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Abstract: To minimize energy expenditure for each individual, animals adopt 
distinctive formations , such as fish schooling, 'V' formation by flying birds, and 
single-file formation by waterfowls. The phenomenon of ducklings following 
their mothers in a single-file configuration has been revealed by the mechanism 
of wave-riding and wave-passing. Drawing inspiration from this phenomenon, 
an investigation is undertaken on ships moving in a single-file formation. The 
objective is to quantify how much energy can be saved in different 
configurations. In this study, a three-dimensional boundary element method 
incorporating linear free surface boundary conditions is used to obtain the wave 
drag and wave patterns. It is found that when the constructive wave 
interference occurs in a two-ship formation, the wave resistance of the trailing 
ship increases and the leading ship experiences a decrease in its wave drags, 
especially when the two ships are in close proximity_ Mutual benefit arises when 
destructive wave interference occurs between two ships. In addition, increasing 
the size of the trailing vessel facilitates the effect of wave-riding by leading ship, 
but this effect becomes less pronounced as the speed increases. In a multi-ship 
formation configuration, changing the size of the leading ship will have a 
localized effect on the wave-passing, but the fleet will eventually tend to a 
dynamic equilibrium. When the position of the first trailing vessel is changed, 
there is similarly a localized effect on the wave-passing. Adjusting the first 
trailing ship to the position of the constructive wave interference is not 
favorable to reduce its own drag but enhances the wave-riding effect of its close 
follower. Finally, to achieve the wave-passing, the trailing ship does not 
necessarily have to occupy an optimum position. This can still be accomplished 
if the trailing ship moves backward by an integer multiple of wavelength. 

Keywords: wave-riding; wave-passing; single-file ship formation; wave drag; wave 
patterns. 

1 Introduction 

Animals in nature often migrate in distinctive formations, which can reduce energy 
expenditure and enhance their locomotion performance. Schooling fish increases 
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their migratory endurance by adjusting their swimming posture and effectively 
harnessing the energy from environmental vortices generated by neighboring 
individua1s1

-
4

_ Birds fly in a 'V' formation to minimize individual effort by utilizing 
the upwash of the vortex region behind their fellow companion,s ,vingtips0•11. 

Ducklings s,vimming in a single-file formation can significantly reduce their 
metabolic exertion by efficiently transferring momentum from the mother duckling 
to the smaller ones through the generation and utili'.,rntion of vorticity12

• u_ Hm,vever, 
a new insight provided by Yuan et al.14 to shed light on this bioimprinting behavior, 
attributing it to wave-riding and ·wave-passing. The first duckling effectively rides 
on the waves created by its mother, transferring these waves to its siblings. The 
subsequent ducklings can move frwward ,vithout any effort, by positioning 
themselves optimally. The wave energy, initiated by the mother duck, passes 
through the entire formation, from the first to the last duckling, finally dispersing 
in the form of Kelvin wave pattern. Drawing inspiration, Yuan1,; and Ellingsenw 

highlighted that vmterborne traffic can similarly harness these hydrodynamic 
benefits. 

To minimize the total wave drag, multi-hull vessels arc expertly engineered by 
harnessing the cancellation effects between ,vaves generated by the hulls. \Vilson et 
al.17 conducted both analytical predictions and towing basin validation experiments 
for the Wave Cancellation Multihull (\VCl\I) of a trimaran at the David Taylor 
I'viodel Basin. Based on the thin ship theory, Tuck18 systcmatica.lly studied a family 
of multihull ships by varying the number of hulls, their placement, and beams, 
while maintaining the total displacement of the vessel as ,vell as the individual 
length and shape of each hull constant. The optimum configurations for t,vo, three, 
and four-hulled vessels are determined, considering both configurations ,vith and 
without longitudinal stagger, across a broad spectrum of speeds. Similarly, Pengn1 

investigated the effect of wave interference on the wave resistance of a family of 
multihull ships within the fi·amcwork of thin ship theory. The study focused on the 
steady motion of ships on an unbounded free surface of deep ·water and the ·wave 
resistance and wave patterns are computed and analyzed by varying relative 
positions of the hulls. Yu et al. 2u explored the prospective optimal di-hull
configurations by towing-tank tests and longitudinal wave-cut analysis. The 
resistance-reduction predicted by the thin ship theory was evaluated by comparing 
it ,vith experimental results, and the usefulness and limits of the theory are 
examined. The CFD analyses have also been ,videly employed for conducting 
comprehensive studies on multihull ships. The wave interference effects between the 
outriggers and center-hull on the resistance of a trimaran are researched by Yildiz 
ct al.21, based on the turbulence model of unsteady Reynolds-averaged ::'-Javier-
Stokes (URA::'-JS). Deng et al22 explored the effects of trim and sinkage on the 
resistance performance of a trimaran under different scenarios. They performed 
numerical simulations of the free and captive models as well as the free model with 
T-foil and compared them ,vith experiments. ::'-Jazemian and GhadimF;J studied the
trimaran hull optimization by using a multi-objective optimization platforrn. The 
Arbitrary Shape Deformation (ASD) technique and Simcenter SHERPA algorithm 
were applied for geometry optimization. 
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In recent years, various ship fonnations have been increasingly explored to enhance 
fuel efficiency in maritime operations. A leader-follo,ver ship fleet was studied by 
]\fa et al. 24

, via a 4-point model and Neumann-.VIichell potential computation. They 
derived the destructive wave interference region for the follower under different 
speeds and found the destructive interference was invalid at low or high Froude 
numbers. Liu ct al.2

' ' explored the wave resistance and flow field of two KIUSO 
Container Ships (KCS) moving in a line at various speeds and intervals, utili:dng 
the Reynolds-Averaged Navier-Stokes (RAKS) method. They attributed the 
reduction in wave drag for the trailing ship to the superposition of ·waves around 
the following vessel with the transverse ,va.ves created behind the leading ship. He 
ct al. 20 adopted the Shear Stress Transport (SST) k~ turbulence model to analy7.c 
three distinctive ship formations. They found that tandem formation was the most 
energy efficient, follmved by triangular and parallel formation. Dong et al. studied 
the echelon formation of unmanned surface vehicles (USV s), analyzing how different 
spacing configurations influence their friction and pressure resista.nces27

. They 
categori7.ed the aft wedge region into five 7.(mes, distinguishing them by calculating 
the positive and negative attributes of the energy consumption index. They also 
developed a dynamic formation optimization strategy to construct an energy-saving 
forma.timi2'\ The swarm intelligence algorithm was integrated into the framework 
of robust optimization over time (ROOT) to determine the optimal position layout. 
In addition, Lambert and Bri7.zolara29 adopted a high-order free-surface Rankine 
source boundary clement method and Qin ct al?1 employed STAll-CCM + to 
investigate the hydrodynamic interference in multi-ship formations with varying 
longitudinal and lateral offsets. 

The US Defense Advanced Research Projects Agency has proposed the Sea Tra.in;11 

concept in 2020, closely a.kin to ducklings in a single file formation. As illustrated 
in Figure 1, it envisages a. formation of four or more unmanned surface vehicles 
aligned in a row to minimi7.e collective wave-making resistance, effectively creating 
'the equivalent of a long parallel mid-body'. Compared to a vessel ,vith an extended 
parallel mid-body, the formation of multiple shorter ships in single file can offer 
numerous advantages, such as enhanced mobility, maneuverability, and flexibility. 
The research of Yuan et al.14 a.nd Yuan1

" indicated that the ,vave patterns behind 
ships/ducklings can be replicated by their followers as long as they maintain an 
optimal position and maintain uniform separation, termed ,vave-passing. However, 
this phenomenon arises some intriguing questions: 

Does the wave-passing phenomenon persist if any trailing ships are not in 
a.n optimum position? 

Can trailing ships extract more wave energy by increasing the size of the 
lea.ding ship? 

Can the leading ship extract more wave energy by increasing the size of the 
trailing ship? 

\Vill the drag reduction effect of the other ships get better or worse if the 
position of one trailing ship in the formation changes? 
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In this paper, we revisit different movement formations of animals in nature and 
further review the hydrodynamic interference by multihull ships and ship 
formations of various configurations in naval architecture. To investigate the steady 
wave interference by ships moving in a single-file formation on calm water, a 
boundary element method with linear free surface boundary condition is adopted. 
The effects of spacing between two ships and the size of the trailing ship on the 
wave drag reduction are analyzed when one ship follows another. In a formation 
comprising more than one trailing ship, the phenomenon of wave-passing is further 
explored, by considering the size of the leading ship, the position of the initial 
trailing ship, and the optimal positions for each trailing ship. 

(b) 

I I 

Figure 1. (a) Four ducklings following their mother in a single-file formation. (b) Four 
trailing ships following the leading ship in a single-file formation. ( c) A ship with a very 

long parallel mid-body. 

2 Methodology and Assumptions 

The resistance experienced by a ship in steady motion on calm water is typically 
composed of skin friction resistance, wave-making resistance, eddy-making 
resistance, and wind and air resistance32• The present study mainly focuses on the 
wave-making resistance, without delving into the analysis of other components of 
ship resistance. To quantify the wave drag of ships moving in single-file formation, 
the following assumptions are made. 

( 1) The frictional resistance is primarily influenced by the water's viscosity, the 
surface roughness of the body, and the wetted area. It is assumed that the 
difference in frictional resistance between sailing alone and sailing in a 
formation is negligible for vessels moving at the same speed. 

(2) The presence of rudders, tail post and propeller shaft mounts lead to flow 
separation and ultimately to the formation of vortices and eddies. The 
additional drag induced by bilge vortices may also result in energy losses. 
However, with proper design, vortex drag can be avoided or reduced to 
negligible levels. 

(3) The total resistance of the ship is significantly impacted by the prevailing 
sea state. Wind exerting force on the water's surface above the ship results 
in additional drag. However, owing to the relatively low density of wind, 
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this is generally minor compared to water resistance. Furthermore, the 
interaction between the ship and wave currents may also increase added 
resistance. In this study, it is assumed that the ship is sailing in calm waters 
and is therefore not affected by weather conditions. 

( 4) The issue of wave-making can be examined through two perspectives: force 
and motion. The focus here is on how a ship's resistance changes while in 
formation movement, excluding aspects related to trimming or sinkage. 

(5) The effect of the ship on the water typically does not lead to a variation in 
the water's density, hence the assumption that the water is an 
incompressible fluid is applied. 

Based on the above assumptions, it can be inferred that the resistance of a ship 
mainly originates from two aspects: friction and wave-making. Since the concern 
here is with the wave-making problem, friction due to viscosity is not considered. 
The fluid domain can be described by a velocity potential - satisfying the 
Laplace's equation: 

A mathematical model has been established to investigate the wave-making 
problems of ships moving in single-file formation. The boundary element method 
(BEM) based on a three-dimensional potential flow theory can be used to calculate 
the wave drag of ships. It is worth noting that the leading ship and trailing ships 
are assumed to move with the same speed U and the same direction, so the vessel 
encountering or overtaking will not take place. For a formation of ships with the 
forwarding speed, two sets of right-handed coordinate systems are established with 
a global reference O-xyz fixed to the earth and a local reference O-xiyizi (i=l,2,3 ... ) 
fixed to each ship, as shown in Figure 2. The shallow water effect is not considered 
in the present numerical calculations and the velocity potential is time-independent 
in the body-fixed frame. Since the ship moving speed is constant, the hydrodynamic 
interaction can be handled by a steady state problem. By combining kinetic and 
dynamic free-surface conditions, it satisfies the time-independent linearized steady 
free surface condition: 

where g is the gravitational acceleration. The boundary condition of the ship surface 
should meet that there is no flow through the body surface, 

where n=(n1,n2,ns) is the unit vector inward on the wetted body surface. In addition, 
a radiation condition is applied to the control surface to ensure that the wave 
disappears at infinity: 
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where is the wave elevation. An in-house numerical program MHydro is adopted 
to solve the boundary value problem (BVP) established by equation (1) to (4). This 
program has been extensively validated by multi-body hydrodynamic interaction 
tests with ship models, and the details of numerical implementation can be found 
in Yuan33 . It should be particularly noted that one cannot consider the infinite free 
surface domain. To remove wave reflections and enhance numerical stability, the 
computational domain needs to be truncated at a suitable distance from the moving 
ship. Moreover, a second-order upwind discretization scheme is employed on the 
free surface to ensure that the waves can propagate to the far field. 

Figure 2. Coordinate systems. 

Once the unknown potential is solved, the steady pressure over the wetted hull 
surface can be calculated from linearized Bernoulli 's equation: 

where is the water density. Integrating the pressure on the wetted hull surface, 
the force ( or moment) can be obtained by 

where i=l, 2, ... , 6, represent surge, sway, heave, roll, pitch and yaw, respectively. 

The wave making resistance is equal to the component of the force in the surge 
direction. From the boundary conditions of the dynamic free surface, the wave 
elevation can be derived in the form, 

The wave drag experienced by a ship moving individually is denoted as Rs and the 
wave drag of the n-th ship moving in a single-file formation is denoted as Rn. The 
drag reduction coefficient is defined by 
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C DR > 0 indicates the wave resistance is reduced in a formation due to the 
hydrodynamic interaction; whilst C DR < 0 represents an increase in wave resistance. 
No interaction is found at C DR = 0, and the wave resistance is the same as that of 
independent moving. Here, n denotes the number of ships in the formation, and n 
= 0 denotes the leading ship. 

3 Wave-riding phenomenon 

3.1 Numerical model and convergent test 

A blunt Wigley hull34 with L/ B = 5:1 and L/ D = 10:1 is adopted in the numerical 
calculation, where L, Band Dare the ship length, breadth, and draft , respectively. 
The convergence study analyzes the wave drag reduction of the trailing ship when 
two identical ships move in a single-file formation with varying gaps. The gap 
between the stern of the leading ship and the bow of the trailing ship is denoted by 
G01 , as illustrated in Figure 4. The convergence of the mesh size on the free surface 
is verified by varying the element size in the x and y directions. Three mesh size 
schemes are selected, i.e., L/dx B/ dy = 30 5 (coarse mesh), 40 10 
(intermediate mesh) , 50 15 (fine mesh) , where dx and dy denote the length and 
width of each mesh. In Figure 3(a), the differences between fine and medium meshes 
in the amplitude of the C DR peak values are: 7.3% and 10.6%. In 
addition, the differences between fine and medium meshes in the wavelength of the 
C DR peak values are: 3.4% 3.4%. These discrepancies are 
attributed to the numerical dispersion and damping inherent in the Rankine source 
method35 . For optimal computation accuracy and efficiency, a grid configuration of 
40 10 is employed. Similarly, the mesh configuration of L/ dx D/ dz = 40 10, 
where dz represents the mesh size in the z-direction, is applied to the body surface, 
with results compared in Figure 3(b). 

Figure 3. Convergence study of two identical ships moving at Fr= 0.3 in a single-file 
formation for (a) free surface and ( b) body surface. 

Figure 4 illustrates the panel distribution of the free surface and wetted body surface 
of two navigating ships in a single-file formation. To save computational resources , 
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only half of the computational domain is modelled. Additionally, to simulate the 
full Kelvin wave pattern and to avoid the wave reflection, the computational 
domain is extended to IL upstream from the center of the leading ship, 3L 
downstream from the center of the trailing ship, and 8B sideways from the center 
of both ships. 

Figure 4. Computational domain and panel distribution of two ships moving in a single
file formation. There are 15440 panels distributed over the entire computational domain: 

13840 panels on the free surface, 800 panels on the wetted surface of each ship. 

3.2 Wave-riding by the trailing ship 

A single-file ship formation including one leading ship and one trailing ship 
advancing at F, = 0.3 is investigated. Fr is the Froude number, which can be 
expressed by 

The reduction in wave resistance for each ship can be obtained by placing the 
leading ship at the origin and by changing the position of the trailing ship from -
IL to -4L. 

Figure 5(a) illustrates the variations in wave drag reduction for both the leading 
ship and the trailing ship across different spacings, along with the wave patterns 
along the centerline in the wake of the leading ship. Within the distance range of -
IL to -4L, the wave drag reduction of the trailing ship demonstrates a periodic 
oscillation around zero, with the oscillation amplitude decreasing as the distance 
between the vessels increases. This rate of attenuation is consistent with the 
diminishing wave patterns generated by the leading ship, which spread and decay 
as they travel downstream. Notably, when the vessels are in closer proximity, the 
leading ship benefits from a substantial reduction in wave drag. However, as the 
gap widens, the leading ship has a diminishing advantage in wave reduction 
resistance, a phenomenon attributable to the downstream radiation of the Kelvin 
wave pattern. 
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Figure5. (a) Wave drag reduction of the leading ship (n = 0, blue dot curve) and the 
trailing ship (n = 1, blue dash curve) with different distances a.t F,. = o.:3. Positions A, D 
and C represent the typical positions of wave interference. The wave profile on the center 

line behind the leading Hhip is denoted by the orange curve. (h) ( c) ( d) \Va.ve pa.tternH 
when the trailing ship is moving a.t position A, B, and C, respectively. 

There are three distinct positions, labelled as A, B, and C, where various wave 
interference phenomena occur between the two ships. \Vhen the trailing ship 
(positioned at point A) closely follows the leading ship, the ·wave drag of the leading 
vessel is significantly reduced by 67%. On the other hand, the trailing ship 
experiences a negative wave drag reduction of -152%, which implies that it 
consumes 1.5 times more energy compared to ·when it navigates independently. As 
elucidated in Figure 5(b), a high-pressure distribution is observed at the stern of 
the leading ship and the bow of the trailing ship. This arises due to the 
superimposition of the rear wave generating from the leading ship and the frontal 
wave produced by the trailing ship. Such a condition proves beneficial for the 
leading ship in terms of energy conservation, but it is disadvantageous for the 
trailing ship, impeding its ability to reduce wave resistance. 

\Vhen the trailing vessel occupies Position l3, a win-win scenario arises. The wave 
drag on the trailing ship is drastically reduced by 91 <.Yr,, indicating that its total 
wave drag is a mere 9% of that experienced by a solitary ship moving at a similar 
speed. Simultaneously, the wave drag on the leading ship experiences a reduction 
of 6%. This reciprocal advantage is pivotal in establishing the optimal ship 
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formation, with an emphasis on minimizing the overall wave resistance. Figure 5(c) 
shows the wave pattern when the trailing ship is at position B. The bow of the 
trailing vessel is precisely positioned at the wave trough, resulting in the 
cancellation of the bow wave. Conversely, the stern of the trailing vessel is situated 
exactly at the wave crest, leading to constructive wave interference. The 
combination of wave cancellation at the bow and wave construction at the stern 
induces a propulsion force in the vessel, which can effectively overcome the wave 
resistance. 

When the trailing vessel reaches position C, the wave drag experienced by this ship 
increases by 76%. This phenomenon is depicted in Figure 5(d). The phase of the 
wave generated by the trailing vessel precisely synchronizes with that of the leading 
ship, resulting in the amplification of the wave amplitude through wave 
superposition. Consequently, the bow of the trailing ship is positioned atop the 
crest , whilst its stern resides in the trough. This leads to an unexpected added 
resistance of the ship, which is detrimental to reduce wave drag. 

3.3 Wave-riding by t he leading ship 

Various configurations of ships, comprising a leading vessel and a trailing vessel of 
differing dimensions, are explored. The dimensions of the leading ship remain 
constant, whilst the size of the trailing ship is proportionally scaled, involving 
simultaneous alterations in length, breadth, and draught . Here, the scale of the 
trailing ship relative to the leading ship is indicated by Li/ Lo. As elucidated in 
Section 3.2, when the trailing ship occupies position A, the leading ship may derive 
maximal advantage, albeit at the expense of the trailing ship. Conversely, at 
position B, both the leading and trailing ships may attain mutual benefits . 
Specifically, the leading ship receives the greatest wave drag reduction when the 
t railing ship is at position A, while the trailing ship experiences its peak C DR at 
position B. Consequently, positions A and B are selected for the investigation of 
the dimensions of the trailing ship on the wave resistance of the leading ship, under 
varying travel speeds. It should be noted that position B is variable, contingent 
upon the differing velocities. 

The wavelength on the centerline behind the leading ship is related to the velocity 
U, which can be expressed by 

Hence, the wavelength has been selected as the primary criterion, given that the 
intricate interplay between the length of a vessel and its corresponding wavelength 
is crucial in determining the wave interference observed between two ships. 

Figure 6(a) and (b) depict the variation in wave resistance of the leading ship as 
the size of the trailing ship increases from 0.5 to 2.5, positioned respectively at 
locations A and B. The wavelengths generated by the leading or trailing ship at 
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various velocities are quantified without dimension, in relation to the length of the 
leading ship, with a range incrementing from 0.25 to 2. The non-dimensional speed 
( Fr) corresponding to the wavelengths are labelled on the top axis. Owing to the 
constraints in numerical calculation mesh size, the optimal position B is not 
ascertained with absolute precision. Consequently, an error bar is incorporated in 
Figure 6(b) . Conversely, the inclusion of an error bar in Figure 6(a) is deemed 
unnecessary, given the absence of any gap between the two vessels at Position A. 
The error bar is defined by 

The C DR values for each ship are calculated by considering three consecutive mesh 
positions to ensure that the accurate position falls within these intervals. Thus, 
m= 3 is used in the error bar calculation and -- represents the mean value of these 
three C DR values. 

At both positions, as the size ratio Li/ Lo increases, the wave drag reduction tends 
to increase, especially noticeable for lower travelling speeds. However , there is a 
large difference in the scale of wave drag reduction between the two positions. 
Position A exhibits a much higher percentage change in wave drag reduction across 
all size ratios and speeds compared to Position B. Upon examination of Figure 7(a) , 
it becomes apparent that the wave energy present at Position A is considerably 
greater than that at Position B, particularly within the high-pressure region at the 
stern of the leading vessel. 
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Figure6. (a) (b) Effect of the size of the trailing ship on the drag of the leading ship when 
t railing ship is a t Posit ion A and B, respect ively. 
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Figure7. (a)"Wave patterns of position A (lower) and B (upper) at / Lo = 1. (b) Wave 
patterns of Li/ Lu= 2 . .5 (upper) and 0 . .5 (lower) at / Lo= 0.25. (c) Wave patterns of / Lo 

= 0.5 (upper) and 1.5 (lower) with Lr/ Lr,= 1.5. (d) Wave patterns of / Lr, = 1 (upper) 
and 0.75 (lower) ·with Li/Lo= 2. 

The Cr!R for the leading vessel is approximately 480% in the scenario where the size 
ratio is 2.,5 at Position A when / L o = 0.25. This indicates that the leading vessel 
does not require any energy expenditure for its propulsion; rather, it is effectively 
propelled forward by the frontal waves created by t he trailing ship. Conversely, 
when the si:1.e ratio is 0.5, the propulsion force transmitted from the trailing ship is 
capable to offset approximately 80% of the ,vave drag experienced by the leading 
ship. As shmvn in Figure 7(b), the high-pressure zone at the stern of the leading 
ship is more expansive and the energy density significantly greater for a size ratio 
of 2.5 than for a size ratio of 0.5. 

Ivioreover , as the moving speed increases, there is a substantial decline in the wave 
drag reduction across each size ratio. Concurrently, the differences in Cr!R between 
different size ratios diminish , and t he curves tend to converge. Figure 7( c) offers a 
comparative visualization of the wave patterns of / Lo = 0.5 and 1.5 with Lr/ L o = 
1.5. The convergence of the Cnn is highly relevant to how we define Gnu in Eq. (8). 
At lower speed ( /Lo is small), the denominator in Eq. (8) is small. A fluctuation 
of the numerator, vvhich is highly relevant to the hydrodynamic interaction, could 
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Wave drag and wave patterns by ships moving in a single-file formation

result in a very large CDR· As the speed increases, the wave resistance of the trailing 
and leading ship both increases dramatically. The interaction also becomes more 
intense. The ratio Rn and Rs turns to be convergent, indicating higher speeds will 
result in more intense hydrodynamic interactions. 

Nevertheless, it is observed that some CDR values at lower travelling speeds do not 
surpass those at higher speeds when at Position B. For instance, the CDR observed 
at / Lo = l exceeds that at / Lo = 0. 75 for both Li/ Lo ratios of 2 and 1. This is 
because the gap between two ship for / Lo= 0.75 is larger than that for / Lo= l , 
which is detrimental to the formation of a high-pressure zone at the stern of the 
leading ship, owing to the reduced wave superposition. Figure 7( d) illustrates the 
wave patterns for / Lo= l and 0.75, with a size ratio Li/ Lo= 2, while the trailing 
ship is at Position B. At / Lo = l , the trailing ship is perfectly positioned to ride 
atop two waves. In contrast, for / Lo= 0.75, the trailing ship is required to move 
back to take advantage of the wave-riding 

4 Wave-passing phenomenon 

The research results14• 15 show how the waves generated by the leading ship are 
passed to the trailers by maintaining uniform distance between each other. Here, 
t he phenomenon of t he wave-passing is further explored by changing the ship 
formation configurations. 

4.1 Passing the waves from different leading ships 

In designing ship formations, the size of the leading ship is intuitively a significant 
factor that influences how much drag reduction can be achieved by the trailing ship. 
Consequently, in varying ship formations, the leading ship's size is altered while the 
dimensions of the trailing vessels are maintained constant. The scale of the leading 
ship relative to the trailing ship is denoted by the ratio Lo/ L1. Since the size of the 
leading ship is variable, the moving speed is nondimensionalized by the trailing 
ship's size, with F, = 0.3. The wave drag reduction coefficient CDR of the leading 
ship and its trailers is shown in Figure 8(a). Adjusting the size of the leading ship 
does not significantly reduce its own drag, with a notable exception for the size 
ratio Lo/ L1 = 2.5. In such a case, the leading ship can receive a wave drag reduction 
of 25%, whereas its first follower does not achieve similar energy savings compared 
to other formation arrangements. As shown in Figure 8(d) , a high-pressure zone 
emerges between the stern of the leading ship and the bow of the trailing ship, 
because of wave superposition. This situation is advantageous for the leading ship, 
which precisely rides across four waves, whereas the benefits to the first trailing 
ship are somewhat diminished. 

When the size of the leading ship is smaller than its trailers, e.g. Lo/ L1 = 0.5 , the 
leading ship receives a very small pushing force from its trailer with CDR 5%. In 
such a case, the first trailing ship can receive a wave drag reduction of more than 
50%, indicating that it still needs to overcome the remaining 50% of its wave drag 
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by generating wave:,;. As shown in Figure 8(b), compared with other :,;hip 
configurations, fe,ver waves are generated by the leading ships that can be harnessed 
by the first trailing ship. 

It is also observed that the size of the leading vessel could affect the drag of the 
first few ships. As the trailing number increases, the drag reduction coefficient will 
ultimately turn to be a :,;tcady value. Figure 8(b) to ( d) illustrate the wave pattern:,; 
of different. format.ions with Lo/ L1 being 0.5, 1 and 2.5, respectively. The ,vave 
patterns observed behind the first fe,v ships in varying; formations exhibit. significant. 
differences. Conversely

1 
the wave patterns behind the last fe,v trailing ships in any 

given formation tend to be similar, regardless of the size of the leading ship. It 
indicate:,; that enlarging the leading vessel will exert merely a locali;;i:ed impact on 
the wave-passing amongst. vessels. 

For a ship with an infinite parallel section, the wave-making resistance primarily 
arises from its bow and stern, while the mid-body does not generate waves. Similarly, 
in a single-file formation, when the wave drag reduction of the trailing ships is 100%, 
their wave rc:,;i:,;tance is ZERO, indicating they do not generate any wave:,; while 
moving on water surface. l:nder such case, the wave rc:,;istance of a single infinite 
long ship ,vill be the same as multiple ships in a single file formation. This 
phenomenon is called wave-passing, as investigated by Yuan et al14

. However, the 
wave drag reduction coefficient is not ahvays 100%. It is determined by the moving 
speed and ship hull. As a case study shown in Figure 8(a), the wave drag reduction 
coefficient of each trailing ship is around 90% when a dynamic equilibrium is 
achieved. It indicates the trailing ships can save around �m% oft .he energy compared 
to moving independently. There is still a 10% gap to achieve ",vaveless". Compared 
with an infinite long; ship these ships in a formation movement. still consume more 
energy to maintain the waves (each one tops up 10% energy in terms of the wave). 
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Figurc8. (a.) Variations in wave drag reduct.ion for ca.ch ship a.cross various ship 
formatiorn, ,vit.h different ;;izes of the leading ;;hip at F,. = O.:~. (b), (c) and (d) \Vave 

patterns of ship format.ions ,vith Lo/ Lr being 0.5, 1 and 2.i:i, respectively. 

4.2 The sensitivity of the 1st trailing ship's position 

It ·was found that each trailing; ship could find its unique optimum po:-,it.ion to 
achieve the maximum "wave drag reduction. A dynamic equilibrium status ,vas 
observed, where the distance between ea.ch trailing ship is the same. A question 
arises: what happens if one of the trailing ships docs not stay in its optimum 
position? Herc we adjust the position of the first trailing ship and calculate the drag 
reduction of each individual in the formation movement.. The posit.ion of the first 
trailing ship is normalized by its own length and denoted by X ,/ L,. The results are 
given in Figure 9(a.) when the trailing ship moves a.t F, = O.:l, with Lo/ L, being 1.5. 
At the optimal position vdwrc X,/ L, = 1.6, the first trailing ship reaps a significant 
reduction in drag, indicating an ideal harnessing of the leading ship's wave energy. 
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As the position of the first trailing ship shifts aftcr,vards, its wave drag reduction 
diminishes and can even be negative, suggesting an overshoot of the optimal wave  
interaction �one. 
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Figure 9. (a) Variations in wa.ve drag reduction of ea.ch Hhip in different ship formations 
with changes of the first trailing ship's position at Fr = 0.:3, and the position of the leading 
ship normalized by the length of the leading ship iH denoted by Xi/ L1. (b) and (c) \Vave 

patterns of ship formations with X,/ L, of 1.6 and 1.85, respect,ively. 

\\Then the first trailing ship stays at X,/ L = 1.85, its Cn11 drops to -84%, which is 
the lmvest value observed across all configurations. However, this repositioning 
creates a wave energy profile that is highly advantageous for the second trailing 
ship. This ship achieves a Cr!R of 110%, the highest amongst all configurations. This 
suggests that while the first trailing ship incurs a significant drag penalty for itself 
at this spacing, it simultaneously enhances the wave energy conditions for its 
follower. As shown in Figure 9(c), the constructive interference of waves between 
the leading ship and the first trailing ship at this specific spacing amplifies the wave 
energy available to the second trailing ship. The second trailing ship is positioned 
in such a ,vay that it can effectively ride on the enhanced wave system, resulting in 
an optimal condition for drag reduction. 
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The wave patterns depicted in Figure 9(b) and ( c) reveal that while the wave 
patterns of the initial ships in two separate formations differ, the patterns of the 
final ships within these formations are remarkably similar. This observation aligns 
with Figure 9(a), which demonstrates a trend of convergence in drag reduction 
across different formations. The proximity of the first trailing ship to the leading 
ship markedly influences its own drag reduction, as well as that of its immediate 
followers. However, this impact lessens with distance, leading the entire formation 
to achieve a dynamic equilibrium. 

4.3 T he stabilit y of wave-passing 

By decoupling the overall wave pattern into components produced individually and 
those generated collectively by other entities, Yuan et al. 14 explored how wave
passing can be achieved when a dedicate phase difference exists between two wave 
systems. To achieve a dynamic equilibrium, each trailing ship must occupy the 
optimum position, where the CnR value reaches its maximum. As illustrated in 
Figure 5(a), in addition to the maximum value of CnR there exist several other peak 
positions that can be exploited to diminish resistance. Is it possible to still achieve 
wave-passing when trailing ships occupy alternative peak positions? The optimum 
position, along with other peak positions for trailing ships within the ship formation, 
are selected to construct various combinations of positions. The optimum position 
is marked by '1', while the second and third peak positions are labelled '2' and '3' , 
respectively . 

Figure lO(a) illustrates the reduction in wave drag experienced by each vessel within 
various ship formations, travelling at F, = 0.3. When each trailing ship occupies 
the optimum, second, and third peak positions, respectively denoted as '1-l-1-l-1-
l -1-1 ', '2-2-2-2-2-2-2-2', and '3-3-3-3-3-3-3-3' , the drag reduction coefficient for 
various formations converges to distinct values. This suggests that the wave-passing 
can be attained when trailing ships are positioned at peak positions other than the 
optimum position. As illustrated in Figure lO(d) and (e), the wave patterns behind 
each trailing ship can be repeated perfectly. Compared to the optimum position, 
the second and third peak positions shift back precisely by one and two wavelengths, 
respectively, with the phase differences between the two wave systems increasing 
by 2 and 4 , respectively. Consequently, the requisite condition for a delicate 
dynamic equilibrium is still satisfied. In addition, a significantly greater number of 
radiated waves are observed when the trailing ships occupy third peak positions, as 
opposed to those positioned at second peaks, which explains why the CnR values of 
second peak positions than those of third peak positions. The CnR values in these 
three formations converge to 88%, 60% and 53%, respectively, closely 
approximating the three peak values depicted in Figure 5(a) . Thus, based on Figure 
5(a), the converged values of CnR can be inferred when the trailing vessel occupies 
different peak positions. 

When trailing ships within the one formation occupy varying peak positions, e.g. 
'1-2-1-1-1-1-1' and '1-1-2-1-1-1-1', the CnR values will exhibit fluctuations but will 
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ultimately converge to the same value as observed in '1-1-1-1-1-1-1-1-1'. The C DR 

values at the second peak position in these two formations closely align with those 
in the '2-2-2-2-2-2-2-2 ' configuration. In both formations, as shown in Figure lO(b) 
and (c) , the wave patterns observed behind the last few trailing ships are similar, 
which is also noticeably akin to the wave patterns in the '1-1-1-1-1-1-1-1-1' 
formation depicted in Figure 10( c). 
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FigurelO. (a) Variations in wave drag reduct ion of each ship at different peak posit ions. 
The optimum, second and third peak positions are denoted by 1, 2, 3, respectively. (b) , 
(c) , (d), and (e) are the Wave patterns of ship formations configured as 'l-2-1-1-l-1-l-l ' , 

'1-1-2-1-1-1-1-1' , '2-2-2-2-2-2-2-2' and '3-3-3-3-3-3-3-3 ' , respectively. 

5 Conclusions 

Drawing on the discovery that ducklings use the benefits of wave-riding and wave
passing to reduce wave drag, the present study investigates the ships in a single-file 
configuration. To solve the steady wave interference problems, a 3D boundary 
element method combined with linearized free-surface boundary condition is 
adopted. The primary objective of this study is to explore the wave drag and wave 
patterns of ships arranged in different configurations. The blunt Wigley hull models 
are employed in numerical calculation. After numerical simulations and analyses, 
some of the main findings of this study are summarized as follows. 
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(1) The position of the trailing ship determines whether wave drag can be reduced.
When positioned at a point of destructive wave interference, a win-win situation 
arises. The trailing vessel can utilize wave cancellation to reduce drag, while the 
leading vessel also experiences a slight reduction in wave drag. Conversely, at a 
position of constructive wave interference, the wave drag on the trailing ship 
increases. When the two ships are closely touched, the leading ship can gain the 
maximum benefit, whilst the trailing ship may have to sacrifice its own advantage. 

(2) Increasing the size of the trailing vessel facilitates a reduction in the wave
resistance of the leading vessel by generating a larger high-pressure zone between 
the two vessels. This effect of wave-riding by the leading ship is more pronounced 
at relatively low speed states. As speed increases, the effect of increasing the size of 
the trailing vessel on the wave drag reduction of the leading vessel becomes less 
significant. 

(3) Within a formation, enlarging the leading ship has a localized effect on
minimizing the drag experienced by the trailing ships. As the number of trailing 
ships increases, the ship formation tends to a dynamic equilibrium state. 

( 4) Changes in the position of individual trailing ships in a formation can have a
localized effect on wave-passing. Constructive wave interference detrimentally 
affects the trailing ship's own drag reduction, requiring more energy to be expended 
to generate waves. However, this is extremely beneficial to the trailing ship 
immediately behind, with a more noticeable wave-riding effect. 

(5) To achieve wave-passing or to reach dynamic equilibrium, each individual only
needs to make sure to occupy the peak positions, which can be the second, third or 
any other peak position, it doesn't have to be the optimum position. 

Overall, this study could provide some insight into the configuration of marine train 
to achieve the minimum wave resistance. It should be noted that this study mainly 
focuses on the wave-making resistance. Future studies are required to utilize the 
computational fluid dynamics (CFD) tools to calculate the total drag of ships with 
or without considering the propeller's wake effects. 
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