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Abstract
The inverse finite element method (iFEM) is a powerful tool for shape sensing and structural health monitoring and has
several advantages with respect to some other existing approaches. In this study, a two-dimensional four-node quadrilat-
eral inverse finite element formulation is presented. The element is suitable for thin structures under in-plane loading
conditions. To validate the accuracy and demonstrate the capability of the inverse element, four different numerical cases
are considered for different loading and boundary conditions. iFEM analysis results are compared with regular finite ele-
ment analysis results as the reference solution, and very good agreement is observed between the two solutions demon-
strating the capability of iFEM approach.
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1. Introduction

Structural analysis is an important engineering discipline to ensure the safety of structures. Numerical
analysis is widely used for structural analysis calculations based on different approaches ranging from
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well-known finite element method [1] to semi-analytical approaches [2], higher-gradient theories [3–6],
smoothed particle hydrodynamics (SPH) [7], and more recently peridynamics [8]. Shape sensing and
structural health monitoring (SHM) are effective approaches for structural analysis and monitoring.
They are mainly based on using sensor systems, collecting sensor data, processing the data, and finally
making decisions. Various shape sensing and SHM approaches are available in the literature. One of
the most promising approaches is Ko et al.’s [9] displacement theory which is suitable for beam-type
structures. As another approach, model method [10] can be used to make predictions without material
information. Model method is suitable for both beam- and plate-type structures. As an alternative
approach, inverse finite element method (iFEM) [11] can also be used which is the main focus of this
study. According to iFEM approach, the solution domain should be discretised with suitable inverse
elements (beam, plate, shell, or solid) and strain data from sensors located on different parts of the
structure should be collected. It is a robust approach and complex shapes can be monitored in real time.
As an additional advantage, loading is not required to be measured during the monitoring process.

Especially during the recent years, there has been a significant progress on iFEM methodology. For
different types of structures, different types of inverse elements have been developed. Among these,
Tessler and Spangler [12] developed a three-node inverse shell element (iMIN3). iMIN3 is based on the
variation of in-plane displacements and bending rotations linearly, and transverse displacements quad-
ratically along with in-plane coordinates. The capability of iMIN3 element has been extended by Tessler
et al. [13] for large deformations. An inverse beam element was developed by Gherlone et al. [14] based
on Timoshenko beam formulation. A four-node shell element with drilling degree of freedom (iQS4)
was introduced by Kefal et al. [15], and iQS4 has been successfully used for monitoring of different
marine structures [16], such as chemical tanker [17], containership [18], bulk carrier [19], and offshore
wind turbine [20]. Kefal [21] developed an eight-node curved shell element (iCS8) using first-order defor-
mation theory. de Mooij et al. [22] presented a novel inverse solid element formulation and considered
various benchmark problems. Composite and sandwich structures are also analysed using iFEM [23,24].
Damage in structures can also be predicted using iFEM [25]. Kefal and Oterkus [26] introduced isogeo-
metric iFEM analysis to reduce the number of required sensors for iFEM analysis, which was further
explored in some other studies [27,28].

In this study, a two-dimensional four-node quadrilateral inverse finite element formulation is pre-
sented. The element is suitable for thin structures under in-plane loading conditions. To validate the
accuracy and demonstrate the capability of the inverse element, three different numerical cases are con-
sidered by applying different loading and boundary conditions. iFEM analysis results are compared
with regular finite element analysis results as the reference solution.

2. Inverse finite element formulation for a two-dimensional four-node quadrilateral
element

In this section, the details of the formulation for a two-dimensional four-node quadrilateral inverse ele-
ment, named as iQP4, are provided. As shown in Figure 1(a), each node has two degrees of freedom, u
and v, corresponding to in-plane displacements in x- and y-directions, respectively. The master element
has a square shape and defined in the natural coordinate system (j,h) as depicted in Figure 1(b).

The location of any point on iQP4 element can be expressed in terms of the location of nodes in the
(x, y) coordinate system, (xi, yi), and bilinear isoparametric shape functions, Ni(j,h) as:

x(x, y) =
X4

i = 1

Nixi, ð1aÞ

y(x, y) =
X4

i = 1

Niyi: ð1bÞ

The bilinear isoparametric shape functions, Ni(j,h), are defined as:
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N1 =
1� jð Þ 1� hð Þ

4
, ð2aÞ

N2 =
1 + jð Þ 1� hð Þ

4
, ð2bÞ

N3 =
1 + jð Þ 1 + hð Þ

4
, ð2cÞ

N4 =
1� jð Þ 1 + hð Þ

4
: ð2dÞ

Similarly, using the same shape functions, the in-plane displacements, u and v, at any point (x, y) can
be written in terms of nodal displacements, ui and vi, as:

u(x, y) =
X4

i = 1

Niui, ð3aÞ

v(x, y) =
X4

i = 1

Nivi: ð3bÞ

Strain components can be obtained using the relationships between strain and displacement compo-
nents. For a plane element, only three components of in-plane strains can be expressed as:

exx =
∂u

∂x
, ð4aÞ

eyy =
∂v

∂y
, ð4bÞ

gxy =
∂u

∂y
+

∂v

∂x
: ð4cÞ

Using the displacement expressions given in equations (3a) and (3b) and strain definitions given in
equations (4a)–(4c), the analytical elemental strains can be expressed by the shape functions and nodal
displacements as:

Figure 1. (a) Two-dimensional four-node quadrilateral inverse element. (b) The master element in (j, h) space.
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e ueð Þ=
exx

eyy

gxy

8<
:

9=
;=Bmue, ð5Þ

where ue are the nodal displacements, ue = ½ u1 v1 u2 v2 u3 v3 u4 v4 �T . Bm is the matrix formed
by the shape functions of each node as Bm = ½Bm

1 Bm
2 Bm

3 Bm
4 �

T . Every single Bm
i matrix can be

defined as:

Bm
i =

∂Ni

∂x
0

0 ∂Ni

∂y
∂Ni

∂y
∂Ni

∂x

2
64

3
75: ð6Þ

iFEM solution can be obtained by minimising a weighted least-squares functional with respect to
nodal degrees of freedom for the entire solution domain. For each inverse element, the weighted least-
squares functional can be written as:

fe ueð Þ= we e ueð Þ � einputs
�� ��2

, ð7Þ

where we is the weighting coefficient and einputs vector contains the measured strain input data. For real-
life applications, measured strains can be obtained from strain sensors, such as strain gauges and fibre
optic cables. If the experimental strains for the element are available, then we = 1. However, if the data
are missing, a small value such as 10�3 or 10�4 would be preferred. The squared norm in equation (7)
can be expressed as:

e ueð Þ � einputs
�� ��2

=
1

n

ð ð

Ae

Xn

i = 1

e ueð Þi � e
inputs
i

� �2
dxdy, ð8Þ

where Ae is the area of the element and n is the number of locations for measured strains in an element.
By minimising the differences between the analytical strains and experimental strains for each element
yields,

∂fe ueð Þ
∂ue

= keue � fe = 0, ð9aÞ

or

keue = fe, ð9bÞ

where ke is the left-hand side matrix and fe is the right-hand side vector generated by the strain inputs
which can be, respectively, expressed as:

ke =

ð ð

Ae

we Bmð ÞTBmdxdy, ð10aÞ

fe =
1

n

ð ð

Ae

Xn

i = 1

we Bmð ÞTeinputs
i

� �
dxdy: ð10bÞ

Next, the global equation system can be written based on the element contributions given in equations
(10a) and (10b) as:

KU=F, ð11Þ

where
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K=
XNel

e = 1

ke, ð12aÞ

F=
XNel

e = 1

fe, ð12bÞ

U=
XNel

e = 1

ue, ð12cÞ

and Nel is the number of inverse elements. After applying displacement boundary conditions, the global
equation system will take a reduced form as:

KRUR =FR, ð13Þ

where KR,UR, and FR are reduced global left-hand side matrix, displacement vector, and right-hand side
vector. Nodal displacements can be obtained by solution of the equation system given in equation (13).
Once the nodal displacements are known, strains and stresses can be obtained similar to the approach
used in regular finite element analysis.

3. Numerical examples

We considered four different cases to validate iQP4 inverse plane element formulation and demonstrate
its capability, which are listed in Table 1, for different loading and boundary conditions. Furthermore,
different mesh configurations together with reduced sensor conditions for fine mesh cases are also taken
into consideration.

The influence of the mesh size will be explored in Cases 1 and 2. Case 3 is introduced for further veri-
fying the accuracy of iQP4 inverse plane element and sensor selection. The results of displacements in
two directions are mainly selected for comparison. For complex structure and loading conditions, von
Mises stress is a useful parameter, especially for potential failure of the structure. For the general plane
stress condition, the von Mises stress can be calculated as:

svm =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

xx � sxxsyy + s2
yy + 3s2

xy

q
, ð14Þ

where sxx, syy, and sxy are in-plane stress components.

3.1. Case 1: square plate under tension loading

The first case is a square plate (2× 2m2) under tension loading as shown in Figure 2. Moreover, 1000
MN force is evenly distributed to the nodes of each edge of the plate. The plate is meshed with three dif-
ferent numbers of elements which are 16, 100, and 1600, respectively (see Figure 3). The results of the
three mesh cases are listed in Tables 2–4.

For the coarse mesh with 16 elements, as can be seen from Table 2, iFEM displacement results have
7.327% error with respect to FEM results. With the increase in the number of elements, the percentages
of difference of displacements are reduced dramatically to 0.190% for 100 elements. For 1600 elements,
the reduced sensor condition is applied to the fine mesh case. As shown in Figure 4, only sensors along

Table 1. Description of numerical cases.

Case 1 Square plate under tension with different mesh configurations
Case 2 Rectangular plate under tension with different mesh configurations
Case 3 Square plate with a central hole and fine mesh configuration
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the edges of the plate are selected which finally gives the number of sensors as 156. With the strain inputs
provided by these 156 sensors, even if the strain data for the remaining elements are missing, iQP4 ele-
ment can still provide accurate results and the percentages of the error just slightly raised from 1.299%
to 1.624%.

The contour plots of the displacements are also shown in Figures 5–7 to further illustrate the results.
It can be seen that the displacements are symmetrical along the central axis of the plate and the maxi-
mum/minimum values appear on the corners of the plate. These typical features can be captured by the

Table 3. The results for Case 1 with 100 elements.

Case 1 with 100 elements Results

u a. FEM 2.104E203
b. iFEM 2.108E203

Differences between a and b 0.190%
v c. FEM 2.104E203

d. iFEM 2.108E203
Differences between c and d 0.190%

iFEM: inverse finite element method.

Table 2. The results for Case 1 with 16 elements.

Case 1 with 16 elements Results

u a. FEM 2.293E203
b. iFEM 2.125E203

Differences between a and b 7.327%
v c. FEM 2.293E203

d. iFEM 2.125E203
Differences between c and d 7.327%

iFEM: inverse finite element method.

Figure 2. The loading of Case 1.

6 Mathematics and Mechanics of Solids 00(0)



inverse analysis, and they are not affected by the mesh and match well with the FEM plots including the
reduced sensor condition (iFEM-r).

Table 4. The results for Case 1 with 1600 elements.

Case 1 with 1600 elements Results

u a. FEM 1.847E203
b. iFEM 1.823E203
c. iFEM-r 1.817E203

Differences between a and b 1.299%
Differences between a and c 1.624%
v d. FEM 1.847E203

e. iFEM 1.823E203
f. iFEM-r 1.817E203

Differences between d and e 1.299%
Differences between d and f 1.624%

iFEM: inverse finite element method.

Figure 3. Three different meshes of Case 1. (a) 16 elements. (b) 100 elements. (c) 1600 elements.

Figure 4. The reduced sensor locations of Case 1 with 1600 elements (iFEM-r).
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Figure 5. The plots of displacements of Case 1 with 16 elements. (a) x-displacements of FEM. (b) x-displacements of iFEM.
(c) y-displacements of FEM. (d) y-displacements of iFEM.

Figure 6. The plots of displacements of Case 1 with 100 elements. (a) x-displacements of FEM. (b) x-displacements of iFEM.
(c) y-displacements of FEM. (d) y-displacements of iFEM.
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3.2. Case 2: rectangular plate under tension loading

For Case 2, a rectangular plate, with 5m length and 1m height, is fully constrained on the left edge and
the same tension loading as in Case 1 is applied to the right edge (see Figure 8). Similarly, the plate has
been meshed with both coarse mesh (125 elements) and fine mesh (2000 elements) (see Figure 9). Tables
5 and 6 present the results for Case 2. If the mesh is quite coarse, the estimation of the y-displacements
is not as good as the x-direction. The error of the v displacements is about 20% since the displacements
in the y-direction are much smaller than the displacements in the x-direction (over 15 times). For the
major displacements, u, reasonable results are obtained with an error of 1.800% which means that the
results would be acceptable. If the plate is meshed with 2000 elements, the displacements especially in

Figure 7. The plots of displacements of Case 1 with 1600 elements. (a) x-displacements of FEM. (b) x-displacements of iFEM.
(c) x-displacements of iFEM-r. (d) y-displacements of FEM. (e) y-displacements of iFEM. (f) y-displacements of iFEM-r.

Figure 8. The loading and displacement boundary conditions of Case 2.

Figure 9. Two different meshes of Case 2. (a) 125 elements. (b) 2000 elements.
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the y-direction are improved. The percentage of the differences is drastically dropped to around or less
than 10%, which shows that inverse results are approaching the reference FEM results.

The contour plots of Case 2 are given in Figures 10 and 11. There is no doubt that, for the full sensor
condition, the differences of the plots between the inverse analysis and FEM reference are indistinguish-
able. For the plots of the reduced sensor condition, the sensors are kept along the edge leading to a total

Table 6. The results for Case 2 with 2000 elements.

Case 2 with 2000 elements Results

u a. FEM 2.444E202
b. iFEM 2.431E202
c. iFEM-r 2.411E202

Differences between a and b 0.532%
Differences between a and c 1.350%
v d. FEM 1.127E203

e. iFEM 1.039E203
f. iFEM-r 1.059E203

Differences between d and e 7.808%
Differences between d and f 6.034%

iFEM: inverse finite element method.

Table 5. The results for Case 2 with 125 elements.

Case 2 with 125 elements Results

u a. FEM 2.500E202
b. iFEM 2.455E202

Differences between a and b 1.800%
v c. FEM 1.421E203

d. iFEM 1.121E203
Differences between c and d 21.112%

iFEM: inverse finite element method.

Figure 10. The plots of displacements of Case 2 with 125 elements. (a) x-displacements of FEM. (b) x-displacements of iFEM.
(c) y-displacements of FEM. (d) y-displacements of iFEM.
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number of 236 sensors (Figure 12). Because of the sensor reduction, some features along the edge are
not captured clearly. However, the main features, i.e., the locations of the large deformations, are obvi-
ously captured.

Figure 11. The plots of displacements of Case 2 with 2000 elements. (a) x-displacements of FEM. (b) x-displacements of iFEM.
(c) x-displacements of iFEM-r. (d) y-displacements of FEM. (e) y-displacements of iFEM. (f) y-displacements of iFEM-r.

Figure 12. The sensor locations of Case 2 with 2000 elements.

Figure 13. The loading and displacement boundary conditions of Case 3.
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3.3. Case 3: square plate with a central hole under tension loading

A more complex case which is a plate with a hole at the centre is selected as the last case (Figure 13). The
plate has the same geometry as Case 1 and the radius of the hole is 0.5m. Only dense mesh is considered
for Case 3 to ensure the accuracy of FEM analysis, and the plate has been meshed with 1288 elements
(Figure 14). The reason for this difference is that around the hole, the mesh would be slightly different,
but it will not influence the results. von Mises stress is also chosen for this case to further illustrate the
comparison. As shown in Table 7, for the full sensor condition, all three results (u,v, and svm) for both
elements are close to the reference FEM results. For instance, the von Mises stress is 1.959% less than
the FEM value for the iQP4 element. Moreover, the number of sensors is reduced to 304 as shown in
Figure 15. The current sensor locations can provide less than 10% error for major displacements and
von Mises stress. The relatively large percentages of the x-displacements can also be explained by the
explanation given in Case 2. For the contour plots of Case 4 (Figures 16 and 17), first of all, the plots of
the full sensor condition are almost the same as the FEM plots. The main features and tendencies of the
plots are captured by the reduced sensor conditions. For example, from Figure 17(c) and (f), it can be

Table 7. The results of Case 3.

Case 3 Results

u a. FEM 3.482E203
b. iFEM 3.413E203
c. iFEM-r 2.932E203

Differences between a and b 1.982%
Differences between a and c 15.796%
v d. FEM 1.161E202

e. iFEM 1.152E202
f. iFEM-r 1.067E202

Differences between d and e 0.775%
Differences between d and f 8.096%
svm g. FEM 2.450E + 09

h. iFEM 2.402E + 09
i. iFEM-r 2.277E + 09

Differences between g and h 1.959%
Differences between g and i 7.061%

iFEM: inverse finite element method.

Figure 14. The mesh for Case 3 (1288 elements).
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Figure 15. The reduced sensor locations for Case 3 with 1288 elements (iFEM-r).

Figure 16. The plots of displacements of Case 3. (a) x-displacements of FEM. (b) x-displacements of iFEM. (c) x-displacements of
iFEM-r. (d) y-displacements of FEM. (e) y-displacements of iFEM. (f) y-displacements of iFEM-r.

Figure 17. The plots of von Mises stress of Case 3. (a) FEM. (b) iFEM. (c) iFEM-r.
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seen that the stress is concentrated around the left and right sides of the central hole, and the minimum
stress is located around the bottom of the plate. These characteristics are also presented by the FEM
plots. The comparison of the results and figures can prove that iQP4 element even with a limited number
of sensors can still estimate accurate results.

4. Conclusion

In this study, a two-dimensional four-node quadrilateral inverse finite element formulation, iQP4, is
presented. To validate the accuracy of the inverse element and demonstrate its capability, four different
numerical cases are considered for different loading and boundary conditions. iFEM analysis results
are compared with regular finite element analysis results as the reference solution. For all cases, it was
demonstrated that iQP4 element can provide accurate results even by considering reduced number of
sensors. Therefore, it can be concluded that iFEM and iQP4 element can be used for shape sensing and
SHM of structures under in-plane loading conditions.
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