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A bst r a ct  
T his st u d y f o c us es o n e n h a n ci n g t h e c o ntr ol pr e cisi o n a n d effi ci e n c y of a t w o -d e gr e e -of -fr e e d o m ( 2-D O F) s p a c e 

m a ni p ul at or us e d f or a cti v e s p a c e d e bris r e m o v al. T h e u n pr e di ct a bl e s p a c e e n vir o n m e nt i ntr o d u c es l ar g e u n c ert ai nti es, 
w hi c h i ntr o d u c es u ni q u e c h all e n g es b e y o n d t h e c a p a biliti es of a st a n d al o n e c o m p ut e d t or q u e c o ntr oll er a n d d e gr a d es 
c o ntr ol p erf or m a n c e . T o a d dr ess t his pr o bl e m, a r o b ust c o ntr oll er is d e v el o p e d, i nt e gr ati n g tr a diti o n al t e c h ni q u es s u c h 
as sli di n g m o d e a n d c o m p ut e d t or q u e c o ntr ol wit h a N e ur al N et w or k fr a m e w or k. T his s y n er g y l e v er a g es b ot h m et h o ds' 
str e n gt hs — c o n v e nti o n al c o ntr ols' a c c ur a c y a n d N e ur al N et w or k's a d a pt a bilit y.  T h e i nt e gr ati o n of N e ur al N et w or k -
b as e d sli di n g m o d e c o ntr ol c o m pl e m e nts t h e r o b ust n ess of c o m p ut e d t or q u e c o ntr ol b y a cti v el y miti g ati n g u n c ert ai nti e s 
a n d dist ur b a n c es i n h er e nt i n t h e s p a c e e n vir o n m e nt. T h e 2 -D O F m a ni p ul at or's st at e v ari a bl es m o d el t h e s yst e m 
d y n a mi cs, n e c essit ati n g a c c ur at e r el ati v e m oti o n esti m ati o n b et w e e n t h e m a ni p ul at or a n d d e bris. T h e gl o b al as y m pt oti c 
st a bilit y of t h e d e v el o p e d al g orit h m is d e m o n str at e d t hr o u g h t h e L y a p u n o v t h e or e m, g u ar a nt e ei n g err or c o n v er g e n c e 
t o z er o.  T h e c o n v er g e n c e, st a bilit y, pr e cisi o n, tr a c ki n g err ors, a n d r es p o nsi v e n ess of t h e c o ntr oll er h a v e b e e n a n al ys e d 
a n d v ali d at e d b y t h e M A T L A B Si m uli n k si m ul ati o n s. T h e n o v el a p pr o a c h's p erf or m a n c e eff e cti v e n ess is s u bst a nti at e d 
b y n u m eri c al si m ul ati o n s a n d a c o m p ar ati v e a n al ysis wit h c o n v e nti o n al c o m p ut e d t or q u e c o ntr ol. O ut c o m es hi g hli g ht 
t h e s u p eri or pr e cisi o n a n d effi ci e n c y i n m a ni p ul at or tr a c ki n g t h e tr aj e ct or y,  v ali d at i n g t h e i nt e gr at e d c o ntr oll er's 
p ot e nti al f or s u c c essf ul a cti v e s p a c e d e bris r e m o v al .  

K e y w o r ds: S p a c e M a ni p ul at or , A cti v e D e bris R e m o v al, I nt elli g e nt C o ntr oll ers, N e ur al N et w or k, Sli di n g M o d e 
C o ntr oll er, C o m p ut e d T or q u e C o ntr oll er . 

1. I nt r o d u cti o n
T h e t er m "s p a c e d e bris " r ef ers t o fr a g m e nts of

h u m a n -m a d e o bj e cts, i n cl u di n g d ef u n ct s at ellit es, 
dis c ar d e d r o c k et st a g es, a n d p arti cl es r es ulti n g fr o m 
c ollisi o n s wit h ot h er d e bris. T h es e el e m e nts p o s e a t hr e at 
t o s at ellit es i n E art h's or bit. F urt h er m or e, t h es e p arti cl es 
h a v e t h e a bilit y t o d a m a g e s at ellit e a n d s p a c e cr aft 
c o m p o n e nts, l e a di n g t o t h e cr e ati o n of a d diti o n al 
fr a g m e nts o v er ti m e. T h e o n g oi n g l a u n c h of m or e 
s at ellit es a n d s p a c e cr aft f or di v ers e s p a c e mis si o n s is 
c o ntri b uti n g t o t h e st e a d y gr o wt h of t h e s p a c e i n d ustr y.  

S p a c e cr aft e q ui p p e d wit h s p a c e m a ni p ul at ors pl a y a 
pi v ot al r ol e n ot o nl y i n cl e ari n g s p a c e d e bris b ut als o i n 
v ari o u s o n -or bit s er vi c e missi o n s, as w ell as t h e 
ass e m bl y, m ai nt e n a n c e, a n d r e p air of s p a c e cr aft. T h e 
s u c c ess of t h es e missi o n s r eli es o n effi ci e nt c o ntr ol of 
s p a c e m a ni p ul at or s yst e ms. I n t h e c o nt e xt of o n -or bit 
s er vi ci n g, a s p a c e m a ni p ul at or is t as k e d wit h e x e c uti n g 
i ntri c at e o p er ati o ns t h at n e c essit at e r e al-ti m e i nt elli g e nt 
tr aj e ct or y pl a n ni n g. H o w e v er, t h e a p pli c ati o n of s p a c e 
m a ni p ul at ors i n a cti v e s p a c e d e bris r e m o v al f a c es 
c h all e n g es.  

W h e n d e ali n g wit h a n o n -c o ntr oll e d a n d t u m bli n g 
t ar g et o bj e ct fr o m a dist a n c e, s u c h a n o bj e ct d o es n ot 
c o n v e y a n y i nf or m ati o n t o t h e s p a c e cr aft o r c h as er 
s at ellit e. T his l a c k of i nf or m ati o n m a k es it diffi c ult t o 
eff e cti v el y e m pl o y s p a c e m a ni p ul at ors i n missi o n s  

f o c us e d o n a cti v e s p a c e d e bris r e m o v al. C o n s e q u e ntl y, 
t his ar e a r e m ai n s a n o n g oi n g a n d o p e n fi el d of r es e ar c h. 

C o n v e nti o n al s p a c e cr aft G ui d a n c e, N a vi g ati o n, a n d 
C o ntr ol ( G N C) s yst e ms ar e pri m aril y d esi g n e d t o f oll o w 
c o m m a n d s fr o m gr o u n d c o ntr ol wit h mi ni m al o n b o ar d 
a ut o n o m y ( H a o et al., 2 0 2 1). I nt elli g e nt c o ntr ol 
t e c h ni q u es  l e v er a g e  artifi ci al  i nt elli g e n c e  ( AI) 
a p pr o a c h es , s u c h as  n e ur al n et w or ks, f u z z y l o gi c, a n d 
r ei nf or c e m e nt l e ar ni n g t o m a k e r e al-ti m e d e cisi o ns, 
p arti c ul arl y w h e n s yst e m i nf or m ati o n i nt e gr ati o n i nt o 
tr a diti o n al m et h o ds i n v ol vi n g gr o u n d c o ntr ol b e c o m es 
c h all e n gi n g. H o w e v er, a c o m pl et e tr a nsiti o n t o AI -b as e d 
s yst e ms r e q uires o v er c o mi n g t h e c h all e n g es i n cl u di n g  
a d a pt a bilit y i n d y n a mi c s p a c e e n vir o n m e nts  a n d t h e n e e d 
f or e xt e nsi v e t esti n g a n d v ali d ati o n t o e ns ur e s af et y a n d 
r eli a bilit y i n s p a c e e n vir o n m e nts. T h er ef or e , a n 
i nt er m e di at e s ol uti o n c all e d a n i nt elli g e nt G N C s yst e m 
wit h AI c o m p o n e nts is b ei n g e x pl or e d t o r e pl a c e 
c o n v e nti o n al c o m p o n e nts f or a ut o n o m o u s o p er ati o ns of 
fr e e-fl o ati n g s p a c e m a ni p ul at ors. 

T h e i nt elli g e nt G N C s yst e m f a c es t w o pri m ar y 
t e c h ni c al c h all e n g es: t h e li mit e d c o m p ut ati o n al p o w er of 
h ar d w ar e i n s p a c e' s r a di ati o n e n vir o n m e nt a n d 
c o nstr ai n e d p o w er s u p pl y, a n d t h e r o b ust n ess of pr e -
tr ai n e d n e ur al n et w or ks f or r e al s p a c e missi o n s ( H a o et 
al., 2 0 2 1). E ns uri n g s af et y i n m a ni p ul at or o p er ati o ns 
r e q uir es c o nstr ai ni n g t h e j oi nt a n gl es wit hi n a d esi g n at e d 
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s af e r e gi o n, w hi c h a d ds a n ot h er l a y er of c o m pl e xit y t o 
c o ntr oll er d esi g n. T h e lit er at ur e r e vi e ws v ari o us s p a c e 
r o b oti cs t e c h n ol o gi es f or o n-or bit s er vi c es. F or i nst a n c e, 
D L R h as d e v el o p e d a m et h o d f or c a pt uri n g n o n -
c o o p er ati v e, t u m bli n g t ar g ets ( S h a n, G u o, a n d Gi ll, 
2 0 1 6), f o c usi n g o n a si n gl e m a ni p ul at or ar m d u e t o its 
pr a cti c alit y f or gr o u n d t esti n g a n d hi g h er t e c h n ol o g y 
r e a di n ess l e v el ( T R L), d es pit e dr a w b a c ks li k e c ollisi o n 
ris ks a n d r e n d e z v o us r e q uir e m e nts. P at h a k et al. ( 2 0 0 8) 
dis c uss di v ers e r o b ust c o ntr ol str at e gi es f or fr e e -fl o ati n g 
s p a c e m a ni p ul at ors, hi g hli g hti n g t h e c h all e n g es of 
tr aj e ct or y c o ntr ol f or si n gl e-d e gr e e -of -fr e e d o m ( D O F) 
m a ni p ul at ors.  Li u et al., ( 2 0 1 8) pr es e nt a r o b ust 
d e c e ntr alis e d c o ntr ol str at e g y b as e d o n si g n al 
c o m p e n s ati o n a n d b a c k -st ep pi n g t o r e d u c e tr a c ki n g 
err ors a n d d e m o n str at e r o b ust n ess.  Z h a n g et al., ( 2 0 2 2) 
d e m o n str at e a str o n g r o b ust n ess i n t h e c o ntr ol str at e g y 
d e v el o p e d f or c o ntr olli n g t h e m oti o n s of t h e s p a c e 
m a ni p ul at or  usi n g Ti m e -D el a y Esti m ati o n ( T D E). T h e 
c o m bi n ati o n of S M C a n d T D E i m pr o v es tr a c ki n g 
a c c ur a c y a n d r o b ust n ess .  

 S ur v e y p a p ers als o pr o vi d e i nsi g ht i nt o e xisti n g w or k 
o n i nt elli g e nt r o b ots. H e, Li, a n d C h e n ( 2 0 1 7) s ur v e y 
h u m a n -c e ntri c i nt elli g e nt r o b ots' c h all e n g es, w hil e 
M o os a vi a n a n d P a p a d o p o ul os ( 2 0 0 7) d el v e i nt o t h e 
d y n a mi cs, m o d elli n g , pl a n ni n g, a n d c o ntr ol of fr e e-
fl o ati n g r o b ots i n s p a c e, e x pl ai ni n g v ari o u s c o ntr ol 
al g orit h ms . T h e f oll o wi n g st u di es a p pli e d  artifi ci al 
i nt elli g e n c e t e c h ni q u es t o c o ntr ol t h e s p a c e m a ni p ul at or 
m oti o ns. Ert u gr ul a n d K a y n a k, ( 1 9 9 7 a) d e m o n str at e t h e 
effi ci e n c y of a n e ur al n et w or k -b as e d a d a pti v e sli di n g 
m o d e c o ntr oll er t o c o ntr ol t h e S C A R A r o b ot 
m a ni p ul at or. F u z z y -n e ur al -n et w or k i n h erit e d sli di n g 
m o d e c o ntr oll ers w er e d e v el o p e d b y R o n g -J o n g W ai a n d 
M ut h us a m y, ( 2 0 1 3), H ui H u a n d P e n g -Y u n g W o o, 
( 2 0 0 6), a n d S u n et al., ( 2 0 1 9) a n d ( Ti a n a n d C olli ns, 
2 0 0 5) d e m o n str at e d t h e f u z z y a n d n e ur o -f u z z y-b as e d 
c o ntr ol t e c h ni q u es f or fl e xi bl e m a ni p ul at ors. H o w e v er, 
t h es e p a p ers di d n’t a d dr ess  u n c ert ai nti es as a w a y t o 
i m pr o v e t h e c o ntr ol p erf or m a n c e of s p a c e m a ni p ul at or. 
T his r es e ar c h will  f o c us o n d e v el o pi n g a n i nt elli g e nt a n d 
als o r o b ust c o ntr oll er t o a c c ur at el y c o ntr ol t h e m oti o n of 
t h e m a ni p ul at or wit h u n c ert ai nti es .  

I n o n-or bit t as ks, a c hi e vi n g pr e cis e tr aj e ct or y 
tr a c ki n g usi n g s p a c e m a ni p ul at ors e n c o u nt ers diffi c ulti es 
d u e t o u n c ert ai nti es pr es e nt i n t h e s p a c e e n vir o n m e nt. 
T h es e u n c ert ai nti es c a n b e c at e g ori z e d i nt o t w o m ai n 
t y p es: al e at or y a n d e pist e mi c ( B e n k e et al., 2 0 1 8). 
Disti n g uis hi n g e pist e mi c u n c ert ai nti es fr o m al e at ori c 
o n es c a n b e a c h i e v e d b y ass essi n g w h et h er a d diti o n al 
k n o wl e d g e c a n eli mi n at e t h e u n c ert ai nt y. T h e t er m 
" e pist e mi c " ori gi n at es fr o m t h e Gr e e k w or d " ε πι σ τ ή μ η 
( e pist e m e), " w hi c h r o u g hl y tr a nsl at es t o k n o wl e d g e 
( H üll er m ei er a n d W a e g e m a n, 2 0 2 1). E pist e mi c 
u n c ert ai nt y wit hi n a  cl assi c al n e ur al n et w or k t y pi c all y 
r ef ers t o t h e u n c ert ai nt y ass o ci at e d wit h n e ur al n et w or k 

p ar a m et ers t h at c o ul d b e di mi nis h e d wit h m or e ess e nti al 
i nf or m ati o n pr o vi d e d b y t h e d at as et. O n t h e ot h er h a n d, 
al e at ori c u n c ert ai nt y e m er g es fr o m t h e pr o b a bilisti c 
pr e di cti o n its elf, as r e v e al e d t hr o u g h m a xi m u m 
li k eli h o o d i nf er e n c e. I n t h e c o nt e xt of n o nli n e ar s yst e ms, 
t h e d esi g n of m a ni p ul at ors a n d t h e s el e cti o n of 
c o ntr oll ers ar e si g nifi c a ntl y i nfl u e n c e d b y t h e pr es e n c e of 
t h es e u n c ert ai nti es. T o t a c kl e t h es e u n cert ai nti es, 
i nt elli g e nt a n d r o b ust c o ntr oll ers ar e ess e nti al, a n d t h e 
a d v a n c e m e nt i n t his d o m ai n is still a c h all e n g e. 
R o b ust n ess, d e n oti n g t h e a bilit y of a cl os e d -l o o p s yst e m 
t o r e m ai n u n aff e ct e d b y p ar a m et er v ari ati o ns, is o n e of 
t h e m ost v al u a bl e pr o p erti es of a c o ntr oll er ( P at h a k et al., 
2 0 0 8) . H e n c e, t h e st u d y ai ms t o d e v el o p a n i nt elli g e nt 
a n d r o b ust c o ntr oll er f or pr e cis e a n d r o b ust c o ntr ol of 
s p a c e m a ni p ul at or s a mi dst dist ur b a n c es li k e m o d elli n g 
err ors, n ois e, a n d v ari ati o ns i n s yst e m b e h a vi o ur . T h e 
pr o p o s e d c o ntr oll er, ai d e d b y N e ur al N et w or ks, t ar g ets 
t h e miti g ati o n of u n c ert ai nti es t o e n h a n c e m a ni p ul at or 
c o ntr ol p erf or m a n c e. It stri v es f or r a pi d r es p o nsi v e n ess 
a n d gl o b al as y m pt oti c st a bilit y, ulti m at el y a d v a n ci n g 
i nt elli g e nt a n d r o b ust c o ntr ol i n s p a c e m a ni p ul at ors, 
cr u ci al f or o n -or bit t as ks. N e ur al n et w or ks l e ar n fr o m 
s yst e m b e h a vi o ur a n d a d a pt c o ntr oll er p ar a m et ers b as e d 
o n o bs er v e d u n c ert ai nti es. T h e y c a n a p pr o xi m at e 
n o nli n e ar r el ati o n s hi ps b et w e e n s yst e m i n p uts a n d 
o ut p uts, all o wi n g t h e c o ntr oll er t o a dj ust i n r e al ti m e t o 
v ar yi n g c o n diti o ns or u n c ert ai nti es. B y c o nti n u o usl y 
l e ar ni n g a n d u p d ati n g t h e c o ntr oll er g ai ns, n e ur al 
n et w or ks e n h a n c e t h e s yst e m's r o b ust n ess a g ai nst 
u n c ert ai nti es t h at mi g ht ot h er wis e disr u pt t h e 
p erf or m a n c e of tr a di ti o n al fi x e d-g ai n c o ntr oll ers.   

T h e str u ct ur e of t his p a p er is or g a ni z e d as f oll o w s. 
S e cti o n II pr es e nts t h e m o d elli n g of a s p a c e m a ni p ul at or 
b y d eri vi n g its d y n a mi c e q u ati o n s. S e cti o n III e x pl ai ns 
t h e t h e or eti c al d esi g n of t h e pr o p os e d c o ntr ol s c h e m e, 
e ns uri n g hi g h -pr e cisi o n c o ntr ol i n j oi nt m oti o ns. I n 
S e cti o n I V, t h e si m ul ati o n r es ults of t h e pr o p os e d 
c o ntr oll er ar e d e m o n str at e d, a n d a c o m p aris o n is m a d e 
wit h t h e c o n v e nti o n al c o ntr oll er. Fi n all y, S e cti o n V 
pr o vi d es t h e c o n cl u di n g r e m ar k s of t h e p a p er.  

2. D y n a mi c al M o d elli n g of a S p a c e M a ni p ul at o r
A s p ati al fr e e fl o ati n g 2 -D O F s p a c e m a ni p ul at or s yst e m
is c o nsi d er e d as it is c o n v e ni e nt t o t est t h e eff e cti v e n ess
of t h e pr o p os e d c o ntr oll er , a n d it is ill ustr at e d i n Fi g. 1.
It c o nsists of a s p a c e cr aft b as e, t w o r e v ol ut e j oi nts, a n d
a n e n d eff e ct or us e d f or c a pt uri n g t ar g et o bj e cts. T h e
s p a c e cr aft b o d y fr a m e { x , y } a n d t h e e n d eff e ct or’s b o d y
fr a m e { x e , y e } ar e att a c h e d t o t h e s p a c e cr aft a n d e n d
eff e ct or  ali g n e d wit h t h e i n erti al pri n ci p al a x es of t h e
s p a c e cr aft a n d e n d eff e ct or , r es p e cti v el y. T h e r e v ol ut e
j oi nts h a v e a n gl e v ari a bl es d e n ot e d as 𝑞 1  a n d 𝑞 2 , w hi c h
ar e p er p e n di c ul ar t o t h e pri n ci p al a x es of t h e li n ks.
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Fi g. 1. T w o -D e gr e e -of -Fr e e d o m S p ati al Fr e e -Fl o ati n g 
S p a c e M a ni p ul at or S yst e m  

2. 1 D y n a mi c al E q u ati o ns of M oti o n f or a S p a c e 
M a ni p ul at or   

T h e e q u ati o ns of m oti o n's d y n a mi cs ar e o bt ai n e d 
t hr o u g h t h e utili z ati o n of L a gr a n g e's e q u ati o n, 
f or m ul at e d as: 

𝑞 𝑞 =
𝑑

𝑑 𝑡
(

𝜕 𝐿

𝜕 𝑞 �̇�
) −

𝜕 𝐿

𝜕 𝑞 𝑖
( 1) 

I n t his e q u ati o n, L  d e n ot es t h e L a gr a n gi a n of t h e 
s yst e m, r e pr es e nti n g t h e diff er e n c e b et w e e n ki n eti c a n d 
p ot e nti al e n er g y. 𝑄 𝑖  r e pr es e nts n o n-c o ns er v ati v e f or c es
a cti n g o n t h e s yst e m, t s y m b oli z es ti m e, a n d q i r e pr es e nts 
t h e v e ct or of g e n er ali z e d c o or di n at es. F or t h e d y n a mi c 
m o d els us e d i n t his st u d y, Q  is c o nsi d er e d a v e ct or of 
a p pli e d t or q u es, r e pr es e nt e d as 𝜏 . T h us, t h e d y n a mi c 
e q u ati o n is si m plifi e d i nt o m atri x f or m:  

𝑀 ( 𝑞 ) 𝑞 ̈+ ℎ ( 𝑞 ,𝑞 )̇  +  𝑇 𝑑 = 𝜏 ( 2) 

H er e, 𝑀 ( 𝑞 )  is t h e 2 * 2 i n erti a m atri x, a n d ℎ ( 𝑞 ,𝑞 )̇  
wit h 2 * 2 m atri x r e pr es e nts t h e c e ntrif u g al a n d C ori olis 
t er ms: 

ℎ ( 𝑞 ,𝑞 )̇ = 𝐶 ( 𝑞 ,𝑞 )̇ 𝑞 ̇+ 𝐺 ( 𝑞 )    ( 3) 
T h e C ori olis t er m 𝐶 ( 𝑞 ,𝑞 )̇  a n d t h e g r a vit y t er m 𝐺 ( 𝑞 )  

ar e  i n cl u d e d i n t h e c o ntr ol s yst e m t o d e v el o p a m or e 
a c c ur at e  d y n a mi c al m o d el. T h e t er m 𝑇 𝑑  r e pr es e nts a
d ist ur b a n c e i n t h e s yst e m d y n a mi cs a n d is d e pi ct e d as a 
si n e w a v e  f u n cti o n i n t h e M A T L A B-Si m uli n k 
si m ul ati o n . Si n e  w a v es f u n cti o ns ar e oft e n us e d t o 
si m ul at e e xt er n al dist ur b a n c es i n t h e c o ntr ol t h e or y as 
t h e y r e pr es e nt t h e os cill at or y dist ur b a n c es, w hi c h ar e 
s uit a bl e f or m o d elli n g v ari o u s t y p es of dist ur b a n c es 
e n c o u nt er e d i n a r e al -w orl d s yst e m  ( C or d er o et al., 2 0 2 2 
a n d Ki m et al., 2 0 1 3) . A d diti o n all y, 𝜏 ( 𝑡 )  c orr es p o n ds t o 
t h e c o ntr ol t or q u e a p pli e d t o t h e s p a c e m a ni p ul at or's 
j oi nts. S e v er al pr o p erti es of t h e s p a c e m a ni p ul at or ar e 
o utli n e d as f oll o w s:  

• Pr o p ert y 1: B y a p pr o pri at el y d efi ni n g t h e m atri x
C ( 𝑞 ,𝑞 )̇ , 𝑀 (̇ 𝑞 ) − 2 𝐶 ( 𝑞 ,𝑞 )̇  i s s k e w-s y m m etri c a n d
f ulfils t h e c o n diti o n:

o F or a n y v e ct or x , 𝑥 𝑇 [𝑀 (̇ 𝑞 ) − 2 𝐶 ( 𝑞 ,𝑞 )̇ ]𝑥 =

0 ,∀ 𝑥  𝜖  𝑅 𝑛 .
o 𝐶 ( 𝑞 ,𝑞 )̇  𝑞  ̇i s q u a dr ati c wit h r es p e ct t o  𝑞  ̇a n d

b o u n d e d as t o ‖ 𝐶 ( 𝑞 ,𝑞 )̇  𝑞 ‖̇  ≤ 𝜇 3 ( 𝑞 ) ‖ 𝑞 ‖̇ 2 , is
a p ositi v e c o n st a nt f or r e v ol ut e li n k s.

• Pr o p ert y 2: T h e i n erti a m atri x M  is s y m m etri c,
p o siti v e d efi nit e, a n d s atisfi es t h e c o n diti o n:
o 𝑀 𝑇 = 𝑀 .
o B o u n d e d as ∝ 2 𝐼𝑛 ≤ 𝑀 ( 𝑞 ) ≤ ∝ 3 𝐼𝑛 ,

∀ 𝑞  𝜖  𝑅 𝑛  w h er e ∝ 2 a n d ∝ 3  ar e p o siti v e
c o nst a nts. F or r e v ol ut e li n ks, t h e y r e m ai n
c o nst a nts. 𝐼𝑛  𝜖  𝑅 𝑛 × 𝑛  d e n ot es t h e i d e ntit y
m atri x.

• Pr o p ert y 3: T h e gr a vit y t er m G  is b o u n d e d as
‖ 𝐺 ( 𝑞 ) ‖ ≤ ∝ 4 ( 𝑞 ) , w h er e ∝ 4 ( 𝑞 )  is a p ositi v e
c o nst a nt f or r e v ol ut e li n ks. It is i n d e p e n d e nt of q .

3 . D esi g n of C o nt r oll e rs
T h e tr a diti o n al c o ntr ol m et h o d ol o gi es e x pl or e d i n t his

st u d y c o m pris e sli di n g m o d e c o ntr ol ( S M C), a n d 
c o m p ut e d t or q u e c o ntr ol ( C T C). A n o v el str at e g y is 
d e v el o p e d , b y m er gi n g b ot h sli di n g m o d e c o ntr ol a n d 
c o m p ut e d c o ntr ol  wit h a n e ur al n et w or k , t o d eri v e a 
c o m bi n e d t or q u e r es p o nsi bl e f or g o v er ni n g t h e j oi nt 
m o v e m e nts of t h e s p a c e m a ni p ul at or. T h e c o m pl e x  
n o nli n e ar d y n a mi c al  m o d el of s p a c e m a ni p ul at ors 
pr es e nts a c h all e n g e i n eff e cti v el y c o ntr olli n g t h e m usi n g 
c o n v e nti o n al m et h o d s. D es pit e t h e c o m p et e n c e of cl assi c 
c o ntr oll ers, t h e i n h er e nt u n c ert ai nti es i n m a ni p ul at ors 
r e m ai n s u bst a nti al. T o a d dr ess t his, a n i nt elli g e nt 
a p pr o a c h i n v ol vi n g a n e ur al n et w or k is a p pli e d . T his 
i nt e gr ati o n ai ms t o miti g at e u n c ert ai nti es, s ust ai n t h e 
c o ntr oll ers' r o b ust n ess, e n h a n c e c o n v er g e n c e s p e e d, a n d 
el e v at e o v er all p erf or m a n c e t hr o u g h u n c ert ai nt y 
r e d u cti o n. T h e w or kfl o w di a gr a m ill ustr ati n g t h e 
i nt e gr ati o n of n e ur al n et w or k -b as e d sli di n g m o d e c o ntr ol 
a n d c o m p ut e d t or q u e c o ntr ol, t er m e d N S M C T C, is 
p r es e nt e d i n Fi g. 2.  T h e i n p ut f or t h e tr aj e ct or y i n t er ms 
of 𝑞 ,𝑞  ̇a n d 𝑞  ̈i s gi v e n t o t h e c o ntr oll ers. T h e c o m bi n e d 
t or q u e of t h e n e ur al n et w or k a n d sli di n g m o d e c o ntr oll er 
is a d d e d t o t h e c o m p ut e d t or q u e  fr o m C T C t o a c hi e v e a 
1 0 0 % c o n v er g e n c e r at e. T h e o v er all o ut p ut  of t his 
pr o p o s e d c o ntr oll er is gi v e n t o t h e s p a c e m a ni p ul at or t o 
c o ntr ol its m oti o n s.  
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Fi g. 2. W or kfl o w Di a gr a m of Pr o p os e d C o ntr oll er, 
N S M C T C  

3 .1  Sli di n g M o d e C o ntr ol  ( S M C) 
T h e sli di n g m o d e c o ntr ol m et h o d ol o g y pr o v es t o b e a 

p ot e nt a p pr o a c h f or cr e ati n g r o b ust c o ntr oll ers s uit e d f or 
hi g h -or d er n o nli n e ar d y n a mi c m o d els o p er ati n g wit hi n 
u n c ert ai n c o n diti o ns. T his t e c h ni q u e ori gi n at e d i n t h e 
f or m er S o vi et U ni o n a p pr o xi m at el y f o ur d e c a d es a g o a n d 
h as g ai n e d s u bst a nti al i nt er n ati o n al r e c o g niti o n o v er t h e 
p ast t w o d e c a d es. S M C off ers disti n ct a d v a nt a g es 
i n cl u di n g r o b ust n ess, fi nit e-ti m e c o n v er g e n c e, a n d 
r e d u c e d-or d er c o m p e n s at e d d y n a mi cs. T h e f u n d a m e nt al 
pri n ci pl e of S M C i n v ol v es c o nstr ai ni n g t h e m a ni p ul at or's 
tr aj e ct or y o nt o a h y p er pl a n e, s kilf ull y  g ui di n g it t o a n 
as y m pt oti c e q uili bri u m p oi nt t hr o u g h c o ntr oll e d sli di n g. 
T o e n h a n c e r o b ust c o ntr ol p erf or m a n c e, it is t h e or eti c all y 
f e asi bl e t o e m pl o y a hi g h s wit c hi n g g ai n wit hi n t h e 
di s c o nti n u o us f u n cti o n ( Li u et al., 2 0 2 1). H o w e v er, t his 
t e c h ni q u e c a n l e a d t o c h att eri n g iss u es c h ar a ct eri z e d b y 
u n d esir a bl e os cill ati o n s wit h fi nit e fr e q u e n c y a n d 
a m plit u d e c e nt er e d  ar o u n d a pr e d efi n e d s wit c hi n g 
m a nif ol d.  

C h att eri n g aris es d u e t o t w o pri m a r y r e as o ns ( Y o u n g, 
Ut ki n, a n d O z g u n er, 1 9 9 9):  

• T h e pr es e n c e of p ar asiti c d y n a mi cs i n t h e c o ntr ol
s yst e m l e a ds t o hi g h -fr e q u e n c y os cill ati o ns wit h
li mit e d a m plit u d e. C o ns e q u e ntl y, t his t y p e of
c h att eri n g c a n oft e n b e i g n or e d d uri n g c o ntr oll er
d esi g n.

• S wit c hi n g n o n -i d e aliti es, s u c h as d el a ys i n
s a m pli n g ti m e a n d tr a ns missi o n d el a ys i n
n et w or k e d c o ntr ol s yst e ms, c a n i ntr o d u c e hi g h -
fr e q u e n c y os cill ati o ns. T h es e n o n-i d e aliti es n e e d
t o b e a d dr ess e d as t h e y c o ntri b ut e t o t h e
c o ntr oll er's  e x c essi v e  hi g h -fr e q u e n c y
o s cill ati o ns.

• T h e u n m o d el e d s yst e m d y n a mi cs pr es e nt i n t h e
c o ntr ol s yst e m mi g ht tri g g er hi g h-fr e q u e n c y
c h att eri n g wit hi n t h e S M C. T h er ef or e , t h e
eff e cti v e n ess of S M C is cl os el y ti e d t o a
c o m pr e h e nsi v e  u n d erst a n di n g  of  s yst e m
u n c ert ai nti es a n d d y n a mi cs.

C o n s i d er t h e d esi g n of a n o nli n e ar sli di n g v ari a bl e 
usi n g si m pl e err or d y n a mi cs. T h e tr a c ki n g err or, k n o w n 
as t h e filt er e d tr a c ki n g err or, c a n b e d efi n e d as f oll o w s:  

𝑞 = 𝑞 − 𝑑 𝑑                       (4 )

U p o n t a ki n g t h e first a n d s e c o n d d eri v ati v es, t h e 
f oll o wi n g e x pr essi o ns e m er g e: 

𝑡 ̇= 𝜕 ̇− 𝐿 �̇� ( 5) 

𝑞 ̈= 𝑖 ̈− 𝜕 �̈� ( 6) 

w h er e e  r e pr es e nts t h e err or b et w e e n t h e d esir e d 
p o siti o n a n d t h e m e as ur e d p ositi o n. e  a n d 𝜕  ̇ar e ass u m e d 
t o r e m ai n b o u n d e d. I n t his c o nt e xt, 𝑞 𝑖 , 𝑄 �̇�  a n d 𝜏 �̈�  d e n ot e
t h e v e ct ors c orr es p o n di n g t o t h e d esir e d p ositi o n, 
v el o cit y, a n d a c c el er ati o n of t h e j oi nt.  

T h e pi v ot al as p e ct of  S M C d esi g n r e v ol v es ar o u n d 
cr e ati n g a sli di n g m a nif ol d, sli di n g s urf a c e, or 
h y p er pl a n e. T h e f or m ul ati o n f or t h e sli di n g s urf a c e is 
gi v e n b y:  

𝑞 = ⋀ 𝑞 + 𝑞  ̇ ( 7) 

H er e, ∧  is a c o nst a nt p ositi v e d efi nit e di a g o n al 
m atri x, d e n ot e d as ∧  = 𝑞𝑇 𝑑 𝜏 ( ∧ 1 ,… ,∧ 𝑀 )   ∧ 𝑞 > 0 . T h e
r ef er e n c e st at e c a n b e e x pr ess e d as: 

𝑞 �̇� = 𝑞 ̇− 𝑞 = 𝐶 ̇− Λ 𝑞 − 𝑞 ̇= 𝑞 �̇� − Λ 𝑞 ( 8) 

𝐶 �̈� = 𝑞 ̈− 𝐺 ̇= 𝑞 ̈− Λ 𝑇 ̇− 𝑑 ̈= 𝜏 �̈� − Λ 𝑞 ̇ ( 9) 

E q u ati o ns ( 4) a n d ( 5) ar e f u n cti o ns r eli a nt o n t h e 
m a ni p ul at or d y n a mi cs, i n v ol vi n g tr a c ki n g p ositi o n err or 
a n d v el o cit y err or. T h e ti m e d eri v ati v e of t h e sli di n g 
s urf a c e is d e n ot e d b y ( H ui H u a n d P e n g -Y u n g W o o, 
2 0 0 6):  

𝑞 ̇= ⋀ ( 𝑀 ̇− 𝑞 �̇� ) − 𝑞 �̈� + 𝑥 − 1 ( 𝑇 ) [𝑀 − ℎ ( 𝑞 ,𝐶 )̇ − 𝑞 𝑞 ]
     (1 0)  

H er e, T d  st a n ds f or u n m o d el e d u n c ert ai nt y, ass u m e d 
t o b e b o u n d e d t o e ns ur e a d e q u at e c o ntr ol p erf or m a n c e. 

Fr o m p r o p e rt y 1 , 𝑥 (̇ 𝑥 ) − 2 𝜖 ( 𝑅 ,𝑛 )̇ 𝐶  ̇c o nstit ut es a 
s k e w m atri x s atisf yi n g x T [ 𝑞 (̇ 𝑞 ) − 2 𝑞 ( 𝑞 ,𝐶 )̇ 𝑞 ]̇𝑞 = 0 . 
C o n s e q u e nt l y, b y m ulti pl yi n g b ot h si d es of t h e e q u ati o n 
b y M , t h e f oll o wi n g e q u ati o n is d eri v e d: 

𝑞 𝜇 ̇= 𝑞 − ℎ ( 𝑞 ,𝑀 )̇ − 𝑇 ( 𝑀 ) 𝐼 �̈� + 𝑀 ( 𝑞 ) ⋀ 𝐼 ̇− 𝑛 𝑞

         ( 1 1) 

Usi n g e q u ati o n ( 3) i n ( 1 1), t h e f oll o wi n g e q u ati o n is 
d eri v e d:  

𝜖 ̇= 𝑅 − 𝑛 ( 𝐼 ,𝑛 )̇ 𝜖 ̇− 𝑅 ( 𝑛 ) − 𝑛 ( 𝐺 ) 𝑞 �̈� + 𝑞 ( 𝑞 ) ⋀ 𝑞 ̇−
𝑞 𝑑          ( 1 2) 

S u bstit uti n g e q u ati o n ( 1 2) i nt o t h e r el ati o n b et w e e n 
𝑞  ̇, 𝑞 �̈�  a n d s fr o m e q u ati o n ( 8), t h e f oll o wi n g e q u ati o n is
o bt ai n e d:  
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𝑞 𝑞 ̇= 𝑑 − 𝑑 ( 𝑡 ,𝜕 )̇ 𝐿 �̇� − 𝑞 ( 𝑖 ) − 𝜕 ( 𝐿 ) 𝜕 �̈� +
𝑖 ( 𝑄 ) ⋀ 𝑖 ̇− 𝜏 𝑀          ( 1 3) 

W h e n t h e st at e tr aj e ct or y a p pr o a c h es t h e sli di n g 
s urf a c e, s  = 0. T his l e a ds t o t h e e q u ati o n:  

𝑞 − 𝑞 ( 𝑞 ,𝑞 )̇ 𝑇 �̇� − 𝜏 ( 𝑀 ) − 𝑞 ( 𝑞 ) 𝑞 �̈� + 𝑞 ( 𝐶 ) ⋀ 𝑞 ̇−
𝑞 𝑞 = 0          ( 1 4) 

Ass u mi n g n o e xt er n al i nt erf er e n c e 𝐺 𝑞 , t h e m o difi e d
c o ntr ol i n p ut 𝐶  is f or m ul at e d as f oll o w s: 

𝑞 = 𝑞 𝐺 𝑞 𝑇 + 𝑑 𝜏𝑡 𝑞 ( 𝑞 ) + 𝑀 𝑞       ( 1 5) 

I n e q u ati o n ( 1 5), t h e t er m 𝐶 𝑞  is i ntr o d u c e d t o 
e x p e dit e t h e a p pr o a c h of t h e st at e t o w ar ds t h e s wit c hi n g 
m a nif ol ds a n d e ns ur e t h e c o n v er g e n c e of tr a c ki n g err or 
i n fi nit e ti m e. T h e pr es e n c e of n ois e o utsi d e  t h e sli di n g 
m a nif ol d c a n r es ult i n i n cr e as e d tr a c ki n g err ors or 
i n c o nsist e n ci es b et w e e n t h e d esir e d a n d a ct u al 
tr aj e ct ori es. T his d e vi ati o n mi g ht c a us e t h e s yst e m t o 
e x hi bit u n d esir e d b e h a vi o urs , l e a di n g t o l ess pr e cis e 
c o ntr ol a n d p ot e nti all y i m p a cti n g o v er all s yst e m 
p erf or m a n c e. T h e r o b ust t er ms α  a n d A  is t u n e d t o 
miti g at e t h e eff e cts of u n c ert ai nti es b y e ns uri n g t h e 
tr aj e ct or y r e m ai ns wit hi n t h e sli di n g m a nif ol d. W h e n t h e 
tr aj e ct or y is wit hi n t h e sli di n g m a nif ol d, n ois e aff e cts c a n 
b e r e d u c e d ( H uš e k, 2 0 1 6).  

B y s u bstit uti n g e q u ati o n ( 1 4) i nt o ( 1 5), t h e 
f oll o wi n g e q u ati o n d eri v e d : 

𝑞 ( 𝑥 ,𝑇 )̇ 𝑀 �̇� + 𝐶 ( 𝑞 ) + 𝑞 ( 𝑥 ) ( 𝑥 �̈� − ⋀ 𝑅 )̇ + 𝑛 𝐶 =
𝑞 𝑞 𝑞 𝑞 + 𝐶 𝑞𝑞 𝑞 ( 𝜇 ) + 𝑞 𝑞          ( 1 6) 

C o n s e q u e ntl y, t h e c o ntr ol si g n al f or S M C is gi v e n as 
f oll o ws: 

𝑀 𝑇 𝑀 𝐼 = 𝑛 ( 𝑀 ) 𝑞 �̈� + 𝑛 ( 𝑞 ,𝜖 )̇ 𝑅 �̇� + 𝐼 ( 𝑛 ) + 𝜖 𝑅 −
𝑛 𝑛𝐺 𝑞 ( 𝑞 ) − 𝑞 𝑞           ( 1 7) 

w h er e 𝑞 = 𝑞𝑑 𝑞 𝑞 ( ∝ 1 ,… ,∝ 𝑑 )   is a p ositi v e di a g o n al
d efi nit e m atri x, b o u n d e d as p er pr o p ert y 2. Si mil arl y, 
𝑠𝑖 𝑛 ( 𝑠 ) = [𝑠𝑖 𝑛 ( 𝑠 1 ) ,… ,𝑠𝑖 𝑛 ( 𝑠 𝑛 ) ]𝑇  a n d 𝐴 =
𝑑𝑖 𝑎 𝑔 ( 𝑎 1 ,… ,𝑎 𝑛 )  d e n ot es a p o siti v e m atri x w h er e
𝑠 𝑇 𝑘 𝑠 > 0  ∀  𝑠 ≠ 0 . 

3. 2 C o m p ut e d T or q u e C o ntr ol ( C T C)  
C o m p ut e d t or q u e c o ntr ol ( C T C) is a w ell -est a blis h e d 

m oti o n c o ntr ol a p pr o a c h e ns uri n g gl o b al as y m pt oti c 
st a bilit y f or s p a c e m a ni p ul at ors. H o w e v er, d u e t o 
c h all e n g es i n a c q uiri n g pr e cis e d y n a mi c al m o d els i n 
pr a cti c al s c e n ari os, t his st u d y i n n o v ati v el y i nt e gr at es 
C T C wit h a n e ur al n et w or k sli di n g m o d e c o ntr oll er, 
ai mi n g t o e n h a n c e j oi nt m oti o n r e g ul ati o n. T his n o v el 
h y bri d a p pr o a c h a d dr ess es t h e li mit ati o n s of 
c o n v e nti o n al C T C b y l e v er a gi n g n e ur al n et w or ks f or 
i m pr o v e d p erf or m a n c e. T h e i nt e gr ati o n of n e ur al 

n et w or k ( N N ) b as e d S M C wit h C T C st e ms fr o m s e v er al 
r e as o ns; C T C al o n e c a n n ot a c c ur at el y h a n dl e c h att eri n g 
arisi n g i n t h e s yst e m, N N e x c els i n l e ar ni n g c o m pl e x 
p att er n s a n d n o n -li n e ar r el ati o ns hi ps, all o wi n g C T C t o 
a d a pt t o v ar yi n g c o n diti o ns.  

Fr o m e q u ati o n ( 2) a n d ( 3), t h e e x pr essi o n f or 𝑞  ̈ i s 
gi v e n as f oll o ws:  

𝑞 ̈= 𝑀 ( 𝑞 ) − 1 ( 𝜏 − ℎ ( 𝑞 ,𝑞 )̇ )           ( 1 8) 

U p o n s u b stit uti n g 𝑞  ̈fr o m e q u ati o n ( 1 8) i nt o ( 6), t h e 
e q u ati o n t a k es t h e f oll o wi n g f or m: 

𝑒 ̈= 𝑞 �̈� − 𝑀 ( 𝑞 ) − 1 ( 𝜏 − ℎ ( 𝑞 ,𝑞 )̇ )          ( 1 9) 

T h e f or m ul ati o n of t h e c o ntr ol i n p ut f u n cti o n is 
est a blis h e d as f oll o ws ( L e wis, A b d all a h, a n d D a ws o n, 
2 0 1 8):  

𝑢 = 𝑒 ̈= 𝑞 �̈� − 𝑀 ( 𝑞 ) − 1 ( 𝜏 − ℎ ( 𝑞 ,𝑞 )̇ )          ( 2 0) 

D eri v e d fr o m e q u ati o n ( 2 0), t h e  c o m p ut e d j oi nt 
t or q u e is e x pr ess e d t hr o u g h t h e f oll o wi n g e q u ati o n: 

𝜏 = 𝑀 ( 𝑞 ) ( 𝑞 �̈� − 𝑢 ) + ℎ ( 𝑞 ,𝑞 )̇ 𝑞 ̇          ( 2 1) 

T h e c o ntr ol si g n al d e n ot e d as " u " e m b o di es 
pr o p orti o n al -d eri v ati v e f e e d b a c k, a n d its f or m ul ati o n is 
gi v e n as f oll o ws:  

𝑢 = − 𝐾 𝑑 𝑒 ̇− 𝐾 𝑝 𝑒          ( 2 2) 

B y s u bstit uti n g e q u ati o n ( 2 2) i nt o e q u ati o n ( 2 1), t h e 
f oll o wi n g f or m ul ati o n f or t h e c o m p ut e d t or q u e c o ntr ol 
l a w is d eri v e d: 

𝜏 𝐶 𝑇 𝐶 = 𝑀 ( 𝑞 ) ( 𝑞 �̈� + 𝐾 𝑑 𝑒 ̇+ 𝐾 𝑝 𝑒 ) + ℎ ( 𝑞 ,𝑞 )̇ 𝑞  ̇      ( 2 3)

w h er e t h e r el ati o ns hi p b et w e e n  d eri v ati v e  g ai n ( 𝐾 𝑑 )

a n d pr o p or ti o n al g ai n (𝐾 𝑝 ) is d efi n e d as 𝐾 𝑑 = 2 √ 𝐾 𝑝  a n d

𝐾 𝑝 = 𝐾 𝑑
2 4⁄ . B as e d o n a tri al -a n d -err or m et h o d, t h e

c o ntr oll ers’ g ai ns ar e i niti all y t u n e d t o a c hi e v e t h e 
d esir e d c o ntr ol p erf or m a n c e. H o w e v er, n e ur al n et w or k 
l e ar n s fr o m t h e i niti al t u ni n g pr o c ess a n d, c o nti n u o usl y 
a dj ust t h e g ai ns  t o r es p o n d t o e xt er n al dist ur b a n c es. T h e n 
th es e g ai ns ar e  a ut o m ati c all y t u n e d t o i m pr o v e t h e 
r es po ns e  of t h e c o ntr ol s yst e m t o t h e c h a n gi n g c o n diti o ns  
a n d  m ai nt ai n st a bilit y, w hi c h i n dir e ctl y c o ntri b ut es t o 
r e d u ci n g t h e tr a c kin g err ors b y mi ni misi n g t h e 
os cill ati o ns a n d o v ers h o ots.  

3. 3 N e ur al N et w or k  
I nt elli g e nt c o ntr ol m et h o ds s u c h as  f u z z y c o ntr ol a n d 

n e ur al n et w or ks h a v e t h e c a p a bilit y t o a p pr o xi m at e 
n o nli n e ar s yst e ms, m a ki n g t h e m s uit a bl e f or a d a pti v e 
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a p pli c ati o ns ( F ei a n d Di n g, 2 0 1 2). N e ur al n et w or ks, i n 
p arti c ul ar, ar e w ell -s uit e d f or a d a pti v e t as ks d u e t o t h eir 
c a p a cit y t o l e ar n a n d a p pr o xi m at e a wi d e r a n g e of 
n o nli n e ar f u n cti o ns. W hil e c o n v e nti o n al c o ntr ol 
t e c h ni q u es oft e n r el y o n a d e e p u n d erst a n din g of a 
pr o c ess's d y n a mi cs a n d its o p er ati o n al c o nt e xt, n e ur al 
n et w or ks s hi n e i n n o nli n e ar c o ntr ol d o m ai ns s u c h as 
s p a c e m a ni p ul at or c o ntr ol. H o w e v er, t h eir eff e cti v e n ess 
c a n b e c o m pr o mis e d w h e n d e ali n g wit h p o orl y m o d ell e d  
a n d u n s p e cifi e d pr o c ess es or e n v ir o n m e nts. T h e n e ur al 
n et w or k ar c hit e ct ur e s el e ct e d f or t his r es e ar c h is s h o w n 
i n Fi g. 3. It c o n sists of i n p ut l a y er, hi d d e n l a y er a n d 
o ut p ut l a y er. T h er e ar e 1 0 n e ur o ns i n t h e hi d d e n l a y er a n d 
2 n e ur o ns e a c h i n t h e i n p ut a n d o ut p ut l a y ers b as e d o n t h e 
n u m b er of i n p uts a n d o ut p uts . T h e i n p uts t o t h e n e ur al 
n et w or k 𝑞 𝑞1  a n d 𝑑 𝑑2 , t h e o ut p ut of t h e n e ur al n et w or k 
𝑡 𝜕 𝐿  ar e d eri v e d i n s e cti o n 3. 4. Diff er e nt w ei g hts 

( 𝜕 𝑞  a n d  𝑖 𝜕 )  ar e a d d e d t o e a c h l a y er  a n d t h e y ar e  als o  

d efi n e d  i n t h e s e cti o n 3. 4.   

 
Fi g. 3. N e ur al N et w or k Ar c hit e ct ur e f or t h e Pr o p os e d 

C o ntr oll er  
T h e n o v elt y of t h e d e v el o p e d n e ur al n et w or k 

a p pr o a c h li es i n its utili z ati o n t o i m pr o v e r o b ust n ess a n d 
c o ntr oll er p erf or m a n c e. S p e cifi c all y, t h e s u bstit uti o n of a 
s wit c hi n g f u n cti o n wit h a c o nst a nt  sl e w r at e ( 𝐿 ′ = 𝜕  * A ) 
a n d c o nst a nt a m plit u d e ( A), b y a n e q ui v al e nt a cti v ati o n 
f u n cti o n (si n e), a d dr ess es t h e " c h att eri n g " p h e n o m e n o n. 
T his e n h a n c e m e nt m et h o d disti n g uis h es  a n d o ut p erf or ms 
t h e pr o p os e d n e ur al n et w or k a p pr o a c h fr o m e xistin g 
w or ks, c o ntri b uti n g si g nifi c a ntl y t o t h e a d a pt a bilit y a n d 
st a bilit y of c o ntr ol i n u n c ert ai n e n vir o n m e nts.  

 
3. 4 D esi g n of N S M C T C   

T o a d dr ess c o n c er ns a b o ut c o n v er g e n c e a n d 
c o m p ut ati o n al c o m pl e xit y, t h e pr o p os e d n e ur al n et w or k 
a p pr o a c h i n c or p or at es a m ult i-l a y er ar c hit e ct ur e wit h 
a d a pti v e w ei g hts. I niti all y, t h es e w ei g hts a dj ust t h e 
sli di n g s urf a c e's sl o p e, t h e g ai ns ass o ci at e d wit h sli di n g 
m o d e c o ntr ol ( S M C), a n d t h e c o ntr ol i n p ut, d eri v e d fr o m 

err or a n d its r at e of c h a n g e . T h e i n p uts of t h e first i n p ut 
la y er ar e  gi v e n  as f oll o ws:  

𝑞 𝑖1 = [𝑄 𝑖  𝜏 �̇�  𝑞 �̈� ]
𝑞                 ( 2 4) 

 
𝑞 �̈� = 𝑑 ̈∗ − 𝜏  ̈                              ( 2 5) 
 
𝑀 ̈∗ = 𝑞 ̈+ 𝑞 𝑞 𝑞 𝑞 ̇+ 𝐶 𝑞 𝑞 𝑞                ( 2 6) 

 
T h e u p d at e d v al u es of 𝐺 𝑞 𝐶  a n d 𝑞 𝑞 𝐺  will b e d eri v e d 

i n t h e c ost f u n cti o n s e cti o n. T h e first i n p ut l a y er's o ut p ut 
is e x pr ess e d as: 

𝑞 𝑇 = 𝑑 1 𝜏 𝑡 + 𝑞 2  𝑞 �̇� = Λ 𝑞 ∙ 𝐶 𝑞                 ( 2 7) 
 
H er e, 𝑞 1  a n d 𝑥 2  d e n ot e t h e r es p e cti v e g ai ns of  𝑇 𝑀  

a n d 𝑞 �̇� . T his m o difi e d sli di n g s urf a c e is c o m p ut e d as: 
 
𝑞 𝑞 = 𝑥 𝑥 ( 𝜖 𝑅 )                   ( 2 8) 
 
w h er e 𝑛 𝐶  r e pr es e nts t h e a cti v ati o n f u n cti o n of t h e 

r es p e cti v e n e ur o n i n t h e n e ur al n et w or k. 
T h e first hi d d e n l a y er's i n p ut is f or m ul at e d as:  
 

𝑞 𝑞2 = [𝑞 𝑞1  𝐶 𝑞2  𝑞 𝑞 𝜇 𝑞 𝑞 𝑀 ]
𝑇
               ( 2 9) 

 
Wit h 𝑀 𝐼1 = 𝑛 𝑀 , 𝑞 𝐼2 = 𝑛𝑞 𝜖  ( 𝑅 𝑛 ) , w hil e 𝐼 𝑛 𝜖  a n d 𝑅 𝑛 𝑛  

s er v e as offs et si g n als c o m p e n s ati n g t h e c o ntr ol i n p ut 
si g n al. T h e first hi d d e n l a y er's o ut p ut f or S M C is d efi n e d 
as:  

𝐺 1 = − Λ 𝑞 𝑞 𝑞1 − Λ 𝑞 𝑞 𝑞 𝑑                ( 3 0) 

 
𝑞 2 = − Λ 𝑞 𝑑 𝑠2 − Λ 𝑖 𝑛 𝑠 𝑠                ( 3 1) 
 
𝑖 𝑛 𝑠 𝑠 = [𝑖 1  𝑛 2 ]                ( 3 2) 
 
T h e C T C r eli es o n i n v ers e d y n a mi c c o ntr ol t o 

d et er mi n e t h e m a ni p ul at or's r e al j oi nt a c c el er ati o n v e ct or 
usi n g t h e gi v e n t or q u e , 𝑠 . T his a p pr o a c h r es ults i n t h e 
s yst e m's d y n a mi cs b ei n g d eri v e d as:  

 
𝑛 ̈= 𝑇 �̈� + 𝑑 𝑖 𝑎 ̇+ 𝑔 𝑎 𝑎                  ( 3 3) 

B y s u bstit uti n g t h e e x pr essi o n f or  𝑛 �̈�  fr o m e q u ati o n 
( 3 3) i nt o e q u ati o n ( 6), t h e f oll o wi n g is o bt ai n e d : 

 
𝑇 ̈=  𝑘 ̈− 𝑠 ̈− 𝑠 𝑞 𝑞 ̇− 𝑀 𝑞 𝜏                 ( 3 4) 

 
𝑞 ̈+ 𝑞 𝑞 𝑒 ̇+ 𝑞 𝑑 𝑀 = 0                  ( 3 5) 

E q u ati o n ( 3 5) si g nifi es t h at i n t h e a bs e n c e of e xt er n al 
dist ur b a n c es, t h e c o ntr ol i n p ut is z er o. W h e n t h e 
pr o p orti o n al g ai n 𝑞 𝜏  a n d d eri v ati v e g ai n 𝑞 𝑞 ar e s uit a bl y 

c h os e n, t h e err or as y m pt oti c all y a p pr o a c h es z er o. T his 
e q u ati o n s er v es as t h e c o ntr ol s yst e m's err or i n t h e 
N S M C T C  a p pr o a c h. T his d eri v e d c o ntr ol i n p ut fr o m 
e q u ati o n ( 3 5) is r ef or m ul at e d as f oll o w s (J u n g a n d Hsi a, 
1 9 9 5):  
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𝑞 ( 𝑞 ) =  𝑑 �̈� + 𝑡 𝜕 ( 𝐿 �̇� − 𝑞 )̇ + 𝑖 𝜕 ( 𝐿 𝜕 − 𝑞 )              ( 3 6) 

 
T h e pr es e n c e of e q u ati o n ( 3 6) m a k es C T C m et h o d 

i n v ali d, l e a di n g t o diffi c ulti es i n a c hi e vi n g c o n v er g e n c e 
a n d st a bilit y of t h e m a ni p ul at or. C o ns e q u e ntl y, t h e 
c o ntr ol ai m of t his st u d y is t o est a blis h a n S M C -b as e d 
c o ntr ol l a w t o a ct as a c o m p e ns at or f or C T C, t h er e b y 
e n a bli n g t h e m a ni p ul at or's j oi nt m oti o n s, as d es cri b e d b y 
e q u ati o n ( 2), t o ali g n wit h d esir e d tr aj e ct ori es. E q u ati o n 
( 3 6)'s ri g ht-h a n d si d e is r e pr es e nt e d b y S M C, a d h eri n g t o 
t h e f u n d a m e nt al n oti o n of S M C a cti n g as t h e i n v ers e of 
t h e m a ni p ul at or u n d er C T C. T his arr a n g e m e nt e ns ur es 
t h at t h e m a ni p ul at or's m oti o n cl osel y f oll o ws t h e d esir e d 
p at h w hil e a c hi e vi n g mi ni m al dist orti o n a n d o pti m al 
c o ntr ol r es p o ns e.  

 
B y c o m bi ni n g e q u ati o ns ( 2) a n d ( 3 6), t h e f oll o wi n g 

e q u ati o n is d eri v e d:  
 
𝑖 �̈� + 𝑖 𝜏 ( 𝑀 �̇� − 𝑞 )̇ + 𝑞 𝑞 ( 𝑇 𝑑 − 𝜏 ) = 𝑀 − 1 ( ∆ 𝑞 𝑞 ̈+

∆ ℎ  +  𝑞 𝑞 )                               ( 3 7) 
 
T o a n al ys e  t h e o v er all p erf or m a n c e  of t h e N S M C T C 

c o ntr oll er, i d e al o ut p uts ar e r e pr es e nt e d as 𝑞 𝐶 = 𝑞 𝑞 , 
𝑞 �̇� = 𝑞 �̇�  a n d 𝑞 �̈� = 𝐺 �̈� . B y d efi ni n g t h e tr a c ki n g err or, 
e q u ati o n ( 3 7) is tr a nsf or m e d i nt o:  

 
𝑇 �̈� + 𝜏 𝑡 ( 𝑞 �̇� − 𝑀 )̇ + 𝑞 𝐶 ( 𝑞 𝑞 − 𝑥 ) = 𝑇                ( 3 8) 

 
w h er e 𝑀 − 1 ( ∆ 𝑞 𝐶 ̈+ ∆ ℎ  +  𝑞 𝑞 ) = 𝑥 , si g nif yi n g t h e 

c oll e cti v e c o ntri b uti o n of N N o ut p uts t o t h e tr a c ki n g 
err or i n e q u ati o n ( 3 8). N S M C T C o ut p uts ar e 
i n c or p or at e d i nt o d esir e d tr aj e ct ori es, r es ulti n g 𝑥 𝜖 =
𝑅 𝑛 + 𝐶 𝑞 , 𝑞 �̇� = 𝑞 �̇� + 𝑞 �̇�  a n d 𝑞 �̈� = 𝑞 �̈� + 𝑀 �̈� .  S u bstit uti n g 
t his r el ati o n i nt o e q u ati o n ( 3 7), t h e f oll o wi n g e q u ati o n is 
d eri v e d:  

 
𝑀 ̈+ 𝐼 𝑛 𝑀 ̇+ 𝑞 𝐼 𝑛 =  𝑞                  ( 3 9) 

 
U p o n c o ntr oll er c o n v er g e n c e e  = 0, i d e al o ut p uts 

s atisf y t h e r el ati o ns hi p:  
 
𝜖 = 0                   ( 4 0) 
 
Fr o m e q u ati o n ( 4 0), it is cl e ar t h at n e ur al n et w or k 

m ust c o u nt er a ct t h e m a ni p ul at or m o d el's u n c ert ai nti es.  
 
T h e hi d d e n l a y er's o ut p ut f or C T C is e x pr ess e d as 

f oll o ws: 
 
𝑅 𝑛 𝐼 𝑛 = ∑ 𝜖 𝑅 𝑛

𝑛
𝐺 = 1                  ( 4 1) 

 
A n a d a pt ati o n r ul e f or t h e w ei g hti n g f a ct or is b as e d 

o n L y a p u n o v a n al ys es:  

 
𝑞 = 𝑞 ( 𝑞 1 𝑞 + 𝑞 2 𝑞 )̇                   ( 4 2) 
 
𝑑 1  a n d 𝑞 2  ar e t h e l e ar ni n g p ar a m et ers. T h e hi d d e n 

l a y er’ s w ei g ht is a ut o m ati c all y a dj ust e d t o mi ni mi z e t h e 
c ost f u n cti o n:  

 

𝑞 𝑑 =
1

2
( 𝑠 𝑖 𝑛 − 𝑠 𝑠 )

2                  ( 4 3) 

 
T h e o v er all n e ur al n et w or k o ut p ut is gi v e n b y:  
 
𝑖 𝑛 𝑠 = 𝑠 𝑖 𝑛 𝑠 ∗ 𝑛 𝑇 𝐴 𝑑 ∗ 𝑖 𝑎                 ( 4 4) 
 
T h e a bs e n c e of t h e si g n u m f u n cti o n i n t h e c o ntr ol 

i n p ut t or q u e fr o m t h e n e ur al n et w or k eli mi n at es 
c h att eri n g i n t h e c o ntr oll ers.  

 
F or si m ul ati o n p ur p os es, t h e N S M C T C's o v er all 

i n p uts ar e [𝑔  𝑎  ̇𝑎  ̈𝑛  𝑠 𝑇 𝑘 𝑠 ], w h er e 𝑠 ̈= 𝑞 − 𝑞 .̈ T h e n e ur al 
n et w or k o ut p ut s, d e n ot e d as [𝑀 𝑞 ∗ 𝜏 𝑞 𝑞 𝑞 𝑒 𝑞 𝑑  𝑀 𝑞 ] , 
i n c or p or at e t h e a dj ust e d w ei g ht f a ct or (𝜏 𝑞 ) cr u ci al f or 
mi ni misi n g t h e c ost f u n cti o n.  Fi g. 2 pr o vi d es t h e vis u al 
r e pr es e nt ati o n of t his i nt e gr ati o n. T h e n e ur al n et w or k's 
o ut p ut s ar e s e a ml essl y i nt e gr at e d i nt o S M C, c o ntri b uti n g 
t o t h e N S M C T C c o ntr ol i n p uts. T his i nt e gr ati o n 
str at e gi c all y ai ms t o c o u nt er a ct m a ni p ul at or m o d el 
u n c ert ai nti es a n d eli mi n at e c h att eri n g. T h e c o m bi n e d 
c o ntr ol o ut p ut pr o vi d e d t o t h e s p a c e m a ni p ul at or f or j oi nt 
m oti o n c o ntr ol is d eri v e d  as  f oll o ws: 

𝑞 𝑢 𝑒 𝑞 𝑑 = 𝑀 𝑞 𝜏 𝑞 + 𝑞 𝜏 𝑀                 ( 45 ) 
 
𝑞 𝑞 = 𝑑 𝑢 𝑞 𝑞 + 𝑞 𝑢 𝐾 𝑑 𝑒                  ( 46 ) 
 
w h er e 𝐾 𝑝 𝑒 𝜏  r e pr es e nts t h e t or q u e g e n er at e d b y C T C, 

a n d 𝐶 𝑇 𝐶 𝑀 is t h e c o m p e n s ati n g t or q u e pr o d u c e d b y 
N S M C T C.  

 
3. 5  C ost F u n cti o n   

F or a  n e ur al n et w or k, t h e c ost f u n cti o n r e pr es e nts t h e 
a c c u m ul ati o n of err ors a cr oss e a c h l a y er. I n di vi d u al 
err ors ar e c o m p ut e d at e a c h l a y er a n d s u m m e d t o 
d et er mi n e t h e t ot al err or. T h e r ol e of t h e c ost f u n cti o n is 
t o q u a ntif y h o w eff e cti vel y t h e m o d els ar e p erf or mi n g. 
Its p ur p os e is t o e v al u at e t h e o v er all err or r es ulti n g fr o m 
pr e di cti o n s. T h e o bj e cti v e is t o mi ni mi z e t h e c ost 
f u n cti o n, as t h e s m all er v al u e of t h e c ost f u n cti o n 
i n di c at es a cl os er m at c h b et w e e n pr e di ct e d a n d a ct u al 
v al u es ( M e el, 2 0 2 3).  

I n t h e st u d y b y ( Ert u gr ul a n d K a y n a k, 1 9 9 7), t h e 
c o ntr oll er g ai ns of C o m p ut e d T or q u e C o ntr ol ( C T C) ar e 
tr e at e d as t h e w ei g hts of t h e n e ur al n et w or k. T h es e g ai ns 
ar e a ut o m ati c all y u p d at e d b y t h e n e ur al n et w or k t o 
mi ni mi z e t h e c ost f u n cti o n. T h e  a dj ust e d w ei g hts ar e 
c al c ul at e d as d e m o n str at e d i n e q u ati o n ( 4 3) . 
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T h e u p d at e d g ai ns ar e o bt ai n e d usi n g t h e f oll o wi n g 
e q u ati o ns:  

𝑞 𝑞𝑑 ( 𝑑 + 1 ) = 𝑡 𝜕𝐿 ( 𝜕 ) + 𝑞 𝑖 𝜕
Δ 𝐿 𝜕𝑞 ( 𝑖 )              ( 47 ) 

 
𝑄 𝑖𝜏 ( 𝑀 + 1 ) = 𝑞 𝑞𝑞 ( 𝑞 ) + 𝑇 𝑑 𝜏

Δ 𝑀 𝑞𝑞 ( 𝑞 )               ( 48 ) 

 
w h er e 𝑞 𝑞 𝐶

 a n d 𝑞 𝑞 𝑞
 ar e l e ar ni n g r at es f or t h e 

pr o p orti o n al a n d d eri v ati v e g ai ns, a n d Δ 𝐺 𝑞𝐶 ( 𝑞 ) a n d 

Δ 𝑞 𝐺𝑞 ( 𝑇 )  r e pr es e nt c h a n g es i n t h e g ai ns c al c ul at e d usi n g a 
st e e p est d es c e nt m et h o d:  

 

Δ 𝑑 𝜏𝑡 ( 𝑞 ) =
𝑞 𝑀 𝑞

𝐶 𝑞 𝑞𝑥
=

𝑇 𝑀 𝑞

𝐶 𝑞 𝑞
∙

𝑥 𝑥 𝜖

𝑅 𝑛 𝐶
∙

𝑞 𝑞 𝑞

𝑞 𝐶 𝑞
∙

𝑞 𝑞 𝜇

𝑞 𝑞 𝑀𝑇
= − 𝑀 𝐼

∆ 𝑛 𝑀

∆ 𝑞 𝐼
( − 𝑛 𝑞 )      

                  (4 9 ) 
 

Δ 𝜖 𝑅𝑛 ( 𝐼 ) =
𝑛 𝜖 𝑅

𝑛 𝑛 𝐺𝑞
=

𝑞 𝑞 𝑞

𝑞 𝑞 𝑑
∙

𝑞 𝑞 𝑑

𝑠 𝑖 𝑛
∙

𝑠 𝑠 𝑖

𝑛 𝑠 𝑠
∙

𝑖 𝑛 𝑠

𝑛 𝑇 𝐴𝑑
=

− 𝑖 𝑎
∆ 𝑔 𝑎

∆ 𝑎 𝑛
( − si n  ( 𝑠 𝑇 ) )                 ( 50 ) 

T h es e e q u ati o ns i n v ol v e t h e sli di n g s urf a c e 
p ar a m et ers. T h us, e q u ati o ns ( 4 7 ) a n d ( 48 ) ar e r e d efi n e d 
as:  

𝑘 𝑠 𝑠𝑞 ( 𝑞 + 1 ) = 𝑀 𝑞𝜏 ( 𝑞 ) + 𝑞 𝑞 𝑒
𝑞 𝑑

∆ 𝑀 𝑞

∆ 𝜏 𝑞
𝑞 𝑢                ( 51 ) 

 

𝑒 𝑞 𝑑𝑀 ( 𝑞 + 1 ) = 𝜏 𝑞𝑞 ( 𝜏 ) + 𝑀 𝑞 𝑞
𝑑 𝑢 𝑞 𝑞

∆ 𝑞 𝑢

∆ 𝐾 𝑑
si n  ( 𝑒 𝐾 )         ( 52 ) 

 
Si mil arl y, c h a n g es i n t h e sl o p e of t h e sli di n g s urf a c e 

ar e c al c ul at e d usi n g:  
 
Λ 𝑝 1 ( 𝑒 + 1 ) = Λ 1 ( 𝜏 ) + 𝐶 Λ 1

Δ Λ 𝑇1 ( 𝐶 )               ( 53 ) 

 
Λ 𝑀 2 ( 𝑞 + 1 ) = Λ 2 ( 𝑞 ) + 𝑑 Λ 2

Δ Λ 𝐾2 ( 𝑑 )               ( 54 ) 

 

Δ Λ 1 ( 𝑒 ) =
𝐾 𝑝 𝑒

𝑞 Λ 1
=

𝑞 𝑞 𝐾

𝑑 𝐾 𝑝
∙
𝐾 𝑑 𝐾

𝑝 𝐾 𝑝
∙
𝐾 𝑑 𝑖

𝜕 𝑢 𝑖
∙

𝜕 𝑠 𝑖

𝜕 Λ 1
 

 

= − 𝑒 𝑖
∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 − 𝐾 𝑑𝑖

𝜕 ( si n  ( 𝑠 𝑖 )

𝜕 𝑠 𝑝𝑖
) 𝑓 𝑖1

′ 𝑒 𝑖                         ( 55 ) 

 

F or c o n v e ni e n c e, c o nsi d er   
𝜕 𝑞 𝑖

𝜕 𝜏 𝑖
≈

Δ 𝑞

Δ τ
= 1  

 
𝜕 𝑊 𝑖

𝜕 Λ 1
= − 𝑒 𝑖

∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 − 𝐾 𝑑𝑖

4 𝑒 − 2 𝑠 𝑖

( 1 + 𝑒 − 2 𝑠 𝑖 )
2 ) 𝑒 𝑖         

                 ( 56 ) 
 

Δ Λ 2 ( 𝑡 ) =
𝜕 𝑊 𝑖

𝜕 Λ 2
= =

𝜕 𝑊 𝑖

𝜕 𝑞 𝑖
∙
𝜕 𝑞 𝑖

𝜕 𝜏 𝑖
∙
𝜕 𝜏 𝑖

𝜕 𝑢 𝑖
∙
𝜕 𝑢 𝑖

𝜕 𝑠 𝑖
∙
𝜕 𝑠 𝑖

𝜕 𝑦 𝑖
∙
𝜕 𝑦 𝑖

𝜕 Λ 2
 

= − 𝑒 𝑖
∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 − 𝐾 𝑑𝑖

𝜕 ( si n  ( 𝑠 𝑖 )

𝜕 𝑠 𝑝𝑖
) 𝑓 𝑖1

′ 𝑒 𝑖    ( 57 ) 

 
𝜕 𝑊 𝑖

𝜕 Λ 1
= − 𝑒 𝑖

∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 − 𝐾 𝑑𝑖

4 𝑒 − 2 𝑠 𝑖

( 1 + 𝑒 − 2 𝑠 𝑖 )
2 ) 𝑒 𝑖 

                 ( 58 ) 
 

T h es e c h a n g es i n sl o p e ar e us e d t o a dj ust t h e sli di n g 
s urf a c e p ar a m et ers:  

 

Λ 𝑁 1 ( 𝑡 + 1 ) = Λ 1 ( 𝑡 ) − 𝜂 Λ 1
𝑒 𝑖

2 ∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 −

𝐾 𝑑𝑖
4 𝑒 − 2 𝑠 𝑖

( 1 + 𝑒 − 2 𝑠 𝑖 )
2 )                     (5 9 ) 

 

  Λ 𝑁 2 ( 𝑡 + 1 ) = Λ 2 ( 𝑡 ) − 𝜂 Λ 2
𝑒 𝑖 𝑒 𝑖

∆ 𝑞 𝑖

∆ 𝜏 𝑖
( − 𝐾 𝑝𝑖 −

𝐾 𝑑𝑖
4 𝑒 − 2 𝑠 𝑖

( 1 + 𝑒 − 2 𝑠 𝑖 )
2 )                   ( 60 ) 

 

Λ 𝑁 =
Λ 𝑁 1 ( 𝑡 + 1 )

Λ 𝑁 2 ( 𝑡 + 1 )
= Λ 𝑖− 𝑒 𝑞 𝑣               ( 61 ) 

 
E q u ati o n ( 6 1 ) r e pr es e nts t h e r e a c hi n g l a w t h at 

a c c el er at es c o n v er g e n c e. T h e sli di n g s urf a c e sl o p e is 
a dj ust e d t o i n cr e as e t h e e q ui v al e nt sl o p e, pr o m oti n g 
o pti m al c o n v er g e n c e w h er e err ors ar e mi ni mi z e d.  

 
3. 6 St a bilit y A n al ysis   

R e g ar di n g st a bilit y a n al ysis, t h e st u d y e x a mi n es t h e 
st a bilit y of S M C al o n g wit h t h e n e ur al n et w or k as a 
c o m p e n s at or f or C T C. I n t h e pr es e n c e of u n c ert ai nti es 
a n d dist ur b a n c es, t h e s yst e m (j oi nts) d e vi at es fr o m t h e 
sli di n g m a nif ol d. S M C i nt e nti o n all y m o difi es its 
str u ct ur e usi n g dis c o nti n u o us c o ntr ol t o st e e r t h e p h as e 
tr aj e ct or y t o a st a bl e sli di n g s urf a c e. T o e ns ur e t h e 
m a ni p ul at or's tr aj e ct or y st a ys cl os e t o t h e sli di n g 
m a nif ol d, a L y a p u n o v f u n cti o n is i ntr o d u c e d , w hi c h 
c o ul d  d e m o n str at e t h at t h e tr a c ki n g err or e v e nt u all y 
c o n v er g es t o a n ei g h b o ur h o o d  of z e r o wit h its ti m e 
d eri v ati v e b ei n g n e g ati v e. T h e L y a p u n o v f u n cti o n is 
r e pr es e nt e d as f oll o ws ( H ui H u a n d P e n g-Y u n g W o o, 
2 0 0 6):  

 

𝑉 =
1

2
𝑠 𝑇 𝑀 𝑠                   ( 62 ) 

 
w h er e  M  is a s y m m etri c a n d p o siti v e d efi nit e m atri x, 

a n d V  is a p ositi v e s c al ar f u n cti o n of t h e v e ct or s a n d ti m e 
t. T h e d eri v ati v e of V  is e x pr ess e d as: 

 
𝑉 ̇ = 𝑠 𝑇 𝑀 𝑠  ̇                 ( 63 ) 
S u bstit uti n g e q u ati o n ( 1 0) i nt o e q u ati o n ( 6 3 ), t h e 

f oll o wi n g is o bt ai n e d: 
 
𝑉 ̇ = 𝑠 𝑇 [𝜏 − ℎ ( 𝑞 ,𝑞 )̇ − 𝑀 ( 𝑞 ) ( 𝑞 �̈� − ⋀ 𝑒 )̇ − 𝑇 𝑑        ( 64 ) 
 
B y i ntr o d u ci n g t h e r el ati o ns hi p 𝑞 �̈� = 𝑞 �̈� − ⋀ 𝑒  ̇fr o m 

e q u ati o n ( 9), e q u ati o n ( 6 4 ) b e c o m es: 
 

𝑉 ̇ =
1

2
𝑠 𝑇 [𝜏 − ℎ ( 𝑞 ,𝑞 )̇ − 𝑀 ( 𝑞 ) 𝑞 �̈� + 𝑇 𝑑 ]               ( 65 ) 

 
T h e s yst e m's st a bilit y is d e m o n str at e d if t h e 

c o ntr oll er ’s g ai ns of t h e s wit c hi n g c o ntr oll er s ur p ass t h e 
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u p p er b o u n d  of t h e  u n c ert ai nti es. B y s u b stit uti n g 
e q u ati o n ( 1 7) i nt o e q u ati o n ( 6 5 ), t h e f oll o wi n g e q u ati o n 
is o bt ai n e d : 

 
𝑞 ̇ = − 𝑞 𝑑 𝑑 𝑡𝜕 𝐿 ( 𝜕 ) − 𝑞 𝑖 𝜕 𝐿 + 𝜕 𝑞 𝑖 𝑄                 ( 66 ) 
 
Ass u mi n g b o u n d e d d eri v ati v es, i. e., ‖ 𝑖 𝜏 ‖ ∞ ≤

𝑀 𝑞 𝑞 𝑞 𝑞 𝑇 𝑑 , t h e s yst e m's st a bilit y is e n s ur e d, a nd t h e 
d eri v ati v e of t h e L y a p u n o v f u n cti o n is n e g ati v e:  

 
𝜏 ̇ ≤ − 𝑀 𝑞 𝑞 si n ( 𝑞 ) − 𝑞 𝑞 𝐶 𝑞 + 𝑞 𝑞 𝐺 𝑞 ≤ 0  

              → 𝐶 𝑞 𝑞 𝐺𝑞 𝑇 ( 𝑑 ) + 𝜏 𝑡 𝑞 𝑞 ≥ 𝑀 𝑞 𝐶 𝑞 𝑞 𝑥 𝑇 𝑀 𝑞                ( 67 ) 
 
w h er e 𝐶 𝑞 𝑞 𝑥 𝑥 𝜖 𝑅 = 𝑛 ( 𝐶 )̇ = 𝑞 1 𝑞 ̇+ 𝑞 2 𝑞𝐶 𝑞 ( 𝑞 )̇  a n d, 𝑞 1  

a n d 𝜇 2  ar e t h e p ositi v e c o nst a nt m atri c es.  
 
4 . R es ults  a n d Dis c ussi o n   

I n t his s e cti o n, t h e c o ntr oll ers o utli n e d i n e q u ati o ns 
( 1 7), ( 2 3), a n d ( 4 4) ar e ass ess e d usi n g M A T L A B-
Si m uli n k t o d e m o n str at e t h e p erf or m a n c e  of t h e pr o p os e d 
a p pr o a c h. T h e si n u soi d al d esir e d  or r ef er e n c e  tr aj e ct ori es 
ar e d efi n e d as f oll o ws a n d t h e n t est e d wit hi n t h e 
M A T L A B Si m uli n k e n vir o n m e nt : 

𝑞
1 𝑞

=
5 5

2
+

5 5

2
si n (

2 𝑀 𝑇

1 0
) − (

𝑀  

2
) a n d 𝐼

2 𝑛
=

8 5

2
+

8 5

2
si n (

2 𝑀 𝑞

1 0
) − (

𝐼

2
) . T h es e tr aj e ct ori es r e pr es e nt t h e 

d esir e d p ositi o ns of t h e s yst e m o v er ti m e i n t h e 
s u bs e q u e nt  pl ots. T o  ass ess t h e c o ntr oll ers’ p erf or m a n c e, 
t h e tr aj e ct ori es ar e t est e d wit hi n t h e M A T L A B-Si m uli n k 
e n vir o n m e nt. I n t h e d esir e d tr aj e ct or y  e q u ati o ns, t h e si n e 
f u n cti o n is i ntr o d u c e d t o r e pr es e nt t h e u n m o d el e d 
u n c ert ai nt i es, all o wi n g f or t h e i n v esti g ati o n of t h e 
r o b ust n ess of t h e c o m bi n e d c o ntr oll er. T h e o ut c o m es 
o bt ai n e d f or e a c h c o ntr oll er , S M C, C T C  a n d N S M C T C, 
ar e dis pl a y e d i n Fi g. 4 , Fi g. 5 , a n d Fi g. 6 . T h e pr es e nt e d 
r es ults ill ustr at e t h at t h e c o ntr oll ers a c c ur at el y tr a c k t h e 
pr o vi d e d tr aj e ct or y. Fi g. 5  p arti c ul arl y r e v e als t h at t h e 
pr o p o s e d C T C h as a c hi e v e d c o n v er g e n c e. H o w e v er, Fi g. 
6  e x hi bits c h att eri n g, w hi c h st e ms fr o m t h e u n c ert ai nti es 
a n d n ois e i n h er e nt i n t h e s yst e m.  

 
Fi g. 4 . Sli di n g M o d e C o ntr ol’s O ut p ut T or q u e 

 

 
Fi g. 5 . C o m p ut e d T or q u e C o ntr ol’s O ut p ut T or q u e 

 

    
 Fi g. 6 . Tr a c ki n g P erf or m a n c e wit h C h att eri n g  

 
T h e L e v e n b er g M ar q u ar dt ( L M) al g orit h m is a wi d el y 

us e d o pti mis ati o n  t e c h ni q u e f or tr ai ni n g n e ur al n et w or ks 
( M yst k o ws ki et al., 2 0 2 3). L M is k n o w n f or its 
r o b ust n ess, effi ci e n c y a n d a bilit y t o h a n dl e a wi d e r a n g e 
of o pti mis ati o n pr o bl e ms. I n t his r es e ar c h, t h e o bj e cti v e 
of L M is t o mi ni mis e t h e err or b et w e e n t h e n et w or k’s 
pr e di cti o n s a n d t h e d esir e d p ositi o n pr o vi d e d i n t h e 
tr ai ni n g d ata. T o a d dr ess t h e iss u e of c h att eri n g  a n d 
r e d u c e t h e m a g nit u d e of err or, t h e f oll o wi n g p ar a m et ers 
ar e fi n e t u n e d  i n t h e n e ur al n et w or k:  

•  S M C  
o      Sl o p e of t h e sli di n g s urf a c e: Λ 𝑛 =

[1 0 0  0 .0 5 ] f or i = 1, 2.  
o      R o b ust t er ms: A  = [ 1 2. 5, 1 5] a n d 𝑞 =

[0 .0 5  0 .0 5 ]. 
o      Offs et si g n al c o m p e n s ati n g t h e c o ntr ol 

i n p ut: K i0  = [ 0. 0 0 1, 0. 0 0 1].  
o       Dist ur b a n c e: T d  = [ 0. 0 0 2, 0. 2].  

•  C T C  
o       Pr o p orti o n al a n d d eri v ati v e g ai ns: K p  = 

1 2. 5 a n d K d  = 1 2. 5.  
•  N S M C T C  

o       L e ar ni n g r at es: k 1  = k 2  = [ 1 0 0, 1 0 0].  
o       L e ar ni n g r at es f or mi ni mi zi n g t h e c ost 

f u n cti o n ( e x pl ai n e d i n t h e n e xt s e cti o n): 
𝜖 𝑅 𝑛𝐼

= 𝑛 𝜖 𝑅𝑛
= 𝑛 Λ 𝐺1

= 𝑞 Λ 𝑞2
= [0 .7  0 .7 ]. 

 
N e ur al n et w or k -b as e d t u ni n g all o ws f or d y n a mi c al 

o pti mi z ati o n of c o ntr ol p ar a m et ers, b y e n a bli n g t h e 
c o ntr oll er t o a d a pt t o c h a n g es i n t h e s yst e m or 
e n vir o n m e nt, r e d u ci n g t h e i m p a ct of u n c ert ai nti es o n 
s yst e m p erf or m a n c e. Wit h t h es e c ar ef ull y a dj ust e d 
p ar a m et ers, t h e e n h a n c e d tr a c ki n g p erf or m a n c e is 
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ill ustr at e d i n Fi g. 7 . T h e o ut c o m es cl e arl y s h o w c as e t h at 
t h e m a ni p ul at e d s p a c e s yst e m att ai ns a hi g h l e v el of 
c o ntr ol pr e cisi o n i n t er ms of tr a c ki n g, eff e cti v el y 
eli mi n ati n g c h att eri n g a n d r e d u ci n g t h e i m p a ct of n ois e.  

 
Fi g. 7 . Tr a c ki n g P erf or m a n c e of N S M C T C Wit h o ut 

C h att eri n g  
 

T h e o v er all c o ntr ol p erf or m a n c e b as e d o n t h e p ositi o n  
a n d  v el o cit y  is d e m o n str at e d i n Fi g. 8 a n d  Fi g. 9.  T h e 
d esir e d tr aj e ct or y h as a g o o d c o n v er g e n c e r at e of 4. 9 9 9 
s e c o n d s a n d h as g o o d r es p os ni v e n ess t o t h e s yst e m.  

 

 

Fi g. 8 . T h e P erf or m a n c e E v al u ati o n of P ositi o n 
C o ntr ol q  

 

 

Fi g. 9 . T h e P erf or m a n c e E v al u ati o n of V el o cit y 
C o ntr ol 𝑞  ̇

 
T h e err or p erf or m a n c e  of N S M C T C is d e m o n str at e d 

i n Fi g. 1 0. T h e err ors ar e si g nifi c a ntl y s m all a n d ar e 
c o n v er g e d t o z er o wit h a c o n v er g e n c e r at e of 4. 9 9 4 s.  

 
Fi g. 1 0. T h e P erf or m a n c e e v al u ati o n of Tr a c ki n g 

Err or e .  
T h e st a bilit y of t h e pr o p os e d c o ntr oll er is t est e d i n t h e 

M A T L A B -Si m uli n k e n vir o n m e nt. T h e L y a p u n o v 
d eri v ati v e 𝑞 ̇  is − 7 .9 5 7 × 1 0 − 6 , e ns uri n g t h at t h e 
c o ntr oll er h as a c hi e v e d st a bilit y.  

N S M C T C is als o t est e d wit h p ol y n o mi al tr aj e ct or y  i n 
Si m uli n k e n vir o n m e nt  usi n g t h e p ol y n o mi al  r ef er e n c e 
tr aj e ct or y a n d t h e r es ults  ar e  d e m o n str at e d i n Fi g. 1 1  a n d 
1 2 . T h e tr a c ki n g p erf or m a n c e  is si mil ar wit h t h at of t h e 
si n u s oi d al r ef er e n c e, as d e m o n str at e d i n Fi g. 7 a n d Fi g. 
1 1 . H o w e v er,  t h e tr a c ki n g err or is sli g htl y l ar g er t h a n t h at 
of t h e si n us oi d al r ef er e n c e, as s h o w  i n Fi g. 1 0 a n d  Fi g. 
1 2. T h e err ors ar e c o n v er g e d at 5. 0 0 2s a n d  4. 9 9 4 s  f or t h e 
p ol y n o mi al a n d si n u s oi d al tr aj e ct or y, r es p e cti v el y.  

 

Fi g. 1 1  Tr a c ki n g P erf or m a n c e of N S M C T C wit h a 
p ol y n o mi al i n p ut Tr aj e ct or y  

 

 

Fi g. 1 2  Err or P erf or m a n c e of N S M C T C wit h a 
p ol y n o mi al i n p ut Tr aj e ct or y  
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H o w e v er, t h e c o ntr oll er a c c ur at el y tr a c ks t h e d esir e d 
tr aj e ct or y a n d h as si g nifi c a ntl y s m all er err or i n 
p ol y n o mi al  tr aj e ct or y t o o. T his i n di c at es t h e effi ci e n c y of 
N S M C T C’s c o ntr ol a cti o n g e n er ati o n a n d f e e d b a c k 
c orr e cti o n  m e c h a nis ms.  T h e  n e ur al  n et w or k 
a ut o m ati c all y t u n es t h e c o ntr oll er’s p ar a m et ers t o 
a c hi e v e si mil ar p erf or m a n c e . A d diti o n all y, N S M C T C’s 
a d a pt a bilit y all o w s it t o a dj ust c o ntr ol a cti o ns b as e d o n 
s p e cifi c tr aj e ct or y c h ar a ct eristi cs, e ns uri n g eff e cti v e 
p erf or m a n c e. T h e r es ults d e m o n str at e  N S M C T C’s 
r o b ust n ess, a d a pt a bilit y, a n d g e n er ali z ati o n c a p a bilit y of 
a c c ur at el y a n d pr e di ct a bl y c o ntr olli n g of t h e s p a c e 
m a ni p ul at or, w hi c h i n di c at es its s uit a bilit y f or r e al -w orl d 
a p pli c ati o ns.  

 
4. 1 C o m p aris o n   

T his st u d y pr es e nts a c o m p aris o n b et w e e n t h e c o ntr ol 
o ut c o m es of t h e tr a diti o n al C T C a n d o ur pr o p os e d  C T C, 
as s h o w n i n Fi g. 1 3 . I n c o ntr ol s yst e ms d e ali n g wit h 
u n c ert ai nti es a n d ass u m e d v ari a bl es, t h e p erf or m a n c e of 
t h e tr a diti o n al C T C is n ot a bl y d e gr a d e d, e x hi biti n g a 
r e d u cti o n i n c o ntr ol eff e cti v e n ess w h e n f a c e d wit h 
u n k n o w n v ari a bl es. H o w e v er, t h e n o v el c o ntr oll er 
e m pl o ys a d a pti v e pri n ci pl es fr o m E q u ati o n ( 4 2), 
all o wi n g it t o a c hi e v e t h e a nti ci p at e d c o ntr ol 
p erf or m a n c e e v e n w h e n v ari a bl es ar e u n c ert ai n. T h e 
c o ntr oll er g ai ns ar e a dj ust e d t o att ai n t h e d esir e d c o ntr ol 
p erf or m a n c e . E q u ati o n ( 3 7) pr o vi d es a m at h e m ati c al 
r e pr es en t ati o n of h o w t h e c o ntr ol eff e cti v e n ess of 
tr a diti o n al C T C is a nti ci p at e d t o d e cr e as e w h e n d e ali n g 
wit h u n c ert ai nti es.  T h e c o m p aris o n i n di c at es t h at t h e 
pr o p o s e d C T C s ur p ass es t h e tr a diti o n al C T C c o n c er ni n g 
c o n v er g e n c e, a c c ur a c y i n tr a c ki n g, st a bilit y, a n d 
r es p o nsi v e n ess. Fi g. 1 4  a n d 1 5  vis u all y d e m o n str at e t h e 
e n h a n c e d c o n v er g e n c e s p e e d of t h e pr o p o s e d C T C 
c o m p ar e d t o t h e c o n v e nti o n al C T C. U nli k e t h e 
c o n v e nti o n al a p pr o a c h, t h e pr o p os e d C T C m ai nt ai ns a 
st e a d y st at e p o st -c o n v er g e n c e. T h es e o ut c o m es w er e 
a c hi e v e d t hr o u g h t h e s elf -l e ar ni n g c a p a biliti es of t h e 
n e ur al n et w or k, c o nfir mi n g its eff e cti v e n ess i n e n h a n ci n g 
t h e c o ntr ol p erf or m a n c e of t h e s p a c e m a ni p ul at or. U nli k e 
tr a diti o n al p ositi o n-b as e d c o m p ut er t or q u e c o ntr ol 
s c h e m es, N S M C T C d e m o n str at es s u p eri or c o ntr ol 
o ut c o m es wit h o ut i m p o si n g a h e a v y c o m p ut ati o n al 
b ur d e n.  T his c o m bi n ati o n of eff e cti v e n ess a n d 
c o m p ut ati o n al effi ci e n c y p ositi o n s N S M C T C as a 
pr o misi n g a p pr o a c h f or a d v a n c e d c o ntr ol a p pli c ati o ns i n 
s p a c e m a ni p ul at or s.  

 

 
Fi g. 1 3 . T h e P erf or m a n c e E v al u ati o n of T or q u e 𝑞  

 

 
Fi g. 1 4 . T h e P erf or m a n c e E v al u ati o n of P ositi o n 

C o ntr ol q  
 

 
Fi g. 1 5 . T h e P erf or m a n c e E v al u ati o n of V el o cit y 

C o ntr ol 𝑞  ̇
 
T h e p erf or m a n c e of tr a c ki n g err or a g ai nst t h e ti m e is 

d e m o n str at e d i n Fi g. 1 6 . T h e r es ults s h o ws t h at t h e 
tr a c ki n g err or of t h e pr o p o s e d C T C c o nsist e ntl y 
c o n v er g es t o z er o a cr oss all ti m e i nt er v als, c o nf ir mi n g 
t h e att ai n m e nt of gl o b al as y m pt oti c st a bilit y. T h e 
b e h a vi o ur  of t h e pr o p os e d C T C cl os el y r es e m bl es t h at of 
a n i d e al c o ntr oll er, as e vi d e n c e d b y t h e n e ar a bs e n c e of 
tr a c ki n g err or. 

 

 
Fi g. 1 6 . T h e P erf or m a n c e E v al u ati o n of Tr a c ki n g 

Err or e   
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I n Fi g. 1 7 , a sli g ht o v ers h o ot i n t h e tr a c ki n g err or r at e 
is o b s er v e d d u e t o t h e s u bst a nti al l e ar ni n g r at e, w hi c h 
ai ds r a pi d c o n v er g e n c e. N ot a bl y, t h e N S M C T C 
c o ntr oll er a c hi e v es b ot h z er o tr a c ki n g err or c o n v er g e n c e 
a n d e n h a n c e d r es p o nsi v e n ess, ill ustr at e d i n Fi g. 1 6  a n d 
Fi g. 1 7 . 

 
 

Fi g. 1 7 . T h e P erf or m a n c e E v al u ati o n of R at e of 
Tr a c ki n g Err or 𝑞  ̇

 
5 . C o n cl usi o n  

T his st u d y d e v el o p e d n e ur al n et w or k b as e d sli di n g 
m o d e c o m p ut e d t or q u e c o ntr ol  a p pr o a c h f or r o b ust 
p o siti o n tr a c ki n g of s p a c e m a ni p ul at ors. T h e pri m ar y 
g o al w as t o a d dr ess u n c ert ai nti es st e m mi n g fr o m 
dist ur b a n c es a n d u n m o d ell e d d y n a mi cs. B y c o m bi ni n g 
sli di n g m o d e c o ntr ol, c o m p ut e d t or q u e c o ntr ol, a n d 
n e ur al n et w or ks, N S M C T C d e m o n str at e d e n h a n c e d 
p erf or m a n c e  i n t er ms of pr e cisi o n i n tr aj e ct or y tr a c ki n g, 
r e d u c e d c h att eri n g a n d r a pi d c o n v er g e n c e c o m p ar e d t o 
c o n v e nti o n al m et h o ds. T h e L y a p u n o v st a bilit y t h e or e m 
v ali d at e d its u nif or m a n d ulti m at e b o u n d e d n ess a n d 
gl o b al as y m pt oti c st a bilit y . 

E xt e nsi v e M A T L A B -Si m uli n k si m ul ati o n s v erifi e d 
t h e eff e cti v e n ess of N S M C T C i n a c c ur at el y tr a c ki n g 
s p a c e m a ni p ul at or p o siti o ns, a c hi e vi n g pr e cis e j oi nt 
m oti o n  c o ntr ol  a n d  d e m o n str ati n g  i m pr o v e d 
r es p o nsi v e n ess. T h e a p pr o a c h's k e y a d v a nt a g e li es i n its 
s elf -l e ar ni n g c a p a bilit y, e n a bli n g a d a pt ati o n t o t h e 
s yst e m's d y n a mi c m o d el wit h o ut pri or k n o wl e d g e. 
A d diti o n all y, N S M C T C off ers si m pli cit y a n d l o w 
c o m p ut ati o n al c o m pl e xit y, s etti n g it a p art fr o m 
tr a diti o n al p ositi o n-b as e d c o m p ut e d t or q u e c o ntr ol 
s c h e m es.  

T his  r es e ar c h s h e ds li g ht o n t h e N S M C T C's p ot e nti al 
a p pli c ati o n i n s p a c e cr aft m a ni p ul at or attit u d e c o ntr ol, 
p arti c ul arl y f or m ulti di m e nsi o n al d y n a mi cs a n d s af e 
o bj e ct c a pt ur e wit h c ollisi o n a v oi d a n c e. B y i n c or p or ati n g 
i m a g e r e c o g niti o n s yst e ms, t h e c o ntr oll er c o ul d e n h a n c e 
t h e c a pt ur e of u n c o o p er ati v e o bj e cts, f urt h er e x p a n di n g 
its utilit y i n s p a c e missi o n s. 

 
A c k n o wl e d g e m e nt s 

I w o ul d li k e t o e x pr ess  m y si n c er e gr atit u d e t o 
Pr of ess or  M assi mili a n o V asil e, t h e Dir e ct or of t h e 
A er os p a c e C e ntr e of E x c ell e n c e, f or his i n v al u a bl e 
s u p p ort a n d e n c o ur a g e m e nt t hr o u g h o ut t h e c o urs e of t his 

r es e ar c h. I a m als o i m m e ns el y gr at ef ul t o t h e 
I nt er n ati o n al Astr o n a uti c al F e d er ati o n (I A F) a n d Britis h 
I nt er pl a n et ar y S o ci et y ( BI S) f or a w ar di n g m e t h e pri z e 
m o n e y t o att e n d t h e I nt er n ati o n al Astr o n a uti c al C o n gr ess 
(I A C) 2 0 2 3 c o nf er e n c e. T his o p p ort u nit y pr o vi d e d m e 
wit h v al u a bl e e x p os ur e t o t h e l at est a d v a n c e m e nts i n t h e 
fi el d a n d e nri c h e d m y r es e ar c h e x p eri e nc e. L ast b ut 
c ert ai nl y n ot l e ast, t h a n ks t o t h e I nt er n ati o n al Str at e gi c 
P art n er (I S P) of U ni v ersit y of Str at h cl y d e  f or t h eir 
g e n er o u s f u n di n g t h at s u p p orts m y P h D st u di es.  
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