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ABSTRACT. This paper applies the Razumikhin idea to study the stabilisation
of hybrid stochastic systems by discrete-time state feedback control, which
works intermittently and is designed boundedly. Theoretically, the Razumikhin
method is generalised in view of time-varying functions, rather than constants,
where the time-inhomogeneous property of intermittent control could be fully
made use of. In practice, the control cost could be reduced significantly since
the controller is bounded, not observed continuously and having rest time.
Moreover, there will be a wider range of applications especially for models that
do not satisfy the linear growth condition (say highly nonlinear). An example
of the coupled Van der Pol-Duffing oscillator system is hence provided to show
the practicability of the developed theory.

1. Introduction. Mao in [1] initialed the study of using a state feedback control
control u(x(t;),t,r(t)), where t, = [t/7]7, which is based on the state observations
at discrete times, 0, 7,27, - - -, to stabilise an unstable hybrid stochastic differential
equation (SDE)

dl’(t) = f(x(t)v t, T(t))dt + g(x(t)v t, T(t))dW(t),

where z(t) € R? is the system state, r(¢) is a Markov chain taking values in a
finite space, W (t) is a Brownian motion, [¢/7] is the integer part of ¢/7. Compared
with the classical feedback control u(z(t),¢,r(t)), for which we need to observe the
system states continuously, discrete-time state feedback control u(z(t.),t,r(t)) is
more practical and less costly. After several years’ development, there have been
many results on this stabilisation problem (see, e.g. [2, 3, 4, 5, 6, 7, 8, 9, 10]).
Although the discrete-time state feedback control is more advanced than before,
there are still two issues deserved our attention that could help improve the control
design. Firstly, it should be pointed out that the control function u(x,t,¢) in many
papers such as [1, 3, 6, 7] is usually designed on every observable discrete-time state,
such as the linear form p;z with gy = —3 and ps = 0 in the first example of [7].
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But this sometimes would lead to some unnecessary control cost since the cost is in
general proportional to the system state value |z(¢;)|. In particular, if the initial
data is given large, the cost on the beginning stage will be relatively high. This
then begs a question: is it really necessary to impose control on every discrete-time
state? The answer at least in this paper is negative, and we will propose a scheme
where the control function is designed in a bounded state area.

The second one is intermittent control strategy. In fact, most of the discrete-
state-feedback stabilisation results (see, e.g. [2, 5, 6, 7, 8]) are based on the controller
imposed to the system for all the time without any rest. This undoubtedly will
shorten the life of our controller. Therefore, a more practical technique is to let
the controller working intermittently, where we divide the whole time periodically,
and each period is consisted of working time and rest time. Then, the controller
becomes u(x(t,),t,r(t))I(t) with I(t) = Y77 lrkr+sm)(t), where T > 0 is the
control period, §7" is the working width with strength § € (0, 1).

Due to its efficiency in reducing the control cost, intermittent control recently
has drawn abundant interest (see, e.g. [9, 10, 11, 12, 13, 14, 15, 16, 17, 18]). But
unfortunately, due to the difficulty in dealing with two discrete strategies, x(¢,)
and I(t), at the same time, there are only a few results (e.g. [9, 10, 16, 17, 18])
considering them together. Until now, the comparison idea has been proven to
be the most helpful method to study the intermittent discrete-time state feedback
control. However, the observation duration 7 obtained by using this method is
always awesome. Even worse, it only works well when the underlying hybrid SDEs
are globally Lipschitz continuous (see Appendix in [19]), which might exclude many
important practical systems such as stochastic volatility model [20, 21], biological
system [22, 23], and oscillator network [15]. It is hence necessary to develop new
techniques to deal with this stabilisation problem to improve the value of 7 and
cover more general models.

Among others, in the classical discrete-state-feedback stabilisation theory, Razu-
mikhin technique has received much attention for these two purposes. For example,
by the Razumikhin technique, a better 7 was obtained in [6] than that in [1] (using
the comparison idea). This method was first applied in [7] to the highly non-
linear hybrid SDEs, which did not satisfy the linear growth condition. Could we
then generalise the Razumikhin method to the stabilization problem of intermittent
discrete-state feedback control? We will give a positive answer to this question. But
it should be pointed out that most of the existing Razumikhin results (e.g. [7, 24])
might not be used to the intermittent control problem directly. This is because the
following fundamental assumption cannot be met

ELU ((t), x(t;),t,r(t)) < =M\ EU(2(t),t,r(t))

if for some t, sup_, cg<o EU(x(t+0),t+0,r(t+0)) < qEU (x(t),t,r(t)). The detailed
explanation of this condition will be given later. On the one hand, I(t) is a piece-wise
constant function, which could not be considered into the construction of continuous
Lyapunov function U(x,t,i). On the other hand, A; is time-homogeneous, which
would let the time-varying property of I(t) be ignored. Therefore, it is wiser to es-
tablish the Razumikhin theory based on the function Ay (¢) rather than the constant
A1. This change will make our stability analysis more technical than before.

In conclusion, this paper will be devoted to the stabilisation problem of highly
nonlinear hybrid SDEs by discrete-time state feedback control, which is designed
intermittently and boundedly, based on [1, 7, 9]. The main method we will use is
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the Razumikhin technique developed in [7], but will be further generalised to take
advantage of the time-inhomogeneous property of the systems. We will also give an
application example to demonstrate the availability of our proposed results.

2. Model description.

2.1. Preliminary. We firstly list the notations widely used in this paper. Let R? be
the d-dimensional Euclidean space with Euclidean norm |-|, and R4 be the collection
of all non-negative numbers. For any real constant a, b, denote by a A b = min{a, b}
and a V b = max{a,b}. If A is a vector or matrix, AT is its transpose. If A is
a matrix, |[A| = /trace(ATA) is its trace norm. If A is a symmetric real-valued
matrix, Amin(A) and Apmax(A) its smallest and largest eigenvalue, respectively. Let
T4 be the d-dimensioanl identity matrix. For a subset Fj included in some universal
set F', 1, denotes its indicator function, that is, 1z, (a) = 1 if @ € Fy, otherwise, 0.
There are also some positive constants whose specific forms are useless, which for
simplicity are denoted by C, regardless of their values.

We will work on a complete probability space (2, F, P) with a filtration {F;};>0
satisfying the usual conditions (that is, it is increasing, right-continuous and JFy
contains all P-null sets). Let W(t) = (Wi(t),- -, Wn(t))" be an m-dimensional
Brownian motion, and r(¢) a right-continuous Markov chain taking values in a finite

state space S = {1,--- , S} with transition rate matrix Q = (¢;j)sxs given by
14 gi;A+o(A), ifi=yj,
P(r(t+ A) = jlr(t) = i) = o
(r(t+8) =ir(t) =9) {qijA—‘ro(A), if i # 4,

as A | 0. Here ¢;; > 0 is the transition rate from ¢ to j if ¢ # j, while ¢;; =
— > j2i Gij- Assume that the Brownian motion W (t) and the Markov chain r(t) are
independent under the probability measure P.

2.2. Standing hypotheses. Consider the hybrid SDE

dz(t) = f(z(t), t,r(t))dt + g(x(t),t,r(t))dW (t) (1)

on t € Ry with initial data z(0) = 29 € R? and r(0) = ro € S. The drift coefficient
f:R¥ xR, xS — R? and the diffusion coefficient g : R x Ry x S — R¥*™ should
be locally Lipschitz continuous (see Theorem 3.15, [24]), and satisfty the following
polynomial growth condition.

Assumption 2.1. Assume that there are non-negative constants Ly, Lo, and p > 1
such that

|f(z,t,9)| < Ly|x| + Lo|z|P, V(x,t,i) € RT x Ry x S. (2)
Assumption 2 is clearly more advanced than the classical linear growth condition,
which is used to restrict the growth of f. But it cannot guarantee the hybrid SDE

(1) has a unique global solution. For this aim, the following Khasminskii-type
condition is always needed.

Assumption 2.2. Assume that there are a pair of constants & > 0 and ¢ > 3p—1
such that for any (z,t,i) € R x Ry x S

-1
2" f(a,t0) + T lg(a,t, ) < o (3)
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Remark 2.3. Here the reader might wonder whether it is possible for g to go very
rapidly since we only impose growth condition on f. This worry in fact could be
denied if we combine Assumptions 2.1 with 2.2. It is easy to calculate for any
(z,t,9) eEREx Ry xS

. 2
lg(a.t,9)]* < 1 (aff? + [a] (Li|o| + Laf2[P)) < O (Jo* + [«["*7) . (4)

This observation means that g(z,t,1) is also controlled by a polynomial.

According to Theorem 3.19 in [24], we show that under Assumptions 2.1 and 2.2,
the hybrid SDE (1) with initial data xzo and ro has a unique solution x(t), satisfying
the property that for any ¢t € Ry

sup E (Jz(s)]?) < oo. (5)
0<s<t

Before closing this part, we introduce an additional assumption on the underlying
SDE (1), which will play a vital role for our control design later.

Assumption 2.4. For each i € S, assume that there are non-negative constants
a;, @;, and positive constants 3;, 3; such that for any (x,t) € RY x Ry

N1 )
QL'Tf(.’L',tJ) + 5‘9(37715’%)‘2 S Ck7;|$|2 - ﬁi|x|p+17 (6)

2T f(w,t,0) + Lol t0) [ < dufel? — Bilal

The reader might find Assumptions 2.2 and 2.4 look very similar. Is it necessary
to give them at the same time? The following remark may be helpful.

Remark 2.5. It should be pointed out that Assumptions 2.2 and 2.4 are both
needed. At first, they play different roles. Assumption 2.2 is used to ensure the
existence of global solution with certain moment properties, while Assumption 2.4
is for stabilisation and control design. Secondly, these two conditions are quite
different, and any one cannot be deduced from the other. Let us use a scalar
example operating just in one mode to explain this.

Case 1: f(x,t,1) = x—a3sin®(z), g(z,t,1) = x. Then Assumption 2.2 is satisfied
with p =3, ¢ = 8, & = 3.5. But we could not find a 31 > 0 so that for all z € R

1
2zt 1) + Slo(e,t, P = 15Ja]” = | sin®(2) < 15[af* - Bil2]".

Case 2: f(z,t,1) = — 223, g(z,t,1) = 22. Tt is easy to verify that Assumption 2.4
holds with a; =1, f; = 1.5, @ = 1, § = 0.5. But Assumption 2.2 is not satisfied
since

—1
S fot 1) + gt )7 = o+ (15 2) ol
Where’%lf221.5, asq>3p—1=8.

2.3. Control design. But (5) does not indicate the underlying SDE (1) is stable.
If not, we would like to design a state feedback control based on discrete-time ob-
servations working intermittently, u(z(t;),¢,7(¢))I(t), to make the controlled SDE

da(t) = (Fe),t, (1)) + ue(tr), b, r(O)(0) )t + g(a(t), £, ()AW () (7)

become stable.



Razumikhin technique for stabilisation of highly nonlinear hybrid systems by bounded discrete-time state feedback control working intermittently

Next, we will explain how to design the bounded control function w(z,t,). For
convenience, we denote by B, = {z € R? : [z| < a}, B¢ = {z € R?: |z] > a}, B, —
B,={zeR?:a< |z| <b} for any 0 < a <b.

Rule 2.6. Choose non-negative constants ;(i € S) such that

A= —2diag (a1 — 1, ,an —75) — Q
'/Zl:: _(p+1)dla‘g(dl_,717 7075_’75)_62

are non-singular M-matrices. Then for each i € S, set R; = ( BQZB) "' The
control function can be designed as:
e when z € Bp,, design u(z,t,4) such that we can find a non-negative constant
K; to let for any (x,y,t) € Br, X Bg, X Ry
u(z,t,i) —u(y,t,1)| < Kilz -y (8)
and
cVu(z,t,1) < —vi|z)? (9)
hold, and moreover u(0,¢,4) = 0 for all t € R;;
o when o € Bog, — Br,, let u(z,t,i) = u ((2Ri _ 1) xtz) for all t € R ;

]

e when z € BSp , let u(x,t,i) = 0 for all t € R,

Remark 2.7. From Rule 2.6, we see that the control is only imposed in a bounded
state area Bap,. Such a control is much smaller since R; was set to infinity before
(e.g., [1, 7]), so that the control cost could be reduced significantly, especially for
large system states. In fact, we could let u(z,t,i) = 0 for z € Bf,.. But the
additional connect area Bar, — Bg, is required for the purpose of continuity of
u(zx,t,7) in = to guarantee the existence of unique global solution of the controlled
system (1), which is stated as the following lemma.

Lemma 2.8. Let Rule 2.6 hold. Let Kj; = max;es K;. Then for all (x,y,t,i) €
R? x R4 x Ry x S,

|u(z, t,4) —u(y,t,1)| < Kyl —yl. (10)
Furthermore, u(0,t,7) = 0 for all (t,i) € Ry x S.

The proof of Lemma 2.8 can be found in the Appendix. It also yields the following
linear growth condition

lu(z,t,1)| < Kprlz|, Y(z,t,i) € R x Ry x S. (11)

In addition, (2) and (4) tells us that f(0,¢,7) =0 and ¢(0,t,7) = 0. As a result, we
could see that the controlled SDE (7) admits a zero solution.

Theorem 2.9. Let Assumptions 2.1, 2.2, 2.4 hold. Design the control function to
meet Rule 2.6. Then for any initial data o and rq, there erists a unique global
solution x(t) of the controlled SDE (7). Moreover it satisfies that for any t € Ry

sup B (Ja(s)]") < o0 (12)

and

B ((sup la(o) ) < . (13)

0<s<t
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The existence and uniqueness of z(t) as well as property (12) can be shown in
the similar way of proofing Theorem 7.13 in [24]. Property (13) can be proved using
the same procedure of proofing Lemma 3.1 in [7]. So we omit them.

Before closing this section, we give some comments on the availability of our
control scheme.

Remark 2.10. According to Rule 2.6, the control design for z € B, is very clear.
The remaining question is whether we could find appropriate 7; and control function
u(x,t,7) in Bg,. There are actually many choices. For example, it is easy to find
a positive constant v large enough such that —2diag (ay — 7, -+ ,as —v) — Q and
—(p+ 1)diag (@ — v, -+ ,@s — ) — @ are non-singular M-matrices. Therefore, we
can let v; = « for each i € S. Next, use control function in the linear form u(z,t,7) =
—B;x with B; being symmetric and positive-definite such that Ay, (B;) > . Then
we see that conditions (8) and (9) are satisfied.

3. Stabilisation results.

3.1. Lyapunov function. Define the Lyapunov function U : R¢ x S — R by
U(.T, Z) = 77i|$‘2 + ’f]i|$|p+1,

Whe{'e (7]17 e »US)T = Ail(L Ty I)T and (7717 e aﬁS)T = "Zlil(la Ty I)T Since
A, A are non-singular M-matrices, all 7;, 7; are positive. Then define the operator
LU(x,y,t,7) : R* x R x R, x S — R with respect to the controlled SDE (7) by

LU(z,y,t,i) = LU (z,t,i) + U(w,y,t,i)
where

LUz, t,1) =Us (a,3)(f(z, t,3) + u(z, t,9)I(t))

S
1
+ itrace (gT(xv t» Z)Uzm(xa Z)g(xa tv Z)) + Z q”U(ZL',j)
j=1
and
U(z,y,t,i) = Ug(z, i) (u(y, t,i) — u(w,t,4))I(t)
with

Up(,i) =2miz™ + (p + 1)ijslP 27,
Usa(2,1) =20:Zq + (p + V)i (|2[P'Za + (p — 1)|z[PP22™) .

In Lyapunov stability analysis, we always want the operator LU to be negative.
This is hence very significant to estimate LU. The first estimation is about LU.

Lemma 3.1. Let all the conditions in Theorem 2.9 hold. Then

LU (2, ,1) < (—pa I(t) + po(1 — I(#))U () — %miwp (14)

holds for any (x,t,i) € RY x Ry x S. Here iy, ps are positive constants given by

1 . (1 + mﬂi> .
ny =— Amin | ——— , My = mMaxry;,
N i€S i i€S
1 5 1 5
po =max | — | 20 + > agn; |V = | B+ o+ Dicis + > 4
i j=1 ¢ Jj=1
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Next, we state the estimation of U. For convenience, we extend z(t), r(t) to
[—7,0) by defining z(0) = zq, r(0) = ro for 6 € [—7,0).

Lemma 3.2. Let all the conditions in Theorem 2.9 hold. Then the solution of the
controlled SDE (7) satisfies that for any t € Ry

EU(z(t),z(t;), t,r(t))

< (KMEU(x(t), r(t))+ Hi(t) sup EU(x(t+0),r(t+ 9))) VTI(t)

—7<6<0
p+1 _ =
t——F () Bray l2 (1) [?P) (15)
where
2 + 4Ky +207 2L +1)K3,q
Hl(’l‘)( an ; M 1 +772) (KMUM+ (p 2)5 M"?M\/;_).

The detailed proof of Lemmas 3.1 and 3.2 can be found in the Appendix. The
main technique to study stability in this paper is Razumikhin method, which re-
quires the continuity of U and LU strongly. Thus we need to prepare a useful
lemma.

Lemma 3.3. Let all the conditions in Theorem 2.9 hold. Then as functions of t,
EU(x(t),r(t)) is continuous, and ELU (x(t),x(t;),t,r(t)) is right-continuous.

Proof. For any t € R, applying the generalized 1t6 formula to U(z, 1), we see that
t
U(z(t),r(t)) =U(xo,70) —|—/ LU (x(s),x(s7),8,7(s))ds
0
t

+/O U ((5),7(s))g(x(s), s,7(s))dW (s) + M(t), (16)

where
M(t) = /ot/R (U(x(s),ro + ﬁ(r(s), 1) = U(z(s), r(s))) f(ds,dl).

The detailed explanation of the function h and martingale measure fi is given in
Theorem 1.45 in [24], but is of no use in this paper so we omit it here. It is easy to
see that M (¢) is a continuous martingale vanishing at ¢ = 0. Letting s = max;es 7;
and using (2), (4), (11), we obtain that for any (z,y,t,i) € R x R x R, x S

LU (z,y,t,4)| < (2nmlx] + (p + D)iin|2]?) (Lala| + La|z|” + Kalyl)

+1)_ _
(s + 22 D gurtapr =) € (ol + 1ol )

- 2 | = p+1
+8, ma_la] (oulaf + i)

<O (| + 2740+ |21 + [yl + yI7)
<C (1+ [2] + [y]*?) (17)
and
Vs (2, g, 1,9)] < @nutlal + (0 + Diglol?) /€ (2 T 12l < C(1 + [o]7).
Recalling (12), we know that for s € [0,¢], E|z(s)|?*” < oo, which implies that
E|LU(x(s), 2(s), 5,7(5))] < C (1 + Elz(s)|* + Blz(s-)[*") < o0



Razumikhin technique for stabilisation of highly nonlinear hybrid systems by bounded discrete-time state feedback control working intermittently

and

E|Uy(z(s),7(s))g(x(s), s,r(s))| < C (1 + E|x(s)|2p) < 00.
Let ko be a sufficiently large integer for k > |zg|. For each interger k > ko, define
the stopping time oy, = inf{t € Ry | |z(¢)] > k}. Clearly, ox 1 0o a.s. It then
follows from (16) that

tAok
EU(z(t ANog),r(t ANog)) = U(zo, ) + E/ LU(x(s),x(s7),8,7(s))ds.  (18)
0
For each k > kg, we have

/ UkEU(I(S),I(ST),S,T(S))dS §/ |LU (x(s), xz(s+),s,7(s))|ds
0 0

and

E ; |LU (x(s),x(s7),s,7(s))|ds = ; E|LU(x(s),z(sr),s,7(s))|ds < oc.

On the other hand,

U(z(thok),r(thok)) < 771\/[|ac(t/\ok)|2—&—77]\4|w(t/\0k)\pJrl <C (1 + sup |x(s)|p+1> .
0<s<t

By (13), we know that E (supgc,<, |2(s)[P*!) < co. Thus, we can let k — oo on
both sides of (18) and use the dominated convergence theorem to get that

EU(z(t),r(t)) = U(zo,70) +/0 ELU(x(s),x(s),s,7(s))ds. (19)

Clearly, EU (x(t),r(t)) is continuous at time ¢.
Next, let A > 0 be a sufficiently small number. Observing from (17) again gives
that for any s € [0, + A],

|LU (z(s),x(s7),8,7(8))] < C (1 + sup |x(s)|2p) )

0<s<t+A
Therefore,
s LU als) s < (14 swp [as)).
0<s<t+A 0<s<t+A

From (13), we see that the expectation of the right-hand side exists. By the right-
continuity of LU (x(t), z(t;),t,7(t)), we derive from the dominated convergence the-
orem that

i BLU(s)a(s,).5,7(6)) =8 ( lim £U(e(s),2(5,).5.7(5) )

=ELU(x(t), z(s7), t,7(t)),

which implies the right-continuity of ELU (z(t),x(t.),t,r(t)). The proof is com-
plete. O

Remark 3.4. From the proof of the continuity of EU (x(t),r(t)), we find that only

sup Elz(s)|*? < oo, E( sup |a:(s)|p+1> < o0, YVt >0
0<s<t 0<s<t

are used. In other words, we might relax ¢ > 3p — 1 in Assumption 2.2 to ¢ > 2p.
Moreover, to obtain (19), there is no need to require the boundedness of E|LU| or
more specifically, the boundedness of E|z(t)|??, such as [5] (Theorem 3.1) and [8]
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(Theorem 3.3). In this case, why do we impose ¢ > 3p — 1?7 It is actually given
to guarantee (13), by which the dominated convergence theorem could be used to
prove the right-continuity of ELU.

3.2. Exponential stability. We will mainly focus on the exponential stabilisation
in the sense of LP*! and almost surely. Before giving the stability results, we list
the notations that will be used later. Let Kj; = max;es K;, N = minges 75, Tm =
min;es i, MM = MaX;es i, v = MaXies i, M = MaXies A, PBm = Miles 5.

Theorem 3.5. Let all the conditions in Theorem 2.9 hold. Choose § € (mlfuz , 1)

and let 7 be the unique root of (1) =0 on (0, 7], where

¢(7) := exp ((% - uz) T) - Hll(T) <u1 +\M;_ £ KM) :

o \ 2
and 7 = (%) . Then given T < 7*, the solution of the controlled SDE (7)

satisfies that

1
limsup — log (E|z(t)[PT") <0 (20)

t—o0 t

and )
lim sup - log (|z(t)]) < 0 a.s. (21)

t—o0 t

Proof. We divide the proof into four steps.

Step 1. Let § € (#1lfﬂz , 1) be chosen. It is easy to see that ¢(+) is an increasing

continuous function on (0, 7]. Moreover, lim,_,¢+ ¢(7) = —o0, and ¢(7) > 0. There-
fore, there is a unique zero solution of ¢, and so the definition of 7* is clear. For
fixed 7 < 7*, write H; = Hi(7) for simplicity. Since ¢ is increasing, we naturally

have
K2

o (%)) < (P k)

Therefore, we could choose a constant ¢ such that
1 [+ pe— B2
eXp((/?_u2)T><Q<H1<\ﬁ6_KM . (22)

Step 2. If 2o = 0, the result is obvious. Thus we always assume that |zo| > 0.
If for some ¢, the solution satisfying that

_sup_ EU((t+6),r(t+0)) < qBU(a(t), r(t)), (23)

we then derive from (14) and Lemma 3.2 that

ELU(x(t), z(tr),t,r(t))

S T(E) + a1~ T EUG(0), (1)) ~ P B (o5 () (1))
+ (KMEU(m(t), P(0) + Hy sup  BUG(t+6),r(t + 9))) JTI(t)

p+1_, =
+ =5 B (o Bro | (1))

<~ ((m = (Ku + Hig) /DI = pa(1 = 1) ) BU(w(2),7(1)),
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Letting Ho = 1 — (Kpr + H1q)/7 and A1 (t) = HoI(t) — pe(1 — I(t)), we have
ELU (z(t),x(tr),t,r(t)) < =\ (t)EU(z(t),r(t)). (24)
Step 3. For ¢ > 0, define Ag(t) = A1 () A %59 " and

V(t) = exp ( /0 t /\2(3)d5> BU((t), r(1)).

It is easy to see that V(t) is well-defined, and further is a continuous function. Next,
we claim that

V(t) <V(0), vt 20, (25)
where V(0) = U(zg, ro) is a positive constant. If (25) is true, it then follows that
¢
Elx(t)Pt < ;EU(x(t),r(t)) < @exp (—/ )\2(8)(18) .
M M 0

Since § < 1, we can easily observe that

1 M1+,u2—* 1 1
< 9% K <——=-K ,
I H1< VT M> H, (ﬁ M)

which implies that Hs > 0. As a consequence,

/ Ao(s)ds = (HQ/\ logT( )) /Otl(s)ds—,ug /Ot(l—l(s))ds

= — ot + (Mz + Hy A log(q)) /Ot I(s)ds.

T

For any fixed t > 0, we can find a non-negative integer k such that k7' < ¢t < (k+1)T.
If t € [kT, kT + 6T'), we obtain that

i
/ Ao(8)ds = — piot + (u2+H A logT( )) (OkT +t — kT)
0

1
= <u2 + 128 + Had A Lg;(q) 5) KT

+< o + po + Ho /\lgT()> (t — kT)

1
( i+ 1100 + Hp§ 1 128U )5) kT.
T

From the first inequality of (22), we derive that M > B2 — pp. The other side of

(22) implies that Hy > £2 — po. In other words, A := —pg + 26 + Hzd A @5 is
positive, and so

t
/ Aa(s)ds > At —T).
0
Ift € [kT + 0T, (k+ 1)T'), we have

¢ 1
/ Aa(s)ds = — piot + (/u + Hy A OgT@> 5(k+1)T
0

> — pagt +(u2+H AlogT( )>6tzﬂ(tT)-

10
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In conclusion, we have shown that for any t > 0

Blz(t)|PT < @ exp (/0 )\Q(s)ds> < @ exp (AT) exp (—At) ,

M M
which yields that

%log (Elz(t)Pt) < %log (‘2(]\3) exp (S\T)) -\

Letting ¢t — oo gives the assertion (20). After achieving the moment exponential
stability, we can use the same analysis as in the proof of Theorem 5.4 in [5] to prove
the assertion (21).

Step 4. The remaining work is to prove claim (25). Supposing not, there will
be some ¢ > 0 such that V() > V(0). We can set ¢ = inf{t > 0|V () > V(0)}.
Because of the continuity of V(¢), we see that for 0 < t < , V(t) < V(0); for
t =, V() = V(0); and there is a sequence {t,},>; such that ¢, > i, t, | £, and
V(tn) > V(0).

On the other hand, for any 6 € [—7,0], if £ + 6 > 0, we obtain that

i

EU(x(f +0),r(i +0)) < exp ( A
t+60

/\2(3)d5> BU(z(t),r(t)) < qBU (z(#), r(f))

since V(F+0) < V(0) = V(&) and [{  da(s)ds < "9 (~6) < log(q). Otherwise,

>
as t < 7, we have

el

EU(x(t +0),r(t+0)) =U(zg,70) = V() = ex (/0 )\Q(s)ds> EU (x(t),r(f))

<qBU (a(f),7(#))-
In other words, we have shown that for any —7 < 6 <0,
EU(z(t+ 0),7(t +0)) < ¢BU (x(t),r(t)),
which is exactly condition (23). Using the results in Step 2, we have
ELU(x(t), z(t,),t,7(f) < — M () EU (2(f),7(t))
<= XO)BU (D), () < =2 EU (z(), (1)) + e,

where € is an arbitrary positive constant. We can also find a non-negative integer
K such that KT < ¢ < (K + 1)T. Let A > 0 be small enough so that A <
(KT + 0T — )1 g7y + (K + DT = D)1 ger i 57<iy and A < 7. We then see
from the right-continuity of ELU that

ELU(x(t),2(t,), t,7(t)) < —Xa(t)EU (z(t),r(t)) + ¢, Vt € [t,t + Al
It is easy to see that the interval [£, i+A] is either in [KT, KT+0T) or [KT+6T, (K+
1)T'). Thus applying the generalised It6 formula to exp (fot A2 (s)ds) U(z(t),r(t))
gives that
V(t+ A) -V (#)

i+A A t . .
— exp ( / )\g(s)ds> BU(( + A),r(i + A)) — exp < / )\g(s)ds> BU(2(8), r(£)
0 0

:/{t#A exp (/Os Az(@dv) (EEU(:U(S),ac(sT)7 s,1(8)) + )\Q(S)EU(:E(S)J(S)))ds

11
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i+A s itr
1
<5/ exp </ )\g(v)dv) ds < 5/ exp ( og(q) s) ds.
i 0 i T

Since ffﬂ_T exp (@s) ds is a positive constant and ¢ is chosen arbitrarily, V (f +
A) — V(%) < 0. For sufficiently large n with ¢, —# < A, we obtain that
V(t,) < V() =V(0),

which is a contradiction with the fact that V' (¢,,) > V(0) derived before. Therefore
claim (25) must be true. The proof is therefore complete. O

4. Application.

4.1. Coupled oscillators. Consider the coupled Van der Pol-Duffing oscillator
system investigated in [15], which is consisted of N oscillators and the n-th oscillator
is described as

A () = (= (@n(r() + ba(r(£))2n(t) + B (r(t) (ga(t) — 20 (1))’
b (r(£)yn (1) = An(r(£)a (1) ) At + v (r(t))zn (HdwiD (1),
dyn(t) = (ba(r()n(t) = 2n(t) = Balr () (n(t) = (1))}

= (bn(r(1)) + Dyn(t) - Cn(T(t))yi(t)))dt + v (r(8))yn () dw D (1),

s
den(t) = | yn(t) + Y eng (r(0) (2 (), 2 (), 7(8)) + Pu(za(t), (1)) | dt
j=1

+ vn(r(t))2n (t)dwf’) (t),

(26)
where Zy, Yn, 2n € R, an (), b,(7), An(3), Bn(i), Cn(i), vn(i) are positive constants,
en; (i) stands for connection weight from oscillator j to oscillator n, I1,,;(zx, z;, )
and P, (zy,,1) are locally Lipscitz continuous functions in the i-th mode. Here, we
need to impose the following conditions on these functions.

Assumption 4.1. For every ¢ € S and n,j = 1,---, N, assume that there are
positive constants Ap; (i), J,(zl)(i), J,SZ)(Z'), Dgll)(i), D%Q)(i) so that for all z,y € R

T (2,9, 0)| < Mgy (8)(|2] + |y]) (27)
and

[P, i) < IV @] + I8 @), wPa(e, i) < DP (02> = D @)l*. (28)

Let X,, = (T, Yn, 20)T, X = (X{F,--~ ,X}\;)T, W, = (wq(ll),wff),wg))T, W =

(WlT o ,WE)T. Then the oscillator system can be written as
dX(t) = F(X(t),r(t)dt + G(X (t),r(t))dW (¢), (29)

where
F(X,0) = (FF(X1,0), - PR (Xn,0)
G1(Xq,1)
G(X,i) =

Gn(Xn,1)

12
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with G (X, 1) = v, (i)diag(zn, Yn, 2n) and

—(an (i) + bn(i))zn + Ba(i)(Yn — 20)° + b (i)yn — An(i)},
Fn(XmZ) = bn(i)xn — 2, — B ( )(yn - fn)g (b () + 1)yn - Cn(l)yi
Yn + Zj:l enj (1) (2n, 25,7) + Pn(zn, 1)

With the detailed calculation, we derive that for each i € S, |F(X,i)|> < Ly;| X|* +
L) X|%, where

Li; = max_(4(an (i) + b, (i))® +5b2(7)) V. max (47 (4) + 5(bs (i) + 1)* + 3)

1<n<N 1<n<N

S
vV ( max (5 +3(JV)2 + 6N Z(em(i)l-/\n;‘(i))2>

1<n<N .
Jj=1

(s ()2
+6N | max (Jen; (@) An; () )
and

Lo = max_(4A2(i) +288B2(i)) vV max_(5C2(i) + 288B2(i)) V max_3(J{¥)2.

1<n<N 1<n<N 1<n<N

Therefore, Assumption 2.1 is satisfied with p = 3, L1 = maxjes VL1, Ly =
max;cs v Lo;. Next, compute

N

XTR(X,i) <y (—an yn+Z|enJ Mg (20, 2j,8)2n| — An(i)z,
n=1
— Cn(i)yi + 20 P (2n, l))

N S
<> (Z lens (DAn; (1) (25 + |zaz; )| + DIV i)z — An(i),

Since | X|* < 3N Zgﬂ(xi +yp + 21, we further have
1
T < 2 ( . . (2)(; ) 4
X F(X,i) < h|X|” — IN 13%13]\[ 2(0) ANCL(D) ANDY (1)) | X5,
hi= max [ 25 [ens () Any(0) + DG | 4 max (e (1) Ans (D))
P nen | 2 n " n 2 1<nj<N ™ nIN
It is easy to see that
N
N2 < 20\ (42 4 a2 4 S2) < 2\ X2,
GO < DoV +02+ ) < V21X
As a result, Assumption 2.2 holds with any number ¢ > 8 and

-1
&= max <hZ + 9477 max 1/721(2)) .

13
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Assumption 2.4 is also satisfied with

1
2/ =~ 2/
a; =h; + — max v (i), &; = h; + max v:(s
2 1<ndN n(i), @ " 1<n<N n(2);

~ 1
B =hi = g min (An(i) A Cy(i) A DO (i)) .

But the oscillator system (29) might not be stable (e.g., see the simulation in
Fig. 2). Tt is hence necessary to design controller according to the results above
to achieve stabilisation. At first, the control function U (X, i) can be designed as
follows.

Rule 4.2. Choose non-negative constants 7;(i € S) such that A and A are non-

singular M-matrices. Then for each i € S, letting R; = 25”;, we can design the
control function as follows
- ’in7 X e BR“
) 2R;
Z/{(X,Z): — % |X| —-1)X, XEBgijBRi, (30)
0, X € By,

It is easy to verify that U(X,7) designed in Rule 4.2 meets with Rule 2.6 with
K; = ;. Next, we let the feedback control U (X (t),r(t)) working imminently with
strength § and being observed at discrete times 0, 7,27, -- In other words, the
controlled oscillator system is given as

dX () = (F(X (), rt)) +U(X (t;),r()I(t))dt + G(X(t), r(t))dW (¢), (31)

where ¢, = [t/7]7 and I(t) = > ;2 Lz krye7)(t) are the same as before. By
Theorem 3.5, we can make the following assertion.

Theorem 4.3. Let Assumption 4.1 hold and the control function U(X, 1) be given in

Rule /.2. Then choosing § € (m/fﬁu , 1) and letting T < 7%, the controlled oscillator

system (31) is exponential stable in the sense of L* and almost surely. Here, T* can
be determined by using the method in Theorem 5.5, where the required values of Ly,
Lo, oy, &y, Bi, Bi, K; are all given above.

4.2. Numerical simulations. For the sake of showing the viability of our results,
a numerical example is provided in this part. We let the Markov chain r(¢) taking
values in S = {1, 2} with Q = ( T ) We consider the oscillator system (29)
with 25 oscillators. The parameters are given as

an(1) =02, bu(1) =0.3, A,(1)=1.6, B,(1)=0.05, Cn(1) =17, v,(1)=0.5,
an(2) =0.5, by(2) =0.4, A,(2) =2, Bn(2) =0.03, C,(2) =1.9, v,(2)=0.8,
and the functions are given as II,, ;(x,y,1) = 0.01(x—y), II,, ;(z, y,2) = 0.005(z—y),
P,(x,1) = 0.5z — 1.523, P,(z,2) = 0.3z — 1.823 for all n,j = 1,---,25. The
connection weight (e, ;(4))20x20 can be obtained from the connection graphs in
Fig. 1. Here for both two modes, node n stands for the n-th oscillator, directed
edge (n,j) means the output of the j-th oscillator is connected with the input of
the n-th oscillator, the number on the edge (n, j) is the value of e, ;(i). It is then
easy to verify that Assumption 4.1 is satisfied with T',, ;(1) = 0.01, T',, ;(2) = 0.005,
JP1) =DV 1) =05, 721)=DP 1) =15 72 =DM @) =03, 7P 2) =
DP(2) = 1.8.

14
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FIGURE 1. The oscillator connection graphs at mode 1 (left) and
mode 2 (right).

Through computer simulations (see Fig. 2), we find the oscillator system (29)
is indeed unstable. Therefore, we want to use the controller U(X (t,),r(t))I(t) to
realise stabilisation. Before that, we can easily get L1(1) = 11.81, L;(2) = 13.44,
Ly(1) = 15.17, Lo(2) = 18.3092, h(1) = 0.5045, h(2) = 0.3012, a(1) = 0.6295,
a(2) = 0.6212, a(1) = 0.7545, &(2) = 0.9412, 3(1) = B(1) = 0.02, B(2) = B(2) =

0.024. We choose 7, = 6 and 2 = 5, as a result of which A = ( T e )

1 30.9821 —10 . .
and A = ( o 269351 ) are non-singular M-matrices. The bounds of control

area are given as Ry = 24.4949 and R, = 20.4124. Then Rule 4.2 is fulfilled. With
detailed calculation, we derive that pq = 1.0391, po = 4.2888. Thus we can take
the control rate § = 0.9 to get the value of 7 as 2.17 x 107%. By Theorem 4.3,
we can conclude that the controlled oscillator system (31) is exponential stable in
the sense of L* and almost surely if § = 0.9 and 7 < 2.17 x 107%. The simulation
results support our theory clearly (see Fig. 2).

5. Conclusion. In this paper, we have designed the discrete-time state intermit-
tent feedback control in a bounded state area to stabilise a kind of hybrid SDEs, in
the sense of moment and almost surely exponential stability. Not only more gen-
eral stochastic systems could be covered especially for those who are not globally
Lipschitz continuous, but also the control cost could be saved significantly. The
Razumikhin theory has been further developed, that is, condition (24) was given in
a function A;(¢) rather than a constant as before. But the structure of the function
we considered was quite simple, which was piece-wise continuous with only two
values. In the future, we will generalise the Razumikhin theory in terms of more
general functions.

Appendix. In this Appendix, we will give the proofs of several results in the
previous parts.

15
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FIGURE 2. Ten sample paths of oscillator system (29) (top), con-
trolled oscillator system (31) with § = 0.9 and 7 = 1 x 1075 (bot-
tom). Here the initial data is fiexed as z,(0) = 0.2, y,(0) = 0.1,
2, (0) =0 for each n =1,--- ,25.

Proof of Lemma 2.8. For any (z,y,t,1) € R? x RY x R, x S, we always assume that
|z| < |y| without loss of generality. To show the desired assertion, let us consider the
following five possible cases. For convenience, denote by uy, = |u(x,t,1) —u(y,t,i)|.

e For x,y € Bg, or x,y € Bjp, the results are clear.
e For x,y € Byr, — Bpr,, we see that <2Ri — 1) x and (2Ri - 1) y are both in

E] [yl
Bpg,. Thus by condition (8), we have ug, < K ‘(2‘5’]1 - 1) x — (2|5|1 - 1) y‘
Then compute
2R; > <2Ri > > AR, .
1)z - —1)y| <= Q2R — |2 = [yD)(|=llyl — 2 "y)
‘( |z] vl |z[ly
+ ‘.’L‘ - y|2a

which yields that |ugzy| < K|z —y|, since |z, |y| > R;.
e For x € Bg,,y € Bar, — Bg,, we have uyy < Ky ‘ac — (2|5|'i - 1) y‘ Then the

required assertion follows since

2R; 2
x—(w|—Qy —m—yﬁ=aw—R»(

e For x € Bg,,y € Bjg,, it is easy to derive that

=ty
|yl

R) <o

e For x € Bop, — Bpr,,y € B§R7~,7 we derive that
2R;
u(z,t,i) —u <||2y,t7i>
Y

16

< Ky

T —

uazy =

2R; ‘
Y-
lyl
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Here we use the fact that u(y,t,i) = u (2\;

Ly, t, z) = 0 and the result in the
second case. Next compute

2

‘ 2R

o=y~ Lol = <|y|2R>( <2Ri+|y|>)§o

|yl

The required assertion then follows.

The proof is therefore complete. [J
Proof of Lemma 3.1. At first, we show that for any (z,t,i) € R x R, x S

(7 ,8) 4 e, £ )T0) + ol 1) < (o~ L)l — Z
(32

P (F o)+, + Do, £ < (6~ 3l Ol — a1

Fix (¢,7) € Ry x S arbitrarily. For « € Bp,, by (6) and (11), it is easy to see that

ot (f(w,t) + u(z,t,0)I(t)) + %Ig(%t»i)P <(ai =l (®))|2]* = il

Bi
<(a; = %l(1)]2]* — 5 .

On the other hand, we have that for € Bag, — Br,, T u(z,t,i) = (2Ri - 1) |z|? <

||

0, and for = € BSy, , " u(x,t,i) = 0. Therefore, for z € B,

eV (f(x,t,9) + u(x, t,0)I(t)) + %|g(m,t,i)|2

<ay|z]® — Byl Pt

(s = I (8))af? - 51x|p“+<w<t>|x|2 e p“)
5

<(ai =yl (O)|2]* = [

since ;I (t)|z|? — Zt|a|Ptt < %|a:|2 — B[P+t < 0 when |z| > R;. The second
inequality of (32) can be proven in the similar way.
Next, making use of (32), compute

LU (z,t,1)

S
b
< (s = eI OVl = G1al ) 4 3 il

j=1

5 [l

5 S
N Bi _
o+ D™ (@ = @)l = G1ol )+ S amlol

j=1
S
S P +Zngm Ol + [ 2m0s + 3 aims | (1 - 1)l
j=1
+ _nzﬁz (p+1)772 Q; ’Yz +Z(sz77] ‘p-i—l

17
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S

p+1
o =miBi + (0 + Dmsas + Y gy | (1= I(8))|zPH - —yBila ]
j=1
S
= — I(®)|z* = (0:B: + DI@)lP + | 2mci + Y qimy | (1= 1(1)) )
j=1
5 p+1
+ | —mBi + (p+1) nzaz+zqwm (1= I(t)|P* — B) —— 1Bz [*".
j=1

This completes the proof. [

Proof of Lemma 3.2. Let t be fixed. It is easy to derive from (8) that
EU(z(t),(t:), t,r(t))
<SE ((200@le®)] + (0 + D2 () P) Karla(t) — 2(t7)]) 1(t)

1
<E (KMnr(t)ﬁx(tNQ + KMm(t)%Mt) —a(tr)[?
p+1 (p+ 1)K2,7,
+ P (O + T B (t) o) )10). - (39)

We can find a non-negative integer n such that nt <t < (n+ 1)7. Then we have
t; = n7, and s, = n7 for any s € [n7,t]. Applying the It6 formula and using (6),
(11) yields that

Elx(t) — z(n7)|? gE/ (2(z(s) — z(nT)) " (f(z(s), 5,7(s)) + u(z(n7), s,7(s))1(s))
+1g(x(s), 5,7(5))%)ds

K 2L
S(?OzM-f—KM -‘rLl)/ E|$(S)|2d8+ 2P
nTt

p+1

t
Elz(s)|PTds
nTt

t 2L t
+ (3Kn + Ly) / E|z(nT)|?ds + +21 / E|z(nT)|PTds
kT p nt

< (2aM+4KM + 2L, n 2[/2) -
Nm m
Substituting this into (33), we obtain the assertion (15). This ends the proof. O

sup EU(z(t+6),r(t+90)).
—7<6<0
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