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Abstract

This article investigates different implicit-explicit (IMEX) methods for incompressible
flows with variable viscosity. The viscosity field may depend on space and time alone,
or, for example, on velocity gradients. Unlike most previous works on IMEX schemes,
which focus on the convective term, we propose treating also parts of the diffusive term
explicitly, which can reduce the coupling between the velocity components. We present
different IMEX alternatives for the variable-viscosity Navier-Stokes system, analysing
their theoretical and algorithmic properties. Temporal stability is proven for all the
methods presented, including monolithic and fractional-step variants. These results are
unconditional, except for one of the fractional-step discretisations, whose stability is shown
for time-step sizes under an upper bound that depends solely on the problem data. The
key finding of this work is a class of IMEX schemes whose steps decouple the velocity
components and are fully linearised (even if the viscosity depends nonlinearly on the
velocity), without requiring any CFL condition for stability. Moreover, in the presence
of Neumann boundaries, some of our formulations lead naturally to conditions involving
normal pseudo-tractions. This generalises to the variable viscosity case what happens for
the standard Laplacian form with constant viscosity. Our analysis is supported by a series
of numerical experiments.

Keywords: Incompressible flow, IMEX methods, Variable viscosity, Generalised
Newtonian fluids, Finite element method, Incremental projection scheme

1. Introduction

Variable-viscosity flow problems are relevant in many natural and industrial processes.
Viscosity variations can be produced, for example, by temperature or pressure gradients,
by non-Newtonian rheological behaviour, or by the interaction of multiple fluid phases.
Numerically, non-constant viscosity often leads to extra non-linearities and ill-conditioning
in the equations, which can affect the convergence and the performance of linear and
nonlinear solvers [10, 37, 34]. These issues are amplified in the time-dependent setting,
where those solvers are used multiple (even thousands) of times. As a consequence, the
last few years have seen an expansion in the literature on numerical methods for variable-
viscosity incompressible flow problems [37, 34, 14, 35, 38, 3, 4, 24, 18].

0Email address: pacheco@ssd.rwth-aachen.de, corresponding author

            1

This is a peer-reviewed, accepted author manuscript of the following research article: 
Barrenechea, GR, Castillo, E & Pacheco, DRQ 2024, 'Implicit-explicit schemes for 
incompressible flow problems with variable viscosity', SIAM Journal on Scientific Computing.



Over the last few decades, several ideas have been proposed to reduce the computa-
tional complexity of fluid simulations. Those date back to the seminal work of Chorin
[12], as well as operator-splitting schemes [22] and more general projection methods, such
as fractional-step schemes [14, 13, 23, 5, 17]. A more recent trend, which can also be
combined with fractional stepping, are implicit-explicit (IMEX) methods. These have
become increasingly popular in applications ranging from waves to fluids [24, 6, 27, 9, 8].

In the context of incompressible flows, IMEX usually refers to temporal discretisations
that treat convection explicitly or semi-implicitly, while keeping diffusion fully implicit
[30] – which is the case for most of the IMEX literature for flow problems. In particular,
only few articles so far have considered IMEX methods in the presence of variable viscos-
ity [34, 38, 24]. For such flow problems, however, treating diffusion semi-implicitly can
offer significant computational advantages, as variable viscosity does not allow writing
the diffusive term as a vector Laplacian. This couples the different components of the
velocity (due to the presence of the symmetric gradient), which makes the linear solvers
more involved and memory- and time-consuming. Thus, the possibility of devising IMEX
discretisations that make the transposed velocity gradient explicit, leading to linear prob-
lems with the same sparsity pattern as a scalar transport equation, has practical (and
theoretical) appeal.

In this work we further develop an idea explored in [34], where an alternative for-
mulation based on the viscosity gradient was used for an IMEX scheme decoupling the
velocity components; the results therein indicate an improved temporal stability of the
modified formulation in comparison to “naive” IMEX discretisations. More precisely, we
study a variety of IMEX discretisations, both monolitic and fractional-step, arising from
making one part of the viscous term explicit, while keeping the Laplacian-like part im-
plicit. We analyse stability for all the methods studied and show that the more “natural”
ways of splitting the viscous term may be weakly or not at all stable, while a more careful
rewriting of the term to be made explicit can improve stability. Another property of this
rewritten form is that, when Neumann boundaries are considered, the natural data to
prescribe there are no longer physical tractions, but instead pseudo-tractions (as typi-
cally used to model outflow [26, 36]). To keep the technical details to a minimum and
focus on the effects of the temporal discretisation, we analyse only the discrete-in-time
problem and consider temporally first-order schemes. Conforming (finite element) spatial
discretisations, however, are automatically covered by our analysis.

The rest of the manuscript is organised as follows. In Section 2 we introduce the
problem, along with useful analytical tools and notation. In Sections 3 and 4 we derive
stability estimates for monolithic and fractional-step methods, respectively, with Section
5 summarising those results. Section 6 extends the analysis to account for outflow (Neu-
mann) boundary conditions, while Section 7 briefly discusses spatial discretisation aspects.
We numerically compare the different alternatives in Section 8, drawing final remarks in
Section 9.
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2. Preliminaries

2.1. Model problem

In a finite time interval (0, T ] and a fluid domain Ω ⊂ Rd, d = 2 or 3, with Lipschitz
boundary Γ, we consider the variable-viscosity incompressible Navier–Stokes equations:

∂tu+ (∇u)u−∇ · [2ν(x, t)∇su] +∇p = f in Ω× (0, T ] =: Q , (1)

∇ · u = 0 in Ω× (0, T ] , (2)

u = 0 on Γ× (0, T ] , (3)

u = u0 at t = 0 , (4)

where the unknowns are the velocity u and the pressure p, while the remaining quantities
are problem data. The viscosity field ν(x, t) is assumed to satisfy

ν(x, t) ≥ νmin > 0 in Q̄ , (5)

where νmin is a known constant representing, e.g., the minimum viscosity of a shear-
thinning fluid. To shorten notation, we shall henceforth write simply ν instead of ν(x, t).

2.2. Alternative formulations of the viscous term

In incompressible flows, the divergence-free constraint (2) leads to multiple ways of de-
scribing the viscous term. The popular Laplacian form ν∆u, however, is not appropriate
for variable viscosity. For that reason, the full stress-divergence (SD) form,

∇ · (2ν∇su) = ∇ · (ν∇u) +∇ · (ν∇⊤u) , (6)

is normally used when ∇ν ̸= 0. Yet, other possibilities exist, such as [3, 24]

∇ · (2ν∇su) = ∇ · (2ν∇su)−∇(ν∇ · u) and ∇ · (2ν∇su) = 2∇su∇ν − ν∇× (∇× u),

among others. In this work we consider the following rewriting of the viscous term:

∇ · (2ν∇su) ≡ ∇ · (ν∇u) +∇⊤u∇ν + ν∇(∇ · u) = ∇ · (ν∇u) +∇⊤u∇ν , (7)

which we denote as generalised Laplacian (GL) form. Although equivalent at the contin-
uous level, these different versions can (and do) lead to dramatically different numerical
performances. In particular, the symmetric gradient couples the d velocity components
(even if∇ν ≡ 0). In this work, our aim is to make the parts of the viscous term responsible
for this coupling explicit, and to analyse the implications of such IMEX approaches.

2.3. Useful notation, identities and inequalities

We consider usual notation for Hilbert and Lebesgue spaces [19], denoting by L2
0(Ω)

the space of L2(Ω) functions with zero mean on Ω. The inner product in L2(Ω) is denoted
by (·, ·), and we make no distinction between the product of scalar or vector/tensor-
valued functions. Moreover, we denote by ∥ · ∥ and ∥ · ∥∞ the L2(Ω) and L∞(Q̄) norms,
respectively. We assume that f ∈ [L2(Q)]d and u0 ∈ [H1

0 (Ω)]
d.

In our discrete-in-time analysis, approximate or discrete values of the quantities at the
different instants will be defined with sub-indices: un, for instance, denotes the velocity
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approximation at the nth time step. We will often use the identity

2(un+1 − un,un+1) = ∥un+1∥2 − ∥un∥2 + ∥δun+1∥2 , (8)

where δun+1 := un+1 − un. A classical and useful fact is the skew-symmetry of the
convective term. More precisely, if v ∈ [H1

0 (Ω)]
d is solenoidal, there holds

((∇w)v,w) = 0 for any w ∈ [H1
0 (Ω)]

d. (9)

If v is not divergence-free, we will consider the following skew-symmetrised form c of the
convective derivative:

c(v,w) := (∇w)v +
1

2
(∇ · v)w , (10)

which enjoys the property

(c(v,w),w) = 0 for all w,v ∈ [H1
0 (Ω)]

d . (11)

For details on different forms of the convective term and their properties, refer to [30].
To construct IMEX schemes, we can combine backward differentiation formulas in time

with extrapolation rules of matching order of consistency. Our analysis will be restricted
to the first-order case, for which extrapolation means simply replacing a certain quantity
at tn+1 by its previous value at tn, and

∂tu|t=tn+1 ≈
1

τ
(un+1 − un) ,

where τ > 0 denotes the time-step size, which will be considered constant, for simplicity
(although all the results in this paper extend to variable τ in a straightforward manner).

We will analyse both monolithic and fractional-step schemes. The stability analysis
will rely on different versions of the discrete Gronwall inequality. The proof of the two
results below can be found in [25, Lemma 5.1] (see also [30, Lemma A.56]).

Lemma 2.1 (Discrete Gronwall inequality). Let N ∈ N, and α,B, an, bn, cn be non-
negative numbers for n = 1, . . . , N . Let us suppose that these numbers satisfy

aN +
N∑

n=1

bn ≤ B +
N∑

n=1

cn + α

N−1∑
n=1

an . (12)

Then, the following inequality holds:

aN +
N∑

n=1

bn ≤ eαN

(
B +

N∑
n=1

cn

)
for N ≥ 1 . (13)

Lemma 2.2 (Discrete Gronwall lemma, conditional version). Let N ∈ N, and
α,B, an, bn, cn be non-negative numbers for n = 1, . . . , N , satisfying

aN +
N∑

n=1

bn ≤ B +
N∑

n=1

cn + α

N∑
n=1

an , (14)
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with α < 1. Then, the following inequality holds:

aN +
N∑

n=1

bn ≤ e
αN
1−α

(
B +

N∑
n=1

cn

)
for N ≥ 1 . (15)

Notice that the only difference between (12) and (14) is where the last sum on the
right-hand side stops (N − 1 or N).

3. Monolithic schemes

In this section we will study three different IMEX schemes. All of them share the
property that the velocity and the pressure are computed simultaneously at each time
step (hence the term “monolithic” to describe them). The proof of their stability will
be based on the discrete Gronwall inequality given in Lemma 2.1. Hence, every time we
mention the discrete Gronwall inequality in this section, we will be referring to Lemma 2.1.

3.1. Implicit stress-divergence formulation

We will start by considering the simplest possible IMEX scheme, where only the
viscosity and the convective velocity are made explicit. In this case, the time-discrete
momentum equation reads

1

τ
(un+1 − un)−∇ · (2νn∇sun+1) + (∇un+1)un +∇pn+1 = fn+1 . (16)

The standard variational problem for the (n + 1)th time step is to find (un+1, pn+1) ∈
[H1

0 (Ω)]
d × L2

0(Ω) such that

1

τ
(un+1 − un,w) + (2νn∇sun+1,∇sw) +

(
(∇un+1)un,w

)
− (pn+1,∇ ·w) =

(
fn+1,w

)
,

(q,∇ · un+1) = 0 ,

(17)

for all (w, q) ∈ [H1
0 (Ω)]

d × L2
0(Ω). Scheme (17) is rather classical and well-understood.

Nevertheless, we now reproduce its stability result (and its proof) for completeness, and
to highlight the main differences that appear in more involved schemes presented later.

Remark 3.1. The decision to make the viscosity explicit in (17) stems from the fact
that, in realistic situations (such as generalised Newtonian flows), the viscosity is seldom
known beforehand, being instead velocity-dependent. This is why we consider the first-
order extrapolation νn+1 ≈ νn.

Lemma 3.1 (Stability of the classical stress-divergence formulation). Let us sup-
pose that the time-step size is given by τ = T/N , N ≥ 1. Then, scheme (17) satisfies the
following stability inequality:

∥uN∥2 + 4
N∑

n=1

τ
∥∥√νn−1 ∇sun

∥∥2 ≤ eε

[(
1 + ε

τ

T

)
∥u0∥2 +

(
τ +

T

ε

) N∑
n=1

τ∥fn∥2
]
, (18)

where ε > 0 is an arbitrary constant.
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Proof. Setting w = 2τun+1 and q = 2τpn+1 in (17) and adding the results yields

2(un+1 − un,un+1) + 4τ
∥∥√νn ∇sun+1

∥∥2 + 2τ((∇un+1)un,un+1) = 2τ(fn+1,un+1) .

The convective term vanishes due to its skew-symmetric property (9). Applying (8) and
the Cauchy–Schwarz and Young inequalities, we obtain

∥un+1∥2 − ∥un∥2 + ∥δun+1∥2 + 4τ∥
√
νn ∇sun+1∥2 = 2τ(fn+1,un+1)

= 2τ(fn+1,un + δun+1)

≤ 2τ∥δun+1∥ ∥fn+1∥+ 2τ∥fn+1∥ ∥un∥

≤ ∥δun+1∥2 +
(
τ +

T

ε

)
τ∥fn+1∥2 +

τε

T
∥un∥2,

where ε > 0 is arbitrary. We thus get

∥un+1∥2 − ∥un∥2 + 4τ
∥∥√νn ∇sun+1

∥∥2 ≤ ε
τ

T
∥un∥2 +

(
τ 2 +

τT

ε

)
∥fn+1∥2 .

Adding this inequality from n = 0 to n = N − 1 yields

∥uN∥2 + 4τ
N∑

n=1

∥∥√νn−1∇sun

∥∥2 ≤ (1 + ε
τ

T

)
∥u0∥2 + ε

τ

T

N−1∑
n=1

∥un∥2 +
(
τ +

T

ε

) N∑
n=1

τ∥fn∥2,

and the result follows as a direct application of the discrete Gronwall lemma.

Remark 3.2. The above result applied to f = 0 leads to the fact that (17) is strongly
stability preserving, i.e.,

∥uN∥2 + 4
N∑

n=1

τ
∥∥√νn−1 ∇sun

∥∥2 ≤ ∥u0∥2 .

The main question, to be addressed next, is whether and how we can preserve stability
even if a part of the viscous term is treated explicitly.

3.2. Implicit-explicit stress-divergence formulations

The simplest, perhaps naive way to decouple the velocity components is to split the
viscous term into two parts, as in (6), and make the second one explicit. This choice leads
to the following semi-discrete scheme:

1

τ
(un+1 − un)−∇ · (νn∇un+1) + (∇un+1)un +∇pn+1 = ∇ ·

(
νn∇⊤un

)
+ fn+1 , (19)

with the corresponding weak form: find (un+1, pn+1) ∈ [H1
0 (Ω)]

d × L2
0(Ω) such that

1

τ
(un+1 − un,w) + (νn∇un+1,∇w) +

(
(∇un+1)un,w

)
− (pn+1,∇ ·w) =

−
(
νn∇⊤un,∇w

)
+ (fn+1,w) ,

(q,∇ · un+1) = 0 ,
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for all (w, q) ∈ [H1
0 (Ω)]

d × L2
0(Ω). Testing with the same functions as before gives us

∥un+1∥2 + 2τ
∥∥√νn ∇un+1

∥∥2 + ∥δun+1∥2 = ∥un∥2 − 2τ(νn∇⊤un,∇un+1) + 2τ(fn+1,un+1) .

In this case, an extra term (that requires bounding) appears on the right-hand side:

−2(νn∇⊤un,∇un+1) ≤ 2
∥∥√νn ∇un

∥∥ ∥∥√νn ∇un+1

∥∥ ≤
∥∥√νn ∇un

∥∥2 + ∥∥√νn ∇un+1

∥∥2 ,
where we have used the Cauchy–Schwarz and Young inequalities. Then, estimating the
forcing term as done for the implicit case, we get the following bound at step (n+ 1):

∥un+1∥2+τ
∥∥√νn ∇un+1

∥∥2 ≤ ∥un∥2+τ
∥∥√νn ∇un

∥∥2+ τ

T
∥un∥2+(τ 2+τT )∥fn+1∥2 . (20)

At this point, there is no guarantee that the viscous term on the left-hand side will
be able to control the one on the right-hand side, since the viscosity on the left-hand side
term is νn, not νn+1. Some stability might still be attained when νn+1 ≤ νn, or if τ is small
enough so that νn+1 ≈ νn, but otherwise the scheme could become unstable, especially for
rapidly varying viscosity fields. This may explain the poor stability observed for a related
implicit-explicit SD formulation in [34], see also Section 8.2 below.

According to the analysis above, guaranteeing stability of the IMEX-SD formulation
would require knowing νn+1 already at the (n + 1)th time step. Although this is usually
not realistic, or at least not very practical, we will now show that such a scheme can be
constructed in a stable way. Consider the first-order extrapolation

νn+1∇⊤un+1 =
√
νn+1

√
νn+1∇⊤un+1 ≈

√
νn+1

√
νn ∇⊤un ,

from which we can propose the following alternative to (19):

1

τ
(un+1−un)−∇· (νn+1∇un+1)+ (∇un+1)un+∇pn+1 = ∇·

(√
νn+1

√
νn ∇⊤un

)
+fn+1 .

The corresponding weak form is: find (un+1, pn+1) ∈ [H1
0 (Ω)]

d × L2
0(Ω) such that

1

τ
(un+1 − un,w) + (νn+1∇un+1,∇w) + ((∇un+1)un,w)− (pn+1,∇ ·w) =

−
(√

νn ∇⊤un,
√
νn+1∇w

)
+ (fn+1,w) ,

(q,∇ · un+1) = 0 ,

(21)

for all (w, q) ∈ [H1
0 (Ω)]

d × L2
0(Ω). Based on that, we will prove the following estimate.

Theorem 3.2 (Stability of an IMEX stress-divergence formulation). For any time-
step size τ = T/N , N ≥ 1, scheme (21) satisfies the following stability inequality:

∥uN∥2 + τ
∥∥√νN ∇uN

∥∥2 + ε

N−1∑
n=1

τ 2

T

∥∥√νn ∇un

∥∥2 ≤ eε

[
C0 +

(
τ +

T

ε

) N∑
n=1

τ∥fn∥2
]
, (22)

where ε > 0 is an arbitrary constant, and

C0 =
(
1 + ε

τ

T

)
∥u0∥2 + τ∥

√
ν0∇u0∥2 .
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Proof. Using the same techniques as in the proof of (20), we can show that

∥un+1∥2 − ∥un∥2 + τ
∥∥√νn+1 ∇un+1

∥∥2 ≤ τ
∥∥√νn ∇un

∥∥2 + ε
τ

T
∥un∥2 +

(
τ +

T

ε

)
τ∥fn+1∥2.

Adding up from n = 0 to n = N − 1 gives

∥uN∥2 + τ
∥∥√νN ∇uN

∥∥2 ≤(
1 + ε

τ

T

)
∥u0∥2 + τ

∥∥√ν0∇u0

∥∥2 + ε
τ

T

N−1∑
n=1

∥un∥2 +
(
τ +

T

ε

) N∑
n=1

τ∥fn∥2 . (23)

The proof is completed by adding

ε
τ

T

N−1∑
n=1

τ
∥∥√νn ∇un

∥∥2
to both sides of (23) and using the discrete Gronwall inequality with an = ∥uN∥2 +
τ
∥∥√νN ∇uN

∥∥2, bn = ε τ
T
τ
∥∥√νN ∇uN

∥∥2, and cn gathering the terms involving u0 and f
on the right-hand side of (23).

Due to the squared time-step size accompanying the viscous sum in (22), this stability
estimate is somewhat weaker than the one shown for (17). It is, still, an unconditional
stability attained despite the explicit treatment of the coupling term.

3.3. Implicit-explicit generalised Laplacian formulation

Unfortunately, the stability of the IMEX scheme (21) comes at the cost of requiring
a-priori knowledge of the viscosity field. To circumvent this requirement, we now present
a different IMEX scheme based on replacing the viscous term by the generalised Laplacian
version (7). In that case, treating the coupling term explicitly will lead to the semi-discrete
momentum equation

1

τ
(un+1 − un)−∇ · (νn∇un+1) + (∇un+1)un +∇pn+1 = ∇⊤un∇νn + fn+1 .

The corresponding variational problem is: find (un+1, pn+1) ∈ [H1
0 (Ω)]

d×L2
0(Ω) such that

1

τ
(un+1 − un,w) + (νn∇un+1,∇w) + ((∇un+1)un,w)− (pn+1,∇ ·w) =

(∇⊤un∇νn,w) + (fn+1,w) ,

(q,∇ · un+1) = 0 ,

(24)

for all (w, q) ∈ [H1
0 (Ω)]

d × L2
0(Ω). The stability of (24) is stated next.

Theorem 3.3 (Stability of the IMEX generalised Laplacian formulation). Let us
suppose that ∇ν ∈ [L∞(Q̄)]d, and that the time-step size is given by τ = T/N with N ≥ 1.
Then, the IMEX scheme (24) satisfies the following stability inequality

∥uN∥2 +
N∑

n=1

τ
∥∥√νn−1∇un

∥∥2 ≤ M

[
C0 +

(
2τ +

T

ε

) N∑
n=1

τ∥fn∥2
]
, (25)
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where

M = exp
(
ε+

2T∥∇ν∥2∞
νmin

)
, C0 =

(
1 +

ετ

T
+

2∥∇ν∥2∞τ

νmin

)
(∥u0∥2 + τνmin∥∇u0∥2) ,

and ε > 0 is an arbitrary constant.

Proof. Set w = 2τun+1 and q = 2τpn+1 in (24) to get

∥un+1∥2 − ∥un∥2 + ∥δun+1∥2 + 2τ
∥∥√νn ∇un+1

∥∥2 = 2τ(∇⊤un∇νn,un+1) + 2τ(fn+1,un+1) .
(26)

We now bound the terms on the right-hand side of (26). Using the Cauchy–Schwarz,
Hölder, and Young inequalities, we get

2τ(∇⊤un∇νn,un+1) = 2τ(∇⊤un∇νn, δun+1 + un)

≤ 2τ∥δun+1∥ ∥∇ν∥∞∥∇un∥+ 2τ∥∇ν∥∞∥∇un∥ ∥un∥

≤ 1

2
∥δun+1∥2 + 2τ 2∥∇ν∥2∞∥∇un∥2 + τνmin∥∇un∥2 +

τ∥∇ν∥2∞
νmin

∥un∥2 ,

(27)

and

2τ(fn+1,un+1) = 2τ(fn+1,un + δun+1)

≤ 2τ∥δun+1∥ ∥fn+1∥+ 2τ∥fn+1∥ ∥un∥

≤ 1

2
∥δun+1∥2 +

(
2τ +

T

ε

)
τ∥fn+1∥2 +

ετ

T
∥un∥2 . (28)

Inserting (27) and (28) in (26) gives

∥un+1∥2 − ∥un∥2 + 2τ
∥∥√νn ∇un+1

∥∥2
≤ τνmin∥∇un∥2 +

(ετ
T

+
τ∥∇ν∥2∞
νmin

)
∥un∥2 +

2τ∥∇ν∥2∞
νmin

τνmin∥∇un∥2 +
(
2τ +

T

ε

)
τ∥fn+1∥2

≤ τνmin∥∇un∥2 +
(ετ
T

+
2τ∥∇ν∥2∞
τνmin

)
(∥un∥2 + τνmin∥∇un∥2) +

(
2τ +

T

ε

)
τ∥fn+1∥2 .

Rearranging terms leads to

∥un+1∥2 − ∥un∥2 + τ
(∥∥√νn ∇un+1

∥∥2 − νmin∥∇un∥2
)
+ τ
∥∥√νn ∇un+1

∥∥2
≤
(
ετ

T
+

2τ∥∇ν∥2∞
νmin

)
(∥un∥2 + τνmin∥∇un∥2) +

(
2τ +

T

ε

)
τ∥fn+1∥2 .

Adding up from n = 0 to n = N − 1 gives

∥uN∥2 + τ

N−1∑
n=0

(∥∥√νn ∇un+1

∥∥2 − νmin∥∇un∥2
)
+

N∑
n=1

τ
∥∥√νn−1 ∇un

∥∥2
≤ ∥u0∥2 +

(ετ
T

+
2τ∥∇ν∥2∞

νmin

)N−1∑
n=0

(
∥un∥2 + τνmin∥∇un∥2

)
+

(
2τ +

T

ε

) N∑
n=1

τ∥fn∥2 .
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Finally, using

N−1∑
n=0

(∥∥√νn ∇un+1

∥∥2 − νmin∥∇un∥2
)
≥
∥∥√νN−1∇uN

∥∥2 − νmin∥∇u0∥2 ,

estimate (25) follows directly from the discrete Gronwall lemma.

With the stability result just proven, we eliminate the need to know the viscosity
at time step n + 1 and still have an unconditionally stable scheme. The price to pay
is a higher regularity requirement on the viscosity field, which must now be Lipschitz
continuous in space. This higher requirement may not be satisfied in the fully discrete
case for some practical scenarios, but in Section 7.2 we will discuss possible remedies.

4. Fractional-step schemes

This section extends the IMEX methods from Section 3 to a class of fractional-step
schemes: the incremental pressure correction method. We shall consider this prototypical
scheme in its standard variant, which allows for variable viscosity [15].

4.1. IMEX stress-divergence formulation

For the Navier–Stokes equations in stress-divergence form, consider the following first-
order IMEX fractional-step scheme: find the solution (un+1, ûn+1, pn+1) of the system

1

τ
(un+1 − ûn)−∇ · (νn+1∇un+1) + c(un,un+1) = ∇ · (√νn+1

√
νn ∇⊤un)−∇pn + fn+1 ,

1

τ
(ûn+1 − un+1) +∇(pn+1 − pn) = 0 ,

∇ · ûn+1 = 0 ,

with boundary conditions un+1 = 0 and n · ûn+1 = 0 on Γ, where n is the unit outward
normal vector. The skew-symmetrised form c of the convective term (10) is used because
u is no longer divergence-free. In addition, since the initial condition u0 is solenoidal, we
assume p0 = 0 for the rest of this section.

We can use simple algebraic manipulation to eliminate the end-of-step velocity û from
the system, reformulating the (û, p)-subproblem as a pressure Poisson equation. The
resulting weak formulation is: find (un+1, pn+1) ∈ [H1

0 (Ω)]
d × [L2

0(Ω) ∩H1(Ω)] such that

1

τ
(un+1 − un,w) + (νn+1∇un+1,∇w) + ((∇un+1)un,w) +

1

2
((∇ · un)un+1,w) =

(2pn − pn−1,∇ ·w)−
(√

νn ∇⊤un,
√
νn+1∇w

)
+ (fn+1,w) ,

τ(∇(pn+1 − pn),∇q) + (q,∇ · un+1) = 0 ,

(29)

for all (w, q) ∈ [H1
0 (Ω)]

d× [L2
0(Ω)∩H1(Ω)]. This split-step scheme is also unconditionally

stable, as the following result shows.

Theorem 4.1 (Stability of an IMEX fractional-step scheme in SD form). Let the
time step be given by τ = T/N with N ≥ 2. Then, the fractional-step method (29) satisfies
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the following stability estimate:

∥uN∥2 + τ
∥∥√νN ∇uN

∥∥2 + τ 2∥∇pN∥2 +
τ

T

N∑
n=1

(
τ
∥∥√νn∇un

∥∥2 + τ 2∥∇pn∥2
)

≤ M

[
∥u0∥2 + τ∥

√
ν0∇u0∥2 + T

N∑
n=1

τ∥fn∥2
]
,

(30)

where

M = exp

(
1

1− τ/T

)
= exp

(
N

N − 1

)
≤ e2 .

Proof. Setting w = 2τun+1 in the first equation of (29) yields

∥un+1∥2 + ∥δun+1∥2 − ∥un∥2 + 2τ
∥∥√νn+1∇un+1

∥∥2
= 2τ

[
(2pn − pn−1,∇ · un+1)−

(√
νn ∇⊤un,

√
νn+1∇un+1

)
+ (fn+1,un+1)

]
≤ 2τ

[
(2pn − pn−1,∇ · un+1) +

1

2

∥∥√νn ∇un

∥∥2 + 1

2

∥∥√νn+1 ∇un+1

∥∥2 + (fn+1,un+1)

]
.

(31)

Compared to the monolithic case from the last section, we have an additional pressure
term to estimate. Denoting δpn+1 := pn+1 − pn, the second equation in (29) implies

τ(∇δpn+1 −∇δpn,∇q) = −(∇ · δun+1, q) = (δun+1,∇q) . (32)

Now, setting q = 2τ(2pn − pn−1) in (29) gives

2τ(2pn − pn−1,∇ · un+1) = −2τ 2(∇(2pn − pn−1),∇(pn+1 − pn))

≡ −2τ 2
(
∇[pn+1 − (δpn+1 − δpn)],∇(pn+1 − pn)

)
= −2τ 2(∇pn+1,∇pn+1 −∇pn) + 2τ 2(∇δpn+1 −∇δpn,∇δpn+1).

For the first term on the right-hand side above we have

−2(∇pn+1,∇pn+1 −∇pn) = ∥∇pn∥2 − ∥∇pn+1∥2 − ∥∇δpn+1∥2 ,

and for the second one we set q = τδpn+1 in (32), so that

2τ 2(∇δpn+1 −∇δpn,∇δpn+1) = 2τ(δun+1,∇δpn+1) ≤ ∥δun+1∥2 + τ 2∥∇δpn+1∥2 .

Collecting these last results, we estimate the pressure term in (31) as

2τ(2pn − pn−1,∇ · un+1) ≤ τ 2∥∇pn∥2 − τ 2∥∇pn+1∥2 + ∥δun+1∥2 . (33)

Moreover,

2τ(fn+1,un+1) ≤
τ

T
∥un+1∥2 + Tτ∥fn+1∥2 . (34)
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Replacing (33) and (34) in (31) we get(
∥un+1∥2 +

∥∥√νn+1 ∇un+1

∥∥2 + τ 2∥∇pn+1∥2
)
−
(
∥un∥2 +

∥∥√νn ∇un

∥∥2 + τ 2∥∇pn∥2
)

≤ τ

T
∥un+1∥2 + Tτ∥fn+1∥2 ,

and adding from n = 1 to n = N − 1 leads to

∥uN∥2 + τ
∥∥√νN ∇uN

∥∥2 + τ 2∥∇pN∥2

≤ ∥u0∥2 + τ
∥∥√ν0∇u0

∥∥2 + τ 2∥∇p0∥2 +
τ

T

N∑
n=1

∥un∥2 + T

N∑
n=1

τ∥fn∥2 .

Finally, adding

τ

T

N∑
n=1

(
τ
∥∥√νn ∇un

∥∥2 + τ 2∥∇pn∥2
)

to both sides of the last inequality, and noticing that τ/T < 1, we conclude by using the
Gronwall inequality from Lemma 2.2.

As it was the case with Theorem 3.2, the stability result just shown is in a weak norm,
and also requires the knowledge of νn+1. To remedy this, we will present below an IMEX
fractional-step scheme based on the generalised Laplacian rewriting of the diffusive term.

4.2. IMEX generalised Laplacian formulation

After elimination of the end-of-step velocity, the weak problem for the GL version of
the IMEX incremental projection scheme is: find (un+1, pn+1) ∈ [H1

0 (Ω)]
d×[L2

0(Ω)∩H1(Ω)]
such that

1

τ
(un+1 − un,w) + (νn∇un+1,∇w) + ((∇un+1)un,w) +

1

2
((∇ · un)un+1,w) =

(2pn − pn−1,∇ ·w) +
(
∇⊤un∇νn,w

)
+
(
w,fn+1

)
,

τ(∇(pn+1 − pn),∇q) + (∇ · un+1, q) = 0 ,

(35)

for all (w, q) ∈ [H1
0 (Ω)]

d × [L2
0(Ω) ∩H1(Ω)]. The following result states the stability for

this scheme.

Theorem 4.2 (Stability of the IMEX fractional-step scheme in GL form). Let
us assume that ∇ν ∈ [L∞(Q̄]d. Then, the fractional-step IMEX-GL scheme (35) yields
the stability estimate

∥uN∥2 + γτ
∥∥√νN−1∇uN

∥∥2 + τ 2∥∇pN∥2 +
N∑

n=1

τ
[
(2− γ)

∥∥√νn−1∇un

∥∥2 + ατ 2∥∇pn∥2
]

≤ exp

(
αT

1− ατ

)[
∥u0∥2 + τνmin∥∇u0∥2 + εT

N∑
n=1

τ∥fn∥2
]
,

(36)
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for any positive time-step size τ satisfying

τ <

(
∥∇ν∥2∞
γνmin

+
1

εT

)−1

=: α−1 , (37)

with γ ∈ (0, 2) and ε > 0, both chosen arbitrarily.

Proof. Compared to the stress-divergence version, the only term estimated differently is

2τ(∇⊤un∇νn + fn+1,un+1) ≤ 2τ∥∇ν∥∞∥∇un∥ ∥un+1∥+ 2τ∥fn+1∥ ∥un+1∥

≤ γτνmin∥∇un∥2 +
(τ∥∇ν∥2∞

γνmin

+
τ

εT

)
∥un+1∥2 + τεT∥fn+1∥2,

in which 0 < γ < 2 and ε > 0. Hence,

∥un+1∥2 + τ 2∥∇pn+1∥2 + 2τ
∥∥√νn ∇un+1

∥∥2
≤ ∥un∥2 + τ 2∥∇pn∥2 + γτνmin∥∇un∥2 +

(τ∥∇ν∥2∞
γνmin

+
τ

εT

)
∥un+1∥2 + τεT∥fn+1∥2.

Adding up from n = 0 to n = N − 1 and using that p0 = 0 yields

∥uN∥2 + γτ
∥∥√νN−1∇uN

∥∥2 + τ 2∥∇pN∥2 + (2− γ)τ
N∑

n=1

∥∥√νn−1∇un

∥∥2
≤ ∥u0∥2 + γτνmin∥∇u0∥2 + τεT

N∑
n=1

∥fn∥2 +
(τ∥∇ν∥2∞

γνmin

+
τ

εT

) N∑
n=1

∥un∥2 .

(38)

Finally, by adding

(τ∥∇ν∥2∞
γνmin

+
τ

εT

) N∑
n=1

τ 2∥∇pn∥2

to both sides of (38) and choosing τ according to (37), we get the stability estimate (36)
by applying Lemma 2.2.

Remark 4.1. This last stability result requires an upper bound for the time-step size
τ depending only on the viscosity field (i.e., on problem data). In addition, since the
constants γ and 1/ε in (37) can be chosen arbitrarily close to 2 and 0, respectively, this
restriction can be simplified to

τ <
2νmin

∥∇ν∥2∞
. (39)

Interestingly, (39) is related to the condition imposed on the reaction term in [3] to analyse
a mixed finite element method for the stationary Oseen problem.

5. Summary of theoretical results

Let us briefly collect the results of our analysis. We have proved the stability of several
IMEX discretisations, and the corresponding results are summarised on Table 1. For four
discretisations we have unconditional stability (albeit in different norms, some stronger
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than others), and for another one we have proved stability under a time-step restriction
(39). The only method for which stability has not been proven is the SD formulation
with fully explicit viscosity, that is, (19). Therefore, the main purpose of our numerical
examples will be to verify whether our analysis is sharp with respect to condition (39)
and to the (lack of) stability of the “naive” IMEX-SD discretisation.

Table 1: Theoretical results on the stability of different IMEX treatments of the viscous term.

Type Left-hand side term Right-hand side term Stability
Monolithic −∇ · (2νn∇sun+1) unconditional
Monolithic −∇ ·

(
νn∇un+1) ∇ · (νn∇⊤un

)
not proved

Monolithic −∇ · (νn+1∇un+1) ∇ ·
(√

νn+1
√
νn ∇⊤un

)
unconditional

Monolithic −∇ · (νn∇un+1) ∇⊤un∇νn unconditional
Fractional −∇ · (νn+1∇un+1) ∇ ·

(√
νn+1

√
νn ∇⊤un

)
unconditional

Fractional −∇ · (νn∇un+1) ∇⊤un∇νn τ < τmax(ν)

6. Outflow boundary conditions

For simplicity, the analysis presented so far has considered purely Dirichlet conditions.
Yet in many flow problems it is common to have, in addition to the Dirichlet boundary
ΓD, an outflow boundary ΓN . How to best model open outlets is a research topic on its
own, with an extensive literature available, see e.g. [26, 36]. For our scope, the important
aspect is that stress-divergence and (generalised) Laplacian formulations induce slightly
different natural boundary conditions. Indeed, for any test function w fulfilling w|ΓD

= 0,
integration by parts yields

−(∇ · [2ν∇su],w) = (2ν∇su,∇sw)−
∫
ΓN

[(2ν∇su)n] ·w dΓ

when using the full viscous stress, or

−(∇ · [ν∇u+∇⊤u∇ν],w) = (ν∇u,∇w)− (∇⊤u∇ν,w)−
∫
ΓN

[(ν∇u)n] ·w dΓ

for the (generalised) Laplacian formulation (note that the term containing ∇⊤u∇ν was
not integrated by parts). Therefore, depending on the form being used, either normal
tractions or pseudo-tractions are usually prescribed, see [16, 26] for details. We will focus
on the latter setting, where the natural boundary data to prescribe on ΓN is (ν∇u)n−pn.

The most popular outflow boundary condition is simply (ν∇u)n−pn = 0, sometimes
called “do-nothing” condition [36]. To avoid instabilities in the presence of backflow,
however, the so-called directional do-nothing (DDN) condition was proposed in [7]:

(ν∇u)n− pn =
1

2
(u · n)−u on ΓN × (0, T ] , (40)

where (·)− := min(·, 0). Using that, we propose the following IMEX scheme: find
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(un+1, pn+1) ∈ [H1(Ω)]d × L2(Ω), with un+1 = 0 on ΓD, such that

1

τ
(un+1 − un,w) + (νn∇un+1,∇w) + ((∇un+1)un,w)− 1

2

∫
ΓN

(un · n)−un+1 ·w dΓ

− (pn+1,∇ ·w) = (∇⊤un∇νn,w) + (fn+1,w) ,

(q,∇ · un+1) = 0 ,

(41)

for all (w, q) ∈ [H1(Ω)]d×L2(Ω) satisfying w = 0 on ΓD. Stability will follow similarly as
in the pure Dirichlet case, the main difference stemming from the convective and boundary
terms. Using w = un+1 and integration by parts, those terms become

((∇un+1)un,un+1)−
1

2

∫
ΓN

(un · n)−un+1 · un+1 dΓ

≡ 1

2

(
un,∇|un+1|2

)
− 1

2

∫
ΓN

(un · n)−|un+1|2 dΓ

= −1

2
(∇ · un, |un+1|2) +

1

2

∫
Γ

(un · n)|un+1|2 dΓ− 1

2

∫
ΓN

(un · n)−|un+1|2 dΓ

=
1

2

∫
ΓN

[un · n− (un · n)−] |un+1|2 dΓ

≥ 0 ,

since (un · n)− ≤ un · n, by construction. Using this result, we can extend the previous
stability proofs to the more general setting with ΓN ̸= ∅. It follows similarly also for the
fractional-step case, using the skew-symmetrised convective term. For schemes based on
the stress-divergence form, though, the boundary condition (40) should be replaced by

(2ν∇su)n− pn =
1

2
(u · n)−u on ΓN × (0, T ] .

As already mentioned, we shall not discuss here which version is preferable, as this is
problem-dependent and thus out of our scope. In any case, it is possible to switch between
pseudo and real tractions by using boundary integrals, see [28].

Remark 6.1. Notice that the right-hand side in the DDN condition (40) will be zero in
the (usual) absence of inflow on ΓN . Even when not zero, this term will still preserve the
decoupled structure of the IMEX scheme, due to the explicit treatment of (u · n)−.

7. On the fully discrete problem

Although we restrict our stability analysis to the semi-discrete setting, some brief
comments should be drawn on the fully discrete problem. We will limit our discussion
to conforming finite element spaces with continuous pressures, since that choice does not
modify the matrix structure of the semi-discrete problems.

7.1. Matrix structure of the IMEX methods

One of the most appealing computational features of the IMEX schemes presented
herein is the resulting matrix structure. Consider a generic spatial discretisation applied
to un and pn, denoting by Un and P n the respective vectors of degrees of freedom. Since
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we are interested in problems where the viscosity may not be known, and also interested
in IMEX schemes yielding linear systems at each time step, we shall only discuss the
schemes that do not require νn+1. In the monolithic case (e.g., scheme (16)), the fully-
discrete linear system to be solved at each time step has thus the form[

An B⊤

B 0

] [
Un+1

P n+1

]
=

[
F n+1

0

]
,

whereB is (minus) the divergence matrix and F n+1 is the right-hand side vector depending
on fn+1, Un, and νn; the velocity-velocity matrix An will consist of d identical blocks:

An =

[
Kn 0
0 Kn

]
for d = 2 , or An =

Kn 0 0
0 Kn 0
0 0 Kn

 for d = 3 , (42)

where Kn := M + D(νn) + C(Un), with M, D and C denoting, respectively, the stan-
dard mass, diffusion, and convection matrices from a scalar transport equation. The
same structure will be observed for higher-order temporal discretisations, with νn and Un

replaced by their corresponding extrapolations. This block structure reduces the costs
of assembling and solving the algebraic system [30], being especially advantageous for
fractional-step schemes, as it allows us to split the velocity update into d scalar problems:

Kn U
i
n+1 = F i(P n,P n−1,Un, νn) , i = 1, ... , d ,

where U i
n+1 contains the degrees of freedom of the i-th velocity component. After com-

puting all the components, the pressure is updated by solving an elliptic scalar problem.

Remark 7.1. One may also wish to treat convection explicitly, to eliminate from Kn the
non-symmetric matrix C, so that more efficient solvers can be used. The price to pay for
such a choice is, in most cases, a CFL condition, as seen in recent works [8, 9].

7.2. Generalised Newtonian fluids

So far in our analysis we have considered that the viscosity ν is fixed and known. Nev-
ertheless, in several interesting applications (such as hemodynamic flows and nanofluids,
see e.g. [1, 2, 20]) the fluid is best described using a generalised Newtonian constitutive
law. In such a case, the viscosity is given by

ν(x, t) = η(|∇su(x, t)|) ,

where η is a continuous function. A popular example is the Carreau model [21]

η(|∇su|) = ν∞ + (ν0 − ν∞)(1 + 2λ2|∇su|2)−m , (43)

where ν0, ν∞ and λ are positive, experimental rheological parameters. For the common
case of shear-thinning fluids (ν∞ < ν0), we have ν∞ ≤ ν ≤ ν0.

The viscosity just described, although covered by our analysis, may cause issues in
the fully discrete case, where discontinuities in the velocity gradient lead to discontinuous
viscosity. Several approaches can be used to overcome this. For example, local averaging
can be used to produce a continuous viscosity field. Alternatively, computing the L2(Ω)-
orthogonal projection onto a space of continuous finite element functions would also fit
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our hypotheses. This last alternative has been used, with satisfactory numerical results,
for schemes related to the ones presented herein [37, 34], and it is also the approach we
follow in our numerical experiments. The mathematical analysis of the resulting schemes
has not been carried out so far, and it is out of the scope of the present paper.

8. Numerical examples

In this section we present three sets of numerical experiments testing the difference in
stability properties for the IMEX schemes. Following the discussion in the last section, we
have used conforming Taylor–Hood elements in quadrilateral meshes (biquadratic veloci-
ties and continuous bilinear pressures). For problems with a velocity-dependent viscosity
we have projected ν onto the continuous bilinear finite element space. Throughout this
section, whenever an IMEX-SD formulation is mentioned, we will be referring to one for
which we have proved unconditional stability – unless where otherwise stated.

8.1. Temporal convergence

Our first test aims at assessing the temporal accuracy/convergence of the IMEX
schemes presented herein. For this purpose, we use a problem with known exact solution.
The viscosity field is given by

ν(x, y, t) = xyf(t) + g(t) , (44)

where f and g are any two functions that guarantee ν > 0 in Ω for all t ∈ [0, T ]. With
this choice, and for f ≡ 0, an exact solution of the Navier–Stokes equation is given by

u = 2f(t)

(
y
x

)
and p = (C − 2xy)f ′(t) ,

with the boundary conditions chosen accordingly; the constant C is set so that p ∈ L2
0(Ω)

for all t. We have chosen this solution since, in space, it belongs to the finite element
space, so the entire error stems from the temporal discretisation. We set Ω = (0, 1)2,
T = 10, f(t) = sin2 t and g(t) ≡ 0.001. The square domain is discretised uniformly
with 4 × 4 square elements, which completely resolves (at each time instant) the exact
solution in space. The time-step size is halved at each refinement level, starting from
τ = 1. In Figure 1 we depict the errors in velocity and pressure at t = 10. For all schemes
considered, the convergence is at least linear in both fields, with the monolithic GL being
the most accurate for velocity (although the remaining schemes show a higher order of
convergence), and a comparable performance of all methods for pressure.

Remark 8.1. It is interesting to notice that all methods present a very stable behaviour
even for the larger time-step sizes. This, despite the fact that the viscosity field considered
in this example is such that νmin/∥∇ν∥2∞ = 5 × 10−4. According to our analysis, this
would require τ < 0.001 to guarantee the stability of the fractional-step GL method. That,
however, was not observed in this study.

8.2. Stability test

To put the stability of the fractional-step IMEX schemes to a more challenging test,
we tackle a problem with less smooth solution. The lid-driven cavity flow is one of the
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Figure 1: Temporal convergence study for the IMEX schemes. The quadratic velocity convergence of
the fractional-step methods may be caused by the quadratic splitting error of the projection scheme.

most popular benchmarks for generalised Newtonian flow solvers, and a common setup
involves a power-law fluid:

η(|∇su|) = κ
∣∣2 1

2∇su
∣∣n−1

, (45)

where κ and n are positive constants. For the square cavity Ω = (0, 1)2, the boundary
conditions are a horizontal velocity U(t) on the lid (y = 1), and no slip on the bottom and
lateral walls. We consider a reference shear-thickening fluid with κ = 0.01 and n = 1.5
[32]. To avoid zero viscosity, we replace (45) by

η(|∇su|) = max
{
10−5, κ

∣∣2 1
2∇su

∣∣n−1
}
.

The lid velocity is prescribed according to

U(t) =
1

2

{
1 + sign(t− t⋆) + [1− sign(|2t− t⋆| − t⋆)] sin2

( πt

2t⋆

)}
, (46)

which ramps up smoothly from U = 0 (at t = 0) to U = 1.0 (for t ≥ t⋆ = 2). We
run the simulation up to T = 30, aiming for a steady-state flow that can be compared
to reference stationary results [31, 32]. Two uniform meshes are considered: one with
200 × 200 elements, and one twice as fine. To test the stability of the different schemes,
we take the time-step size rather large, namely τ = 0.25. The aim of this test is twofold:
firstly, we want to verify whether the time-step restriction (39) found for the fractional-
step GL scheme is sharp – and we do that by tackling a problem where ∥∇ν∥∞/νmin → ∞.
Second, we aim to illustrate the poor stability of IMEX-SD schemes when the coupling
term∇·(ν∇⊤u) is made fully explicit (and, since the viscosity νn+1 is a problem unknown,
we can only consider the scheme (19) as IMEX-SD). To do that, three schemes are tested:
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1. Fractional-step IMEX, generalised Laplacian form (35).

2. Fractional-step IMEX, stress-divergence form using only νn (not νn+1).

3. Monolithic, fully coupled stress-divergence formulation (17).

The third variant is meant as a control case, since it is the method for which we have the
strongest stability estimate.

To verify the accuracy of our solution, we use the location of the primary vortex as
benchmark. Table 2 shows the comparison between our results (with the coarser mesh)
and reference ones [31, 32]. Among the three methods we used, the two with proven
stability are in good agreement with the references; on the other hand, for the IMEX-SD
(19) (with fully explicit viscosity) no primary vortex position could be clearly identified.
Figure 2 shows how the kinetic energy E(t) := ∥u∥2/2 evolves with time: while the two
stable schemes reach a steady-state level, IMEX-SD (19) exhibits a clearly unstable en-
ergy growth (notice that the spatial refinement does not remedy the instability). The
two negative results for the IMEX-SD (19) are important as they hint strongly that, in
general, one cannot guarantee unconditional stability of schemes such as (19). Further-
more, Figure 3 depicts the viscosity field at the final time, where we see the spikes near
the corners (which lead to very high gradients). The time-step size used for all methods
in this experiment (τ = 0.25) clearly violates (39). Yet, the fractional-step GL method
again showed a stable behaviour, which hints at the possibility that (39) is pessimistic.

Table 2: Lid-driven cavity flow with power-law fluid: steady-state position (x, y) of the primary vortex
for three schemes: fully coupled SD (17), fractional-step IMEX-GL (35) and fractional-step IMEX-SD

using only νn. For the latter, the solution is unstable and could not converge to a steady-state.

Ref. [32] Ref. [31] Fully coupled IMEX-GL IMEX-SD, νn
(0.565, 0.724) (0.5628, 0.7282) (0.562, 0.728) (0.560, 0.728) undetermined

Figure 2: Lid-driven cavity flow with power-law fluid: temporal evolution of the kinetic energy,
confirming that a stress-divergence IMEX scheme with fully explicit viscosity can be unstable.
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Figure 3: Lid-driven cavity flow with power-law fluid: steady-state viscosity field obtained using the
IMEX-GL method.

8.3. Idealised hemodynamic flow

Our last numerical test tackles a truly dynamic flow problem. A popular application for
variable viscosity is hemodynamics, with blood usually modelled as a shear-thinning fluid.
We have applied the Carreau model (43) with the following parameters: ν∞ = 3.286×10−6

m2/s, ν0 = 53.33×10−6 m2/s , λ = 3.313 s and m = 0.3216 [11]. Combined with those, we
consider an idealised two-dimensional aneurysm, whose geometry is illustrated in Figure
4. The upper wall is described by the smooth curve

y(x) = H +
H

4
[1− sign(|2x− 6H| − 3H)] cos2

(
π
x− 3H

3H

)
,

with H = 2.5× 10−3 m. To simulate a physiological regime [29], we prescribe a (ramped
up) pulsating horizontal inflow profile with period Tp = 0.917 s:

u(y, t)|x=0 =
1

2

[
1−

(2y
H

− 1
)2]

U(t)f(t) ,

with U(t) as in (46), t⋆ = Tp. The function f(t) is a trigonometric polynomial fitted from
internal carotid artery (ICA) measurements [39]:

f(t) = 10−4

[
a0
2

−
12∑
k=1

ak cos

(
2kπt

Tp

)
+ bk sin

(
2kπt

Tp

)]
,

where a0 = 13349, and the remaining coefficients are listed on Table 3. This leads to a
peak inflow speed of Upeak = 0.5 m/s. At the outlet (x = 6H), we prescribe the outflow
condition (40), while the bottom and top walls are no-slip boundaries (u = 0).

For this test we consider the GL formulation, as it offers a natural way to enforce
the outflow condition (40). We use the monolithic IMEX-GL scheme (24) with different
time-step sizes τ and a mesh with 38,400 elements. Figure 5 shows, over one cardiac cycle,
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Figure 4: Computational domain representing an idealised ICA aneurysm.

Table 3: Trigonometric coefficients for the ICA inflow waveform (a0 = 13349).

k 1 2 3 4 5 6 7 8 9 10 11 12
ak 695.98 905.24 452.42 754.46 164.6 133.57 79.4 74.40 36.72 38.80 42.34 3.67
bk −2067.65 −496.92 −340.74 202.96 98.82 249.55 81.7 67.84 9.95 15.34 −3.49 −3.22

the mean pressure drop across the aneurysm:

∆p =
1

H

(∫
Γin

p dΓ−
∫
Γout

p dΓ

)
,

which is an important clinical marker [33]. The results confirm very good temporal
stability for the numerical solutions, even for time-step sizes as large as τ = 0.05. For
t = 6T , Figure 6 shows the horizontal velocity profiles at different sections of the vessel,
showcasing also good spatial stability.

Figure 5: Carreau fluid through Idealised ICA aneurysm: normalised pressure difference (inlet minus
outlet) over one cardiac cycle, for different time-step sizes τ . All three computations are based on the
monolithic IMEX scheme in GL form, which allows enforcing the outflow condition (40) naturally.
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Figure 6: Carreau fluid through Idealised ICA aneurysm: horizontal velocity profiles at t = 6T , for a
time-step size τ = 0.002.

9. Concluding remarks

In this work, we have presented, analysed and tested different implicit-explicit schemes
for the variable-viscosity Navier–Stokes equations. While IMEX methods for constant
viscosity focus on making convection (or different stabilisation terms associated to it)
explicit, we split also the viscous term into implicit and explicit parts. This renders the
velocity subsystem block-diagonal, thereby enabling simpler, more efficient linear solvers.
The temporal stability of the resulting schemes varies dramatically according to the term
made explicit, and in which form. To investigate that, we have carried out a semi-discrete
analysis of prototypical first-order schemes. Our results show that, when considering a
stress-divergence (SD) description of the viscous term, naive extrapolations can cause
instabilities. While unconditionally stable IMEX-SD schemes are possible, they require
a pre-computed viscosity field, which is not realistic in many applications. On the other
hand, a generalised Laplacian (GL) formulation of the viscous term leads to stable IMEX
methods requiring only known viscosity values. For a monolithic and a fractional-step
IMEX-GL scheme, respectively, we have proved unconditional and conditional stabil-
ity. Our numerical tests, however, suggest that the time-step restriction derived for the
fractional-step variant may be an analytical artefact.

Our theoretical and numerical results break the paradigm that considers inevitable
the use of fully coupled, elasticity-like formulations for variable-viscosity flows. The GL
variants presented in this work have provided accurate and stable results, performing well
even for problems with non-smooth solutions. Several questions remain open, though.
For example, the case of “purely” open boundaries (i.e., without the use of directional
boundary conditions) is an interesting research topic. In addition, proposing and analysing
second- and higher- order schemes is ongoing work. Finally, analysing the convergence
of fully discrete versions of the schemes proposed here is also of interest, especially for
nonlinear viscosity models.
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