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Abstract

Periodic hybrid stochastic differential equations (SDEs) have been widely used to model
systems in many branches of science and industry which are subject to the following natural
phenomena: (a) uncertainty and environmental noise, (b) abrupt changes in their structure
and parameters, (c) periodicity. In many situations, it is inappropriate to study whether the
solutions of periodic hybrid SDEs will converge to an equilibrium state (say, 0 or the trivial
solution) but more appropriate to discuss whether the probability distributions of the solutions
will converge to a stationary distribution, known as stability in distribution. Given a periodic
hybrid SDE, which is not stable in distribution, can we design a periodic feedback control in
the shift term based on state observations at discrete times so that the controlled SDE becomes
stable in distribution? We will refer to this problem as stabilisation in distribution by periodic
feedback control. There is little known on this problem so far. This paper initiates the study
in this direction.

Key Words: Brownian motion, Markov chain, Periodic SDEs, Stabilisation in distribution,
Periodic feedback control.

1 Introduction

Systems in many branches of science and industry are often subject to the following natural phenom-
ena: (a) uncertainty and environmental noise, (b) abrupt changes in their structure and parameters,
(c) periodicity. Stochastic differential equations (SDEs) have been widely used to model systems
with phenomenon (a) (see, e.g., [2, 19, 21, 27]). Modelling phenomenon (b) by Markov chains (see,
e.g., [1]), SDEs with Markov switching (also known as hybrid SDEs) have been developed to model
systems with phenomena (a) and (b) (see, e.g., [4, 15, 16, 37, 39, 47, 48]). Furthermore, taking the
periodicity (e.g., seasonal changes) into account, we arrive at periodic hybrid SDEs of the form

dx(t) = f(x(t), r(t), t)dt+ g(x(t), r(t), t)dB(t) (1.1)

(see, e.g., [3, 8, 13, 24, 25, 36, 42, 43, 54]). Here x(t) takes values in Rn and is referred to as the
state, r(t) is regarded as the mode and is modelled by a Markov chain with a finite state space
S = {1, 2, · · · , N}, B(t) is an m-dimensional Brownian motion, and the coefficients f(·, ·, t) and
g(·, ·, t) are periodic in t with period h, that is, f(x, i, t) = f(x, i, h+ t) and g(x, i, t) = g(x, i, h+ t)
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for (x, i, t) ∈ Rn × S × R+. (The notation used in this section will be explained in more detail in
the next section).

In the study of hybrid SDEs, stability is one of the most popular topics. On the asymptotic
stability, there are two fundamental concepts: (i) asymptotic stability of an equilibrium state; (ii)
asymptotic stability in distribution. Concept (i) is to study whether the solution x(t) of equation
(1.3) will tend to the equilibrium state (e.g., 0 as in most papers) in various senses, e.g., E|x(t)|p → 0
or x(t) → 0 a.s. or x(t) → 0 in probability, and there is an intensive literature on it (see, e.g.,
[11, 20, 21, 28, 29, 33, 35] and many others). Concept (ii) is to study whether the probability
distribution, denoted by L(x(t)), of the solution x(t) of equation (1.3) will converge to a probability
distribution µ, known as a stationary distribution. The literature on concept (ii) is much less than
(i) but has been growing quickly for the past 10 years (see, e.g., [45, 51, 52]) and several recent
papers [6, 10, 22, 23, 50]. The reason why there are fewer papers on concept (ii) than (i) is because
it is much more difficult to study whether L(x(t))→ µ than to study whether E|x(t)|p → 0 etc. but
certainly not because concept (ii) is less important. In fact, it is inappropriate to study concept
(i) for many systems in the real world but more appropriate to study concept (ii). For example,
for many population systems under random environment, the stochastic permanence is a more
desired control objective than the extinction (see, e.g., [5, 12, 17]). In this situation it is useful to
investigate concept (ii) but not to concept (i) (see, e.g., [17, 29, 40]).

Suppose that the given system (1.3) is not asymptotically stable in the sense of concept (i). It
is a normal practice that a feedback control u(x(t), r(t), t) is used to make the controlled system

dX(t) = [f(X(t), r(t), t) + u(X(t), r(t), t)]dt+ g(X(t), r(t), t)dB(t) (1.2)

to be stable, where we have replaced x(t) by X(t) to highlight that the state in this controlled system
differs from that in the given system. There is already an intensive literature in this area (see, e.g.,
[11, 16, 20, 38, 46]). Note that in practice, the state X(t) cannot be observed continuously but
only at discrete times, say 0, τ, 2τ, · · · , where τ is a positive number and stands for the duration
between two consecutive observations. Accordingly, the feedback control u(X(t), r(t), t) should be
replaced with u(X(bt/τcτ), r(t), t) to arrive at another more practically used controlled system

dX(t) = [f(X(t), r(t), t) + u(X(bt/τcτ), r(t), t)]dt+ g(X(t), r(t), t)dB(t), (1.3)

where bt/τc is the integer part of t/τ . This stabilisation problem was initiated by [31] and has
since become popular (see, e.g., [14, 32, 49]).

However, if the aim of feedback control is to make the controlled system (1.3) to be stable in dis-
tribution, a little has been known. To the best of our knowledge, there is only one paper [23] in the
case when the given SDE (1.1) is time-homogeneous (i.e., f(x, i, t) = f(x, i) and g(x, i, t) = g(x, i)).
In the time-homogeneous case, it should be mentioned that [22, 50] have recently investigated the
stabilisation in distribution by the delay feedback control (different from our control). In the peri-
odic case, [6, 10] should also be mentioned though they are not concerned with the feedback control
based on discrete-time state observations. Both papers investigated the stability in distribution of
the periodic SDE dX(t) = f(X(t), r(t), t)dt + g(X(t), r(t), t)dB(t), though g(X(t), r(t), t)dB(t)
may be regarded as a stochastic feedback control based on continuous-time state observation in [6]
(different from our control once again). In other words, there is so far no result on the stability
in distribution of the proposed controlled system (1.3). In this paper we will address this open
problem.

Mathematically speaking, our controlled system (1.3) is a stochastic differential delay equation
(SDDE). It is known that analysis of SDDEs is much difficult than that of SDEs. Moreover, the
continuous-time X(t) and discrete-time X(bt/τcτ) which are mixed with each other in (1.3) makes
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the analysis even harder than general SDDEs. Therefore the mathematical analysis in our present
paper is much more complicated than that in [6, 10]. Moreover, we need the time-homogeneous
Markov property to study the stability in distribution (see, e.g., [1]). However, the coefficients f, g
and the control function u are all periodic so they are not time-homogeneous. Although both [6, 10]
explained how to identify time-homogeneous Markov processes by making use of the periodicity,
there were no rigorous proofs of the Markov property. In this paper, we do not only identify proper
time-homogeneous Markov processes but also present rigorous proofs of them (see Lemmas 2.3 and
2.4 below). To close this section, we highlight the main features of this paper:

• This is the first paper to show that given a periodic unstable nonlinear hybrid SDE (1.1), a
periodic feedback control can be designed based on discrete-time state observations for the
stochastically controlled system (1.3) to be stable in distribution.

• New techniques will be developed to tackle the challenges due to the time-inhomogeneous
coefficients and periodic feedback control based on discrete-time state observations. These are
significantly different from the existing papers mentioned above in the area of stabilisation in
distribution.

2 Notation and Definition

The notations used in this paper are essentially standard (see, e.g., [6, 10, 23, 33]) but we define
them here for the convenience of the reader. Let Rn be the n-dimensional Euclidean space and
B(Rn) be the family of all Borel measurable sets in Rn. If x ∈ Rn, then |x| is its Euclidean norm. If
A is a vector or matrix, its transpose is denoted by AT . If A is a matrix, its trace norm is denoted
by |A| =

√
trace(ATA) while its operator norm is denoted by ‖A‖ = sup{|Ax| : |x| = 1}. If A is a

symmetric matrix, denote by λmax(A) and λmin(A) its largest and smallest eigenvalue, respectively.
By A > 0 and A ≥ 0, we mean A is positive and non-negative definite, respectively. If a is a real
number, its integer part is denoted by bac. If both a, b are real numbers, then a ∧ b = min{a, b}
and a ∨ b = max{a, b}. Let N+ denote the set of nonnegative integers. If G is a set, IG(·) denotes
its indicator function, that is IG(x) = 1 for x ∈ G and 0 otherwise. We set inf ∅ = ∞, where ∅
denotes the empty set. Moreover, x := y means x is defined by y while y =: x means y is denoted
by x.

Let (Ω,F , {Ft}t≥0,P) be a complete probability space with a filtration {Ft}t≥0 satisfying the
usual conditions (i.e., it is increasing and right continuous while F0 contains all P-null sets). If
Ω1 ⊂ Ω, its complement is denoted by Ωc

1. Let B(t) = (B1(t), · · · , Bm(t))T be an m-dimensional
Brownian motion defined on the probability space. Let r(t), t ≥ 0, be a right-continuous irreducible
Markov chain on the probability space taking values in a finite state space S = {1, 2, · · · , N}
with generator Γ = (γij)N×N , where γij ≥ 0 is the transition rate from i to j if i 6= j while
γii = −

∑
j 6=i γij . We assume that the Markov chain r(·) is independent of the Brownian motion

B(·) though they are both Ft-adapted. Denote by L2
t (Rn) the family of Ft-measurable Rn-valued

random variables x̂ such that E|x̂|2 < ∞. Denote by St the family of Ft-measurable S-valued
random variables.

For a positive number h, denote by Kh the family of càdlàg (right continuous with left limits)

periodic functions κ from R+ to [0, 1] with period h. If κ ∈ Kh, we set κ̄ = (1/h)
∫ h

0 κ(s)ds. That
is, κ̄ is the average value of κ(·) per period. Denote by Ch the family of continuous functions ξ from
[0, h] to Rn with norm ‖ξ‖h = sups∈[0,h] |ξ(s)|. Denote by B(Ch) the family of all Borel measurable
sets in Ch. Denote by P(Ch) the family of probability measures on Ch. A coupling of P1 and P2 in
P(Ch) is a probability measure π on the product space Ch×Ch such that the marginals of π coincide
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with P1 and P2, i.e., π(A× Ch) = P1(A) and π(Ch × A) = P2(A) for any A ∈ B(Ch) (see, e.g., [1]).
Let C(P1, P2) denote the family of all couplings of P1 and P2. For p ≥ 1, denote by Pp(Ch) the
family of probability measures on Ch with finite pth-moments. The Wasserstein p-distance between
P1, P2 ∈ Pp(Ch) is

Wp(P1, P2) = inf
π∈C(P1,P2)

(∫
Ch×Ch

‖ξ1 − ξ2‖phπ(dξ1, dξ2)
)1/p

.

In particular, if X and Y are two Ch-valued random variables such that E‖X‖ph +E‖Y ‖ph <∞. Let
LX,Y (·, ·) be the joint probability distribution of random vector (X,Y ). Let L(X) and L(Y ) denote
the probability measures on Ch generated by X and Y , respectively (see, e.g., [19], for more details
about probability measures generated by random variables). It is then known (see, e.g., [41]) that

Wp(L(X),L(Y )) ≤
(∫
Ch×Ch

‖ξ1 − ξ2‖phLX,Y (dξ1, dξ2)
)1/p

= (E‖X − Y ‖ph)1/p. (2.1)

Let us consider the given SDE (1.1) and its controlled SDE (1.3), where f, u are Borel measurable
functions from Rn × S× R+ to Rn and g from Rn × S× R+ to Rn×m. For both of equations (1.1)
and (1.3) to be well defined, we impose the following assumptions.

Assumption 2.1 The coefficients f(x, i, t) and g(x, i, t) are periodic in t with period h (> 0).
There are periodic functions κ1, κ2 ∈ Kh and non-negative constants ai, bi (i ∈ S) such that

|f(x, i, t)− f(y, i, t)| ≤ aiκ1(t)|x− y|,

|g(x, i, t)− g(y, i, t)| ≤
√
biκ2(t)|x− y|

for all (x, y, i, t) ∈ Rn × Rn × S× R+. Moreover,

sup
t∈[0,h]

|f(0, i, t)| ∨ |g(0, i, t)| <∞, ∀i ∈ S.

To make the design of the feedback control simpler, we will seek a linear form of the feedback
control which is described in the following assumption.

Assumption 2.2 The control function u(x, i, t) has the form

u(x, i, t) = κ3(t)Aix (2.2)

for (x, i, t) ∈ Rn×S×R+, where κ3 ∈ Kh and all Ai’s are non-positive definite symmetric matrices
(i.e., λmax(Ai) ≤ 0). These imply

|u(x, i, t)− u(y, i, t)| ≤ c0|x− y|, (2.3)

(x− y)T (u(x, i, t)− u(y, i, t)) ≤ −ciκ3(t)|x− y|2 (2.4)

for all (x, y, i, t) ∈ Rn × Rn × S× R+, where c0 = maxi∈S ‖Ai‖ > 0 and ci = −λmax(Ai) ≥ 0.

We will explain how to design Ai’s and κ3 in Section 4 but we simply assume that we have them
in this section. Although f, g, u are all periodic in t with the same period h, we need to choose
τ , the duration between two consecutive state observations, carefully in order to make sure the
controlled SDE (1.3) is periodic with the same period h. Consequently, we will set τ = h/M for
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some positive integer M from now on (i.e., τ is a divisor of h). When we ask τ < c for some positive
number, we of course mean M > h/c.

Set K1 := sup(i,t)∈S×[0,h](|f(0, i, t)|∨ |g(0, i, t)|), ǎ = maxi∈S ai and b̌ = maxi∈S bi. It then follows
from Assumptions 2.1 and 2.2 that

|f(x, i, t)| ≤ K1 + ǎ|x|, |g(x, i, t)| ≤ K1 +
√
b̌|x|, |u(x, i, t)| ≤ c0|x|. (2.5)

To see the controlled system (1.3) is well defined, we will re-write it as a stochastic differential
delay equation (SDDE). In fact, defining the variable time delay function ζ : R+ → [0, τ ] by

ζ(t) = t− bt/τcτ, t ≥ 0, (2.6)

we see the controlled system (1.3) is the same as the following SDDE

dX(t) = [f(X(t), r(t), t) + u(t− ζ(t), r(t), t)]dt+ g(X(t), r(t), t)dB(t). (2.7)

Noting that t − ζ(t) ≥ 0 for all t ≥ 0, we only need initial data X(0) and r(0) at time 0 to solve
this SDDE (see, e.g., [18, 28, 33]). More precisely, under Assumptions 2.1 and 2.2, for any given
initial data X(0) = x̂ ∈ Rn and r(0) = î ∈ S at time 0, the SDDE (2.7), namely the controlled
system (1.3), has a unique global solution on t ≥ 0, which will be denoted by Xx̂,̂i(t) in this paper
in order to highlight the role of the initial data, though we often write it as X(t) for convenience.
We also denote by rî(t) the Markov chain starting from î at time 0. It is also known ([33, p. 99,
Theorem 3.24]) that

E
(

sup
0≤t≤T

|Xx̂,̂i(t)|
2
)
≤ CT (1 + |x̂|2) (2.8)

for all T ≥ 0, where CT is a positive number dependent on T but independent of (x̂, î).
To discuss the stability in distribution, we need the time-homogeneous Markov property (see,

e.g., [1]). However, from the general theory of SDDEs (see, e.g., [27, 33]), the joint process
(Xx̂,̂i(t), rî(t)) is not a Markov process on t ≥ 0. Fortunately, the coefficients and the control
function are periodic with period h while τ is designed to be a divisor of h (i.e., τ = h/M for some
positive integer) and the delay function ζ takes its special form of (2.6). These enable us to form
at least two time-homogeneous Markov processes for the use of this paper. The following lemma
identifies the first Markov process used in this paper.

Lemma 2.3 The process {(Xx̂,̂i(kh), rî(kh))}k∈N+ is a time-homogeneous strong Markov process
with its state space Rn × S. We will define its k-step transition probabilities by

P (k, x̂, î;A× S) := P((Xx̂,̂i(kh), rî(kh)) ∈ A× S). (2.9)

Proof. To prove this, we need a number of more complicated notations. For k ∈ N+ and (xk, ik) ∈
L2
kh(Rn) × Skh, denote by {rkik(t)}t≥kh the Markov chain starting from r(kh) = ik at time kh and

by {Xk
xk,ik

(t)}t≥kh the unique global solution of the controlled system (1.3) with the initial data

X(kh) = xk and r(kh) = ik at time kh. Please note that r0
î
(t) = rî(t) and X0

x̂,̂i
(t) = Xx̂,̂i(t). It is

also easy to see that if we set (Xx̂,̂i(kh), rî(kh)) =: (x̂k, îk), then (Xx̂,̂i(t), rî(t)) = (Xk
x̂k ,̂ik

(t), rk
îk

(t))

for all t ≥ kh. In particular, (Xx̂,̂i(k̄h), rî(k̄h)) = (Xk
x̂k ,̂ik

(k̄h), rk
îk

(k̄h)) for any integer k̄ > k. Note

that for any (x̂, î) ∈ Rn×S, {(Xk
x̂,̂i

(k̄h), rk
î
(k̄h))}k̄>k is independent of Fkh. We can then apply [27,

Lemma 9.2 on page 87] to derive that for A ∈ B(Rn), S ⊂ S and k̄ > k,

P((Xx̂,̂i(k̄h), rî(k̄h)) ∈ A× S|Fkh) = E(IA×S(Xx̂,̂i(k̄h), rî(k̄h))|Fkh)

=E(IA×S(Xk
x̂k ,̂ik

(k̄h), rk
îk

(k̄h))|Fkh) = E(IA×S(Xk
x̂,̂i

(k̄h), rk
î
(k̄h)))

∣∣
(x̂,̂i)=(x̂k ,̂ik)

. (2.10)
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Noting also that for any (x̂, î) ∈ Rn × S, {(Xk
x̂,̂i

(k̄h), rk
î
(k̄h))}k̄>k is independent of the σ-algebra

generated by (x̂k, îk), we can show in the same way as above that

P((Xx̂,̂i(k̄h), rî(k̄h)) ∈ A× S|(x̂k, îk)) = E(IA×S(Xk
x̂,̂i

(k̄h), rk
î
(k̄h)))

∣∣
(x̂,̂i)=(x̂k ,̂ik)

. (2.11)

We hence have

P((Xx̂,̂i(k̄h), rî(k̄h)) ∈ A× S|Fkh) = P((Xx̂,̂i(k̄h), rî(k̄h)) ∈ A× S|(x̂k, îk)).

This proves that {(Xx̂,̂i(kh), rî(kh))}k∈N+ is a Markov process. Moreover, in light of the periodic
property of f, g, u as well as the time-homogeneous property of the Markov chain {r(t)}t≥0, we see

P((Xk
x̂,̂i

(k̄h), rk
î
(k̄h)) ∈ A× S) = P((Xx̂,̂i((k̄ − k)h), rî((k̄ − k)h)) ∈ A× S).

That is, the Markov process is time-homogeneous. Finally, it is well-known that any discrete-
time Markov process has the strong Markov property. In summary, {(Xx̂,̂i(kh), rî(kh))}k∈N+ is a
time-homogeneous strong Markov process. 2

To form the second time-homogeneous Markov process, we define X̄x̂,̂i(kh) = {Xx̂,̂i(kh + s) :
−h ≤ s ≤ 0} for k ∈ N+, where we set Xx̂,̂i(s) = x̂ for −h ≤ s ≤ 0.

Lemma 2.4 The process {(X̄x̂,̂i(kh), rî(kh))}k∈N+ forms a time-homogeneous strong Markov pro-
cess with its state space Ch × S.

Proof. The time-homogeneous property once again follows from the periodic property of f, g, u as
well as the time-homogeneous property of the Markov chain {r(t)}t≥0, while the strong Markov
property follows as long as we can show the Markov property as the process is of discrete-time. We
will use the same notations defined in the last paragraph, e.g., (Xx̂,̂i(kh), rî(kh)) =: (x̂k, îk), and

set X̄k
x̂k ,̂ik

(k̄h) := {Xk
x̂k ,̂ik

(k̄h+ s) : −h ≤ s ≤ 0} for k̄ > k ≥ 0. With these notations, we see clearly

that

(X̄x̂,̂i(k̄h), rî(k̄h)) = (X̄k
x̂k ,̂ik

(k̄h), rk
îk

(k̄h)). (2.12)

Noting that for any (x̂, î) ∈ Rn × S, {(X̄k
x̂,̂i

(k̄h), rk
î
(k̄))}k̄>k is independent of Fkh and of the σ-

algebra generated by (x̂k, îk), we can show in the same way as (2.10) and (2.11) were proved that
for D ∈ B(Ch), S ⊂ S and k̄ > k,

P((X̄x̂,̂i(k̄h), rî(k̄h)) ∈ D × S|Fkh) = E(ID×S(X̄k
x̂,̂i

(k̄h), rk
î
(k̄h)))

∣∣
(x̂,̂i)=(x̂k ,̂ik)

= P((X̄x̂,̂i(k̄h), rî(k̄h)) ∈ D × S|(x̂k, îk)). (2.13)

This proves the Markov property and hence the lemma. 2

We will not use the k-step transition probabilities of this Markov process in this paper. Denote
by L(X̄x̂,̂i(kh)) the probability measure on Ch generated by X̄x̂,̂i(kh). We can now give the definition
of the stability in distribution under the Wasserstein p-distance.

Definition 2.5 Let p ≥ 1. The controlled SDE (1.3) is said to be asymptotically stable in distri-
bution under the Wasserstein p-distance if L(X̄x̂,̂i(kh)) ∈ Pp(Ch) for all k ∈ N+ and there exists a
unique probability measure µ ∈ Pp(Ch) such that

lim
k→∞

Wp(L(X̄x̂,̂i(kh)), µ) = 0

for all (x̂, î) ∈ Rn × S.
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3 Asymptotic Stability in Distribution

In this section, we shall study the asymptotic stability in distribution of the controlled SDE (1.3).
We need to impose a couple of additional conditions but will only explain in Section 4 how to design
the control function u(x, i, t) (namely Ai’s and κ3) to meet these additional conditions given that
f and g satisfy Assumption 2.1. The following assumption is the first technical condition.

Assumption 3.1 Assume that

A := diag(2c1 − 2a1 − b1, · · · , 2cN − 2aN − bN )− Γ

is a nonsingular M-matrix.

We need a number of new notations associated with this M-matrix. Set

(θ1, · · · , θN )T = A−1(1, · · · , 1)T . (3.1)

By the theory of M-matrices (see, e.g., [33, Theorem 2.10 on page 68]), θi > 0 for all i ∈ S. Set

θ̂ = min
1≤i≤N

θi, θ̌ = max
1≤i≤N

θi. (3.2)

To state a new assumption, we set

â = min
1≤i≤N

ai, b̂ = min
1≤i≤N

bi, č = max
1≤i≤N

ci, (3.3)

ϕ̄ = 2â(1− κ̄1) + b̂(1− κ̄2)− 2č(1− κ̄3), α = 2â+ b̂+ 1/θ̌. (3.4)

Assumption 3.2 Assume that

1

θ̌
+ ϕ̄ > 0. (3.5)

It is useful to observe that if we can design κ3(·) ≡ 1, then ϕ̄ ≥ 0 and Assumption 3.2 holds.
However, we may not be able to make it sometimes in practice, e.g., when an intermittent control
has to be used. We will illustrate this in Section 5.

In what follows, we also need a number of key functions and parameters. To develop the paper
more clearly, we state them here. For v ∈ (0, 1/c0), define

H1(v) = (v(0.5ǎ+ c0) + 0.5
√
b̌v)/(1− vc0) and H2(v) = 0.5

(
ǎ+

√
b̌/v
)
/(1− vc0). (3.6)

Let τ∗ ∈ (0, 1/c0) be the unique number for

1

θ̌
+ ϕ̄ =

2c0θ̌

θ̂
[H1(τ∗) + τ∗eατ

∗
H2(τ∗)]. (3.7)

Noting that H1(v) + veαvH2(v) is a continuously increasing function of v ∈ (0, 1/c0) and tends to
0 and ∞ as v → 0 and 1/c0, respectively, we see that τ∗ is well defined. For τ ∈ (0, τ∗), set

ε0 :=
2c0θ̌

θ̂
[H1(τ) + τeατH2(τ)] and γ := 0.5(1/θ̌ + ϕ̄− ε0). (3.8)

Of course, both ε0 and γ depend on τ but we do not make them explicitly without causing any
confusion. By the definition of τ∗, we see 0 < ε0 < 1/θ̌+ ϕ̄ and γ > 0. Please note that we will use
these notations without further explanation unless necessary. Let us present a number of lemmas
in order to establish our main theorems.
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Lemma 3.3 Let Assumptions 2.1 and 2.2 hold. Define

ϕ(t) = 2â(1− κ1(t)) + b̂(1− κ2(t))− 2č(1− κ3(t))

for t ≥ 0. Then

∣∣ ∫ t

0
ϕ(s)ds− ϕ̄t| ≤ (2â+ b̂+ 2č)h, ∀t ≥ 0. (3.9)

This lemma can be proved in a similar way as [6, Lemma 3.4] was proved. The proof is hence
omitted. From now on we will set bt/τcτ =: δt for t ≥ 0 in order to make the notation shorter.

Lemma 3.4 Let Assumptions 2.1 and 2.2 hold. Write Xx̂,̂i(t) = X(t) for (x̂, î) ∈ Rn × S and
t ≥ 0. If τ < 1/c0, then

E(|X(t)||X(t)−X(δt)|) ≤ H1(τ)E|X(t)|2 +H2(τ)E
∫ t

δt

|X(s)|2ds

+H3(τ) +H4(τ)E|X(t)|+H5(τ)E
∫ t

δt

|X(s)|ds, (3.10)

where H1(·) and H2(·) have been defined by (3.6) while H3(τ) = 0.5K2
1

√
τ/b̌/(1 − τc0), H4(τ) =

τK1/(1− τc0), H5(τ) = (K1/
√
τ)/(1− τc0).

Proof. Fix t ≥ 0 arbitrarily and set k = bt/τc. Then kτ ≤ t < (k + 1)τ and δt = kτ . By (2.5),
it is straightforward to show from (1.3) that

E(|X(t)||X(t)−X(δt)|) = E(|X(t)||X(t)−X(kτ)|)

≤E
(
|X(t)|

∫ t

kτ

[
K1 + ǎ|X(s)|+ c0|X(kτ)|

]
ds+ |X(t)||Mk(t)|

)
, (3.11)

where Mk(t) =
∫ t
kτ g(X(s), r(s), s)dB(s). But

E
(
|X(t)|

∫ t

kτ

[
K1 + ǎ|X(s)|+ c0|X(kτ)|

]
ds
)

≤ τK1E|X(t)|+ E
∫ t

kτ

[
ǎ|X(t)||X(s)|+ c0|X(t)|(|X(t)|+ |X(t)−X(kτ)|

]
ds

≤ τK1E|X(t)|+ τ(0.5ǎ+ c0)E|X(t)|2 + 0.5ǎE
∫ t

kτ
|X(s)|2ds

+ τc0E(|X(t)||X(t)−X(δt)|). (3.12)

Moreover, by (2.5),

E(|X(t)||Mk(t)|) ≤ 0.5
√
b̌τE|X(t)|2 + (0.5/

√
b̌τ)E|Mk(t)|2

≤ 0.5
√
b̌τE|X(t)|2 + (0.5/

√
b̌τ)E

∫ t

kτ

(
K2

1 + 2K1

√
b̌|X(s)|+ b̌|X(s)|2

)
ds

≤ 0.5
√
b̌τE|X(t)|2 + 0.5K2

1

√
τ/b̌+ E

∫ t

kτ

(
K1/
√
τ)|X(s)|+ 0.5

√
b̌/τ |X(s)|2

)
ds. (3.13)
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Substituting (3.12) and (3.13) into (3.11) implies

E(|X(t)||X(t)−X(δt)|) ≤
(
τ(0.5ǎ+ c0) + 0.5

√
b̌τ
)
E|X(t)|2

+ 0.5
(
ǎ+

√
b̌/τ
)
E
∫ t

kτ
|X(s)|2ds+ 0.5K2

1

√
τ/b̌+ τK1E|X(t)|

+K1/
√
τE
∫ t

kτ
|X(s)|ds+ τc0E(|X(t)||X(t)−X(δt)|). (3.14)

This implies the required assertion (3.10) as τc0 < 1 and kτ = δt. The proof is complete. 2

Lemma 3.5 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If τ < τ∗, then for any (x̂, î) ∈ Rn × S,

E‖X̄x̂,̂i(kh)‖2h ≤ C1(1 + |x̂|2), ∀k ∈ N+. (3.15)

where C1 is a positive number dependent on τ, h, â, ǎ, b̂, b̌, č, c0, θ̌, θ̂, ϕ̄,K1,K2 and its explicit form
is defined in the proof below. From its explicit form, we see that C1 is independent of (x̂, î).

Proof. Fix (x̂, î) ∈ Rn × S arbitrarily and write Xx̂,̂i(t) = X(t) and rî(t) = r(t) for convenience.
It is easy to show from Assumption 2.1 that there is a positive constant K2 such that

2xT f(x, i, t) + |g(x, i, t)|2 ≤ K2(|x|+ 1) + [2aiκ1(t) + biκ2(t)]|x|2 (3.16)

for all (x, i, t) ∈ Rn × S× R+. In the proof, we will use the following two parameters

ε1 = 0.5
(
ε0 +

1

θ̌
+ ϕ̄

)
and ε2 = (ε1 − ε0)θ̂. (3.17)

Recalling that 0 < ε0 < 1/θ̌ + ϕ̄, we see that

ε0 < ε1 < 1/θ̌ + ϕ̄ and ε2 > 0. (3.18)

Define a Lyapunov function V (x, i, t) = θi|x|2eλ(t) for (x, i, t) ∈ Rn × S× R+, where

λ(t) = (1/θ̌ − ε1)t+

∫ t

0
ϕ(s)ds. (3.19)

By the generalised Itô formula (see, e.g., [33, Theorem 1.45 on page 48]), it is easy to show that

EV (X(t), r(t), t)− θî|x̂|
2

≤ E
∫ t

0
eλ(s)

(
[1 + ϕ(s)θr(s) − ε1θ̂]|X(s)|2 + LV (X(s), X(δs), r(s), s)

)
ds (3.20)

for t ≥ 0, where LV : Rn × Rn × S× R+ → R is defined by

LV (x, y, i, s) = 2θix
T [f(x, i, s) + u(y, i, s)] + θi|g(x, i, s)|2 +

N∑
j=1

γijθj |x|2. (3.21)
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Using Assumption 2.2 as well as conditions (3.1) and (3.16), we then derive that

LV (x, y, i, s) ≤ 2θix
T [f(x, i, s) + u(x, i, s)] + θi|g(x, i, s)|2

+ 2θi|x||u(x, i, s)− u(y, i, s)|+
N∑
j=1

γijθj |x|2

≤
(
θi[2aiκ1(s) + biκ2(s)− 2ciκ3(s)] +

N∑
j=1

γijθj

)
|x|2

+ 2c0θ̌|x||x− y|+K2(|x|+ 1)

=
(
θi[2ai + bi − 2ci] +

N∑
j=1

γijθj

)
|x|2+

− θi[2ai(1− κ1(s)) + bi(1− κ2(s))− 2ci(1− κ3(s))]|x|2

+ 2c0θ̌|x||x− y|+K2(|x|+ 1)

≤ −|x|2 − θiϕ(s)|x|2 + 2c0θ̌|x||x− y|+K2(|x|+ 1). (3.22)

Substituting (3.22) into (3.20), we obtain that

EV (X(t), r(t), t)− θ̌|x̂|2

≤ E
∫ t

0
eλ(s)

(
− ε1θ̂|X(s)|2 + 2c0θ̌|X(s)||X(s)−X(δs)|+K2(|X(s)|+ 1)

)
ds. (3.23)

On the other hand, by Lemma 3.4,

E
∫ t

0
eλ(s)

(
2c0θ̌|X(s)||X(s)−X(δs)|+K2(|X(s)|+ 1)

)
ds

≤E
∫ t

0
eλ(s)

(
K2 + 2c0θ̌H3(τ) + [K2 + 2c0θ̌H4(τ)]|X(s)|+ 2c0θ̌H1(τ)|X(s)|2

+2c0θ̌H2(τ)

∫ s

δs

|X(v)|2dv + 2c0θ̌H5(τ)

∫ s

δs

|X(v)|dv
)
ds. (3.24)

Note that∫ t

0
eλ(s)

(∫ s

δs

|X(v)|dv
)
ds ≤

∫ t

0
eλ(s)

(∫ s

(s−τ)∨0
|X(v)|dv

)
ds ≤

∫ t

0
|X(v)|

(∫ v+τ

v
eλ(s)ds

)
dv.

Recalling (3.4), we see from (3.19) that λ(s) ≤ λ(v) + ατ for v ≤ s ≤ v + τ . Hence∫ t

0
eλ(s)

(∫ s

δs

|X(v)|dv
)
ds ≤ τeατ

∫ t

0
eλ(v)|X(v)|dv. (3.25)

Similarly, ∫ t

0
eλ(s)

(∫ s

δs

|X(v)|2dv
)
ds ≤ τeατ

∫ t

0
eλ(v)|X(v)|2dv. (3.26)
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Substituting these inequalities into (3.24) yields

E
∫ t

0
eλ(s)

(
2c0|X(s)||X(s)−X(δs)|+K2(|X(s)|+ 1)

)
ds

≤E
∫ t

0
eλ(s)

(
K2 + 2c0θ̌H3(τ) + [K2 + 2c0θ̌H4(τ) + 2c0θ̌τe

ατH5(τ)]|X(s)|

+2c0θ̌[H1(τ) + τeατH2(τ)]|X(s)|2
)
ds. (3.27)

However

K2 + 2c0θ̌H3(τ) + [K2 + 2c0θ̌H4(τ) + 2c0τe
ατH5(τ)]|X(s)|

= ε2|X(s)|2 − ε2|X(s)|2 +K2 + 2c0θ̌H3(τ) + [K2 + 2c0θ̌H4(τ) + 2c0θ̌τe
ατH5(τ)]|X(s)|

≤ ε2|X(s)|2 +K3,

where K3 := maxu≥0{−ε2u
2 + K2 + 2c0θ̌H3(τ) + [K2 + 2c0θ̌H4(τ) + 2c0θ̌τe

ατH5(τ)]u}. It then
follows from (3.23) and (3.27) that

EV (X(t), r(t), t)− θ̌|x̂|2 ≤ K3

∫ t

0
eλ(s)ds

+ E
∫ t

0
eλ(s)

(
− ε1θ̂ + ε2 + 2c0θ̌[H1(τ) + τeατH2(τ)]

)
|X(s)|2ds. (3.28)

Recelling (3.8) and (3.17), we have

−ε1θ̂ + ε2 + 2c0θ̌[H1(τ) + τeατH2(τ)] = −ε1θ̂ + (ε1 − ε0)θ̂ + ε0θ̂ = 0.

It then follows from (3.28) that

θ̂eλ(t)E|X(t)|2 ≤ θ̌|x̂|2 +K3

∫ t

0
eλ(s)ds. (3.29)

Noting that 1/θ̌ + ϕ̄− ε1 = γ, we can easily apply Lemma 3.3 to show∫ t

0
eλ(s)ds ≤ K4e

γt and K5e
γt ≤ eλ(t), (3.30)

where K4 = e(2â+b̂+2č)h/γ and K5 = e−(â+b̂+2č)h. It then follows from (3.29) that

E|X(t)|2 ≤ K6(1 + |x̂|2), ∀t ≥ 0, (3.31)

where K6 = (θ̌+K3K4)/(θ̂K5). Finally, we are in the position to show assertion (3.15). Clearly, it
holds when k = 0. For any k ≥ 1, by the Hölder inequality, the Doob martingale inequality as well
as (2.5), it is a routine to show that

E‖X̄(kh)‖2h ≤ 4E|X((k − 1)h)|2 + 4c2
0

∫ kh

(k−1)h
E|X((k − 1)h)|2dt

+ 4

∫ kh

(k−1)h

[
2
(
K2

1 + ǎ2E|X(t)|2
)

+ 8
(
K2

1 + b̌E|X(t)|2
)]
dt. (3.32)

Making use of (3.31), we get

E‖X̄(kh)‖2h ≤ C1(1 + |x̂|2), (3.33)

where C1 = 4K6(1 + h[4c2
0 + 10K2

1 + 2ǎ2 + 8b̌]). That is, assertion (3.15) holds for any k ≥ 1 too.
The proof is complete. 2
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Lemma 3.6 Let Assumptions 2.1 and 2.2 hold. Set Z(t) = Xx̂,̂i(t) − Xŷ,̂i(t) for (x̂, ŷ, î) ∈ Rn ×
Rn × S and t ≥ 0. If τ < 1/c0, then

E(|Z(t)||Z(t)− Z(δt)|) ≤ H1(τ)E|Z(t)|2 +H2(τ)E
∫ t

kτ
|Z(s)|2ds. (3.34)

Proof. Fix t ≥ 0 arbitrarily and set k = bt/τc. Then kτ ≤ t < (k + 1)τ and δt = kτ . By
Assumptions 2.1 and 2.2, it is straightforward to show from (1.3) that

E(|Z(t)||Z(t)− Z(δt)|) ≤ E
(
|Z(t)|

∫ t

kτ

[
ǎ|Z(s)|+ c0|Z(kτ)|

]
ds+ |X(t)||M̄k(t)|

)
, (3.35)

where M̄k(t) =
∫ t
kτ [g(Xx̂,̂i(s), r(s), s)− g(Xŷ,̂i(s), r(s), s)]dB(s). But

E
(
|Z(t)|

∫ t

kτ

[
ǎ|Z(s)|+ c0|Z(kτ)|

]
ds
)

≤ E
∫ t

kτ
ǎ|Z(t)||Z(s)|ds+ τc0E[|Z(t)|(|Z(t)|+ |Z(t)− Z(kτ)|)]

≤ τ(0.5ǎ+ c0)E|Z(t)|2 + 0.5ǎE
∫ t

kτ
|Z(s)|2ds

+ τc0E(|Z(t)||Z(t)− Z(δt)|). (3.36)

Moreover, by Assumption 2.1

E(|Z(t)||M̄k(t)|) ≤ 0.5
√
b̌τE|Z(t)|2 + (0.5/

√
b̌τ)E|M̄k(t)|2

≤ 0.5
√
b̌τE|Z(t)|2 + 0.5

√
b̌/τE

∫ t

kτ
|Z(s)|2ds. (3.37)

Substituting (3.36) and (3.37) into (3.35) implies

E(|Z(t)||Z(t)− Z(δt)|) ≤
(
τ(0.5ǎ+ c0) + 0.5

√
b̌τ
)
E|Z(t)|2

+ 0.5
(
ǎ+

√
b̌/τ
)
E
∫ t

δt

|Z(s)|2ds+ τc0E(|Z(t)||Z(t)− Z(δt)|). (3.38)

This implies the required assertion (3.34) as τc0 < 1. The proof is complete. 2

Lemma 3.7 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If τ < τ∗, then for any (x̂, ŷ, î) ∈
Rn × Rn × S,

E‖X̄x̂,̂i(kh)− X̄ŷ,̂i(kh)‖2h ≤ C2|x̂− ŷ|2e−γkh (3.39)

for all k ∈ N+, where C2 is a positive number dependent on h, â, ǎ, b̂, b̌, č, c0, θ̌, θ̂, γ and its explicit
form is defined in the proof below. From its explicit form, we see that C2 is independent of the
initial data (x̂, ŷ, î).

Proof. Fix (x̂, ŷ, î) ∈ Rn × Rn × S arbitrarily. Write Xx̂,̂i(t) = X(t), Xŷ,̂i(t) = Y (t) and
rî(t) = r(t) simply. Set Z(t) = X(t) − Y (t). We will use ε1 and ε2 defined by (3.17). Define a
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Lyapunov function U(z, i, t) = θi|z|2eλ(t) for (z, i, t) ∈ Rn×S×R+, where λ(t) has been defined by
(3.19). Applying the generalised Itô formula, we can show that

EU(Z(t), r(t), t)− θî|x̂− ŷ|
2

≤ E
∫ t

0
e(λ(s)

(
[1 + ϕ(s)θr(s) − ε1θ̂]|Z(s)|2 + LU(X(s), Y (s), X(δs), Y (δs), r(s), s)

)
ds (3.40)

for t ≥ 0, where LU : Rn×4 × S× R+ → R is defined by

LU(x, y, x̄, ȳ, i, s) = 2θiz
T (f̃ + ũ) + θi|g̃|2 +

N∑
j=1

γijθj |z|2, (3.41)

in which z = x− y, f̃ = f(x, i, s)− f(y, i, s), ũ = u(x̄, i, s)− u(ȳ, i, s) and g̃ = g(x, i, s)− g(y, i, s).
Setting z̄ = x̄− ȳ, we can derive by Assumptions 2.1 and 2.2 as well as (3.1) that

LU(x, y, x̄, ȳ, i, s)

≤
(
θi[2aiκ1(t) + biκ2(t)− 2ciκ3(s)] +

N∑
j=1

γijθj

)
|z|2 + 2c0θ̌|z||z − z̄|

=
(
θi[2ai + bi − 2ci] +

N∑
j=1

γijθj

)
|z|2+

− θi[2ai(1− κ1(t)) + bi(1− κ2(t))− 2ci(1− κ3(s))]|z|2 + 2c0θ̌|z||z − z̄|
≤ −|z|2 − θiϕ(s)|z|2 + 2c0θ̌|z||z − z̄|.

Substituting this into (3.40) and then apply Lemma 3.6, we derive

EU(Z(t), r(t), t)− θî|x̂− ŷ|
2

≤
∫ t

0
eλ(s)

(
− ε1θ̂E|Z(s)|2 + 2c0θ̌E(|Z(s)||Z(s)− Z(δs)|)

)
ds

≤
∫ t

0
eλ(s)

((
− ε1θ̂ + 2c0θ̌H1(τ)

)
E|Z(s)|2 + 2c0θ̌

∫ s

δs

E|Z(v)|2dv
)
ds. (3.42)

But, in the save way as (3.25) was proved, we can show that∫ t

0
eλ(s)

(∫ s

δs

|Z(v)|2dv
)
ds ≤ τeατ

∫ t

0
eλ(v)|Z(v)|dv.

Hence

EU(Z(t), r(t), t)− θî|x̂− ŷ|
2

≤
∫ t

0
eλ(s)

(
− ε1θ̂ + 2c0θ̌[H1(τ) + τeατH2(τ)]

)
E|Z(s)|2ds. (3.43)

Recelling (3.8) and (3.18), we have

−ε1θ̂ + 2c0θ̌[H1(τ) + τeατH2(τ)] = −ε1θ̂ + ε0θ̂ < 0.

Consequently

EU(Z(t), r(t), t)− θî|x̂− ŷ|
2 ≤ 0,
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which yields

θ̂eλ(t)E|Z(t)|2 ≤ θ̌|x̂− ŷ|2.

By (3.30), we then obtain

E|Z(t)|2 ≤ K7|x̂− ŷ|2e−γt (3.44)

for all t ≥ 0, where K7 = θ̌/(θ̂K5). Finally we are in the position to show assertion (3.39). It holds
clearly for k = 0. For any k ≥ 1, set Z̄(kh) = {Z(kh + s) : 0 ≤ s ≤ h}. By the Hölder inequality,
the Doob martingale inequality as well as Assumptions 2.1 and 2.2, it is a routine to show that

E‖Z̄(kh)‖2h ≤ 4E|Z((k − 1)h)|2 + 4c2
0h

∫ kh

(k−1)h
E|Z(δt)|2dt

+ 4(ǎ2h+ 4b̌2)

∫ kh

(k−1)h
E|Z(t)|2dt. (3.45)

Making use of (3.44), we get

E‖Z̄(kh)‖2h ≤ C2|x̂− ŷ|2e−γkh, (3.46)

where C2 = 4K7e
γh(1 + (ǎ2h+ 4b̌2)h+ c2

0h
2). This is, assertion (3.39) holds for any k ≥ 1 as well.

The proof is complete. 2

Lemma 3.8 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If τ < τ∗, there is positive number ρ
such that for any (x̂, ŷ, î, ĵ) ∈ Rn × Rn × S× S,

E‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h ≤ C3(1 + |x̂|+ |ŷ|)e−ρkh (3.47)

for all k ∈ N+, where C3 is a positive number independent of the initial data (x̂, ŷ, î, ĵ) and k but
dependent on τ, h, â, ǎ, b̂, b̌, č, c0, θ̌, θ̂, ϕ̄, γ,K1,K2.

Proof. Note that {r(kh)}k∈N+ is a discrete-time irreducible Markov chain with its one-step transi-
tion probability matrix ehΓ. Define the stopping time

σîĵ = inf{kh : rî(kh) = rĵ(kh), k ∈ N+}.

It is known (see, e.g., [1, p.260]) that there is a positive number ρ̄ such that

P(σîĵ > kh) ≤ e−ρ̄kh, ∀k ∈ N+. (3.48)

In the remaining of the proof, we let C be the generic positive numbers that are independent of the
initial data (x̂, ŷ, î, ĵ) and k but may depend on τ, h, â, ǎ, b̂, b̌, č, c0, θ̌, θ̂, ϕ̄, γ,K1,K2. (The explicit
form of C is of no use in the proof but makes the proof look more complicated. Please also note
that C may change from line to line as it is generic.)

Fix k ∈ N+ arbitrarily from now on and let k̄ = bk/2c. Obviously,

E‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h

=E
(
I{σîĵ>k̄h}

‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h
)

+ E
(
I{σîĵ≤k̄h}

‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h
)
. (3.49)
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But, by the Hölder inquality and Lemma 3.5 as well inequality (3.48), we derive

E
(
I{σîĵ>k̄h}

‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h
)
≤
[
P(σîĵ > k̄h)

]1/2[E‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖2h
]1/2

≤ Ce−0.5ρ̄k̄h
[
E‖X̄x̂,̂i(kh)‖2h + E‖X̄ŷ,ĵ(kh)‖2h

]1/2 ≤ Ce−0.5ρ̄kh(1 + |x̂|+ |ŷ|). (3.50)

Moreover, by Lemmas 2.3 and 2.4 , we have

E
(
I{σîĵ≤k̄h}

‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h
)

= E
[
I{σîĵ≤k̄h}

E
(
‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h

∣∣Fσîĵ)]
= E

[
I{σîĵ≤k̄h}

E‖X̄w,l(kh− σîĵ)− X̄z,l(kh− σîĵ)‖h
]
,

where w = Xx̂,̂i(σîĵ), z = Xŷ,ĵ(σîĵ) and l = rî(σîĵ) = rĵ(σîĵ). Applying Lemmas 3.7 and 3.5, we
further derive

E
(
I{σîĵ≤k̄h}

‖X̄x̂,̂i(kh)− X̄ŷ,ĵ(kh)‖h
)
≤ E

[
I{σîĵ≤k̄h}

(
E‖X̄w,l(kh− σîĵ)− X̄z,l(kh− σîĵ)‖

2
h

)1/2]
≤ CE

[
I{σîĵ≤k̄h}

|w − z|e−0.5γ(kh−σîĵ)
]
≤ Ce−0.25γkhE

[
I{σîĵ≤k̄h}

|Xx̂,̂i(σîĵ)−Xŷ,ĵ(σîĵ)|
]

≤ Ce−0.25γkhE
[

max
0≤κ≤k̄

(|Xx̂,̂i(κh)|+ |Xŷ,ĵ(κh)|)
]
≤ Ce−0.25γkh

k̄∑
κ=0

(E|Xx̂,̂i(κh)|+ E|Xŷ,ĵ(κh)|)
]

≤ Ce−0.25γkh(1 + k̄)(1 + |x̂|+ |ŷ|) ≤ Ce−0.2γkh(1 + |x̂|+ |ŷ|). (3.51)

Substituting (3.50) and (3.51) into (3.49) yields the required assertion (3.47), where ρ = (0.5ρ̄) ∧
(0.2γ) while C3 is in terms of the last two C’s in (3.50) and (3.51), respectively, and is hence
independent of (x̂, ŷ, î, ĵ) and k. The proof is complete. 2

We are in the position to establish our main theorem in this paper.

Theorem 3.9 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold. If τ < τ∗, then there exists a unique
probability measure µ ∈ P1(Ch) such that

lim sup
k→∞

1

kh
log(W1(µ,L(X̄x̂,̂i(kh))) ≤ −ρ, (3.52)

for all (x̂, î) ∈ Rn × S, where ρ is a positive number specified in Lemma 3.8. In other words, the
SDE (1.3) is asymptotically stable in distribution under W1-distance.

Proof. For any positive integers k and k1, by Lemmas 2.3, 2.4, 3.5 and 3.8 while recalling (2.1) and
(2.9) , we derive

W1(L(X̄0,1((k1 + k)h)),L(X̄0,1(kh)))

≤E‖X̄0,1((k1 + k)h)− X̄0,1(kh))‖h

=
∑
j∈S

∫
Rn

E‖X̄y,j(kh)− X̄0,1(kh))‖hP (k1, 0, 1; dy × {j})

≤
∑
j∈S

∫
Rn

C3(1 + 1 + |y|)e−ρkhP (k1, 0, 1; dy × {j})

≤C3e
−ρkh(2 + E‖X̄0,1(k1h)‖h) ≤ C3e

−ρkh(2 +
√
C1). (3.53)
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This shows that {L(X̄0,1(kh))}k∈N+ is a Cauchy sequence in P1(Ch) with W1-distance. There is
hence a unique µ ∈ P1(Ch) such that

lim
k→∞

W1(L(X̄0,1(kh)), µ) = 0. (3.54)

Letting k1 →∞ in (3.53) gives

W1(µ,L(X̄0,1(kh))) ≤ C3e
−ρkh(2 +

√
C1). (3.55)

Now, for any (x̂, î) ∈ Rn × S, it follows this and Lemma 3.8 that

W1(µ,L(X̄x̂,̂i(kh))) ≤W1(µ,L(X̄0,1(kh))) +W1(L(X̄0,1(kh)),L(X̄x̂,̂i(kh)))

≤C3e
−ρkh(2 +

√
C1) + C3e

−ρkh(1 + |x̂|).

This implies the required assertion (3.52). The proof is complete. 2

Note that Ch is an infinite space and P(Ch) is huge. It is very hard to obtain its probability
distribution both theoretically and numerically and this is a challenge for our research in the future.
On the other hand, in practice, we are more concerned with the probability distribution of Xx̂,̂i(t)
in long term. For p ≥ 1, denote by Pp(Rn) the family of probability measures on Rn with finite
pth-moments. The Wasserstein p-distance between P1, P2 ∈ Pp(Rn) is

Wp(P1, P2) = inf
π∈C(P1,P2)

(∫
Rn×Rn

‖x− y‖pπ(dx, dy)
)1/p

,

where C(P1, P2) is the family of all couplings of P1 and P2. Denote by L(Xx̂,̂i(t)) the probability
measure on Rn generated by Xx̂,̂i(t). Given that the controlled SDE (1.3) is periodic, it is un-
reasonable to expect that L(Xx̂,̂i(t)) will converge in Pp(Rn) under the Wasserstein p-distance as
t → ∞. The question is: will some subsequence of L(Xx̂,̂i(t)) converge? The following theorem
answers it very positively.

Theorem 3.10 Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold while τ < τ∗. Then, for every h̄ ∈
[0, h), there exists a unique probability measure µh̄ ∈ P1(Rn) such that

lim sup
k→∞

1

kh
log(W1(µh̄,L(Xx̂,̂i(kh− h̄))) ≤ −ρ, (3.56)

for all (x̂, î) ∈ Rn × S, where ρ is a positive number specified in Lemma 3.8.

This theorem can be proved in the same way as Theorem 3.9 was proved by noting, for example,
from Lemmas 3.5 and 3.8 that E|Xx̂,̂i(kh− h̄)|2 ≤ C1(1+ |x̂|2) and E|Xx̂,̂i(kh− h̄)− X̄ŷ,ĵ(kh− h̄)| ≤
C3(1 + |x̂|+ |ŷ|)e−ρkh for all k ∈ N+ and (x̂, ŷ, î, ĵ) ∈ Rn × Rn × S× S.

Let us make a useful remark on our Assumption 2.1 to close this section.

Remark 3.11 By Assumption 2.1, we impose the global Lipschitz condition with respect to x on f
and g. Although it covers some useful periodic hybrid SDEs including the linear ones, it is somehow
restrictive. We are fully aware that it does not need this global Lipschitz condition for the hybrid
SDE (1.1) to be stable in distribution (see, e.g., [33, Section 5.6 on pages 210–226]). On the other
hand, in this paper, we are concerned with the stability in distribution of the controlled SDE (1.3),
which is a special SDDE (2.7). To prove its stability in distribution, we present several lemmas.
Some of these lemmas do not need the the global Lipschitz condition. For example, Lemma 3.4
only needs the weaker local Lipschitz condition plus the linear growth condition. However, Lemma
3.6, and hence Lemmas 3.7 and 3.8, require the global Lipschitz condition. We do not know at this
moment if Lemma 3.6 can be proved by a different way without the global Lipschitz condition. We
will tackle this problem in the future.
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4 Design of Feedback Control

In this section, we will explain how to design the matrices Ai and the periodic function κ3(t) in the
control function (2.3).

4.1 Design of Ai’s

We will first explain how to design Ai’s for Assumption 3.1 to hold. It is sufficient if we explain how
to determine non-negative numbers ci (i ∈ S) for Assumption 3.1 to hold. In fact, once these ci are
determined, we can easily find non-positive definite symmetric matrices Ai for ci = −λmax(Ai).

To determine ci’s, we will use the following classical Minkowski theorem (see, e.g., [28, 34]),
which is stated as a lemma here.

Lemma 4.1 (Minkowski theorem, 1907). For a square matrix Q = (qij)d×d ∈ Rd×d, if qij ≤ 0 for

all i 6= j and
∑d

j=1 qij > 0 for all j, then detA > 0.

We also need another known result (see, e.g., [7, 28]).

Lemma 4.2 Assumption 3.1 holds if and only if all determinants of the leading principal minors
of A are positive.

For convenience, we denote A =: (aij)N×N , where aii = 2ci − 2ai − bi + |γii| and aij = −γij for
i, j ∈ S and i 6= j. For 1 ≤ k ≤ N , the determinant of the leading principal minor of order k of A
is denoted by Dk, namely

Dk :=

∣∣∣∣∣∣∣
a11 · · · a1k
... · · ·

...
ak1 · · · akk

∣∣∣∣∣∣∣ .
Lemma 4.2 means that A is a nonsingular M-matrix if and only if Dk > 0 for all k ∈ S. Let us
begin to describe a couple of methods to determine ci’s.

Method 1. It is simplest to choose ci > ai+0.5bi for all i ∈ S. By Lemma 4.1, it is straightforward
to verify that all determinants of the leading principal minors ofA are positive and hence, by Lemma
4.2, Assumption 3.1 holds.

Method 2. This is slightly more careful method than last one. We illustrate the method by
considering the case where there is a state, say N without loss of generality, such that the Markov
chain can jump to N directly from any other state. In terms of mathematics, we assume that

γiN > 0, 1 ≤ i ≤ N − 1. (4.1)

Choose ci for 1 ≤ i ≤ N − 1 such that

2ci − 2ai − bi + γiN > 0. (4.2)

By Lemma 4.1, it is easy to verify that

Di > 0, 1 ≤ i ≤ N − 1. (4.3)

To determine cN , we note

DN = DN−1(2cN − 2aN − bN + |γNN |) + αN , (4.4)
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where αN is a real number independent of cN . We can finally choose cN for DN > 0. By Lemma
4.2, Assumption 3.1 holds.

This method reveals an interesting case. We observe from (4.2) that if for some i (≤ N − 1), we
have γiN > 2ai + bi, we may choose ci = 0 and hence Ai = 0. Similarly, if |γNN | > 2aN − bN and
DN−1(|γNN | − 2aN − bN ) > −CN , we may choose cN = 0 and AN = 0. This means, in practice,
we may not need to use the feedback control in some mode(s).

Method 3. This is possibly a more useful method. It will determine ci one by one. First, choose
c1 for

D1 = a11 = 2c1 − 2a1 − b1 + |γ11| > 0. (4.5)

Once again, we observe that if |γ11| > 2a1 + b1 we may set c1 = 0. We next choose c2 for

D2 =

∣∣∣∣ a11, −γ12

−γ21, 2c2 − 2a2 − b2 + |γ22|

∣∣∣∣
= D1(2c2 − 2a2 − b2 + |γ22|)− γ12γ21 > 0. (4.6)

Clearly, this is always possible. In particular, if |γ22| > 2a2 + b2 and D1(|γ22| − 2a2 − b2) > γ12γ21,
we may set c2 = 0. Repeating this procedure, we can further determine c3, · · · , cN .

4.2 Design of κ3(·)

Let us begin to explain how κ3(·) can be designed for Assumption 3.2 to be satisfied, namely for
the following inequality to hold:

1

θ̌
+ 2â(1− κ̄1) + b̂(1− κ̄2) > 2č(1− κ̄3). (4.7)

Method 4. It is simplest to let κ3(t) = 1 for all t ≥ 0. In this case, κ̄3 = 1 and (4.7) holds.
Recalling definition (2.2) of the control function, we can regard κ3(t) as the intensity of the

feedback control Ar(t)X(δt) at time t. For example, the feedback control acts fully when κ3(t) = 1
but does not act when κ3(t) = 0. Taking into account that the control cost is in general proportional
to κ3(t)|Ar(t)X(δt)|, we realise that it is not very wise to let κ3(t) ≡ 1 though it is simple. The
following two methods show how we could reduce the control cost by designing κ3(·) more wisely.

Method 5. Let

κ3(t) =
∞∑
k=0

I[kh,(k+ν)h)(t), t ≥ 0, (4.8)

where ν ∈ (0, 1]. In operation, the feedback control is switched on during time periods [0, νh)),
[h, (1 + ν)h), [2h, (2 + ν)h), · · · , while off during [νh, h), [(1 + ν)h, 2h), [(2 + ν)h, 3h), · · · . Such
a control is known as an intermittent control (see, e.g., [26, 53]). One of the practical reasons to
use an intermittent control is because a controller needs a rest periodically. The parameter ν is the
proportion of the duration in one period of h during which the feedback control acts fully. Hence,
1− ν is the proportion of the duration in one period of h during which the feedback control rests.
In the case when ν = 1, κ3(t) ≡ 1 so the feedback control acts without any rest and this is Method
4. In this intermittent case, we have κ̄3 = ν. It then follows from (4.7) that we need to choose
ν ∈ (0, 1] for

1− ν < 1

2č

(1

θ̌
+ 2â(1− κ̄1) + b̂(1− κ̄2)

)
. (4.9)

18



Method 6. It is sufficient to design κ3(·) ∈ Ch such that (4.7) holds. There are lots of choices for
κ3(·). For example, let ν ∈ (0, h/2) and define

κ3(t) =


t/ν, if 0 ≤ t ≤ ν,
1, if ν < t ≤ h− ν,

(h− t)/ν, if h− ν < t ≤ h;
(4.10)

and κ3(kh+ t) = κ3(t) for t ∈ (0, h] and k = 1, 2, · · · . Noting that κ̄3 = 1− ν/h, we need to choose
ν sufficiently small for

1

θ̌
+ 2â(1− κ̄1) + b̂(1− κ̄2) >

2čν

h
. (4.11)

5 An Example

Due to the page limit, we will only discuss an example to illustrate our theory. Consider an
n-dimensional semi-linear SDE

dx(t) = κ1(t)[Qr(t)x(t) + Ur(t)wr(t)(x(t)) + ξr(t)]dt+ κ2(t)σr(t)dB(t). (5.1)

Here κ1(t), κ2(t), B(t) are the same as before, while for each i ∈ S, ξi ∈ Rn, Qi, Ui ∈ Rn×n,
σi ∈ Rn×m, wi(x) = (wi1(x1), · · · , win(xn))T with wij(v) being sigmoidal, saturating at ±1 with
maximum slope at v = 0. To be more precise, wij(v) is a nondecreasing Lipschitz continuous
function with properties that

vwij(v) ≥ 0, |wij(v)| ≤ 1, |wij(v)− wij(v̄)| ≤ ηij |v − v̄|

for v, v̄ ∈ R and ηij > 0. Please note that κ1(t) represents the common factor of the periodic
change of the system matices/parameters Qi, Ui etc. while κ2(t) stands for the periodic change of
the external additive noise. Such SDEs appear frequently in various applications, for example, in
the area of stochastic neural networks (see, e.g., [9, 33, 44]).

Defining f(x, i, t) = κ1(t)[−Qix+Uiwi(x)+ξi] and g(x, i, t) = κ2(t)σi for (x, i, t) ∈ Rn×S×R+,
we see that equation (5.1) is a special form of our underlying SDE (1.1). Moreover, f and g satisfy
Assumption 2.1 with

ai = max
1≤j≤n

(‖Qi‖+ ‖Ui‖ηij) and bi = 0, i ∈ S.

In the case when the given SDE (5.1) is not stable in distribution, we can therefore apply our theory
to design a periodic state feedback control κ3(t)Ar(t)x(δt) based on state observations at discrete
times so that the corresponding controlled SDE

dX(t) =
(
κ1(t)[Qr(t)X(t) + Ur(t)wr(t)(X(t)) + ξr(t)]

+ κ3(t)Ar(t)X(δ(t))
)
dt+ κ2(t)σr(t)dB(t) (5.2)

becomes stable in distribution.
To illustrate our theory more clearly, we will discuss a special case of the SDE (5.1) by specifying

the followings: n = 2, m = 1, S = {1, 2},

Γ =

(
−2 2
1 −1

)
, Q1 =

(
0.1 0.1
0 0.05

)
, Q2 =

(
0.05 0
−0.1 0.1

)
,
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U1 =

(
0.1 −0.1
−0.1 0.1

)
, U2 =

(
0.1 0.1
0.1 0.1

)
,

ξ1 = (2, 1)T , ξ2 = (1, 2)T , σ1 = (0.1, 0.2)T , σ2 = (0.2, 0.1)T , h = 1,

κ1(t) = κ2(t) = 0.75 + 0.25 sin(2πt),

w11(v) = w12(v) = w21(v) = w21(v) = tanh(v).

If this specified SDE (5.1) is asymptotically stable in distribution under W1-distance, then for any
initial data (x̂, î) ∈ R2 × S, the probability distribution of the solution x(t) should converge to a
stationary probability distribution µ̂ ∈ P1(R2), which has its finite mean. By the ergodic theory
(see, e.g., [21]), the time average of almost every (a.e.) trajectory of the solution should converge
to the finite mean of µ̂, no matter whatever the initial data (x̂, î) are. We perform the computer
simulation of the trajectories of two solutions of the specified SDE (5.1) with 2 different initial
values (10,−10)T and (0, 0)T for x(0) but the same initial value 1 for r(0), which are corresponding
to Sample 1 and 2 in Fig.1, respectively. It shows that their time averages are all tending to infinity.
This indicates that the given specified SDE (5.1) is not stable in distribution.
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Figure 1: Two trajectories of the given SDE (5.1) using the Euler-Maruyama method (see, e.g.,
[33]) with step-size 0.001.

We now apply Method 3 in Section 4 to design matrices A1, A2 etc. so that the controlled SDE
(5.2) is stable in distribution. It is easy to compute that a1 = a2 = 0.429. Based on (4.5), we need
choose c1 for 2c1 + 1.142 > 0. It is sufficient to let c1 = 0.5. Based on (4.6), c2 should satisfy
1.142(2c2 − 0.142) − 2 > 0 and we let c2 = 0.8. Moreover, we let A1 = −c1I2 and A2 = −c2I2,
where I2 is the 2× 2 identity matrix. Consequently, we have

A =

(
2.142 −2
−1 1.742

)
, A−1 =

(
1.006 1.155
0.578 1.237

)
,

and θ1 = 2.161, θ2 = 1.815. Let us now design κ3(t) in the form of (4.8). That is, we need
to determine ν. This can be done by (4.9) of course, but we will determine ν for ϕ̄ = 0, which
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guarantees Assumption 3.2. Noting that κ̄1 = κ̄2 = 0.75 and κ̄2 = ν, by (3.4), we have ϕ̄ =
0.2145 − 0.8ν = 0, which yields ν = 0.731875. So far we have already seen that Assumptions 2.1,
2.2, 3.1 and 3.2 hold. To apply our Theorems 3.9 and 3.10, we still need to determine τ∗. Given
the parameters specified above, (3.7) becomes

0.242911 =
1.0145τ∗ + 0.2145τ∗e1.32075τ∗

1− 0.8τ∗

for τ∗ ∈ (0, 1.25). Solving the equation above numerically we obtain τ∗ = 0.1646. By Theorem 3.9
we can conclude that the controlled SDE (5.2) is asymptotically stable in distribution if A1, A2, κ3(t)
are designed as above while the integer M is sufficiently large for τ = 1/M < 0.1646, namely M ≥ 7.
Letting τ = 0.01 (i.e., M = 100), we perform the computer simulation of three trajectories of the
solution of the controlled SDE (5.2) with 3 different initial values (0, 0)T , (10,−10)T and (−10, 10)T

for X(0) but the same initial value 1 for r(0), which are corresponding to Sample 1, 2 and 3 in
Fig.2, respectively. The simulation does not only show that three trajectories from different initial
values approach to each other very quickly but also that they look as stationary sequences we
would observe in practice. These are what we would expect when the controlled SDE (5.2) is
asymptotically stable in distribution under W1-distance. In other words, the simulation illustrates
that the periodic state feedback control based on the state observations at discrete times stabilises
the given unstable SDE (5.1) in distribution. It should be pointed out that the simulation is only
for illustration and the stability in distribution of the controlled SDE (5.2) is based on our new
theory but not based on the simulation.
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Figure 2: Three trajectories of the controlled SDE (5.2) using the Euler-Maruyama method (see,
e.g., [33]) with step-size 0.001.

6 Conclusion

In this paper we proposed a new problem of stabilisation in distribution: Given a periodic hybrid
SDE, which is not stable in distribution, can we design a periodic state feedback control in the shift
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term based on the state observations at discrete times so that the controlled SDE becomes stable
in distribution? We did not only investigate the problem successfully but also demonstrated how
a periodic stochastic feedback control based on the state observations at discrete times could be
designed to stabilise the given SDE in distribution. We demonstrated how our new theory could
be applied to a class of unstable semi-linear SDEs, which appear frequently in various applications,
for example, in the area of stochastic neural networks.

Acknowledgments

The authors would like to thank the associate editor and reviewers for their helpful comments and
suggestions. Zhijun Liu would like to thank the National Natural Science Foundation of China
(12271147) for its financial support. Junhao Hu would like to thank the National Natural Science
Foundation of China (62373383), the Fundamental Research Funds for the Central Universities
(CZT20020), and Academic Team in Universities (KTZ20051) for their financial support. Xuerong
Mao would like to thank the Royal Society (WM160014, Royal Society Wolfson Research Merit
Award), the Royal Society of Edinburgh (RSE1832), the EPSRC (EP/W522521/1, EP/Z003369/1)
for their financial support.

References

[1] Anderson, W.J., Continuous-Time Markov Chains, Springer, New York, 1991.

[2] Arnold, L., Stochastic Differential Equations: Theory and Applications, John Wiley and Sons, 1974.

[3] Arnold, L. and Tudor, C., Stationary and almost periodic solutions of almost periodic affine stochastic

differential equations, Stoch. Stoch. Reports 64 (1998), 177–193.

[4] Athans, M., Command and control (C2) theory: A challenge to control science, IEEE Trans. Automat.

Contr. 32 (1987), 286–293.

[5] Bahar, A. and Mao, X., Stochastic delay Lotka-Volterra model, J. Math. Anal. Appl. 292 (2004),

364–380.

[6] Bahar, A., Dong, R. and Mao, X., Stabilisation in distribution of hybrid ordinary differential equations

by periodic noise, IET Control Theory Appl. 17 (2023), 463–476.

[7] Berman, A. and Plemmons, R.J., Nonnegative Matrices in the Mathematical Sciences, SIAM, Philadel-

phia, PA, 1994.

[8] Bezandry, P.H. and Diagana, T., Almost Periodic Stochastic Processes, Springer Science and Business

Media, USA, 2011.

[9] Blythe, S., Mao, X. and Liao, X. (2001), Stability of stochastic delay neural networks, J. Franklin Inst.

338(4) (2001), 481–495.

[10] Cai, Y., Li, Y. and Mao, X., Stationary distribution of periodic stochastic differential equations with

Markov switching, submitted to J. Math. Anal. Appl. (2024).

[11] Costa, O.L.V., Assumpcao, E.O, Boukas, E.K, et al., Constrained quadratic state feedback control of

discrete-time Markovian jump linear systems, Automatica 35(4) (1999), 617–626.

[12] Deng, F., Luo, Q., Mao, X. and Pang, S., Noise suppresses or expresses exponential growth, Systems

Control Lett. 57 (2008), 262–270.

[13] Dong, R., Mao, X. and Birrell, S.A., Exponential stabilisation of continuous-time periodic stochastic

systems by feedback control based on periodic discrete-time observations, IET Control Theory Appl.

14(6) (2020), 909–919.

22



[14] Fei, C., Fei, W., Mao, X., Xia, D. and Yan, L., Stabilisation of highly nonlinear hybrid systems by feed-

back control based on discrete-time state observations, IEEE Trans. Automat. Control. 65(7) (2020),

2899–2912.

[15] Ghosh, M.K., Arapostathis, A. and Marcus, S.I., Optimal control of switching diffusions with application

to flexible manufacturing systems, SIAM J. Control Optim. 35 (1993), 1183–1204.

[16] Ghosh, M.K., Arapostathis, A. and Marcus, S.I., Ergodic control of switching diffusions, SIAM J.

Control Optim. 35 (1997), 1952–1988.

[17] Hening, A. and Nguyen, D.H., Coexistence and extinction for stochastic Kolmogorov systems, Ann.

Appl. Probability 28(3) (2018), 1893–1942.

[18] Hu, L., Mao, X. and Shen, Y., Stability and boundedness of nonlinear hybrid stochastic differential

delay equations, Systems Control Lett. 62 (2013), 178–187.

[19] Ikeda, N. and Watanabe, S., Stochastic Differential Equations and Diffusion Processes, Sijthoff and

Noordhoff, Alphen, 1981.

[20] Ji, Y. and Chizeck, H.J., Controllability, stabilizability and continuous-time Markovian jump linear

quadratic control, IEEE Trans. Automat. Control 35 (1990), 777–788.

[21] Khasminskii, R.Z., Stochastic Stability of Differential Equations, Sijthoff and Noordhoff, 1981.

[22] Li, W., Deng, S., Fei, W. and Mao, X., Stabilisation in distribution by delay feedback control for

stochastic differential equations with Markovian switching and Lévy noise, IET Control Theory Appl.
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