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ABSTRACT
A molecular origin of the ferroelectric ordering in the nematic phase is considered in detail 
considering a model based on electrostatic interaction between permanent molecular dipoles 
modulated by the anisotropic molecular shape. It is shown that a contribution to the total free 
energy of the long-range tail of the dipole-dipole interaction potential defines the total electro-
static energy of the system which depends on the sample shape and on the boundary conditions. 
This contribution may strongly affect the transition into the ferroelectric phase. However, the 
dipole-dipole interaction itself can hardly be responsible for the ferroelectric ordering in nematic 
liquid crystals for any reasonable values of the molecular dipole. A more promising model which 
combines dipole-dipole interaction and short-range orientational-translational correlations is also 
considered.
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1. Introduction

A possibility of proper ferroelectric ordering in nematic 
liquid crystals has been discussed for a long time assum-
ing that in the case of sufficiently large molecular 
dipoles the dipole-dipole interaction may eventually 
result in the polar order. One notes, however,that the 
derivation of the contribution of the dipole-dipole inter-
action even to the simple mean-field free energy is not 
straightforward because the dipole-dipole interaction 
potential is strongly anisotropic and possesses the long 
range tail which results in the divergences of the corre-
sponding integrals [2]. In particular, the dipole-dipole 
interaction potential vanishes after integration over all 
orientations of the unit intermolecular vector and the 
contribution of the dipole-dipole interaction to the total 
free energy depends on the shape of the sample [2]. 

These difficulties have been partially addressed in refs 
[3–5]. in the case of soft dipolar spheres the theory is 
only valid in the zero density approximation and thus it 
can hardly be applied to nematic liquid crystals. 
Moreover it has been shown by computer simulations 
[1,6–8] that at low densities strongly dipolar spheres 
tend to form chains rather then exhibiting the ferro-
electric phase. The formation of chains is not taken into 
consideration in the mean field theory or in the low 
density approximations. A number of difficulties related 
to the long-range character of the dipole-dipole interac-
tion arise also in the molecular theories of nematic 
liquid crystals composed of hard rod-like molecules 
with large permanent dipoles which are parallel to the 
molecular long axis [9–14]. Recently Sonnet and Virga 
have also considered the molecular model with a tilted 
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dipole [19]. It is interesting to note that no ferroelectric 
phase was found in [9–11] while the ferroelectric order-
ing has been predicted in [12,13]. It can be shown that 
the difference between these contradicting results is 
related to the way how the long range part of the dipole- 
dipole interaction potential is accounted for.

Recently the proper ferroelectric ordering has been 
discovered experimentally in the nematic phase exhib-
ited by a number of materials composed of strongly 
polar molecules [15–18]. The temperature variation of 
the spontaneous polarisation, second harmonic genera-
tion and extremely large dielectric susceptibility have 
been studied experimentally [17–24]. One notes that in 
these strongly polar materials the total molecular dipole 
is composed of several dipoles located in different parts 
of the molecule and tilted with respect to the long 
molecular axis. In addition minor changes in the mole-
cular structure may suppress the ferroelectric ordering 
regardless of the value of the total dipole [19,25–28]. 
Thus the polar interaction between such molecules can 
hardly be described using a model of a rod like molecule 
with the central dipole.

In this paper we consider the possible molecular 
origin of ferroelectric ordering in polar nematic liquid 
crystals (LCs) taking into consideration both the strong 
dipole-dipole interaction and the orientational- 
translational short range intermolecular correlations.

2. Can the dipole-dipole intermolecular 
interaction be responsible for the ferroelectric 
ordering in nematic liquid crystals

In the generalised molecular-field approximation the 
free energy of the polar nematic LC composed of uni-
axial rigid molecules with single permanent dipoles can 
be written in the form: 

where the first term is the orientational entropy which 
depends on the orientational distribution function 

f1ða � nÞ and the second term is the so-called packing 
entropy, where the coefficient λðρÞ is some function of 
the number density ρ which depends on a particular 
approximation, and Θðr12 � �ð1; 2ÞÞ is the steric cut 
off function which restricts the domain of integration 
to be r12 > �ð1; 2Þ where �ða1; a2; u12Þ is the distance of 
minimum approach for the two interacting molecules. 
This domain is the whole region outside the excluded 
volume for the two molecules where the excludee 
volume is defined by the inequility r12 < �ð1; 2Þ. The 
third term in Equation() is a contribution from the 
pair intermolecular interaction potential 
Uð1; 2Þ ¼ U0ð1; 2Þ þ Vddð1; 2Þ which is a sum of the 
non-polar interaction potential U0ð1; 2Þ and the 
dipole-dipole interaction potential Vddð1; 2Þ between 
the central molecular dipoles which is given by the 
well-known expression: 

where di, i ¼ 1; 2, is the dipole of the molecule i, r12 is 
the intermolecular vector and u12 ¼ r12=r12 is the unit 
intermolecular vector.

One notes that the dipole-dipole interaction potential 
possesses opposite signs for different mutual orientation 
of the two dipoles. In addition, in the free enenrgy 
functional the dipole-dipole potential is modulated by 
the molecular shape. In the simplest case of spherical 
rigid molecules the lowest interaction energy 
Vdd ¼ �2d1d2R�3

12 corresponds to the configuration 
when d1 ¼ d2 ¼ u12 (see Figure 1). In contrast, the 
‘side by side’ orientation of the two parallel dipoles 
corresponds to the positive energy Vdd ¼ þd1d2R�3

12 . 
The antiparallel configuration also corresponds to the 
negative energy Vdd ¼ �d1d2R�3

12 which is two times 
higher than the energy of the parallel configuration. At 
the same time, for strongly anisotropic molecules the 
lowest energy configuration is the antiparallel one 
which does not promote the polar order.

In the simplest case one may assume that the molecu-
lar shape is non-polar and the ferroelectric ordering can 
only be promoted by the dipole-dipole interaction which 
makes the following contribution to the free energy: 

One can readily see that this contribution contains the 
following volume integral of the dipole-dipole interac-
tion potential: 
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Taking into account that �ð1; 2Þ< L, where L is the 
length of the molecule, it is convenient to split the 
integral [1] into the two parts: 

Here the second term in the right hand side of Equation 
(5). is the integral of the dipole-dipole potential over the 
whole sample outside the sphere of radius L while the first 
term is the integral over the region which is located inside 
the sphere of radius L outside the excluded volume for the 
two rod-like molecules.

Let us consider in more detail the second term in 
Equation (5). which can be written in the following explicit 
form: 

From the molecular-statistical point of view an important 
property of the dipole-dipole interaction potential is the 
anomalous behaviour of its volume integral due to the long 
range character of the potential. Indeed, on the one hand 
the integral of the dipole-dipole potential over all orienta-
tions of the unit intermolecular vector u12 is equal to zero, 
i.e 

On the other hand the integral over the intermolecular 
distance r12 diverges logarithmically at large r12: 

In rigorous mathematical terms this means that the 
volume integral of the dipole-dipole potential is ill 
defined, i.e. the value of the integral depends on the 
order of integration. From the physics point of view 
this means that the integral of the dipole-dipole 
potential over the whole sample depends on the 
shape of the sample. This result has important con-
sequences in the molecular theory of ferroelectric 
nematics. Indeed one can naively integrate the 
dipole-dipole potential over u12 and conclude that 
the dipole-dipole contribution to the free energy 
vanishes. However, this conclusion is incorrect 
because the volume integral of the dipole-dipole 
potential is ill defines as it diverges simultaneously 
after integration over r12. Thus the whole contribu-
tion of the dipole-dipole potential to the free energy 
is also ill defined and cannot be evaluated in 
a straightforward way. This result illustrates some 
general difficulties arising in the statistical theory of 
systems with long range intermolecular interactions.

The difficulties related to the long-range character of 
the dipole-dipole interaction are well known in the 
theory of dielectric properties of solid crystals. The 
problem has been solved long ago using the method of 
lattice sums proposed by Ewald [29]. This method, 
however, cannot be directly applied to fluid ferroelectric 
materials because there is no positional order. On the 
other hand the general idea behind the Ewalds’s theory 
is valid for any system with long range polar order 
including ferroelectric nematics. In the general case 
one has to separate the short range and long range 
contributions of the dipole-dipole potential to the total 
free energy of the ferroelectric phase and establish 
a relationship with the electric field in the system. This 
can be achieved by expressing the integral in Equation 
(8). into the following two parts: 

Figure 1. (Colour online) The lowest energy configurations for the two interacting dipolar spheres and dipolar ellipsoids.

LIQUID CRYSTALS 3



where the first term in the right hand side of Equation 
(9). is the integral of the dipole-dipole potential over the 
whole volume of the sample and the second term is the 
integral of the potential over the sphere of radius L.

The second integral in Equation (9). over the sphere 
of radius L can be taken analytically [30] (pp. 139–43): 

One notes that the result does not depend on the 
radius L.

The integral in the first term of Equation (5). has 
been evaluated numerically by Terentjev and Petschek 
for two ellipsoids of revolution [31], and the analytical 
interpolation formulae has also been obtained: 

where 

For strongly anisometric molecules with D=L � 1 the 
constant C1 can be estimated as 

Combining Equations (11) and (13), substituting them 
into Equation (1). and averaging with the orientational 
distribution functions one obtains the following contri-
bution of the short range part of the dipole-dipole 
potential to the mean-field free energy density 

where the polarisation P ¼ ρ<d > .
Now the polarisation dependent contribution from the 

orientational entropy (the first term in Equation (1)) can 
be obtained by expanding the orientational distribution 
function f1ða � nÞ in powers of the polar order para-
meter p ¼ < a > : 

where p ¼ < a > is the non-dimensional polar order 
parameter, f0ðða � nÞÞ is the non-polar orientational dis-
tribution function which describes the nematic ordering 
and α ¼ 3=ð2S þ 1Þ where S is the nematic order para-
meter. Here it has been assumed that the polarisation is 
parallel to the director n.

Substituting Equation (15). into the first term of the 
free energy (1) and keeping only the quadratic term one 
obtains the following polarisation dependent 
contribution: 

Finally the first term in Equation (9). can be averaged 
with the two orientational distribution functions (see 
Equation (3)) and integrated over the whole volume of 
the sample. Combining it with the last term in Equation 
(1). yields the following contribution to the total free 
energy which depends on the shape of the sample: 

where we have taken into account that the actual macro-
scopic electric field E in the medium is expressed as (2) 

and where Tαβ is the dipole-dipole tensor: 

and u ¼ R=R; R ¼ r � r0.
Combining Equations (14,16). and (17) one obtains 

the final expression for the total mean-field total free 
energy of the ferroelectric nematic: 

The last term in the free energy Equation (20) is the 
energy of the electric field in the volume of the sample 
which depends on the sample shape and on the bound-
ary conditions, while the first integral in Equation (17). 
is the first term of the expansion of the short range 
contribution to the free energy in powers of the polar-
isation P. The paraelectric nematic phase looses its 
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stability with respect to polarization when the coeffi-
cient in the P2 term vanishes. As a result the second 
order transition temperature into the ferroelectric 
nematic phase is approximately given by: 

Thus one concludes that the transition into the ferroelec-
tric nematic phase is in principle possible (at least in the 
mean-field approximation) but the transition temperature 
appears to be very low and is decreasing with the increas-
ing of the molecular anisotropy. For typical values of the 
molecular dipoles the transition temperature is located 
deeply in the crystal phase. In order to obtain the transition 
at room temperatures the molecular dipole should be of 
the order of 20Debye which seems to be too large. The 
interaction between such molecular dipoles at short 
separation is extremely strong, and it is reasonable to 
assume that the system will prefer to develop strong short- 
range orientational correlations promoting the antiparallel 
side by side low energy configurations which is a much 
more efficient way to reduce the free energy compared 
with the long range ferroelectric order.

Now let us discuss the role of the electrostatic energy of 
the whole sample, given by the last term in Equation (19), 
by considering for simplicity the homogeneous flat 
nematic cell with homogeneous spontaneous polarisation 
normal to the cell surface. There are two important limit-
ing cases here. In the cell with short circuited electrodes, 
which corresponds to zero applied voltage, the macro-
scopic electric field E ¼ 0 and hence the electrostatic 
energy vanishes. In contract, in the same cell with discon-
nected electrodes (and no remaining charges on the elec-
trodes) the displacement D ¼ E þ 4πP ¼ 0 and therefore 
E ¼ �4πP. Substituting this into the last term in Equation 
(20). one concludes that the total electrostatic energy of 
such a cell is 2πVP2, where V is the sample volume. This 
contribution is quadratic in polarization and is positive 
w i.e. it destabilises the ferroelectric phase. One notes that 
the electrostatic energy is nonlocal and positive, and as 
a result the total free energy of the system is effectively 
reduced by splitting into domains with opposite polarisa-
tion or, generally, by creating an inhomogeneous polarisa-
tion profile. Thus the homogeneous ferroelectric ordering 
is more likely to be observed in the cell with zero applied 
voltage.

Recently a more realistic model based on electro-
static interaction between surface charge densities has 
been proposed by Madhusudana [32]. In this model ir 
is assumed that cylindrical rigid molecules possess 
uniaxial surface charge density specified by four den-
sity waves. Some parts of the surface are negatively 
charged while the adjacent parts are characterised by 

positive charge density. As a result there exists 
a nontrivial low energy configuration in which the 
two adjacent molecules are parallel but one of them 
is shifted with respect to another. In this configuration 
the negatively charged pars of one molecule are in 
contact with the positively charged parts of another 
molecule and the overall electrostatic enenrgy is nega-
tive. It has been shown [32] that for some values of the 
parameters this parallel configuration, which promotes 
the ferroelectric ordering, is more favourable then the 
antiparallel configuration without a shift. This is 
a very promising result, but, at the same time, it 
does not seem to be sufficient because it is important 
also to show that the contribution of such an interac-
tion between charge densities makes a contribution to 
the free energy which is negative and sufficiently large 
to overcome the orientational entropy. In the mean- 
field approximation this contribution is given by 
the second term in Equation (1). where the dipole- 
dipole potential should be replaced by the correspond-
ing interaction between surface charges. One notes 
that this contribution to the free energy is determined 
by the integral of the interaction energy between sur-
face charge densities over the intermolecular vector 
r12. This integral is an average over all configurations 
of the two molecules and not just over the two ones 
considered in [32]. Such an integral can only be eval-
uated numerically and this is a challenging task.

2.1. Short-range intermolecular correlations and 
the possible origin of ferroelectric ordering

As discussed above, in the framework of the man-field 
theory electrostatic dipole-dipole and charge-charge 
interactions between polar molecules. In particular, it 
is important to emphasise that dipole-dipole potential 
vanishes after integration over all orientations of the 
intermolecular unit vector which indicates that there 
is a delicate balance between parallel and antiparallel 
configurations which are characterised by positive and 
negative energies, respectively. At the same time this 
balance can be shifted by specific orientational- 
translational intermolecular correlations which may 
increase the statistical weight of some parallel config-
urations which promote the ferroelectric ordering. 
With these correlations taken into account the aver-
aging of the dipole-dipole potential appears to be 
more complicated and one cannot use the mean- 
field approximation. The simplest way to take into 
consideration the polar interaction potential modu-
lated by pair correlations is to use the second order 
thermodynamic perturbation theory. In the 
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framework of this perturbation theory the free energy 
of the polar nematic can be expressed as: 

where F0 is the background free energy which does not 
depend on the dipole-dipole interaction. Here 
g2ð1; 2Þ ¼ g2ða1; r12; a2Þ is the pair correlation function 
in the non-polar nematic phase which depends on the 
relative orientation of the molecules 1 and 2. The corre-
lation function can generally be expanded in the so- 
called spherical invariants: 

where the invariants TlλLða1; u12; a2Þ contain the unit 
vector a1 to the power l, the vector a2 to the power L and 
the unit vector u12 to the power λ.

Taking into account first order terms which depend 
only on the two unit vectors, the pair correlation func-
tion can be approximated in the following simple way: 

where the coefficients g20ðr12Þ; Gðr12Þ and Nðr12Þ are the 
decreasing functions of r12 because the correlations are 
assumed to be short-range.

Substituting Equation (24) into Equation (22). and 
assuming for simplicity that the nematic order is perfect 
one obtains the following contribution to the free 
energy: 

where P is the polarisation. One notes that the integral 
ð

Gðr12Þ 1
r12

dr12 is finite due to the rapid decrease of the 

function Gðr12Þ.
The free energy contribution Equation (25). is 

negative and thus it promotes the ferroelectric order-
ing. However this conclusion crucially depends on 
the sign of the function Gðr12Þ which must be posi-
tive. It should be noted also that in this elementary 
theory it is sufficient to take into account just the 
interaction between single molecular dipoles, while 
the particular structure of the polar molecules, 
including the position and orientation of local 
dipoles, is supposed to effect the intermolecular cor-
relations. For example, the maximum of the second 
term Gðr12Þ ða1 � u12Þ

2
þ ða2 � u12Þ

2� �
in the expansion 

of the correlation function corresponds to u12 k a if 
the function Gðr12Þ is positive. Thus this term pro-
motes the slide of a molecule with respect to the 
neighboring one, i.e. it emphasises the parallel mole-
cular configuration considered in the Madhusudana 
model [32].

3. Conclusions

In this paper we have considered a molecular origin of 
the ferroelectric ordering in the nematic phase taking 
into account mainly the dipole-dipole interactions and 
orientational-translational intermolecular correlations. 
It has been shown that the contribution of the dipole- 
dipole interaction to the free energy of the nematic 
phase can be evaluated consistently only by separation 
of the short-range and the long-range parts of the 
corresponding effective interaction potential modu-
lated by the molecular shape. In particular, the con-
tribution of the long-range tail of the dipole-dipole 
interaction to the total free energy of the ferroelectric 
nematic is equal to the total electrostatic energy and 
depends on the sample shape and boundary 
conditions.

It has also been shown that the electrostatic inter-
action between permanent longitudinal molecular 
dipoles can hardly be responsible for ferroelectric 
ordering for any reasonable values of the molecular 
dipole, at least in the mean-field approximation. 
A more realistic model of Madhusudana [32], based 
on electrostatic interaction between surface charge 
densities, seems to be more promising as it defines 
the additional parallel low energy configuration, in 
which the neighbouring molecules are shifted with 
respect to each other.

One may conclude that the molecular origin of ferro-
electric ordering cannot be consistently described in the 
mean field approximation taking into account only 
electrostatic intermolecular interactions. It has been 
shown that the combination of the short-range orienta-
tional-transitional intermolecular correlations and the 
interaction between permanent dipoles results in the 
contribution to the free energy which promotes ferroe-
lectricity. At the same time it should be noted that 
a consistent molecular-statistical theory of ferroelectric 
nematics, which takes into account the corresponding 
intermolecular correlations, has not been derived so far 
and is currently in progress.
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