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Joint distributions of statistics over permutations avoiding two patterns of
length 3

Tian Han* and Sergey Kitaev*

Abstract.

Finding distributions of permutation statistics over pattern-avoiding classes of permutations
attracted much attention in the literature. In particular, Bukata et al. [3] found distributions of
ascents and descents on permutations avoiding any two patterns of length 3. In this paper, we
generalize these results in two different ways: we find explicit formulas for the joint distribution
of six statistics (asc, des, Irmax, lrmin, rlmax, rlmin), and also explicit formulas for the joint
distribution of four statistics (asc, des, MNA, MND) on these permutations in all cases. The
latter result also extends the recent studies by Kitaev and Zhang [8] of the statistics MNA
and MND (related to non-overlapping occurrences of ascents and descents) on stack-sortable
permutations. All multivariate generating functions in our paper are rational, and we provide
combinatorial proofs of five equidistribution results that can be derived from the generating
functions.
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1 Introduction

A permutation of length n is a rearrangement of the set [n| := {1,2,...,n}. Denote by S,
the set of permutations of [n]. For m € S,,, let 7" = m,mp—1---m and 7 = (n+ 1 — m)(n +
1—m)---(n+1—m,) denote the reverse and complement of =, respectively. Then #n"¢ =
m+1—my)(n+1—mp_1)---(n+1—m). A permutation mime---7m, € S, avoids a pattern
p = pip2---pr € Si if there is no subsequence m;, 7, - - - m;, such that iy < Ty, if and only
if p; < pm. For example, the permutation 32154 avoids the pattern 231. Let S,(7,p) denote
the set of permutations in .S, that avoid patterns 7 and p. The area of permutation patterns
attracted much attention in the literature (see [6] and reference therein).

Of interest to us are the following classical permutation statistics. For 1 <i<mn —1, ¢ is an
ascent (resp., descent) in w € Sy, if m; < w11 (vesp., m; > m;i+1) and asc(m) (resp., des(m)) is the
number of ascents (resp., descents) in 7. Also, m; is a right-to-left mazimum (resp., right-to-left
minimum) in m if m; is greater (resp., smaller) than any element to its right. Note that 7, is
always a right-to-left maximum and a right-to-left minimum. Denote by rlmax(7) and rlmin(7)
the number of right-to-left maxima and right-to-left minima in 7, respectively. We define left-
to-right mazimum, left-to-right minimum, lrmax(7) and lrmin(7) in a similar way. For example,
if 7 = 34152 then Irmax(7) = 3 and lrmin(7) = rlmin(7) = rlmax(7) = asc(7) = des(w) = 2.
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We are also interested in the statistics mazimum number of non-overlapping ascents (de-
noted MNA) and mazimum number of non-overlapping descents (denoted MND). For example,
des(13254) = MND(13254) = 2 while 3 = des(32154) # MND(32154) = 2. These statistics are
a particular case of the study of the maximum number of non-overlapping consecutive patterns
in [7] and recently, Kitaev and Zhang [8] studied MNA and MND on permutations avoiding a
single pattern of length 3.

Also, k-tuples of (permutation) statistics (s1, s2,. .., sk) and (s}, ), ..., s)) are equidistributed
over a set S if @ @ @
S1(a S a Ss(a S la
> e = 3@ @)
acsS a€sS

There is a line of research in the literature on finding distributions of permutation statistics
over pattern-avoiding classes of permutations (see, for example, [1-5] and references therein). In
particular, Bukata et al. [3] found distributions of ascents and descents on permutations avoiding
any two patterns of length 3. In this paper, we generalize these results in two different ways.
Namely, we find explicit formulas for the joint distribution of six statistics (asc, des, lrmax,
Irmin, rlmax, rlmin), and also explicit formulas for the joint distribution of four statistics (asc,
des, MNA, MND) on these permutations. The latter result also extends recent studies by Kitaev
and Zhang [8] of the statistics MNA and MND on stack-sortable permutations (which are precisely
231-avoiding permutations). Moreover, we provide combinatorial proofs of five equidistribution
results observed from the multi-variable generating functions derived in this paper.

In what follows, we let g.f. stand for “generating function”. We will derive closed form
expressions for the following g.f.’s:

F(T ) (.%' D, q,U,0, S, t Z Z xnpasc(ﬂ) des(7) lrmax(ﬂ) rlmax(ﬂ) lrmin(7 )trlmln( )7
n>0 weSy(r,p)

G(T,p) (1’,]9, ¢y, 2 Z Z n asc(m) des(7r) MNA(7r) MND()
n>0 weSy(t,p)

for all 7 and p in S3. All of our g.f.’s are rational functions. Note that
des(m) = asc(n") = asc(7¢) = des(n"),
Irmax(7) = rlmax(7") = lrmin(7) = rlmin(7"°),
MND(7) = MNA(7n") = MNA(7¢) = MND(7")
and hence
F(Tr ) (1_’ D,q,u,0, 8, t) _ Z Z xnpasc(ﬂ) qdes(ﬂ) ulrmax(w)Urlmax(w)slrmin(ﬂ) trlmin(w)
n>0 weSy(r7,p")
_ Z Z T pdes(ﬂr) aSC(T(T) rlmax(ﬂr) Irmax(7") rlm1n(7rr)tlrm1n(7rr)
n20 w7eSn(T,p)

= Flrp) (@, 4,p,0,u,1, 5);

F(Tc,pc) (x’p’ q,u, 0, 8, t Z Z 2"p des() asc(7r) lrmin(ﬂ)vrlmin(n) Slrmax(w)trlmax(w)
n>0 weSy(t,p)



= Fir,p) (2,0, 5,1, u,0);

F(,T-'rc o) (x,p, q,u, v, 8, t Z Z o asc(ﬂ des(ﬂ)urlmin(w)vlrmin(w) Srlmax(n)tlrmax(w)
n>0 weSy(r,p)

= F(Tvp) (I’,p, q, ty S, v, ’LL)7

G(TT,pT) (x,p,q,y,2) = G(TC,pC) (,p,q,9, 2 Z Z g des(ﬂ asc(n)yMND(w)ZMNA(n)
n>0 weS,(7,p)

= G(rp)(T,4,p,2,Y);

G(TTC7pTC) (x,p, 0., 2 Z Z n asc(m) des(7r) MNA(7r) MND(m) _ G(T,p) (x’p’ 4,9, Z)
n>0 weSy,(r,p)

The following results appear in [9].

Theorem 1.1. Let A, (7,p) be the number of elements in S, (T, p). Then,

a) A,(123,132 (123,213 14n(321 231) = A,(321,312) = 2n—1;

(231,312 (132,213

(c
d

(a) An( ) = An( ) =
(b) An( ) = An( )

) An(213,312) = A,,(132,231)
(d) A,(213,231) = 4,(132,312)
) An( ) = An( )

A, (123,312) = A,(213,321) =1+ (3);

() An(132,321

2(123,231

0 ifn>5
(f) A,(123,321) =¢n ifn=1o0orn=2
4 ifn=3orn=4.

In order to determine the distribution of the statistics over S,(t,p), for every 7,p € Ss,
based on the properties of the g.f.’s discussed above, out of all possible 15 pairs it is sufficient to
examine the distributions of the statistics over the first pair in each of (a)—(e) in Theorem 1.1

since the case of (123, 321)-avoiding permutations is trivial.

This paper is organized as follows. In Section 2, we derive all our distribution results that
are summarized in Tables 1 and 2, where one can find references to the general results and to
the formulas giving individual distributions of the statistics, respectively. From our enumerative
results we note five equidistributions that are proved combinatorially in Section 3 via introduction

of two bijective maps f and g. Finally, in Section 4 we provide concluding remarks.



(asc, des, Irmax, Irmin, rlmax, rlmin) | (asc,des, MNA, MND)
Sn(123,132) Theorem 2.4 Theorem 2.1
Sn(132,321) Theorem 2.10 Theorem 2.7
Sn(231,312) Theorem 2.16 Theorem 2.13
Sn(213,231) Theorem 2.22 Theorem 2.19
Sn(213,312) Theorem 2.28 Theorem 2.25

asc | des | Irmax | rlmax | Irmin | rlmin | MNA | MND
Sn(123,132) | (4) | () | (11) | (12) | (13) | (14) | (6) (7)
Sn(132,321) | (18) | (19) | (25) (26) (27) (28) (20) (21)
Sn(231,312) | (32) | (33) | (39) (40) (41) (42) (34) (35)
Sp(213,231) | (46) | (47) | (54) (55) (56) (57) (48) (49)
Snp(213,312) | (59) | (60) | (64) (65) (66) (67) (61) (62)

Table 2: G.f.’s for individual distributions of the statistics over Sy, (7, p)

2 Distributions over S, (7, p)

In this section, we find joint distribution of the seven classical statistics across the five types
of arrangements in Section 1. Furthermore, we find joint distribution of two more statistics:
the maximum number of non-overlapping descents (MND) and the maximum number of non-
overlapping ascents (MNA) over the same set of permutations.

Given permutations o € S, and § € Sy, let a @ 5 € S,y denote the direct sum of o and 3
and let a & € S,4p denote the skew-sum of o and f3, defined as follows [3]:

5 a(i), 1<i<a;
(8% =
a+p(i—a), a+1<i<a+bd

58 a(i)+b, 1<i<ag;
(0% =
Bi—a), a+1<i<a+b.

For example, for « = 123 € S3 and g =4132 € Sy, a ® [ = 1237465 and o © 5 = 5674132.

2.1 Permutations in S, (123, 132)

We first describe the structure of a (123,132)-avoiding permutation. Let 7 = m---m, €
Sn(123,132). If mp, = n,1 < k < n, then my > w9 > -+ > w1 in order to avoid 123. On
the other hand, in order to avoid 132, m; > n — k if i < k. Hence, m; =n —ifor 1 <i <k -1,
while 74 17g 42 - - T, must be a (123, 132)-avoiding permutation in S,_;. So 7= (a® 1) & 3,
where o € Si_1 is a decreasing permutation and 5 € S, is a (123,132)-avoiding permutation,
and we use the structure of 7 to prove the following theorems.



Theorem 2.1. For S,,(123,132), we have

A
1 —2¢2222 — pgrlyz — 2pgRadyz + ratz? — pgdrityz2’

(1)

G 123,132) (%, P, ¢, Y, 2)
where

A=1+z+ px2y + qxzz — 2q2x2z — q2x3z — pqx2yz + 2pqm3yz — 2pq2x3yz—
Prta? 4+ ¢t + platy2? — pgdatyz?.

Proof. Let m = my -+, € Sy(123,132). If n = 0, it contributes 1 to G123 132) (%, p,q,y, 2). For
n > 1, we consider three cases based on where the element n appears in 7.

(a) If m; = n, we let the g.f. for these permutations be

9(123.132) (1_’ 0.4, 9, Z) — Z Z xnpasC(ﬂ) qdeS(W)yMNA(ﬂ) ZMND(W) .

n>1 weS,(123,132)
T1=n

(b) Suppose 7, = n, where k = 24,4 > 1. In this case, 7 = (« ® 1) © 3, where a € Sy;_1
is a decreasing permutation with ¢ — 1 non-overlapping descents and 2¢ — 2 descents, the

corresponding g.f. is

Z x2l_1q2’_22'l_1 _ ’

, 1— 222¢2

i>1
and 1 © f is a (123,132)-avoiding permutation in S,_9;+1. Because the first element of
the permutation 1 © 3 is the maximum, the corresponding g.f. is g(123,132)(Z,p, ¢, ¥, 2).

Additionally, mp_1 < 7 = n, and m_17 contributes to MNA giving an extra factor of yp.
In conclusion, the g.f. for permutations in case (b) is

ryp

9(123,132) (z,p,9,, Z)—1 2222

(c) Suppose m = n, where k = 2i + 1,4 > 1. In this case, 7 = (a @ 1) © [, where a €
So; is a decreasing permutation with ¢ non-overlapping descents and 2i — 1 descents, the

corresponding g.f. is
2
% i 2i—1 _ _ L7224
x='2'q = 5 5+
, 1 —ax%2zq
i>1

and 1 © [ is a (123,132)-avoiding permutation in S, _9;. Using similar considerations as
those in case (b), the g.f. for permutations in case (c) is

22 zypq
9(123,132) (7,p,4,¥, Z)—l 222

Combining cases (a)—(c), we have

ryp

G(123,132) (z,p,q,y,2) =1+ 9(123,132) (z,p,4,y,2) + 9(123,132) (z,p, 9,9, Z)m



x*2ypq
1—a2zq¢%

(2)

9(123,132) (z,p,4,9,2)

Next, we compute g(123,132)(Z, P, ¢, ¥y, z) similarly to the derivation of G(123132)(7,p,¢,9,2). If
1 < n <2, the corresponding g.f. is  + 222q. Next, we distinguish three cases(n > 3):

(d)

If 19 = n — 1 then mmy = n(n — 1) contributes to MND that is independent from the
count of MND in 73 ---m,, which can be any non-empty permutation in S,,_2(123,132).
Note that mo > w3 contributes to a descent, so the corresponding g.f. in this case is

xQZQQ(G(123,132) (x’p, q,Y, Z) - 1)

Suppose m, = n — 1, where m = 2¢,¢ > 2. In this case, a = 0,86 = y© 16, so
T=167616(, where 1 © v € Sy_1 is a decreasing permutation with ¢ — 1 non-
overlapping descents and 27 — 2 descents, and the corresponding g.f. is

3,2
2i—1_i—1 2i—2 _ L 24
T 2 q =5
¢ 1 —x°2q
1>2

Also, the permutation 1 & ¢ is in S, _2;11(123,132) where ¢ € S,,_2;. Because the first
element of 16 ( is the maximum, the corresponding g.f. is g(123,132)(z, p, ¢, y, 2). Moreover,
M1 < T = n — 1, SO Tp,_17y, forms an extra non-overlapping ascent and ascent. To
summarize, the corresponding g.f. for permutations in case (e) is

drmsiam (o p gy, 2) VDL
(123,132)\ Ly 5 45 s 1 _ £C2ZQ2 .

Suppose T, =n — 1, where m = 2i + 1,7 > 1. In this situation, 1 =168y 16 (, where

16~ € S9; is a decreasing permutation contributing ¢ non-overlapping descents and 27 — 1

descents. The g.f. for 1 © v € Sy; is

2
S g Tr°zq
§:$2222q22 1: .
£ 1 —x%2q
i>1

In conclusion, the g.f. for the permutations in case (f) is

z?zqyp

9(123,132) (.0, 4,9, 2) 1—a22¢2

Summarizing (d)—(f) we obtain

9(123,132) (7,0, ¢, ¥, 2) = = + a’zq + $22q2(G(123,132) (z,p,¢,y,2) = 1) +

3 2 2
L7Yzpq Lzqyp
9(123,132) (7, P, ¢, Y 2)71 o + 9(123,132) (%, P, ¢, Y, 2)71 2 (3)
By simultaneously solving (2) and (3), we obtain (1). O



Corollary 2.2. Setting three out of the four variables y, z, p and q equal to one individually
in (1), we obtain single distributions of asc, des, MNA and MND over S,,(123,132):

Z Z xnpasc(ﬂ)
n>0 €S, (123,132)
Z Z andes(ﬂ)
n>0 7S, (123,132)
Z Z xnyMNA(ﬂ)
n>0 7S, (123,132)
Z Z anMND(T() —

n>0 7€S,(123,132)

1—z

(4)

1—2:c—|—:n2—px2;

14z —2qx + 22 — 2q2° + ¢?2?

; (5)

1 —2qx — qx? + ¢%22

l1—=z

; 6
1—2z+ a2 — 22y’ (6)

14+ 2+ 22 —222%22 — 232

(7)

1 — 3222 — 2232

Remark 2.3. The distributions in (4) and (6) are the same because in 123-avoiding permutations

asc = MNA.

Theorem 2.4. For S,,(123,132), we have

F(123,132) (.%',p, q,u,v,Ss, t) -

1+ ¢*s?vx? + stuvz(1 + ptuz) — gsz(1 + puva?st(—1 + ) (=1 + u) + v(1 + px + stuz))

(8)

1+ ¢?s?vaz? — gsz(1 + v + pvx)

Proof. For m =1y -+ m, € 8,(123,132), if n = 0, it will give 1 to F(123132)(7,p, ¢, u, v, 5,1). Let

n > 1, we consider the following cases.

e If my = n, the element n is the only left-to-right maximum, a left-to-right minimum and a
right-to-left maximum, and 7179 is a descent. So Irmax(7) = 1 and the g.f. of permutations
with m = n is given by wquvs(F(123,132)(z,p,q,1,v,5,t) — 1) + ruvst, where the element
n gives a factor of xquvs (multiplied by the g.f. of all non-empty permutations with the
value of Irmax not taken into account) and the term zuvst corresponds to the permutation

of length 1.

o Ifm,=n,thenm=(Mn—-1)(n—2)---1n = (a® 1) © 3, where (3 is the empty permutation.
The g.f. for the decreasing permutation « is

Z xiqiflusit =

i>1

So, the g.f. for permutations in this case is

where the element n gives a factor of xpuvt.



o If 1, = n,1 < k <mn, we have m; > my > -+ > 7,1 and lrmax(n) = 2. Then 7 =
(o ® 1) © B, where any non-empty permutation in S,_x(123,132) is possible for 5. The

gf fora®lis

2.2
o . ufsxApqu
Tpquv E xzqulusl =T —wsg xiq ,
i>1 q

where the maximum element n gives a factor of xpquv. So the g.f. in this case is

u?szpqu

F, s My 51, ) ,t -1 .
((123,132)($pq v, 5,1) )1_368(1

Synthesizing the above three conditions yields

F(123,132) (x’p, q,u,v, S, t) =

1+ zquvs(Fi23132) (2,5 ¢, 1, v, 8, 1) — 1) + wtuvs + %—i— 9)
(Fla23,132) (7,0, 4, 1,0, 8, ) — 1)%-
Let w =1 in (9), we obtain
Fli3132)(T,p, ¢, 1,0, 8,t) =
1+ xtvs + zqus(F(123,132) (7, p, ¢, 1,0, 8,1) — 1) + ixjp;i (10)
(Fla23,132) (@, p, ¢, 1,0, 8, 1) — 1)%-
By simultaneously solving (9) and (10), we obtain the desired result. O

Corollary 2.5. Let p = q = 1, then setting three out of the four variables u, v, s and t equal
to one individually in (8), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over
Sn(123,132):

1 — 2z + ux — ux? + uz?
n, Irmax(mw) __ .
>, >, - 1-2z ’ ()
n>0 meSn,(123,132)

11—z
rlmax
PO DR e e (12)

n>0 7S, (123,132)

. 1—sz
n Jrmin(7) : 13
Z Z s 1 —2sx — sx2 + 5222’ (13)
n>0 7eS,(123,132)
. 1— 22+ tx — ta? + 222
Z Z xntrlmm(ﬂ) — v —|—1$_ 2;6 R . (14)

n>0 7€S,(123,132)

Remark 2.6. The distributions in (11) and (14) are the same because the patterns 123 and 132
are invariant with respect to the (usual group-theoretic) inverse operation which exchanges the
sets of left-to-right mazima and right-to-left minima.



2.2 Permutations in S,(132,321)

We first describe the structure of a (132,321)-avoiding permutation. Let 7 = m---m, €
Sp(132,321). If mp = n, then # = nl2---(n —1). If 7 = n,1 < k < n, then 74y <
k4o < -+ < Ty, in order to avoid 321; on the other hand, in order to avoid 132, m; =n —k + ¢
ifl1 <i<k-—1 Ifn,=nthen mmy-- -m_1 € 5,-1(132,321). So 7w = (o« ® 1) © 3, where
a®1 € S, and 5 € S,k are two increasing (132, 321)-avoiding permutations. We use the
structure of 7 to prove the following theorems.

Theorem 2.7. For S, (132,321), we have

A
Gs2,321) (%,P, ¢, Y, 2) = 0= 22y (15)

where

A =14z + pily — 3p2ay — 2223y — 20322 + 3ptaty? + piaty? +

PP a0y — pPaby® + qa?z + 3pgaPyz + pPaatyz + 2pPqatyPz + pPaadyPe.

Proof. Let m = my -+ m, € S,(132,321). The empty permutation, corresponding to the case of
n = 0 gives the term of 1 in G(132321)(2, P, ¢y, 2). If 7 € S, the corresponding g.f. is z. For
n > 2, the permutations are divided into three classes depending on the position of n.

(a) If 1y = n then 7 =nl2--- (n—1). When n is even, the number of non-overlapping ascents
is (n —2)/2, and the corresponding g.f. is

. 2
. 242 . xreqz
g JUQZyTquQZ_2 =120 qu 5
i>1 yp

When n is odd, the number of non-overlapping ascents is (n —1)/2, and the corresponding
g.f. is

3
z : i i i— T7Yypqz
CCQH_lyZZpQZ 1q _ — xz .
i>1 yp

(b) Let mp = n, where 1 < k < n. In this case, 7 = (a®1) S 3, where a®1 € S and 8 € S,k
are two increasing (132, 321)-avoiding permutations. Aditionately, mp = n > 741, and
mTE4+1 contributes to MND giving an extra factor of z. Using similar considerations as
those in case (a), the g.f. for permutations in case (b) is

z(2%ypq + 23yp?q) (x + z2yp)
(1 — a2yp?)?

(c) If m, = n, we let the g.f. for these permutations be

gaszaen (T, gy, 2) = Y alp?em)gdes(my MNA) MND(m)
n>2 weSn(1327321)

Tn=n



Combining cases (a)—(c), we have

z%z2q + 23yzpq

1 — 22yp? (16)

Gs2321) (7,0, ¢,9,2) =1+ 2+

z(2%ypq + 23yp?q)(x + x2yp)
(1 — a2yp?)?

NeXt7 we evaluate 9(132,321) (.%',p, q,Y, Z):

+ 9(132,321) (T, 2, ¢, Y 2)-

(d) If 7 € Sy, then mymp = 12 and the corresponding g.f. is z2yp.

(e) If ;1 =n —1then 7 = (n—1)12---n. Using similar considerations as those in case (a),
the g.f. for permutations in case (e) is

z3yzpq + xlyzpq
1—a?yp?

(f) If mp =n—1, where 1 <m <n—1, thenm = ((v®1)e()®1, where a = (v®1)S¢ € Sp—1
and f is the empty permutation. vy @1 € S, and ( ® 1 € S,,_,,, are two increasing (132,
321)-avoiding permutations. Using similar considerations as those in case (a), the g.f. for
permutations in case (f) is

(z*ypg + ayp?)*zq
(1 — a2yp?)?

(g) If mp—1 = n — 1 then 7,17, = (n — 1)n contributes to MNA giving an extra factor of
2?yp. Note that 7, o < m,_1 = (n— 1) and any non-empty permutation in S,,_»(132,321)
is possible for 7y - - - m,_9. The g.f. in case (g) is :CQpr(G(1327321)(:c,p, q,y,z) —1).

Taking into account cases (d)—(g), we have

z3yzpq + xtyzp’q
1 — z2yp?

932,321 (T, P, 4.y, 2) = 2yp + + (17)

(z?ypg + z°yp?)*2q
(1 —z2yp?)?
Solving equations (16) and (17) simultaneously, we obtain the desired result (15). O

+ $2yp2(G(132,321)(9€ap, a,y,2) — 1).

Corollary 2.8. Setting three out of the four variables y, z, p and q equal to one respectively
in (15), we obtain single distributions of asc, des, MNA and MND owver S,,(132,321):

n, asc(r) __ 1+z—3px+ % — 2px2 + 3p2$2 +p2x3 _ p3x3 ' s
ST e - EERE .
n20 meSn(132,321)

1 — 2z + 2% 4 g2
Z Z andes(ﬂ = (1—z)3 ) (19)
n>0 7€S,(132,321)

nMNA(r) L@ 4 a® =20y 4y +aty + 3aty’ + 225y
oYy - )
(1 —22y)3
n>0 w€S,(132,321)

3 S M 1 -2z + 2%+ 222 (21)
— )3 :
n>0 weS,(132,321) (1 x)

10



Remark 2.9. The distributions in (19) and (21) are the same because in 321-avoiding permu-
tations des = MND.

Theorem 2.10. For S,,(132,321), we have

A
1 —ptz)(1 — puz)(1l — ptux)

F(132,321) (x’p, q,u,0, 8, t) = (
where

A =1+ stuvz + gs*tuv?z? — pPt2uPa® + p*tua®(1 4+t + u + stuvr)—
pr(u + st?uvz(1 + gsu(—1+v)x) + t(1 + u + su’vz).

Proof. Let m = 7y -+~ 7, € S,(132,321). If n = 0, we get the term of 1 in A(y39301)(2,y,2). If
m € 51, the corresponding g.f. is xuvst. For n > 2, we consider the following cases.

e If 11 = n then m = nl12---(n — 1). The element n is the only left-to-right maximum, a
left-to-right minimum and a right-to-left maximum, and 7179 is a descent. So Irmax(w) = 1
and the g.f. of permutations with m; = n is given by

2 2.2

; ; ; Tlquvs“t

rquUs Z T yst ! = T et

i>2

)

1 —apt

where the element n gives a factor of xquvs.

e If m, = n then rlmax(w) = 1. Any non-empty permutation in S,,_1(132,321) is possible
for mymy - m,—1 and we do not need to consider right-to-left maxima. So the g.f. in this
case is

xpuvt(F(1327321) (wapa q,u, 17 S, t) - 1)

elf 1, =n,1 <k <n,then 7 = (a®1) S, where « € Sy_1 and B € S,,_ are two
increasing (132, 321)-avoiding permutations. The g.f. for the permutation « € Si_1 is

Z ripiuts = rpus
= 1 —zpu

(note that m_17 is an ascent). The g.f. for 16 8 € S;, k41 18
x2qu023t

TquY E 2 2psti Tl =

)
> 1 — apt
where the element n gives the factor of zquv. So the g.f. in this case is

x3pqu20232t
(1 —apt)(1 — zpu)

Taking into account all the cases, we conclude that

2 9.2
Tequu“s‘t
Fasazo1) (%, p, ¢, u,v, 8, 1) = 1+ xtuvs + 1q—7:cpt (23)

11



x3pqu2v232t

t(F 1,s,t) —1).
(1 — mpt)(l — pr) + xpuv ( (132,321) (x7p7Q7u7 Sy ) )

Let v =1 in (23), we get

2 2
) réqus‘t
(132,321)(35,]9,%% 1,s,t) =14+ xtus + 1 4

24
ot (24)

:cpusx2qust
(1 —apt)(1 — zpu

) + zput(F(132,321) (7,0, ¢, u, 1, 5,1) — 1).

By simultaneously solving (23) and (24), we obtain the desired result. O

Corollary 2.11. Let p = q = 1, then setting three out of the four variables u, v, s and t equal
to one individually in (22), we obtain single distributions of lrmax, rlmax, lrmin and rlmin over
Sn(132,321):

< 1— 2 —ux + 2uz?
I S 2
n>0 meSn(132,321)

Z Z phprimax(n) 1— 32+ vz +32% — 21)91U2 + vixQ — 23 + 2023 — v2a? - (26)

n>0 7€S,(132,321) (1-2)

Z Z M glrmin(m) 1 — 3z 4 sz +32% — 2s2° + s°0” —a® + sx?’; (27)
(1—a)?

n>0 wesy,(132,321)

i 1 —z — to + 2tz?
mntrlmln(w) _ . (28)
nzz%) neSn(Z13:2,321) (1—2)(1 —tx)?

Remark 2.12. The distributions in (25) and (28) are the same because the patterns 132 and
321 are invariant with respect to the inverse operation which exchanges the sets of left-to-right
mazxima and right-to-left minima.

2.3 Permutations in S,(231, 312)

We first describe the structure of a (231,312)-avoiding permutation. Let 7 = m---m, €
Sn(231,312). If 1y =nthenm =n(n—1)---21. If mp = n,1 < k < n, then 711 > Tpyo > -+ >
7y, in order to avoid 312. On the other hand, in order to avoid 231, m; = n+k—iif k+1 <i < n,
1My« -+ Tp—1 must be a permutation in Sy_1(231,312). If 7, = n, myme - T,—1 must be a per-
mutation in S, _1(231,312). Namely, for = € S,,(231, 312), its structure is 7 = a® (1S 3), where
a € S;-1(231,312) and 163 € S,,_+1 is a decreasing (231, 312)-avoiding permutation. We use
the structure of m to prove the following theorems.

Theorem 2.13. For S,(231,312), we have
G(231,312) (x’p, q,Y, Z) = (29)

14 2 + pxly — p?22y + qa’z — ¢?x?2 — pgxyz + pexdyz — pPqxyz — pgPadyz
1 — p?x?y — ¢*x%2 — pqr?yz — pqrdyz — pgPriyz '
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Proof. Let =y ---m, € S,(231,312). If n < 1, we have the term of 1+ in G231 312)(, P, ¢, Y, 2)-
For n > 2, the permutations are divided into three classes depending on the position of n.

(a) If m; = n then m = n(n — 1)---21. When n is even, m has n/2 non-overlapping descents
and n — 1 descents. The corresponding g.f. is
Zmziziqul _ ﬂ
; 1—22¢%2
i>1
When n is odd, 7 has (n — 1)/2 non-overlapping descents and n — 1 descents. The corre-
sponding g.f. is

3,2
2i+1i 2 _ L k4
x 24 =T 5 5
¢ 1 —x°2q
i>1

(b) If 7, = n, we let the g.f. for these permutations be

9(231,312) (a’," D, q,Y, Z) = Z Z xnpasC(ﬂ) qdeS(W)yMNA(ﬂ) ZMND(T(') )
n>2 meS,(132,321)
TR=n
(c) lfmp =n,1 <k <n,thenm = ad(1604), where o € S;,_1(231,312) and 165 € S,,_ky1isa
decreasing (231, 312)-avoiding permutation. For a®1, the g.f. is g(231 312) (%, P, ¢, 9, 2). For
B € Sp_ky1, similarly to case (a), we see that the corresponding g.f. is (vzq + 222¢)/(1 —
222¢%) (note that mpmy, 1 contributes to MND).

Combining cases (a)—(c), we have

2 3,2
T°zq + x°2q
Ga31,312) (7,0, ¢, Y, 2) = 1+ + - 1— 22242

r2q + 1226

9231,312) (7, D, ¢, Y, 2) + 9(231,312) (T, P, ¢, Y, 2)-

1— 222¢2
Next we evaluate gia31,312)(2, D, ¢, Y, 2):

(d) If n = 2, the g.f. is 22%yp.
(e) If m; =n —1then 7 = (n—1)(n—2)---1n, and the corresponding g.f. is

222q + 23 24>
1‘ e —
Y x22q>
where the element n gives a factor of zyp.

) fmp=n—-1,1<m<n,thenmt=~v@®(16¢) ® 1, where v € S,,,-1(231,312) and ¢ €
Sp-m—1(231,312). For @1, the g.f. is g(231,312) (7, P, ¢, ¥, 2). For (©1 € Sy_yn11, because
the structure is the same as in case (b), we obtain the g.f. is (zzq + 222¢%)/(1 — 222q¢?)
(recall that if ¢ is of odd length, 7,7, +1 will contribute to MND). To summarize, the g.f.
in case (f) is

rzq + xquz

rYpg(231,312) (T, P, ¢, Y, 2) 5

1—222q
where the element n gives the factor of zyp.
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(g) If 71 =n —1 then m,_1m, = (n — 1)n contributes to MNA, and it is independent from
the count of MNA in 7y - - - 7,2, which can be any permutation in S, _2(231,312). So the
corresponding g.f. in this case is nypQ(G(le’gm) (z,p,q,y,2) — 1).

Combining cases (d)-(g), we have

222q + 23 26>

2
= 31
9(231,312) (T, P, 4, Y, 2) = T7Yp + 2Yp—— R (31)
r2q + 2226
TYPY(231,312) (z,p,4,9, Z)m + $2yP2(G(231,312) (z,p,q,y,2) — 1).
Solving the equations (30) and (31) simultaneously, we obtain (29). O

Corollary 2.14. Setting three out of the four variables y, z, p and q equal to one respectively
in (29), we obtain single distributions of asc, des, MNA and MND over S, (231,312):

Z Z xnpasc(ﬂ) _ - i ; ]_)xpx; (32)

n>0 meS,(231,312)

Z Z andes(ﬂ) _ - i ; iqu; (33)

n>0 7€, (231,312)

1—2%
MNA(r) _ .
ST e o o o
n>0 meSy(231,312)
2

1—2z%z
n MND(r) _
>, D> At = T (35)
n>0 7€S,(231,312)

Remark 2.15. The same distributions in (32) and (33), as well as in (34) and (35), follow from
a more general Theorem 5.1.

Theorem 2.16. For S,(231,312), we have

A

1 —gsz)(1 — qr — ptux)(1 — quz)(1 — gsvx) (36)

F(231,312) (xapa q,u,v,Ss, t) - (

where

A =1 — ptuz + stuvz + ¢*s*v*z* + @Bsvrd (=1 — v+ s(—1 + v(=1 + (=1 + p)tuz)))—
qz(1 + v — ptuve + s*tuvz(1 + ptu(—1 4+ v)z) + s(1 + v — ptuz — (=1 + p)tuve+
pt*utvr? + tuv®z (1 — ptuz))) + ¢*2* (v + s?v(1 + tu(l — p + v)x)+

s(1+0%(1 = (=1 + p)tuz) + v(2 — ptuz))).

Proof. Let m =y - m, € S,(231,312). The case of n = 0 contributes the term 1 to A31,312)(2, Y, 2)-
If w € 51, the g.f. is zuvst. For n > 2, we consider the following cases.
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e If 11 =n then m =n(n—1)---1. The element n is the only left-to-right maximum, a left-
to-right minimum and a right-to-left maximum, and 7y is a descent. So lrmax(7) = 1
and the g.f. of permutations with m; = n is given by

2
xquvst
quUSE:lez2llllt_ ,
= 1 — zqus
i>

where the element n gives the factor of xquuvs.

e If m, = n, then rlmax(w) = 1. Any non-empty permutation in S,_1(231,312) is possible
for mymg---m,—1 and we do not need to consider right-to-left maxima. So the g.f. is
rpuvt(Foz1 312) (7, p, ¢, u, 1,5,t) — 1), where the element n gives the factor of zpuvt.

o Ifmp,=n,1<k<n,thenm=a®(16/), where a € S;_1(231,312) and 1© 5 € S;,_k11
is a decreasing (231, 312)-avoiding permutation. For a@®1 € Si_1, because we do not need
to consider right-to-left maxima, the g.f. is zpquv(F(231,312)(, P, ¢, u, 1, 5,t) — 1), where the
element n gives the factor of xpquv. For 3, we have

xvt
szzlz_l ]

— rqu
i>1 q

m2pquv2t

So the g.f. in this case is (Fa31,312)(2, P, ¢, u, 1, 8,t) — 1) T

Taking into account all cases, we obtain

2 2.2
Tequuest
F, t)=1 t _— 37
(231,312) (wapa q,u4,v,S, ) + ztuvs + 1_ Tqus ( )
prquv2t
(Flas1,312) (7,0, ¢, u, 1, 8,t) — 1)71 ~ g + zpuvt(Fo31,312) (T, P, ¢, u, 1, 8,1) — 1).
Let v =1 in (37), we obtain
2 2
Tequs“t
F 1,8,6) = 1 4 wtus + 25 ° 38
(231,312) (x’p, q,u, 1,8 ) + xtus + 1 — 2gs ( )
T pq
(Flasi,312) (7, p, ¢, u, 1, 8,t) — 1) 1 + wput(F(os1,312) (7, p, ¢, u, 1, 5,1) — 1).
By simultaneously solving (37) and (38), we obtain the desired result. O

Corollary 2.17. Let p = q = 1, then setting three out of the four variables u, v, s and t equal

to one individually in (36), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over
Sn(231,312):

Z Z xnulrmax(w) _ 1_1;7_'1:%; (39)

n>0 7€S,(231,312)

1 — 2z + va?
n, rlmax(m) _ . 4
Z Z T (1—-22)(1 —wvx)’ (40)

n>0 7€5,(231,312)
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. 1 — 2z + sa?
n lrmin(m) _ . 41
Z Z s (1—-22)(1—sz)’ (41)

n>0 7€S5,(231,312)

Z Z xntrlmin(w) — % (42)

n>0 7S5, (231,312)

Remark 2.18. The distributions in (39) and (42) (resp., (40) and (41)) are the same because
the set S,,(231,312) is invariant under the composition of the reverse and complement operations,
and applying the composition exchanges the sets of left-to-right mazxima and right-to-left minima
(resp., right-to-left mazima and left-to-right minima,).

2.4 Permutations in S,(213,231)

We first describe the structure of a (213,231)-avoiding permutation. Let 7 = m---7, €
Sn(213,231). If mp =nthenm =n(n—1)---21. If 7y =n,1 <k <n,thenm <79 < -+ < M1
in order to avoid 213. On the other hand, in order to avoid 231, m; > w1 if k+1 < i < n.
If 7, = n then m# = 12---n. So, for 7 € 5,,(213,231), its structure is 7 = a & (1 & ), where
a € Si_1 is an increasing (213, 231)-avoiding permutation and 1 © 8 € S,,_11(213,231), and
we use the structure of m to prove the following theorems.

Theorem 2.19. For S,,(213,231), we have
G(213,231)(ﬂ:,p,q,y, z) = (43)

14z + prly — p?x?y + qz*z — 2%z — pgr’yz + pgrdyz — p*qxdyz — pg*adyz
1 — p?x?y — ¢*x%2 — pqr?yz — pqrdyz — pgPriyz '

Proof. Let m = my -, € Sp(213,231) . If n < 1 then G(213931)(7,p,¢,¥,2) = 1+2. Forn > 2,
the permutations are divided into three classes depending on the position of n.

(a) If 71 = n, we let the g.f. for these permutations be

9(213,231) (a’," D, q,Y, Z) = Z Z xnpasC(ﬂ) qdeS(W)yMNA(ﬂ) ZMND(T(') )

n>2 1eS5,(213,231)
T1=n

(b) If m,, = n then m# = 12---n. When n is even, 7 has n/2 non-overlapping ascents and n — 1
ascents, and the corresponding g.f. is

2
§ :x22y2p21 1_ 1_x2 5.
i>1 yp

When n is odd, 7 has (n — 1)/2 non-overlapping ascents and n — 1 ascents, and the
corresponding g.f. is

3,12
2 :x22+1yzp21 — x2 5.
i>1 yp
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(¢c) f mp =n, 1 <k <mn,then 1 = a® (1S ), where a € Si_1 is an increasing (213,
231)-avoiding permutation and 1 © 8 € S,_x+1(213,231), whose corresponding g.f. is
9(213,231)(3:,1), q,Yy,z). For a € S_1, take into account that if the increasing sequence is of
odd length, mp_1m contributes to MNA giving an extra factor of . To summarize, in this
case the g.f. is

9213 231)(357177(17% Z)M
> 1— ﬂ:2p2y

Combining cases (a)—(c), we obtain

G213,231) (7,0, ¢y, 2) = 1 + & + g(213,231) (¥, P, ¢, Y, 2) +
apy +2*yp® | 2Pyp + xPyp’
1 — x2p?y 1 — x2p?y

9(213,231) (z,p,4,9Y, %) (44)

NeXt7 we evaluate 9(213,231) (.%',p, q,Y, Z):

(d) If n =2, the g.f. is 222q.

(e) If 19 = n—1 then any non-empty permutation in S,,(213,231) is possible for 3 - - m,. The
corresponding g.f. is x2zq2(G(213,231)(x,p,q,y, z) — 1), where mmy contributes to MND
giving an extra factor of 222¢?(my > 73).

(f) f 7y, =n—1thenm =15 (y® 1), where y& 1 € S,,_1 is an increasing (213, 231)-avoiding
permutation. In this case, the corresponding g.f. is

z3yzpq + 2tyzp’q
1 — 22p2y ’

(g) fmp=n—1,2<m<n,then =165 (y® (1)), where v € S,,,_o is an increasing
(213, 231)-avoiding permutation and 16¢ € S;,—,,+1(213,231), whose corresponding g.f. is
9(213,231) (z,p,q,y,2). For 16+ € S;,_1, note that if v contains an odd number of elements,
Tm—1Tm contributes to MNA. To summarize, in this case the g.f. is

zyzpq + x3yzpiq
1 — 22p?y

9(213,231) (z,p,4,9,2)

where the element n gives a factor of xzq.

Combining cases (d)—(g), we obtain

9(213,231)(9071?7 0,Y,2) = 22q + 3622(12(G(213,231)(907P7 ¢,y,2) — 1)+

yzpg + alyzp’q oy z)wazpq + 2yzp’q (45)
1_ x2p2y 9(213,231) P 4,Y, 1_ x2p2y .
Solving equations (44) and (45) simultaneously, we obtain (43). O

From Theorem 2.19 we have the following results.
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Corollary 2.20. Setting three out of the four variables y, z, p and q equal to one respectively
in (43), we obtain single distributions of asc, des, MNA and MND over S, (213,231):

Z Z xnpasc(ﬂ) _ - i ; ]_)xpx; (46)

n>0 weS5,(213,231)

Z Z andes(ﬂ) _ - i ; iqu; (47)

n>0 weS5,(213,231)

Z Z pryMNAG) 1—a?%y (48)

11—z — 222y’
n>0 meSy(213,231)
1 — 222
n MND(m) _ .
Z Z v 1z — 2222 (49)

n>0 w€S,(213,231)

Remark 2.21. The distributions in (46) and (47) (resp., (48) and (49)) are the same because
the set S, (213,231) is invariant under the complement operation, and applying complement ex-
changes ascents and descents (resp., non-overlapping ascents and non-overlapping descents).

Theorem 2.22. For S,,(213,231), we have

A
1 — ptux)(1 — ptz — quz)(1 — gsvx)

F(2137231) (x’p’q’u’vas’t) = ( (50)

where A is given by

1 — ptx — ptur — qux — gsvzx + stuvzx + p2t2ux2 + pqstvx2 + pqtuvx2 + pqstum:2 — p8t2uvx2—|—

q2302x2 — qstuv2x2 — 3 pq2stuvzx3 + pq32t2uv2x3 + pqst2u202m3 — pq32t2u2v2x3.

p2qst2uvx
Proof. Let m =y - m, € S,(213,231). If n = 0, 7 contributes the term of 1 to A(13931) (2, ¥, 2).
If m# € 51, the g.f. is zuvst. For n > 2, we consider the following cases.

e If 7y = n then the element n is the only left-to-right maximum, a left-to-right minimum
and a right-to-left maximum, and w7 is a descent. So lrmax(m) = 1 and the g.f. of
permutations with 71 = n is given by zquvs(F(213,231) (7, P, ¢, 1,v, 5,t) — 1), where we used
the g.f. of all non-empty permutations with the value of Irmax not taken into account and
the element n gives the factor of xquvs.

e If m, =n then 7 = 12---n. So we have
ﬂ:zpu2vst2

Tpuvt Z xipifluisti =

1 1 — xzput

where the element n gives the factor of xpuvt.

e If mp, =n,1 <k <n,then 7 = ad® (16 ), where a is an increasing permutation in

Sk-1(213,231) and 16 8 € S;-11(213,231). The g.f. for a € Sy is 250 and the

element n gives a factor of zpquv. For the permutation 8 € S,,_, we do not need to consider

18



left-to-right maxima and left-to-right minima, so the g.f. is (F(213,231)(7,p, ¢, 1,v,1,¢) = 1).
The g.f. of permutations with 7, =n,1 < k <mn, is

2, 02

Tepqu-vst
F 1,v,1,t) = 1) ——.
(Fl213,231) (%, P, ¢, 1,0, 1, 1) )1—:Cput

Taking into account all cases, we obtain

F(2137231) (xapa q,u,, s, t) = 1+ ztuvs + xqqu(F(Zlfi,ZSl) (x’p, q,1,v,s, t) - 1)+

2pquvst  x’pulvst? )

(Flo13,231) (2, p,¢,1,0,1,8) = 1) —— PR E— (51)

If u=11n (51), we have

Fo3,031) (2,0, ¢, 1,0, 8,) = 1 + ztvs + wqus(F(213,231) (T, P, ¢, 1,0, 8, 1) — 1)+

(Fonsasn (v 1,0, 1,) — 112200 220 (52

If s=11n (52), we have

Fozo31)(z,p,¢, 1,0, 1,t) = 1 + xtv + 2qu(Fa13.231) (7, p, ¢, 1, v, 1, 1) — 1)+

(Fl213,231) (@, P, ¢, 1,0, 1,1) — 1) 1352_193;; 1352_]91;2 (53)
By simultaneously solving (51),(52) and (53), we obtain the desired result. O

Corollary 2.23. Let p = q = 1, then setting three out of the four variables u, v, s and t equal

to one individually in (50), we obtain single distributions of lrmax, rlmax, lrmin and rlmin over
Sn(213,231):

“(n 1 — 22z + ux?
2, D M = a (54
n>0 7eS,(213,231)

Z Z xnvrlmax(w) _ l—x (55)

1—z—vx’
n>0 weS, (213,231)

. 1— 22 + sz?
n Jrmin(m) . 56
Z Z v (1—2x)(1 —sz)’ (56)
n>0 7€8,(213,231)

Z Z xntrlmin(w) _ 11—z (57)

1—z—tx’
n>0 1S, (213,231)

Remark 2.24. The distributions in (54) and (56) (resp., (55) and (57)) are the same because
the set S, (213,231) is invariant under the complement operation, and applying complement ex-

changes the sets of left-to-right mazima and left-to-right minima (resp., right-to-left mazima and
right-to-left minima).
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2.5 Permutations in S,(213,312)

We first describe the structure of a (213,312)-avoiding permutation. Let 7 = m---m, €
Sn(213,312). If m; = n then m < m < -+ < m—1 in order to avoid 213. On the other
hand, in order to avoid 312, mj41 > miqyo > -+ > m,. We use the structure of 7w to prove the
following theorems.

Theorem 2.25. For S,(213,312), we have

A

G = o8
(213,312)(1'7]97%3/72) p4ﬂc4y2 + (—1+q2x22)2 — 2p2x2y(1 —i—quQz)’ ( )

where A = (1 — p3a3y? + quz — ¢?222 — 32322 + p*a?y(—1 + quz) + pry(1 + 2qz2 + ¢*222)).

Proof. Let m = my---m, € 5,(213,312). If m; = n then m < my < --- < m;_; in order to avoid
213. On the other hand, in order to avoid 312, w11 > 40 > -+ > my.

Next, we consider the following cases based on the parity of 7. If i = 2k, k£ > 1, we obtain
(27;;11) permutations with k£ non-overlapping ascents and L%’”lj non-overlapping descents. If
1 =2k + 1,k > 0, we obtain ("2;1) permutations with k non-overlapping ascents and L"_T%J
non-overlapping descents. So we have

oo [n/2]

n—1 n—2k+1 _ -
Gz (@0, .y, 2) =1+ Y <2k _ 1>~’UnykZL 2 IpPhlgn— g
n=1 k=1

L(n+1)/2] <

>y

n— 1) iy 2] 2k =2k
k=0

2k

By using MATHEMATICA, we simplify G 213 312)(%, D, ¢y, 2) and obtain (58). O

Corollary 2.26. Setting three out of the four variables y, z, p and q equal to one respectively
in (58), we obtain single distributions of asc, des, MNA and MND over S,(213,312):

Z Z xnpasc(w) _ - i ; pixpx; (59)

n>0 7S, (213,312)

Z Z andes(w) _ - i ; zﬁﬂqx; (60)

n>0 7S, (213,312)

2 2
Z Z 2y MNA) rT—xT+ Ty (61)

1— 2z + 22 — 22y’
n>0 7€S5,(213,312) . y

2.2
Z Z 2 MND(T) - roxT Atz (62)

1—2x+ 22 — 222
n>0 meSny(213,312)

Remark 2.27. The distributions in (59) and (60) (resp., (61) and (62)) are the same because
the set S,(213,312) is invariant under the reverse operation, and applying reverse exchanges
ascents and descents (resp., non-overlapping ascents and non-overlapping descents).
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Theorem 2.28. For S,(213,312), we have

pqst2u2vzm3

+
(=1 + ptux)(—1 + pux + quz)
u2v2:c3

F(213,312) (x’p, q,u,0, S8, t) = 1+ zuvst +
2 pgs’t
1— gsvx 1 —ptur (=14 pux + quz)(—1+ gsvz)’

qutuvzxz pst2u2vx

(63)

Proof. Let =y my € Sp(213,312). If n = 0, we have the term of 1 in F(2;3 319 (¥, p, ¢, u, v, 8, 1).
If m € Sy, the g.f. is xuvst. For n > 2, suppose that m = i, 7, = n and 7, = j. We consider
the following cases.

If i = n, namely k& = 1, then we have

1
F(213,312) (JT, pb,q,u,v,Ss, t Z xn " ruv™s™t.

If j = n, namely k = n, then we have

Foisz12) (%, p, ¢, u,v, 8, 1) Zx” Ly st

Next, let 2 < 14,5,k <n—1. If m;y =1, in order to avoid 312, there are (Z:ij) permutations

whose g.f. is a"pF~1g" kukv"~*+1sti 5o the g.f. in this case is

oo n—1n—1

Zzz<”—3 >xnpk lanknkJrlt

n=2j=2 k=j

If m1 # 1, in order to avoid 213, there are (",;51) permutations whose g.f. is 2 p*~Lgn~Fylyn—F+1git,

so the g.f. in this case is

oo n—1n+1—i

Z Z Z <n —i— >xnpk—1qn—kukvn—k+18it.

n=21=2 k=2

In conclusion,

Foiss12) (T, p, ¢, u, v, 8,t) = 1+ ztuvs + Zx" "l st + Zx" lynost™ +
n=2

co n—1n—1

Z Z Z <n -7 > 2 g Ry bR g

n=2 j=2 k=j
oo n—1n+1—1
ZZ Z < )xnpk 1anknk+1 zt
n=21i=2 k=2
By using MATHEMATICA, we simplify F{(213312)(Z,P, ¢, u, v, s,t) and obtain (63). O
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Corollary 2.29. Let p = q = 1, then setting three out of the four variables u, v, s and t equal
to one individually in (63), we obtain single distributions of lrmax, rlmax, lrmin and rlmin over
Sn(213,312):

Z Z xnulrmax(w) _ 1_1;7_'1:% : (64)

n>0 7S, (213,312)

Z Z xnvrlmax(w) _ - jx_fvx; (65)

n>0 meS,(213,312)

. 1 — 2z + sz?
n lrmin(m) _ . 66
2, > s (1-22)(1 - s2)’ (66)
n>0 7€S5,(213,312)

. 1 — 2z + ta?
ntrlmm(w) _ )
Z Z r 1—22)(1 — tz) (67)
n>0 reS,(213,312)

Remark 2.30. The distributions in (64) and (65) (resp., (66) and (67)) are the same because
the set S,,(213,312) is invariant under the reverse operation, and applying reverse exchanges the
sets of left-to-right mazima and right-to-left maxima (resp., right-to-left minima and left-to-right
minima,).

3 Equidistribution results

From Theorems 2.13, 2.19 and 2.25, swapping the variables p and ¢, and y and z in the respective
formulas, we obtain algebraic proofs of the following equidistribution results.

Theorem 3.1. The quadruples of statistics (asc,des, MNA, MND) and (des, asc, MND, MNA)
are equidistributed on S, (231,312) for alln > 0.

Theorem 3.2. The quadruples of statistics (asc,des, MNA, MND) and (des,asc, MND, MNA)
are equidistributed on S, (213,231) for alln > 0.

Theorem 3.3. The quadruples of statistics (asc,des, MNA, MND) and (des, asc, MND, MNA)
are equidistributed on S, (213,312) for all n > 0.

Theorem 3.4. The quadruple of statistics (asc,des, MNA, MND) on S,,(231,312) has the same
distribution as (des,asc, MND, MNA) on S, (213,231).

Theorem 3.5. The quadruple of statistics (asc, des, MNA, MND) is equidistributed on S, (231, 312)
and S,,(213,231).

In this section we provide combinatorial proofs of the five theorems. The combinatorial proofs
of Theorems 3.2 and 3.3 are trivial: in Theorem 3.2 we can apply the complement operation
to permutations in S,(213,231), and in Theorem 3.3 we can apply the reverse operation to
permutations in S,(213,312).

Combinatorial proofs of Theorems 3.1, 3.4 and 3.5 are much more involved and they require
introduction of two bijective maps f and ¢ in Sections 3.1 and 3.2, respectively. The map f, to
be introduced next, is shown by us in Lemma 3.6 to be an involution.
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3.1 Map f and its applications

For 7 € 5,,(231,312) line the elements in {1,2,...n} in a row and insert a vertical line between
element x and x + 1 if 7 can be written as 7 = 7’ @ 7" so that € 7’ and x + 1 corresponds to
1 in ©”. For example, for 7 = 124358769(14)(13)(12)(11)(10), we have

1|2[34/5(6789](10)(11)(12)(13)(14).

Clearly, this way to represent permutations in S, (231, 312) by the increasing permutation 12---n
with vertical lines inserted between some of the elements is a bijection. Now the function f :
Sn(231,312) — S,(231,312) is defined by representing the given permutation 7 as above, then
replacing z(x +1) with z|(x+1) and z|(z+1) by z(x+1) for all z € {1,2,...,n—1}, that is, by
removing the existing vertical lines and inserting new vertical lines in all other places, and then
outputting the corresponding permutation. For the representation of the permutation 7w above,
the replacement of lines gives

123]456/7|89(10)|(11)](12)|(13)](14)

and hence f(124358769(14)(13)(12)(11)(10)) = 3216547(10)98(11)(12)(13)(14).

Lemma 3.6. The map f is an involution, i.e. () = for any © € S,(231,312) and n > 1.

Proof. Obvious from the definition of f. O

Remark 3.7. Any involution is a bijection (a well-known and easily provable fact), hence f is
a bijection.

Remark 3.8. Using the alternative description of f introduced in Lemma 3.6 we see that f has
no fized points (the vertical lines cannot be in the same places after application of f).

For m = 124358769(14)(13)(12)(11)(10), asc(w) = des(f(7)) = 6, des(w) = asc(f(n)) = 7,
MNA(7m) = MND(f(m)) = 3, and MND(7) = MNA(f(7)) = 4. The notable relations between
asc, des, MNA and MND in 7 and f(7) are not a coincidence as is shown in the following
theorem. Note that the set of statistics in Theorem 3.1 cannot be extended by adding more
statistics considered in this paper because lrmax(w) = 7, Irmax(f(r)) = 8, lrmin(7) = 1,
Irmin(f(7)) = 3, rlmax(r) = 5, rlmax(f (7)) = 1, rlmin(7) = 7 and rlmin(f(7)) = 8.

Next, we prove Theorem 3.1.

Proof. 1t is easy to see that the bijection f changes ascents to descents and vice-versa, this
means that it interchanges asc and des, and it also interchanges MNA and MND (a run of
descents becomes a run of ascents when we apply f). U

3.2 Map g and its applications

Recall that the structure of a permutation o € S,,(213,231) is 0 = ¢’/ ® (16 0¢”) where ¢’ and o”
are (213, 231)-avoiding, possibly empty, permutations and ¢’ (if non-empty) is increasing. Hence,
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o can be decomposed uniquely into a sequence of ascending runs ending at right-to-left maxima.
Also, the structure of a permutation 7 € S,,(231,312) is 7 = 7’ @ (1 © 7”) where 7’ and 7" are,
possibly empty, (231, 312)-avoiding permutations and 7" (if non-empty) is decreasing. Hence, 7
can be decomposed uniquely into a sequence of decreasing runs beginning at left-to-right maxima.
The map g : S,,(231,312) — S,,(213,231) is defined as follows: g(7) has a right-to-left maximum
in position n + 1 — ¢ if and only if 7 has a left-to-right maximum in position i. For example,

9(124358769(14)(13)(12)(11)(10)) = 1234(14)(13)56(12)(11)7(10)98. (68)

Because of the uniqueness of decomposition of 7 (resp., g(m)) into decreasing (resp., in-
creasing) runs, clearly, the map ¢ is a bijection. Moreover, it is straightforward to see that
asc(m) = des(g(m)), des(m) = asc(g(m)), MNA(7) = MND(g(m)) and MND(7) = MNA(g())
giving us a proof of Theorem 3.4.

For our example (68), asc(m) = des(g(7)) = 6, des(m) = asc(g(m)) = 7, MNA(7) =
MND(g(7r)) = 3, and MND(w) = MNA(g(w)) = 4. Note that the set of statistics in Theo-
rem 3.4 cannot be extended by adding more statistics considered in this paper because in (68),
Irmax(7) = Irmax(f(7)) = 7, Irmin(7r) = Irmin(f(7)) = 1, rlmax(7) = rlmax(f(7)) = 5 and
rlmin(7) = 7 # rlmin(f(7)) = 8, and the fact that g(12) = 21 shows that none of the statistics
in {Irmax, Irmin, rlmax, rlmin} can be preserved.

Remark 3.9. We note that g has a single fixed point for each odd n and no fixed points for
any even n. Indeed, a fixed point must avoid the patterns 213, 231 and 312, and hence m =
12---in(n—1)---(i+1) fori >0 and g(v) =12--- (n—i—1)n(n—1)--- (n—1). Since 7 = g(m)
we have that i = =L and the observation follows.

Finally, we prove Theorem 3.5.

Proof. The map g(f(m)) proves the statement by Theorems 3.1 and 3.4. O

4 Concluding remarks

In this paper, we found the joint distributions of (asc, des, lrmax, lrmin, rlmax, rlmin) and
the joint distributions of (asc, des, MNA, MND) on permutations avoiding any two patterns of
length 3. All g.f.’s derived in our paper are rational and we provided combinatorial proofs for
five equidistribution results observed from the formulas. It is remarkable that we were able to
control so many statistics at the same time while deriving explicit distribution results.

Studying (joint) distributions of statistics in other permutation classes, for example, those

studied in the literature [6] is an interesting direction of further research.
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