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Generalized Autoregressive Conditional Heteroscedasticity (GARCH) model and its variations have been widely adopted in
the study of financial volatilities, while the extension of GARCH-type models to high-dimensional data is always difficult
because of over-parameterization and computational complexity. In this article, we propose a multi-variate GARCH-type model
that can simplify the parameterization by utilizing the network structure that can be appropriately specified for certain types
of high-dimensional data. The asymmetry in the dynamics of volatilities is also considered as our model adopts a threshold
structure. To enable our model to handle data with extremely high dimension, we investigate the near-epoch dependence (NED)
of our model, and the asymptotic properties of our quasi-maximum-likelihood-estimator (QMLE) are derived from the limit
theorems for NED random fields. Simulations are conducted to test our theoretical results. At last we fit our model to log-returns
of four groups of stocks and the results indicate that bad news is not necessarily more influential on volatility if the network
effects are considered.
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1. INTRODUCTION

To pursue maximum return or to circumvent potential risk, investors constantly revise their portfolio according
to any related information. Understanding how the volatility of financial assets responds to new informa-
tion is crucial in risk management and a widely studied area in econometrics and statistics. In the literature,
statistical models that describe the formation of financial risks have been developed and conducted in prac-
tice. The Autoregressive Conditional Heteroscedasticity (ARCH) model was proposed by Engle (1982) for
estimating the variance of United Kingdom’s inflation. In an ARCH(p) model, the volatilities of returns are
affected by up to p lags of past observations. Bollerslev (1986) then proposed a generalized ARCH model
(GARCH), to accommodate longer memory of past observations. It has become one of the most popular
models in econometrics ever since, and numerous variations of GARCH model have been developed for
modeling volatility with complicated structures. See Terdsvirta (2009) for a survey of different GARCH-type
models.

When we study risks of multiple assets simultaneously, the conditional variances that represent individual risks
are of interest as well as conditional covariances that represent risk-sharing relationships. On the other hand, risk
of a particular individual could be affected by covariates of itself, and of those who closely related to it. This leads
to the need of extending the GARCH-type models into the multi-variate case. For an N dimensional time series
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{y,}, a canonical expression of multi-variate GARCH would be

Yy = H[l/2zt’
H =g (yz—lth—l) > ey

where random vector z, satisfies [E(z,) = 0 and var(z,) = I, and there could be various specifications of the
function g(-) as it represents the structure of the conditional covariance matrix H,. For more details on this
subject, an excellent survey paper by Bauwens et al. (2006) on the family of multi-variate GARCH models
is recommended.

However, in terms of parameter estimation, there are major challenges that could make multi-variate GARCH
(MGARCH) models inapplicable in empirical analysis when it comes to dealing with high-dimensional data. For
example, the number of parameters rises at the speed of @(NV*) in vectorized GARCH model (VEC-GARCH)
proposed by Bollerslev et al. (1988). Over parameterized specification causes high computational complexity,
and makes it problematic to derive conditions for positive definiteness of the conditional covariance matrix H,.
Plenty of efforts have been made in the literature, diagonal VEC-GARCH (DVEC-GARCH) model by Boller-
slev et al. (1988) and Baba-Engle-Kraft-Kroner GARCH (BEKK-GARCH) model by Engle and Kroner (1995)
are proposed with the aim of simplifying the conditions of positive definite by imposing structural restric-
tions on the conditional covariance matrix. The number of parameters could also be significantly reduced to
O(N?) in the Constant Conditional Correlation GARCH (CCC-GARCH) by Bollerslev (1990) and Dynamic
Conditional Correlation GARCH (DCC-GARCH) by Engle (2002) and Tse and Tsui (2001). On the other
hand, as an alternative way to overcome the over-parameterization problem, the idea of factor variables was
imposed by Engle et al. (1990) on the multi-variate ARCH model as a dimension reduction technique. This
idea is later introduced to MGARCH model by Bollerslev and Engle (1993), as well as succeeding work of
Pan et al. (2010), Hu and Tsay (2014) and Li ef al. (2016). At certain application scenarios when there is
network structure behind the data we are interested in, multiple variables are connected and a multi-variate
GARCH-type model could be fitted. These variations of MGARCH models solved the over-parameterization
problem to some extent, but the number of parameters still expands along with the number of dimension
nevertheless. With this flaw, MGARCH models could only be imposed on data with a small number of dimen-
sions, such as stock indices of multiple markets or exchange rates of two currencies (see Karolyi, 1995 and
Tse and Tsui, 2001).

Despite aforementioned difficulties due to dimensionality, for some specific types of multi-variate data where
the connections between different components are actually observable, it is still possible to significantly simplify
the model setup in the following aspects:

1. Instead of considering both volatilities and co-volatilities, we focus on studying the dynamics of volatilities
only,

2. And instead of parameterizing every cross-individual effect, appropriate network structure can be embedded
into the model.

In many cases such network structure can provide sufficient information about how the influence of pulses travel
through edges between individual nodes. For instance, Nitzan and Libai (2011) found that customers connected
with a defecting neighbor are 80% more likely to cancel their cellular service, and Goel and Goldstein (2014)
concluded that the accuracy of individual behavior prediction can be significantly improved based on network data
compared with conventional marketing practices.

Zhou et al. (2020) proposed a network GARCH model (see (2) for detailed specification of this model) that
significantly reduces the parameterization complexity — the number of parameters remains fixed in their model
no matter how large is the dimension N. However, they did not fully utilize such an advantage as their dis-
cussion on parameter estimation is limited to the case when N is fixed. Such setting narrows the variety of
scenarios where their model could be applied since the size of network is often extremely large. In a study

wileyonlinelibrary.com/journal/jtsa © 2024 The Authors. J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12743

85UR0 | SUOWILLD BRSO 3|qedtidde auy Aq peusenob 82 s3ole VO ‘SN JO S3|nJ Joj Areiq i 8UIUO AB]IM UO (SUO R PUOD-PUR-SLLBYLIOD A8 |IM A LIq 1 BUIIUC//SAIY) SUORIPUOD PUe SWS | 8U} 885 *[7202/50/2T] U0 ARigiT8uliuO AB|IM ‘UeWURA0D AlquessY UsPM AQ 72T esH/TTTT OT/I0p/w00 A8 | Afelq 1 uIjuo//Sdiy Wo4 papeojumod ‘0 ‘Z686.9%T



THRESHOLD NETWORK GARCH MODEL 3

on social network that consists of 2982 users, Zhu et al. (2017) proposed a network AR model and the corre-
sponding least squares estimator is proved to remain valid when the sample size T — oo and the dimension
N — oo. Compared with their AR-type model, the unobserved volatility processes raise difficulties in extend-
ing such properties to GARCH-type models. We manage to address this problem by considering our network
model as a spatial process on a two-dimensional lattice and adopting the asymptotic theorems for random fields
proposed by Jenish and Prucha (2012) in the estimation of parameters. Since their limit theorems require NED,
we will show such properties under certain restrictions on parameters and network structure. The idea of using
limit theorems of spatial processes in the inference of high-dimensional time series has been considered by
Xu et al. (2022) in the instrumental variable quantile regression estimation of their dynamic network quan-
tile regression model. In this article, we will first introduce this idea into the estimation of high-dimensional
GARCH-type models.

Aside from data with a diverging number of dimensions, we also aim to enable our model to handle data with
asymmetry that was observed in empirical work such that positive and negative pulses affect volatilities differ-
ently in magnitude as well as in direction. While most GARCH-type models have an implicit assumption that the
volatilities respond equally to the magnitude of positive and negative returns, Glosten et al. (1993) proposed a
Glosten-Jagannathan-Runkle GARCH (GJR-GARCH) model with a threshold structure, allowing the volatility to
act asymmetrically in magnitude responding to positive and negative pulses. The threshold GARCH (TGARCH)
by Zakoian (1994) also accommodates the asymmetry, but in magnitude of influence on conditional standard
deviation. The exponential GARCH (EGARCH) of Nelson (1991) takes log transformation on the conditional
variances, lifting the limitation of non-negative coefficients in conventional GARCH-type models and making it
possible for their model to explain asymmetry in the direction of how volatility change corresponding to positive
and negative news.

To study the asymmetrical dynamics in the volatilities of high-dimensional financial data, we propose a threshold
network GARCH (TNGARCH) in Section 2. Stationarity conditions of this model are derived in Section 3.1
with fixed N. In Section 3.2 we prove the L,-NED of proposed model under certain restrictions. The asymptotic
properties of QMLE are investigated in Section 4, in the case when T — oo and N — oo at a lower rate. Then we
propose a Wald statistic in Section 5.1, to test the existence of threshold effect, and in Section 5.2 we introduce a test
for high-dimensional white noise proposed by Li ez al. (2019). In Section 6, our methodology is tested on simulated
data that are generated based on four different kinds of network structure. We observed an asymmetry that is
different from existing literature, in how much the volatility responds to good news and bad news at individual
level by applying our model to high-dimensional time series of log returns in Section 7. At last in Section 8§,
conclusions and potential directions for future research are summarized.

2. MODEL SETUP

Consider an undirected and weightless network with N nodes. Define the adjacency matrix A = (a;), ; j<y> Where
a; = 1 if there is a connection between node i and node j, otherwise a; = 0. Besides, self-connection is not allowed
for any node i by letting a; = 0.

The connection can be defined differently with respect to practical scenarios, such as two social network
accounts in a mutual followship, or two stocks who share at least one of top shareholders. As an interpretation of

the network structure, A is symmetric since a;; = a;, hence for any node i, the out-degree df,(“") = ZN a; is equal

ji (=17

to the in-degree dfi") = ZI.V a; and we use d; to denote both for convenience.

e . ) .
For any node i in this network, let y,, be the observation at time ¢, and A, be the unobservable conditional
heteroscedasticity of y,, i.e. b, := var(y,|H,_,) where H,_; denotes the c-algebra consisting of all available

information up to #— 1. A network GARCH(1, 1) specification of the conditional variance incorporates the network
effect:

N
= 2 2 .
hy=o+ayl_ +AY wt  + B, i=12 .. N. 2)
J=1
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Model (2) indicates that the volatility A, of each stock i, is influenced by not only its own previous change of price

measured by y? ._;» but also the average (with weight w; = %) of yj? ., for all node j that are related to node i. To

ensure the positiveness of conditional variance, it is constrained that @ > 0 while a, 4, f > 0.
To model the asymmetry in volatility, our TNGARCH model contains the threshold structure comparing with
model (2). A TNGARCH(1,1) model is specified as follows:

Vie = €4V s
N
1 2 2 2
hy=w+ (“( My z0 +a® 1 ) ) Vi1 + ﬂZwryy.f,z-l +bhis
j=1
i=1,2,...,N, 3)

where 1, is the indicator function. To assure the positiveness of /., the coefficients w, al a® A and B are
assumed to have the same constraints as in (2). {si,} is a white noise process satisfying the following assumption:

Assumption 1. {ei,} is i.i.d. across i and ¢, with non-degenerate distribution, mean 0 and variance 1.

This assumption allows us to investigate, in the next section, the conditions for our model to have a unique
strictly stationary solution, which serves as a precondition for further discussion on parameter estimation and
statistical inference.

3. STATIONARITY AND NEAR-EPOCH DEPENDENCE

To derive the conditions under which model (3) is strictly stationary, we rewrite the conditional variance process
in vector form

h,=wly+B,_h_,, 4)

with notations as follows:

!’
h, = (hy, hy, ... ,hy,) €R",
1,=(1,1, ..., 1) eR",
B_,=aVR_E_,+a®Uy—R,_)E,_, + AD"'AE,_| + pI,,

R, = diag{l{yl,,_lzow Lonizor o> Ly 20 }

— 2 2 2
E,_, = diag {61,1—1’ Eoutr o o Ent } ’
D = diag {d,.d,, ... ,dy}.
In Section 3.1, the stationarity of (4) when N is a fixed number will be discussed. However, to estimate the
parameters when N — oo, limit theorems based on stationarity and ergodicity of fixed-dimensional time series

are not sufficient. Therefore, in Section 3.2 we will discuss the near-epoch dependence for a random field that
supports the adoption of limit theorems for spatial processes in the subsequent sections.

3.1. Stationarity with N being Fixed

Since y,, = €,,\/h;,, y;, = 0 is equivalent to €, > 0. Hence
R,_, = diag { Vo200 Leyi200 -0 2 Ly, 1209 }
wileyonlinelibrary.com/journal/jtsa © 2024 The Authors. J. Time Ser. Anal. (2024)
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THRESHOLD NETWORK GARCH MODEL 5

In this case, the random matrices {B,} are i.i.d. and model (4) is a generalized autoregressive equation by
definition 1.4 in Bougerol and Picard (1992). It is easy to verify that E(log" ||By||,) < co. Therefore, the top
Lyapunov exponent associated to {B;} is well-defined as follows:

y :=inf{1f«:(Llog,r||13,19,_1 Byl ). re Ny, 5)
t+1
where ||-||, is an operator norm of N X N matrices, corresponding to any norm on R" through
IMIl, = sup {IMx|| / lIx]l; x € RY, x #0}.

According to theorem 3.2 in Bougerol and Picard (1992), the series

h=oly+®) B, ... By, (6)

k=1

is the unique strictly stationary and ergodic solution of model (4) if and only if the Lyapunov exponent y < 0.
Under this condition, process {y,} is also strictly stationary and ergodic where y, = (yi;sYas -+ »Vy) € RY
since we could easily construct a continuous function A : R¥ — R according to (3) such thaty, = A(h,).
Besides, since y, = €,1/h,,, the almost sure convergence of (6) guarantees that [E(h,) < oo for any i. Thus,
Elly,|*> = ZLE(h”) < oo with || - || being an Euclidean norm.

By the subadditive ergodic theorem in Kingman (1973),

y = lim

g 55, - .

almost surely. In this case, y could be approximated through computer simulation technique given a specific dis-
tribution of ¢;,. For the purpose of reducing computation complexity, we derive a sufficient condition that is simple
and much easier to verify.

Theorem 1. Under Assumption 1, model (4) has a unique strictly stationary and ergodic solution in the form (6) if

max {a",a®} + p+ A< 1. 7

3.2. Near-Epoch Dependence for Random Fields

Let D := {(i,t) : i € N,,t € Z} be a lattice on space R?, and p((i, ), (j, 7)) := max{|i —j|, |t — 7|} measures
the distance between any two locations (i, 1), (/, 7) € D. Assume we have observations from model (3) {y;.1 <
i £ N,1 <t < T}, then these observations could be regarded as triangular array of random fields {y, : (i,?) €
Dyy, NT > 1} with {Dy,, NT > 1} being a series of finite rectangular lattices Dy, 1= {(i,f) : ] Ki<N,1 <t <
T}. Then the growth of sample size is ensured by unbounded expansion of Dy, as NI — oo. Such expansion is
represented as |Dy;|. — oo, where | - |.. is the cardinality of D). The discussions on the asymptotic behaviors of
random fields concern only the expansion of sample region, therefore the theoretical results derived in this section
will apply as long as |Dy;|, = NT = oo.

Let ||-||,, denote the L,-norm, i.e. || X]|, := (E|X |P)!/P for an arbitrary random variable X. The definition of NED
random fields is given as follows (see definition 1 in Jenish and Prucha, 2012):

Definition 1. A triangular array of random fields Y := {y; : (i,7) € Dy;, NT > 1} is said to be L,-NED (p > 1)
on € = {g; : (i,1) € D} if sup; yep [|vil|, < oo, and

”yit - E(Yirlrz‘t(s)”p <dy(s),
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6 Y. PAN AND J. PAN

where F,(s) 1= ole;, @ p((i,1),(, 7)) < s}, w(s) is some non-negative sequence with limg_, , w(s) = 0, and
{d, : (i,t) € Dy;, NT > 1} is an array of finite positive constants.

Remark. If y(s) = O(s™) for some p > 0, then Y is said to be L,-NED on & of size-u; If w(s) = O(p*) for some
0 < p < 1,then Y is said to be LP-NED on &£ geometrically; If SUP(; pep d, < oo, then Y is said to be uniformly
L,-NED on random field €. Note that geometric NED means NED of size-y for all 4 > 0.

We need following assumptions before discussing the NED property of Y. Assumption 2 is needed to prove
that sup;  <p ||%2;:||, < o0; Assumption 3 put restriction on the sparsity of the network: the power of connections
between two nodes decays with their distance in case (a), or two nodes are only connected if they are sufficiently
close in case (b). Similar restrictions on the network structure could also be seen in assumption 3 by Xu and
Lee (2015) and assumption 3.2 by Xu et al. (2022).

Assumption 2. There exists k, := Ee} < o0, such that
iy (max{aV,a®} + p + /1)2 <1
Assumption 3. The row-normalized adjacency matrix W satisfies one of following conditions:

(a). wy = O(li —jl_MTﬂ) for some u > 0;

(b). wy # 0if |i — j| < K for some constant K > 1, and wy = 0 otherwise.
Theorem 2. If condition (7) holds, under Assumptions 1, 2 and 3(a), {h; : (i,f) € Dy;, NT > 1} is uniformly
L,-NED on {g;, : (i,t) € D} of size-u, where the NED size y is the constant in Assumption 3(a). Moreover, if
Assumption 3(b) holds instead of 3(a), {h;, : (i,f) € Dy;, NT > 1} is uniformly and geometrically L,-NED on
{e;, : (i,1) € D}.
Remark. Note that ||y; — E(y |F, ()|, = ||€2 ]|, || — B2, F,(5))]], then Assumption 2 facilitates the L,-NED
of yl?t’s given the L,-NED of #,’s. Besides, since h;, > w > 0, it is easy to verify that 4/h,, is a Lipschitz transfor-
mation of 4;, using mean value theorem. Then proposition 2 in Jenish and Prucha (2012) allows 4/A;,’s to inherit
the NED properties from #,,’s, therefore we could also verify that y,’s are also L,-NED.

4. PARAMETER ESTIMATION

From model (3) we have observations {y;, : (i,1) € Dy;, NI > 1} with respect to true parameters §, :=
(wy, al a? Ao By) € R’. Based on the infinite past of observations, the quasi log-likelihood function is

0% >
1 N T
Lyr(0) = = > X ®).

i=1 r=1
y2
1.(0) = log 62(0) + ——, 8
#(0) g0,(0) 22(0) (8)

where o-l.zt is generated from model (3) as
N

2 _ (1) ?2) 2 —1 2 2
o, =0+ {a Ly om0y F @71 o) } Vi + 44, Zaijyj,t—l +Po;,
J=1
and 0 := (w,aV,a®, A, f)) € R is the parameter vector.
Since the evaluation of the exact value of (8) is infeasible in practice, it is convenient to approximate (8) with

N T
Lr(0) = == ¥ Y 1,(0),

i=1 t=1
2

~ y:
~2 '
1,(0) = log 52(0) + ——, 9)
53(0)
wileyonlinelibrary.com/journal/jtsa © 2024 The Authors. J. Time Ser. Anal. (2024)
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THRESHOLD NETWORK GARCH MODEL 7

where 6'[?[ is also generated from model (3) but with initial value 6'1.2() = 0. And the QMLE of 6 € O is given by
0y, = argmin Ly, (0).
0€®
To prove the asymptotic properties of § 7> We need following assumptions aside from those required by Theorem 2:

Assumption 4. © is a compact subset of {0 t0>0,aY>0,a%>01>0,8> 0} such that all # € O satisfy
(7) and Assumption 2, and the true parameter 6, € ® is an interior point of ©.

Assumption 5. sup < SUpyee ”‘71-2;(9)“ < oo for some p > 1.

Assumption 6. Ee < oo for some r > 2, and following bounds exists:

sup o (60)]l,, < eo:

(ineD

sup ia (0) < 00;

@.nep || 90, 0 '
62

su (9 )| < o0,

coen || 96,0077

where 6, denotes the kth component of parameter vector 6.
Assumption 7. The NED-size y in Theorem 2 satisfies % u > 2 with r being the one in Assumption 6.

Assumptions 4 is also required by Zhou et al. (2020) to prove the asymptotic properties in the case when N
being fixed. With both T — o0 and N — o0, additional assumptions as above are required to adopt the limit the-
orems of random fields. Specifically, Assumption 5 is required for /() to satisfy the bound condition of law of
large numbers (LLN) for random fields (assumption 2(a) in Jenish and Prucha, 2012); Assumption 6 facilitates
the heredity of NED property from o; (60) to the more complicated forms of first-order and second-order deriva-
tives of Ly;(6,); Assumption 7 is a constramt on the decaying rate of NED coefficients, which is required by the
central limit theorem (CLT) for random fields (assumption 4(c) in Jenish and Prucha, 2012). Of course, as we
have remarked after Definition 1 that geometric NED means NED of size-u for all 4 > 0, therefore Assumption 7
would be trivial under geometric NED.

Theorem 3. Under Assumptions required by Theorem 2, Assumption 4 and Assumption 5, the quasi-maximum
likelihood estimator 6, is consistent, i.e.

AP
Onr — by,
as NT — oo; If Assumptions 6 and 7 also hold, and the smallest eigenvalue 4_;, () of
K, — 1 1
yr = ( o) ( o)
4 lt ’ lt
NT (D +(6, )00 00
satisfies that
mf /lmm(ZNT) >0, (10)
then @, is asymptotically normal as NT — co and N = o(T):
INTs!/2 d 12
NTZ (HNT 0y) — N(O, (x, — 1)°[5),
where I5 is the 5 X 5 identity matrix.
J. Time Ser. Anal. (2024) © 2024 The Authors. wileyonlinelibrary.com/journal/jtsa
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8 Y. PAN AND J. PAN

Remark. Condition (10) can be implied if the smallest eigenvalues /1&1?1 of E [ 4(19 S %6%(90)56%(00)] satisfy that
9% ! o

inf ., inf A0 50,

(I,EDNT “min

As we will show in the proof of Proposition 5.1, k, and X, above could be approximated by

N T 4
. 1 Vi
Ky i= 57 — an
1 =1 O'l.[(@NT)
and
- R 1 062(Byp) 0520y
Syr i= XX |l | (12)
NT &~ 54Oy a0 a0
respectively. The later could be calculated recursively as %6'1.2[(67”) =u,  + I %6it_l(9NT) where
1
Viet e, 1200
0, = y,%,_l 1 {&,1<0) |
N
Zj:lwinj'z,t—l
511 Onr)
5. TESTS ON THRESHOLD EFFECT AND RESIDUALS
5.1. A Wald Test for the Threshold Effect
Given a null hypothesis
H,:T6,=n, (13)

where I' is an s X 5 matrix with rank s and # is an s-dimensional vector, we could define a Wald test statistic as
follows:

A T N -1 -1 A
Wy = (T, — n)’{ O 1)22NTF’} Ty — 1), (14)

where &, and iNT are defined in (11) and (12).
By the asymptotic normality of ,;, Wy, could also be proved to follow a canonical asymptotic distribution as
in Proposition 5.1.

Proposition 5.1. Under the same assumptions required by Theorem 3, as T — oo and N = o(T), the Wald test
statistic defined in (14) asymptotically follows a y? distribution with degree of freedom s, i.e.

2
Wyr — x5
wileyonlinelibrary.com/journal/jtsa © 2024 The Authors. J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12743
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THRESHOLD NETWORK GARCH MODEL 9

5.2. A White Noise Test on the Residuals

There has been a large literature investigating high-dimensional time series models, including Xu and Lee (2015),
Zhu et al. (2017) and Xu et al. (2022) among others, but none of them has used diagnostic tools to check the model
adequacy. In this section, we will introduce a high-dimensional white noise test developed by Li et al. (2019) that
can be applied to the diagnostic of high-dimensional models including ours.

Assume we have residuals {r, : 1 < ¢ < T}, where r, := (r, ... ,ry). We want to test whether
{r, : 1 <t < T} are high-dimensional white noises, i.e. there exists a matrix P such that

H, :r, = Pz, 15)
where z, = (g,,, ... ,€y,). The test statistic is the sum of squared singular values of first ¢ lagged sample
autocovariance matrices:

q ~AA
G, =Y (3.5), (16)
=1

where §, = %Z,Tzlr[rf_, withr, =r,,, whent < 0.
If A is unknown, the sample covariance matrix of r, is §, = %Ztrzlr,r;. According to (2.8) in Li ez al. (2019),
we reject (15) if

>Z,

where §, = jlvtr(S’O), 3, = I%tr(S'(z)) and Z, is the upper-a quantile of standard normal distribution.

Note that {r, : 1 <t < T} being white-noise means that the residuals are uncorrelated over z. However, it
doesn’t indicate that the residuals are uncorrelated over both i and . The later indicates a stronger adequacy of
high-dimensional model. We could assume that P = I in the null hypothesis, and by (2.5) in Li ez al. (2019), we
reject H, : r, =z, if

qu
G, -7
>Z,.
2N2 AN3 g2 (k-3 8N342
\/_q + N7 (x4 —3) 4 2
T2 T3 T3

6. SIMULATION STUDY
6.1. Network Simulation

The symmetric matrix A in model 4 represents an undirected network structure, the pattern of which varies
over different application scenarios. In this simulation study, we tend to use four different mechanisms of
simulating corresponding network. The network structure in Example 1 adapts to Assumption 3(b), which
is required by geometric NED as we have shown in Theorem 2. Simulation mechanisms introduced in
Examples 2—4 are for testing the robustness of our estimation, against network structures that may violate
Assumption 3.

Example 1. Foreachnodei € {1,2, ... , N}, itis connected to node j only if j is inside i’s D-neighborhood. That
is, in the adjacency matrix, a; = 1if 0 < |i —j| < D and q;; = 0 otherwise. Figure 1(a) is a visualization of such a
network with N = 100 and D = 10.

J. Time Ser. Anal. (2024) © 2024 The Authors. wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12743 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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10 Y. PAN AND J. PAN
Example 2 (Network structure with random distribution). For eachnodei € {1,2, ... , N}, we generate D, from
uniform distribution U(0, 5), and then draw [D,] samples randomly from {1,2, ... ,N} to form a set S, ([x] denotes

the integer part of x). A = (a;;) could be generated by letting a; = 1if j € S; and a; = 0 otherwise. In a network
simulated with such mechanism, as it is indicated in Figure 1(b), there is no significantly influential node (i.e. node
with extremely large in-degree).

Example 3 (Network structure with power-law distribution). According to Clauset et al. (2009), for each node i
in such a network, D, is generated the same way as in Example 2. Instead of uniformly selecting [D,] samples from
{1,2, ... ,N}, these samples are collected w.r.t. probability p; = s,/ Efilsi where s; is generated from a discrete
power-law distribution P {si = x} o x~ with scaling parameter @ = 2.5. As shown in Figure 1(c), a few nodes
have much larger in-degrees while most of them have less than 2. Compared to Example 2, network structure
with power-law distribution exhibits larger gaps between the influences of different nodes. This type of network

o0 e
/.A. ° O
P @ o0
P osFs a0 g ® ®
® o O o0 @ o
000 [ N o o .
ZH W) = ‘ .
®0o00 PS |\
@ ® O
.f.,. é .,,.f'."’ ° o ® o o
®eeoo0 ® oo° ® @
© 00 .%.%¢.9 Yot 2 e ?
® o o @ .’ &
o0 ® °
(a) (b)
o
o
® =" '..‘ ®
o [ ) '
® o ® o o ® @°
< @
o ® [ ] ®
o ® ® Ve
® [ ® o
o ® o °
@ 0%, °
® ®
e
(c) (d)
Figure 1. Visualized network structures with N = 100. (a) Example 1 (D = 10) (b) Example 2; (c) Example 3; (d) Example 4
(K =10)
wileyonlinelibrary.com/journal/jtsa © 2024 The Authors. J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12743
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THRESHOLD NETWORK GARCH MODEL 11

is suitable for modeling social media such as Twitter and Instagram, where celebrities have huge influence while
the ordinary majority has little.

Example 4 (Network structure with stochastic blocks). As it was proposed in Nowicki and Snijders (2001), in
a network with stochastic block structure, all nodes are divided into blocks and nodes from the same block are
more likely to be connected comparing to those from different blocks. To simulate such structure, these N nodes
are randomly divided into K groups by assigning labels {1,2, ... , K} to every nodes with equal probability. For
any two nodes i and j from the same group, let P(a; = 1) = 0.5 while for those two from different groups,
P(a; = 1) = 0.001/N. Hence, it is very unlikely for nodes to be connected across groups. Our simulated network
successfully mimics this characteristic as Figure 1(d) shows clear boundaries between groups. Block network also
has its advantage in practical perspective. For instance, the price of one stock is highly relevant to those in the
same industry sector.

In the next section, the simulation study is carried out on datasets that are generated according to the process
(3) in conjunction with three types of adjacency matrices in Examples 1-4.

6.2. Simulation Results

Setting the true parameters 6, as (0.1,0.1,0.2,0.2,0.2)’, we generate data according to process (3) with different
sample sizes T and number of dimensions N. In our setting, T increases from 50 to 4000, while N also increases

at relatively slower rates of O( ﬁ ) and O(T / log(T)) respectively, as it is showed in the following table:

T 50 100 200 500 800 1000 1500 2000 2500 3000 4000
N =T 7 10 14 22 28 31 38 44 50 54 63
N ~ T/ log(T) 12 21 37 80 119 144 205 263 319 374 482

For each combination of (7, N), M = 1000 datasets will be simulated independently, according to (3). Based on
the mth (m = 1,2, ... , M) dataset, the estimation of 6, will be carried out and the estimation result is denoted as
0,=@,,) =@, &2) , &If) . A, B,). Fork = {1,2,3,4,5}, the following two measurements are used to evaluate
the performance of simulation results:

1. root-mean-square error: RMSE, = \/ MY (8, - 9k0)2,
2. coverage probability: CP, = M~' Y"1 {610ECli ) -

CI,,, is the 95% confidence interval defined as

A

ClL, = <9km = Z09755Exm, O + Z0497SSEkm> >

where the estimated SE §1\€km could be calculated as the square root of kth diagonal element of (NT)~(&, — l)i_1
and 7, ¢75 is the 0.975th quantile of standard normal distribution. To eliminate the effect of starting points, a different
initial guess of @ is used for each m.

As it is demonstrated in line graphs (c) and (d) in Figures 2-5, the consistency of the estimator is obvious since
RMSE drops toward zero when T and N increases. Additionally, SE is proved to provide reliable estimation of
true SE since the coverage probability (CP) converges to its theoretical value of 95% in graphs (a) and (b) in
Figures 2-5. In conclusion, the asymptotic properties of our estimator in Theorem 3 are well supported by our
simulation results, even for network structures in Examples 2—4 that may violate Assumption 3.

J. Time Ser. Anal. (2024) © 2024 The Authors. wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12743 Journal of Time Series Analysis published by John Wiley & Sons Ltd.

85UB017 SUOWIWOD 3A 81D 8|qeo! [dde 8y} Aq peusenob a1e Saoie YO 9SO S8|nJ 10 Akeiqi8UlUO A8]IM UO (SUONIPUD-pUB-SWR)LI0O"AB | 1M ATeIq 1 [Bul [UO//:SANL) SUORIPUOD PUe SWB | 8U188S *[1202/S0/LT] Uo Akeiqiauliug A8]im WuswiueA0D Ajquiessy UsPM Ad £v2ZTesSH/TTTT 0T/10p/uoo 48| im Areiqijeul|uo//sdny woij pepeojumod ‘0 ‘26869 T



14679892, 0, Downloaded from https://onlinelibrary.wiley.com/doi/10.1111/jtsa. 12743 by Welsh Assembly Government, Wiley Online Library on [17/05/2024]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

Y. PAN AND J. PAN

12

(D3o1/L~ N @) LN = N ) (D301 /L~ N (@) LN ~ N (®) (1 djdwexg) uonenuis Jo synsay g 93k

(p)

1
¥9L¥00°0 $£0900°0 880£00°0 996800°0 661100 90LTO'0 TI0ZO'0 9SLOED'O SEBEIN'0 TEEITT'0 6YYIVTO ¢ —w—
SSS00°0 6/v900°0 60£00°0 S8££00°0 STS600°0 ¥9STTO'0 ¥09ZT0'0 ZTE9TO'0 990€0°0 96ZTS00 669800 Y~
€STO0'0  S6T00'0 Z6TZ00'0 T8£Z00°0 YELEOD'0 9STSO0'0 S¥S900°0 S6TOT00 YSSEZ0'0 9Z6SV00 TTLSST'D 0 —¥—
SLTT00'0 LESTOO'0 YELTO0'0 STZTOO'0 £96T00°0 ZSTH0O0'0 BOTSO00 TBILOO'0 TLILTO0 LBESED'D TILLOT'O ‘D—w—
ZESTO0'0 Z6£T00'0 602000 ETYZ00°0 L86Z00'0 ¥LOYOO'0 8L9P00'0 SLBI000 69ETO'0 ELHTOD 9IEBRSO'D M=—d—
000v ~ O0OE€  00SZ ~ 000Z  00ST ~ 00OT 008 00§ 00Z 00t 0s

0

a
-1
ISNY

(a)

W60  v60  £S60 SZ60D  ZEEO 6260 9160  1Z60  E££60 60 L6L0  g=w—
8v6'0 EV6'0 1560 9560 LV60  ¥VE0 560 S60 v6'0 9€6'0 w80 Y

60 w60 SS6'0 LS6'0 LY6'0 960 L¥6'0 6¥6'0 EVE'0 8760 T80 o—%—
9v6'0  8S60 8Y60  6Y60  ZPE0  ¥S60  ZS60 960  T960  IE60  TpRO  ‘D—i—
SY6'0 £Y6'0 6£6'0 v6'0 6260 LE60 8260 8760  9£6'0 6’0 Y80 M=t

000y  O000E  00SZ ~ 000Z = 0OST  0OOT 008 00 00z 00T [ 0

v
~
S

o
S

o un
3 B8
s
Aqeqoud a3esano)

0
@
<

®)

L
90STT0'0 LZEYTO'0 £8ZSTO'0 SLYBTO0 ¥6LTZ0°0 69T6Z0°0 EVLYED'D TZ90S0°0 ZOEIE0'0 IEGEYT'0 STIPEZ0 §=—r—
6¥7900°0 ZELLOO0 BO6L00°0 BLT600°0 LTI0TO'0 TBZYTO'0 LTZSTO0 VEETZO'0 EEGEQ'D SIELSO'O ¥EETE00 Y
©6€00'0 £90S00°0 YEYSO0'0 Z69900°0 90S800°0 ZOTTTO'0 LT8ZT0'0 6TZ6T0'0 99L9E0°0 PTLSI00 BEBTT'D W0~
TLOE00'0 ¥98E00'0 6EVO0'0 E6ESO0'0 TTL900°0 ETTE00°0 ETLOTO0 ¥8IYTO'0 SOYOEQ'0 TSOTSO'0 S60860'0 ‘P—l—
ZT¥Z00'0 8¥6Z00°0 T8TE00'0 TOBEDD'0 69S¥00°0 ZL0900'0 TLOO'0 BEZOTO'0 BLS6TO'0 6ZLOED'0 LESO'0 M=t
000y  000E = 00SZ ~ 000Z  O0OST  00OT 008 00§ 00Z 00t 0s

N

ISNY

(®)

956'0 60 L1560 8¥6'0 ¥96'0 7960 9v6'0 8760 60 T80 S8L'0 | g=¥—
1560 LY60 S6°0 2560 S6°0 $S6'0 S6°0 8Y6'0 60 6060 1880 Y
6560 9v6°0 560 €560 €V6'0 LS6'0 8560 5560 9560 £€6°0 1980 to—¥—
6560 1560  S60 €560 8Y60 8Y60  S560 6560 CE60  EIE0  byED ‘m—E—
756'0 £V6'0 £S6'0 560 ¥S6'0 960 9€6'0 6£6'0 1€6'0 1060 ST8'0  M=—t—
000v  000E  00SZ  000Z ~ QOST  0OOT 008 00§ 00z 0ot 0s

n
N
S

®°
5

a  w
s @
S
Ayjiqeqoud aSelano)

n
a
=)

J. Time Ser. Anal. (2024)

DOI

© 2024 The Authors.
Journal of Time Series Analysis published by John Wiley & Sons Ltd.

wileyonlinelibrary.com/journal/jtsa

10.1111/jtsa.12743



14679892, 0, Downloaded from https://onlinelibrary.wiley.com/doi/10.1111/jtsa. 12743 by Welsh Assembly Government, Wiley Online Library on [17/05/2024]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

o b

— b4}

=

ES

g

=1

=]

H

=

<

. . . . . >

(D301/L~ N @) LN = N () (D301 /L~ N (LN ~ N (8) (¢ d1dwexy) uonenuis jo s)nsay "¢ 2n3tg ]

=

(P) () g

=}

=

=

=}

L1 L W,.

€E00°0 EEYD0'0 90S00°0 9¥900°0 8TB00'0 YIETO'0 T6VTO'0 9EZO'0 SBOSO'0 BTZOT'0 SZBOT'O & = £9800°0 T60TO0 ¥LZTO'0 ¥Z¥T0'0 9¥6TO'0 ES5Z0°0 6EOE0'0 88OYO'0 T8SB0'0 YTYIT'0 TETLTO & = =
£TT00°0 £9T00°0 86T00°0 ¥¥Z00°0 SZEO0'0 ¥6¥00°0 96500°0 T0600°0 ZS6T00 ¥LEO'D €900 Y £SE00°0 ¥Z¥00°0 80S00°0 96500°0 ¥9£00°0 600T0°0 9TZTO'0 SSITO'0 I0YED'D SEZI0'0 L¥ZOT'O Y W .
T¥100°0 981000 ZTTO0'0 T£Z00'0 S9E00°0 62S00°0 ET900°0 ZOTO'0 SYECO'0 66EV0'0 66€80°0 0 —¥— L8000 SO0'0 99500°0 T9900°0 SEB00'0 6TTTO0 8EETO'0 6100 TSLED'D 8500 ZLOETO 0 —¥— ..m
9TT00°0 TSTO0'0 €£T00°0 ZTOO'0 68200°0 Y1000 96¥00°0 89L00'0 TBLIO0 9SSEO'D €6990°0 ‘P —l— TOE00'0 £8E00°0 LPF00'0 £2S00°0 S£900°0 68800°0 £S0T0'0 Z9YTO'0 TLBZO'0 SOVSO'0 62LIT0 ‘0 —i— ﬂ
£9000°0 Z8000°0 £6000°0 EZTO0'0 ESTO0'0 TSTOO'0 TBZOO'0 957000 TL600°0 EEOZO0 LTIVO'Q M wetpmm 691000 1ZO0'0 TEZOO'0 T8ZOO'0 8LEOD'0 68¥00°0 ¥9S00°0 £8L00°0 TILTO0 LEVEQ'D BIESO'0 M wpmm m
000 000E€ 00SZT  000T oooﬁ 0001 008 00S 00T 001 0s 5 000y O00E 00SZ 000Z 00ST 000T 008 00S 00z 00T 0s § w
= : —— %
L / : >
m 500 S SO0 k)
2 =
@) To w
1o 2 = =
= S B £
s @ sT0 § <
O sT0 IS
X 7o g2
< <3
) 20 : 5 <
S0 A [}
M o=
2
x 225

sT0 €0

o Ea
z 3%
g
m SIS
z (@) () S
© =
w <
o
@) 1 1 .m
mu EV6'0 IY6'0 IY6'0 9€E6'0 8Y6'0 8I6'0 BEED 9E60 €60 V060 EEBD = ¥S6'0  8Y6'0 ES6'0  YS6'0  TYE'0 PY6'0 6560 Y60 | SZ60 6980 TLLO g &
m 7S6'0 ¥S6'0 TS6'0 9560 6Y6'0 6¥6'0 9€6'0 €S60 IY6'0 960 LI60 X LS6°0  1S60 vS6'0 6Y60 9560 €S6'0 8Y60 ¥60 v¥60 160 680 Y %Y
“ 8¥6'0 (V6’0 8v60 IS6'0 8Y6'0 EV60 SS60  CS60  ¥60 €60 1260 P—¥— S60 9v6'0 8Y6'0 LS60 SY6'0 TS60 €S60 9v6'0 LS60 Y60 | VL8O TP—¥— W
= LY6'0  BEE'D 9560 6V6'0 9V6'0 Y¥S6'0 960  LS60 LS60 EC60 6680 ‘D—i— 9560 SV6'0  YYE'0 8S6'0 8Y60 LPE'O0 SY60  S60  IS60 TZ60 9580 'D—il— ﬂ
Sv6'0  ¥6'0 SY6'0 LEED 6V6'0 TT6'0 SS6'0 ST60  LEED 9T60  TSBO 00 et §S6'0 LV6'0 TS60 TS60 B8EED Y60 SY6'0 LEED Y60  TO60 SEBD et <
000F 000€ 00SZ 000Z 00ST  000T 008 00S 00Z 00T 0S o 000y  000¢€ = 00SZ  000Z 0OST  00OT 008 00S 00z 00T 0s ro .m
£
s
SL0 S0 ~

2

s
Aupgeqoud a8esano)

2

S
Ayljiqeqoud a8esano)

10.1111/jtsa.12743

J. Time Ser. Anal. (2024)

DOI



14679892, 0, Downloaded from https://onlinelibrary.wiley.com/doi/10.1111/jtsa. 12743 by Welsh Assembly Government, Wiley Online Library on [17/05/2024]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

10.1111/jtsa.12743

(D301/L~ N @) LN = N () (D301 /L~ N (@ LN ~ N (8) (¢ dwexy) uoneawLs Jo S)nsay "t N1
(P) ()

J. Time Ser. Anal. (2024)

DOI

L 1
6EE00°0 STYO0'0 E0S00°0 9¥900°0 ZZBOO'0 TZIO'0 ¥ryTO'0 STZZO'0 9ESO'0 SYOOT'0 9TLOTO § == £E800°0 ZSOTO0 85CT0O°0 BISTO0 STBIO'0 615200 SSOE0°0 TLYYO'0 ETTB0'0 TYZIT'0 TSLETO =
£2100°0 £9T00'0 £0200°0 L4200 ITE00'0 ZSO0'0 L5000 €5800°0 620Z0°0 986E0°0 ZOTLOD Y YEE00°0 Z2ZY00°0 LLY00"0 ET900°0 ¥¥L00°0 £00T0°0 612100 ¥ZLT00 SLIEDD LZT90°0 EE00TO Y .
TPT00'0 881000 612000 £Z00'0 8YEOD'D EESO0'0 865000 ETOTO'0 861200 ZLEVO'D TS8O0 “0—%— 86£00'0 S£00'0 £pS00'0 ¥9900'0 Z2800'0 SOTTO'0 SSETO'0 Y6100 BILED'D SZ90'0 8EYTT'O o —¥— =2
ZTT00'0 £PTO0'0 99TO0'0 TTZ00'0 62000 BTHO0'0 Z6¥00'0 E0800'0 ¥9LTO0 TEEED'D 98900 ‘o —m— 60£00'0 €8E00'0 H¥00'0 TPSO0'0 €9900°0 Z£800'0 ¥POTO'0 BLYTO'0 866200 T8670'0 69600 o —m— ﬂ
¥9000°0 ££000°0 ¥6000°0 9TT00°0 ¥ST0O0'0 9ZZOO'0 SLZO0'0 ¥ZVO0'0 E90TO'0 TTTZO'0 BTZVO'0 M et T9T00°0 SBT000 LTZO0'0 69Z00°0 TEEOO'0 SS¥O0'0 965000 BEBOO'0 TVITO'0 BYYED'D ETI90°0 M st m
000% 000€ 00SZ 000Z 00ST 0001 008 00S 00z oot 0s 000% 000€ 00sz 000 00ST 000T 008 00S 00z 00T 0s wn
= ety ’ = = ’ ]
s00 >
A/ o X 2
0 W
. =1
T0 - ST0 = =
Z 2 = =)
v [} -
< sro zo ™ % >
=¥ )
S ST0 el
) = 5
[a)] 0 5 o
Z £0 < 2
< o)
=3
sT0 SE0
"ANn = &
< 2
(=¥ [\ >
. S A
- (@) (®) S
© =
<
)
1 1 .m
LT60  TY6'0  TS6'0 SEG0  BEED IE60  SY6'0  6E6D  EZ60 VIGO0 TIBO g §S6'0 9¥6'0 P60 SS6'0 LS60 T¥6'0 SY6'0 LEED 6Z6'0 8980 jZA0) g e &
956'0 660 6£60 vr6'0 [L¥V60 [P60 LP60 8Y60 L¥60 SP60 ZI6E0 X 6560 8¥6'0 8560 IY6'0 T1S60 TS60 LS60 1IS60 9v6'0 ST60 180 X %)
¥S60 €560 SY60 TS60  SS60 Y60 TL60 TS60 €960 960 8060 0—¥— 860 9560 TS60 960 S60 S60 ¢S60 Tv60 S¥60 €60 6580 o—¥— kS
1S6°0 9560 1960 6v60 560 SE60  LS60 60 S60 S60 680 ‘D=l 860 9¥6'0 T1S6'0 6V60 S6°0 S6'0 ¥S6'0  8Y6'0 6E60 9Z6'0  6EBQ 'O il ﬂ
2660 Y60  SY60 I¥60 Y60 760  6Y60 Y60 | [Z60  GEED  9S80 O edm S60  TS60  [b60 ¥S60 8S60  6E60 ZS60 Y60  9E60 680 V6L O—dm S
000v 000 0057 000C O00ST  000T 008 005 00z OO & 05 000v  000E 0057 000z 00ST 00OL 008 005 00 00L 05 3
g
g
sto SLo
g o =
3 g0 8
o o
o )
[} (1]
o S8°0 °
g g
o
o 60 &
g z
S60
T T

14
wileyonlinelibrary.com/journal/jtsa



14679892, 0, Downloaded from https://onlinelibrary.wiley.com/doi/10.1111/jtsa. 12743 by Welsh Assembly Government, Wiley Online Library on [17/05/2024]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

'g) s

— b4}

=

ES

g

=1

=]

H

=

<

. . . . . >

(D301/L~ N @) LN = N () (D301 /L~ N (@ LN ~ N (8) (y J[dwexy) uone[nwis jo s)nsay ¢ 2n3tg ]

=

(P) (©) g

=}

£

=

=}

L 1 W

€L£00°0 88Y00°0 £8500°0 ¥EL00'0 L¥600°0 ZSETO'0 T8ITO'0 9YSZO'0 £L8T90°0 SLSTT'O YIVYT'0 ¢ =it ZI0T0°0 £ZIO'0 ZZETO'0 ¥SLTO'0 TSZZO'0 9T6Z0'0 ETEED'0 €S0S0°0 SPOT'0 960LT'0 SSEITO  § =em =
£ST00'0 ¥6T00°0 ZSZOO'0 68Z00°0 86€00°0 ¥9500°0 ¥8900°0 TSOTO'0 ¥6LZ0°0 ¥OLPO'0 €68600 Y 9€v00°0 8ZS00°0 885000 ¥€L00°0 9560070 ¥9TTO'0 SSSTO'0 TTZZO'0 S9LYO0 €8ZLO0 LZT600 Y W .
¥¥T00°0 6T00°0 2200’0 ZLTOO'0 69E00°0 SESO0'0 8S900°0 800TO'0 8¥€TO0 88THO'0 ¥SS80°0 P —¥— €0V00'0 SO0'0 Z9S00°0 €9900°0 SZ8000 TTTTO'0 LSETO'0 6L8T0°0 TLEO'D S990°0 ¥ITITO 0 —%— ..m
€1T00°0 9¥T00°0 LLTO0'0 8TZ00'0 €6200°0 EEYOO'0 TOSO0'0 8000 EVBTO'0 LTIEO'0 ¥ILO'O ‘D —i— €0€00°0 8E00'0 ¥SYOO'0 T¥SO0'0 $S900°0 €T600°0 ¥SOTO'0 BEYPTO'0 L6T0'0 8TSSO'0 EE060°0 ‘P —i— ﬂ
7£000°0 96000°0 ETT00'0 Z¥T0O0'0 ¥8T0O0'0 €LZ00'0 SEE00'0 YISO0'0 T6ZI00 SYZO'0 BIESO'D M wmtpmm Z0T00'0 SZO0'0 SSTO0'0 €SE00°0 8¥¥00'0 ££500°0 ¥£900°0 TOTO'0 EYTZO'0 TELED'D 89LS0'0 M wmpumn m
000v  000€ = 00SZ  000Z = 00ST  000T 008 00S 00z 00T 0s § 000F  000€ = 00SZ 000Z 0OST 0001 008 00S 00z 00T 0s 8 ]
3 % — %
H s00 s00 e
B
2 =
0 1o / 1o W
> 2 2 z
H sT'0 a ST0 a —_
@] S

=
~ z0 zo g2
< £
@ 5 2
S0 sTo A [}
N =
x 225
o €0 €0 = a
z 2
g
m SIS
z (@) (e) 5
© =
w <
o
e L 1 .m
m BE6'D 6E60 VEEOD €60 EV6'0  9E6'0 STE'0  8EED  STE'0 6680 @ 6L0 g 560 v6'0 6560 IV6'0 €60 60 7960 €60 L0660 L80 T6L°0 gt &
m 1560 S6'0  T¥6'0 8Y6'0 T1S60 T¥6'0 SY60 €560 EV60 I¥60 Y160 X (Y60 LS60 TP6'0 LY60 6V60 vPE0 960 LV6O EV60 8T60 9880 Y N
“ €560 S6'0 ¥S6'0 CS60 LV60 S60  P¥60 ¥60  SS60 IS60 9680 o—¥— S60 €60 1560 1560 S60 960  SY6'0 LS60 9Y6'0 SC60 €680 To—¥— W
= S56'0 8560 T1S60 ¥S60 EVEO 9E6'0 ES60 6V60 6¥60 6Y60 T8RO ‘Dl 960 1960 9v6'0 V6’0 TS60 Y60 S¥6'0 ¥960 6E6D LI60 V980 0= ﬂ
8E6'0 TE6'0 IV6'0 LT60 PY6'0 ¥60 Y60 EV60 EVED ST60 €SB0 (e ¥6'0 T1S6'0 SS6'0 8€60 TIP60 LE60 8S6'0 €E60 6160 9680 SEBD M=t <
000F 000€ 00SZ 000Z 0OST  000T 008 00s 00z 0ot 0s 0 000F 000¢ 00SZ 000Z 00ST  00OT 008 00S 00z 00T 0s ro .m
£
s
SL0 SL0 ~

]

S
Ajiqeqoud a8esano)
2
S
Ayjiqeqoud a8esano)

10.1111/jtsa.12743

J. Time Ser. Anal. (2024)

DOI



16 Y. PAN AND J. PAN

N B4 & 2K
b § X ? 2
>
=
=
[4°]
Q0
[e]
—
o
(0]
Qo
©
(]
>
o
(@)
0.8 X
0.75
0.00 200.00 400.00 600.00 800.00 1000.00 1200.00 1400.00 1600.00

T/IN

Figure 6. Coverage probabilities varies with the ratio of 7 and N

Remark. It is worth noticing that the CPs show a lower efficiency of convergence in general when N =
O(T/1og(T)), comparing with the case when N = O(ﬁ ). Such phenomenon raises an assumption that the
performance of the estimator SE is highly related to the ratio of 7 and N. We repeat the simulation for 61 differ-
ent combinations of (7, N) and the scatter graph Figure 6 indicates that such assumption could be true, and the
convergence of SE only requires 7/N — oo, which includes what we have in Theorem 3, where 7 — oo and
N — oo at a lower rate.

7. EMPIRICAL DATA ANALYSIS

In addition to simulation studies, we want to test our model using real data from Chinese Shanghai Stock Exchange
(SSE) and Shenzhen Stock Exchange (SZSE). The dataset consists of daily log returns of 286 stocks, which are
observed in two consecutive years of 2019 and 2020 (T = 487 except for closing days). These stocks come from
four industry sectors as follows:

* 75 stocks from automotive industry sector;

* 73 stocks from financial industry sector;

* 68 stocks from information industry sector;

* 70 stocks from pharmaceutical industry sector.

And our model is tested within each sector, in which the number of stocks is approximately 7/ log(T) ~ 79.
Hence the estimates and inferences could be trusted according to the simulation study.

As an initial impression of data from each category the time plots of daily average log returns are presented in
Figure 7. We also have the shareholder information of each stock, based on which two stocks are considered as
connected when they share at least one common shareholder among their top ten shareholders. By this principle,
four adjacency matrices are constructed and visualized as Figure 8 for four different industry sectors. Although
it is quite intuitive to tell from Figure 8 the sparsity of these four networks, we tend to use the network density
(ND) as a quantified measurement, which is defined by the ratio of the number of existing edges to the number of
potential connections: 5 v

=171

ND :=100% X ——.
NN -1
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Figure 8. Visualization of networks for stocks from different industry sectors. (a) Automotive industry (ND = 1.26%); (b)
Financial industry (ND = 8.11%); (c) Information industry (ND = 1.58%); (d) Pharmaceutical industry (ND = 2.82%)

The results of parameter estimation is summarized in Table I. It is worth noting that the estimated network effect
A for automotive industry sector is not statistically significant while the other estimates for other coefficients or
estimates from other sectors are all significant at 5% level. As indicated in Figure 8(a), this could be caused by the
sparsity of the network structure as the data from automotive industry has the lowest network density comparing
to others. Positive estimates of A indicate positive correlation between the return of a stock and the returns of its
neighbors. Comparing with other parameters, the estimates of f§ are much larger for all four categories. Strong
memory of volatility has been observed in many econometric studies on daily data, and such persistence would
be stronger with data sampled at higher frequency according to Nelson (1991).

We now conduct a Wald test on the existence of threshold effect based on the estimated parameters. By letting
' :=(0,1,-1,0,0) and # := 01in (13), we can make a null hypothesis as follows:

o ()
H,:«a =a, .

0
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Table I. Estimation results based on daily log-returns (2019&2020) of stocks from four industries.

Parameter Estimation SE p-Value Parameter Estimation SE p-Value
Automotive industry Financial industry
@ 0.000099 5.83e—-07 <0.05 @ 0.000043 3.12e—-06 <0.05
a 0.199408 1.08e—02 <0.05 a 0.247765 1.41e-02 <0.05
a® 0.136423 1.01e-02 <0.05 a® 0.202237 1.47e-02 <0.05
A 0.004591 4.71e-03 0.16465 A 0.010469 5.35e-03 <0.05
B 0.727756 1.17e-02 <0.05 p 0.737272 1.09e—02 <0.05
Information industry Pharmaceutical industry
@ 0.000105 6.39e—06 <0.05 @ 0.000063 4.15e—06 <0.05
a 0.172737 9.34e-03 <0.05 a 0.180950 1.05e-02 <0.05
a® 0.122312 8.86e—03 <0.05 a® 0.131722 1.06e—02 <0.05
A 0.009475 4.03e-03 <0.05 A 0.012929 4.06e—03 <0.05
p 0.745699 1.11e-02 <0.05 p 0.753305 1.11e-02 <0.05

Table II. p-Values of Wald test on H;, : a(()l) = a(()z)

Automotive industry Financial industry Information industry Pharmaceutical industry

1.09e-10 2.16e—-07 3.8e—06 3.17e-06

Table III. Results of high-dimensional white noise test on H;, : r, = Pz, with ¢ =3 and a = 0.01

Automotive industry Financial industry Information industry Pharmaceutical industry
P is unknown Not rejected Not rejected Not rejected Not rejected
pP=1I, Rejected Rejected Rejected Rejected

As it is indicated in Table II, we could reject the null hypothesis with strong confidence and conclude that there
exists extremely significant threshold effect within each industry sector.
Using the diagnostic tool introduced in Section 5.2, we could check the model adequacy by inspecting the cor-

!
relations between residual vectors r, = | - :;’ SREEY- )(Z’ )] . We will test null hypothesis H, : r, = Pz, with P
o1 \UNT N \UnT

being unknown and P = I, respectively, the results are summarized in Table III. In all sectors, we cannot reject the
hypothesis that the residual vectors are high-dimensional white noises with Er, = 0 and Var(r,) = PP’ over . How-

Oit
different i. We might be able to eliminate such deficiency in the adequacy of our model by heterogeneougrparame-
terization with coefficients as ;. a}l), al@ , 4; and f;, or by considering a dynamic network structure. However, the
purpose of the introduction of network structure is to reduce the number of parameters of high-dimensional time
series. Besides, deriving limit theorems for models with heterogeneous parameters or dynamic network could be
theoretically challenging.

On the other hand, our results on asymmetric effect of positive and negative news are quite different compared
to what was derived from univariate data in the literature. For instance, in a study by Engle and Ng (1993) on
daily returns of Japanese stock index TOPIX, it was found that negative news would have larger impact on future
volatility. Such phenomenon is reasonable in stock market since investors would lose confidence to a certain asset
when it performs badly, hence they would adjust their portfolio and add more uncertainty to the future. However,
it is not necessarily the case if we take into consideration the whole picture instead of looking at one individual
and ignoring possible impact of its neighbors in the same system. In our estimation results, " are uniformly
larger than «'®, indicating a larger impact of good news on volatility. A more precise conclusion would be that

the volatility of one individual is more sensitive to its own good news, which actually does not contradict the

ever, the stronger hypothesis H,, : r, = z, is rejected, as there exist correlations between residuals { (yaf S } with

J. Time Ser. Anal. (2024) © 2024 The Authors. wileyonlinelibrary.com/journal/jtsa
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conclusion of Engle and Ng (1993), since in the univariate case, how much proportion of the ‘bad news’ effect is
actually contributed by bad performance in systematic perspective remains unknown. Our results show that good
news has larger ‘local influence’ as it is indicated by a1, while there is a possibility that bad news, despite of
having less ‘local influence’, spreads faster and has larger ‘global influence’ on the neighbors through network
connection. Such potential leads to a future extension of our model that the threshold effect could be further applied
on the coefficient 4, allowing good news and bad news to have asymmetric network effect.

8. CONCLUSION

In this article, we propose a TNGARCH model by taking consideration of network effect, as well as the threshold
effect of shocks on volatilities. Our model can be applied to describe asymmetric properties for volatilities of high
dimensional time series without increasing the parameterization complexity. Strict stationarity when N is fixed, as
well as near-epoch dependence when N — oo are discussed. Then the parameters are estimated by quasi-maximum
likelihood estimation, the consistency and the asymptotic normality of the proposed estimator are proved as well.
The results of simulation study support the theoretical properties of QMLE. At last, our model is fitted to real stock
data containing 710 stocks of four industries from SSE and SZSE. Empirical results reveal that although volatility
is more sensitive to bad news in univariate case, with network structure being considered, there is a possibility that
majority of the revision of individual volatility is due to the impact of bad news of its neighbors, hence the ‘local
influence’ of bad news is not necessarily larger than that of good news in such case.

There is room for extension of our methodology, which could lead to interesting topics for future research.
In Theorem 3 we have derived asymptotic properties when 7 — oo and N — oo at a lower rate, our estima-
tion method enables us to make reliable inference on parameters even when the data has hundreds of dimensions
according to the simulation study. The limitation is also obvious, for example, as shown in Figures 2-5, to get
a decent approximation of standard errors, we need to collect 4000 samples even though the number of dimen-
sions is about 482, which could be even higher in real-world situations: user data collected from a social network
often consists of millions of individual accounts whereas it may be impossible to collect sufficient number of
samples over time even at daily frequency. Therefore our model would be applicable in a much larger scale
if its statistical properties could be derived when N increases at the same rate, or even higher rate compared
to 7. As far as we know, there is no published work in the literature to solve this problem theoretically for
GARCH-type models. Another limitation of our model is that the way we consider the network effect is simpli-
fied in two aspects: The network structure is deterministic rather than stochastic over time, embedding a random
network in our model would make more sense, it would nevertheless raise the complexity of the model, and
may cause problems in the estimation of parameters (see Chandrasekhar and Lewis, 2011); Moreover, there is
only one type of individual-to-individual relation considered since the network structure is constructed solely
based on common shareholders. Zhu et al. (2023) constructed their factor-augmented network using several types
of relations, including individual-to-individual relations and factor-to-individual relations. Bringing more infor-
mation into consideration would possibly improve the adequacy of the model and we will leave it for future
research.
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