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Abstract

We propose a stochastic HCV model with protection awareness and latency-acute-chronic phases in this study.
First of all, we show that the stochastic HCV model admits a unique global positive solution for any given positive
initial values. Then, we verify that HCV model has a unique stationary distribution under the sufficient criterion
Ry > 1, which indicates that HCV transmission undergoes the persistence in the long term. Furthermore, we
derive the sufficient conditions for HCV extinction under the condition Rg < 1. As a consequence, we derive the
relationships among the stochastic persistence index Ry, the stochastic extinction index R{j and the threshold (the
basic reproduction number R;) of the model without fluctuations. The condition Ry > Rf) > 1 reveals that the
existence of the white noises triggers the less stochastic persistence index. While, the condition Ry < R < 1
reveals that, when the intensities of the white noises are controlled, the value Rg triggers the stochastic extinction.
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1. Introduction

Hepatitis C (HCV), caused by the hepatitis C virus, is an inflammation of the liver. The symptoms of HCV
range from moderate to severe and include fever, fatigue, loss of appetite, nausea, vomiting, abdominal pain,
dark urine and yellowing of the skin or eyes (jaundice) [1]. Although the deterministic models have been widely
used, they fail to describe the uncertainties that exist in the real world. Within the recent contributions, some
studies have introduced stochastic fluctuations into their models, including parameter fluctuations [2, 3, 4, 5, 6] and
environmental fluctuations [7, 8, 9, 10, 11, 12]. Therein, a noteworthy recent contribution was the work by Zhai
et al. [9], who focused on the susceptible population with protection awareness in a stochastic model and found
that detailed publicity was important for controlling the infection scale of HIV/AIDS. In the population level, the
recent contributions have explored HCV transmission dynamics with stochastic fluctuations. Alnafisah et al. [13]
conducted a stochastic model of HCV transmission across diverse viral genomes and concluded that smaller white
noise ensured HCV persistence, while the larger white noises led to its extinction. It was found by Rajasekar et
al. [14] that the persistence and extinction of HCV depended on the fluctuations in some key parameters of the
chronically infected population. Later, Qi et al. [15] took the latent period and nonlinear incidence rates into
account, and proposed an improved HCV stochastic model, motivating by Cui’s model [16].

In this study, we are motivated by the transmission mechanisms of SACTR models in [16, 17], the role of
the exposed population during the HCV spread in [15], the protection awareness of the susceptible population in
[9], and the environmental fluctuations in [7, 8], we now propose a new HCV transmission model with protection
awareness in the environmental fluctuations. Next, we assume that the total population of HCV is separated into
eight compartments: S, the susceptible population without protection awareness; S ,, the susceptible population
with protection awareness; E, the number of the exposed population; A and C, the numbers of the actively infected
population and the chronically infected population; 7', the number of treated population; R; and R, the numbers
of self-cured population and cured population respectively. The equations for a new HCV transmission model with
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protection awareness in the environmental fluctuations are written as follows:

dS (1) = [A = BeS u(E(t) — BuS u(DA(t) = BeS W(DC(H) — AS () — uS (D] dt + 01 S, (1)d By (1),
dS (1) = [AS (1) = B(E, A, O)S 4(t) — S o()] dt + 028 o (H)d B (1),
dE(?) = [B(E, A, C)S o(t) + (BE(1) + +B,A(1) + B.C)S (1) — VE(t) — E(t) — pE(1)] dt + 03 E(1)dB5(1),
dA(t) = [CE() - 6A(1) — pA(D)] dt + o4 A(t)d By (1), 0
dC(1) = [adA(r) — eC(r) — nC(t) — uC(0)] dt + o-sC(1)dBs (1),
d7 (1) = [eC(t) — yT () — uT(t)] dt + 06T (t)dBs (1),
dR(#) = [VE(t) + (1 — @)0A(t) — uR(1)] dt + o7 R (1)dB7 (1),
dRy(t) = [yT(t) — uRy(1)] dt + ogRy(1)dBs(2),

with B(E,A,C) = (1 — k,)BE(t) — (1 — k,)B.A(t) — (1 — k.)B-C(¢). Here, A is the constant recruitment rate;
Bi (i = e, a,c) are the contact rates of HCV infected populations (exposed population, acutely infected population,
and chronically infected population), respectively; A is the conversion rate from §, to S, through education and
publicity; k; (i = e,a,c) are the protection efficiencies of S, for three HCV infected populations; v is the rate
of self-healing for exposed population; 1/{ represents the average time removing out from E; 1/6 represents the
average time removing out from A; « is the transfer proportion from acutely infected population to chronically
infected population; ¢ is the transfer proportion from chronically infected population to treated population; 7 is
the induced-death rate of the chronically infected population; 1/y denotes the average treatment time; u is the
natural death rate of the total population. Meanwhile, the protection efficiencies k; of S, towards three HCV
infected populations are described as three distinct values, which improves the same protection efficiencies in
[9]. Let B;(t) i = 1,2,3,4,5,6,7,8) be mutually independent standard Brownian motions defined on a complete

probability space {Q, 7, {7:’}»0’ P} with a filtration {7’,}00 satisfying the usual conditions (i.e., it is increasing and

right continuous, while ¥ contains all P-null sets). Let (x(¢)) = % fot x(s)ds.

2. Positive global solution of model (1)

Theorem 1. Model (1) has a unique global positive solution Z(¢) = (S (1), S 4 (1), E(t), A(t), C(1), T (1), R1(£), R,(1))" €
R? initiated with Z(0) € R® for any ¢ > 0.

Proof. It is obvious to verify that model (1) satisfy the local Lipschitz condition. There is a unique local solution
Z(t) for t € [0,7,).Next, we will prove that the 7, = oo holds almost surely. Let, nop > 1 be a sufficiently large
number such that each component of Z(¢) all lying in [%, nO]. For each integer n > ny, define the stopping time

1
T, = inf {t € [0,7,) : min{Z;(#)} < — or max {Z;(¢)} > n} fori=1,2,3,4,5,6,7,8,
n

where inf @ = co. Obviously, 7, is monotonically increasing as n — co. We denote 7., = lim 7,. If we show that
n—oo

T = 0o holds almost surely, then the proof is complete. By contradiction, there exits a pair of constants M > 0
and € € (0, 1), such that P{r, < M} > & for n > ng. Now, we define a C2-function V, : Ri — R, form € R, as
follows:

Vi = Su—m—mln&+Sa—m—m1n&+E—1—lnE+A—1—1nA
+C—1—1nC-:-nT—1—lnT+R1inl—lnR1+R2—1—1nR2,
by the It6 formula, we derive
LV, £ A+ (mB+m(1-kB-wW(E+A+C)+2mu+6u+md+v+{+d+e+n+y
+%(m0'%+m0'%+0'§+0'i+0‘§+0’2+0’%+0‘§)
< A+2my+6ﬂ+m/l+v+§+6+s+n+y+%(mo-%+m0'§+0'§+0'§+0’§+0’§+0’%+0’§)::G,

where 8 = max {8,, 8., 8.}, k = min{k,, k,, k.} and we let m = ﬁ the remaining part of the proof follows the
approaches in [3, 9] and we omit them here.



Stationary distribution and extinction of an HCV transmission model with protection awareness and environmental fluctuations

3. Stationary distribution

Theorem 2. Model (1) admits a unique stationary distribution, which has the ergodic property, if
Ry =Ry “+RyT+Ry > 1,

holds, the expressions of Rg‘e, Rg‘”, Rg“’ are written as follows:

ABep + 305 + A1 = k)
bybybs

ABL(u+ 303+ A1 —ky))  ABeadl(u + 1o3+ A1 - k)

Rs—e — — ,
0 b1babsby 0 b1babsbabs

S—a
’ RO =

withby =A+u+ %o-%,bz =u+ %o’%,b3 ={+v+u+ %O’%,IM =0+u+ %oﬁ,b5 =s+n+u+ %o-%
Proof. The diffusion matrix of model (1) is re-organized as follows

A = diag{o?S2, 0382, 3E?, 03 A%, 03CP 0l T2, 03RT, o3RS,
we have that matrix A is positive definite. Now, we define a C?-function K such that LK < —1 for any Z(¢) € R3\D.
We find a C?-Lyapunov function K : R® — R,:
g:FV2+V3+V4+V5+V6+V7+V3+V9+V10,

where

Vo=—(UnE+(ci+cz3+cs+c7+cog+ci3)InS, +(cr+cg+cip)InS, + (¢cs5s +cg+ci9+cia)IlnA

0 A
+(c11 + ¢15)InC) + LCJF(QPL Q3—0‘) ’
E+n+u e+n+uldo+pu

Vi=Su+S,+E+A+C+T+R +R)", Vy=-InS,,Vs=-InS,, Vs = —1nA,
V7 = —lnC,Vg = —IHT,VQ = —lan,Vl() = —11‘1R2,

_ABe _ABA k) AP k) o ABL  ABL AL~ k)

1= b% ,C2 = blb% »C3 b%bz ,C4 = b%b4’C5_ blbi, 6 — blb%b4 H
ABLA ~ ka) ABLA ~ ka) AB.add ABcadd ABc.adg AAB (1 — ke )adg
1 = ,C8 = ,C9 = ,Cl0 = s Cll = —— 5 -C12= ———>5, 5 >
D2byby bybyb? b2bybs b b2bs b1byb? b b2bybs
AAB(1 = k)ast AAB(1 = k)ass AAB(1 = k)asl
13 = 5 ,Cl4 = > ,Cl5 = 3 .
2bybybs b1byb2bs bibybab?

1
Here, F > 0 is a sufficiently large positive constant satisfying —F’ (v +{+u+ 50-%)(7%‘3 - 1)+ G < -2, with

1
2 2 2 2 2 2 2
G:P+/l+6+£+)7+y+7,u+§<0'1+0'2+0'4+0'5+a'6+0'7+0'8)+61+e2,
1

P = sup {(9+ 1)(N”A - —MN"“)} < oo,
NeR, 2

1 — 1 —
e; = sup {—5(9 + HMA™ + 2 - ka),B,lA},ez = sup {—5(9 + HMCH 4 (2 - kc),BcC},
AeR, CeR,

1 — 1 _
e3 = sup {—5(9 + DME*! + FQ4E + (2 - ke)ﬁeE} ,e4 = sup {—Z(e + DME®*! + FQ4E + (2 - ke)ﬁeE} ,
EeR, EeR,

and 6 > 0 is a sufficiently small positive constant satisfying

6
M=u- zmax{a?} >0fori=1,2,3,4,5,6,7,8.

Obviously, K is a continuous function and takes minimum at the point Z. We define a non-negative C2-function

K =K - KQ2).
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Applying the It6 formula on V; :

A S, A SA A E
LV, = (_ﬂeSLl_CIS_M)+Clb1+(_ﬂe(1_ke)Su_C2/1S_a_C3S_u)+62b2+c3bl+(_ﬂa z —C4S—M—CS§Z)
SJA Su A E
+c4by + c5by + ( —,Ba(l - ka)T - C6/IS—a - C7S_M - Cg{z) + cgby + ¢7b1 + cgby
s.C A E A S.C S, A
+(—ﬁcT—093—61052—61105E)+C9b1+Clob4+611b5+(—ﬂc(1—kc)T—Clz/lS—a—Clss—u

E A
—C14§Z - 61561'(56) + C12b2 + C13b1 + C14b4 + Cl5b5 + b3 + QE

~2(c1AB)? + c1by = 3(c2csAdBe(1 = k)3 + caby + c3by = 3(cacsALB)S + caby + csby
—4(cc70s AAZB(1 — ka))F + coba + c1by + cgby — 4(cocioci i AaSLB)F + coby + cioby + ¢11bs

IA

—5(craci31415A6LB(1 = ke))F + ciaby + c13by + Claby + ci5bs + by + QF
= bR+ R R — 1) + QF,

where
QiZ(Cl +C2(1—ki)+C3+C4+C(,(1—ki)+C7+C9+C12(1—ki)+6‘13)ﬂi fOfiZE,A,C,
Qcad ) 4
= + + —|—-
Q=0 (QA e+n+uld+pu

Similarly, we obtain that
1
LK < —FhiyR-1D+(FQ+Q-k)BIE+A+6+c+n+y+Tu+ E(o-f+o-§+o-ﬁ+o-§+o-§+o-%+o-§)

1 —~ A
+P - @+ 1) MES + 88 + P A% 4 0 4 70 4 RO 4 RO - T + B.A + B.C

Su E A C A E T
“A—+0-k)BA+(1 -k )BC—-C(——-ab=—-e=-(1-a)d— —Vv— —y—,
5o (koA + (1= k)B.C = £ —adg — oz = (1 =@ — v~y
2
Now we construct a bounded set D as follows:
) 1 1, 1
D={.91 <S,<— SlﬁSaS—z, g <E<—, sISAS—z,
& & &y
1 1 1 1
£§<C<—,6<T<—, 6 <R <, aists—S},
H &} £ &
where ¢ is a sufficiently small constant satisfying the following conditions:
H . .
——+e3+ G < -1 with H=min{A, 4,{,ad,&, (1 —a)d +v,vy}, 3)
&1
1
—F(§+ k+u+ 50-_%)(7%5 — D+ (FQ4+B.+ (1 -k)Be +G < —1, @)
1 ~ 1 fori—
_5(0+1)MW+63+GS_1 ori=1,2,3,4,5, (5)
1
1 ~ 1
—Z(9+1)MF+€4+GS—1. (6)

1
Next, we define sixteen bounded subregions to prove the assertion LK < —1 as follows:

Dy ={Z() e RS, 0< S, < &), Dy={2() e RS, 0< S, <&}.8, > &1}, Ds = {2() e RS0 < E < &1},
Dy={Z() eRS,0<A <&}, E>ef,Ds ={Z() eRE,0< C <&}, A>&}}, D ={2() e RE,0< T < &},C > &},
D; = {Z(t) eR},0<R <& ,E>e,A >sf,},D8 = {Z(t) eR},0<R, <&], T >s‘1‘}, Dg = {Z(r) eR8, S, > 8—1]}
Dy = {Z(t) cRS,S, > 6‘—%},D11 ={zweRrS,E> L), D= {Z(t) cRS,A> é},D13 = {Z(t) eRS,C> i;}
Dy = {Z(t) eRE T > é},D15 = {Z(t) e RS R, > f} Dig = {Z(t) eRS.R, > é}

4
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Case 1. When Z(¢) € Dy, D,, D4, Ds, D¢, D7, Dg by (2), (3), we obtain that LK < —1.

Case 2. When Z(t) € D3, by (2), (4), we derive that LK < —1.

Case 3. When Z(t) € Dy, D1y, D12, D13, D14, D15, D16 by (2), (5), one finds that LK < —1.

Case 4. When Z(t) € Dy, by (2), (6), one can derive that LK < —1.

Remark 1. It is easy to check that model (1) without white noises admits the basic reproduction number R,. Let
o;=03(=1,2,3,4,5,6,7,8). Then,

ABe(u+ A1 - k) N ABad(u+ A1 - ko)) N ABcadl(u + A — k)

RE=Ry = )
0T T Q@ +v+p) | A pu v+ @S ) A+ u + v+ )6 + (s + 1+ )

4. Extinction
Theorem 3. For any initial value Z(0) € R8, if

- k)/lA)((T )—1 5 .
+ — + <1 and max{o;}<2ufori=1,2,3,4,5,6,7,8
A+ n " w+ a H

are valid, then HCV undergoes the extinction with probability one, and the solution of model (1) has the following
property:

R = B+ Bu+ B

lim E(1) = 0, lim A(1) = 0, lim C(¢) = 0, lim T(1) = 0, lim R,(1) = 0, lim Ry(¢) = O a.s..

Proof. Integrating the first and second equations of model (1) from O to 7, and then divided by ¢, we give
AA

g

We continue the proof using W = E + A + C, by the generalized It6 formula on W, we obtain

m(Su(t) < —2— lim(S.() <
—c0 A+ -0

LInW

%(BeE(Su + (1 - ke)Sa) +ﬁaA(Su + (1 - ka)Sa) +ﬁcC(Su + (1 - k()Sa)

—vE — (1 —@)6A — €C — nC — uW) — (03E* + 03A% + 03CP)

2W2
! 2 2 G P DO P
< (ﬁe+ﬁu+,8¢-)(su+(1—k)Sa)—/J—W(VE +(1—a)6A +(8+77)C +7E +7A +7C)
o
< (ﬁe+ﬁa+ﬁ0)(su+(1_k)sa)—/d—g,

2 2 2
where k = min{k,, k4, k.}, & = min{v + %, 1-a)+Z,e+n+ 5}, therefore, we have

—mww—mmw<wﬁﬂﬁmm&mna—w&mnﬂr§+%hf@+ﬂi

3 t t t
an application of strong law of large numbers for local martingale [18], we derive
lim MlT(t) =0 fori=1,2,3 as.,
t—o0

where M| = 03 Jg % dBs(s), M, = 04 0[ % dBy4(s), M3 = o5 fo v?/((i)) dBs(s). Taking the upper limit, by Rj < 1,
we gain

AN
M+ p)

W()

A
<@+m+m( +(1-k)

. In
lim sup

t—oo

log . 1,
)_,u_E :(Ro—l)(u+ 30')<0 a.s..
Hence,
lim E(t) = 0,1im A(t) = 0,lim C(¢) = 0 a.s..
1—o00 t—o00 —00
Then, we also get

lim T'(¢t) = 0, hm Ri(H) =0, hm R>(H) =0 as..

t—oo

Remark 2. In this study, we identify that the following relationships hold:
Ro > Ry Ro > Ry

Moreover, we have R} > Ry when & < 3 min{v, (1 — @), & + n} is valid. If Ry > R > 1 holds, then model (1) has a
unique ergodic stationary distribution. If the intensity of white noise is enough large, then the value of R is below
one, further the extinction of HCV might occur.
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