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Abstract

In this study, we consider two finite mixture models (FMMs) with location-scale family
distributed components, in which ordering results are established in various stochastic senses.
For heterogeneity in one parameter, the comparisons are obtained with respect to usual
stochastic order, hazard rate order, reversed hazard rate order and likelihood ratio order.
Further, for heterogeneity in two parameters, we derive sufficient conditions for the stochastic
comparison of FMMs with respect to usual stochastic order and hazard rate order. Various
examples and counterexamples are presented to illustrate the proposed results.

Keywords Finite mixture models - Location-scale family - Stochastic orders -
Majorization - T-transform matrix
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1 Introduction

In different fields of research, such as biology, reliability and survival analysis, finite mixture
models (FMMs) have been widely employed, and thus have received a considerable interest
from both theorists and practitioners. Mixture models (MM) allow to model heterogeneous
data, whose pattern can not be designed by a single parametric distribution. To model such
heterogeneity, a number of homogeneous subpopulations are mixed via some latent, unknown
parameter, which is considered as a random variable. Throughout this paper, we call the
corresponding distribution the mixing proportions. There are various situations, where FMMs
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appear naturally. Below, we present few of them. One may refer to Lindsay (1995); McLachlan
and Peel (2000) and Finkelstein (2008) for various applications of FMMs.

e In biological science, assume that a biological population made of a single species
has reached equilibrium. The random variations between individuals are completely
attributed to cumulative effect of many minor factors. Then, according to the classical
central limit theorem, the resulting uncertainty can be well approximated by normal dis-
tribution. However, if the data sets show non-normality, a FMM can be considered as a
natural alternative.

e Inreliability theory, MMs are also useful in analyzing failure rate data. There are situations
where some components of a product are produced over a period of time by collecting
items from different vendors, using different raw materials, machines, and manpower. In
such situations, mixtures of distributions provide a useful and effective tool for modeling
reliability data that come from these mixed populations.

e Furthermore, population failure rate can exhibit different from subpopulations failure
rates monotonicity properties. It is well known, e.g., that the mixture of supbopulations
with constant failure rates is decreasing, whereas the mixture of subpopulations with
increasing power (Wibull) failure rates first increases and then decreasing. See more
details in Finkelstein (2008).

In this paper, we have considered two FMMs for location-scale family of distributions.
Let X = (Xy,..., X;,) be a random vector with n number of components assuming that
the ith component is from ith subpopulation. Denote the survival function (sf), cumulative
distribution function (cdf) and probability density function (pdf) of the ith random variable
RV) X;,i =1,...,nby in(.), Fx;(.), and f¥, (), respectively. Then, the sf and the pdf

of a mixture random variable (MRV) for (X, ..., X,) are
n n
Fy(x) = riFx,(x) and fu(x) =Y rifx,(x), 1)
i=1 i=1
respectively, where r;’s are known as the mixing proportions such that Y /_, r; = 1. We

consider the location-scale family of distributions as baseline for our study. A RV X belongs
to the location-scale family of distributions if its cdf is given by

K(x):F(x;G>, x> o0, )

where 0 € R is known as the location parameter and A is known as the scale parameter.
Here, F(.) is the baseline cdf of X. In this paper, we have considered nonnegative RVs, thus
o must be greater than or equal to 0. It is worth mentioning that introduction of location
parameter in a family of distributions has various interpretations. For example, in reliability
and life testing studies, failure of an aging item practically becomes non-negligible only after
a certain time t = o > 0. In the area of supply chain management, we have a non-zero
threshold value, from which the lead time of a product starts. Further, in insurance, for a
particular medical insurance policy, the claim by an individual may not be started just after
its activation. The claim is usually initiated after a certain time, for example one year.
Stochastic comparisons between two RVs described by the relevant mixture distributions
were discussed in quite a number of publications. For convenience, in this paper, we will call
it comparisons between the corresponding FMMS. For example, two FMMs for different
semiparametric families of distributions have been compared in various stochastic senses by
Hazra and Finkelstein (2018). Nadeb and Torabi (2022) compared two FMMs using usual
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stochastic order when the subpopulations follow a general class of distributions. Barmalzan
et al. (2021) considered two finite «-MMs and proposed sufficient conditions for the com-
parison of two «-MRVs. We recall that the « MM is a generalization of the classical FMM.
For some properties of the «-MM, please refer to Asadi et al. (2018). Sattari et al. (2021)
considered MMs with generalized Lehmann distributed components and proposed various
ordering results. Two FMMs with location-scale family distributed components have been
considered by Barmalzan et al. (2022) and some stochastic comparison results between them
have been established with respect to usual stochastic order and reversed hazard rate order.
Kayal et al. (2023) considered two finite mixture models with general distributed compo-
nents and obtained various ordering results. Panja et al. (2022) established several ordering
results between two finite MRVs, where the mixing components follow proportional odds,
proportional hazards, and proportional reversed hazards models.

Along this line of research, our paper focuses on further development of ordering proper-
ties for the FMMs with location-scale family distributed components. Various new ordering
results between two FMMs have been obtained for heterogeneity in one and two parameters.
We note that, some of the established ordering results (for two parameters) are in the same
vein as in Barmalzan et al. (2022). However, our sufficient conditions for these results are dif-
ferent (assumptions on the baseline distribution and the corresponding majorization), which
obviously requires different proofs and analysis. Moreover, we had discussed also relevant
orderings between the corresponding MRV in the sense of the likelihood ratio, which was
not studied in this paper.

The rest of the paper is rolled out as follows. The next section recalls basic definitions
of stochastic orders and preliminary lemmas. Section 3 presents the main results of this
paper. It is divided into two subsections. In Section 3.1, we have established usual stochastic
order, hazard rate order, reversed hazard rate order, and likelihood ratio order. In Section 3.2,
ordering results have been established by considering heterogeneity in two parameters with
respect to usual stochastic order and hazard rate order. Finally, in Section 4, some concluding
remarks are added.

2 Preliminaries

Throughout the paper, the terms “increasing” is used for “nondecreasing” and “decreasing”

is used for “nonincreasing”. Also, we use «"£" o denote that both sides of the equality have

the same sign. For any differentiable function &(-), we write £'(x) to represent the first order
derivative of £ (x) with respect to x. Let X and Y be two nonnegative absolutely continuous
RVs with (i) cdfs Fx (-) and Gy (-), (ii) pdfs fx(-) and gy (-), (iii) sfs Fx (- ) =1-Fx( ) and
Gy()=1-=Gy(), (iv) right continuous inverses (quantile functions) F ( ) and Gy ),

(v) hazard rate functions hx (-) = fx(-)/Fx(-) and hy(-) = gy (-)/Gy (), and (vi) reversed
hazard rate functions hX( )= fx()/Fx(-) and hy( ) = gy (-)/Gy(-), respectively. Below,
we introduce some notations which will be used throughout the rest of this paper.

Notation1 e R = (—o0, +00), Ry = [0, +00);

e R" = {x = (x1,...,xy) : x; € R,V i} = n-dimensional Euclidean space, R} =
[0, +00)";

e Dy={x=01,....x) R 1 x1 > ... > x,};

e Df={x=(1,....,x) eR":x1 > ... >x, >0}

e S={x=01,....,x)eR" :x1 <...<x,};

e EF={x=(x1,....,x) €ER": 0 <x; <...<xp}.

@ Springer



52 Page4of33 Methodology and Computing in Applied Probability (2024) 26:52

Next, we present definitions of various stochastic orders.
Definition 1 A RV X is said to be smaller than another RV Y in the sense of

e usual stochastic order (denoted by X < Y)if Fx(x) > Gy(x) forall x € Ry; or
equivalently, X <, Y if Fx(x) < Gy(x) forall x € Ry,

e hazard rate order (denoted by X <j,. Y) if Gy(x) /Fx(x) is increasing in x € Ry ; or
equivalently, X <j, Y if rxy(x) > ry(x) forall x € R;;

e reversed hazard rate order (denoted by X <,; Y) if Gy(x)/Fx(x) is increasing in
x € Ry; orequivalently, X <, Y if 7x(x) < ry(x) for all x € R+;

e likelihood ratio order (denoted by X <; Y)if gy (x)/ fx(x) is increasing in x € R ;

It is important to note that the following chains of implications hold:
X<u4 YV <XV «X<,VY=2X<p V=X <47.

For various stochastic orders and their applications, one may refer to Shaked and Shan-
thikumar (2007). Next, we describe the concept of majorization and related orders. For any

two real-valued vectors 4 = (uy,...,u,) € R" and v = (vy,...,v,) € R", assume that
uay < ... < up and vy < ... < v, are the respective increasing arrangements of the
components.

Definition 2 The vector u is said to be

e majorized by the vector v (denoted by u < v) if Z ugy > Z vy, forall j =1, —

n

1 and Z Uiy = Z V(i)

i=

J
weakly supermajorized by the vector v (denoted by u < v) if Z ugy = Y vy, for all

i=1 i=1

j=1,....m
n n
e weakly submajorized by the vector v (denoted by u <, v) if D" ugy < Y v, for all
i=j i=j
j=1,....m
p o J
e p-larger than the vector v (denoted by u 3= v) if ]_[ ugy < ]_[ vy, forall j =1,...,n;
J J
e reciprocally majorized by the vector v (denoted by u < v) if Z < Z for all

U@ —

1= 14

1 V(i)

j=1,...,n.

It is well known that

m w V4 rm

Uzspyv<Eusvr=uxsv=usxv=u 0.

For more details on majorization, related orders, and their applications, one may refer
to Marshall et al. (2011). Next, we present a definition, which shows that the Schur-convex
function preserves the ordering of majorization.

Definition 3 A real-valued function <p, deﬁned on a set A C R”, is said to be Schur-convex

(Schur-concave) on A if and only if # < v implies ¢(u) < (>) ¢(v), forall u, v € A.
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Next, we present a lemma which will be used in proving the main results of this paper.
Lemma 1 (Theorem 3.A.8, Marshall et al. 2011) A real valued function Q2 on R", satisfies
u<v= Q@) < () Q).
if and only if Q is decreasing and Schur-convex (Schur-concave) on R". Similarly, Q satisfies
u<yv=Qu = (=) Q©),
if and only if Q is increasing and Schur-convex (Schur-concave) on R".
The following lemma will be used in order to established some results of this paper.

Lemma 2 (Hazra et al. 2017) Let 7 C R’}r. Further, let ¢ : T — R be a function. Then, for
rm

u,veT,u =v= o) > () ¢(v) if and only if the following two conditions hold:

(i) ¢(1/ay, ..., 1/ay) is Schur-convex (Schur-concave) in (ai, ..., ay);
(ii) ¢(1/ay, ..., 1/ay,) is increasing (decreasing) in a; for eachi € {1, ..., n},
where ay = 1/uy, ...,a, = 1/uy,.

The following lemma is useful in proving few results of this paper.

Lemma3 (Lemma 2, Hazra et al. 2017) Let A C R". Foru = (uy,...,u,) € A and
v=(u,...,u) € A, the following results hold true:

m
(i) u = vifandonly ifu = Zl’,‘zl ui/n;

w
(ii) w = vifandonly ifu >3 ", uj/n;
(iii) u =y vifand only ifu <Yy ', u;i/n;

(iv) u ; v ifand only if u > ([T}, u,-)nl;
(v) u rg vifandonly ifu >n/ Y '_ 1/u;.
The following lemma is useful in proving few results in this paper.
Lemma4 (Lemma 2, Hazra et al. 2017) Let n : D, — R be a function, continuously
differentiable on the interior of Dy,. Then, for u, v € Dy,
urv= nw) = (=) n(v),

if and only if, n)(z) is decreasing (increasing) in k € {1, ..., n}, where z = (21, ..., 2a)
and N (z) = dn(z)/9zx denotes the partial derivative of n with respect to its kth argument.

Next, we state a lemma which is useful to obtain some results of this paper.

Lemma5 (Lemma 3, Hazra et al. 2017) Let E : &, — R be a function, continuously
differentiable on the interior of €,. Then, foru, v € &,,

urv= B > (<) E@).

if and only if, E)(2) is increasing (decreasing) ink € {1, ... ,n}, where z = (21, ..., 2,)
and B (z) = 0E(z)/dzk denotes the partial derivative of B with respect to its kth argument.

The next lemma gives necessary and sufficient conditions for determining Schur-convex
and Schur-concave functions on the spaces D,, and &,.
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Lemma 6 (Lemma 1, Haidari et al. 2019)

(i) Suppose the function & : D, — R is continuous on D,, and continuously differentiable
on the interior of D,. Then, & is Schur-convex (Schur-concave) on Dy, if and only if
&) () is decreasing (increasing) ink € {1, ..., n}, for all w in the interior of D,, where
Ey(u) = 0&(u)/duy.

(ii) Suppose the function ¢ : £, — R is continuous on &, and continuously differentiable on
the interior of £,. Then, ¢ is Schur-convex (Schur-concave) on &, if and only if () (u)
is increasing (decreasing) in k € {1, ..., n}, for all u in the interior of &,.

Remark 1 1f the spaces D, and &, are replaced by the spaces D, and &, then the stated
conclusions in Lemma 6 hold true.

Definition4 Let P = {p;;} and Q = {g;;} be two m x n matrices. Further, let pf, ey p,ﬁ
and qu ..., qX be the rows of P and Q respectively in such a way that each of these quantities
is a row vector of length n. Then, P is said to be

e chain majorized by Q (denoted by P > Q) if there exists a finite number of n x n
T -transform matrices Ty, ..., Ty, suchthat Q = PT,, ... T,,.

A T-transform matrix has the form 7' = pI + (1 — p)II, where 0 < p < 1, [ is an identity
matrix, and IT is a permutation matrix that just interchanges two coordinates, that is, row and
column.

Set

M, = {(u,v): <ZIZ"> tui, vj > 0and (u; —uj)(v; —vj) <0, i, j= 1,...,n}.
1...Up
Lemma 7 (Marshalletal. 2011, Chapter 15) A differentiable function ¢ : RI — R satisfies
@(P) > () ¢(Q) forall P, Q suchthat P € M3, and P > Q, 3)
if and only if

(i) ¢(P) = @(PII) for all permutation matrices I1, and for all P € Mj and;
(i) Zizzl(Pik = piploik(P) — ¢ij(P)] = (2) Oforall j, k = 1,2 and for all P € My,

where ¢;j(P) = a(fflg:;).

Proof The proof is similar to the proof of Theorem 2 of Balakrishnan et al. (2015), and thus
it is omitted. o

3 Main Results
In this section, we present the main results of the paper. The aim of this section is two-fold:

establishing results when there is heterogeneity in one parameter and in two parameters. Note
that some comments on the three-parameters case will be given in Section 4.

3.1 Heterogeneity in One Parameter

In this subsection, we present various stochastic ordering results between two MRVs in
the sense of usual stochastic, hazard rate, reversed hazard rate, and likelihood ratio orders.
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Assume that the sub-populations are modelled by location-scale family of distributions. In
the following theorem, we establish weakly supermajorization order-based sufficient con-
ditions to show usual stochastic order between the MRVs U, (r; A) and V,(r; @), where
r=r,...,m), A= Q1,...,A,) and = (04, ..., 6,). Here, different scale parameters,
same mixing proportions and fixed location parameters are considered.

Theorem 1 Let Fy, () (x) = Y1, riF(X;f) and Fy,q.0)(x) = Y1, riﬁ(%) be the
sfs of two MRVs U, (r; L) and V,,(r; 0), respectively, where x > o. Further, suppose tf(t)
is decreasing int > 0. Then, forr, A € &} (or DY), and fixed o > 0, we have

1

6:>Un(r§x) <st Vu(r; 0),
1 1

:<a,,@)

Proof The desired result will be established, if the conditions of Lemma 1 are satisfied. Under
the setting, the sf of U, (r; X) is given by
1
=Q\ -], (say), “4)
o

n
- - (X —0O
Fu, r: = F
U,,(r,l)(x) Zrz < Y
i=1
wherea; = {-,i=1,...,nand } = (— o ai) . Now, differentiating (4) partially with

w
-\<

1
A
where % = (/\1—1,..., i) and

S

1
ay’
respect to «;, we obtain

(2

do;

=—(—o)rif((x —o)a) =0, (&)

since x > o. Now, Eq. 5 implies that (é) is decreasing with respectto o, i = 1, ..., n.

Thus, to complete the remaining part of the proof, it is sufficient to show that (%) is
Schur-convex with respect to «. In this process, we consider
1 1
IQ (&) 09 (&)

_ e~ Ve o) = o oV
Al = 50, ey —aj(x o)aj f ((x —o)aj) ai(x o) f (x —o)a).  (6)

Let1 <i <j <nandconsiderr € & ie.,r; < rjandX €&, , implies & € D;f i.e.,

a; > oj. Thus, clearly (x — o)a; > (x — o)a;j. Using this and from the assumptions made,
it can be shown that

(x —o)ai f ((x — o)) < (x — o) f ((x —0)aj). @)
Combining Eq. 7 withr; < r;,from Eq. 6, one can easily establish that A1 is nonnegative,

1
8?;:) is decreasing in k € {1, ..., n}. Thus, from the result in Lemma 4, Q(é)

is Schur-convex with respect to & € D;'. Further, when r € D and A € D/, ie, o €
&, employing similar arguments, it can be shown that, Ay; also takes nonpositive values,

giving that

. . oy . . .. .
implying that 30(”:‘) is increasing in k € {1, ..., n}. Thus, from Lemma 5, Q (é) is Schur-
convex with respect to & € ;. Hence the theorem is proved. O

To illustrate the result in Theorem 1, we consider the following numerical example.
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Example 1 Consider the baseline distribution as Pareto distribution with pdf f(¢) = tiz, 1<

t < 0o. Clearly, tf (¢) is decreasing with respect to ¢ in its domain. Take A = (A1, A2, A3) =
(0.1,0.4,0.8) € 6‘; and @ = (61, 6,,03) = (0.2,0.5,0.8) € 8;. Here, it can be shown that

w

1 < & Further, assume r = (r1,72,73) = (0.2,0.3,0.5) € & and o = 0.1. The sfs of
Us(r; &) and V3(r; @) can be obtained using the concept of distribution theory, hence are
omitted for brevity. The difference between the sfs of Uz (r; L) and V3(r; @) has been plotted
in Fig. 1(a), from which, we can easily observe that Us(r; A) <y, Va(r; @), confirming the
result in Theorem 1.

The following implication between various stochastic orders is well known.

m w
XFy=x=y.

Thus, under the same setting, with decreasing ¢f (¢) int > 0, the result in Theorem 1 also
holds if we replace the weakly supermajorization order between % and l% by majorization
order. From Lemma 3, we have

n
w 1
X1y ooy X)) < (x,...,x), ifx < — X;.
) 'y

i=1
Using this fact, the following corollary immediately follows from Theorem 1.
Corollary 1 In Theorem 1, consider (01, ..., 0,) = (0, ..., 0). Suppose tf(t) is decreasing
int > 0. Then, forr, A € & (or DY) and fixed o > 0, we have Fy, 43 (x) < F (xg“) ,
ifo=n/y ,\1*,
Next, we present sufficient conditions, under which the usual stochastic order holds
between two MRVs. Note that the conditions are different from that of Theorem 1.

Theorem 2 Consider FU”(,;M (x) and FV,, (r:0)(x) as in Theorem 1. Let 12 £ (1) be increasing
int > 0. Then, forr € E,j' (or D;f) and A € D,;" (or 5,;"), and fixed o > 0, we have

A< 8= Up(r;}) =5 Va(r; 0).

Proof In order to establish the result, we need to show that Fy, en@) =21 F( %)
is increasing and Schur-concave with respect to A. The increasing property can be checked
easily. The Schur-concavity of Fy, (r.1)(x) can be shown using Lemmas 4 and 5. O

0.00 -

E/a (r:

0.8
-0.05

Fus(ro)(t)

0.6
-0.10

0.4

-0.15

Fua (:)@)) - Fua (s:0)(

0.2
[ -0.20

0 1 2 3 4 0.0 0.2 0.4 0.6 0.8 1.0
—t —q(y)

(a) (b)

Fig.1 (a) Plots of the sfs of MRVs U3 (r; &) and V3 (r; €) as in Example 1 for o = 0.1. The blue-colour graph
represents the sf of U3 (r; L) and the red colour graph represents the sf of V3(r; 8). (b) Plot of the difference
between the sfs of the MRVs U (r; L) and V5 (s; @) as in Example 7 foro = 0.1 and 8 = 2
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Remark 2 There are various lifetime distributions such as inverted exponential with pdf
f@) = t%e—?,t > 0, A > 0 and Burr type-IIT with pdf f(r) = ﬁ t > 0, which

satisfy the condition “s% f (r) is increasing in ¢” as considered in Theorem 2.

In the following result, we provide sufficient condition based on reciprocally majorization
order for the existence of the usual stochastic order between two MRVs. Here, we have
considered that the baseline pdf f(¢) is increasing with respect to ¢+ > 0. It is important
to mention that this condition is satisfied only by the distributions with bounded support.
Sometimes, the continuous models with finite support are useful in reliability theory to
describe lifetime data. This is often motivated by considering physical reasons such as the
finite lifetime of a component or the bounded signals occurring in industrial systems (for
details see Jiang 2013 and Dedecius and Ettler 2013). Besides this, when the reliability is
computed as percentage or ratio, it is important to have models defined on the unit interval
in order to have some reasonable results.

Theorem 3 Consider FU,,(r;A) (x) and F_‘Vn(,;g) (x) as in Theorem 1. Further, suppose f(t) is
increasing int > 0. Then, forr € D} (or E), L € EF (or D)), and fixed o > 0, we have

A% 05 Un(rid) <y Va(r: 0).

Proof Making use of Lemma 2, the proof of this theorem follows from Lemmas 4 and 5.
Hence, it is omitted. O

Remark 3 We note that the condition “ f (¢) is increasing in ¢ > 0” is satisfied by the power
v—1 w—1
distribution (f(r) = pt?~', p > 1) and beta distribution (f () = “—{=1""

‘ . Bow) 0<t <
1, v>1, o <1, B(v, w) is the complete beta function).

In Theorem 1, we have proposed sufficient conditions for the usual stochastic order
between two FMMs. In this sequel, it is a natural query “can we strengthen the usual stochas-
tic order to other stronger stochastic order?” The next result establishes that it is possible, but
under different sufficient conditions and different settings. Next, we investigate hazard rate
order between MRVs. Denote s = (s, ..., s,).

Theorem 4 Let Fy, ) (x) = Y1y ri F(557) and Fy, 50 (x) = Y1y si F(5%) be the

sfs of two MRVs U, (r; L) and V,(s; L), respectively. Suppose f(t) is increasing int > 0.
Then, forr € D;f (or E), A € EF (or D)), and for fixed o > 0, we have

m
r<s=U,(r;x) 5 Vi(s; ).

Proof Under the given setting, the hazard rate function of U, (r; X) is given by

p1(x;r, L)
hy, gy () = 22002 8
Uy (r:2) (X) T h) 8)
where pj (x;r,A) = Y 1, ri%if(x;i”) >0and pa(x; 7, A) =Y 1y riF(x—;i“) > 0. To get

the desired result by using Definition 3, it suffices to show that Ay, (r.2)(x) is Schur-convex
with respect to r. Differentiating iy, (-.3)(x) with respect to r; partially, we obtain as

) ).1 X—o N xX—0 9
8}’,- p2(~x5r’ )Zf( )\[ >_p1(~x7rv ) ( )\.l' > ()
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Further, consider

. ahU,,(r;)‘)(x) _ 8hU,,(r;)u)(x) sign
ar; or;

A1 p1(x;r, M)t + p2(x; 1, )12, (10)

— X—0\ _ xX—o — 1 prx=oy_ 1 pex—0c . i< i<
where 71 = F( py )—F( % ) and » /\;f( p ) /\/_f( T ). Consider 1 <i < j <n.

Letr € D) (or &) and A € & (or D;f). Thatis, r; > (or <)rjand1; < (or =) 1;. We
present the proof whenr; > rj and A; < Aj, since the other case is quite similar. For 1; < A,
1 % > &% implies F (%) > F(%-7), that is, 7y > 0. Further,

. 1
we obtain = pys and Ry 5

f () is increasing with respect to r > 0, implies f(%) > f(";j”), that is, 7o > 0. Thus,

from Eq. 10, we see that A1y > 0, giving that MU’%(%(X)

k

is decreasing in k € {1,...,n}.
Thus, from Lemma 4, hy, (r:1)(x) is Schur-convex with respect to r € D,‘," . Thus, the proof
is finished. ]

The following counterexample describes that the result stated in Theorem 4 is not neces-
m
sarily true if r ¢ DY (or ¢ £{), A ¢ & (or ¢ DY) andr < 5.

Counterexample 1 Consider power distribution with pdf f(r) = 2¢,0 < t < 1 and sf
F(1) = 1—1%,0 <t < 1 as the baseline distribution for the MMs of location-scale family of
distributions. The pdf f(¢) is increasing with respect to ¢ in its domain. Now, we assume that
r=(r1,r2,r)=1(02,0503) ¢ D; (or ¢ 53+) and A = (A1, A2, A3) = (0.4,0.5,0.1) ¢
& (or ¢ DY). Further, take s = (s1, 52, 53) = (0.1,0.6,0.3) ¢ DI (or ¢ £&f)ando = 0.1.

m

Clearly, we obtain r < 5. Writing K1 () = hyy ) (1) — hyys:a) (t), where hy, 2 (1) and
hyy(s:2) (t) are not presented here to maintain brevity. Now, if we choose ¢ = 0.52, then the
function K (¢) gives the value —5.32907 x 10713 (< 0), giving that g, (-0 (t) < hyy(s:) (£).
Again, if we choose r = 0.55, then K () gives the value 2.84217 x 10~'* (> 0), giving
that Ay, (f) > hyys:a) (). Hence, it is easy to say that Ky (f) changes in sign. Thus,
Us(r;A) 2nr V3(s: A).

The following counterexample illustrates that the result in Theorem 4 does not hold if

m
rGE;r,XeD;andr#s.

Counterexample 2 Considering the same distribution as in the above Counterexample 1, we
have f(¢) is increasing with respect to ¢ in its domain. Assume that r = (r;,r,73) =
(0.1,0.2,0.7) € & and A = (A1, 22,43) = (0.9,0.8,0.6) € Dy . Furthermore, take

s = (s1,52,53) = (0.2,0.2,0.6) € £3+ and o0 = 0.1. Clearly, we obtain r % s. Also, let the
difference between two hazard rate functions of the MRVs U3 (r; A) and V3(s; A) be K»(¢) as
in the above Counterexample 1. If we take t = 0.903, then K»(0.903) = 2.66454 x 1074 (>
0) and if we choose r = 0.990, then K»(0.990) = —2.50111 x 10~'2 (< 0), which together
imply that K, (¢) changes in sign. Thus, U3(r; L) }fh, Vi(s; A).

One may rise a question whether the result stated in Theorem 4 could hold if “f(¢) is
decreasing with respect to ¢ in its domain”? The answer is given in the following counterex-
m
ample whenever r ¢ D;r (or ¢ €3+), Aé¢ 53+ (or ¢ D;r) andr < s.
Counterexample 3 Consider Pareto distribution with pdf f(r) = 72,1 <t < oo and

sf F(r) = t71, 1 <t < oo as the baseline distribution. Here, f(¢) is decreasing with
respect to ¢ in ¢t > 1. Assume that r = (r1,r2,r3) = (0.2,0.5,0.3) ¢ D;r (or ¢ 53+)
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and A = (A1, A2, 23) = (0.6,0.2,0.3) ¢ & (or ¢ DI). Further, take s = (s1, 52, 53) =

(0.1,0.6,0.3) ¢ DI (or ¢ &) and o = 0.1. It is clear that r Zs. Writing K3(1) =
huy ) () — hyss:a) (1). Now, if we choose ¢+ = 0.80, then the function K3(¢) gives the value
2.22045 x 10710 (> 0), giving that hg, ) (1) > hyss:a)(2). Again, if we take t = 0.77,
then K3(t) gives —2.22045 x 107'6 (< 0), giving that sy, 2 (f) < hys(s:a) (£). Hence, it
is easy to conclude that K3(¢) changes in sign. Thus, Uz (r; A) zhr Vi(s; A).

Below, we propose different sufficient conditions under which the hazard rate order
between two MRVs holds.
Theorem 5 Let Fy, ) (x) = > r,'I:"(x;l_g) and Fy,(s:3)(x) = > siﬁ(%) be the
sfs of two MRVs U, (r; 1) and V,, (s; X, respectively. Suppose h(t) = f(t)/F(t) is increasing
int > 0. Then, for . € D;f (&), and for fixed o > 0, we have

Un(r;}) <nr (Znr) Va(s; X).

Fyy 50 ()

is increasin
Un (r:2) (X) &

Proof In order to obtain the required result, it suffices to show that

(decreasing) in x > 0, where

Fy () 2izt SiFCTE)
_ ) B 11
Fu, @) (x) Z jF(X o =&(x), (say). an

Now, differentiating £(x) in Eq. 11 with respect to x, and after some simplifications, we

obtain
) (57 Lo () ()

é()”ﬁ"zzs’r’F(
sign - (x—o0 i X—0 _i X—0
B ZZW’ ( A >F< Y )[kjh< by ) kih( Ai >] (12

tl]lj
i=1 j=I

Consider 1 < z < j <n.LetA € Df (§). Thatis, A; > (<) A;. Then, clearly, we
obtain - P ) L 7, an nd _f’ < () % Under the assumption made, we have

P x—0)<(>)h x—a) (13)
( Aio )T T ( A )

Thus, from Eq. 12, we obtain &’(x) > (<) 0, which implies that £(x) is increasing
(decreasing) with respect to x > 0. Hence the result follows. O

Remark 4 There are many lifetime distributions which have increasing hazard rate function.
For example, the Weibull distribution with pdf f(r) = kt*~'e=",0 <t < 00, k > 1 has
increasing hazard rate.

Next, we prove reversed hazard rate order between two MRVs. Here, the location parameter
vectors are considered to be common, mixing proportions are different and scale parameters
are fixed.

Theorem 6 Let U, (r; o) and V,(s; a) be two MRVs with respective mixing proportion

vectors r and s, constructed from the set of nonnegative RVs {X1, ..., X,}, where X; ~
F (x A"’ ) i =1,...,n. Further, let f(t) be decreasing with respecttot > 0. Then, for fixed
A>0,if
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(i) r € D)} and o € D}, thenr

< § = Un(r;0) <pn Va(s; 0);
(ii) r € &F and o € D, then'r < s = Uy(r; 0) = Vu(s; o).
Proof Here, we present the proof of the first part. The proof of the second part can be
established using similar arguments. The reversed hazard rate function of the MRV U, (r; o)
is given by

’nAf(X )

r,,F(X A{M) pif Op <X =< Op—1

’"%f( )+ lAf(v = l)
ruF (552 ) o F (2L )

;if o1 <x <02

hu, o) (X) = ’ ' (14)

(524 (52)
raF (5521 )+...+r2F(Jc 02)

;if oy < x <o

Tn %f(’k;" )+...+r| %f(x;:’l )
r F (352 ) 4.t F(";"l )

;if o] <x < o0

To prove the desired result in Part (i) of the theorem by using Definition 3, it is sufficient
to show that Ay, (r.¢)(x) given in Eq. 14 is Schur-concave with respect to r. Consider o7 <
x < oo. Differentiating hy, (r.q)(x) with respect to r; partially, we obtain

— @ir o) F (2 (15)
) snor(52),

where &1(x;r,0) = >0 rif (X;”i) >0and &(x;r,0) = > 7 riF (xj\”") > 0. Fur-
ther, let us take

8hU,,(r a)(x) stgn
or;

X
&(x; rﬁ)f(

v, o) (X)  3hy,(r0) ()

A =
13 ari arj

S g (i r 0) )+ B2 (1 T ), (16)

XU/'

where 7] = F( — )—F(x_k”")andfz = f(%)—f(xaa").Considerl <i<j<n.

Without loss of generality, letr € D and o € D;f, thatis, r; > r; and 0; > 0. Now, from
x_;j . Then, we obtain

F(x—a,-><F(x—aj> (17)
A - A ’

that is, ¢; > 0. Under the assumption made, it holds that

X —0; X —0j
f( . )Zf( . ) (18)

0; > 0j, we get *5% <
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thatis, ¢&» > 0. Thus,for1 <i < j <n,r e D,j and o € D, we have A3 > 0, giving that
%r:)(x) is decreasingink € {1, ..., n}. Hence, by using Part (i) of Lemma 6 with the help
of Remark 1, ﬁyn (r:0)(X) is~ Schur-concave with respectto r € D,'f . Using similar arguments,
it can be established that iy, (.)(x) is also Schur-concave with respect to r € D;," when
x belongs to the other subintervals, say 02 < x < 01,03 < Xx < 02,...,0p—-1 < X <
On—2,0n < X < 0,_1. Thus, the theorem is proved. O

Remark 5 Part (i) and Part (ii) of Theorem 6 also hold if r € D, 0 € £ andr € &,
oeg&l

The following example provides an illustration of the result stated in Theorem 6.

Example 2 Consider Pareto distribution with cdf F(t) = 1 —t~!,1 <t < oo and pdf
f@) = t72,1 <t < oo as the baseline distribution for the MMs of location-scale family
of distributions. The pdf is decreasing with respect to ¢ in its domain. Now, we assume that
r=(r1,r,r3) = (0.2,03,0.5) € & and s = (s1, 52, 53) = (0.1, 0.3, 0.6) € &". Further,

take 0 = (01,072,03) = (0.4,0.2,0.1) € D;r and A = 2. Clearly, r 2 s. For the clear
visualization of the graphs of reversed hazard rate functions of Usz(r; o) and V3(s; o), we
have plotted them in three different subintervals, say (2.1, 2.2), (2.2,2.4), and (2.4, 00) in
Fig. 2, which readily suggest that U3 (r; a) >,;, Va(s; o). For the third graph, we consider

q(y) = %, % < y < 1 to capture the line from 2.4 to oco.

The following counterexample shows that the result in Theorem 6 does not hold if r ¢ D;r ,
m
ogéD;r,andrﬁs.

Counterexample 4 Consider Pareto distribution with pdf f(z) = 2t73,1 <t < oo and cdf
Fit)=1- l/tz, 1 <t < oo as the baseline distribution. Here, f(¢) is decreasing with
respect to ¢ in its domain. Assume that r = (r1,r2,73) = (0.2,0.6,0.2) ¢ D3+ and 0 =
(01,02,03) = (0.4,0.6,0.3) ¢ DF. Further, take s = (s1, 52, 53) = (0.1,0.2,0.7) € &

and A = 2. It is then easy to check that r 2 s. Writing k4(t) = EU3(,;,,)(I) — ﬁv3(s;,,)(t).
Now, if we take ¢ = 5, then the function K4(#) gives the value 0.0028828 (> 0), giving that
husrio)(t) > hyy(s:0)(1). Again, if we take 1 = 50, then K4(7) gives the value —3.44858 x
1070 (< 0), giving that EU3(,;,,)(I) < ﬁv3(s;a)(t). Thus, K4(t) changes in sign. Hence,
Us(r; @) & Va(s; 0).

One question may arise whether the result in Theorem 6 holds if r € €3+ ,0 € D;r , and

m
r % s? The following counterexample gives an answer.

‘ oy o

Fus o
)

Pl

0.0
225 230 235 240 070 075 0.80 0.85 0.90 0.95 1.00
T —a)

(b) (c)

Fig.2 Plots of the reversed hazard rate functions of Uz (r; o) and V3(s; ¢) in Example 2, when (a) 7 € (2.1,2.2)

(b)t € (2.2,24),and (c) y € (%, 1). The red colour graph is for the reversed hazard rate of V3(s; ) and
the blue-colour graph is for the reversed hazard rate of U3 (r; o)
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Counterexample 5 Considering the same distribution as in the above Counterexample 4,
we have f(t) is decreasing with respect to + > 1. Assume that r = (r(,r2,r3) =
(0.1,03,0.6) € & and 0 = (01,02,03) = (0.6,0.4,0.2) € Dj. Further, take

s = (s1,52,53) = (0.2,0.3,0.5) € 5; and A = 2. It is clear that r Q s. Also, let the
difference between two reversed hazard rate functions of the MRVs Us(r; o) and V3(s; o)
be K5(t) as in the above Counterexample 4, which is not presented here for brevity. If we
choose ¢ = 2.2003, then K5(2.2003) = —9.09495 x 10~!3 (< 0) and choose t = 2.2083,
then K5(2.2083) = 1.42109 x 10~'* (> 0). Thus, we have seen that K5(¢) changes in sign.
Hence, we conclude that U3 (r; o) zrh V3(s; o).

Remark 6 One may find various other distributions, for which the pdf f () is decreasing with
respect to t > 0. For example,

(i) Power distribution: Consider the power distribution with pdf f(t) = at* 1,0 <1 < 1
and 0 < a < 1. After differentiating f(¢), we get f'(t) = a(a — 1)1*~% < 0, for all
0 <t <1andO0 < a < 1, which implies that f(¢) is decreasing with respect to ¢ > 0.

(ii) Exponential distribution: Assume the exponential distribution with pdf f(t) = e ™,
0 <t < oo and A > 0. On differentiating f (), we obtain f'(t) = —22e™™ < 0, for
all0 <t < oo and A > 0. This clearly implies that f(¢) is decreasing in ¢ > 0.

Next, we present sufficient conditions for the likelihood ratio ordering between two MRVs.

Theorem 7 Let U,(r; o) and V,(r; p) be two MRVs with a common mixing proportion
vector r, constructed from two sets of nonnegative RVs { X, ..., Xo,}and (X, ..., X, ),
respectively, such that Xo; ~ F (%) and X, ~ F (x_k“" ). fori =1,...,n. Further, let
f(t) be log-concave (log-convex) with respect to t > 0. Then, for o, p € D} and for fixed
A > 0, we have

Un(r; 0) Zir (Slr) Vn(r; ’L)7

provided that max{u1, ..., u,} < min{oq, ..., o0,}.

Proof We prove the result when f(¢) is log-concave with respect to ¢ > 0. The proof when
f(¢) is log-convex is similar, and thus is not presented here. The pdfs of the MRVs U, (r; o)
and V,,(r; p) are respectively given by

L) =ray f(52) ;if On <X < Oy

L@ =rbf (52) +rabf (522)  5if o <x =0

Forio (@) = : 5 (19)

Lo () =rat f(52) + ... 4+t f(52) sif oo <x <0

l,,(x):rn%f(%)—i-...—l—rl%f(x;‘”) (if o] <x <00
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and

IF(x) = rad f(3522) if Pn <X < fu—i

B =r b f () b b f (S5) i et <3 S o

Fontrim () = : : (20)

D@ =g f (S5 + g f(52) sif e <x <

o) =rat (552 + .o+t f(52) gif oy <x < oo

In order to obtain the required result, it suffices to show that fy,:e)(X)/ fv,(r;p) (X)
is increasing in x € (o0,,00) U (up,00) = (Upn,00), since max{ui, ..., un} <
min{oy, ..., 0,}, where fy,(r.o)(x) and fy, ) (x) are given in Eqs. 19 and 20, respec-
tively. First we have to establish that

ln(x) _ i;rif( ;L ‘) _
) 2 = x1(x), (say), 2D
" orif ()

Il
—_

is increasing with respect to x € (o7, 0o). For this, differentiating y;(x) with respect to x,

we obtain
e e[ ] o[£ )]

Zzwjf(x—u,> ( a) jzlr,r]( )f(%)

i=1j=I i=1

- S S (5 (52) o (57 (5]

i=1j=1

e e

i=1j=1

Under the assumption made, max{uy, ..., iy} < min{ot, ..., 0, } implies that u; < o7,
i, j =1,...,n. After some calculations and using the log-concavity property of f(¢), it
can be established that

o x-S G
AT FESEY TSy

(23)
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Using the inequality given by Eq. 23 in Eq. 22, we obtain x{(x) > 0, which implies that
x1(x) is increasing with respect to x € (o7, 00). Further, we have to establish that

Snf (5%)

h-1(x) =

Sy (5)

= x2(x), (say), (24)

is increasing with respect to x in (o2, o1]. Now, differentiating x» (x) with respect to x and
after some calculations, we obtain

sinn " — Ui — 0 f/m F(XH
Xé(x)ézzrirjf<x A“)f<x 6,) (A )_f(x_,\m) . ©5)

i=2 j=2 » f (%) f(5)
Under the assumption made, max{us, ..., iy} < min{oz, ..., 0, } implies that 4; < o,
i, j = 2,...,n. After some calculations and using the log-concavity property of f(z), it
can be established that
o I I(XZMi 1(*z%
XX oj f (xf,r) - ! (Xi;:r ). 26)
» * A .

Substituting Eq. 26 in Eq. 25, we get x;(x) > 0, implying that x»(x) is increasing
with respect to x € (o2, o1]. Using similar arguments, it can be established that y3(x) =
ln2(X) /15 _5(x), ooy xu—1(x) = L(x)/I5(x), xn(x) = 11(x)/l] (x) are also increasing with
respect to x belongs to the other subintervals, say (03, 02], ..., (641, 0n—2]1, (On, On—_1],
respectively. Also, 0/1;(x), ..., 0/I5(x), 0/I7 (x) are increasing with respect to x belongs to
the another subintervals, say (i1, o], - .., (Wn—1, Un—21, (Ln, n—1], respectively. Hence,
the theorem is proved. O

Remark 7 1f we consider 0 € £} and p € & instead of ¢ € D} and u € D;, then the
established result in Theorem 7 also holds.

Consider Weibull distribution with pdf
f@) = ct e >0, c>0. 27)
Taking logarithm both sides of Eq. 27 and differentiating twice with respect to ¢, we obtain

>0,if0<c<1

<0, ifc > 1. (28)

1
(In f(1)" = —(c— D3 (1+ct%) = {
Thus, clearly the pdf of Weibull distribution is log-convex when ¢ € (0, 1]and log-concave
when ¢ € (1, 00). To illustrate the result in Theorem 7, we consider the following example.

Example 3

(i) Consider Weibull distribution with pdf f(t) = 2te”2, 0 < t < oo as the base-
line distribution. Here, f(¢) is log-concave with respect to ¢+ > 0. Assume that
0 = (01,02,03) = (22,18,16) € Df and p = (11, 2, p3) = (12,8,2) € Df.
Further, take r = (r1,r2,73) = (0.1,0.7,0.2) and A = 2. Clearly, all the assumptions
of Theorem 7 are satisfied. Now, the ratio of pdfs of the MRVs Uz (r; o) and V3(r; )
is plotted in Fig. 3(a), from which we have Uz(r; o) >; V3(r; p). Here, we have
considered ¢(y) = —2—, 0 < y < 1 to capture the whole positive real axis.

1-y>
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3.5x10"7
3.0x 10707 - 150
- fus ror (4 (1)) fus (ro) (4 ()

2510107 fun e (@ ( fuatran €
2.0x10"7 1001
1.5x 1017
1.0%1007 - 50+
5.0x 10"

0 0

0.0 0.2 0.4 0.6 0.8 1.0 0.96 0.97 0.98 0.99 1.00
—q(y) —q(y)
(a) (b)

Fig.3 (a) Graph of the ratio of pdfs of U3(r; ¢) and V3(r; ) as in Example 3(i). (b) Plot of the ratio of pdfs
of U3(r; o) and V3(r; p) as in Example 3(ii)

(i) We take Weibull distribution with pdf f(z) = %t‘l/ 2ot 1/2, 0 <t < o0 as the baseline
distribution, which is log-convex with respect to t > 0. Considering the same numerical
values of the parameters as in the previous case, the ratio of pdfs of Uz(r; o) and
Va(r; n) is plotted in Fig. 3(b), which assures Uz (r; o) <; V3(r; p). Similar to the
previous case, here, we consider g (y) = l%y, 0 < y < 1 to capture the whole positive
real axis.

The following counterexample shows that the result in Theorem 7 may not be true for the
likelihood ratio order if the sufficient condition is not satisfied.

Counterexample 6 Consider log-normal distribution as the baseline distribution with pdf
f@) = ﬁe—(ln ’)2/2, t > 0. It can be easily seen that f(¢) is neither log-concave nor log-
convex on its entire domain. Assume r = (ry, r2,r3) = (0.2,0.7,0.1), 0 = (01, 02, 03) =
(4.8,7.3,10.2) € &, n = (u1, po, 13) = (1.2,2.5,3.9) € &, and 1 = 12. Clearly,
max{ui, U2, 3} < min{oy, o2, o3}. The ratio of pdfs of the MRVs Usz(r; o) and V3(r; p),
denoted as f;(r:¢)(X)/ fv3(r;p) (X), 1s plotted in Fig. 6(b). It can be seen that the ratio function
is nonmonotone in t > 0, which means that Us(r; o) 2” V3(r; p) and Us(r; o) j<_1r
Va(r; ).

It is worth pointing that there are various other distributions, for which the pdfs satisfy
log-convexity or log-concavity properties. In the following remark, we consider three such
distributions.

Remark 8 (i) Pareto distribution: Consider Pareto distribution with pdf f(r) = Br—A-1,

1 <t < oo, B > 0. After some calculations, we get (In f(¢)) = —@ and

(In (1)) = % > 0,forall 1 <t < oo and B > 0, which implies that the
density function f(¢) is log-convex with respect to ¢ € [1, 00).

(i) Power distribution: Take power distribution with pdf f(¢) = o<t <1,0<
¢ < 1. Some calculations lead to (In f(¢)) = ”[;1 and (In f (1)) = —C[;zl > 0, for all
0 < ¢ < 1. This observation proves that f(¢) is log-convex with respect to ¢ € (0, 1].

(iii) Gamma distribution: Assume gamma distribution with pdf f(r) = ﬁtd’le”, t >
0, d > 0, where I'(d) is an Eular gamma function. After differentiating In f(¢) with
respect to r twice, we get (In f(¢))” = l:—zd, which is > O when d € (0, 1] and < 0
when d € (1, 00). Thus, the density function f(¢) is log-convex and log-concave with
respect to ¢, when d € (0, 1] and d € (1, 00), respectively.
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3.2 Heterogeneity in Two Parameters

In the previous subsection, we have proposed sufficient conditions for comparing MRV's
in various stochastic senses when there is heterogeneity in one model parameter. Here, we
assume that heterogeneity exists in two model parameters. The next result shows that usual
stochastic order between two MRVs U, (r; L) and V,,(s; €) holds when mixing proportions
ri, s; and scale parameters A;, 0; are varying.

Theorem 8 Let Fu,iray(x) = Yy rill — FCLD)] and Fy,s0)(x) = Yy sill —
F(xgi" )] be the sfs of two MRVs U, (r; ) and V,,(s; 8), respectively. Further, suppose t* f (t)
is increasing int > 0. Then, forr <y S, A <p 0, 1,5 € S;l", A0 € D,'l*' and for fixed o > 0,
we have

Up(r; X)) =5 Va(s; 0).

Proof To prove the result, we consider a MRV W, (s; A) with sf

Fuw,(s:0)(x) = Zsi [1 - F <x ;Uﬂ ,

i=1 !

where F'(.) is the cdf of the baseline distribution. Now, our aim is to show that
Fu, ) () > Fi,s:0) () > Fy, (5:0)(X). (29)

To establish the first inequality in Eq. 29, we differentiate FU,, (r:1) (x) with respect to 7;
and obtain as

le_p 7% >0 (30)
ar; A -

implies FUn (r:1)(x) is increasing with respect to r;, i = 1, ..., n. Further, consider

IFy, () 3Fy, @ ()
ar; 37’/

F X —0 F X —0 31
( Aj )_ ( Aj ) Gl

Under the assumptions made, we have r € 8,,* and A € D,J{ .Thatis, r; <rjand; > A;
for 1 <i < j < n. Then, clearly

F(x_a>zF<x_o>. (32)
Aj Ai

Thus,forl <i <j <n,r € §FandA € D

n?>

Vi =

using Eq. 32 in Eq. 31, we obtain V1 > 0,

giving that g

%}{“m is decreasing in k € {1, ..., n}. Hence, by using Part (i) of Lemma 6

with the help of Remark 1, FUH(,; 1) (x) is Schur-concave with respect to r € 8,‘,* . Hence,
r<uw s = Fy,ea(®x) > Fy, (). (33)

Furthermore, to show the second inequality in Eq. 29, let us differentiate F W, (s:1) (X) with
respect to A; and obtain
3FW (s‘;‘)(x) 1 X —0
———— =X —0)5S; — | >0. 34
o (x U)Aizslf ) (34)
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Thus, FW,,(s;X) (x) is increasing with respect to A;, i = 1, ..., n. Now, let

3 Fw, (s:1) (%) _ 3 Fw, (s:0) (%)
A 8)»1'

2 2
siﬁn ) X —0 X —0 . X —0 X —0
“o(50) (50) - (50) A (50) e

For1 <i < j <n,considers € & andA € D;f,ie.,s5; <sjandA; > A;. Then, clearly
X0 < X9 and since 12 f(¢) is increasing in t > O we have

Ai Aj
x—c\’ [x—o0 x—o\> [(x—o0
( A )f( A >§<7~j )f< Aj ) (36

M

Viz =

Substituting Eq. 36 in Eq. 35 with s; < s;, we have Vi, < 0, giving that is
increasing ink € {1, ..., n}. Thus, by using Part (i) of Lemma 6 with the help of Remark 1,
Fw, (s:2)(x) is Schur—concave with respect to A € D;F. As aresult,

A =<w 0= Fy, ) (X) > Fy,(5:0) (). 37

Thus, the desired result follows after combining Eqs. 33 and 37. The proof is completed.
]

Remark 9 1If we consider r € D;f and A € &/ instead of r € & and A € D}, then the
established result in Theorem 8 also holds.

The following example provides an illustration of the result stated in Theorem 8.

Example 4 Consider inverted exponential distribution with cdf F (1) = e #/",t >0, B> 0
and pdf f(r) = tﬁze’ﬁ/ 't > 0, B > 0 as the baseline distribution. Here, the function
2 (1) is increasing with respect to ¢ in its domain. Now, we assume that r = (ry, 1, r3) =
(0.2,0.3,0.5) € 53 , 8 = (s1,52,83) = (0.1,0.3,0.6) € 83, A= (A, 20, 03) =
(10.2,8.3,5.2) eDg,anda = (01,602,03) = (12.5,9.8,4.3) 6D3 Further, take o = 0.1.
Clearly, r < s and A <y, 0. Now, the difference between the sfs of Us(r; &) and V3(s; 0) is
plotted (for 8 = 2) in Fig. 4(a), from which we can readily observe that Us(r; L) > V3(s;0),
which confirms the result in Theorem 8. Here, we take g(y) = +, 0 < y < 1 to capture
the whole positive real axis.

In the previous theorem, we have considered different scale parameters and mixing pro-
portions. In the following result, we deal with the models having different location parameters
and mixing proportions.

Theorem 9 Let U, (r; ) and V,(s; p) be two MRV with different mixing proportion vectors
r and s, constructed from two sets of nonnegative RVs {Xs,, ..., X5, }and {X,, ..., X, },
respectively, such that Xo, ~ F (%) and Xy, ~ F (x_)\“" ),fori =1, ..., n. Further, let

m
tf(t) be decreasing int > 0. Then, forr <5, 0 <y I, ¥, 0 € &} and for fixed A > 0, we
have

Up(r;o) <g Vauls;p),

provided that max{oy, ..., o0,} < min{uy, ..., Uy}
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—q(y) —-In(y)
() (b)

Fig. 4 (a) Graphs of the sfs of Uz (r; A) (in blue colour) and V3(s; @) (in red colour) as in Example 4. (b)
Graph of the difference between the hazard rate functions of U3(r; ) and V3(s; u) as in Example 5

Proof We consider a MRV, denoted by W), (s; o) with sf given by

l—s,,F(%) s if on <X < 0,1

1— [snF(x_)\“") +sn,1F(x717”*')] (if o1 <x <o0n_>

Py 500 () = : : (38)
1—[snF(%)+...+s2F(%)] (if o <x <oy

1—[snF(%)+...+s1F(x;%'l)] Jif o] < x < o0.

Thus, to prove the result, it suffices to show that
FUn(r;a)(x) < FWn(s;o)(x) < FVn(s;;L)(x)- (39)

_ To prove the first inequality in Eq. 39 by using Definition 3, our goal is to show that
Fy, _(,;‘,)(x) is Schur-convex with respect to r € 5,;". Consider o1 < x < 00. The derivative
of Fy,(r.e)(x) withrespecttor;, i = 1,..., nis given by

FY, (r:0) (X) __p(*=c (40)
or; o A )

Now, to show FU,, (r:0)(x) is Schur-convex with respect to r, it is enough to prove that,
forl <i<j<n

_ Um0 ) 3FU, 0 ()
3}’,' 3rj

X —0j X — O
:F< . )—F( . )50, @1)

which holds since r € S,j ando € E,f ie.,r; <rjando; < oj,and F(.)is nondecreasing.
8FUn (r;a)(X)
arg

Vi3

Thus, for 1 <i < j <n,r € § and o € £, we obtain V3 < 0, giving that
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is increasing in k € {1, ..., n}. Thus, from Part (ii) of Lemma 6 with the help of Remark 1,
FUH(,;‘,)(x) is Schur-convex with respect to r € 5,‘[" . Using similar arguments, it can be
established that Fyn (r:0) (%) is also Schur-convex with respect to r € S,‘l" , where x belongs
to the other subintervals, say o2 < x < 01,...,04-1 < X < oy—2and o, < x < 0y_1.
Furthermore, similar to the first inequality, to establish FW,, s:0)(xX) = I*_“V" (s:p) (x) by using
Lemma 1, it is required to show that F W, (s:0) (x) is increasing and Schur-convex with respect
to o, whenever x € (0,, 00) U (uy, 00) i.e., x € (0,, 00) (according to the given condition

max{oy, ..., qn} < min{py, ..., uy}). Consider o1 < x < oo. In doing so, the first order
derivative of Fy, (s;0)(x) with respectto o;, fori =1, ..., n is given by
AFw (s: 1 — 0
Wn(s,cr)(x) — —sif X — Oj > 0. (42)
do; A A

Again, consider

0w, (5:0) ) 9F W (s:0) ()
do; doj

<xiiai><xAoi)f(xAoi)_(xijaj)<x—)»6.j>f<x—)haj)SO’ @)

sinces € & ando € & ie.,s; <sjando; < o}, and 1f(¢) is decreasing in 7. Thus,

Vig =

. . dFw (s .
forl <i<j<nse&ando c&f LLATACEICIN

-+, we obtain Vi4 < 0, giving that o
increasing in k € {1, ..., n}. Thus, from Part (ii) of Lemma 6 with the help of Remark 1,
Fwn(s;a)(x) is Schur-convex with respect to ¢ € &, Using similar arguments, it can be
established that F W, (s:0) (X) is also Schur-convex with respect to o € £, where x belongs
to the other subintervals, say oo < x < o1,...,0,—-1 < Xx <op_2 and o, < x < o,_1. This

completes the proof of the theorem. O

Remark 10 If we consider r, 0 € Djl' instead of r, 0 € 8,;", then the established result in
Theorem 9 also holds.

The preceding theorem provides sufficient conditions for the usual stochastic order
between two MRVs, when location parameters and mixing proportions are different. Thus, it
is natural to ask the question “is it possible to extend the usual stochastic order to a stronger
stochastic order, say hazard rate order?”” The following theorem answers this in affirmative
way with different sufficient conditions.

Theorem 10 Let U, (r; o) and V,, (s; k) be two MRVs with different mixing proportion vectors
r and s, constructed from two sets of nonnegative RVs { X4, ..., X, } and {X,, |, ..., X},

respectively, such that Xo, ~ F (%) and Xy, ~ F (x_}\“" ),fori =1, ..., n. Further, let

~ m
f (@) be increasing int > 0 and h(t) be decreasing with respect tot > 0. Then, forr = s,
r € DF, o, p € D} and for fixed ). > 0, we have

Un(r, U) Zhr Vn(S; IL)»

provided that max{u1, ..., u,} < min{oq, ..., 0,}.
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Proof The hazard rate function of the MRV U, (r; o) is given by

iy (5)
= F(552)

;if op <X <0p_1

(5 e 1 (2

— if o1 <x <o0,.2
1= [ra P (5528 ) P (220 8 !

hUn(r;a)(x) = . . (44)

£S5 4t £ (52
1—[Vn (52)+.. -i—rzF(rx2

] ;if op <x <oy

r,,)Lf(Y )t +r1Alf
1= [ P (552 ) 4y F (52

)
)
xa])
)

] ;if o] < x < o0.

Denote the hazard rate function of another MRV W,,(s; o) by hw, (s:0)(x). Note that the
proof of theorem will be completed by establishing two inequalities. Consider o1 < x < 0.
Differentiating hy, (».¢)(x) with respect to r; partially, fori = 1, ..., n, we obtain

0hy, rie)(x) sign

: B e (x: r,o)f(x_"")+;1(x;r,a)F<x_""), (45)
ri )\

where £1(x;r,0) = Y0 i f (F5%) = 0and & (xsr,0) = 1= Y0, i F (55%) > 0.
Further, let us take

8hUn(r;(r) (x) _ ahU,,(r;a)(x)
3}’,' 3rj

Vis =

8 s r )T+ L, 0) T, (46)

where T} = F (X;\U")—F (X a’)and hh=f (x;cr[)_f (X_:j).Considerl <i<j<n
Without loss of generality, let r € D, and o € D;f, thatis, r; > r; and 0; > o;. Now, from

X—0; .
. Then, we obtain

X — 0; X —0j
A A

that is, 71 < 0. Under the assumptions made, it holds that

f(xj\ai)sf(x;aj), 48)

thatis, 7o < 0. Thus,for1 <i < j <n,r € D;f ando € D;7, we have V;5 < 0, giving that

3hUn (r.o) (x) .
org

of Remark 1, hy, (r.)(x) is Schur-concave with respect to r € D;F. Thus, from Definition 3,
we have

oi > 0j, we get 5% <

isincreasingink € {1, ..., n}. Hence, by using Part (i) of Lemma 6 with the help

m
r>=s= hUn(r;a)(x) =< hW,,(s;a)(x)- (49)
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Using similar arguments, it can be established that hy, (.¢)(x) is also Schur-concave
with respect to r € D,;" when x belongs to the other subintervals, say oo < x < oy,

03 < X <02,...,

On—1 < x < op—3,0, < x < o,—1. Next, our target is to show that

hw,(s:0)(x) =< hvy,(s:p)(x). In order to obtain the inequality W,(s; o) >;, V,(s;p), it
suffices to show that

FW,,(s;a) (x) o

mTO(x) = I_S”F(E%) =0 jif
0 _ 0 _ .
mi(x) 1—[5,,F( )_,_Sn 1F(#)] =0 s if
0 _ 0 B y
mi(x) li[an<x M")Jrs,, 2F<M)] =0 ;if
0 _ 0 . B
EECRNE e Ery e o) I
0 _ 0 B B
my_ (x) 1—[&,,17(*7/\“")-% +32F(‘ #2)] =0 ;if

0
M) s (S )t F (S

mi(x) _

s if

ﬁvn(S;ﬂ)(x)

)
R =)

@-
q
:

)] ; if

my(x) _

(==
my() 17[s,,F(‘ “”)Jrv,, P (e

(=

(=5

1—[s,, (352 )45, o F

1- [A)IF(X Mn)"l'»sn o F

m3(x)
m3(x)

]
) B
Er=y) B

mya(x) _ ! [S"F(X_/\Un)+ +S’F(x;*%)] -if
my_o () T s,,F(X‘.A"”)Jr. +33F(X’A“3)] ’
myr) _ 1 F )4k (52) | if
my_(x) 1—[s,,F("}“”)+...+32F(’C A“Z)] ’
ma(x) 1—[3,,F(X7“" )+...+51F(x}"')] -

my () lf[x,,F(

o ()

Mn < X = Up—1

Hn—1 <X = [p-2

MUn—2 <X = Up—3

U3 <X < 2

M2 <X =< U

ni <x <oy,

oy, <x <o,—1 (50)

Op—1 <X < 0p—2

Op—2 <X < 0p3

03 <x <09

o) <X < 0]

o] <X < 00,
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isincreasinginx € (o,, c0)U(u,, o0)i.e., x € (u,, 00), where FW" (s:0)(x) and FV,,(S;/L) (x)
are given by

ml(x)zl—s,,F(%) s if Op < X <0y

mZ(x)=1_[SizF(X_)frn)‘i‘sn—lF (X_iinil)] pif Op—1 <X < 0p-2

Fy sy ()= : : 51)
My_1(x) =1— [snF(%)+‘..+st(x;ﬂ)] Jif o <x <o

m,,(x):l—[snF(%)—l— s F (S5 ‘7')] (if o] <x < o0

and

mT(x) =1—-s5,F (%) jif Hn <X = Hp—1

mﬁ(X)=1—[snF(%)+sn—1F (Wf”)] ; if Pn—1 <X < fin—2

Fy, (5. ()= : E (52)
mi_ () =1—[s;F (552) +... 4+ sF (52)] if po<x <

m:(x):1—[snF(%)+...+s1F(%)] Jif p < x < oo,

respectively. First we have to establish that
1 _ Z S X—0;
myx) = )

mi(x) | _ Zsz (2542)

i=

= x1(x), (say), (53)

is increasing with respect to x € (o7, 0o). For this, differentiating y;(x) with respect to x,
we obtain

e 5| )]
gt
[ gt
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(g (][5
_ [zf()Zf()}

rellzven e

Simplifying further, we get from the preceding equation as

=Sl (5524) 1 (52)]
e[ (5 (57) - (572) (5]
:éx,{f( ) f<xA )]
E (5 r(52) [ 1) - 1
*) (5]

S

e (52 (52 (5452

i=1j=1

B 5]

Under the assumptions made, max{u1, ..., u,} < minf{oy, ..., o,},impliesthat u; < o,

i,j=1,...,nandalso u; < o;,i =1,...,n. Now, for u; < o, we obtain *5- > =%,

implies that
X — X —oj
— ) > . 55
(5405 o
Again, for u; < 0,1, j =1, ..., n, the decreasing property of l;(.) implies that

ﬁ(x_““")<h<m>. (56)
Py Y

Using the inequalities given by Eqs. 55 and 56 in Eq. 54, we obtain x{(x) > 0, which
implies that x1(x) is increasing with respect to x € (o1, 00). Then, we have to establish that

1—2& (5%)
mzfl(x) - = x2(x), (say), (7
mn_l(x) ZS’ (x “')
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is increasing with respect to x € (02, o1]. Now, differentiating x»(x) with respect to x and
after some calculations, we obtain

Xé(x) Xién ZS,‘ |:f(x ;ﬂi) _f<x;0’i)j|

i=2

+iiSist<x—Am)F<x—k‘7j>[E(x—k”j>_ﬁ()€—)‘lti>:|' (58)

i=2j=2

Under the assumptions made, max{uz, ..., u,} < min{os, ..., o,},impliesthat u; < o7,

i,j=2,...,nandalso u; < o;,i =2,...,n.After some calculations, it can be established
that

X — Wi X —o0;
f( . )Zf( B ) 59
E(x_df)z;E(x_“"). (60)
py Y

Now, substituting Egs. 59 and 60 in Eq. 58, we get Xé(x) > 0, implies that
x2(x) is increasing with respect to x € (o2, 01]. Using similar arguments, it can be
established that x3(x) = mu_2(x)/m} _,(X), ..., xu—1(x) = ma(x)/m5(x), xo(x) =
m1(x)/mj(x) are also increasing with respect to x belongs to the other subintervals, say
(03,021, ..., (On—1, o2, (0n, 0n—1], respectively. Also,0/m} (x), ..., 0/m5(x), 0/m7 (x)
are increasing with respect to x belongs to the another subintervals, say (i1, onl, ...,
(Mn—15 n—21, (1n, n—1], respectively, which are obvious. Hence, the theorem is proved. O

and

+ then the

Remark 11 1f we consider r € & and o € & instead of r € D} and ¢ € D},

established result in Theorem 10 also holds.
To illustrate the result stated in Theorem 10, we consider the following example.

Example 5 Assume that r = (ry,rp,r3) = (0.5,0.3,0.2) € D, s = (s1,5,53) =
(0.6,0.3,0.1) € DY, 0 = (01,02,03) = (0.8,0.7,04) € DI, and p = (i1, o, u3) =

0.4,0.3,0.2) € D;'. Further, take A = 4, ¢ = 3, and [ = 2. Clearly, r ; s and
max{uy, n2, n3} < min{oy, o2, 03}. Now, consider power distribution with cdf F () = (%)C,
0<t<l,c>0andpdf f(t) = ﬁtc_l, 0 <t < I, c > 0 as the baseline distribution.
Clearly, the pdf is increasing with respect to 7 in its domain when ¢ > 1 and h(z) is decreasing
with respect to ¢ in its domain. Based on these information, the difference between the hazard
rate functions of Uz (r; o) and Vz(s; p) is plotted in Fig. 4(b), from which we can readily
observe that Us(r; o) >j, Va(s; u). Here, we have considered x = —Iny,0 < y < 1 to
capture the whole positive real axis.

In Remarks 5-11, it is written that similar results with other sufficient conditions hold if
we change the ordering of some parameters. Here, we consider examples for the illustration
of Remarks 7 and 9. The illustrative examples for other remarks can be constructed; however
they are omitted for brevity.
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Example 6

(i) Assume that 0 = (01,02,03) = (16,18,22) € €3+ and p = (u1, U2, U3) =
2,8,12) € £3+ . Then, under the similar setup in Example 3(ii), the ratio of the pdfs
of Us(r; ) and V3(r; p) is displayed in Fig. 5(a), which clearly justifies the likelihood
ratio order between Us(r; o) and V3(r; u) in Remark 7.

(ii) Setr = (r,r2,r3) = (0.5,0.3,0.2) € D;r, s = (s1,52,53) = (0.6,0.3,0.1) € D;r,
A= (A1, A2, 23) = (5.2,8.3,10.2) € €3+, and 0 = (01,60,,603) = (4.3,9.8,12.5) €
53"’ . Under the similar settings in Example 4, the sfs of U3(r; A) and V3(s; @) are plotted
in Fig. 5(b), from which the result in Remark 9 can be easily justified.

Next, we consider heterogeneity in mixing proportion parameter vectors and scale param-
eter vectors. The concept of T -transform matrix is required in the following results. For the
definition of T-transform matrix, please refer to Hazra et al. (2017); Barmalzan et al. (2022),
and Panja et al. (2022). First, we consider mixtures having two components and establish
sufficient conditions, under which the usual stochastic order between two MRVs holds.

Theorem 11 Let Fyy(ray(x) = Yo rill — F(50)] and Fyysip)(x) = S sl —
F(%)] be the sfs of the MRVs Uy (r; \) and Va(s; 0), respectively. Further, suppose t* f ()

is increasing int > 0. Then, forr € D;' (or é’;), A€ 5;' (or D;‘), and for fixed o > 0, we
have

ry rn S1 852 . .
(M A2> > (91 92> = Us(r; L) <5 Va(s; 0).

Proof To establish the desired result, we have to check the Conditions (i) and (i) of Lemma7.
Clearly, Fy, 1) (x) is permutation invariant on (r; A), which confirms Condition (7). Now,
for fixed x > 0 and i # j, consider the function

IFuyrn () 3Fy, e (%)
ary or

E(x;r, ) = (n —r2)<

_ Fuyrn (0 3 Fy, e (%)
+ —2A2) < o o7 )
= &0, 0) + & (x;r, 1), (say), (61)

80 fus r0) (4 ()

fa )

60 0.8

40

*f?l/a(m)
0.6 Fus se)(a)
20
k 0.5
07“““““““‘0‘47“ T SN N
0.96 0.97 0.98 0.99 1.00 0.0 0.2 0.4 0.6 0.8 1.0
—q(y) —aq(y)

(a) (b)

Fig. 5 (a) Plot of the ratio of the pdfs of U3 (r; o) and V3(r; p) in Example 6(i). (b) Graphs of the sfs of
Uz (r; A) (in blue colour) and V3(s; @) (in red colour) in Example 6(ii)
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where

£(x:r ) = (r1—r2)|:F<x_U>—F<x_U>] and
Ao Al

@rd) = - |-t f (2 w—o2f (2
E(x;r, = 11— A x—o)\zf( >—x—o f( Kz)

12
1 Al )\,2

Sign(}\ )») X —0 2f X —0 X —0 2f X —0
= — r —r .
1 2) |71 » . » 2 " P
Letr € Dy (or &) and A € & (or Dy). Thatis, ri > (or <) rp and A1 < (or >) As.
We present the proof only for the case when r; > r, and A < A, since the other case

is quite similar. For r{ > rp and A; < A, we obtain ﬁ > i and x;2 7 < "A_] 2 implies
F(X;z") < F(x;]" ), that is, £, < 0. Further, 2 f(¢) is increasing with respect to ¢ > 0,

implies (*72) f(*37) = (*Z2)* f(*52), that is, & < 0. Thus, from Eq. 61, we see that

E(x;r,A) < 0. Therefore, from Lemma 7, we get the required result. This completes the
proof of the theorem. O

To illustrate the aforementioned theorem, we consider the following example.

Example 7 Consider inverted exponential distribution as the baseline distribution with cdf as
in Example 4. The condition on pdf is clearly satisfied. Assume r = (r1, 2) = (0.6,0.4) €
DY, s = (s1,5) = (0.56,0.44) € DI, A = (A, 42) = (0.2,0.7) € &, and 6 =
(01, 602) = (0.30,0.60) € S;. Take o = 0.1. Next, let us consider the 7 -transform matrix

0.2 0.8
Toor = (0.8 02 ) It can then be seen that
0.56 0.44\ (0.60.4 y 0.20.8
0.30 0.60) — \0.2 0.7 0.802)°

0.6 0.4 > 0.56 0.44
0.20.7 0.300.60/ "

Therefore, from Theorem 11, we get Ua(r; L) <5 Va(s; @), which can be verified from

Fig. 1(b). Here, g(y) = %, 0 < y < 1is used in order to capture the positive real axis.

which implies that

The following counterexample describes that the result stated in Theorem 11 may not be
trueif r ¢ Dy and A € &5

Counterexample 7 Consider Burr type-III distribution as the baseline distribution for the
location-scale model with cdf F(r) = t > 0and pdf f(¢) = t > 0. The

condition on pdf is satisfied. Let us take

rpra\ _ (02038 and sy 52\ _ (0.620.38
A A T \040.6 61 6,)  \0.54046)°

It is then easy to check that

0.620.38) (020.8 o« 0.30.7
0.54 0.46) — \0.4 0.6 0.703)"

_t _1
T+ a+n2’
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where Ty3 = (8; 8;) is a T-transform matrix, which implies that

0.20.8 S 0.62 0.38
0.40.6) > \0.54046)
The difference between the sfs of the MRVs U, (r; A) and Vi (s; ) is plotted in Fig. 6(a).

Clearly, the difference is negative as well as positive, which means that U, (r; 1) f st Va(s; 0).
Here, g(y) = % 0 < y < 11is considered for capturing the positive real axis.

Next, we present a generalization of Theorem 11 in terms of the number of mixing com-
ponents. The proof of the following theorem follows using similar arguments as in the proof
of Theorem 21 of Balakrishnan et al. (2018), and thus it is omitted. In the following theorem,
T, is used to denote the T -transform matrix of the form 7, = wl,, + (1 — w)I1,, where I,
and IT,, are the identity and permutation matrices of order n x n, respectively.

Theorem 12 Let Fy, () = Yi_rill = FCS)] and Fy, () = Y0y sill —
F(x;[” )] be the sfs of the MRV U, (r; X) and V, (s; 8), respectively. Further, suppose t* f (t)
is increasing int > 0. Then, forr € D;:" (or 5;), YIS 8;’ (or D;:'), and for fixed o > 0, we

have

(;i'“;”) = (ﬁ;) Ty = Un(r; ) <g1 Va(s: ).

The following corollary is a direct consequence of Theorem 11 due to the fact that a finite
product of T-transform matrices with same structure is also a T'-transform matrix. We note
that the 7-transform matrices T, , ..., T, have the same structure if they have all zero and
non-zero elements at the same positions which means that

Ty, =wily + (1 — o)l ,, i = L, ...k,

for the same IT; ,, and possibly different w;, i = 1, ..., k. On the other hand, Ty, , ..., Ty,
have different structures if at least one of I1; ,, differs from the others (Table 1).

Corollary 2 Let Fy,rpy(x) = Yi_yrill — FCTD)] and Fy,s0(0) = Y-y sill —
F(xgl_” )] be the sfs of the MRVs Uy, (r; A) and V,,(s; 9), respectively. Further, suppose tzf(t)

2.8

fus o) (£)

261 frs

0.01
24

0.00
2.2

-0.01 -

- — 2.0
Fus ry(@(¥)) = Fv; (s:)(aly [

-0.02 -
0.0 0.2 0.4 0.6 0.8 1.0 105 1.0 1.5 12,0
—q(y) —t

(a) (®)

Fig.6 (a) Plot of the difference between the sfs of MRVs U;(r; A) and V;(s; 6) as in Counterexample 7. (b)
Plot of the ratio of the pdfs of MRVs U3z (r; o) and V3(r; p) as in Counterexample 6
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Table 1 List of (baseline) lifetime distributions satisfying the conditions in the established results

Distribution pdf (f(t) =) Condition Useful for
Pareto %2, t>1 tf(t) is decreasing Theorems 3.1 and 3.9,
[f(t) is decreasing] Corollary 3.1 [The-
{ f(¢) is log-convex } orem 3.6] {Theorem
3.7}
x
IE %ze_T, t,A>0 12f(t) is increasing Theorems
3.2,3.8,3.11,3.12,3.13
and Corollary 3.2
Burr-11T ﬁ, t>0 t2f(t) is increasing Theorems
3.2,3.8,3.11,3.12,3.13
and Corollary 3.2
-1
GG I{Zqﬁ’ t,p,q>0 f () is decreasing Theorem 3.6
-)e
p
Exponential re M >0 f(t) is decreasing Theorem 3.6
-1
Weibull ”th ,t>0,c>0 f(t) is decreasing for Theorem 3.6 [The-
¢ ce (0, 1]1[f()islog- orem 3.7] (Theorem
convex for 0 < ¢ < 3.5)
1 {f(¢) is log-concave
for ¢ > 1}] (h(t) is
increasing for ¢ > 1)
-1
Gamma %, t,q >0 f() is log-convex Theorem 3.7
4 (log-concave) for
O<qg=<l(g>1
2
Rayleigh ﬁe 262, t,0>0 h(t) is increasing Theorem 3.5
_ar— 2Pt
G-M (aeﬁt +  Ae M—pe s h(t) is increasing Theorem 3.5
tyo, B, A >0
Power l%t"_l, O0<t<l,c>0 f@) is increasi~ng for Theorems 3.3, 3.4 and
¢ > 1 and h(r) is 3.10
decreasing

r2
1

e 22 t,0>0 h(t) is increasing Theorem 3.5
[ea

Here, IE, GG, G-M denote for the inverted exponential, generalized gamma, and Gompertz-Makeham distri-
butions, respectively. I'(.) denotes the Euler gamma function

is increasing in t > 0. If the T-transform matrices Ty, , ..., Ty, have the same structure,
then forr € D (or EF), A € & (or DY), and for fixed o > 0, we have

S1...8 Fi...T
(91 92) = (M ):;) Ty, ---Tw, = Uy(r; X)) < Vy(s; 0).

The following result gives an illustration if the T'-transform matrices Ty,,i =1, ..., k,
k > 2 have the different structure. The proof of theorem follows using similar arguments
as in Theorem 22 of Balakrishnan et al. (2018), and therefore it is omitted for the sake of
conciseness.

Theorem 13 Let Fy,ra)(x) = Y iy rill — F(%)] and Fy,s.0)(x) = Y1 si[l —
F (x;i")] be the sfs of the MRVs Uy, (r; A) and V,(s; @), respectively. Further, suppose
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2 f(t) is increasing in t > O. If the T-transform matrices Ty, ..., Ty, have the dif-
ferent structures, then for r € Dy (or £, A € &F(or DY), (;1 r),: ) e M, and
A

(211 i >Tw,...Tw,, €My, i=1,...,(k—1), where k > 2, we have

S1...8 ry.
(01.“0’;) (M 5 )Twl...ka:>Un(r ) <g Vi(s: 0).

4 Concluding Remarks

In this article, we have obtained several stochastic comparison results, comparing two FMMs
with respect to various stochastic senses. The usual stochastic, hazard rate, reversed hazard
rate, and likelihood ratio orders have been proved for MMs when heterogeneity is considered
in one parameter. When heterogeneity in two parameters are considered, the usual stochastic
order and hazard rate order have been established. To illustrate the established results, various
examples and counterexamples have been provided.

We note that when considering heterogeneity in three parameters of the location-scale
model, then the sf of the MRV with two components, say U»(r, o, A) is given by

1—r2F<x ‘72> s if 0y < x <o

FUz(r,a,k) x) =

1— [rlF(X ”1)+r2F(X 02)] Jif o] <x <0

= ¢(P), (say),
ry r
where P = | o1 o2 |,r = (r1,r),0 = (01,02)and A = (A, A2).Now, to check Condition
A A

(i) of Lemma 7, we need to consider all the permutation matrices of order 2 x 2, which are

given by 1| = <(1) (1)) and I, = (? (1)).Further, PITl{ = P and

ryr
PIl, = | o1 o X<(l)(1)>
Al A

ra ri
= |02 0]
A2 Al

Then,

1—r1F(x ”‘) s if o] <x <0y
p(PIp) =
1—[r1F(x Ul)—i—rzF(x ‘72)] (if oy <x <0
# @(P).

Thus, the sf is not permutation invariant. So, one can not apply Lemma 7 to obtain result
based on matrix chain majorization when heterogeneity is taken in three parameters. Thus,
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further research/development is required in this direction. This can be considered as open
problem.
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