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ARTICLE INFO ABSTRACT

Communicated by "Dmitry Pelinovsky" Thermal buoyancy flows and related heat transfer problems play a crucial role in a variety of fields and industrial

applications. The present study is structured around the main objective of systematically investigating the

Keywords: response of fluid convection of the Rayleigh-Bénard type to heat loss taking place through the lateral walls of the
S\;loyancy flow considered fluid container. We elucidate, both experimentally and numerically, new aspects which deeply affect
ater

the dynamics when the classical assumptions of adiabatic or conducting walls cease to be valid. The emerging
spatio-temporal behaviors are examined with respect to several parameters or conditions, including the
dimensionality of the system (made accessible by dedicated numerical simulations based on the time-dependent
and non-linear governing equations), the average temperature of the liquid, the applied temperature difference,
the dependence of fluid properties on temperature and the intensity of heat transfer to the ambient. The results
reveal the interesting triadic relationship among the heat exchanged through non-thermally controlled walls, the

Heat exchange
Instability and bifurcation in fluid dynamics

hierarchy of bifurcations displayed by the flow and the related multiplicity of solutions.

1. Introduction

Flows of gravitational origin in non-isothermal fluids are a classical
subject of analysis in nonlinear dynamics and the various forms of
buoyancy mechanisms (stemming from the different types of thermal
conditions that can be imposed at the physical boundaries of these
systems) can be regarded as important archetypes in relation to a variety
of phenomena. Areas of applications include (but are not limited to) the
science of materials [1-10], biology [11], geophysics [12-14], meteo-
rology [15], oceanography, astrophysics [16], etc. As the analysis of the
highly non-linear phenomenology underlying all these problems is, in
general, a non-trivial task, over the years, specific configurations have
been elaborated with the two-fold intent to work on easy to handle models
while retaining enough complexity to do justice to physical reality. Most
conveniently, researchers have introduced simplified geometries in
order to focus on well-established influential factors and assess the dy-
namics displayed by the considered system in response to related
changes.

Obviously, regular geometric shapes make mathematical analysis
and computational aspects simpler. This is clearly the case of polygonal,
parallelepipedic and cylindrical containers. These geometries have
traditionally been used to study the onset of convection and ensuing
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hierarchy of bifurcations (up to the emergence of chaos) in fluids uni-
formly heated from below and cooled from above (i.e. the so-called Ray-
leigh-Bénard convection). This problem has widely been investigated
since the seminal experiments originally conducted by Lord Rayleigh
more than one hundred years ago [17]. The main outcome of such
concerted efforts has been the determination of a general region of
stability in the space of parameters for the infinite layer, known as the
“Busse balloon” [18-21]. Apart from the infinite layer, the canonical
model represented by a simple differentially heated square or cubic cavity,
i.e. an enclosure delimited by parallel and no-slip walls with the same
size, has also become over the years a prototypical benchmark for sta-
bility analysis and numerical simulations [22-27].

Cavities of such a kind and, more in general, finite-size systems
obviously display an additional degree of freedom with respect to
idealized models with infinite horizontal extension, i.e. the thermal
boundary conditions that can be set at the lateral walls (boundaries parallel
to the direction of gravity). This flexibility has indeed led to two main
lines of inquiry running in parallel in the literature [28,29]. Put simply,
the intention to discern the behavior of the system in response to precise
thermal stimuli, which feature a relatively simple mathematical repre-
sentation, has produced two classical models known as the ‘adiabatic’ or
‘conducting’ sidewalls.
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While the former is representative of a situation with no heat flux
through the wall, the latter corresponds to a solid boundary featuring a
temperature that varies linearly from a minimum to a maximum value.
Notably, though these conditions might be seen as abstractions, they
have actually been used to interpret a vast amount of results, including
experiments.

There is no doubt that several useful generalizations can be made
using these idealized boundary conditions (BCs). Moreover, the unrav-
elling of the Rayleigh-Bnard (RB) stability problem with simplified BCs
can certainly be regarded as a necessary first step in the elucidation of
the flow transition process. Nevertheless, it should also be pointed out
that with such an approach some important questions remain unan-
swered. The price for the simplicity is that, in many circumstances of
practical interest, identifying a direct connection between the model
parameters and the physical behavior of the system of interest is not as
straightforward as one would imagine.

This is often the case for processes that are very sensitive to thermal
conditions and require great amount of precision in setting or control-
ling the behavior in proximity to the walls delimiting the fluid. It has
been argued that using too simplified boundary conditions in the cor-
responding simulations may obscure real-life phenomena and limit the
translational relevance of theoretical or numerical results to reality.

Obviously, with the BCs described above, excluded are any processes
that depend on the details of the effective heat transfer taking place
through the walls of the fluid container and ensuing heat exchange with
the external environment.

Thus, the primary objective of the present study is to provide a way
of understanding more realistic situations, and to suggest methods and
diagnostics for a concerted analysis of experiments and related numer-
ical simulations. In other words, our scope is to quantify how the heat
exchange through the walls of the container has an impact on the patterning
behavior of RB convection and related transition to chaos and how the related
hierarchy of bifurcations differs from that obtained in the framework of
classical models with simplified BCs.

Towards this end, in addition to experiments, we have conducted
dedicated two-dimensional (2D) and three-dimensional (3D) numerical
simulations in the framework of a finite-difference approach.

2. Experimental apparatus and procedure

The experiments have been executed using dedicated hardware,
namely a facility expressly conceived for the study thermal convection
in various conditions, hereafter simply referred to as the TCFS (Thermal
Convection Fluid Science) Test Rig. This apparatus (shown in Fig. 1) can
work in combination with fluid containers (FC) made with an acrylic
material (Perspex ‘boxes’) available with different sizes and aspect ra-
tios. Moreover, the relative orientation of these containers with respect
to gravity can be changed in an arbitrary way.

As shown in Fig. 1, the TCFS Test Rig essentially consists of two large
sub-assemblies: the Rotating Base Assembly, which is responsible for
supporting the apparatus and providing the required angle of inclina-
tion, and the Thermal Systems Assembly, used to create the temperature
gradient across each of the FCs. Isolated from the main body of the test
rig are the Fan Support Assemblies. These are standalone assemblies
responsible for ensuring that heat is dissipated from the Cooling System
Radiators.

Although the TCFS Test Rig has the capability to study a host of
thermal-convection phenomena for different relative inclinations of the
imposed temperature difference with respect to the direction of gravity,
the apparatus essentially has two “fundamental” or “basic” configura-
tions: a vertical orientation and a horizontal orientation. The set-up of
the apparatus may be altered to either one of these configurations
depending on whether the researcher wishes to study situations for
which the dominant temperature gradient is vertical or horizontal.

As shown in Fig. 2, the FC is “sandwiched” between two opposing
Cooling System Containers (CSCs), each of which houses a Peltier

Physica D: Nonlinear Phenomena 464 (2024) 134190

Fig. 1. CAD model of the original design of the TCFS Test Rig.

Module and a liquid-based CPU cooler — each CSC is mounted on two
Support Frames, whose position can be varied according to the size of
the FC being supported. Good thermal contact is ensured by silicone gel,
which is applied liberally to prevent the formation of a layer of insu-
lating air between these components.

If the subject of the research is the study of the instabilities in a fluid
bounded between hot and cold horizontal surfaces, these experiments
are carried out in the Vertical Configuration (Fig. 2). If the operator
wishes to record the fluid from a different perspective, the TCFS Test Rig
can be rotated about the FC to allow the Microscope to be sited against
another face, again ensuring that the observer has the ability to inter-
rogate the fluid behavior from a number of angles.

With the Vertical Configuration, obviously, only a single CSC
‘straddles’ the two Support Frames, whilst the opposing CSC is sus-
pended below it by connecting rods. Good thermal contact is ensured by
tightening the nuts on the four connecting rods, thus pulling the ‘sus-
pended’ CSC towards the upper CSC and ‘squeezing’ the FC between the
Peltier Modules.

To improve stability, the FC is supported by two pneumatic suction
pads with a 12 V vacuum pump being used to generate a vacuum of
approximately 5.4 x 10*Pa.In particular, the suction pads, which can be
adjusted according to the dimensions of the FC, can be installed on any
two of the four remaining faces of the FC (two of the faces being obvi-
ously occupied by the CSCs). Moreover, in order to leave the view of the
Microscope and the Light Source unobstructed, the pneumatic suction
pads are designed to protrude through a slot cut out of each Support
Frame.

The TCFS Test Rig has been designed to support the use of three cubic
and cuboidal FCs with the following inner dimensions: 40 x 40 x 40 mm>
(used to conduct the experiments presented in this work), 60 x 60 x 60
mm?® or 40 x 40 x 90 mm°. The temperature gradient required for each
experiment is produced by up to two opposing Peltier Modules (40 x 40 x
4 mm3, 12 V, 6A); each is controlled by a Omega CN32PT-440-DC PID
Temperature Controller (accurate to +/- 0.2 °C) which uses a 5 kQ
thermistor (accurate to +/- 0.1 °C) mounted against the face of the FC to
determine the temperature, thus resulting in an overall temperature
accuracy of +/—0.3 °C on the outer surface of the FC. Although the
Temperature Controller does come with an inbuilt auto-tuning function,
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Fig. 2. TCFS Test Rig with the 60 x 60 x 60 mm®> Perspex FC. Note that the Peltier Brackets, Peltier Devices and associated wiring have been removed for clarity.

it was found that, particularly at temperatures below 70 °C, the PID
parameters selected by the controller were insufficiently accurate, thus
it is usually necessary to carry out some readjustment of the PID pa-
rameters by hand before commencing each experiment. With proper
adjustment, a temperature deviation less than +/—0.1 °C, and often as
low as +/—0.02 °C, could be achieved. DC pulse signals sent from the
Temperature Controller are passed to a Solid State Relay (SSR), which
forms a simple series circuit with the Peltier Module (Fig. 3). The SSR
essentially translates the sinusoidal output of the Temperature
Controller into a square wave ‘on-off’ signal, therefore modulating the
voltage supplied to the Peltier Devices which, in turn, maintains the
temperature of the fluid within the FC.

Heat is removed from each Peltier Module by a Cooler Master Seidon
120 V Version 2.0 - this is a liquid-based cooler which pumps a special
fluid between a copper plate and a radiator. The power rating, which the
Cooling System is designed to operate with, suggests that up to around
300 W may be dissipated by each Cooling System, therefore creating a
comfortable factor of safety between the heat dissipated by the Peltier
Module and that which can be removed by the Cooling System.

Furthermore, the shape of the CSCs is such that they act as extended
surfaces, thus aiding with the removal of heat from the Peltier Devices.
In this regard, testing has shown that the TCFS Test Rig can reach and
maintain a temperature of 100 °C at the outer FC surface without
exhibiting any cooling difficulties. At the other end of the spectrum,
temperatures as low as 10 °C have been achieved.

The response of the fluid to the applied temperature gradient is
recorded by a Digital Microscope (up to 50x zoom) and stored on a
nearby PC, whilst a Light Source - a laser with wavelength 532 nm+10
and power max output < 50 mW - is used to illuminate any tracers
dispersed in the fluid. The Microscope and Light Source are supported on
fully adjustable support mechanisms that allow for 3 planes of motion so
that the fluid behavior can be recorded at any position in any of the FCs.

3. Mathematical model
3.1. Geometry

As illustrated in the introduction, fluid convection driven by

CN32PT-440-DC

Solid State Temperature
Relay Controller
SSR SSR Output Pin 6 L Pin 8 (+)
Output | Input —— 12 vDC
Pins ] Pins Output Pin 5 Pin 7 (-) T  Power
Supply
Input Input
Pin 2 Pin 3

S

(+) (=)

L

Peltier Module (12 V, 6 A)

R.

Sk Thermistor

Fig. 3. Circuit Diagram of the Temperature Control Circuit of the TCFS Test Rig. Overall, there are two such circuits i.e. one for each Peltier Device.
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buoyancy has been an active topic of both fundamental and applied
research over many years; however, despite the considerable effort, a
large number of key issues and problems do not seem to have received
adequate attention, in particular for what concerns the thermal
boundary conditions. These have generally been treated in the frame-
work of standardized models, which, however, may not capture properly
some aspects. In turn, these still elude us and are often the source of
controversy in the literature.

Modelling the behavior of a fluid system at its boundary is not a
trivial task. It may be regarded as the art and craft of defining mathe-
matical relationships, in the form of a single equation or a set of equa-
tions, sufficiently involved to represent adequately the physical reality
and sufficiently simple to retain those physical aspects only that effec-
tively have an impact on the system behavior.

In numerics, any expression which can be mathematically formu-
lated can be used as a boundary condition and the aforementioned
models of purely adiabatic or conducting walls obey the logic of making
these conditions as simpler as possible. Resolving the questions relating
to the heat loss, however, requires separating different contributions,
namely the two stages taken by heat to leave the fluid, the first relating
to its diffusion through the solid walls and the second associated with its
dispersion in the external ambient.

Along these lines, in the present work we rely on a more elaborated
approach where physical principles and experimental facts are turned
into a mathematical and numerical framework by using a multi-domain
approach where fluid and solid regions are properly coupled in terms of
heat exchange. Stripped to its basics, our scheme envisions a portion of
fluid encapsulated into a shell of a solid material (perspex) with non-
negligible thickness. Moreover, the external boundaries of such a shell
are assumed to be in contact with an external gaseous (air) environment
at constant temperature Tymp. In order to assess the impact of heat losses
on the behavior of RB convection, we intentionally change the magnitude
of the heat flux through the solid walls by modifying the average tem-
perature of the fluid while keeping constant Tppnp.

The considered configuration is sketched in Fig. 4. It may be regar-
ded as a ‘minimal model’ in which the fluid is in contact with a solid
shell displaying homogeneous and isotropic properties along all di-
rections while heat transfer (controlled or uncontrolled) takes place at
its external surface.

3.2. Governing equations

3.2.1. Fluid region
In the liquid region, the classical Navier-Stokes equations for an
incompressible fluid hold. These include the balance equations for mass

T -=77 Teoa

hot Bi=0.42,2.1,4.2
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and momentum, to be complemented with the energy equation required
for problem closure. In dimensional form, this set can be formulated as:

vV=0 )

P04 oY [VV] L=V [2;4 (m) } g @
a(c T) _ liquid

o g+ PoX- {CVTZ} -V {/1 1 ZT} 3

where V is the fluid velocity, p is its pressure, T is the temperature, p is
the liquid density, u is the dynamic viscosity, 4 is the thermal diffusivity,
C, is the specific heat at constant volume, the subscript “0” denotes a
reference condition (corresponding to the temperature Ty) and

) - ewrs)

This formulation clearly reflects the initial assumption of constant
density, which can be considered as a reliable approximation for a
liquid, provided the dependence of density on temperature is properly
accounted for in the buoyancy term (the source term at the right-hand
side of Eq. (2)). The density appearing there and its dependence on
temperature can mathematically be represented with no loss of gener-
ality via a Taylor series expansion, i.e.

1 d*p
p(To) +Zk, el (T—To)* )

p=p(T)

The reader may consider Table 1 for relevant information about the
dependence of all the fluid typical properties on temperature for the case
of water.

If Eq. (4) is cut after the first-order derivative, ie. 4 di |T0 is set to zero
for all k > 2 and the other thermodynamic properties appearing in the
balance equations are considered constant (namely, y, 4 and C,), the
overall approach reduces to the so-called Boussinesq framework (see, e
g., [30,31]). Taking into account that for liquids C,>~C, (where C, is
specific heat at constant pressure), the overarching equations for the
fluid region can be simplified accordingly as:

V-V=0 5)

ov 1 )

EJFY' vv +;yp:"0v ‘_/—[ﬁT(T—To)]g ©
o

oT

E+V [ } = aoVT @

solid A

liquid AT

I
1

—»!

1

[

L=4 cm
5 mm

Fig. 4. Geometry of the cavity with the perspec walls and related boundary conditions.
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Table 1

Physical properties of water as a function of temperature.
T[°C] 4 [W/(m*K)] p [kg/m’] Cp [J/(kg*K)] u [kg/(m*s%)] v [m?/s%] a [m?/s] Pr [/]
10 0.57864 999.77 4192 0.001308 1.308310°° 1.3807 1077 9.4759
20 0.59803 998.29 4182 0.001003 1.0047 107°° 1.4325 1077 7.0139
30 0.6145 995.71 4178 0.000798 8.0144 1077 1.4771 1077 5.4256
40 0.62856 992.25 4179 0.000653 6.5810 1077 1.5158 1077 4.3415
50 0.6406 988.02 4181 0.000547 5.5363 1077 1.5507 107 3.5701
60 0.65091 983.13 4185 0.000467 4.7500 1077 1.5820 1077 3.0026
70 0.65969 977.63 4190 0.000404 413241077 1.6100 1077 2.5660
80 0.66702 971.60 4196 0.000355 3.6538 1077 1.6361 107 2.2332
90 0.67288 965.06 4205 0.000315 3.2640 1077 1.6581 1077 1.9685
100 0.67703 958.05 4216 0.000282 2.9435 1077 1.6762 1077 1.7561

1d
po dT
sion coefficient, v=u/p is the kinematic viscosity and a is the fluid
thermal diffusivity defined as a=1/pC,. Notably, as reported in Gray and
Giorgini [32], see Table 2 in their work, in the case of water at atmo-
spheric pressure, the Boussinesq approximation can be considered valid
if prAT<<1 (where fris of 0(10’4), e.g., pr 2.1x10* 1/K at 20 °C).

where p, = p(Tp)and fr = — |7,is the well-known thermal expan-

3.2.2. Solid region

In the solid region, V = 0 and the energy equation reduces to the
well-known heat diffusion equation:

o OT )
solid ~solid”~ __ x7 | ysolid
PG = T[] ®)

3.3. Boundary conditions

3.3.1. External boundary of the solid region

On the top and bottom walls of the configuration sketched in Fig. 1
the value of the temperature has been kept fixed; more specifically the
bottom has been set as the hotter side at a temperature T=Th and the
top as the colder one at T=Tco4. On the other walls, the so-called
convective heat exchange boundary condition has been implemented as:

oT

solid _
A on ‘wall -

- hair (Tamb - Twall) (9)

where Ty is the temperature of the external boundary of the solid shell
and h?" is the convective heat transfer coefficient accounting for the heat
exchanged due to the natural convection taking place in the external
environment. In the present study, an estimation for the order of
magnitude of this coefficient has been obtained using available engi-
neering correlations [33] in particular, following [34], we have assumed
heat exchange due to natural convection in air with 2<h%<25
W/(m?K).

3.3.2. Solid-fluid transition
Where the solid and fluid regions meet the thermal BCs reduce to :
aiT _ lliquid

solid'
A on solid —

oT
ﬁ‘ liquid (1 Oa)

Tlsolid = Tlliquid (IOb)
which express the continuity of heat flux and temperature, respectively;
the reader is referred to Table 2 for relevant information about the
physical properties of perspex.

Table 2
Physical properties of perspex.
p Cp A
[kg/m’] [J/(kgiO] [W/(mK)]

1190 1459 0.19

3.4. Non-dimensional parameters

Putting the problem is non-dimensional form is beneficial as it leads
to a shrinkage of the number of parameters potentially affecting the
dynamics. Such strategy formally yields a limited set of influential non-
dimensional numbers:

Pr= g (Prandtl number) an
3
Ra = gﬁi}# (Rayleigh number) 12)
Bi= hai;.I; (Biot number) 13
ASO 1

in the present work all the reference physical properties appearing in
these numbers have been evaluated for To=T.q. Moreover, the AT
appearing in the definition of the Rayleigh number is formally the dif-
ference between Thot and Teolg, i-€. the temperature actively controlled
(kept constant) at the two opposing external sides of the solid shell. This
means that this AT should not be confused with the jump of temperature
AT effectively created in the fluid, which differs from AT due to the
presence of a region of solid material located between the surface where
the temperature is actively controlled and the internal liquid. Accord-
ingly, we also introduce a variant of the Rayleigh number based on AT,
namely, Rayy = W where AT, is defined as the difference between
the average temperatures on the internal walls corresponding to the
externally heated and cooled surfaces, respectively, and it is therefore
only a fraction of the imposed temperature jump, i.e. Raeg<Ra.

3.5. The numerical method

The set of governing equations has been integrated in the framework
of the PISO (Pressure Implicit Split Operator) method originally elabo-
rated by Issa [35] and freely available as a time-marching native solver
through the OpenFoam computational platform [36]. In OpenFoam such
algorithm is implemented as a collocated grid approach, i.e. all the
variables are defined in the center of the cells and, accordingly, the [37]
scheme is exploited to achieve good coupling of velocity and pressure (i.
e. through dedicated interpolation of the velocity nodal values).

In particular, the simulations have been conducted using the
chtMultiRegionFoam solver (OpenFOAM Version 4.1). For what con-
cerns the discretization of the equations, we have selected a second
order central difference scheme for both the convective and diffusion
terms, and a Preconditioned Bi-Conjugate Gradient (PBiCG) to solve the
resulting system of algebraic equations with an Incomplete Lower Upper
(DILU) preconditioner being applied for velocity and temperature in the
predictor step. The elliptic equation for the pressure has been iteratively
solved in the frame of a Generalized Geometric-Algebraic Multi-Grid
(GAMG) method [36]. This approach has already proved its ability to
capture the dynamics of interest in similar situations (see, e.g., [38]).
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3.6. Validation and mesh independence study

In this section, the proper mesh size is assessed on the basis of a
parametric study relying on the evaluation of a sensitive quantity, that
is, the frequency of oscillation for time-periodic convection. For
simplicity, a classical Rayleigh-Bénard configuration with perfectly
adiabatic walls is considered. Moreover, the study is carried out in the
framework of the Boussinesq approximation (Egs. (5)-(7)). The consid-
ered Prandtl number is Pr=6.9 and the Rayleigh number is Ra = 4.4 x
10°. This value corresponds to a AT=0.5 C°, representative of the AT
established in most of the present experiments for which an oscillatory
pattern was found. As shown in Table 3, three (uniform) mesh resolu-
tions have been considered: 60x60, 100x100, 150x150.

As made evident by this table, a uniform mesh with resolution
100x100 makes the relative variation with respect to the previous res-
olution = 0.1 %. If the Rayleigh number is increased to 10, the flow
becomes turbulent. Even in this case, however, a grid 100 x 100 is suf-
ficient to make the main properties of the flow mesh-independent, as
witnessed by the maximum frequency and related amplitude reported in
Table 4. Accordingly, we have used this resolution for all the simulations
considered in the present work.

Tables 5 and 6 finally demonstrate the reliability of the present nu-
merical approach through comparison with well-established results in
the literature.

4. Results

In this section, we describe the results obtained via solution of Eqs.
(1-3) and (8)-10 showing that in this framework, progression towards
fully developed chaos is mediated by the existence of multiples solutions
and switches from the classical Ruelle-Takens scenario to the alternate
Curry-Yorke route. In particular, for each case, results are discussed
following a peculiar order of presentation, which reflects our intention
to implement a precise analysis hierarchy, by which the degree of
complexity of the problem is progressively increased (i.e.
2D computations—Experiments—3D simulations).

All the cases presented in this section refer to the fluid (water)
encapsulated into the shell of perspex material (with inner dimension 4 x
102 m as indicated in Sect. 2) and properties depending on temperature
as illustrated in Sect. 3.2.1. Different possible values are considered for
Teold, namely, 20, 40 and 60 °C for a fixed Tamp = 22 °C. As outlined at
the end of Sect. 3.4, we report the “nominal” Rayleigh number (Ra) (see
Eq. (12)) together with the “effective” Rayleigh number (Raef), the
latter being defined using the mean temperature of the hot and cold side
of the internal side of the shell (in contact with the fluid) and related
difference. Notably, since the temperature on these sides is free to vary,
Raeff can also take negative values; in particular, as shown in Table 7 this
happens when the average temperature of top side is greater than that
evaluated at the bottom side.

Cross comparison of Tables 7 and 8 also indicates that the Rayleigh
number computed according to its standard definition (Eq. (12)) can
take different values for a fixed value of AT at different values of T¢oq
due to the different values of the fluid physical properties used to
calculate it.

Table 3
Non-dimensional angular frequency (o) as a function of mesh size (Pr=6.9, Ra =
4.4 x 10°, time-periodic flow).

Mesh [0) Variation [%]
60x60 332.366 0.556
100x100 334.225 0.125
150x150 334.644 /
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Table 4

Maximum non-dimensional angular frequency present in the frequency spec-
trum o and related amplitude as a function of mesh size (Pr=6.9, Ra = 106,
turbulent flow).

Mesh ® Variation [%] Ampl. Variation [%)]
100x100 439.6 46.44
150x150 435.2 1.011 47.55 2.334

Table 5

A =1, Ra=10°, Pr=0.71. Comparison with Table 2 of Ouertatani et al. [39],
mesh 128x128. Velocity scaled with up=sqrt(gpHAT).

Quantity Present Ouertatani et al. [39]
Umax 0.3443 0.3442
Vimax 0.3754 0.3756
Nuy 3.9204 3.9097
Table 6

A = 4, Ra=10,000, Pr=0.71. Comparison with Table 3 of Ouertatani et al. [39]
and Table 2 of Soong et al. [40].

Nusselt number Present Ouertatani et al. [39] Soong et al. [41]
Nuy, 2.53163 2.52523 2.52234
Nuc 2.53164 2.52525 2.52243

Table 7
Ra and Ra at different AT. Teqiq = 60 °C, Bi=4.2 (h = 20 W/m?K).
AT [ °C] Ra Raegt
5 2.18x107 —6.068x10°
3.93x107 —4.614x10°
12 5.24x107 ~2.336x10°
Table 8
Ra and Rag at different AT, Teqq = 40 °C, Bi=2.1 (h = 10 W/m?K).
AT [°C] Ra Raeg
6.6 1.61x107 7.092x10°
8 1.95x107 1.021x10°
12 2.92x107 1.914x10°

4.1. Two-dimensional simulations

As anticipated, first we discuss results obtained in the framework of
2D simulations. Notably, given the reduced computational weight of
numerical simulations carried out under the constraint of 2D flow, we
could perform a wider spectrum analysis considering more extended
ranges of the imposed AT and Biot number.

Along these lines, we wish also to highlight that preliminary critical
discussion of the existing literature on the subject may be considered
instrumental in discerning the peculiar aspects of the problem consid-
ered here via cross-comparison and identification of differences with
already studied cases, i.e. the canonical configurations with adiabatic or
conducting walls.

For the two-dimensional case, it is well known that, when the
abovementioned classical boundary conditions are considered, several
modes of the most dangerous perturbation exist, which can replace each
other when the cavity aspect ratio A is varied. As an example, seminal
studies about RB convection in cavities with various aspect ratios for
adiabatic and conducting walls are due to [41] and [42], respectively.
The study for adiabatic walls was further refined by [22], while the
reader may consider [24] and [43] for valuable information about the
possible symmetries of the emerging flow.

Indeed, the possible patterns formed by RB convection in a square
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cavity can, in general, be predicted by considering various combinations
of the possible symmetries along the horizontal and vertical directions.
In simple terms, owing to the symmetry/antisymmetry of the governing
equations and of the boundary conditions, the allowed patterns can be
obtained by reflection about the vertical cavity centerline (parallel to
the applied temperature gradient), about the horizontal cavity center-
line (perpendicular to the gradient) and about both of them. This
naturally leads to the identification of four possible cases, as illustrated
in Fig. 5.

As shown in this figure, the modes differ essentially in the number of
rolls along the horizontal and the vertical directions. If the number of
vortex cells along both the horizontal and the vertical directions is odd,
the resulting pattern pertains to the family of antisymmetric-
antisymmetric (aa) modes. Vice versa, if it is odd, a symmetric-
symmetric (ss) mode is obtained. Different combinations result in the
symmetric-antisymmetric (sa) and antisymmetric-symmetric (as)
modes, respectively; these display an even number of rolls along the
horizontal direction and an odd number of cells in the perpendicular
direction and vice versa, respectively. In practice, different modes can be
selected depending on the considered value of the Rayleigh number and
the thermal boundary conditions. At relatively high values of the Ray-
leigh number, i.e. relatively far from the threshold for the onset of
convection from the initially thermally diffusive quiescent state, it is
known that initial modes with the (aa) or (sa) symmetries can even
produce modes with different symmetries via a nonlinear interaction
mechanism; as an example, this was shown by [44] for the case of
conducting sidewalls. If the initial mode has the (aa) symmetry,in
particular, the (ss) mode is excited; the thermal convection arising in
such a case after a flow bifurcation can be expressed as a combination of
these two modes. If the initial mode has the (sa) symmetry, the afore-
mentioned nonlinear interaction can produce all the four possible modes
(aa, sa, as and ss); in such a case the flow exhibits no symmetry [44].

Given these premises, it is worth starting the description of the
present results from the simple realization that the heat exchanged with
the external environment and the effective distribution of temperature
established inside the shell of solid material that encapsulates the liquid
can obviously interfere with the selection of modes with these symme-
tries and therefore cause significant changes in the typical bifurcation
hierarchy of RB flow under the constraint of two-dimensionality.

In particular, first we present the case with T,,1q= 60 °C for which the
most interesting dynamics have been obtained.

As shown in Fig. 6, for this specific configuration we have found the
2D flow to undergo a Hopf bifurcation, which is not present in analogous
simulations conducted assuming the classical adiabatic conditions. For
Ra<Ra;, interestingly, the heat exchanged to the ambient through the
lateral walls forces the flow to develop a single thermal plume located
approximately in the center of the cavity, with hot fluid rising at the
center, and fluid cooled due to heat loss sinking close to the lateral walls,
see Fig. 6a and 6b. The threshold for this instability depends strongly on
the heat exchanged and increases as the Biot number becomes higher
(Fig. 6¢).

For Bi=0.42, corresponding to a convective heat exchange coeffi-
cient of h = 2 W/(m?K) for the container described in Sect. 2, the

(aa) (sa)
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initially steady flow becomes time-periodic between AT = 2.6 and 2.7 K
(1.131x10” <Ra<1.175x107); in these cases, a single-frequency state
with a plume displaying a pulsating behavior in the vertical direction is
attained; between AT = 2.7 and 2.8 K (1.175x10” <Ra<1.218x107) a
second Hopf bifurcation occurs, leading the system to a quasi-periodic
state where a plume wobbling mechanism with a lower frequency is
superimposed on the pulsating one. These two fundamental modes of
oscillation are illustrated in Fig. 7 by means of four snapshots evenly
distributed in one period of oscillation: the first row represent the high
frequency pulsating phenomenon and the second row the low frequency
wobbling. In the second row, the first high frequency has been filtered
out, leaving only the smaller one. The reader is also referred to Fig. 8 for
a map of the overall system evolution as a function of the Rayleigh
number.

The related velocity signals and frequency spectra are reported as a
function of AT in Fig. 9. As witnessed by this figure, there is a periodic
regime where only one frequency, related to the pulsating mechanism in
the vertical direction, exists. As a value of AT~ 2.8 K (Ra=1.218x 107)
is exceeded, a second Hopf bifurcation occurs and the wobbling mech-
anism is turned on. Finally, on increasing AT beyond 3 K
(Ra=1.305x107", a chaotic regime is developed; the reader is expressly
referred to the spectra shown on the right of this figure to get additional
insights into these processes. In particular, it can be seen that transition
to chaos essentially follows the so-called Ruelle-Takens-Newhouse path
(Newhouse et al. [45]), where a third Hopf bifurcation is allowed to turn
a T? torus into a T° torus before a fully chaotic state is developed
(Fig. 10).

To support this statement, we have also evaluated the so-called
‘correlation dimension’ D [46-50]) and plotted it as function of AT in
Fig. 11. By inspecting this figure, it can be seen that the system jumps
from a value of the correlation dimension = 2 to another value = 3,
while there are no points in the intermediate range. This clearly in-
dicates that, as envisaged by the Ruelle-Takens-Newhouse scenario,
chaos and fractalization (D > 3) occur only after a T2 torus is formed.
Moreover, another interesting aspect is evident in this figure: when such
a threshold is exceeded, the correlation dimension does not increase
smoothly with the control parameter AT. Rather a transition region ex-
ists between AT = 3 and 3.2 K (1.218x10” <Ra< 1.392x107) where the
system suddenly jumps from D = 3 to a state with higher degree of chaos.

Continuing with the description of the results obtained under the
constraint of two-dimensionality, it is also worth recalling that the Biot
number obviously plays a role in such dynamics. As an example, for
Bi=2.1, we found quite a different evolutionary path.

More precisely, we have observed the wobbling instability only.
Since the transition to chaos follows the same route already discussed for
Bi=0.42, however, this case is no longer described here. Rather we
concentrate on Bi=4.2.

Most interestingly, for this value of the Biot number, we have found
two different branches of solutions, which coexist in the phase space. The first
is a wobbling state similar to that already discussed before, consisting of
a plume that undergoes a time-dependent behavior with its stem
remaining aligned with the direction of gravity; the second is an
asymmetric pulsating plume, which differently from the behavior shown

(as) (ss)

Fig. 5. Categorization of possible solutions of RB convection in 2D finite enclosures in terms of related symmetries.
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threshold as function of the Biot number (the spline is used to guide the eye).

in Fig. 7, has the plume stem bended left or right, these two possible
solutions being one the mirror image of the other.

The corresponding non-dimensional frequencies are reported in
Fig. 12 as a function of Ra. It can be seen that between Ra = 3.1x10” and
Ra = 4.1x107 (AT = 7 and 9.5 K) these two mechanisms coexist as
multiple solutions, i.e. as states that can be chosen by the system starting
from different initial conditions. Most interestingly, the route to chaos
follows a different scenario with respect to that reported in Fig. 11: the
system undergoes a first Hopf bifurcation from the initial steady state at
AT = 6.1 K for the pulsating instability and at 7.1 K for the wobbling one.
On further increasing the temperature difference, both solutions (illus-
trated in Fig. 13) are subjected to a second Hopf bifurcation, leading the
attractor to become a T2 torus. Immediately after this second bifurca-
tion, the T2 attractor suddenly loses its stability and evolves into a
chaotic state without passing through the intermediate stage of a T>.

At this stage, towards the end to put these somehow unexpected
results for Bi=4.2 in a more general theoretical context, it is worth
considering analogous findings obtained by other authors over the years
for situations with canonical thermal boundary conditions. A broad
outline can be elaborated as follows. For low-Pr fluids (e.g., liquid
metals) the so-called period doubling (Feigenbaum) scenario has often
been reported in past studies (e.g. [51,52]). For higher Prandtl numbers
(like water), however, the situation is more complex owing to the ex-
istence of several mechanisms that can compete in determining the
transition from an initial steady state to time-dependent conditions (a
classical example of this complexity being represented by the afore-
mentioned Busse balloon). For containers with aspect ratio close to 1 as
that considered in the present work, [53] observed two different routes
to chaos: the Feigenbaum scenario and the Ruelle-Takens-Newhouse
evolutionary path. In particular, the latter has been found to be
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Fig. 7. Four snapshots evenly distributed in one period of oscillation of velocity (non-dimensional) magnitude for AT = 2.9 K, T.qq = 60 °C (Ra = 1.26x107,
Ra.=3.186x10°) and Bi=0.42 (h = 2 W/(m?K)). First row plume pulsating phenomenon. Second row: wobbling instability with a lower frequency.
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number for the cases with T.yq = 60 °C and Bi=0.42 (h = 2 W/(m?K)).

relatively recurrent in RB convection, especially for high-Pr fluids [54,
51D.

Like other fluid systems with uniform heating from below (see, e.g.,
[551), Rayleigh-Bénard convection, however, can also undergo the
so-called ‘attractor crises’ [56]. As discussed by [57], these crises arise
when a collision occurs between an unstable periodic orbit and a coexisting
chaotic attractor. A crisis typically leads to sudden phenomena such as
the creation, the destruction or a change in the size of a chaotic attractor.
Moreover, it is known that three types of crises are possible, generally
referred to as ‘boundary’ (or ‘exterior’) crisis, ‘interior’ crisis and
‘attractor merging’. In the light of these arguments, a very interesting
interpretation can be elaborated for our findings relating to the condi-
tions Bi=4.2 and T,,q=60 °C, for which the two possible oscillatory
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instabilities have been depicted in Fig. 13.

For this case, as discussed in the preceding text, three stable attrac-
tors exist in the phase space, one pertaining to the symmetric wobbling
instability and other two belonging to the non-symmetric pulsating one,
whose manifestation in the physical space is a plume with distorted
shape inclined to the left or to the right, the two states being one the
mirror image of the other. In line with similar findings reported in other
circumstances (the reader being referred, e.g., to [58,55]), we argue that
the interplay among these attractors is responsible for the crisis deter-
mining the sudden transition from the T? torus to high-dimensional
chaos.

Interestingly, along the non-symmetric pulsating branch (blue line in
Fig. 12) a “symmetry recovery crisis” occurs at AT~ 9.5 K due to
interaction between the two spatially distorted possible pulsating solu-
tions. The new emerging state yet oscillates in a chaotic fashion, but the
spatial symmetry of the rising plume is now ‘central’ on average, i.e. it
wobbles and pulsates about the center of the cavity by jumping
continuously from a non-symmetric solution to the other as shown in
Fig. 14. Following the wobbling branch (red line in Fig. 12), a boundary
crisis occurs at AT~ 12.5K; in particular, after undergoing a bifurcation
to a T? state, this solution loses definitely its stability giving rise to a
spatio-temporal behavior similar to that illustrated in Fig. 14.

These evolutionary paths may be regarded as realizations of the
Curry-Yorke scenario [59], which, as also shown in other works [55,60],
seems to be a typical feature of systems with multiple solutions.

For the specific case of time-dependent 2D RB convection, other
interesting numerical results for classical adiabatic or conducting side-
walls are also available in the literature. Most interestingly, [23] could
predict complex flow patterns and textural transitions in both
non-chaotic and chaotic flow regimes together with multistability (see
also [26]). According to their study, for Pr= 6.8, aperiodic (chaotic)
flows of non-integer dimension like those reported here occur. More-
over, roll merging and separation were found to be an important feature
of the dynamics; in some cases corner rolls were observed to migrate into
the interior of the cell and to grow into regular rolls; with large rolls
shrinking and retreating into corners.

The most striking difference with respect to the present findings
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relates to the ‘symmetry’ of emerging convection. As the reader will
easily realize by visual inspection of Figs. 6, 7, 13 and 14, regardless of
the values of the Rayleigh number, the heat loss occurring through the
lateral walls of the square cavity essentially forces convection to take the
(sa) structure, which corresponds to the presence of a central plume. It
also limits the complexity in terms of patterning behavior as no growing
or shrinking vortices like those found by [23] or [26] have been detected
in the present case.

Perhaps, most interestingly, widespread preference for the (sa)
symmetry is responsible for the trend shown in Table 7, i.e. the negative
values being taken by Raes. The fluid descending close to the lateral
walls exchanges heat with them and reaches the bottom being colder,

10

causing a drop in the temperature of the internal side of the bottom wall.
This phenomenon is more pronounced when Bi on the lateral walls is
high and when T¢oq and Thor are much higher than Tomp.

Having completed a sketch of the situation with T¢¢=60 °C, we turn
now to examine the other cases for which the average temperature of the
cavity is smaller.

For T¢0q=40 °C, Bi=0.42 (h = 2 W/(m?K)), the flow exhibits a
steady, bi-cellular and symmetric pattern, with a central rising plume
until a value of AT = 2.9 K (Ra=7.01x10°) is reached. After such a
threshold, the flow becomes oscillatory with a central wobbling plume
(Fig. 15a). If the temperature is further increased, the pattern takes a
non-symmetric configuration with the average position of the central
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plume shifting to the left or to the right (Fig. 15b); this gives rise again to
two branches of possible non-symmetric solutions.

On increasing Bi, (T¢,¢=40 °C, Bi=2.1), the flow becomes oscillatory
between AT = 6.4 and 6.5 K (1.56x107 <Ra< 1.58x107) with a pul-
sating instability and a central rising plume very similar to that already
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discussed for Teo1g = 60 °C. As evident in Table 8, for this case (T¢o1g=40
°C), only positive values are possible for Ra.f, which confirm the trends
highlighted before, i.e. that when the T,.)q and Bi are high, the Ra¢ can
be much smaller than Ra or even take negative values. The value of Ra.,
indeed, increases when the heat exchange through the lateral walls is
reduced: from the negative values of the Table 7 we obtain the positive
ones of Table 8 by decreasing both Bi and T¢|q -

On increasing AT, the flow enters a quasi-periodic regime at AT =~ 6.8
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Fig. 13. Snapshots of velocity field (non-dimensional amplitude) for Bi=4.2, T.0q=60 °C, Ra=3.93x10": First row: the wobbling symmetric instability (mirror
symmetry with respect to the midsection preserved). Second row: non-symmetric pulsating mechanism (mirror symmetry with respect to the midsection is broken).

Fig. 14. Snapshots (nondimensional velocity amplitude) of chaotic pattern due to the interaction of the two non-symmetric solutions. Bi=4.2, Tcoq=60

°C, Ra=4.15x10".

K (Ra=1.65x 107, Fig. 16). In this regime a new wobbling mechanism is
superimposed on the previous one, giving rise to a hybrid oscillatory
state. Unlike the situation with Toq = 60 °C and Bi=0.42 (h = 2 W/
(mZK)), unfortunately, in this case we could not estimate the correlation
dimensions due to the very high-dimensional nature of the emerging
chaos (for which the classical [49,50] is no longer applicable, see, e.g.,

[61D.

4.2. Experimental results

All the experiments have been conducted using the facility and fluid
containers described in Sect. 2 with an ambient temperature = 22 °C
and imposed AT fixed to 20 K. In particular, the experimental results for
Teold = 60 °C and Teoq = 20 °C are summarized in Figs. 17 and 18,
respectively. For each case, the velocity as a function of time, measured
at a fixed position and some snapshots of the velocity field are reported.
In particular, the vector plots result from the application of a PIV

12

(Particle Image Velocimetry) technique to experimental videos
providing the evolution in time of tracer particles (size 50 pm made
visible by a light cut).

As the reader will realize by comparing such figures (e.g., Fig. 17)
with the complex scenario unveiled on the basis of numerical simula-
tions carried out under the constraint of two-dimensional flow, the 3D
flow is much more stable. More specifically, as evident in Fig. 17c, a
time-periodic flow is obtained for Teoq = 60 °C, AT 20 K,
Ra=8.7x10’. As discussed in Sect. 4.1, for the same conditions (see
Figs. 7-14), the equivalent 2D states would essentially be chaotic owing
to the gradual corrugation of a T2 torus (Curry-Yorke scenario) or the
sudden transition to chaos originating from a T° torus (Ruelle-Takens
route).

Moreover, comparison of the experimental results for two different
values of T.oq (namely cross-comparison of Figs. 17 and 18) is also
particularly instructive as it reveals that a larger average temperature of
the system can produce a significant simplification in the frequency spectrum
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Fig. 15. a) Four snapshots of velocity field evenly distributed along one period of oscillation for AT=3 K, T.qq = 40 °C (Ra=7.06x10°, Ra.4=5.874x10°) and
Bi=0.42 (h = 2 W/m?K), wobbling instability with central plume. b) Four snapshots of velocity field evenly distributed along one period of oscillation for AT=4.5 K
(Ra=1.06x107, Raes=9.754x10%) and Bi=0.42 (h = 2 W/m?K), unstable flow configuration with the average position of the central plume shifting to the left or to
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and in the flow patterning behavior.

We ascribe this stabilization to the heat transfer occurring through
the walls perpendicular to the z axis, which contribute (together with
the other two non-thermally controlled walls) to extract energy from the
system.

13

Moreover, as made evident by further visual inspection of these
figures, an increase in the average temperature of the fluid while
keeping fixed the imposed temperature difference has a two-fold effect.
Apart from determining a transition from the non-time periodic signal
visible in Fig. 18c to the time-periodic state represented by the signal
reported in Fig. 17c, the increased heat transfer towards the ambient
also causes remarkable changes in the structure of the flow.

Following up on the previous point, in Fig. 18a and 18b, a single
convective roll (corresponding to a mode with (aa) symmetry) is visible.
This roll, pervasive through the entire extension of the cavity and rep-
resenting the dominant circulation system, may be regarded as a clas-
sical manifestation of the so-called ‘large-scale circulation’ (LSC) typical
of turbulent RB convection ([26] and all references therein). This large
scale flow is generally produced by the merging of vortices with smaller
scale continuously produced in the fluid due to the ‘eruptive’ nature of
the thermal boundary layers located on the cold and hot walls in contact
with the liquid. These thermal boundary layers typically produce
‘waves’ which travel in a direction parallel to the thermally-active (hot
or cold) wall. These traveling disturbances cause local perturbations in
the thickness of the boundary layer, which grow with time and are
gradually transformed into thermal plumes. Thermal plumes tend to
detach from the boundary layers and transport the vorticity associated
with their cap (typically in the form of a toroidal vortex) to the center of
the cavity, where all these vortices finally coalesce producing the almost
2D convection visible in Fig. 18a. The LSC, in turn, supports the devel-
opment of waves in the boundary layers, which travel in the same di-
rection of fluid transported by the LSC.

As witnessed by Fig. 17a, however, this mechanism can be deeply
altered by strong heat exchange occurring through the lateral walls. The
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cooled fluid descending along the lateral walls forces the pattern to
develop a structure with a single thermal plume rising at the center. This
effect also prevents the boundary layers from supporting the continuous
propagation of waves thereby limiting the continuous (unsteady) pro-
duction of small-scale plumes. Additional details about the unsteady
behavior of the single central thermal plume in the case T, = 60 °C are
provided in Sect. 4.3 on the basis of dedicated 3D numerical simulations
and the evaluation of the related correlation dimension.

As a concluding remark for this section, we wish to highlight that,
from a qualitative standpoint, the stabilization of 3D flow with respect to
the equivalent 2D situation could have been anticipated on the basis of
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the existing previous literature for the adiabatic and conducting walls.
As an example, in the numerical studies by [62] and [63] for a cubical
box with adiabatic vertical walls, the critical Rayleigh number was
found to be larger than that required by the corresponding
two-dimensional case and this was ascribed to the presence of solid walls
along the third dimension, which tend to introduce additional frictional
effects, thereby stabilizing the flow with respect to 2D models. For the
3D cube with vertical conducting walls [64] found an even larger value of
the Rayleigh number, which they interpreted as the tendency of systems
with conducting sides to be more stable than the companion cases with
adiabatic boundaries due to the ability of conducting walls to dissipate
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Fig. 19. 3D numerical results: Horizontal velocity component as a function of time (left) and related frequency spectrum (right) at x = 1/2,y = 1/2, z = 5/8 and
Teolq=60 °C (Ra=8.74x107): a) Bi=2.1, b) Bi=4.2, ¢) Bi=6.3, d) Bi=10.56. Starting from a situation with chaotic behavior, the flow undergoes a gradual stabilization

until a perfectly time-periodic state is recovered.
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temperature perturbations.
4.3. Three-dimensional numerical simulations

This section is devoted to the presentation of 3D numerical results,
which are finally used to get other meaningful details and insights into
aspects, which would otherwise be out of reach.

The considered cases refer to T.oq = 60 °C and Bi=2.1, 4.2, 6.3 and
10.56, corresponding to dimensional values of the convective coefficient
h =10, 20, 30, 50 W/(mzK), respectively. All these cases are summa-
rized in Fig. 19, where the velocity is shown at a fixed point as a function
of time. These figures are instrumental in demonstrating that, in line
with the trends revealed by the experiments, an increase in the heat
exchange rate produces a stabilization of the flow, which evolves from
fully turbulent conditions for the lowest Biot number considered (2.1) to
a regular oscillatory flow at Bi=10.56 (Fig. 19d).

This evolution is further witnessed by the related correlation
dimension reported for the sake of completeness in Fig. 20. Interestingly,
D spans the interval between 5.6 and 1, as the system evolves from the
condition shown in Fig. 19a to that shown in Fig. 19d.

Additional useful information on these cases can be extracted from
Table 9, where the difference between the nominal Rayleigh number
and the effective one has been reported. Even though all cases have been
simulated for a fixed Ra of 8.74x10” (AT =20 K), the variation of Raeg is
very remarkable: passing from a positive value for Bi=2.1 to a negative
one at Bi=10.56. An explanation for this effect can be elaborated in its
simplest form using the same arguments already provided in Sect. 4.1
about the structure and location of the return flow and the cold fluid it
carries as a result of the interaction with the vertical walls.

At this stage, it is also worth developing further the discussion about
the symmetries of the flow already undertaken in that section under the
constraint of two-dimensionality. When the third dimension is consid-
ered, the problem becomes obviously more complex because a variety of
symmetries are possible and yet multiple solutions can be produced
depending on the considered initial conditions.

Relevant information about the distinct influence of adiabatic or
conducting walls on the multiplicity of solutions and the typical evolu-
tionary path followed by these systems can yet be found in the literature.
Interestingly, the excellent analysis by [65] identified several distinct
branches of possible supercritical stationary states for various values of
the Prandtl number (Pr = 0.71, 10, 130, see also [9] for Pr=0.01). These
modes were found to display different preferred directions and to
emerge in the form of straight rolls aligned with one of the vertical walls
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Fig. 20. Correlation dimension as a function of the Biot number for Tcoq = 60
°C and Ra=8.74x10” (3D cases).
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Table 9
Effective Rayleigh numbers as a function of Bi
for Teoiq = 60 °C and Ra=8.74x107.

Bi Raest

2.1 1.855x10°
4.2 —~2.02x10°
6.3 —4.682x10°
10.56 —7.794x10°

or oriented along one of the diagonals or to take the configuration of a
toroidal vortex. Moreover, according to these studies, when convection in
the cubical geometry with adiabatic walls becomes oscillatory for
Ra>10° and Ra>1.2 x 10° for the Pr=0.01 and Pr=0.71 cases, respec-
tively, the final state of the system is typically represented by an oscil-
lating pattern with a single roll oriented along the direction of one of the
sidewalls (i.e. along x or along y). [66] obtained similar results for
Pr=130 and Rayleigh number up to 1.5 x 10°. Interestingly, these au-
thors found that six flow patterns are possible and that two, three, or
even four of these patterns can coexist over certain ranges of Ra in the
studied domain (multiple solutions).

Given these premises, in line with the similar arguments elaborated
in Sect. 4.1, the present results do confirm that the heat transfer through
the sidewalls can have a huge impact on the nature and symmetry of the
convective modes selected by the system. This argument is substantiated
in Fig. 21. This figure is useful as it shows that, like the 2D case, only one
of the possible flow symmetries survives, namely that with the toroidal
vortex, which corresponds to a single rising plume originating from the
bottom hot wall.

The unsteady behavior of the central plume can also be directly
inferred from this figure. It can be seen that the central jet (plotted in
terms of isosurfaces of the vertical velocity component) undergoes a
well-defined sequence of stages of evolution in time. While in panel (a),
the central (rising) current of fluid displays a well-defined morphology,
which aligns essentially with the y = z diagonal direction, in panel (b)
this direction has apparently undergone a 90° rotation. Taken together,
these snapshots indicate that the time-periodic behavior of the flow in
this case essentially stems from a kind of pulsating mechanism of the
central rising current, which expands and shrinks periodically along the
y = z direction and the other diagonal direction.

For the purpose of quantifying the impact on the flow symmetry of
the heat exchange through the lateral walls with respect to ideal adia-
batic conditions, in Fig. 22 the case with Bi=10.56 is directly compared
with equivalent numerical simulations conducted assuming the classical
adiabatic conditions (Bi=0). In this figure the strong difference between
these two situations can also be clearly seen in terms of features of the
temperature field. In particular, the key to interpreting these results lies
in considering that while in the adiabatic case, the morphology of the
thermal plumes is extremely involved (Fig. 22a), with several rising and
descending interacting plumes distributed throughout the cavity, for
Bi=10.56, their structure is much more regular with rising hot plumes
being concentrated in the center of the cavity (Fig. 22b).

Side-by-side 3D simulations and experiments are finally shown for
the same case (Bi = 10.56 and T,uq=60 °C) in Fig. 23, where the
streamlines have been drawn in the x-y plane: in both cases the tendency
of the flow to create a well-defined central rising thermal plume is
evident.

Table 10 is finally devoted to a comparison of the non-dimensional
main frequencies (corresponding to the main peak of the spectrum)
for experiments and numerical simulations from which we conclude that
experiments and numerically determined frequencies are in good
agreement when Bi = 4 [whereas smaller values of Bi, e.g., Bi=2.1 (not
shown) tend to produce irregular flow].
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Fig. 21. Two snapshots of vertical velocity evenly distributed along the oscillation period at Ra=8.74x107, Bi=10.56 and Tc,q = 60 °C (grid 100x100x100).
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Fig. 22. Temperature isosurfaces: a) Cavity with adiabatic walls at Ra=178x10°. b) 3D simulation at Bi=10.56 and Teiq=60 °C, Ra=8.74x107, Raeg=—7.794x10°

(grid 100x100x100).

5. Conclusions

Thermal convection is a very complex non-linear problem where
both initial and boundary conditions can have a remarkable impact on
the emerging solutions and the related ‘multiplicity’. In particular, of
special interest in finite-size systems is the thermal behavior of the
sidewalls because, by allowing thermal energy to leave or remain in the
fluid domain, these can promote or prevent the evolution of the system
along certain paths. The overarching aim of the present study was,
therefore, to open up for such inquiry, by exposing and exploring critical
issues as they emerge when one tries to deal with an experimental
investigation of these problems.

Trying to summarize the main outcomes of the present study is not an
easy task given its involved nature and the complexity of the obtained
results. Anyhow, focusing on the most salient aspects, the following
conclusions may be reported.

As a fruitful alternative to standard models with adiabatic or con-
ducting walls, traditionally used to obtain insights into the effect of the
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heat exchange taking place through the lateral wall, a minimal model
has been considered consisting of a fixed quantity of fluid encapsulated
into a shell delimited by mutually perpendicular walls (cubic shape)
with non-negligible thickness. The external vertical walls of this shell
have been assumed to exchange heat with the external environment
with the two external horizontal surfaces maintained at different con-
stant temperatures.

According to the numerical results, starting from the idealized situ-
ation in which the flow is simulated in the framework of 2D computa-
tions, a variation in the intensity of the heat flux at the sidewalls can
cause a significant departure from the equivalent dynamics that are
produced when the idealized adiabatic or conducting boundary condi-
tions are considered. Multiple solutions can still be an intrinsic feature of
flow in these systems and the interaction among these multiple states
can produce interesting phenomena such as attractor crisis, sudden
transition to chaos and switching from the classical Ruelle-Takens sce-
nario to the Curry-Yorke one. Nevertheless, heat exchange with the
external environment can force these systems to select convective modes
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Fig. 23. Streamlines for T.,q=60 °C in the x-y plane (z=5/8) : a) 3D simulation for Bi=10.56; b) Experiment.

Table 10
Non-dimensional frequency and dimensional period in seconds as function of the
Biot number. Tqq = 60 °C , Ra=8.74x10".

Bi Non-dimensional angular freq. Dimensional period [s]
Experiments 1488 42.7

4.2 1701 37.4

6.3 1763 36.0

10.56 1926 33

with a specific symmetry.

Dedicated experiments and dedicated three-dimensional simulations
have confirmed that the striking shrinkage in the possible flow sym-
metries of the convective modes reported under the constraint of 2D
flow is still a feature when the effects of the third dimension are taken
into account. Moreover, in these cases, the increased amount of heat lost
through the additional two walls limiting the fluid along the third di-
rection can be responsible for significant stabilization with respect to the
equivalent 2D cases.

When turbulent states are considered, which display a large scale
circulation with prevailing two-dimensional structure ((aa) symmetry),
on increasing the heat loss through the lateral walls, these tend to be
replaced by much more regular modes of convection, corresponding to a
roll with toroidal morphology, which gradually evolves from a time-
periodic state to high-dimensional chaos in the limit as the Biot num-
ber tends to zero. Table 6 Egs. (6), (9), (10a)-(10b), (11), (13)
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