence of friction and contact surfaces 

introduces nonlinearity, affecting the system's dynamic response. Moreover, oscillations applied 

to these structures can influence contact mechanics at friction interfaces, particularly relevant for 

decommissioning large-scale structures like wind turbines. However, modelling the intricate 

interplay between friction and vibrations is overly complex, requiring expertise from fields such 

as contact mechanics, tribology, and nonlinear dynamics. 

The objective of the study is to investigate the mutual influences between structural vibrations 

and contact friction for friction-involved dynamical systems. A two-degree-of-freedom (2-DoF) 

lumped-parameter model has been developed to a represent friction-involved vibration system. 

This model incorporates the representation of contact friction using a Jenkins element, 

accounting for stick, slip, and separation motions occurring at the friction interface. The steady-

state response of the system is calculated using the Harmonic Balance method with an alternative 

frequency-time scheme where its results are validated using a time domain solver. A parametric 

study is then conducted to examine the mutual relationship between the frictional and vibrational 

behaviour such as excitation level, contact stiffness, normal load, coefficient of friction, dynamic 

response, and the effects of vibration on friction force through a newly introduced quantity called 

equivalent stiffness. 

1. Introduction  

Friction is the resistance encountered when two objects move relative to each other. It is the result of the 

molecular interaction between the surfaces in contact this resistance to motion. Friction can serve as a 

damping mechanism through relative motion between contacting surfaces, like joints or friction dampers 

in turbomachinery, to disperse vibration energy and therefore reduce vibrations. Friction and vibration 

represent two fundamental aspects of mechanical systems that significantly influence each other's 

behaviour [1]. Understanding the mutual effects between friction and vibration is paramount for 

optimizing the performance, reliability, and efficiency of various engineering systems, ranging from 

industrial machinery to transportation vehicles. This study focuses on the interaction of a friction-

involved vibration system such as joints and friction dumpers. The nonlinear nature of friction and its 

implications on vibrating systems were investigated by many studies [2,3]. Friction being a dissipative 

force, introduces complexities in the dynamic response of mechanical systems, often leading to complex 

stick-slip motion phenomena e.g., shifting the resonance frequency, increasing the structural damping, 

and causing amplitude-dependent vibration [4]. Advanced modelling techniques are needed to simulate 

the complex nonlinear dynamic response of such friction-involved vibrations.  

Conversely, applying external periodic force can be used to alter the friction forces. This concept can 

potentially decrease frictional force that has been recognized since at least the 1950s [5]. The impact of 

vibrations on frictional behaviour has been explored in [6], showing that vibrations can induce variation 

https://creativecommons.org/licenses/by/4.0/
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in the friction coefficient at the contact interface, thereby affecting the overall performance of the 

system. This is particularly relevant in applications where precise control of friction is crucial, such as 

in manufacturing processes and robotics [7]. In the references [8,9] they provide theoretical direction on 

how to efficiently reduce friction-induced vibration in a braking system by strategically applying 

tangential harmonic stimulation. The influence of the vibration in friction was also explored in [10] 

where they observed that the Coulomb friction is effectively reduced due to the dither effect when a 

vibrating table is employed. Likewise, in reference [11], they introduce the so-called micro-walking 

machine to examine the effects of system dynamics on sliding friction. By employing a consistent 

external force rather than a harmonic one to control the friction interface, showing that micro-vibrations 

significantly affect the frictional resistance of the sliding smooth system. The research in [12] performed 

an experimental study to explore the use of vibration to facilitate the wind turbine decommissioning 

process through a scaled model of a slip-joint at a ratio of 1:10. The study highlight the significance of 

choosing an appropriate forcing frequency vibration for the successful installation or dismounting of a 

slip-join. 

However, there are very few theoretical and numerical studies to investigate such mutual effects between 

friction and vibration due to the complexities in modelling friction and solving nonlinear equations. To 

numerically investigate it, it is necessary to solve the nonlinear ordinary equations, which include non-

smooth contact friction force. Several numerical techniques commonly employed in dynamic 

simulations comprise the Runge-Kutta method, Newmark-𝛽 method, Harmonic Balance method 

(HBM), central difference method, and various others [13]. Recently, HBM as a numerical technique in 

the frequency domain have been widely used in engineering applications to solve nonlinear ordinary 

differential equations (ODEs) [14]. Unlike traditional time-domain methods that simulate the system's 

behaviour over time, the HBM transforms the motion into the frequency domain using Fourier series to 

find the steady-state solution of the nonlinear system. This allows for the representation of time-varying 

dynamic response as a series of sinusoidal components at different frequencies. HBM is especially 

useful when dealing with systems subjected to periodic forcing. Alternative Frequency Time (AFT) 

scheme is often employed within HBM framework to evaluate the nonlinear forces [15]. This technique 

relies on the use of discrete Fourier transformation and inversed discrete Fourier transformation of the 

system response. At each iteration, it switches the system response from the frequency domain to the 

time domain through FFT to calculate the nonlinear force, and then transforms these nonlinear terms 

back to the frequency domain using FFT enabling the iteration on the frequency spectrum of the steady-

state response to continue. The effectiveness of the method is shown through its application in solving 

a problem involving friction damping [16], especially when the excitation includes multiple discrete 

frequencies, the AFT method offers a versatile solution to efficiently evaluate any type of nonlinear 

forces, for example, with different contact laws. 

The earlier studies show that friction and vibration are interrelated having mutual effects on each other. 

Understanding and managing their interactions is essential in various fields. The primary contribution 

of the current work consists in the investigation into the mutual effects between friction and vibration 

using a generic lumped parametric model where various friction vibration factors and their 

corresponding effects are assessed. The influence of vibration on the contact friction is also evaluated 

through the equivalent stiffness for the first time. The structure of this paper is as follows: Section 2 

describes the mathematical model to present the friction-involved vibration. Section 3 presents the 

fundamental knowledge of the numerical methods that are utilized to analyse the mathematical model, 

also the analysis tools that are used in the present work. Section 4 presents a numerical validation study 

to validate the Harmonic Balance method against the time domain methods. Sections 5, and 6 describe 

the parametric studies with respect to the mutual effects between friction and vibration, along with the 

interplay of various parameters. Finally, Section 7 offers a summary of the principal conclusions and 

provides recommended suggestions.  
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2. Modal description: friction-involved vibration 

A system with a two-degree-of-freedom exhibiting dry friction nonlinearity, as shown in figure 1, is 

considered. The system has two spring-connected masses with one of them in contact with the ground. 

  

Figure 1. 2-DoF frictional model 

The equations of motion of 2-DoF system are expressed as: 

[
𝑚1 0
0 𝑚2

] (
𝑥̈
𝑦̈

) + [
𝑐1 0
0 𝑐2

] (
𝑥
𝑦̇
̇
) + [

𝑘1 + 𝑘2 −𝑘2

−𝑘2 𝑘2
] (

𝑥
𝑦) + [

0
𝑓𝑛𝑙

] =  [
𝑓𝑒𝑥

0
] 

 

(1) 

Where 𝑚1 and 𝑚2 represent the masses of the first and second components, 𝑐1 and 𝑐2 denote the 

damping coefficients corresponding to the first and second components, and 𝑘1and 𝑘2 represent the 

tangential contact stiffness for the first and second masses, respectively. 𝑓𝑛𝑙 stands for the nonlinear 

friction force modelled by the Jenkins element to depict the stick, slip, and separation motions occurring 

on the friction interface. The details of the Jenkins element will be described in the next subsection. 𝑓𝑒𝑥 

is the external excitation force for this model, which is expressed as 𝑓𝑒𝑥(𝑡) = 𝐴cos (𝜔𝑡) where 𝐴 the 

excitation force amplitude and 𝜔 the excitation force frequency.  

2.1 Jenkins element model 

The nonlinear force on friction interface is computed through the Jenkins element [17], which is based 

on the elastic Coulomb’s law. Its expression is described in the equation (2) as follows:  

𝑓𝑛𝑙(𝑡) = {
𝑘𝑡 × (𝑥(𝑡) − 𝑧(𝑡))    𝑖𝑓  |𝑘𝑡(𝑥(𝑡) − 𝑧(𝑡))| ≤ 𝜇𝑁0 (𝑆𝑡𝑖𝑐𝑘𝑖𝑛𝑔)

𝜇𝑁0 × (𝑠𝑖𝑔𝑛(𝑧̇(𝑡))      𝑖𝑓  |𝑘𝑡(𝑥(𝑡) − 𝑧(𝑡))| > 𝜇𝑁0   (𝑆𝑙𝑖𝑑𝑖𝑛𝑔)    
 

 

(2) 

Where 𝑥 stands for the relative tangential displacement between interfaces, and 𝑧 is internal variable for 

sliding position. 𝑘𝑡 is tangential stiffness and 𝑁0is the normal load. The contact friction force depends 

on the contact conditions. When the friction force between the surfaces is below the friction limit of 𝜇𝑁, 

the contact condition is in the sticking phase. Once the friction force surpasses this limit, the surfaces 

begin to slide. 

Figure 2 shows the hysteresis loop of this Jenkins element including the sticking and sliding conditions. 

Hysteresis loop is commonly used to manifest the dissipation of the energy in mechanical and structural 

systems. During the sticking condition, the contact force is proportional to displacement. Once the 

contact force reaches the friction limit, the contact surface starts to slide, and the nonlinear force keeps 

constant as 𝜇𝑁, opposing to the direction of the sliding velocity.  
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Figure 2. Hysteresis loop 

3. Methodology: The Harmonic Balance and Runge-Kutta methods 

To calculate dynamic responses of nonlinear ordinary differential equations (ODEs) as shown in 

equation (2), both Harmonic Balance method and Runge-Kutta methods is used to solve the equation in 

this study. The details of each method will be briefly introduced in the following. 

3.1 Harmonic Balance method 

The principle of HBM is to approximate the steady state periodic or quasi-periodic solution using a 

truncated Fourier series. The equations are derived by setting up the governing equations of motion for 

the system and assuming a solution of the form:  

𝑥(𝑡) = ∑ 𝐴𝑛,𝑐𝑐𝑜𝑠 (𝑛𝜔𝑡) + 𝐴𝑛,𝑠sin (𝑛𝜔𝑡) 

𝑁

𝑛

 

 

(3) 

where 𝑥(𝑡) is the periodic solution, 𝐴𝑛,𝑐and 𝐴𝑛,𝑠are the amplitude of the sin and cos function of the nth 

harmonic part, ω is the fundamental frequency, and N is the number of harmonics considered in the 

analysis. The coefficients 𝐴𝑛 can be determined by substituting the assumed solution in equation (2) 

into the governing equation to solve the linear algebra equations for these coefficients. Employing the 

AFT scheme, it seamlessly transitions between the frequency and time domains for the calculation of 

nonlinear forces. As depicted in figure 3, the nonlinear force 𝑓𝑛𝑙 is computed using an iterative scheme 

that alternates between the frequency and time domains. Various calculations are conducted in different 

domains within the AFT scheme. It is important to note that this method can only be applied under the 

assumption that both the solution and the nonlinear force are periodic. The numerical continuation 

method using predictor-corrector scheme as described by [18] is used to track their solutions as 

parameters change, which can effectively simulate the softening or hardening nonlinear response. 

Initially, an estimation of the solution path is made, predicting the next point based on known 

information. This estimation is refined through more correct calculations, improving the accuracy of the 

solution with each iteration until convergence toward the actual solution or path. These combined 

numerical techniques are especially useful for solving nonlinear systems and understand how their 

behaviour alters with parameter variations. The HBM framework can incrementally adjust a parameter 

to compute solutions at each step. 
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Figure 3. Dynamic response through frequency/time domain analysis [19] 

3.2 Runge-Kutta method 

The Runge-Kutta method [20] is a numerical technique for solving ordinary differential equations 

(ODEs) in many fields. It starts by initializing with an initial condition. Then, it proceeds through 

incremental steps, where the function's value is updated at each step using a predetermined step size. At 

each step, slopes are estimated by evaluating the function at intermediate points. These slopes are 

combined to calculate a weighted average, determining the overall slope for the interval. Using this 

slope, the function value is updated, and the process repeats until reaching the desired endpoint. It 

provides an approximate numerical solution of the general ODE equation especially helpful when 

analytical methods are not possible such as the system including non-smooth functions. In this work, 

the method will be used to validate the results obtained from the HBM. 

4. Numerical validation 

In this section, the dynamic behaviour of the system, as depicted in figure 1, has been analysed using 

both HBM and time domain method. The dynamic responses obtained from frequency domain analysis 

(FDA) are compared to time domain analysis (TDA) for validation. Table 1 shows the specific 

parameters of the dynamic system depicted in figure 1 for the numerical study. 

 

Table 1. The constant system parameters for the frictional model with 2-degree-of-freedom 

𝒌𝟏  
(𝑵/𝒎) 

𝒌𝟐 
(𝑵/𝒎) 

𝒄𝟏 
(𝑵𝒔/𝒎) 

𝒄𝟐 
(𝑵𝒔/𝒎) 

𝒎𝟏 
(𝒌𝒈) 

𝒎𝟐 
(𝒌𝒈) 

µ 𝒌𝒕 
(𝑵/𝒎) 

𝑵𝟎 
(𝑵) 

𝒇𝒆𝒙 
(𝑵) 

1 0.5 0.1 0.1 1 1 0.02 0.2 1 0.4 

 

Figure 4 depicts the dynamic response obtained through FDA, whereas figure 5 presents the results 

obtained using TDA. In Figure 4, two resonances of the system are depicted, located at frequencies of 

0.5 rad/sec and 1.3 rad/sec in the frequency domain, at which the system experiences the largest dynamic 

responses.  

In comparison to the time domain solution shown in figure 5, the relative error of the second resonance 

amplitude between frequency domain analysis and time domain analysis is 2% for 𝑚1 and 3.4% for 𝑚2 

respectively. Figure 6 shows the comparison of the hysteresis loop from the frequency and time domain 

solution at the excitation frequency 𝜔 = 0.5 𝑟𝑎𝑑/𝑠𝑒𝑐. The friction force varies between the friction 

limit ± 0.02, which is corresponding to static friction force value 𝑓𝑠 = 𝜇𝑁. It is found that the error in 

dissipated energy between frequency domain analysis and time domain analysis is 1.8%. This small 

error from the dynamic response as well as that in hysteresis loop valid the use of the HBM for the 

following parametric study in an efficient way.   
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Figure 4. Dynamic response through frequency 

domain analysis 

 
Figure 5. Dynamic response through time 

domain analysis 

 

Figure 6. Hysteresis loop dynamics- time and frequency domain analysis  𝑚2 𝑎𝑡 𝜔 =
0.5 𝑟𝑎𝑑/ sec 𝑎𝑛𝑑 𝑓𝑒𝑥 = 0.4 𝑁  

5. The effects of friction on vibration 

Figure 7 illustrates the nonlinear dynamic response of the system at different applied force levels. The 

hysteresis loops at the first resonance of the nonlinear dynamical response different excitation levels are 

plotted in figure 8. Figure 7 shows that before the friction force surpasses the friction limit 0.2 𝑁, the 

reception stays constant as there is no energy dissipation on the friction interface. With further 

increments in the applied excitation force, the reception starts to decline due to the energy dissipation 

from the sliding friction interfaces. There is also a noticeable decrease in resonance frequency due to 

the softening effect induced by the slipping on the friction interface. When  𝐴 =  0.2 𝑁,  the ratio of the 

energy dissipation and energy input reaches the maximum leading to minimum reception in the 

nonlinear dynamical response as shown in figure 7. This ratio will increase with a further increase in the 

excitation level contributing to the following increase in the reception. 

As can be seen in figure 8, the excitation level directly influences the contact condition, leading to a 

softening effect characterized by an increased slipping phase. At low excitation levels e.g., 𝐴 =
 0.002 𝑁, the contact between two surfaces is in a sticking condition, leading to a relatively stiff contact 

interface and no energy dissipation on the friction interface. A further increase in force amplitude makes 

the friction force between surfaces generally approach the friction limit. Once the friction force reaches 
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this critical point, the friction interface transits into a sliding condition, leading to a decrease in the 

effective stiffness of the contact interface and an increase in energy dissipation.  

 

Figure 7. Dynamic response variations with 

different external force amplitudes 𝐴 

Figure 8. Hysteresis loop evolution with varying 

excitation level 𝐴 

 

Figure 9 shows the changes in dynamic response corresponding to the variation in the coefficient of 

friction. The hysteresis loop of the first resonance in nonlinear dynamic response is described in figure 

10. As shown in figure 10, it is obvious that the friction limit increases with the coefficient of friction, 

leading to an increasing presence of sticking phases in the hysteresis loop while a decreasing sliding 

distance. It leads to an increase in interface stiffness until it reaches the full sticking phase. These 

combined effects also make the energy dissipation increase from 𝜇 = 0.01 to 𝜇 = 0.06 and then decrease 

to zero when the 𝜇 increases to 0.3. For the fixed excitation level A, the reception as shown in figure 9 

initially decreases as energy dissipation increases. After reaching a critical coefficient of friction 𝜇 =
 0.1, the system starts to transit into a full sticking phase, causing energy dissipation to decline as shown 

in figure 10, as a result, the reception starts to increase as shown in figure 9. As the increase of coefficient 

of friction, the stiffness of the friction interface increases due to the decreasing sliding regime on the 

hysteresis loop, until it reaches its maximum value (contact interface stiffness 𝑘𝑡). When coefficient of 

friction reaches 0.3. This is accounted for the increase in resonance frequency at the beginning until the 

full sticking phase is reached.  

 
Figure 9. Dynamic response variations with 

different coefficient of friction µ 

 
Figure 10. Hysteresis loop evolution with 

varying coefficient of friction µ 
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6. The effects of vibration on friction 

A parameter called “equivalent stiffness” is introduced to assess the impact of vibration on the friction 

force exerted on the surface. The equivalent stiffness is defined as the slope between points 𝐴, and B as 

shown in figure 11. The equivalent stiffness illustrates the softening effects on the interface indicating 

the stiffness between friction interfaces. The maximum equivalent stiffness equals the contact interface 

stiffness 𝑘𝑡 occurring when the interface is fully stuck with zero energy dissipated due to friction, while 

the equivalent stiffness decreases when the interface experiences sliding between surfaces starting to 

dissipate the vibration energy. 

 

 
Figure 11. Hysteresis loop 

 
Figure 12. Equivalent stiffness across different 

friction coefficients at 𝐴 =  0.4 𝑁 

In Figure 12, the variation of equivalent stiffness with the rise in coefficient of friction is depicted. For 

each curve, a decline in equivalent stiffness is seen when the excitation frequency approaches the first 

resonance frequency for each curve, where the system exhibits the highest energy dissipation. Following 

that, with an increase in excitation frequency, the equivalent stiffness increases until the system reaches 

the second resonance where the equivalent stiffness declines again. After the applied excitation 

frequency surpasses the second resonance, the equivalent stiffness starts to increase again with 

increasing excitation frequency. This trend stays until the equivalent stiffness matches the surface 

contact stiffness, where the contact is fully stuck and there is no energy dissipation in the system. As the 

coefficient of friction rises, the stiffness of the friction interface increases owing to the reduction in the 

sliding regime observed on the hysteresis loop, until it reaches its maximum value, denoted as the contact 

interface stiffness. This phenomenon holds significance in scenarios where the required equivalent 

stiffness needs to be minimal to initiate separation or sliding between the interacting surfaces e.g., joint 

connections.  

Figure 13 illustrates the impact of changing excitation force amplitude on the equivalent stiffness. With 

increasing amplitude of the excitation force, the equivalent stiffness decreases further over the 

frequency. This observation aligns with the findings from figures 7 and 8, which show that the increase 

in excitation force amplitude affects the contact condition, resulting in a softening effect. This, in turn, 

leads to a decrease in equivalent stiffness. For each plot, it is seen that when the excitation force 

frequency at a system resonance of 0.6 𝑟𝑎𝑑/𝑠𝑒𝑐, it results in the lowest equivalent stiffness. This occurs 

because the system generates the widest hysteresis loop, coupled with the highest energy dissipation, 

leading to the lowest slope. Conversely, when the excitation force frequency is far from resonances, the 

equivalent stiffness increases due to a decrease in energy dissipation. Until the applied excitation 

frequency matches the second resonance of the system at 1.3 𝑟𝑎𝑑/𝑠𝑒𝑐, where the equivalent stiffness 

declines again, and then starts to increase. With further increases in the applied frequency, the contact 

becomes fully stuck, at this point, the equivalent stiffness reflects the system's contact stiffness, resulting 

in linear dynamical behaviour.  

𝐵(𝑥2, 𝑦2) 

𝐴(𝑥1, 𝑦1) 
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Figure 14 shows the impact of varying contact stiffness on the equivalent stiffness in the frequency 

dynamical response. It shows an increase in excitation frequency has no effect on equivalent stiffness 

for different contact stiffness values until a specific frequency around  𝜔 = 1.3 𝑟𝑎𝑑/𝑠𝑒𝑐 is reached. At 

this frequency, for each curve, there is a noticeable increase in equivalent stiffness until it reaches its 

maximum value, which is equal to the contact stiffness of the interface. Afterwards, the equivalent 

stiffness stays constant. It is because at low excitation frequency with large hysteresis loops, the slope 

is primarily influenced by the sliding distance. However, at high excitation frequency with smaller 

hysteresis loops, the slope is more affected by the contact stiffness. 

 
Figure 13. Correlation between excitation 

frequency and equivalent stiffness at 𝐴 =  0.4 𝑁 

 
Figure 14. Variations in equivalent stiffness 

across different contact stiffness at 𝐴 =  0.4 𝑁 

7. Conclusion 

In summary, a 2-degree-of-freedom lumped parameter model, incorporating the Jenkins element model, 

was developed to study the mutual effects between friction and vibration. The dynamic behaviour of the 

system was analysed using the Harmonic Balance method coupled with an alternative frequency-time 

scheme. In this study, the frequency response obtained from HBM was validated by the R-K time domain 

method. The following parametric results show that friction has a complex influence on the nonlinear 

vibrational response. For instance, the excitation level directly affects contact conditions on the friction 

interface, leading to transitions between sticking and slipping phases, changes in effective interface 

stiffness, and variations in energy dissipation. This insight is invaluable for mechanical engineers 

designing systems where friction plays a crucial role, such as automotive components, machinery, and 

aerospace structures. At low excitation amplitude, the contact between two surfaces is governed by static 

friction, resulting in a relatively stiff contact interface. In this phase, the surfaces stay in sticking and 

resist any slipping motion leading to no energy dissipation due to the friction and constant reception in 

nonlinear dynamic response. As the applied force rises, once the friction limit is reached, the system 

enters a surface-slipping state leading to a reduction in the effective stiffness of the contact interface and 

subsequently a decrease in the resonance frequency of the system.  

Furthermore, the friction coefficient significantly influences the dynamic response of the system. As the 

friction limit rises with an increase in the coefficient of friction, the friction interface transitions from a 

slipping condition to a sticking condition. This transition is accompanied by an increase in energy 

dissipation followed by a decrease due to the combined effects of reduced sliding distance and increased 

friction limit. As a result, the nonlinear frequency response initially decreases, and then increases with 

the increase of coefficient of friction. Consequently, the resonance frequency increases due to the 

stiffening effect. Understanding how changes in the coefficient of friction affect energy dissipation and 

resonance frequency can be important for reliable mechanical systems, such as optimizing suspension 

systems in vehicles to enhance vehicle ride comfort and handling, designing robust aerospace 

components, and enhancing the performance of industrial machinery. The equivalent stiffness shows its 
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lowest values at the system's resonance due to the occurrence of the maximum energy dissipation. On 

the contrary, the highest equivalent stiffness occurs when the interface is fully stuck. Altering the surface 

stiffness does not change the equivalent stiffness at low frequencies, but it increases the equivalent 

stiffness at higher frequencies due to smaller sliding distance. This phenomenon is due to the large 

hysteresis loops at low excitation frequencies, where the slope is primarily influenced by the sliding 

point while influenced by the contact stiffness at high excitation frequencies with smaller hysteresis 

loops. By considering the impact of surface stiffness on equivalent stiffness values, engineers can make 

informed decisions regarding material selection and design parameters to minimize friction-vibration 

systems and improve overall efficiency. A further investigation will be necessary to explore the 

multiscale topographies of the contact interface and their impact on various contact characteristics of 

surfaces, including contact stiffness, pressure distribution, frictional behaviour, and nonlinear dynamic 

response. 
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