
Abstract— In this paper, we present an improved method for 

synthesizing smooth-profiled horns. A direct connection between 

the mode compositions and far-field parameters was established 

by utilizing a parameterized aperture field distribution and the 

field decomposition method. It speeds up the optimization process 

by a factor of 5. The requirements for the aperture field to 

maintain a constant directivity were studied based on the method. 

A feedhorn was optimized for a W-band gyro-TWA with a 0.7 dB 

variation of the directivity within a bandwidth of 10%. 

Index Terms— horn, smoothly profiled horn, gyrotron 

travelling wave amplifier, Gaussian mode.  

I. INTRODUCTION

yro-devices based on cyclotron maser instability can

generate high-power radiation at millimeter and sub-

millimeter wave frequencies. The gyrotron travelling-wave 

amplifiers (gyro-TWAs) possess unique features such as 

controllable output power and phase, high power levels, and a 

balanced performance in terms of gain and bandwidth. They are 

attractive for diverse applications, including plasma diagnostics, 

radar systems, remote sensing, dynamic nuclear polarization 

(DNP), and electron spin resonance (ESR) spectroscopy [1-3]. 

A gyro-TWA using a helically corrugated waveguide as the 

interaction region, operating at W-band (75-110 GHz), has been 

developed at the University of Strathclyde [4, 5]. When driven 

by an axis-encircling electron beam (55 kV, 1.5 A) generated 

from a cusp electron gun [6], the saturated power exceeded 10 

kW within a bandwidth of approximately 10%, spanning from 

90 to 100 GHz. The output TE11 mode from the interaction 

region was converted into the fundamental Gaussian mode 

TEM00 and then coupled out of the gyro-TWA through a horn 

and a broadband multi-layer window [7-9]. 

The horn used in the gyro-TWA has more constraints 

compared to those used in atmospheric environments. These 

constraints include, (1) the reflection should be sufficiently low 

(<-30 dB) to prevent oscillations; (2) the horn should have high 

energy efficiency to reduce stray radiation inside the tubes and 

minimize thermal stress; (3) its structure should avoid having a 

large number of small grooves that can trap gas, leading to a 

long vacuum pumping time, to maintain compatibility with 

ultra-high vacuum levels; (4) it should be easy to machine, and 

no complicated brazing process should be required; (5) many 

materials, especially dielectric materials, cannot be used due to 

the potential risk of thermionic cathode poisoning and the 

relatively high temperature inside the gyro-TWA. 
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Various horns, including corrugated horns and a smoothly 

profiled horn, have been optimized and manufactured. The 

measurement results agreed well with the simulations [7, 8, 10]. 

The smoothly-profiled horn was found to be the optimal 

solution to balance the requirements, especially the low cost in 

manufacture and excellent vacuum compatibility.  

This paper presents an improved method for synthesizing the 

smoothly-profiled horn. The combination of parameterized 

aperture field distribution and field decomposition method 

establishes a direct connection between the mode compositions 

and the far-field parameters, without the need for numerical 

field integrations. It provides a deeper into the patterns of the 

aperture field, to guide the design of horn antennas to achieve 

specific far-field performances, such as exploring the feasibility 

of achieving constant directivity over a certain bandwidth as 

studied in this paper.  

II. NUMERICAL CALCULATION PROCESS OF THE HORNS

A horn is a passive component, and the calculation of its 

performance follows these steps. Step one, the scattering matrix 

𝑆 = [
𝑆11 𝑆12

𝑆21 𝑆22
] , which characterizes its transmission, mode 

conversion, and reflection, can be calculated using the 

generalized finite-difference time-domain (FDTD) method, the 

finite element method (FEM), or a specialized mode-matching 

method [11, 12]. With the scattering matrix and given the 

amplitudes and phases (𝑨𝒏) of input TE/TM modes 𝐸𝑇𝐸/𝑇𝑀, the 

aperture field 𝐸𝑎𝑝, represented as the sum of the output TE/TM 

modes with amplitudes and phases of 𝑩𝒏, can be denoted as  

𝐸𝑎𝑝 = ∑ 𝑩𝒏 ∙ 𝐸𝑇𝐸/𝑇𝑀 = ∑ 𝑆21 ∙ 𝑨𝒏 ∙ 𝐸𝑇𝐸/𝑇𝑀       (1)

Step two, the far-field radiation strength at an arbitrary 

spherical coordinate (𝑅, 𝜃, 𝜙) can be calculated from 𝐸𝑎𝑝 using 

the aperture field method [13]. 

𝑔(𝑅, 𝜃, 𝜙) =
𝑖𝑘𝑒−𝑖𝑘𝑅

4𝜋𝑅
(1 + cos𝜃)𝑅0

2 ∫ ∫ 𝐸𝑎𝑝(𝜌, 𝜙′) ∙ 𝑒𝑖𝑘𝜌𝑅0 ∙
2𝜋

0

1

0

sin𝜃 ∙ cos (𝜙 − 𝜙′)𝜌𝑑𝜌𝑑𝜙′  (2) 

where 𝜌 = 𝑟/𝑅0, 𝑘 is the wavenumber in free space, and 𝑅0 is 

the radius of the aperture. The directivity 𝐷, cross-polarization, 

and other far-field parameters can be calculated based on the 

function 𝑔(𝑅, 𝜃, 𝜙).  

Step three will quantify the percentage of fundamental 

Gaussian mode 𝐸𝐿𝐺 . The coupling coefficient (ϵ) of the aperture 

field 𝐸𝑎𝑝 to 𝐸𝐿𝐺  can be calculated from 
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By properly defining a set of goal functions, an optimizing 

routing can be used to search for the optimal structures of horns 

that satisfy the requirements. When examining the calculation 

steps, it can be seen that both (2) and (3) involve double 

integration. Typically, numerical integration is required since 

the analytical solution for double integration is normally 

unknown. A high accuracy of the integration requires a 

sufficiently large mesh number on the surface. Consequently, 

these steps become the most time-consuming tasks for the CPU 

during optimization, especially in the cases where repetitive 

calculations are necessary to evaluate horn performance at 

multiple frequency points for bandwidth analysis. 

Significant improvement can be made if the expression of 

𝐸𝑎𝑝  has an analytically integrable form in (2). The Gaussian 

function could be an option, given that it is well-known that the 

HE11 mode with a mixture of 85% TE11 and 15% TM11 modes, 

with a phase difference of π, will yield a ~98% Gaussian 

percentage. However, the Gaussian mode can not represent the 

aperture field in a general case. A generalized 3-parameter 

aperture field distribution has been proposed for antenna 

applications [14, 15], as follows: 

𝐸𝑎𝑝
′ (𝜌) = 𝐶 + (1 − 𝐶) ∙ (1 − 𝜌2)𝛼 ∙

Λ𝛼(𝑗𝛽√1−𝜌2)

Λ𝛼(𝑗𝛽)
(4) 

Λ𝛼(𝜉) = 2𝛼 ∙ Γ(𝛼) ∙ 𝐽𝛼(𝜉)/𝜉𝛼 (5) 

where Γ and 𝐽𝛼  are the Gamma function and Bessel function 

of the first kind, respectively. The parameters 𝛼, 𝛽, and 𝐶 have 

the ranges of 𝛼 ≥ 0, 𝛽 ≥ 0,  and 𝐶 ∈ [0 1].  The analytical 

expression for the far-field radiation, directivity, sidelobe levels, 

and beamwidth of 𝐸𝑎𝑝
′  has been derived and presented in [14].

All three parameters have an impact on the far-field parameters. 

For instance, 𝛼 has a significant influence on the sidelobe levels 

and how rapidly the field strength reduces from the waveguide 

center, which is equivalent to the beam waist if the aperture 

field is fitted as a fundamental Gaussian mode. 𝛽 can be 

effectively used to tune the directivity, while 𝐶 will have a big 

impact to the Gaussian percentage. 𝛼 = 1, 𝐶 = 0.25, and 𝛽 ∈
[1, 5]  will have a balanced performance to meet the major 

requirements for the applications. 

Fig. 1 The directivities and Gaussian percentages at different 

parameter values. 

It is easy to find the optimal parameter range for 𝛼, 𝛽, and 𝐶 

to achieve the desired far-field parameters within the given 

frequency range. Fig. 1 shows the directivity and Gaussian 

percentages at various 𝛼, 𝛽, and 𝐶 values. In the calculations, 

the aperture diameter is 25.12 mm and the frequency range is 

90 to 100 GHz, which matches the multi-layer microwave 

window of the W-band gyro-TWA [16]. Fig. 1 shows that a 

high Gaussian percentage can be achieved by selecting the 

appropriate parameters in (4). With the same aperture field, the 

directivity is different at different frequencies. 

One of the attractive features of the horn is to maintain a 

constant directivity over the required frequency band. Equation 

(2) indicates that with an identical aperture field pattern, the far-

field properties will vary with frequency (resulting in changes 

in 𝑘 values). However, it is challenging to quantify the level of 

these changes solely from the expression. The generalized 3-

parameter aperture field distribution offers the opportunity to 

explore this efficiently, as shown in Fig. 1. The variation in 

directivity is approximately 1 dB within a bandwidth of 10% at 

an identical aperture field pattern. 

The values of 𝛼, 𝛽 and 𝐶 need to change to achieve the same 

directivity over a bandwidth. The aperture field profile will 

change accordingly. Fig. 2(a) shows the 𝛽  and 𝐶  values to 

achieve a directivity of 27.2 dB. Fig. 2(b) plots the aperture field 

distributions at various frequencies. A fundamental Gaussian 

mode is plotted as well as the reference, demonstrating an 

excellent overlap with the aperture field distribution at 98 GHz. 

At lower frequencies, the waist of the field profile (when fitted 

into a Gaussian profile) should be smaller, indicating higher 

power concentration at the center of the horn. Fig. 2 also shows 

that at other frequencies, such as 90 GHz, the Gaussian 

percentage will decrease. Maintaining a constant directivity 

requires a trade-off in performance. 

(a)             (b) 

Fig. 2 The variation of 𝛽 and 𝐶 for the same directivity (a), and the 

corresponding aperture field distributions at different frequencies (b). 

Fig. 3 The amplitude of TE/TM modes. 

The synthesis of the horn can, be simplified to find a horn 
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structure that produces the desired aperture field profile 𝐸𝑎𝑝
′ .

Decomposing 𝐸𝑎𝑝
′  into the orthogonal TE/TM mode sets as

𝐸𝑎𝑝
′ = ∑ 𝑩𝒏

′ ∙ 𝐸𝑇𝐸/𝑇𝑀 can further simplify the question. Where

 𝐵𝑛
′ =  

∬ 𝐸𝑎𝑝
′ ∙𝐸𝑇𝐸/𝑇𝑀

∗ 𝑑𝑠
 

𝑎𝑝

(∬ 𝐸𝑎𝑝
′ ∙𝐸𝑎𝑝

∗ 𝑑𝑠
 

𝑎𝑝 ∙∬ 𝐸𝑇𝐸/𝑇𝑀∙𝐸𝑇𝐸/𝑇𝑀
∗ 𝑑𝑠)𝑎𝑝

1/2 (6) 

Fig. 3 shows the calculation results of (6) using the aperture 

field distribution provided in Fig. 2. Only the first few modes 

(TE11, TM11, TE12, TM12, TE13, TM13, TE14, and TM14) are 

considered. The higher-order modes have significantly lower 

amplitudes, and their contributions can be neglected. It should 

be noted that the TE13 mode exhibits relatively high amplitude 

at lower frequencies, indicating that considering only TE11 and 

TM11 are inadequate for horns with a high Gaussian content. 

The TE modes have the same phases, whereas the TM modes 

have a phase difference of π to the TE modes. The horn design 

will then be transformed into finding a structure that can 

achieve 𝑩𝒏 ≈ 𝑩𝒏
′  [17]. Consequently, only the first step of horn

calculation is required. Only one calculation for (6) is needed 

to obtain the desired TE/TM mode combination before 

optimization, significantly reducing the computation resource 

and time. 

III. W-BAND SMOOTH-PROFILED HORN

The proposed method is suitable for different types of horns. 

For the application of gyro-TWA, the smooth-profiled horn [18] 

is an optimal choice to balance various requirements. Its axially 

symmetric structure allows for fast calculations using the mode-

matching method, and its simple profile makes it much more 

cost-effective to manufacture compared to the corrugated horn. 

The smooth-profiled horn in [8] was redesigned using the 

improved method. The horn profile was based on the sine 

function. In the region of  0 ≤ 𝑧 ≤ 𝐿1 , the inner radius is 

𝑅(𝑧) = 𝑅0 +
(𝑅1−𝑅0)𝑧

𝐿1
[sin (

𝜋

2
∙

𝑧

𝐿1
)]

𝑝1+(𝑝2−𝑝1)
𝑍

𝐿1 , 0 ≤ 𝑧 ≤ 𝐿1 

𝑅(𝑧) = 𝑅1 + (𝑅2 − 𝑅1)(𝑧 − 𝐿1)/(𝐿 − 𝐿1),  𝐿1 ≤ 𝑧 ≤ 𝐿      (7)

where 𝑅0 = 2.80 mm, and 𝑅2 = 12.56 mm.  𝑅1, 𝐿1, 𝑝1, 𝑝2 and 
𝐿  are free parameters. Their ranges of value were 𝑅1 ∈
[𝑅0, 𝑅2], 𝐿1 ∈ [45 mm, 120 mm],  𝐿 ∈ [80 mm, 280 mm], 
𝑝1 ∈ [1.5, 3.5], and 𝑝2 ∈ [0.6, 3.5]. The goal functions were 

Fun1 =  ∑ 𝑊(𝑓) ∙ |𝐵𝑛
′ (𝑓) − 𝐵𝑛(𝑓)|2𝑁

𝑓

Fun2 =  
1

𝑁
∑ 𝑆11(𝑓)𝑁

𝑓 (8) 

Fun1 is the sum of the differences of the mode compositions at 

the aperture over the sample frequency f. Different weight 

functions (𝑊) can be applied to prioritize various frequency 

components. Fun2 is the average reflection (S11) of the horn. 

The optimization was carried out on a PC with an Intel i7 

3.4 GHz CPU (8 cores, 16 threads), and 64 GB RAM. The 

computation time required to simulate 400 sets of parameters 

was 1 hour, which is 5 times faster than the original method 

because there was no need for the intensive computations of (2) 

and (3). Fig. 4 presents a comparison of the original and two 

optimized horn profiles and the simulation results. Similar to 

the original design, the optimised profile (1) maintained a 

simple shape with a nonlinear profile over ~70 mm, and a linear 

phasing section. It has a similar performance compared with the 

original design, including ~98% Gaussian percentage, less than 

-25 dB cross-polarisation and reflections less than -55 dB. The

optimization (1) horn has a directivity 0.4 dB higher than the 

original design over the frequency band while the variation was 

similar at ~1.2 dB. 

(a) 

(b) 

Fig. 4 The horn profiles (a), and the directivities and reflection of the 

horns (b). 

Another optimization (2) was carried out on a more complex 

horn profile, which was created by superimposing (7) with a 

spline curve controlled by 10 additional free parameters. This 

allowed to explore a broader range of horn profiles to achieve a 

reduced variation in the directivity. Although the optimized 

results show that directivity variation can be reduced to 0.7 dB, 

as indicated in Fig. 2, reducing directivity variation requires 

large variation in the horn profile to achieve substantial mode 

conversion across the bandwidth. This increases the 

manufacting difficulty and it increased the reflection to -35 dB. 

High reflection is not attractive for the gyro-TWA application. 

IV. DISCUSSION AND CONCLUSION

In this paper, an improved method for synthesizing horn 

design is presented. By introducing a parameterized aperture 

field distribution and the field decomposition method, the 

connection between the TE/TM mode composition and the far-

field parameters was established, which significantly speeds up 

the horn optimization process. It also enables the exploration of 

the required aperture field pattern to achieve particular far-field 

parameters, such as the feasibility of maintaining a constant 

directivity over a certain bandwidth. Furthermore, the present 

method can be applied directly to other types of output 

launchers, and is not limited to the smoothly-profiled horn 

studied in this paper. 
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