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ABSTRACT

Propagation of premixed flames having thick reaction zones in rapidly-varying, small-scale, zero-mean,
spatio-temporal periodic flows is considered. Techniques of large activation energy asymptotics and ho-
mogenization theory are used to determine the effective Lewis number Le.; and the effective burning
speed ratio Sy/S;, which are influenced by the flow through flow-enhanced diffusion. The resultant ef-
fective diffusivity matrix is, in general, neither a scalar nor a diagonal matrix and therefore induces
anisotropic effects on the propagation of multi-dimensional flames. As the flow Peclet number Pe be-
comes large, the flow-enhanced fuel diffusion coefficient and the thermal diffusivity behave respectively
like (PeLe)® and Pe’, where Le is the Lewis number and o < 2 is a constant which depends on the flow
and the direction of flame propagation. The maximal value o = 2 is achieved for steady, unidirectional,
spatially periodic shear flows, while for steady two-dimensional square vortices, we have o =1/2. In
general, the constant ¢ is determined by solving a linear partial differential equation. The scaling laws
for the diffusion coefficients lead to corresponding scaling laws for the effective Lewis number and the
effective burning speed ratio of the form Leys ~ Le'~® and S;/S; ~ (Pe/Le)°/2. Effects of thermal expan-
sion and volumetric heat loss on the flame are also briefly discussed. In particular, it is shown that the
quenching limit is enlarged by a factor 1/Le” for Le <1 and diminished by the same factor for Le > 1,
due to the flow-enhanced diffusion. The potential implications of the results to better understand turbu-
lent combustion are discussed. A special emphasis is placed on the dependence of the flame on Le in the
presence of high-intensity, small-scale flows. In particular, it is shown that this dependence is intimately
linked to the flow through Taylor-dispersion like enhanced diffusion, rather than through the traditional
molecular diffusion coupled with curvature effects. The flow-dependent effective Lewis number identi-
fied may also provide an explanation to the peculiar experimental observation that turbulence appears
to facilitate ignition in Le > 1 mixtures and to inhibit it in Le < 1 mixtures.

Novelty and significance statement

An original study, combining asymptotic analysis and homogenization theory, is applied to describe flame
propagation in small-scale, spatio-temporal periodic flow fields. Scaling laws are derived for the effective
burning speed and the effective Lewis number for high-intensity small-scale flows, which are useful to
better understand the behaviour of turbulent premixed flames in the distributed reaction zone regime.
The formula for the flow-dependent effective Lewis number identified herein may explain the peculiar
experimental observation that turbulence appears to facilitate ignition in Le > 1 mixtures and to inhibit
it in Le < 1 mixtures. The high-intensity small-scale flows are shown to increase the quenching limit due
to volumetric heat losses in Le < 1 mixtures and decrease it in Le > 1 mixtures
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P. Rajamanickam and J. Daou
1. Introduction

In this paper, we study the problem of flame propagation in
spatially or more generally spatio-temporally periodic flows hav-
ing single length and time scales. A number of theoretical [1-
4] and computational [5-10] investigations have been devoted to
this problem in the past and more recently in [11,12]. Experimental
studies have also addressed this problem, notably in order to gain
insight into flame propagation in the presence of Taylor-Couette
vortices [13-15]. One of the main motivations of these and similar
studies has been to improve our understanding of premixed turbu-
lent combustion. The reader is referred to specialized reviews such
as [16,17] for an overview of the main issues in the vast field of
turbulent combustion. Here, we simply note that most theoretical
works have focused primarily on the thin flame or thin reaction
zone regimes, describing flame propagation in a large-scale flow
field. On the other hand, the effect of small-scale flows is ubiqui-
tous in turbulent combustion, notably in the distributed reaction
zone regime [16,18] where some flow scales can become smaller
than the size of the reaction zone.

The current paper focuses on the thick reaction-zone
limit [19] to elucidate the influence of small-scale periodic
flows on flame propagation. Particular attention is devoted to
characterising the effective Lewis number and burning speed in
such flows. The focus of the study is partly motivated by appar-
ent disagreement revived recently regarding the effective Lewis
number, Le.; in strongly turbulent flows. Specifically, whereas
according to common views [16,20-22], Le.s should be unity in
such conditions, recent studies [23-26] suggest otherwise. Notably,
it is argued in [23] that the molecular Lewis number effects are
still important in strongly turbulent flows and are most active at
scales small compared with the flame thickness. Although our
laminar periodic flow model cannot fully settle the disagreement
regarding Le.g in turbulent combustion, it can provide a helpful
insight by determining Le.; for the small-scale laminar flows
considered. This problem is treated analytically in the limit of
large activation energy, with the reaction zone thickness being
larger than the flow length scale.

The paper is organized is as follows. The characteristic scales
involved in thick reaction-zone flames propagating in small-scale
periodic flows are introduced in Section 2. The problem govern-
ing equations and boundary conditions are then formulated in
Section 3, and these are the basis of an asymptotic analysis carried
out in Section 4. The scaling laws for the effective burning speed
and the effective Lewis number are obtained in Section 5 for large
values of the Peclet number. The results are illustrated for two
classes of prototypical flow fields, namely for unsteady unidirec-
tional flows and for the so-called Childress-Soward flows which are
steady and two dimensional. Potential implications for premixed
turbulent combustion are discussed in Section 5.3. The results of
Section 5 are complemented by selected illustrative results for ar-
bitrary Peclet numbers in Section 6. Further extensions of the work
including the effect of thermal expansion, heat loss are briefly dis-
cussed in Section 7 and Section 8 and followed by conclusions
in Section 9.

2. Scalings for thick reaction-zone flames

Consider in a reactive mixture a spatio-temporal periodic flow
field v(x,t), where x is the dimensional position vector and t the
dimensional time. Let the characteristic flow amplitude, spatial pe-
riod and temporal period be, U, I and t., respectively. Further,
let us also assume that the mean value of v(x,t) is zero in a suit-
able frame of reference. Then, the heat transport process may be
characterised by two dimensionless numbers, namely, the Peclet
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Fig. 1. Schematic illustration of the flame structure in the thick reaction-zone limit,
81/B ~ leen [19]. The flame is assumed to be periodic (or independent of) directions
perpendicular to n. Here, we shall consider the ultra-thick reaction-zone regime
wherein 8§,/ > le-

number Pe and the Stokes number St, defined by

Pe — Ulen ’ St = lczell/DT ’
Dr Leenl
where Dy denotes the thermal diffusivity of the gas mixture.

The thermal and chemical properties of the reactive mix-
ture define a laminar burning speed S; and a laminar flame
thickness 8; = Dr/S;. The thickness of the reaction zone is then
given by §;/8, where B is the Zeldovich number; these quanti-
ties are defined below in (3). By comparing the flow scale with
the reaction-zone thickness, combustion modes can be classified
into three regimes [19], namely a thin reaction-zone (§;/8 < leepi)s
a thick reaction-zone (6;/8 ~ l.) and an ultra-thick reaction-
zone (8;/B > leey) regimes. The thin reaction-zone regime includes
both thin flames (8, <« le;) and moderately thick flames (§; ~
leenr) [27]. A schematic illustration of the flame structure in the
thick reaction-zone limit is shown in Fig. 1. In the current pa-
per, we shall focus on the ultra-thick reaction-zone regime where
8> 61/B > Leen-

Assume that the flame structure propagates in the periodic flow
field in a definite direction, say —n, with some propagation speed.
This is justified if the structure is periodic in (or, independent of)
directions perpendicular to n, as we shall assume. Furthermore,
since we consider zero-mean flows, the flame propagation speed
is also the effective burning speed S;(t), in the first approxima-
tion. Specifically, the function Sy (t) (in general, periodic in t) can
be defined as the total instantaneous burning rate per unit cross-
sectional area normal to n of the infinite strip depicted in Fig. 1.
Numerical computations of flame propagation are typically per-
formed only for such infinitely long strips [5,7-9].

As mentioned above, the present study deals with the limit
8. > 61/B > ley- This requirement implies that for fixed Peclet
number

St St € : leenn

U"’U—%<<1 since E:TL<<1‘

That is to say, the burning speed is small when compared to the
flow amplitude, as it is the case for sufficiently thick flames. In
addition, in the case of time-dependent flows, the homogenization
analysis below requires that §;/8S; > teen, Where §;/B8S; is the res-
idence time in the reaction zone.
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Under the assumptions above, the flame can be regarded in
the first approximation as being planar on the flame (large) scale
x ~ §;, whereas it will be non-planar on the flow (small) scale
X ~ leep- The burning speed St will be a time-independent constant
in the first approximation and involve corrections of order € in the
following approximation.

The effect of a rapidly-varying small-scale motion is known to
manifest as a diffusion process on the large scale. The homoge-
nization theory can be used to quantify the flow-enhanced diffu-
sion analytically by taking advantage of the separation of scales
between the flame and the flow. An excellent review of this tech-
nique, applied to a non-reactive scalar field, has been provided by
Majda and Kramer [28]. We shall employ this technique to our
flame propagation problem, following [28] closely.

3. Governing equations

It is advantageous to adopt a reference frame that is mov-
ing with the flame. The time and space coordinates are non-
dimensionalized using the flow scales,

tu 1 t X en [T
T=—, =—\|Xx+n| Spdt =—+—/ Sdr, (1
leen E leen ( /o ! ) len = Pe Jo ()

where S = Sy/S; is the ratio of effective burning speed to the lami-
nar flame speed. Therefore (&, T) are appropriate independent vari-
ables for the small-scale flow field, but not for the thick flame.
From a small-scale viewpoint, the coordinate shift & —x/I..; be-
tween the laboratory frame and the flame-fixed frame is negligible
at leading order according to (1) since € « 1. In the frame attached
to the flame, the laboratory-frame vector field v(X/l.ey, t/tcen)
transforms into

uT) = f,v(,:‘e”(s,r), ’Pff)

after scaling with U. In the limit € — 0, the right-hand side of this
equation may be expanded in a Taylor series as

vV €Syt
u(&,r)_a—mn-vgwrm (2)
where v, st, ... are evaluated at (§,7) and Sy denotes the
leading-order value of S.

The unburnt reacting mixture is assumed to be fuel lean, whose
combustion chemistry is modeled by a single-step irreversible Ar-
rhenius reaction with the fuel burning rate (in mass units) per unit
volume given by pBYge E/RT that involves the pre-exponential fac-
tor B, the gas density p, the fuel mass fraction Y, the tempera-
ture T, the activation energy E and the universal gas constant R.
Further, for simplicity, we shall adopt the thermo-diffusive approx-
imation in which density and molecular diffusivities are constant
and briefly discuss the effect of variable density later. Also, we in-
troduce the Zeldovich number 8, heat release parameter « and the
laminar flame speed S; (for 8 > 1) by

E(Ty—T)
P=""m o=

Tad — Tu
Tad

. S. = (2Lep2BDre F/Ru)?,

3)

In these expressions, Le denotes the Lewis number, T;, the unburnt
gas temperature and T,q = Ty + qYp,/cp the adiabatic flame tem-
perature, where q is the heat release rate per unit mass of fuel
burnt, Y, is the fuel mass fraction in the unburnt mixture and c,
is the constant-pressure specific heat.

The scaled fuel mass fraction and temperature are defined by

Yr 0 T-T,

:H’ :Tad_Tu.

YF
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The non-dimensional governing equations in a frame attached to
the flame are given by

dye 1o 2
Pes -+ (€Sn + Peu) - Veyp = EVgYF*G w(yr. 0), (4)
a0 2 2
Pez— + (€Sn+ Peu) - Ve0) = V0 + 2w (yr. 0) (5)
where
_ Py O —1)
@Qr0)=Sr- e T |

The boundary conditions for yr and 6 need to be prescribed in
terms of the large scale variable x/§, i.e., €&. They are given by

€ n— —c0: ye=1, 6=0, (6)

€€ n— +oo: yr=0, €'V:0.n=0 (7)

in the direction of n. Periodicity conditions are imposed in other
spatial directions and in time.

4. Asymptotic analysis in the double limit € — 0, fe — 0

In this section, we carry out an asymptotic analysis of the prob-
lem (4)-(7) in the double limit € — 0, Be — 0. At leading order,
the flame structure is steady and one dimensional on the large
scale X = €& ~ 1. To describe this structure on this scale, we use
the multiple-scale technique, involving the small-scale coordinates
(&, ) and the large-scale coordinate X. Consequently, derivatives
transform according to

Vg — Vg-l—EVX

where Vg and Vy are the gradient operators in the small-scale and
large-scale coordinates. The appropriate expansion for the solution
can be written as

Vi=RhX) +eRX.ET)+ERXET)+- -,
0 :@o(X)—i—é@)](X,E,‘L’)+€2®2(X,§,‘E)+--- ,
S=So+€S1(T)+ €5 (T) +--- .

Substituting these expansions into (4)-(7) and collecting terms
of different orders of €, we obtain a series of equations for F, ©;
and S;. The equations that arise at leading order are identically sat-
isfied as we have already anticipated that Fy and ® are indepen-
dent of small-scale variables. The equations at the next two orders
are found to be

LrF, = — Pelev - VxF, (8)
£T®1 =—PeV-Vx®0, (9)

LB =— SOLe[n —-7n- VSV] . (VxFO + V&:F]) — Pelev - VxF]
+ ViFo +2V; - VxF — Lew (R, Op), (10)

,C’r@z =— So[n —7Tn- V&-V] . (Vx@o + Vg@]) — Pev - Vx@]

+ V%@o + ZV%- . Vx®1 + CU(F(), @0) (11)
where
['T EPei+Pev~V5 7V§

£FEPeLei+PeLev~VE - V2 e
(12)

T &

are differential operators that act on small-scale variables.
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Solutions for the first-order Eqs. (8)-(9) are obtained by assum-
ing
F = F1a(X) + Pele K - VxFo, (13)

O1 = O14(X) + PeKy - Vx O (14)

where the vectors Kr (&, 7) and Ky (&, ) are the periodic solutions
of

LK = —v, L1Kr = —v. (15)

Since v is of the form v =v(§, tSt/Pe), the function Ky depends
only on the two parameters PeLe and StLe while, similarly, K only
depends on Pe and St.

The second-order non-homogeneous Eqs. (10)-(11) governing F,
and ©®, are solvable only if the right-hand sides satisfy a solv-
ability condition. Specifically, following [28], the solvability con-
dition states that given a periodic function f(£, t), the equa-
tion £rg(&, t) = f(&, 7) has a smooth periodic solution if and only
if f(& t) has zero mean. Imposing this condition on Eq. (11), for
instance, we obtain

(750[“ —-7n- VEV] . (Vx@o + VE(’D]) — Pev . V)(@]

where (-) denotes an average! over the small scale variables & and
T.

Clearly, terms such as —Son - Vx®q + V%@O + w that do not de-
pend on the small-scale variables are unaffected by the averaging
operation. On the other hand, all terms that contain Vg can be
shown, using the divergence theorem and the periodicity boundary
condition, to vanish identically. The only remaining contribution
is due to Pev- Vy®; in which only the second term in (14) sur-
vives upon averaging. This particular contribution Pe(v.- Vx®q) =
Pe? (v Vy (K7 - Vx©g)) can be written as Pe?Vy - ((VK7) - VxOpg)
or, equivalently Pe?(vKr) : VxVyx®, since v is independent of X
and the averaging operation affects only the small-scale variables.
Furthermore since the Hessian matrix Vx Vx which represents the
tensor 82/8)(1.8)(1. is clearly symmetric, we may symmetrise the
product vKry.

Now, on applying the solvability conditions for both dependent
variables and simplifying the results, we obtain

1
Son- VxFy = EVX - (Dr - VxRy) — w(k, ©y), (16)

Son- Vx®g = Vx - (Dr - VxOq) + w(F, Og) (17)

where the effective diffusion matrices Dr = Dr(Pele, StLe) and
D = Dp(Pe, St) are given? by

Dr=I- 1Pe2Le2<v1(F + (VKp)T) = I+ Pe’Le’(VKr o (VeKp)T)

2
(18)

Dr=1- %Pe2<vl(r + (VKp)T) =1+ Pe*(VeKr o (VeKp)T)  (19)
in which I denotes the identity matrix and the symbol o represents
element-wise matrix multiplication such that, for example, Dy ;; =
(Sij + PGZ(V§-KTJ . VEKT.j>~

While formulas (18)-(19) for the effective diffusion matrices are
of general use in a variety of problems such as problems involving

! The average is defined by (¢) = & (7% i i o @ d&1d&2dEsdT.

2 The equality of the second relation to the first is shown readily in in-
dex notation [28]: substitute v; = L¢Kg; to obtain § (ViKe j + VjKr;) = 3 (Ke jLrKe; +
Kri LK j), which can be re-written, using (12), as %(LF (KriKr j) + 2VeKe i - VeKE )
and then impose the solvability condition for the first term (Lr (KK ;)) = 0.
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propagation and stability, they are more transparent if an axis of
the coordinate system is chosen to be along n. Let R be the rota-
tion matrix which transforms the original coordinate vector X into
a new coordinate vector X’ = RX such that the X{-axis is directed
along n. In the rotated coordinate system, F(X{) and ©¢(X;) are
function only of X] and therefore Egs. (16)-(17) simplify to

dfy  Dry d?Fy

OT)q = Lé dx{z - C()(FO, ®0)’ (20)
d®g d’®q

So—or = Drii—oms + @R, Op) (21)
dX] T, 11 dx{z

where D} = RDrR" and D} = RD;R'. Also, the boundary con-
ditions (6)-(7) reduce to
X| > —o0: Fp=1=0p=0 and X| — +oc: FO:%()?? —o.
1
(22)

The solution of problem (20)-(22) for large B, as done e.g.
in [29], provides the following formulas for the effective burning
speed and the effective Lewis number

St Dr 11 Lecsr 2
— >S50 = = D 41 and Leesr = Le——.
St m Le },11
(23)

Note that the dependence of Sy on D7, and D, is intuitively
correct as it extends the dependence of the laminar speed S; on
Dy and Df in (3), namely S| DT/\/D>, by replacing Dy and Dg
with corresponding flow-enhanced values.

5. Scaling laws for large Peclet numbers

The dependence of the effective burning speed ratio Sy/S; and
the effective Lewis number Le.; on Pe is determined by the en-
hanced diffusion coefficients, as indicated in (23). For large values
of Pe, we may assume that the asymptotic behaviour of the effec-
tive diffusion coefficients is of the form

Dy — 1~ (Pele)’, Dpy—1~Pe” for Pe 1, (24)

and similar behaviours (with different exponents o) for other ele-
ments of the matrix Dr — L. Then (23) implies that

2
st (Pe\” (25)
SL Le ’

provided the exponent o, which needs to be computed as done
below, is positive. Negative values of o indicate that there is no
enhancement of diffusion with respect to molecular diffusion for
Pe > 1 and therefore

St

Leasr = L —=1.
Ceff e, 5,

Leggs ~ Lel g s

In fact, as demonstrated in [28], o is bounded from above, namely
o < 2. This upper bound indicates that maximal enhancement
of diffusion is achieved when o = 2. The maximal enhancement
in fact occurs for steady, unidirectional periodic (or confined)
shear flows and is associated with the Taylor’s dispersion mech-
anism [29]. It is instructive to consider two classes of flow fields,
namely, unsteady unidirectional flows for which the exponent o
can be determined explicitly and the two-dimensional so-called
Childress-Soward flows for which o will be computed numerically.
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Fig. 2. Streamline plots for the Childress-Soward flows (27) for selected values of §. The colours describe the scalar vorticity field (normalized by its maximum value with
red indicating a positive or counter-clockwise vorticity and blue a negative or clockwise vorticity). (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)

5.1. Unsteady unidirectional flows

Diffusion enhancement has been studied in the context of un-
steady unidirectional periodic shear flows by Zeldovich [30], who
provided an exact solution for the effective diffusion coefficient.
The similar diffusion problem in confined geometries has been
studied by Watson [31]. The general unidirectional shear flow peri-
odic in time and space with zero mean may be written in the form
of a double Fourier series as

7" (%-2’ 7) = Z i)k'meZni(kEermrSt/Pe)’ vy =13 = 0.
(k,m)#(0,0)

Using this expression in (15) to determine Kr and then us-
ing (18) to determine Dj, we find that the only non-zero element
of Di —1is Df, — 1. This term is given by

(kPeLe)z |i)k ml2
Dpy— 1= 472Kk & (mStLe)?
F > 472k4 + (mStLe)2’
(k.m)#(0,0)

a result which is equivalent to formula (55) of [28], which gener-
alizes an earlier formula originally derived by Zeldovich [30]. It is
worth noting that when St ~ Pe, i.e., when the time scale t. cor-
responds to leei/U, Dp 1y — 1 tends to a constant independent of Pe
as Pe — oo. This indicates that the exponent o =0 and that the
enhancement of diffusion remains bounded as noted by Zeldovich.
On the other hand, when St = 0 corresponding to a steady flow,
or more generally when St « Pe corresponding to a quasi-steady
flow, formula (26) indicates that D}ﬂ — 1 ~ (PeLe)?, which is the
maximal enhancement aforementioned. For St > Pe, diffusion en-
hancement is negligible according to (26).

(26)

5.2. Steady two-dimensional Childress-Soward flows

In addition to the unidirectional flows, another prototypical
flow which has been used in theoretical studies such as [1-4] on
flame-flow interaction is the so-called vortical (or cellular flow).
A useful class of simple steady flows depending on a parameter
0 < 6 <1 which encompasses both the shear and cellular flows is
the so-called Childress-Soward flows [32]. The velocity components
of the Childress-Soward flow in a suitable coordinate system are
given by

vy =—(1+6)sin(2w&), v, =-(1-6)sin(2w&;), v3=0.

(27)

As shown by the streamline plots in Fig. 2, we have a cellular flow
consisting of square vortices for § = 0 and a unidirectional shear
flow directed along &;-axis for 6 = 1, with intermediate values of
& representing a series of cats-eye vortices with varying degrees of
eddy-like/shear motion.

For the Childress-Soward flows (in the frame of reference cho-
sen) given by (27), D} —1 is a diagonal matrix. Corresponding to

2 :
Dy — 1~ Pef
151 J
g
1t ,
0.5 |
IT,22 — 1~ Pe°
0 ‘ ‘
0 0.25 0.5 0.75 1

J

Fig. 3. The exponents o in the formula D}, — 1~ Pe’ (red line) and in the for-
mula Dp,, — 1~ Pe’ (blue line) vs. the parameter § appearing in (27), obtained by
fitting numerical computations for Pe in the range [6 x 103, 104]. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

these flows, we now calculate numerically the exponent o for
each diagonal entry of the matrix D} —1. For Dp4 —1 we first
solve (15) for Kr, then evaluate D} using (19) and then finally fit

the data for large Pe to the profile
Dy —1~Pe’. (28)

We proceed similarly to determine the exponent o for Df ., — 1.
The numerical results are obtained by solving the inhomogeneous
elliptic PDEs (15) using COMSOL Multiphysics software. The equa-
tions are solved subject to periodic boundary conditions along with
an additional condition, say Ky (0,0) =0. The latter condition is
needed since the solution is unique only within an additive con-
stant. For the empirical fit, we have used the numerical results cor-
responding to Pe in the range [6 x 103, 10%]. It should be cautioned
that the accuracy in determining the exponent o depends on its
value; the larger the value of o, the better is the fitting accuracy.

The computed exponents o corresponding to the two diagonal
elements are plotted in Fig. 3 as a function of §. It can be observed
from the figure that when § =0, 0 = 1/2 in agreement with the
predictions of past investigations [33,34] on square vortices. Sim-
ilarly for § =1 corresponding to a unidirectional shear flow, it is
seen that the enhancement of diffusion is in the &;-direction only,
in line with the conclusions of the previous subsection.

We note that as § is increased, the enhancement of diffusion
increases in the &;-direction and decreases in the other direction.
This translates into the effective diffusion process becoming more
anisotropic as § is increased. For § = 0, there is no anisotropy in
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25 T i
§=0
2 .
Sr
St
1571
6=20.5
| =1
0 20 40 60 80 100

Pe

Fig. 4. The effective burning speed ratio Sy/S; vs. the Peclet number Pe for the Childress-Soward flows (27) with Le = 1. The left figure corresponds to flame propagation

along the &;-axis and the right figure to the &,-axis.

diffusion as both exponents in the figure are equal, while maxi-
mum anisotropy is achieved when § = 1. This latter case for which
the maximum value of o is achieved and corresponds to the &;
direction, the diffusion enhancement is attributable to the well-
known Taylor dispersion mechanism [35]. The relatively smaller
diffusion enhancement when § = 0 may be explained by the fact
that although convective transport of a scalar can be quick within
a given eddy, the transport to an adjacent eddy is still predomi-
nantly controlled by the slow molecular diffusion.

Using in (25) the exponents computed in Fig. 3, we can de-
termine the asymptotic behaviours of the effective Lewis number
and the effective burning speed ratio. In the case of square vortices
(6 = 0), these are given by

1/4 1/4 1/4
Le.c ~ Lel/? Sl ~ E — L g lci“
eff = ’ SL Le Le1/4 SL 5[_ ’
(29)

irrespective of the direction of flame propagation due to the
isotropy of the effective diffusion process. As for the case of unidi-
rectional shear (§ = 1), we have
1 St Pe
Leess ~ —, _—~ ===

eff Le SL Le Le SL 8L
when the flame propagates in the direction of the shear flow (&;-
direction). Of course, if we consider flame propagation in the &,-
direction where there is no diffusion enhancement, then

St

Leqss = Le, — =1.

eff SL
The behaviours of other values of §, lie between the above two
limiting cases 6 =0 and 8 = 1 just considered. It should be noted
that the %th power dependence of S;/S; on Pe given in (29) for the
case of square vortices was first identified by Audoly et al. [4] and
later confirmed in [8,36,37]; see also [38, pp.186 -187]. On the
other hand, the dependence on Pe and Le in (30) for unidirectional
shear flows was first reported in [29].

1U lcell (30)

5.3. Potential implications for turbulent premixed combustion

It is worth comparing the asymptotic behaviours (29)-(30) with
the corresponding trend in premixed turbulent combustion in the
distributed reaction zone regime. We begin by comparing our re-
sults with the burning speed formula

ST +vRe R(‘?)L
St Le Le
reported in the recent experimental study [26] on highly turbulent
jet flames; here Re is the turbulent Reynolds number and Re; is

(31)

the Taylor-scale Reynolds number. Now according to Damkdohler’s
second hypothesis [39], the effect of small scale turbulence is to
enhance the effective diffusion coefficients and hence the effective
burning speed Sy, without altering the flame structure. Therefore,
as we argued in [19], we may write

Sl [ LetwrDr tur
S]_ - LE‘DT

which follows from using formula (3); here Lewr = Dr tyr/DF tur 1S

the turbulent Lewis number and Dr ¢,y and Dg ¢, are the turbulent

(or effective) thermal diffusivity and fuel diffusion coefficient.
Comparing the last two relations, we find

(32)

_ 1 DT,tur
Lewr = e and Dy Re. (33)
The Lewis number dependence of the turbulent burning

speed (31) and the turbulent Lewis number (33) appear to be
in better agreement with the predictions of unidirectional shear
flow (30) than the square vortices (29). This observation is some-
what surprising as the shear flow lacks more the isotropic aspect
of turbulent diffusion coefficients than the cellular flows. Further-
more, we note that it is difficult to reconcile the dependence on
the Reynolds number between the turbulent and the laminar flow
cases. Yet, it is interesting to note that formulas (31) with (30) are
in good agreement if Pe is identified with the Reynolds number
Re; based on the Taylor microscale (rather than Re).

It is also instructive to examine the dependence of the effective
burning speed Sy, rather than S;/S;, on the Lewis number Le. In
particular, since S; « +/Le, we have

Sy oc Le(1=9)/2 (34)
or equivalently St o ,/Leess. From the above relation, we can con-
clude that the effective burning speed S decreases with increasing
Lewis number only when o > 1. This trend for St is also observed
in turbulent cases, see e.g. Fig. 3 in [17], which can therefore be
explained, in part, by flow-enhanced diffusion.

Irrespective of the complications associated with turbulent
combustion, our study highlights a physically important result.
Specifically, the study shows that the flow plays a crucial part in
determining the effective Lewis number, leading to surprising re-
sults such as Le.g =~ 1/Le for parallel flows (30) and Leus ~ Le!/?
for square vortices (29) at large values of Pe. Such results can pro-
vide explanations for unexpected flame behaviours in turbulent or
complex flow fields. An example of such unexpected behaviours is
the experimental observation reported in [40,41] that turbulence
appears to facilitate ignition in Le > 1 mixtures and to inhibit it
in Le < 1 mixtures. Partial explanation to this observation may be
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Fig. 5. The factor /Le.s/Le (36) as a function of Pe for selected values of Le. The left figure corresponds to the cellular flow (§ = 0) and the right figure to the shear flow

(8 = 1). In both cases, flame is assumed to propagate in the &;-direction.

provided by the dependence of Le.; on the flow field emphasized
herein.

6. Results for Childress-Soward flows with arbitrary Peclet
numbers

In the previous section, we have explored the asymptotic be-
haviours of the burning speed for large values of the Peclet num-
ber. Here we shall present illustrative results for arbitrary values of
Pe in the case of Childress-Soward flows (27). We first consider the
unity Lewis number case for which formula (23) implies that

S S

S—Z ~,/Dpqy oOr S—Z ~ /Dy (35)
depending on whether the flame propagates in the &;-direction or
the &,-direction.

Figure 4 is generated by computing the effective diffusion co-
efficients in (18)-(19) for different values of Pe and substituting
into (35). The curves of S;/S; reveal a quadratic dependence on
Pe for small values of Pe, whereas at large values they approach
the asymptotic behaviour identified in the previous section. In par-
ticular, it is worth noting at large values of Pe the linear behaviour
for 6 =1 and the sublinear behaviour when § < 1 which exhibits a
bending effect of the curve S;/S; vs. Pe.

It is also worth noting that the curve for the periodic shear flow
(8§ =1) with flame propagation along &;-direction may be com-
pared with the corresponding curves reported for Poiseuille flows.
Specifically, our findings are consistent with the curves in Figs. 5
and 6 of [42] and figure 8 of [43]. In the case of cellular flows
(6 = 0), the findings are found to be consistent with the result ex-
hibited in Fig. 4.32 of [44].

We now examine the influence of non-unity Lewis numbers.
To this end, we note that the burning speed ratio Sy/S; for non-
unity Lewis numbers can be obtained according to formula (23) by
multiplying the corresponding ratio Sy/S; for unity Lewis numbers
plotted in Fig. 4 by the factor ,/Le.g/Le. In other words, the factor

Leest Sr/St
_ 36
Ve = Gr/Solen (36)

is a convenient way to quantity the departure of the scaled burn-
ing speed from its unit Lewis number value. This factor is com-
puted using (18)-(19) and (23) and is plotted as a function of Pe in
Fig. 5 for selected values of Le. All curves in this figure are found
to exhibit a quadratic behaviour near Pe = 0 and asymptote to the
value 1/Le’/? for large Pe.

7. Effects of thermal expansion and heat loss

Influence of thermal expansion and heat loss can be taken into
account in a straightforward manner because the primary change
that encountered here is the enhancement of diffusion coefficients.
First, let us address thermal expansion effects. It is clear that den-
sity variations associated with thermal expansion due to heat re-
lease must be in the first approximation a function of X given
by pg(X), as has been shown in the related confined geome-
try problems [19,29,45,46]. This means that density is practically
constant on the small-scale variables (£, 7). On account of the
density variation on the large scale, the effective diffusion coeffi-
cients (18) and (19) will depend on pg(X); see e.g. formulas (21)-
(22) in [29]. It follows that the required change in our asymptotic
formulas (23) is that the diffusion coefficients need simply to be
evaluated at the burnt gas temperature. This implies, for example,
that formula (24) need to be replaced with

Diq — 1~ (PLe)® where P =Pe(l-a) (37)

is the Peclet number involving the gas expansion parameter o de-
fined in (3). The reader is referred to [19] for an analysis that in-
corporates the thermal expansion in a related simpler problem.

Turning now to the effect of heat loss, let us assume that the
heat loss rate per unit volume may be written as pcpK(T — Ty),
where K-1 is a characteristic cooling time. The scaling of K for
flame quenching is given by I(SLZ/DT ~ 1/B. Thus, we can introduce
the parameter k = ﬂK{SLZ/DT, which introduces on the right-hand
side a term —e2kf/B in (5) and correspondingly a term —k®y/8
n (17). The classical asymptotic result [47] for the burning speed
with account taken of diffusion enhancement then becomes

So

S21n
0 SO,ad

=—KkDr (38)

where Sy 44 is the adiabatic flame speed given by (23). The burning
speed Sy exists for k' < Kext, Where

Sé,ad _ Leeff (39)

2eD;,,  2ele’

Kext =

For large Peclet numbers with o > 0, this formula simplifies to

1

Kext = 5%
2eLe’

(40)
which indicates that for Le < 1, the extinction limit is enlarged by
a factor 1/Le’ in the presence of the periodic flow, whereas it is
diminished by the same amount for Le > 1. This effect of diffusion
enhancement on flame quenching is greatest when o = 2, as iden-
tified for Taylor-dispersion controlled flames in [19].
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8. Possible extensions of the study

Although, the results derived herein pertain to zero-mean,
small-scale periodic flows, they are also applicable if the flows
have a small non-zero mean which varies on the large scale.
For example, the formulas for the generalized diffusion matri-
ces derived in (18)-(19) are still applicable for the flow field
V(X/lcen, t/tecen) /U + €V(X/8;, tS;/8;) where V denotes the large-
scale weak mean flow. The convection velocity €Sn ~ €Sgn in (4)-
(5), emerging in the flame-fixed frame, is itself a weak mean flow,
albeit a constant one at leading order. Excluding some peculiar
cases discussed in [28, Section 2.1.3.1], there appears to be no the-
oretical development for the large-scale mean flow of arbitrary
magnitude. The latter problem is also of considerable interest for
future investigations.

To close this section, we note that findings of the present pa-
per are applicable, strictly speaking, when &;/8 > l.o;. When the
flow scale I is of the order of, or slightly larger than, the reac-
tion zone thickness §;/8, further progress can be made provided
lcei < 81 This can be done by carrying out an asymptotic analysis
in the distinguished limit §;/8 ~ Iy, as done in [19] for unidirec-
tional flows. In this distinguished limit, the theoretical approach
developed here can be applied to the preheat and post flame
zones, but for the reaction zone, a convective-diffusive-reactive in-
ner problem is obtained. Specifically, consideration of this distin-
guished limit shows that the first corrections to the leading-order
solutions obtained here are of order e = Bl e1/d1-

9. Concluding remarks

In this paper, we have carried out an asymptotic analysis of
the propagation of a thick flame in small-scale, zero-mean, spatio-
temporal periodic flows. Using activation energy asymptotics and
homogenization theory, formulas (23) for the effective Lewis num-
ber Le.s and the effective burning speed ratio Sy/S; have been de-
rived. The formulas quantify the dependence of the propagation
and structure of the flame on the flow via flow enhanced diffu-
sion. In particular, when the flow Peclet number Pe is large, the
enhanced fuel diffusion coefficient and the enhanced thermal dif-
fusivity are found to grow like (PeLe)® and Pe, respectively, where
o <2 is a constant that depends on the flow and the direction
of flame propagation. Consequently, this leads to Le. ~ Le!™ and
Sr/S; ~ (Pe/Le)°/%; the maximal diffusion enhancement (o = 2) is
achieved for steady, unidirectional flows. The result also indicates
that the effective burning speed S; o« Le('=?)/2 increases with de-
creasing Lewis numbers only when o > 1.

We have also briefly addressed the effect of heat loss on flame
propagation and quenching in a flow field in Section 7. In particu-
lar, it is worth noting that the quenching limit due to heat loss is
increased by the factor 1/Le® due to the presence of the flow. That
is to say, small-scale flows increase the quenching limit of subunity
Lewis-number mixtures and decrease it for mixtures with Le > 1.

Finally, the potential implications of the findings to bet-
ter understand turbulent combustion have been summarized in
Section 5.3. A particular aspect which has been emphasised in our
study is the dependence of the flame characteristics on the Lewis
number in the presence of high-intensity, small-scale flows. This
dependence has been shown to intimately depend on the flow
through Taylor-dispersion like flow-enhanced diffusion, rather than
merely on the conventional molecular diffusion coupled with cur-
vature effects. We have also argued that the flow-dependent ef-
fective Lewis number identified herein may be useful to explain
the peculiar feature that turbulence appears to facilitate ignition
in Le > 1 mixtures and to inhibit it in Le < 1 mixtures, observed in
experiments on ignition in a turbulent reactive flow [40,41].
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