Stabilisation in Distribution of Periodic Hybrid Systems by
Discrete-time State Feedback Control

Zhijun Liu* Junhao Hu' Xuerong Mao*

Abstract

Periodic hybrid stochastic differential equations (SDEs) have been widely used to model
systems in many branches of science and industry which are subject to the following natural
phenomena: (a) uncertainty and environmental noise, (b) abrupt changes in their structure
and parameters, (c) periodicity. In many situations, it is inappropriate to study whether the
solutions of periodic hybrid SDEs will converge to an equilibrium state (say, 0 or the trivial
solution) but more appropriate to discuss whether the probability distributions of the solutions
will converge to a stationary distribution, known as stability in distribution. Given a periodic
hybrid SDE, which is not stable in distribution, can we design a periodic feedback control in
the shift term based on state observations at discrete times so that the controlled SDE becomes
stable in distribution? We will refer to this problem as stabilisation in distribution by periodic
feedback control. There is little known on this problem so far. This paper initiates the study
in this direction.

Key Words: Brownian motion, Markov chain, Periodic SDEs, Stabilisation in distribution,
Periodic feedback control.

1 Introduction

Systems in many branches of science and industry are often subject to the following natural phenom-
ena: (a) uncertainty and environmental noise, (b) abrupt changes in their structure and parameters,
(c) periodicity. Stochastic differential equations (SDEs) have been widely used to model systems
with phenomenon (a) (see, e.g., [2, 19, 21, 27]). Modelling phenomenon (b) by Markov chains (see,
e.g., [1]), SDEs with Markov switching (also known as hybrid SDEs) have been developed to model
systems with phenomena (a) and (b) (see, e.g., [4, 15, 16, 37, 39, 47, 48]). Furthermore, taking the
periodicity (e.g., seasonal changes) into account, we arrive at periodic hybrid SDEs of the form

dz(t) = f(z(t),r(t),t)dt + g(x(t),r(t), t)dB(t) (1.1)

(see, e.g., [3, 8, 13, 24, 25, 36, 42, 43, 54]). Here x(t) takes values in R"™ and is referred to as the
state, r(t) is regarded as the mode and is modelled by a Markov chain with a finite state space
S ={1,2,---,N}, B(t) is an m-dimensional Brownian motion, and the coefficients f(-,-,t) and
g(-,-,t) are periodic in ¢t with period h, that is, f(x,i,t) = f(z,i,h+t) and g(z,i,t) = g(x,i,h+ 1)
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for (z,i,t) € R™ x S x Ry. (The notation used in this section will be explained in more detail in
the next section).

In the study of hybrid SDEs, stability is one of the most popular topics. On the asymptotic
stability, there are two fundamental concepts: (i) asymptotic stability of an equilibrium state; (ii)
asymptotic stability in distribution. Concept (i) is to study whether the solution z(t) of equation
(1.3) will tend to the equilibrium state (e.g., 0 as in most papers) in various senses, e.g., E|z(t)[? — 0
or z(t) — 0 a.s. or z(t) — 0 in probability, and there is an intensive literature on it (see, e.g.,
[11, 20, 21, 28, 29, 33, 35] and many others). Concept (ii) is to study whether the probability
distribution, denoted by L(x(t)), of the solution x(t) of equation (1.3) will converge to a probability
distribution p, known as a stationary distribution. The literature on concept (ii) is much less than
(i) but has been growing quickly for the past 10 years (see, e.g., [45, 51, 52]) and several recent
papers [6, 10, 22, 23, 50]. The reason why there are fewer papers on concept (ii) than (i) is because
it is much more difficult to study whether £(z(¢)) — p than to study whether E|z(¢)[P — 0 etc. but
certainly not because concept (ii) is less important. In fact, it is inappropriate to study concept
(i) for many systems in the real world but more appropriate to study concept (ii). For example,
for many population systems under random environment, the stochastic permanence is a more
desired control objective than the extinction (see, e.g., [5, 12, 17]). In this situation it is useful to
investigate concept (ii) but not to concept (i) (see, e.g., [17, 29, 40]).

Suppose that the given system (1.3) is not asymptotically stable in the sense of concept (i). It
is a normal practice that a feedback control u(x(t),r(t),t) is used to make the controlled system

dX(t) =[f(X(t),r(t),t) +u(X(t),r(t),t)|dt + g(X(t),r(t),t)dB(t) (1.2)

to be stable, where we have replaced z(t) by X (¢) to highlight that the state in this controlled system
differs from that in the given system. There is already an intensive literature in this area (see, e.g.,
[11, 16, 20, 38, 46]). Note that in practice, the state X (¢) cannot be observed continuously but
only at discrete times, say 0, 7, 27, ---, where 7 is a positive number and stands for the duration
between two consecutive observations. Accordingly, the feedback control u(X (), r(t),t) should be
replaced with w(X (|¢t/7]7),7(t),t) to arrive at another more practically used controlled system

dX(t) =[f(X(@),r(t),t) +u(X([t/7]T),7(t),t)]dt + g(X(t),r(t),t)dB(t), (1.3)

where [t/7] is the integer part of ¢/7. This stabilisation problem was initiated by [31] and has
since become popular (see, e.g., [14, 32, 49]).

However, if the aim of feedback control is to make the controlled system (1.3) to be stable in dis-
tribution, a little has been known. To the best of our knowledge, there is only one paper [23] in the
case when the given SDE (1.1) is time-homogeneous (i.e., f(z,i,t) = f(x,i) and g(x,i,t) = g(x,1)).
In the time-homogeneous case, it should be mentioned that [22, 50] have recently investigated the
stabilisation in distribution by the delay feedback control (different from our control). In the peri-
odic case, [6, 10] should also be mentioned though they are not concerned with the feedback control
based on discrete-time state observations. Both papers investigated the stability in distribution of
the periodic SDE dX(t) = f(X(¢),r(t),t)dt + g(X(t),r(t),t)dB(t), though g(X(t),r(t),t)dB(t)
may be regarded as a stochastic feedback control based on continuous-time state observation in [6]
(different from our control once again). In other words, there is so far no result on the stability
in distribution of the proposed controlled system (1.3). In this paper we will address this open
problem.

Mathematically speaking, our controlled system (1.3) is a stochastic differential delay equation
(SDDE). It is known that analysis of SDDEs is much difficult than that of SDEs. Moreover, the
continuous-time X (¢) and discrete-time X (|¢/7|7) which are mixed with each other in (1.3) makes



the analysis even harder than general SDDEs. Therefore the mathematical analysis in our present
paper is much more complicated than that in [6, 10]. Moreover, we need the time-homogeneous
Markov property to study the stability in distribution (see, e.g., [1]). However, the coefficients f, g
and the control function w are all periodic so they are not time-homogeneous. Although both [6, 10]
explained how to identify time-homogeneous Markov processes by making use of the periodicity,
there were no rigorous proofs of the Markov property. In this paper, we do not only identify proper
time-homogeneous Markov processes but also present rigorous proofs of them (see Lemmas 2.3 and
2.4 below). To close this section, we highlight the main features of this paper:

e This is the first paper to show that given a periodic unstable nonlinear hybrid SDE (1.1), a
periodic feedback control can be designed based on discrete-time state observations for the
stochastically controlled system (1.3) to be stable in distribution.

e New techniques will be developed to tackle the challenges due to the time-inhomogeneous
coefficients and periodic feedback control based on discrete-time state observations. These are
significantly different from the existing papers mentioned above in the area of stabilisation in
distribution.

2 Notation and Definition

The notations used in this paper are essentially standard (see, e.g., [6, 10, 23, 33]) but we define
them here for the convenience of the reader. Let R™ be the n-dimensional Euclidean space and
B(R™) be the family of all Borel measurable sets in R". If z € R™, then |z| is its Euclidean norm. If
A is a vector or matrix, its transpose is denoted by AT, If A is a matrix, its trace norm is denoted
by |A| = /trace(AT A) while its operator norm is denoted by ||A| = sup{|Az|: |z| = 1}. If Ais a
symmetric matrix, denote by Apax(A4) and Apin(A) its largest and smallest eigenvalue, respectively.
By A >0 and A > 0, we mean A is positive and non-negative definite, respectively. If a is a real
number, its integer part is denoted by |a]. If both a,b are real numbers, then a A b = min{a, b}
and a V b = max{a,b}. Let Ny denote the set of nonnegative integers. If G is a set, Ig(-) denotes
its indicator function, that is Ig(z) = 1 for 2 € G and 0 otherwise. We set inf ) = oo, where ()
denotes the empty set. Moreover, x := y means x is defined by y while y =: x means y is denoted
by x.

Let (Q, F,{F:}+>0,P) be a complete probability space with a filtration {F;};>¢ satisfying the
usual conditions (i.e., it is increasing and right continuous while Fy contains all P-null sets). If
0 C ©, its complement is denoted by Q. Let B(t) = (B1(t), -+, Bm(t))T be an m-dimensional
Brownian motion defined on the probability space. Let r(t), t > 0, be a right-continuous irreducible
Markov chain on the probability space taking values in a finite state space S = {1,2,---, N}
with generator I' = (74j)nxn, where 7;; > 0 is the transition rate from 4 to j if i # j while
Yii = —D_jziVij- We assume that the Markov chain () is independent of the Brownian motion
B(-) though they are both Fj-adapted. Denote by L?(R™) the family of F;-measurable R™-valued
random variables # such that E|#|> < oo. Denote by S; the family of F;-measurable S-valued
random variables.

For a positive number h, denote by K, the family of cadlag (right continuous with left limits)
periodic functions x from R to [0, 1] with period h. If k € K}, we set & = (1/h) foh k(s)ds. That
is, & is the average value of k(-) per period. Denote by C, the family of continuous functions £ from
[0, 2] to R™ with norm |[€][r, = sups¢jo,5) 1€(s)|- Denote by B(Cp) the family of all Borel measurable
sets in Cp. Denote by P(Cp,) the family of probability measures on Cp,. A coupling of P; and P, in
P(Cp,) is a probability measure 7 on the product space Cp x Cp, such that the marginals of 7 coincide



with Py and Py, i.e., m(A x Cp) = Pi(A) and 7(Cp, x A) = P»(A) for any A € B(Cp) (see, e.g., [1]).
Let C(Py, P») denote the family of all couplings of P; and P5. For p > 1, denote by P,(C;,) the
family of probability measures on Cj, with finite pth-moments. The Wasserstein p-distance between
Pl, Py e Pp(Ch) is

1/p

ﬂ'GC(Pl,PQ)

WP P = ik ([ - el )

In particular, if X and Y are two Cp-valued random variables such that E[| X ||} +E[| Y]]} < co. Let
Lx y(-,-) be the joint probability distribution of random vector (X,Y"). Let £(X) and L(Y") denote
the probability measures on Cj, generated by X and Y, respectively (see, e.g., [19], for more details
about probability measures generated by random variables). It is then known (see, e.g., [41]) that

Wy(£(X), £00) < ( /C . 6~ &l Lxy (derde) T = ®IX VI (1)

Let us consider the given SDE (1.1) and its controlled SDE (1.3), where f, u are Borel measurable
functions from R™ x § x R4 to R™ and ¢ from R™ x S x Ry to R™*™. For both of equations (1.1)
and (1.3) to be well defined, we impose the following assumptions.

Assumption 2.1 The coefficients f(z,i,t) and g(x,i,t) are periodic in t with period h (> 0).
There are periodic functions k1, k2 € Kp, and non-negative constants a;,b; (i € S) such that

’f((l?,i,t) - f(y7i7t)| < ai’%l(t)‘x - y‘7

9(z,4,t) — g(y,i,t)| < V/bika(t)|z — y|
for all (z,y,i,t) € R" x R" x S x Ry.. Moreover,

sup |f(0,4,t)| V]g(0,i,t)] < oo, Vi€ S.
t€(0,h]

To make the design of the feedback control simpler, we will seek a linear form of the feedback
control which is described in the following assumption.

Assumption 2.2 The control function u(x,i,t) has the form
u(z, i t) = Kk3(t) Az (2.2)

for (z,i,t) € R" xS xRy, where k3 € Ky, and all A;’s are non-positive definite symmetric matrices
(i.e., Amax(A;) < 0). These imply

|U(£E,Z,t) —U(y,l,t)| < c0|x—y|, (23)
(ZE - y)T(u(x7 ia t) - u(y, Z.a t)) < _Ci'%3(t)|x - y|2
for all (xz,y,i,t) € R" x R™ x S x Ry, where cp = maxes ||Ail]| > 0 and ¢; = —Amax(Ai) > 0.
We will explain how to design A;’s and k3 in Section 4 but we simply assume that we have them
in this section. Although f,g,u are all periodic in ¢ with the same period h, we need to choose

7, the duration between two consecutive state observations, carefully in order to make sure the
controlled SDE (1.3) is periodic with the same period h. Consequently, we will set 7 = h/M for



some positive integer M from now on (i.e., 7 is a divisor of h). When we ask 7 < ¢ for some positive
number, we of course mean M > h/c.

Set K :=sup(; yesxon (1£(0,4,8)[V]g(0,4,2)[), @ = maxes a; and b = max;es b;. It then follows
from Assumptions 2.1 and 2.2 that

f(z,i,0)] < K1 +alz], |g(z,i,t)| < K1+ Vblz|, |u(z,i,t)] < colzl. (2.5)

To see the controlled system (1.3) is well defined, we will re-write it as a stochastic differential
delay equation (SDDE). In fact, defining the variable time delay function ¢ : Ry — [0, 7] by

Cty=t—t/T]r, t>0, (2.6)
we see the controlled system (1.3) is the same as the following SDDE
dX(t) = [f(X(t),r(t),t) +u(t —C(t),r(t),t)]dt + g(X(t),r(t),t)dB(t). (2.7)

Noting that ¢ — {(t) > 0 for all £ > 0, we only need initial data X (0) and r(0) at time O to solve
this SDDE (see, e.g., [18, 28, 33]). More precisely, under Assumptions 2.1 and 2.2, for any given
initial data X (0) = # € R” and 7(0) = ¢ € S at time 0, the SDDE (2.7), namely the controlled
system (1.3), has a unique global solution on ¢ > 0, which will be denoted by X 2A%%(t) in this paper
in order to highlight the role of the initial data, though we often write it as X (¢) for convenience.
We also denote by r;(t) the Markov chain starting from 7 at time 0. It is also known ([33, p. 99,
Theorem 3.24]) that

E( sup [X,;(t)°) < Cr(1+ &) (2.8)

0<t<T

for all T > 0, where C7 is a positive number dependent on T' but independent of (&,7).

To discuss the stability in distribution, we need the time-homogeneous Markov property (see,
e.g., [1]). However, from the general theory of SDDEs (see, e.g., [27, 33]), the joint process
(X;;(t),m;(t)) is not a Markov process on t > 0. Fortunately, the coefficients and the control
function are periodic with period A while 7 is designed to be a divisor of h (i.e., 7 = h/M for some
positive integer) and the delay function ¢ takes its special form of (2.6). These enable us to form
at least two time-homogeneous Markov processes for the use of this paper. The following lemma
identifies the first Markov process used in this paper.

Lemma 2.3 The process {(X, ;(kh),r;(kh))}ren, is a time-homogeneous strong Markov process
with its state space R™ x S. We will define its k-step transition probabilities by

P(k, &,i; A x ) := P((X, ;(kh),r;(kh)) € A x 9). (2.9)
Proof. To prove this, we need a number of more complicated notations. For k € Ny and (zy,ix) €
L2, (R™) X Sgp, denote by {rf (t)}i>kn the Markov chain starting from r(kh) = iy, at time kh and
by {Xi‘klk (t) }t>kn the unique global solution of the controlled system (1.3) with the initial data
X(kh) = 2y and r(kh) = i) at time kh. Please note that rg(t) = 7;(t) and Xg%(t) = X;;(t). It is
also easy to see that if we set (X ;(kh), r;(kh)) =: (2, ix), then (X;;5(t),m3(2)) - (X:?kﬁk (1), ri (1))
for all t > kh. In particular, (iji(l%h),rg(l;:h)) = (Xifk’%k (kh), rfk(kh)) for any integer k > k. Note
that for any (Z,1) € R" x S, {(X;f%(lzh), Tf(ffh))}bk is independent of Fj;. We can then apply [27,
Lemma 9.2 on page 87| to derive that for A € BR"), S CSand k > k,

P((X,;(kh),r;(kh)) € A x S|Fip) = E(Laxs(X, ;(kh),r;(kh))| Fin)
:IE(IA><S(AXSI;,C7 (l_ﬂh)ﬂfk (l_fh)”-rkh) = E<IA><S(X§£<I_§h>vr?(l_ﬁh)))‘

i (2,0)=(En,ik)"

(2.10)



Noting also that for any (Z,1) € R" x S, {(X;i(l_fh), rf(l%h))}bk is independent of the o-algebra

generated by (2, %k), we can show in the same way as above that

B((X, ;(Fh), 7s(Fh)) € A x 8(ix, ix) = E(Luxs(XE (kh), 4 (kh)))] (2.11)

0 (j’z):(fkﬁk).

We hence have
P((X,;(kh), r;(kh)) € A x S|Fin) = P((X, ;(kh),r;(kh)) € A x S|(dk, 1x)).

This proves that {(X ;(kh),r;(kh))}ren, is a Markov process. Moreover, in light of the periodic
property of f,g,u as well as the time-homogeneous property of the Markov chain {r(t)}+>0, we see

P((XZ;(kh), 75 (kh)) € A x 8) = P((X, ;((k — k)h), r;((k — k)h)) € A x S).

That is, the Markov process is time-homogeneous. Finally, it is well-known that any discrete-
time Markov process has the strong Markov property. In summary, {(Xi,’;(kh), 7;(kh))}ren, is a
time-homogeneous strong Markov process. O

To form the second time-homogeneous Markov process, we define Xﬁj’g(k‘h) = {X;;(kh +s) :
—h < s <0} for k € N, where we set Xﬁ(s) =g for —h <s<0.
Lemma 2.4 The process {(X, :(kh),r;(kh))}ken, forms a time-homogeneous strong Markov pro-

K
cess with its state space Cp, X S.

Proof. The time-homogeneous property once again follows from the periodic property of f, g, u as
well as the time-homogeneous property of the Markov chain {r(¢)}:+>0, while the strong Markov
property follows as long as we can show the Markov property as the process is of discrete-ti}ne. We
will use the same notations defined in the last paragraph, e.g., (X ;(kh),r;(kh)) =: (2, k), and
set X;:?kﬁk (kh) = {ngﬁk (kh+s) : —h < s <0} for k > k > 0. With these notations, we see clearly
that

(Xi_’%(l_fh),rg(l%h)) = (X* (Eh),rfk(l_fh)). (2.12)

hyik
Noting that for any (i,7) € R” x S, {(Xgi(l%h),rf(l_f))}bk is independent of Fp, and of the o-

algebra generated by (&, 7?5), we can show in the same way as (2.10) and (2.11) were proved that
for D € B(Cp), S C S and k > k,
P((X, ;(kh).7;(kh)) € D x S\Fin) = E(Lps(XE5(RR) r5 (W) 5o

= P((X, ;(kh).r(kh)) € D x S|(24.ix). (2.13)

This proves the Markov property and hence the lemma. O

We will not use the k-step transition probabilities of this Markov process in this paper. Denote
by L(X :(kh)) the probability measure on Cj, generated by X :(kh). We can now give the definition
of the stébility in distribution under the Wasserstein p—distaﬂce.

Definition 2.5 Let p > 1. The controlled SD{E (1.3) is said to be asymptotically stable in distri-
bution under the Wasserstein p-distance if L(X, :(kh)) € Pp(Ch) for all k € Ny and there exists a
unique probability measure pn € Py(Cy) such that

lim W,(£(X, ;(kh)), ) = 0

k—o0

for all (2,17) € R™ x S.



3 Asymptotic Stability in Distribution

In this section, we shall study the asymptotic stability in distribution of the controlled SDE (1.3).
We need to impose a couple of additional conditions but will only explain in Section 4 how to design
the control function u(x,4,t) (namely A;’s and k3) to meet these additional conditions given that
f and g satisfy Assumption 2.1. The following assumption is the first technical condition.

Assumption 3.1 Assume that
A = diag(2¢; — 2a1 — by, -+ ,2cy —2any —by) — T
s a nonsingular M-matriz.

We need a number of new notations associated with this M-matrix. Set

01, ,00)T =A11,---, 1)T. (3.1)
By the theory of M-matrices (see, e.g., [33, Theorem 2.10 on page 68]), 6; > 0 for all i € S. Set
0= min 6;, 6= max 0;. (3.2)
1<i<N 1<i<N

To state a new assumption, we set

4= min a;, b= min b;, ¢= max c;, (3.3)
1<i<N 1<i<N 1<i<N
@ =2a(1 —F1) +b(1 — Ry) — 26(1 — Rg), a=2a-+b-+1/0. (3.4)

Assumption 3.2 Assume that

+¢>0. (3.5)

Sl

It is useful to observe that if we can design k3(-) = 1, then ¢ > 0 and Assumption 3.2 holds.
However, we may not be able to make it sometimes in practice, e.g., when an intermittent control
has to be used. We will illustrate this in Section 5.

In what follows, we also need a number of key functions and parameters. To develop the paper
more clearly, we state them here. For v € (0,1/c¢g), define

Hi(v) = (v(0.5a + co) + O.&/ﬁ)/(l —wveg) and Ha(v) =0.5(a+ B/v)/(l — vcg). (3.6)

Let 7* € (0,1/¢p) be the unique number for

+ @ = 2 [Hy (7)) + 7 Hy(17)]. (3.7)

Noting that Hj(v) + ve®” Hy(v) is a continuously increasing function of v € (0,1/¢p) and tends to
0 and oo as v — 0 and 1/¢p, respectively, we see that 7* is well defined. For 7 € (0,7%), set

2c00 5
g0 = 069 [H1(7) + 7€ Hy(7)] and v :=0.5(1/0 + @ — o). (38)

Of course, both g9 and v depend on 7 but we do not make them explicitly without causing any
confusion. By the definition of 7*, we see 0 < g9 < 1/ 6+ @ and v > 0. Please note that we will use
these notations without further explanation unless necessary. Let us present a number of lemmas
in order to establish our main theorems.



Lemma 3.3 Let Assumptions 2.1 and 2.2 hold. Define
o(t) = 2a(1 — k1 (1)) + b(1 — ka(t)) — 26(1 — k3(t))
fort > 0. Then

‘/ s)ds — @t| < (24 + b+ 2¢)h, ¥Vt > 0. (3.9)

This lemma can be proved in a similar way as [6, Lemma 3.4] was proved. The proof is hence
omitted. From now on we will set |t/7|7 =: §; for ¢ > 0 in order to make the notation shorter.

Lemma 3.4 Let Assumptions 2.1 and 2.2 hold. Write X, :(t) = X(t) for (2,i) € R* x S and
t>0. If T <1/co, then

E(IXOIIX(8) = X (8)]) < Hy(T)E|X (8)[* + Ha(7) /IX )Ids

+ Hy(r) + Hy(P)E|X (£)| + Hs(r /|X J|ds, (3.10)

where Hy(-) and Ha(-) have been defined by (3.6) while H3(t) = 0.5K? \/>/ 1 —7cp), Ha(r) =
7K1 /(1 = 7eo), H5(7) = (K1/V/7)/(1 = 7co).

Proof. Fix t > 0 arbitrarily and set k = |t/7|. Then k7 <t < (k+ 1)7 and §; = k7. By (2.5),
it is straightforward to show from (1.3) that

E(X(0)[IX(t) = X(3)]) = E(X®)|X (£) = X (k)])
<onun k{Ky+mX@N+deGWmds+hY@mA&@N) (3.11)
where My (t fkr ),r(s),s)dB(s). But

E@wn {m+wmn+%mwﬂwg

t
< TEGE[X(1)] + E/ [a| X ()] X (s)] + co| X (| X (8)] + [X () — X (k7)[]ds

kT
< TKGEIX ()| + 7(0.5a + co)E| X (t)[* + 0.5aE t | X (s)|%ds
kT
+ 7coE(| X (8)[| X () — X (4)])- (3.12)
Moreover, by (2.5),
E(IX (1)]|M(8)]) < 0.5VErE|X(8)[2 + (0.5/Vbr)E|M (1)

< 0.5VrE| X (8)2 + (0.5/Vbr)E /t (K2 + 2K, Vb| X ()] + B X (5)[2) ds
kT
< 0.5\/EE|X(t)|2+o.5K%\/T/6+E/; (Kl/ﬁ)p((s)y 0.5 E/T]X(s)|2>ds. (3.13)



Substituting (3.12) and (3.13) into (3.11) implies
E(|X (8)]|X () — X(6)]) < (7(0.50 + co) + 0.5V br ) E|X (£)]>
+0.5(a+1/b/7)E /kt | X (s)|*ds + 0.5K12\/7% + 7K E| X ()]
+KVTE [ X6l + 7B XOIX ) - X6, (310
This implies the required assertion (3.10) as 7¢g < 1 and k7 = §;. The proof is complete. O
Lemma 3.5 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If T < 7*, then for any (&,1) € R" x S,
E||IX, ;(kh)II} < C1(1+ &), Vk € Ny. (3.15)

where C1 s a positive number dependent on T, h,a, a, i), b, ¢, co, 0, é, @, K1, Ko and its explicit form
is defined in the proof below. From its explicit form, we see that Cy is independent of (Z,1).

Proof. Fix (z,1) € R" x S arbitrarily and write X, :(t) = X(t) and r;(t) = r(t) for convenience.
It is easy to show from Assumption 2.1 that there is a positive constant Ko such that

QmTf(a;, i,t) + \g(x,z',t)|2 < Ko(|lz| + 1) + [2a;k1(¢) + bmg(t)]\xlz (3.16)

for all (x,i,t) € R™ x S x R4. In the proof, we will use the following two parameters

~

1
g1 = 0.5(50 + 3 + gﬁ) and €9 = (1 — &9)0. (3.17)
Recalling that 0 < g9 < 1/0 + @, we see that
c0<e1 <1/0+@ and e3> 0. (3.18)

Define a Lyapunov function V (z,i,t) = 0;|z|>e*® for (z,i,t) € R® x S x R, , where

t
M) = (1/0 — &)t +/ o(s)ds. (3.19)
0
By the generalised It6 formula (see, e.g., [33, Theorem 1.45 on page 48]), it is easy to show that
EV(X(t),r(t),t) — 6;|2|
t
<E / o) ([1 +(8)0, () — £16]| X (5)[2 + LV (X (), X (5,),7(s), s))ds (3.20)
0

for t > 0, where LV : R™ x R” x S x R} — R is defined by

N
LV (x,y.i,s) = 20,2 [f (2,1, 8) + u(y, i, 8)] + Oilg(x, i, 8)]* + Y 7i;0;] 2], (3.21)
j=1



Using Assumption 2.2 as well as conditions (3.1) and (3.16), we then derive that

LV (x,y,i,8) < 20,27 [f(2,i,8) + u(x,i,5)] + 0;]g(x,i,5)[>
+ 20;|z||u(z, i, s) — uly, i, s)| + i\r:%ﬂj|m|2

i=1 .
< (97;[2%/@(3) + bira(s) — 2¢ciks(s)] + Z%j@]) |x\2

j=1
+2cofla| |z — y| + Ko(|z] + 1)
- (91{2@@- +b; — 2¢5) + i%ﬂj) 2>+
j=1

—0;[2a;(1 — K1(s)) + bi(1 — ka(s)) — 2¢;(1 — /<;3(S))]|x|2
+ 2c00| x|z — y| + Ko(|z| + 1)
< —|z|? — bip(s)|z|* + 2cob|z||z — y| + Ka(|z| + 1). (3.22)

Substituting (3.22) into (3.20), we obtain that
EV(X(t),r(t),t) — 0|z
t
< IE/ eMS)( — 10| X (5)|? + 2¢00| X (5)| X (s) — X (05)| + Ka2(|X ()] + 1)>ds. (3.23)
0
On the other hand, by Lemma 3.4,
t
E/ M) <2c09|X(s)HX(s) — X (0s)| + Ka(|X (s)] + 1)>ds
0

t
<E / e ) <K2 + 200 H3(7) + [K2 + 2c00Hy(7)]| X (s)| + 2c0f Hy (7)| X (s)]?
0

—|—2CO«§H2(7')/ |X (v)2dv + 2009H5(T)/ |X(U)|d’0> ds. (3.24)
Js ds
Note that
t s t S t v+T
/ e)‘(s)(/ |X(v)|dv)ds §/ e)‘(s)</ \X(v)\dv)ds S/ |X(v)|(/ eA(S)ds)dv.
0 Js 0 (s—7)VO0 0 v
Recalling (3.4), we see from (3.19) that A(s) < A(v) + a7 for v < s < v+ 7. Hence
t s t
/ e/\(s)(/ ]X(v)]dv)ds < TCaT/ V| X (v)|dv. (3.25)
0 8 0
Similarly,
t s t
/ ([ X)) ds < reo / A0 X (1) . (3.26)
0 8 0
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Substituting these inequalities into (3.24) yields
t
B [0 (20X ()1X(s) = X(0.)] + Kal| X(5)] + 1) ds
0
t
§IE/ ) <K2 + 2c00H3(7) + [Ka + 2¢00 Hy(T) + 2cof7e™ H5(7)]| X (5)]
0

1200 Hy (1) + 7eT Ho(7)] |X(s)|2)ds. (3.27)
However
Ky + 2co0H3(7) + [Ko + 2c00 Hy () + 2c7e™ H5(T)]| X (5)]
= £9| X (5)* — £2| X (8)|? + K2 + 2co0 H3(7) + [Ka + 2c00 Hy(T) + 2c007e™ Hs(7)]| X (5)|
< 9| X (s)]* + K3,
where K3 := max,>o{—eou® + Ka + 2co0H3(7) + [Ko + 2cofHy(T) + 2cof7e®T Hs(7)u}. It then
follows from (3.23) and (3.27) that

t
v - < [ 20
0

t
+E / ) (= 10 + e3 + 2c00[Hy (1) + 7" Ha(7)]) | X (5)|?ds. (3.28)
0

Recelling (3.8) and (3.17), we have
—e10 + e9 + 2co0[H1 (7) + 7€ T Hy(7)] = —£10 + (61 — £0)0 + €06 = 0.
It then follows from (3.28) that

t
GADEX (12 < 822 + Ky / A gs. (3.29)
0

Noting that 1/ + @ — €1 = , we can easily apply Lemma 3.3 to show
t
/ AMds < Kye?' and Kyze't < MO, (3.30)
0

where K, = e(2d+g+26)h/fy and K5 = e~(@0+29h_ Tt then follows from (3.29) that
E|X (t)]* < Kg(1 + |2]?), ¥t >0, (3.31)

where K¢ = (0 + K3K4)/(0K35). Finally, we are in the position to show assertion (3.15). Clearly, it
holds when k = 0. For any k£ > 1, by the Holder inequality, the Doob martingale inequality as well
as (2.5), it is a routine to show that

mm%m§mmwmﬁw%/ﬁEwwmﬁw

(k—1)h
kh

+4/ [2(1{12 + 6B X (£)[?) + 8(K2 +BE1X(t)|2)}dt. (3.32)
(k—1)h

Making use of (3.31), we get

E|X (kh)|; < Cu(L+ 2], (3.33)
where C1 = 4Kg(1 + h[4cZ + 10K7 + 2a® + 8b]). That is, assertion (3.15) holds for any k > 1 too.
The proof is complete. O
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Lemma 3.6 Let Assumptions 2.1 and 2.2 hold. Set Z(t) = X, :(t) — Xg;(t) for (&,7,7) € R™ x
R" xS andt>0. If T <1/coy, then

E(IZ)I|Z(t) = Z(6,)]) < Hi(T)E|Z(t)]* + Ha(7)E A |Z(s)[Pds. (3.34)

Proof. Fix t > 0 arbitrarily and set k = [t/7]. Then kr < ¢t < (k+ 1)7 and 6; = k7. By
Assumptions 2.1 and 2.2, it is straightforward to show from (1.3) that

E([ZONZ(t) = Z(0)]) < IE(IZ(t)I A [alZ(s)| + col Z(kT)[}ds + IX(t)IIMk(t)I), (3.35)

where My, (t) = f,:T[g(Xi i(5),7(s), 8) — 9(X; ;(s),7(s), 5)]dB(s). But

)

212601 [ [a17(6)) + e 2067 )

< E/k alZ(t)]|Z(s)|ds + TeoR[|Z(1)[(1Z(1)| + [Z(t) — Z(k7)])]

< 7(0.5a + co)E|Z(t)])* + 0.5aE /t 1Z(s)|*ds
kT
+ reoB(|Z ()| Z(t) — Z(5,)])- (3.36)
Moreover, by Assumption 2.1
E(|Z(8)]| My (t)]) < 0.5VrE|Z(t)[> + (0.5/ Vb7 )E| My (1)

_ - t
< 0.5VOrE|Z(t)|> 4+ 0.5 b/TE/ |Z(s)|%ds. (3.37)
kT
Substituting (3.36) and (3.37) into (3.35) implies

E(|Z#)|Z(t) — Z(8)]) < (7(0.5a + co) + 0.5\/§)E|Z(t)\2

+0.5(a + 13/7)1}3/(S |Z(5)2ds + TcoR(|Z ()| Z(t) — Z(5¢))). (3.38)

This implies the required assertion (3.34) as 7¢y < 1. The proof is complete. O

Lemma 3.7 Let Assumptions 2.1, 2.2, 8.1 and 3.2 hold. If 7 < 7*, then for any (&,7,1) €
R™ x R™ x S,

E[| X, ;(kh) — X5 (kh)||; < Cal2 — glPe™ " (3.39)

for all k € N4, where Cy is a positive number dependent on h,a, a, I;, b, ¢, co, 0, é,’y and its explicit
form is defined in the proof below. From its explicit form, we see that Co is independent of the
initial data (Z,9,17).

Proof. Fix (&,7,1) € R" x R® x S arbitrarily. Write X;;() = X(1), X;;(t) = Y(t) and

)

r;(t) = r(t) simply. Set Z(t) = X(t) — Y (t). We will use €1 and e2 defined by (3.17). Define a

12



Lyapunov function U(z,4,t) = 6;|z|2e*® for (2,i,t) € R® x S x R, where A(t) has been defined by
(3.19). Applying the generalised It6 formula, we can show that

EU(Z(t),r(1), 1) — 6;]& — 9
<E /O e ([1 +¢(8)0,(5) — €10]| Z(8)|* + LU (X (s),Y (5), X (35), Y (8,),7(s), s))ds (3.40)

for t > 0, where LU : R"** x S x R, — R is defined by

N
LU(2,y,2,7,4,5) = 20:27 (f + @) + 0,11 + > _ 7i;0;1 1%, (3.41)
j=1

in which z =z — Y, fNZ f(.%',i,S) - f(y7i73)7 u = u(a_c,z',s) - U(g,’i,S) and g - g(.Z',’L.,S) - g(y7ias)'
Setting z = Z — g, we can derive by Assumptions 2.1 and 2.2 as well as (3.1) that

LU(:E, y? i? g? /l:? S)

N
< (Gi[2am1(t) + bika(t) — 2eim3(s)] + 3 %jej) 1212 + 2c00] 2| |2 — Z|
=1

N
= (Gi[Zai +b; — QCi] + Z wﬂj) ’2‘24‘
j=1
— 0;[2a;(1 — K1 (1)) + bi(1 — Ka(t)) — 2¢;(1 — k3(5))]|2|* + 2c0b|2||2 — Z|
< —|z[* = 0ip(s)|2]* + 2cof]z]|z — 2.
Substituting this into (3.40) and then apply Lemma 3.6, we derive

t
< / O~ 10E|Z () + 2e0fE(|Z(3)]|Z(s) — Z(5.))ds
0
t s
< / ) <( — 10 + 2co0H: (7))E|Z(s)|* + QCoé/ E|Z(v)|2dv) ds. (3.42)
0 ds
But, in the save way as (3.25) was proved, we can show that

t s t
/ e/\(5)< |Z(v)|2dv) ds < Tem/ AW Z(v)|dv.
0 8 0
Hence
EU(Z(t),r(t),t) — ;] — 9|
t
< / ) (— 210+ 2e0f[H, (7) + 7e" Ho(7)])E| Z(s)ds. (3.43)
0
Recelling (3.8) and (3.18), we have
—81& + QCoé[Hl(T) + TGOCTHQ(T)} = —Elé + Eoé < 0.
Consequently
EU(Z(t),r(t).t) — 6;|2 — gI* <0,
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which yields
MORIZ@0) <0l - g
By (3.30), we then obtain
E|Z(t)]? < K|z — g]*e (3.44)
for all t > 0, where K7 = §/(AKs). Finally we are in the position to show assertion (3.39). It holds

clearly for k = 0. For any k > 1, set Z(kh) = {Z(kh + s) : 0 < s < h}. By the Hélder inequality,
the Doob martingale inequality as well as Assumptions 2.1 and 2.2, it is a routine to show that

kh
E||Z(kh)|? < 4E|Z((k — 1)h)|* + 4cgh/ E|Z(8;)|?dt
(k—1)h

kh
4(ah + 4b%) / E|Z(t)|%dt. (3.45)
(k—1)h
Making use of (3.44), we get
E|Z(ER)|}; < Cali — gPe*", (3.46)

where Cy = 4K7e"(1 + (a%h + 4b6?)h 4 c3h?). This is, assertion (3.39) holds for any k > 1 as well.
The proof is complete. O

Lemma 3.8 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If T < 7%, there is positive number p
such that for any (£,7,1,7) € R" x R" x S x §,

E[| X, ;(kh) = Xy 5(kh)|ln < C3(1+ [2] + |g])e " (3.47)

for all k € N, where Cs is a positive number independent of the initial data (Z, g),%,}') and k but
dependent on T, h,a,a,b,b,¢,¢o,0,0,p,v, K1, Ko.

Proof. Note that {r(kh)}ren, is a discrete-time irreducible Markov chain with its one-step transi-
tion probability matrix e"I'. Define the stopping time

oy; = inf{kh : ry(kh) = r;(kh), k € Ny}

It is known (see, e.g., [1, p.260]) that there is a positive number p such that

P(o;; > kh) < e P, Vk e N,. (3.48)

In the remaining of the proof, we let C' be the generic positive numbers that are independent of the
initial data (&,,%,7) and k but may depend on 7, h, d, @, b, b, ¢, co, 0, G,cp v, K1, K3. (The explicit
form of C is of no use in the proof but makes the proof look more complicated. Please also note
that C' may change from line to line as it is generic.)

Fix k € N arbitrarily from now on and let k = |k/2]. Obviously,

E[ X, ;(kh) — X, 5(kR)||n

=B (T s 1 X i (61 = Ky 56010 ) + B (Lo <o 1K1 (k) = X5 (k1)) (3.49)
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But, by the Holder inquality and Lemma 3.5 as well inequality (3.48), we derive

o o 72\11/2 > S 1/2
B (1o, o1 X 1 (k) = Xy 50km) ) < [Plo; > FR)) 2[RI, ;(kR) — X, 5(km)[2]"

< Ce O [E||X, (kD)3 +E[IX, 5 (kR)[2]? < Ce 0975 (1 4 || + g). (3.50)

Moreover, by Lemmas 2.3 and 2.4 , we have

E (1 (o, <t 1K1 (k) = X 50m) ) = B Lo o B (11K (k) = Xy 5 (k) ] Fory ) |
= B[ 1y, < Bl| Xua(bh — o35) = X p(h — ) ]

where w = X, :(03), 2 = X 5(033;) and | = r;(035) = r3(0;;). Applying Lemmas 3.7 and 3.5, we
further derive

B (1o, <t 1Kz 560) = Xy 5(m) 1) < B [Ty <y (BN Kua (B — 035) = Xoa(hh = ) [3) 7]

<CE [J{Uﬁg,;mw . z|e*°-57<’fh*%>] < Ce~0Bkhg [I{Uﬁgkh}\xﬁ(%) - Xw(%)@

< Ce "B max (X ;(5h)| 41X, ;(sh)))] < Ce02H z:@rxj,;(mw +E|X, ;(kh)])]

< CeOBWR L RY(1 4 (2] + [3]) < CeOPM 1 2]+ |gl). (3.51)
Substituting (3.50) and (3.51) into (3.49) yields the required assertion (3.47), where p = (0.5p) A
(0.27y) while C5 is in terms of the last two C’s in (3.50) and (3.51), respectively, and is hence

independent of (Z, 9, 2,3) and k. The proof is complete. O
We are in the position to establish our main theorem in this paper.

Theorem 3.9 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If T < 7%, then there exists a unique
probability measure p € P1(Cp) such that

1 _
lim sup —— log(W1(u, £(X; ;(kh))) < —p, (3.52)
k—o0 kh o

for all (ﬁ:,%) € R x S, where p is a positive number specified in Lemma 3.8. In other words, the
SDE (1.3) is asymptotically stable in distribution under W1-distance.

Proof. For any positive integers k and k1, by Lemmas 2.3, 2.4, 3.5 and 3.8 while recalling (2.1) and
(2.9) , we derive

W1 (L(Xo,1((k1 + k)R)), L(Xo,1(kh)))
<E[ Xo,1((k1 + k)h) — Xo1(kh))]n
=5~ [ By 00)  Koa () POk, 0, Lidy x {5)
jes /R"
<> [ Calt 1 Iy P 0. idy x {4
jes /R”
<C3e P2 + B[ Xo1 (k1R)|]n) < Cse P (2 4+ 1/C)). (3.53)
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This shows that {£(Xo,1(kh))}ken, is a Cauchy sequence in P;(Cp,) with Wi-distance. There is
hence a unique p € P1(Cp,) such that

k—oo

Letting k1 — oo in (3.53) gives
Wi(p, £(Xo,1(kh))) < Cse (24 /Cy). (3.55)
Now, for any (z, 5) € R™ x S, it follows this and Lemma 3.8 that
Wi(p, £(X; ;(kh))) Wi (s, L(Xoa(kh))) + Wi (L(Xoa(kR)), L(X ;(kh)))
<Cse M2+ \/C1) + Cae P (1 4 |2]).

This implies the required assertion (3.52). The proof is complete. O

Note that Cj is an infinite space and P(Cp) is huge. It is very hard to obtain its probability
distribution both theoretically and numerically and this is a challenge for our research in the future.
On the other hand, in practice, we are more concerned with the probability distribution of X,i,g(t)
in long term. For p > 1, denote by P,(R™) the family of probability measures on R" with finite
pth-moments. The Wasserstein p-distance between Pp, P, € P,(R") is

Wy(Pi, Py) = inf (/ lz = yPm(dz dy))l/p
e TeC(P1,P2) \ JrRnxR® 7 7

where C'(Py, P) is the family of all couplings of Py and P». Denote by £(X, (¢)) the probability
measure on R" generated by X (f). Given that the controlled SDE (1.3) is periodic, it is un-
reasonable to expect that £(X, z(t)) will converge in P,(R™) under the Wasserstein p-distance as
t — 0o. The question is: will some subsequence of L(X m(t)) converge? The following theorem

answers it very positively.

Theorem 3.10 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold while T < 7*. Then, for every h €
[0,h), there exists a unique probability measure pj € P1(R™) such that

lim sup — log (W (j15, £(X, +(kh — B))) < —p, (3.56)
k—00 kh o

for all (ic,i) € R™ x S, where p is a positive number specified in Lemma 3.8.

This theorem can be proved in the same way as Theorem 3.9 was proved by noting, for example,
from Lemmas 3.5 and 3.8 that E|X_ :(kh— h)[* < C1(1+4|2|*) and E| X, ;(kh —h) —X'M(kh— h)| <

C3(1 4+ |&| + |9])e ¥ for all k € Ny and (2,9,,7) € R* x R" x S x S.
Let us make a useful remark on our Assumption 2.1 to close this section.

Remark 3.11 By Assumption 2.1, we impose the global Lipschitz condition with respect to x on f
and g. Although it covers some useful periodic hybrid SDFEs including the linear ones, it is somehow
restrictive. We are fully aware that it does not need this global Lipschitz condition for the hybrid
SDE (1.1) to be stable in distribution (see, e.g., [33, Section 5.6 on pages 210-226]). On the other
hand, in this paper, we are concerned with the stability in distribution of the controlled SDE (1.3),
which is a special SDDE (2.7). To prove its stability in distribution, we present several lemmas.
Some of these lemmas do not need the the global Lipschitz condition. For example, Lemma 3.4
only needs the weaker local Lipschitz condition plus the linear growth condition. However, Lemma
3.6, and hence Lemmas 3.7 and 3.8, require the global Lipschitz condition. We do not know at this
moment if Lemma 8.6 can be proved by a different way without the global Lipschitz condition. We
will tackle this problem in the future.
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4 Design of Feedback Control

In this section, we will explain how to design the matrices A; and the periodic function k3(¢) in the
control function (2.3).

4.1 Design of A;’s

We will first explain how to design A;’s for Assumption 3.1 to hold. It is sufficient if we explain how
to determine non-negative numbers ¢; (i € S) for Assumption 3.1 to hold. In fact, once these ¢; are
determined, we can easily find non-positive definite symmetric matrices A; for ¢; = —Amax(4;).

To determine ¢;’s, we will use the following classical Minkowski theorem (see, e.g., [28, 34]),
which is stated as a lemma here.

Lemma 4.1 (Minkowski theorem, 1907). For a square matriz Q = (qi;)axa € R, if ¢ij <0 for
all i # j and Z?zl ¢ij > 0 for all j, then detA > 0.

We also need another known result (see, e.g., [7, 28]).

Lemma 4.2 Assumption 3.1 holds if and only if all determinants of the leading principal minors
of A are positive.

For convenience, we denote A =: (ai;) Nxn, Where a;; = 2¢; — 2a; — b; + |vi;| and a;; = —v;; for
i,j €Sandi#j. For 1 <k < N, the determinant of the leading principal minor of order k of A
is denoted by Dy, namely

ailr - Ak
Dy, =
0 7 )
Lemma 4.2 means that A is a nonsingular M-matrix if and only if Dy > 0 for all £k € S. Let us
begin to describe a couple of methods to determine ¢;’s.

Method 1. Tt is simplest to choose ¢; > a;+0.5b; for all ¢ € S. By Lemma 4.1, it is straightforward
to verify that all determinants of the leading principal minors of A are positive and hence, by Lemma
4.2, Assumption 3.1 holds.

Method 2. This is slightly more careful method than last one. We illustrate the method by
considering the case where there is a state, say N without loss of generality, such that the Markov
chain can jump to N directly from any other state. In terms of mathematics, we assume that

YN >0, 1<i<N-—1. (4.1)
Choose ¢; for 1 <43 < N — 1 such that

2¢; — 2a; — b + yin > 0. (4.2)
By Lemma 4.1, it is easy to verify that

D;>0, 1<i<N-1. (4.3)
To determine cp, we note

Dy = Dn_1(2¢y — 2any — by + |ywn|) + an, (4.4)
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where ap is a real number independent of ¢y. We can finally choose ¢y for Dy > 0. By Lemma
4.2, Assumption 3.1 holds.

This method reveals an interesting case. We observe from (4.2) that if for some i (< N —1), we
have v;n > 2a; + b;, we may choose ¢; = 0 and hence A; = 0. Similarly, if |yynx| > 2any — by and
Dn_1(|ynn| — 2any — by) > —Cn, we may choose ¢y = 0 and Ay = 0. This means, in practice,
we may not need to use the feedback control in some mode(s).

Method 3. This is possibly a more useful method. It will determine ¢; one by one. First, choose
¢y for

Dy = a11 = 2¢1 — 2a1 — by + |y11] > 0. (4.5)

Once again, we observe that if |y11] > 2a; + b1 we may set ¢; = 0. We next choose ¢z for

D, — a1, —712
—Y21, 22 — 2az — by + |y22|
= D1(262 —2a9 — by + "‘}/22|) — v127y21 > O. (4.6)

Clearly, this is always possible. In particular, if [yo2| > 2ag + ba and D1 (|y22| — 2a2 — b2) > Y12721,
we may set co = 0. Repeating this procedure, we can further determine cs,--- ,cy.

4.2 Design of rs(-)

Let us begin to explain how k3(:) can be designed for Assumption 3.2 to be satisfied, namely for
the following inequality to hold:

; +2a(1 — Ry) + b(1 — Rg) > 26(1 — R3). (4.7)

Method 4. Tt is simplest to let k3(t) = 1 for all ¢ > 0. In this case, k3 = 1 and (4.7) holds.
Recalling definition (2.2) of the control function, we can regard k3(¢) as the intensity of the
feedback control A,.;) X (d¢) at time t. For example, the feedback control acts fully when x3(t) = 1
but does not act when k3(¢) = 0. Taking into account that the control cost is in general proportional
to k3(t)[ A, X (0¢)], we realise that it is not very wise to let x3(t) = 1 though it is simple. The
following two methods show how we could reduce the control cost by designing k3(-) more wisely.
Method 5. Let

r3(t) = Z Tk (ksym) (1), 20, (4.8)
k=0

where v € (0,1]. In operation, the feedback control is switched on during time periods [0, vh)),
[h, (1 +v)h), [2h, (2 + v)h), ---, while off during [vh, h), [(1 + v)h,2h), [(2 4+ v)h,3h), ---. Such
a control is known as an intermittent control (see, e.g., [26, 53]). One of the practical reasons to
use an intermittent control is because a controller needs a rest periodically. The parameter v is the
proportion of the duration in one period of h during which the feedback control acts fully. Hence,
1 — v is the proportion of the duration in one period of h during which the feedback control rests.
In the case when v = 1, k3(t) = 1 so the feedback control acts without any rest and this is Method
4. In this intermittent case, we have k3 = v. It then follows from (4.7) that we need to choose
v e (0,1] for

1-v< 216(;+2a(1—m)+6(1—r@2)). (4.9)
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Method 6. 1t is sufficient to design k3(-) € Cp, such that (4.7) holds. There are lots of choices for
k3(+). For example, let v € (0,h/2) and define

t/v, ifo<t<v,
k3(t) = 1, iftvr<t<h-v, (4.10)
(h—t)/v, ifh—v<t<h

and r3(kh+t) = k3(t) for t € (0,h] and k =1,2,---. Noting that k3 = 1 — v/h, we need to choose
v sufficiently small for

1 i 2%
5 20(L = F1) +b(1 — R2) > % (4.11)

5 An Example

Due to the page limit, we will only discuss an example to illustrate our theory. Consider an
n-dimensional semi-linear SDE

dz(t) = k1(t)[Qr)(t) + Upywry (2(t)) + &yl dt + K2(t)op ) dB(t). (5.1)
Here k1(t), ko(t), B(t) are the same as before, while for each i € S, & € R", Q;,U; € R™*",
o; € RV wi(z) = (wir(z1), -+, win(x,))T with w;;(v) being sigmoidal, saturating at +1 with

maximum slope at v = 0. To be more precise, w;;(v) is a nondecreasing Lipschitz continuous
function with properties that

vwij(v) 20, fwi(v)| <1, |wij(v) —wii(0)] < nijlv — 7|

for v,9 € R and n;; > 0. Please note that x1(t) represents the common factor of the periodic
change of the system matices/parameters Q;, U; etc. while ka(t) stands for the periodic change of
the external additive noise. Such SDEs appear frequently in various applications, for example, in
the area of stochastic neural networks (see, e.g., [9, 33, 44]).

Defining f(z,i,t) = £1(t)[—Qix + Ujw;(z) + &) and g(x,1,t) = ra(t)o; for (x,i,t) € R" x Sx R4,
we see that equation (5.1) is a special form of our underlying SDE (1.1). Moreover, f and g satisfy
Assumption 2.1 with

a; = max ([|Qil| + ||Uil|ni;) and b; = 0, 7 € S.
1<j<n
In the case when the given SDE (5.1) is not stable in distribution, we can therefore apply our theory
to design a periodic state feedback control x3(t)A,)=(d;) based on state observations at discrete
times so that the corresponding controlled SDE

Ax(t) = (K1 (D[ Qrey X (1) + Upaywr( (X(1)) + &ro)]
+ Hg(t)AT(t)X(é(t))>dt + ko (t)opydB(t) (5.2)

becomes stable in distribution.
To illustrate our theory more clearly, we will discuss a special case of the SDE (5.1) by specifying
the followings: n =2, m =1, S = {1, 2},

-2 2 0.1 0.1 0.05 0
b= < 1 —1) Q1= < 0 0.05> Q2= <—0.1 0.1)’
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0.1 —-0.1 0.1 0.1
U= (—0.1 0.1 ) V2= (0.1 o.1> ’
& =02,107, &=1,27, 01 =(0.1,02)7, 09 = (0.2,0.1)T, h =1,
k1(t) = ka(t) = 0.75 4+ 0.25 sin(27t),
w11 (v) = wi2(v) = wa1(v) = w1 (v) = tanh(v).

If this specified SDE (5.1) is asymptotically stable in distribution under Wi-distance, then for any
initial data (#,7) € R? x S, the probability distribution of the solution x(¢) should converge to a
stationary probability distribution /i € P;(R?), which has its finite mean. By the ergodic theory
(see, e.g., [21]), the time average of almost every (a.e.) trajectory of the solution should converge
to the finite mean of [i, no matter whatever the initial data (z,7) are. We perform the computer
simulation of the trajectories of two solutions of the specified SDE (5.1) with 2 different initial
values (10, —10)7 and (0,0)” for 2(0) but the same initial value 1 for r(0), which are corresponding

to Sample 1 and 2 in Fig.1, respectively. It shows that their time averages are all tending to infinity.
This indicates that the given specified SDE (5.1) is not stable in distribution.

—— Sample 1
Sample 2
T T T T T T
0 200 400 600 800 1000

5e+24
1
|

x1(t)

-le+25

—— Sample 1
Sample 2

5e+24
1
|

x2(t)

T T T T T T
200 400 600 800 1000

-le+25
[
/

o

Figure 1: Two trajectories of the given SDE (5.1) using the Euler-Maruyama method (see, e.g.,
[33]) with step-size 0.001.

We now apply Method 3 in Section 4 to design matrices A1, As etc. so that the controlled SDE
(5.2) is stable in distribution. It is easy to compute that a; = ag = 0.429. Based on (4.5), we need
choose c¢; for 2¢; + 1.142 > 0. It is sufficient to let ¢; = 0.5. Based on (4.6), co should satisfy
1.142(2¢o — 0.142) — 2 > 0 and we let co = 0.8. Moreover, we let A; = —c1ls and Ay = —colo,
where I is the 2 x 2 identity matrix. Consequently, we have

(2142 -2 1 (1006 1.155
“4_(—1 1.742)’“4 _<0.578 1.237)’

and 01 = 2.161, 2 = 1.815. Let us now design k3(t) in the form of (4.8). That is, we need
to determine v. This can be done by (4.9) of course, but we will determine v for ¢ = 0, which
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guarantees Assumption 3.2. Noting that &1 = ke = 0.75 and k2 = v, by (3.4), we have ¢ =
0.2145 — 0.8v = 0, which yields v = 0.731875. So far we have already seen that Assumptions 2.1,
2.2, 3.1 and 3.2 hold. To apply our Theorems 3.9 and 3.10, we still need to determine 7*. Given
the parameters specified above, (3.7) becomes

1.01457* + 0.21457* ! 320757
1—-0.87*

for 7* € (0,1.25). Solving the equation above numerically we obtain 7* = 0.1646. By Theorem 3.9
we can conclude that the controlled SDE (5.2) is asymptotically stable in distribution if Ay, As, k3(t)
are designed as above while the integer M is sufficiently large for 7 = 1/M < 0.1646, namely M > 7.
Letting 7 = 0.01 (i.e., M = 100), we perform the computer simulation of three trajectories of the
solution of the controlled SDE (5.2) with 3 different initial values (0, 0)7, (10, —10)” and (—10,10)”
for X(0) but the same initial value 1 for r(0), which are corresponding to Sample 1, 2 and 3 in
Fig.2, respectively. The simulation does not only show that three trajectories from different initial
values approach to each other very quickly but also that they look as stationary sequences we
would observe in practice. These are what we would expect when the controlled SDE (5.2) is
asymptotically stable in distribution under Wi-distance. In other words, the simulation illustrates
that the periodic state feedback control based on the state observations at discrete times stabilises
the given unstable SDE (5.1) in distribution. It should be pointed out that the simulation is only
for illustration and the stability in distribution of the controlled SDE (5.2) is based on our new
theory but not based on the simulation.

0.242911 =

—— Sample 1

— Sample 2

— Sample 3
T

T
200 400 600 800 1000

X1(t)
0
| | | | |

o

Sample 1

Sample 2

Sample 3
T

0 200 400 600 800 1000

x2(t)
0
| | | | |

Figure 2: Three trajectories of the controlled SDE (5.2) using the Euler-Maruyama method (see,
e.g., [33]) with step-size 0.001.

6 Conclusion

In this paper we proposed a new problem of stabilisation in distribution: Given a periodic hybrid
SDE, which is not stable in distribution, can we design a periodic state feedback control in the shift
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term based on the state observations at discrete times so that the controlled SDE becomes stable
in distribution? We did not only investigate the problem successfully but also demonstrated how
a periodic stochastic feedback control based on the state observations at discrete times could be
designed to stabilise the given SDE in distribution. We demonstrated how our new theory could
be applied to a class of unstable semi-linear SDEs, which appear frequently in various applications,
for example, in the area of stochastic neural networks.
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