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Abstract
In this paper, a multivariate process monitoring scheme based on the rank-
energy statistics is proposed which is suitable for high-dimensional applications
such as sensorless drive diagnosis. The rank-energy statistic is based on multi-
variate ranks that is grounded on the measure transportation theory. Univariate
ranks could be interpreted as a solution to an optimisation problem involving
a given set of observations of size 𝑛 and the set {1, 2, 3, .., 𝑛}. Recently, attain-
ing greater robustness than spatial sign or depth-based ranks, multivariate ranks
are proposed as solutions to such optimisation problem in multivariate settings
(measure transportation problem). The proposed multivariate process moni-
toring scheme based on the rank-energy statistic, subsequently, attains greater
robustness than existing nonparametric multivariate process monitoring meth-
ods based on spatial sign or depth-based ranks. The proposed method is also
applicable to high-dimensional data unlike some of the existing nonparametric
multivariate process monitoring methods. A rigorous simulation study demon-
strates its effective shift detection ability and other important features. Apractical
application of the proposed method is demonstrated with the sensorless drive
diagnosis case study.
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1 INTRODUCTION

Since Hotelling’s pioneering work introducing the Hotelling 𝑇2-statistic,1 multivariate statistical process control (SPC)
in literature has attracted remarkable attentions of statisticians and industry practitioners.2 With ‘arrival’ of industry
4.0, these multivariate SPC methodologies have been applied across a variety of sectors. For instance, in semiconductor
manufacturing,3 network monitoring,4 image surveillance,5,6 to name a few. Numerous papers focusing on paramet-
ric multivariate SPC for symmetric and skewed processes could be found in the literature. Comprehensive reviews on
multivariate SPC are available in the monographs by Ge and Song7 and Qiu.2
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Parametric multivariate SPC methods, despite their utility, have certain limitations. For instance, traditional 𝑇2-type
monitoring schemes require the normality assumption for a multivariate process, a condition which is often violated in
a real-world scenario. In addition, 𝑇2-type monitoring schemes assume that the sample size, 𝑛 is larger than the dimen-
sion, 𝑑 and their performance tends to deteriorate as 𝑑 increases.8 The performance of parametric monitoring methods,
either forGaussian or non-Gaussian assumptions, deteriorateswhen these distributional assumptions are violated in prac-
tice. The impact of parameter estimation also proves to be a crucial factor in designing multivariate parametric control
charts.9,10 In addition, the estimation and monitoring of covariance matrix are also critical in multivariate SPC.11 Qiu12
mentioned that ‘A direct conclusion of the multivariate normality assumption is that the regression relationship between any
two subsets of the individual variables must be linear, which is rarely valid in practice’.
In contemporary applications enriched with high-dimensional data, the adoption of machine learning approaches in

SPC has become popular in recent years.13,14 Although somemachine learning techniques applied in multivariate SPC do
not depend on the assumption of normality, the effectiveness of such methods is influenced by optimal parameter selec-
tion (e.g., the number of trees, window size, number of layers) and the quality of the training data.15–17 Some machine
learning approaches in multivariate SPC require density estimation or estimation of the correlation structure of the mul-
tivariate data.18,19 Moreover, these methods may suffer from the lack of power when the data is highly correlated.3 In that
sense, strictly speaking, the machine learning approach-based SPC methods are not exactly distribution-free. Therefore,
the multivariate nonparametric SPC tools that do not require information about the distribution of a multivariate process
are critically important.
The first effort, to the best of our knowledge, to develop multivariate nonparametric SPC method was undertaken by

Liu,20 who proposedmultivariate control charts based on data depth. Systematic study on nonparametricmultivariate SPC
then began with the seminal works of Qiu and Hawkins,21,22 and Qiu.23 As natural extension to the concepts of univariate
nonparametric SPC methods, multivariate nonparametric SPC methods are developed using the ranking information
of the multivariate process observations. Based on the notion of multivariate ranking, multivariate nonparametric SPC
methods could be broadly classified into two categories; (i) Longitudinal ranking-based methods; (ii) Cross-component
ranking-based methods.12 As mentioned in Qiu,12 longitudinal ranking refers to the ranking of multivariate observations
at different time points and cross-component ranking refers to the ranking across components. Qiu and Hawkins21,22
proposed cumulative sum (CUSUM) charts based on the antiranks of the components of the multivariate observations.
Qiu23 proposed a multivariate nonparametric control chat based on log-linear modelling.
Univariate sign and rank statistics were extended by several authors to 𝑑-dimensional Euclidean space (𝑑 ≥ 2), for

example, in Marden24 and Randles25 with an extensive overview given by Hettmansperger and McKean.26 Subsequently,
spatial sign or spatial rank-based SPC methods were proposed. For instance, Holland and Hawkins27 proposed a direc-
tional rank test-based SPC scheme. Whilst their method does not require a large amount of reference data, its robustness
is compromised.5,27 Bae et al.28 reviewed multivariate process monitoring methods based on the data-depth. Mukherjee
andMarozzi29 noted that the depth-basedmethods are not robust. Several researchers have noted that SPCmethods based
on data depth tend to be less effective, particularly in scenarios where extensive reference data are unavailable.12,30
Following Randles25 and Hettmansperger and Randles,31 several multivariate nonparametric SPC methods were pro-

posed based on multivariate sign and rank statistics.3,32–39 Note that, Randles25 indicated that the multivariate sign test
is robust for elliptical-direction class of distributions. Chen et al.40 have proposed Wilcoxon statistic-based approach to
monitor the data streams individually. Zhang et al.41 have extended Chen et al.40 by splitting the high-dimensional data
into 2-dimensional ones, risking loss of information as noted by Zhang et al.3 Mukherjee and Marozzi29 introduced an
interpoint Euclidean distance-based multivariate SPC method. Sometimes the distance-based methods may suffer from
‘practitioners bias’ as we explain later in this article.
Due to the lack of canonical ordering in the 𝑑-dimensional Euclidean space 𝑑, for dimension 𝑑 ≥ 2, fundamental

statistical notions like ranks and empirical quantiles do not extend canonically to 𝑑 ≥ 2.42 Consequently, component-wise
rank, spatial rank, spatial sign and depth-based ranks and the corresponding statistics do not possess the exact distribution-
freeness unlike their one-dimensional counterparts.42,43 Recently, Chernozhukov et al.44 andHallin et al.42 have suggested
a significant advancement by proposing the multivariate ranks based on the measure transportation theory. For 𝑿 ∈ 𝑅𝑑,
the measure transportation theory is about finding an optimal map 𝑉 ∶ 𝑅𝑑 → 𝑅𝑑 that would minimise the Euclidean dis-
tance between𝑿 and𝑉(𝑿), see Hallin45 and Hallin andMordant46 for further details. More comprehensive discussion on
this topic is provided in the subsequent section. In a recent article, Deb and Sen43 proposed a distribution-free, multivari-
ate two-sample test statistic, called the rank-energy (𝑅𝐸2) statistic, based on the measure transportation theory. Whilst
Deb and Sen43 have laid the groundworks with foundational theorems, the power properties of the rank-energy test and
other related issues need further study.
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TABLE 1 Abbreviations and corresponding full forms.

Abbreviation Full form
𝑅𝐸2 Rank-energy statistic
iid Independent and identically distributed
IC In-control
OC Out-of-control
𝐹𝐴𝑅 False alarm rate
𝐴𝑅𝐿 Average run length
HDS High-dimensional Shewhart-type monitoring scheme
HDSOR High-dimensional Shewhart-type monitoring scheme based on distance from the origin
HDSIP High-dimensional Shewhart-type monitoring scheme based on inter-point distance
HDSGM High-dimensional Shewhart-type monitoring scheme based distance from the generalised median
VSD Variable speed drive
HVAC Heating, ventilation, air conditioning system.

In SPC literature, all SPC methods could be typically categorised into two types: Phase I and Phase II methods. Phase
I methods focus on monitoring offline data, during which no new process observations are collected. The stable dataset
established after Phase I monitoring is referred to as the ‘reference’ data. Conversely, Phase II methods involve online
process monitoring that collects new observations sequentially throughout the monitoring process. The data gathered
during this online monitoring is known as the ‘test’ data. Jones–Farmer et al.47 provided a comprehensive overview on
Phase I SPC for both univariate and multivariate processes. Qiu12 and Qiu48 provided an extensive overview of Phase II
SPC for univariate and multivariate processes. In this article, it is assumed that a Phase I reference data are available that
could be used for Phase II monitoring.
It is well established in SPC literature that time-weighted control charts such as the EWMA and CUSUM charts are

better suited in detecting persistent and smaller shifts, whilst the Shewhart charts excel in detecting transient and larger
shifts.12 As we do not need to estimate the weight parameters as in EWMA and CUSUM charts,49,50 Shewhart charts are
relatively easier to implement in practice. In this article, we explore the development of a multivariate Shewhart chart
based on the 𝑅𝐸2 statistic. Time-weighted variations could be considered separately as topics for future research. The
main contributions of this paper could be listed as follows:

(i) We propose a new multivariate, distribution-free Shewhart monitoring scheme for online process monitoring based
on the rank-energy (𝑅𝐸2) statistic;

(ii) We demonstrate that the proposedmultivariate SPCmethod is robust whilst maintaining reasonable detection ability
for the process shift, which is justified by rigorous simulation experiments;

(iii) Practical application and efficiency of the proposedmethodology is demonstrated by considering the sensorless drive
fault detection case study.

In Table 1, we provide the abbreviations and corresponding full forms for the ease of reading. The rest of the article is
organised as follows: In Section 2, we discuss the rank-energy (𝑅𝐸2) statistic in connection with the theory of measure
transportation. In Section 3, process monitoring based on the proposed method is discussed. A detailed performance
study has been carried out in Section 4. In Section 5, a real-life application of the proposed method is provided regarding
sensorless drive fault detection. Finally, some concluding remarks are made in Section 6.

2 PRELIMINARIES

The proposed multivariate SPC method is based on the rank-energy (𝑅𝐸2) statistic43 discussed in this section. The 𝑅𝐸2
statistic is based on the notion of measure transportation that we briefly discuss next. Hallin45 has provided a simple for-
mulation ofMonge’s problem (also known as the optimal transportation problem): Let𝑑 be the 𝑑-dimensional Euclidean
space, and  be the family of all probability distributions defined on𝑑 and 1,2 ∈  . For 𝑿 ∈ 𝑑, 𝑉 ∶ 𝑑 → 𝑑, the
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measure transportation problem is about finding an optimal transport map 𝑽 that minimises.

inf
𝑉 ∫

𝑅𝑑

||𝒙 − 𝑽 (𝒙)||2𝑑1 subject to 𝑽# 1 = 2, (1)

where 𝑽# 1 = 2 indicates that for 𝑿 ∼ 1, 𝑽(𝑿) ∼ 2, for 1,2 ∈  . The optimal solution 𝑽 of the optimisation
problem in Equation (1), if it exists, is referred to as the optimal transport map. Using this concept, Deb and Sen43 defined
an empirical rank function, also called the empirical rank map.
Let �̃�

𝑛 = {�̃�1, �̃�2, … , �̃�𝑛} be a set of random vectors following distribution 𝑭𝒙
𝒏 , where �̃�𝑖 ∈ 𝑑, 𝑖 = 1, 2, . . . , 𝑛. Also let

𝑛 = {𝒈1, 𝒈2, … , 𝒈𝑛} be the set of Halton sequence51 of dimension 𝑑 to be taken as the sample multivariate rank vectors.
The empirical rank map43 is defined as a function ̂�̃�

𝑛 ∶ �̃�
𝑛 → 𝑛 that is an optimal transport map from 𝑭𝒙

𝒏 to 𝑛 (the
empirical distribution on 𝑛), that is,

̂�̃�
𝑛 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑉 ∫

𝑅𝑑

||�̃� − 𝑉 (�̃�)||2𝑑𝑭𝒙
𝒏 subject to 𝑉# 𝑭𝒙

𝒏 = 𝑛. (2)

Note that Equation (2) is equivalent to the following optimisation problem:

𝜓 = 𝑎𝑟𝑔𝑚𝑖𝑛𝜎

𝑛∑
𝑖=1

||||||�̃�𝒊 − 𝒈𝜎(𝑖)
||||||2, (3)

where 𝜎 is the set of all permutations of {1, 2, 3,. . . , 𝑛} and 𝜎(𝑖) ∈ 𝜎 ∀𝑖. The empirical rank of �̃�𝒊 is

̂�̃�
𝑛 (�̃�𝒊) = 𝒈�̂�(𝑖)for 𝑖 = 1, 2, … , 𝑛, (4)

where {�̂�(𝑖) ∈ 𝜎, 𝑖 = 1, 2, . . . , 𝑛} minimises 𝜓 in Equation (3). Computation of �̂�(𝑖) in Equation (4) is not time-consuming.
We have used the R package ‘randtoolbox’52 from the Comprehensive R Archive Network (CRAN) to generate Halton
sequences. The optimisation task completes in 43 s with a computer equipped with a Core i7 processor, for a random
sample of size 10 and dimension 20.
Based on the optimal rank map, Deb and Sen43 have defined the 𝑅𝐸2 statistic for multivariate two sample test. Let

us consider two 𝑑-dimensional datasets given by 1
𝑛1
= {�̃�11, �̃�12, … , �̃�1𝒏1 }∼

𝑖𝑖𝑑 𝑭1, and 2
𝑛2
= {�̃�21, �̃�22, … , �̃�2𝒏2 }∼

𝑖𝑖𝑑𝑭2,
respectively, where 𝑭1 and 𝑭2 are 𝑑-dimensional absolutely continuous distribution functions. We want to test the
following hypothesis,

𝐻0 ∶ 𝑭1 = 𝑭2 ag. 𝐻1 ∶ 𝑭1 ≠ 𝑭2. (5)

The joint empirical distribution function of 1
𝑛1
and 2

𝑛2
is given by 𝑭�̃�1,�̃�2

𝒏1,𝒏2
. Let 𝑛1+𝑛2 be the Halton sequence of size

(𝑛1 + 𝑛2) and dimension 𝑑 with empirical distribution 𝑛1+𝑛2 . The joint empirical rank map ̂12

𝑛1,𝑛2
(.) is defined as an

optimal transport map from 𝑭
�̃�1,�̃�2
𝒏1,𝒏2

to 𝑛1+𝑛2 , following a similar definition as the empirical rank map in Equation (4).
The rank-energy statistic43 is defined as follows:

𝑅𝐸2𝑛1,𝑛2 =
2

𝑛1𝑛2

𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

||||||̂12

𝑛1,𝑛2 (�̃�1𝑖) − ̂12

𝑛1,𝑛2

(
�̃�2𝑗

)||||||
−

1

𝑛21

𝑛1∑
𝑖,𝑗=1

||||||̂12

𝑛1,𝑛2 (�̃�1𝑖) − ̂12

𝑛1,𝑛2

(
�̃�1𝑗

)||||||
−

1

𝑛22

𝑛2∑
𝑖,𝑗=1

||||||̂12

𝑛1,𝑛2 (�̃�2𝑖) − ̂12

𝑛1,𝑛2

(
�̃�2𝑗

)|||||| . (6)

To have an intuitive understanding of why the empirical rank map in Equation (4) obtained from the optimisation
problem in Equation (3), and the corresponding statistics defined in Equation (6), thereafter, are distribution-free, we
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consider an analogy within a one-dimensional setting. As discussed in Deb and Sen,43 in one-dimensional setting, let
𝑋1, 𝑋2, … , 𝑋𝑛 ∈  be iid random samples from some univariate distribution 𝐹 and the ranks of these observations could
be interpreted as a solution of the following optimisation problem given by

�̂� = 𝑎𝑟𝑔𝑚𝑖𝑛𝜎

𝑛∑
𝑖=1

||||𝑥𝑖 − 𝜎 (𝑖)

𝑛

||||
2

(7)

where 𝜎 is the set of all permutations of {1,2,3,. . . , 𝑛} and 𝜎(𝑖) ∈ 𝜎 ∀𝑖. This interpretation of univariate ranking could be
extended to multivariate settings as an optimal transport mapping problem in Equation (2).43 Intuitively, the permutation
�̂� that provides a solution of the optimisation problem in Equation (7) depends only on the observed values 𝑥1, 𝑥2, … , 𝑥𝑛
irrespective of the distribution 𝐹.
Note that the sum of squares in Equation (7) represents the Euclidean distance between the observed univariate 𝑿-

sample and the set { 𝜎(1)
𝑛
,
𝜎(2)

𝑛
, … ,

𝜎(𝑛)

𝑛
}. This concept could be readily extended to find the Euclidean distance between

random vectors �̃�
𝑛 and the set of Halton sequence 𝑛,51 and the solution of the optimal transport mapping problem

should be free from the distribution of the random vectors �̃�
𝑛 , intuitively. Indeed, Deb and Sen43 proved that for the

absolutely continuous 𝑭1 and 𝑭2, the rank-energy statistic 𝑅𝐸2𝑛1,𝑛2 is exactly distribution-free and invariant under affine
transformations. The code to calculate the 𝑅𝐸2 statistic can be found on the GitHub page of the first author of Deb and
Sen.43 Wewill use the rank energy statistic defined in Equation (6) for themonitoring plan to be developed inwhat follows.

3 MONITORING FRAMEWORK

In order to use the 𝑅𝐸2𝑛1,𝑛2 statistic in Equation (6) in an online monitoring scheme, it is assumed that a stable reference
data is available against which the 𝑅𝐸2𝑛1,𝑛2 statistic is obtained sequentially. It is recommended to confirm the stability of
the hardware/equipment from a well-established system, to ensure the stability of the reference data.
Let us consider a reference sample �̃�

𝒎 = {�̃�1, �̃�2, … , �̃�𝒎}∼
𝑖𝑖𝑑𝑭1 of size 𝑚. During the online monitoring, subgroups�̃�

𝒏,𝒕 = {�̃�1𝑡, �̃�2𝑡, … , �̃�𝑛𝑡} ∼
𝑖𝑖𝑑𝑭2 of size 𝑛 are obtained at time instances 𝑡 = 1, 2, 3,. . . The online monitoring scheme

therefore can be viewed as an online hypothesis testing problem given by

𝐻0: 𝑭1 = 𝑭2

ag. 𝐻1: 𝑭1 ≠ 𝑭2, (8)

For each 𝑡 = 1, 2, 3, . . . , the rank energy statistic as defined in Equation (6), is calculated on �̃�
𝒎 and �̃�

𝒏,𝒕 and denoted
by 𝑅𝐸2𝑚,𝑛,𝑡. When 𝑅𝐸2𝑚,𝑛,𝑡 ≥ , for some decision limit  > 0, the process is deemed out-of-control (OC) and process mon-
itoring is halted. Else the process is considered in-control (IC). The event [𝑅𝐸2𝑚,𝑛,𝑡 ≥ ] is called a signalling event. When
a signal is detected, the system undergoes inspection. If the signal results from a system anomaly, the systemwill be recal-
ibrated, and online monitoring will continue. If the signal is due to a random cause of variation, it is regarded as a false
alarm, and no remedial action is required, and the online process monitoring continues.
Choice of the decision limit  is important in online process monitoring. The number of subgroups �̃�

𝒏,𝒕 obtained till
𝑅𝐸2𝑚,𝑛,𝑡 ≥  for some 𝑡, is called the run length. A standard performance measure in online process monitoring is the
average run length (𝐴𝑅𝐿).53 To decide the decision limits  for different sample sizes 𝑚, 𝑛 and different dimension 𝑑, a
nominal𝐴𝑅𝐿 value of𝐴𝑅𝐿0 ≈ 370 is adoptedwhen the process is IC. An efficientmonitoring scheme should ideally detect
faults early in Phase II. As a result, when the process is OC, the corresponding𝐴𝑅𝐿, denoted by𝐴𝑅𝐿1, should be less than
𝐴𝑅𝐿0. An analytical expression for the𝐴𝑅𝐿 is not available due to the density of the 𝑅𝐸2𝑚,𝑛,𝑡 statistic lacking a closed-form
expression. We estimate the𝐴𝑅𝐿 under𝐻 = 𝐻0 and𝐻1 by numerical integration via the Monte Carlo simulation, that is,

𝐴𝑅𝐿 =

∞

∫
0

1

𝑃𝑯

[
𝑅𝐸2𝑚,𝑛 > |�̃�

𝒎

] 𝑑𝑭1, (9)

where 𝑃𝑯[𝑅𝐸2𝑚,𝑛 > |�̃�
𝒎] is the conditional power estimated under 𝐻 = 𝐻0 and 𝐻1. For a given decision limit , the

𝐴𝑅𝐿0 estimation involves averaging 100,000 values of corresponding conditional 𝐴𝑅𝐿0, given specific values of 𝑚, 𝑛, 𝑑.
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The decision limit is then iteratively adjusted to ensure that the obtained 𝐴𝑅𝐿0 ≈ 370. To estimate the 𝐴𝑅𝐿1 for  and
specific values of𝑚, 𝑛 and 𝑑, we estimate the conditional power𝑃𝑯[𝑅𝐸2𝑚,𝑛 > |�̃�

𝒎] for a distribution𝑭2 different from𝑭1,
and then averaging over 100,000 values of conditional𝐴𝑅𝐿1. Other nominal choices for the𝐴𝑅𝐿0 could be also considered.
The algorithms to determine the decision limits and the corresponding 𝐴𝑅𝐿0 and 𝐴𝑅𝐿1 are detailed in the Appendix A1
and A2.

4 PERFORMANCE EVALUATION

The monitoring framework, based on the 𝑅𝐸2 statistic,43 is quite general in the sense that it can be applied to moni-
toring any multivariate process, including the high-dimensional processes. This will be discussed later. As the spatial
sign or depth-based monitoring methods are not distribution-free (as discussed in Section 1), the proposed monitoring
scheme is evaluated and compared with a recent nonparametric multivariate monitoring scheme that do not rely on
spatial sign or depth-based statistics. Given that the density of the rank-energy statistic defined by Equation (6) does
not have an analytic form, the proposed monitoring scheme’s efficacy is examined numerically via the Monte–Carlo
simulation.

4.1 Robustness study

Let us consider a reference data of size 𝑚 = 10, 20 and test data of size 𝑛 = 5 from a multivariate normal distribution of
dimension 𝑑 = 20 with mean 𝝁 = 0𝑑×1 and covariance matrix 𝚺𝑑×𝑑 = (𝜎𝑖𝑗)𝑑×𝑑 such that 𝜎𝑖𝑗 = 𝜎2 (

min(𝑖,𝑗)

max(𝑖,𝑗)
), where 𝜎 = 1.5.

To numerically evaluate the robustness of the proposedmonitoring scheme, we estimate the𝐴𝑅𝐿0 for variousmultivariate
distributions, using the decision limit obtained for the aforementioned multivariate normal distribution. As symmetric
distributions, we consider multivariate normal distributions with different covariance matrices, and as skewed distri-
butions, we consider multivariate exponential distributions ‘connected’ by copulas. Copula modelling is widely used in
practice in modelling the dependency structure in multivariate data.54,55 We consider the Gaussian copula as an elliptical
copula and the Clayton copula as an Archimedean copula as they are popular in literature for their flexibility and sim-
ple form.54,55 Other copulas could be considered as well. However, for the purpose of the performance study, we restrict
ourselves to the copulas mentioned above. The covariance structure for the Gaussian copula is taken as 𝚺𝑑×𝑑 = (𝜌𝑖𝑗)𝑑×𝑑

where 𝜌𝑖𝑗 = (
min(𝑖,𝑗)

max(𝑖,𝑗)
). Clayton copula parameter is taken as 𝜉 = 2. A larger 𝜉 implies a stronger dependence among the

end points. A brief discussion on copulas is provided in the Appendix A3. For more details on copula modelling, one may
refer to the monographs by.54–56 Thus, the distributions considered are:

(i) Multivariate normal distribution with mean 𝝁 = 0𝑑×1 and covariance matrix 𝚺𝑑×𝑑 = (𝜎𝑖𝑗)𝑑×𝑑 such that 𝜎𝑖𝑗 =

𝜎2 (
min(𝑖,𝑗)

max(𝑖,𝑗)
), where 𝜎 = 2, 2.5, 3;

(ii) 𝑑-dimensional exponential distribution with marginal distributions as Exponential (1) distribution connected by
Gaussian copula and Clayton copula.

The estimated 𝐴𝑅𝐿0 values corresponding to 𝑅𝐸210,5 and 𝑅𝐸
2
20,5 statistics are presented in Table 2. The critical limits

are rounded off to 3 decimal places. It can be noted from Table 2 that the 𝐴𝑅𝐿0 performance of the proposed monitor-
ing scheme is quite robust across different distributions. Note that, in the robustness study, we considered 𝑚 = 10 and
𝑑 = 20 in Table 2. This suggests that the proposed monitoring scheme is suitable in ‘high dimension, low sample size’
settings.

4.2 Anomaly detection

In this section, we conduct a numerical study to evaluate the anomaly detection capability of the proposed monitoring
scheme. Table 3 provides decision limits for 𝑚 = 10, 15, 20, 25, 30, 40, 50, 100; 𝑛 =3, 5 and 𝑑 = 2(1)10, 20, 30, 40, 50, 100
such that 𝐴𝑅𝐿0 ≈ 370. As in Table 2, the decision limits  increases with dimension 𝑑. In what follows, we discuss the
performance of the proposed method under various process shifts.
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TABLE 2 𝑨𝑹𝑳0 for 𝑹𝑬
2
𝒎,𝒏 for 𝒅-dimensional multivariate normal and exponential distributions, for𝒎 = 10, 20, 𝒏 = 5, 𝒅 = 20.

𝑹𝑬𝟐
𝟏𝟎,𝟓

𝑹𝑬𝟐
𝟐𝟎,𝟓

Critical limit = 2.810 Critical limit = 2.874
Multivariate normal distribution
𝜎 = 1.5 369.00 367.07
𝜎 = 2 365.97 370.21
𝜎 = 2.5 372.36 369.64
𝜎 = 3.0 376.86 370.25
Multivariate exponential distribution
Gaussian copula 368.27 368.71
Clayton copula 373.01 369.83

TABLE 3 Decision limits  for different (𝒎,𝒏, 𝒅).

𝒎 = 10 𝒎 = 15 𝒎 = 20 𝒎 = 25 𝒎 = 30 𝒎 = 40 𝒎 = 50 𝒎 = 100
𝒏 = 3
𝑑 
2 1.287 1.472 1.525 1.496 1.525 1.597 1.592 1.654
3 2.006 1.967 1.747 1.690 1.590 1.682 1.663 1.755
4 1.857 1.744 1.680 1.612 1.599 1.816 1.772 1.800
5 1.810 1.775 1.713 1.670 1.655 1.738 1.843 1.826
6 1.850 1.916 1.866 1.761 1.766 1.880 1.871 1.885
7 1.744 1.949 1.894 1.866 1.854 1.937 1.945 1.952
8 1.930 2.105 1.992 1.986 2.024 2.047 2.042 2.029
9 2.131 2.086 2.068 2.108 2.130 2.176 2.106 2.162
10 2.184 2.488 2.344 2.265 2.186 2.290 2.173 2.179
20 2.936 2.746 2.871 2.871 2.843 2.848 2.800 2.722
30 3.285 3.419 3.374 3.504 3.287 3.279 3.265 3.131
40 3.546 3.858 3.752 3.829 3.731 3.675 3.632 3.471
50 3.792 4.083 3.984 4.112 3.918 3.988 3.965 3.852
100 5.373 5.449 5.417 5.637 5.511 5.564 5.469 5.362
𝒏 = 5
2 1.712 1.753 1.733 1.725 1.754 1.748 1.750 1.703
3 1.763 1.884 1.802 1.765 1.728 1.762 1.790 1.794
4 1.755 1.792 1.776 1.743 1.885 1.848 1.897 1.906
5 1.852 1.900 1.837 1.783 1.846 1.925 1.917 1.945
6 1.785 1.942 1.912 1.887 1.964 2.026 2.008 2.013
7 1.846 2.027 2.001 1.934 2.028 2.002 2.020 2.040
8 1.951 2.204 2.160 2.070 2.155 2.116 2.116 2.176
9 2.057 2.189 2.269 2.195 2.228 2.227 2.165 2.200
10 2.182 2.365 2.367 2.242 2.317 2.284 2.207 2.260
20 2.812 2.808 2.897 2.896 2.847 2.780 2.748 2.721
30 3.123 3.355 3.297 3.306 3.344 3.284 3.249 3.114
40 3.623 3.732 3.672 3.841 3.763 3.691 3.671 3.548
50 3.929 4.038 3.944 4.096 4.051 3.975 3.898 3.822
100 5.341 5.368 5.318 5.405 5.344 5.408 5.438 5.270
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F IGURE 1 𝐴𝑅𝐿1 for different shift 𝛿 in location vector of high-dimensional Gaussian process.

4.2.1 Location shift in multivariate Gaussian process

In the manufacturing industry, Gaussian processes are widely used in quality control, predictive maintenance, optimisa-
tion among other applications.57,58 To justify the utility of the proposed method in detecting location shift, we consider
𝑑 = 50, 100-dimensional Gaussian process. At time instances 𝑡, {�̃�𝑖𝑡, 𝒊 = 1(1)𝒏} are assumed to be temporally independent
and follow a shifted multivariate normal distribution with mean

𝝁1 = 𝝁0 + 𝜹,where 𝜹 = 𝛿1𝑑×1, (10)

and the covariance matrix

𝚺0 =
((
𝜎𝑖𝑗

))
𝑑×𝑑

, (11)

where 𝜎𝑖𝑗 = 𝜎2 for 𝑖 = 𝑗, and 𝜎𝑖𝑗 = 𝜌𝜎2 for 𝑖 ≠ 𝑗.
We consider 𝜌 = 0.5, 𝜎 = 1 and 𝝁0 = (0)𝑑×1. For 𝛿 = 0.5, 0.75, 1.0, 1.25, 1.5, 𝐴𝑅𝐿1 values are plotted for (𝑚, 𝑛, 𝑑) =

(30,5,50), (50,5,50), (100,5,100) in Figure 1. Note that, in Figure 1, for a high-dimensional Gaussian process with 𝑑 = 50,
100 and 𝑑 ≥ 𝑚, 𝐴𝑅𝐿1 values decrease with increasing location shift 𝛿. For𝑚 = 30, shift detection is quicker than𝑚 = 50,
100 for larger shift. This shows that the proposed monitoring scheme is useful in monitoring high-dimensional processes
for location shift.

4.2.2 Shift in the Gaussian process variance

Let us consider a multidimensional Gaussian process with dimension 𝑑 = 3, 30, 100. For all time instances 𝑡,
{�̃�𝑖𝑡, 𝒊 = 1(1)𝒏} independently follow a multivariate normal distribution with mean 𝝁0, and the covariance matrix

𝚺1 =
(
𝜎1𝑖𝑗

)
𝑑×𝑑

, (12)

where 𝜎1𝑖𝑗 = Δ𝜎2 for 𝑖 = 𝑗, and 𝜎𝑖𝑗 = Δ𝜌𝜎2 for 𝑖 ≠ 𝑗.
Let 𝜌 = 0.5, 𝜎 = 1 and Δ = 0.5, 1, 1.5, 2. For the process mean, we consider 𝝁0 = (0)𝑑×1. For𝑚 = 50, 100 and 𝑛 = 5,𝐴𝑅𝐿1

values are plotted in Figure 2 against different Δ, for different 𝑑. Note that, as in Figure 1, the proposed method is capable
in detecting variance shift for a high-dimensional Gaussian process when 𝑑 ≥ 𝑚. However, when dimension 𝑑 is much
higher than the reference sample size 𝑚, 𝐴𝑅𝐿1 values also increase causing delay in detecting shift. Also, for increasing
variance shift, the 𝐴𝑅𝐿1 values do not decrease as fast as in the case of location shift. Hence, to detect a variance shift in
a high-dimensional data with 𝑑 ≥ 100, it is recommended to not have a small reference sample.
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F IGURE 2 𝐴𝑅𝐿1 for different shift Δ in variance for multivariate normal distribution.

4.2.3 Shift in the failure rate of multivariate exponential distribution

Failure rate modelling and monitoring is popular in reliability and process control literature.59–61 In this section, we con-
sider multivariate exponential distributions where the marginal failure rates have shifted from 𝜆0 = 1, without loss of
generality, to 𝜆1 = 𝜆0 𝛿, for 𝛿 > 1. The marginal exponential distributions are assumed to be connected by Clayton copula
with parameter 𝜉 = 1. In Figure 3, a decreasing trend is observed in the 𝐴𝑅𝐿1 values plotted for 𝛿 = 1.5, 2, 2.5, 3, 3.5, 4,
4.5, 5. However, 𝐴𝑅𝐿1 values seldom encountered bias, especially for smaller values of 𝛿. The empirical study in Figure 3
suggests thatmonitoring a highly skewed process with complex dependence structurewould require a substantial number
of reference data, preferably more than the dimension.

4.2.4 Comparative remarks

In this section, we compare results of Mukherjee and Marozzi29 on Phase II process monitoring based on the interpoint-
distance methods with the proposed method (since they do not depend on the spatial sign or rank-based statistics). For
readers’ sake, we use similar notations as in Mukherjee and Marozzi29 to briefly explain their method.
In essence, Mukherjee andMarozzi29 have examined three distinct ways to calculate interpoint distances, each coupled

with three different univariate distribution-free tests applied to these distance measures. One of the high-dimensional
Shewhart-type (HDS) monitoring scheme in this paper called the HDSOR scheme, relies on the distance of each data
point from the origin (OR). The other two HDS monitoring schemes depend on the interpoint distances from (i) a single
reference data point (HDSIP), and (ii) the generalised median (HDSGM). The Wilcoxon statistic, Ansari–Bradley statistic
and Lepage statistic were obtained on the interpoint distance values via theHDSOR,HDSIP andHDSGMmethods.Whilst
HDSGM scheme lacks robustness, it was noted that the HDSIP scheme has the uniformly better OC performance than
the HDSOR scheme.29 We consider the HDSOR and the HDSIP scheme for comparison.
Suppose that two random samples �̃� and �̃� (Table 4) of size 5 are drawn from the bivariate normal distribution with

mean 𝝁𝑿 = (0,0) and 𝝁𝒀 = (1,1), respectively, and covariancematrix 𝚺 =

(
1 0

0 1

)
. We consider �̃�1 and �̃�5 as the conditioning

observations as defined by Mukherjee and Marozzi.29 Following the HDSIP scheme, interpoint Euclidean distances of all
�̃� and �̃� observations are obtained from these two points (Figure 4). ‘Var1’ and ‘Var2’ in Figure 4 refer to the first and
second row elements of �̃� and �̃� sample, respectively.
Based on these distance values from �̃�1 and �̃�5, we obtain theWilcoxon rank-sum statisticsHDSIP-W1 = 12 andHDSIP-

W2 = 21, respectively. For two random samples of size 5, the critical value at 5% level of significance for theWilcoxon rank-
sum test is 20. Hence, for the same reference and test data, the process seems stable according toHDSIP-W1 value, and not
stable according to the HDSIP-W2 value. Therefore, the choice of the conditioning observation influences a practitioner’s



10 CHAKRABORTY and FINKELSTEIN

F IGURE 3 𝐴𝑅𝐿1 for different shift in failure rate 𝜆0 for multivariate exponential distribution connected by Clayton copula.

TABLE 4 Random samples from bivariate normal distribution with mean 𝝁𝑿 = (0, 0) and 𝝁𝒀 = (1,1), respectively, and covariance matrix

𝚺 =

(
1 0

0 1

)
.

�̃�𝟏 �̃�𝟐 �̃�𝟑 �̃�𝟒 �̃�𝟓

0.688 0.872 0.102 0.254 2.185
−0.675 −2.119 −1.265 −0.374 −0.596
�̃�𝟏 �̃�𝟐 �̃�𝟑 �̃�𝟒 �̃�𝟓

2.436 0.638 2.759 1.325 1.652
−0.854 0.922 1.969 1.185 −0.380

decision. This is not desirable as the test statistic for the same reference and test data should be invariant over the choice
of the conditioning observations. On the other hand, the rank-energy statistic 𝑅𝐸25,5 is 0.849 for the �̃� and �̃� sample in
Table 4 that is invariant of the practitioners’ bias.
Mukherjee and Marozzi29 demonstrated that HDSOR and HDSIP schemes, when using the Lepage statistic (called

HDSOR-L andHDSIP-L, respectively), exhibit superior OC performance compared to their competitors.We next compare
the OC performance of the proposed method with the HDSOR-L and HDSIP-L schemes for trivariate normal distribution
with mean 𝝁1 (Equation 10) and covariance matrix 𝚺1 (Equation 12). The OC location and scale shift are considered as in
Equation (10) and Equation (12).
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F IGURE 4 (A) Euclidean distances from �̃�1 with HDSIP-W1 = 12; (B) Euclidean distances from �̃�5 with HDSIP-W2 = 21.

TABLE 5 𝑴𝑹𝑳1 values for different location and scale shift for trivariate normal distribution.

HDSOR-L HDSIP-L 𝑹𝑬𝟐
𝒎,𝒏 HDSOR-L HDSIP-L 𝑹𝑬𝟐

𝒎,𝒏

𝒎 = 𝟏𝟎𝟎, 𝒏 = 5 𝒎 = 𝟑𝟎𝟎, 𝒏 = 5
Decision limit 11.07 10.99 1.744 11.39 11.37 1.778
(𝛿, Δ)
(0.5,1) 95 58 30 88 53 29
(1,1) 9 9 3 8 8 3
(0,1.5) 6 14 20 6 12 15
(0,2) 2 3 16 2 3 12
(0.5,1.5) 5 9 13 4 9 11
(0.5,2) 2 3 12 2 3 10
(1,1.5) 3 4 6 2 4 5
(1,2) 1 2 6 1 2 6

In our comparison, we consider 𝜌 = 0.5, 𝜎 = 1, as in the OC setting of Mukherjee and Marozzi.29 For location and scale
shift, we consider (𝛿, Δ) = (0.5,1), (1,1), (0,1.5), (0,2), (0.5,1.5), (1,1.5), (0.5,2), (1,2). It is to note that, 𝛿 = 0 indicates a pure
location shift and Δ = 1 indicates a pure scale shift. For comparison purpose, we calculate the decision limit  for 𝑅𝐸2𝑚,𝑛
statistic so that the ICmedian run length𝑀𝑅 𝐿0 = 250. In Table 5, OCmedian run length (𝑀𝑅𝐿1) values for different (𝛿, Δ)
are provided for the HDSOR-L, HDSIP-L and 𝑅𝐸2𝑚,𝑛 schemes. Table 5 shows that the 𝑅𝐸2𝑚,𝑛-based scheme outperforms
both the HDSOR-L and the HDSIP-L schemes in detecting pure location shifts in trivariate normal distribution. However,
when it comes to the scale shift, ourmethod falls behind the other twomonitoring schemes. This is because the Euclidean
distance-based methods tend to be sensitive to the scale transformations and outliers. If the variables of a random vector
are not on the same scale, one variable with larger value (or outliers) could influence the distance calculations.

4.3 Sensitivity analysis

The OC performance of the proposed method depends on the dimension 𝑑, and sample sizes 𝑚 and 𝑛. For Phase II
monitoring, 𝑛 = 3, 5, are standard choices for the test sample size. Therefore, it is of interest to see the performance of
the proposed method for varying 𝑚 and 𝑑 for different location and scale shift in a multivariate process. We consider
multivariate normal distribution to carry out a sensitivity analysis to understand the impact of the reference sample size
and dimension on OC performance of the proposed method.
In Figure 5, we provide 𝐴𝑅𝐿1 values for location shift (𝑎) 𝛿 = 0.5; (𝑏) 𝛿 = 0.75; (𝑐) 𝛿 = 1.0; (𝑑) 𝛿 = 1.5 in multivari-

ate normal distribution. In Figure 6, 𝐴𝑅𝐿1 values are displayed for variance shift (𝑎) Δ = 0.5; (𝑏) Δ = 1.0; (𝑐) Δ = 1.5;
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F IGURE 5 𝐴𝑅𝐿1 values for location shift (A) 𝛿 = 0.5; (B)𝛿 = 0.75; (C) 𝛿 = 1.0; (D)𝛿 = 1.5 in multivariate normal distribution for
different sample size𝑚 and dimension 𝑑.

(𝑑) Δ = 2.0 in multivariate normal distribution. The location and the scale shift are considered as in Equations (10) and
(12) with 𝜌 = 0.5, 𝜎 = 1 for an IC Gaussian process.
Upon studying Figures 5 and 6, it is empirically evident that the proposed method exhibits bias, visible as the dark

patches when𝐴𝑅𝐿1 > 𝐴𝑅𝐿0, for some (𝑚, 𝑑) combinations, particularly for smaller𝑚. For small location shift (𝛿 ≤ 1), the
proposedmethod is able to detect the shift for high dimensional data with small reference sample size. If larger shift detec-
tion is intended, a larger reference sample size would be recommended. For a smaller scale shift in a high-dimensional
data, the reference sample size of𝑚 ≥ 100 would be recommended. For larger scale shift, the proposed method performs
well for ‘small reference sample, high dimension’ settings. The empirical analysis suggests that, in general, for location
and scale shift, a larger reference sample (such as 𝑚 ≥ 100) would be beneficial to avoid bias. It is also noteworthy that
𝐴𝑅𝐿1 tends to increase when the dimension 𝑑 is increasing. Consequently, we may suggest an empirical guideline for
choosing (𝑚, 𝑑) such that 𝑑

𝑚
≤ 0.5.

5 APPLICATION IN SENSORLESS DRIVE DIAGNOSIS

Sensorless drive is a type of a control system for electricmotors, commonly used in variable speed drive (VSD) applications
such as heating, ventilation, air conditioning system, also known as HVAC systems, and electric vehicles. It operates
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F IGURE 6 𝐴𝑅𝐿1 values for variance shift (A) Δ = 0.5; (B)Δ = 1.0; (C) Δ = 1.5; (D)Δ = 2.0 in multivariate normal distribution for
different sample size𝑚 and dimension 𝑑.

F IGURE 7 Correlation plot for the sensorless drive data.
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F IGURE 8 𝑅𝐸2
100,5 statistics for the Class 4 and Class 9 sensorless drive data.

without using physical sensors to monitor motor parameters. In sensor-based VSD systems, physical sensors are used to
monitor motor parameters such as speed, torque, or position. Whilst generally reliable, these sensor-based systems can be
expensive, sensitive to environmental conditions, and require complex installation. On the other hand, sensorless drive
technology uses motor’s electrical parameters to estimate rotor position and speed and is widely employed in electric and
hybrid vehicle applications. Recent research on sensorless drive systems includes,62,63 among others. Sensorless drive fault
detection is vital for increasing reliability and maintainability characteristics of electrical motors.
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F IGURE 9 HDSIP-L values for the Class 4 and Class 9 sensorless drive data with the first reference data point taken as the referencing
point.

To demonstrate the usage of the proposed multivariate monitoring scheme, we consider a sensorless drive diagnosis
dataset from the ‘rebmix’ package available in the Comprehensive R Archive Network (CRAN). This dataset contains
58,509 data points (in rows) and 4 variables (in columns). Among these 4 variables, the first three variables are continuous,
and the fourth one is a categorical variable denoting 11 different classes. The Class 1 corresponds to ‘healthy’ drives, whilst
the remaining classes correspond to faulty drives. Any of these faulty drive data could be considered as a test data to
illustrate the shift detection ability of the proposed method. We designate the Class 1 data as the reference data and the
Class 4 and Class 9 data as the test data.
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In Figure 7, we present a plot illustrating the pairwise correlation among the variables in the sensorless drive data along
with their densities. The marginal densities of the continuous variables in Figure 7 show that the normality assump-
tion for the sensorless drive data is inappropriate and therefore distribution-free SPC method should be considered. It is
evident that there is significant correlation among the variables. In order to make the variables (or features) unit-free,
we standardise each variable of the reference and test data. The first 100 data points from Class 1 are considered as the
reference data and the data points from Class 4 and Class 9 data are considered as test data, respectively. The decision
limit  for 𝑅𝐸2100,5 statistic is 1.794 (see Table 3). The test data are divided into subgroups of size 𝑛 = 5 and 𝑅𝐸2100,5 statistic
is computed. The resulting 𝑅𝐸2100,5 statistic values are plotted in Figure 8.
We also calculate the HDSIP-L values29 for the same reference and test data, using the first data point in the reference

data as the referencing point. For a three-dimensional dataset, with reference and test sample size 100 and 5, respectively,
the decision limit is 10.99 for 𝐴𝑅 𝐿0 = 370.43. Figure 9 illustrates the HDSIP-L values, indicating that HDSIP-L values are
unable to capture the fluctuations in the data. The reason for this is that the Euclidean distances of the test samples are
much larger than the reference samples, and therefore, the Lepage statistic takes an extreme value, and this effect is the
same for all subgroups.
Using this case study, we have demonstrated our methodology and its usefulness in sensorless drive technology. The

importance of capturing data fluctuations in VSD applications is important for various reasons such as optimisation,
safety, energy management, etc. As observed in Figure 8, faulty drives from Class 9 demonstrate relative stability when
compared to those from Class 4, despite both being defective. However, the HIDSIP-L statistics, presented in Figure 9, do
not highlight these differences, instead they suggest a similar level of defectiveness across both classes of faulty drives.

6 CONCLUSION

We propose a new rank-energy (𝑅𝐸2) statistic-based43 multivariate monitoring scheme. The existing nonparametric mul-
tivariate monitoring schemes often lack robustness, invariance properties and are dependent on the quality of the training
data. The proposed method is distribution-free, invariant to affine transformations, whilst demonstrating proficient shift
detection capabilities.
The proposed method also has certain limitations. We have observed that with the increase in dimension, there is

a corresponding rise in the 𝐴𝑅𝐿1, indicating a decline in the detection power. Despite the ability to detect shifts in
‘high dimension, low sample size’ settings, the proposed method sometimes exhibits bias, especially for skewed mul-
tivariate processes. Numerical experiments indicate that a larger reference sample may be beneficial in monitoring
the high-dimensional data, reducing bias and increasing detection power. Therefore, reducing bias from a rank-energy
statistic-basedmonitoring schemewithout increasing the reference sample size could be considered as an important topic
for further research.
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APPENDIX
A1
R-Algorithm for Monte Carlo simulation to estimate the decision limit for a given ARL0:

Input: Design parameters𝑚, 𝑛, 𝑑; Number of iterations 𝐵1 and 𝐵2; A given value for 𝐴𝑅𝐿0 so that 𝛼0 ≈ 1∕𝐴𝑅𝐿0.
Output: The decision limit.

1. Call the necessary packages.
2. Call the computestatistic() function.43

3. Define the mean vector 𝝁𝒅×1 and the covariance matrix 𝚺𝒅×𝒅 as in Section 4.1.
4. # Define a function to calculate the 𝑅𝐸2

𝑚,𝑛 in an iterative way.
Test_stat = function(count,𝑚, 𝑛, 𝑑, reference sample){
Draw test sample 𝒀𝒏×𝒅 of size 𝑛 from a multivariate normal with mean 𝝁𝒅×1 and covariance 𝚺𝒅×𝒅.
Calculate the 𝑅𝐸2

𝑚,𝑛 statistic using the computestatistic() function using the reference and the test sample.
Return the 𝑅𝐸2

𝑚,𝑛 statistic.
}

5. Fix 
for 𝒊 in 1:𝐵1 {

6. Draw a reference sample 𝑿𝒅×𝒎 from multivariate normal distribution with mean 𝝁𝒅×1 and covariance matrix 𝚺𝒅×𝒅.
7. Calculate 𝐵2 number of conditional 𝑅𝐸2

𝑚,𝑛 values using the Test_stat() function.
8. Calculate the 100 (1 − 𝛼) percentile of the conditional 𝑅𝐸2

𝑚,𝑛 to estimate .
9. Estimate the conditional 𝐴𝑅𝐿0 ≈

1

𝑃𝑿[𝑅𝐸
2
𝑚,𝑛≥]

}
10. Estimate the 𝐴𝑅𝐿0 by taking average of 𝐵1 number of conditional 𝐴𝑅𝐿0 values. The decision limit is obtained iteratively so

that 𝐴𝑅𝐿0 ≈ 370.

A2
To estimate the 𝐴𝑅𝐿1, we change the mean vector and the covariance matrix or change the distribution. The rest of the
steps in the algorithm are same as the Algorithm in A1 except that it is not necessary to estimate the decision limit.

A3
We provide a brief discussion on the Gaussian and Clayton copula. A 𝑑-dimensional copula 𝐶 is a cumulative distri-
bution function (c.d.f.) given by 𝐶 ∶ [0, 1]

𝑑
→ [0, 1] with uniform marginals. According to the Sklar’s Theorem,64 for any

𝑑-dimensional c.d.f. with continuousmarginals, there exists a copula that can uniquely describe the dependency structure.
The Gaussian copula is defined as:

𝐶𝐺𝑎𝑢𝑠𝑠
𝚺 (𝑢1, … , 𝑢𝑑) = 𝚽𝚺

(
Φ−1 (𝑢1) , … , Φ−1 (𝑢𝑑)

)
, (𝑢1, … , 𝑢𝑑) ∈ [0, 1]

𝑑
, (A.1)

where Φ𝚺 is the 𝑑-variate normal c.d.f. with correlation matrix 𝚺, and Φ(.) is a univariate standard normal c.d.f.
The Archimedean copula is defined as:

𝐶𝐴𝑟𝑐ℎ (𝑢1, … , 𝑢𝑑) = 𝜓
(
𝜓−1 (𝑢1) + 𝜓−1 (𝑢2) +⋯+ 𝜓−1 (𝑢𝑑)

)
, (𝑢1, … , 𝑢𝑑) ∈ [0, 1]

𝑑
, (A.2)

where 𝜓(.) is a generator function of 𝐶𝐴𝑟𝑐ℎ. The Clayton copula is a special case of the Archimedean copula with the
generator

𝜓 (𝑢𝑖) =
𝑢
−𝜉
𝑖

− 1

𝜉
, 𝜉 > 0, 𝑖 = 1, 2, 3, … , 𝑑. (A.3)
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