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✭ ✶ ✾ ✽ ✶✱ ❆■ ✮✳ ❚ ❤ ❡ ❜✐ ❣ ❣ ❡ ❞ ❛ ✇ ❜ ❛ ❝ ❦ ✇✐ ❤ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧ ✐ ❤ ❡ ❧ ❛ ❣ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ❡ ✉✐ ❡ ❞ ♦
♦❧ ✈ ❡ ❤ ❡ ❤✐ ❣ ❤❧ ② ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ② ❡ ♠ ♦❢ ❉ ❊ ❀ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ✭ ✷ ✵ ✶ ✶✱ ❏ ❈ ❆ ▼ ✮ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❛ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛

♠ ✉❧ ✐ ❣ ✐ ❞ ✭ ◆ ▼ ● ✮ ♠ ❡ ❤ ♦ ❞ ♦ ❛ ❞ ❞ ❡ ❤✐ ❝ ♦ ♣ ♦ ❜❧ ❡ ♠✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ❝❧ ♦ ❡ ❧ ♦ ♦ ❦ ❛ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡
◆ ▼ ● ❝ ❤ ❡ ♠ ❡ ❤✐ ❣ ❤❧✐ ❣ ❤ ❡ ❞ ♦ ♠✐ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ✛ ❡ ❝ ❡ ❞ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ◆ ▼ ● ❝ ❤ ❡ ♠ ❡✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱
❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ♣ ♦ ♣ ♦ ❡ ❞ ❜ ② ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❞✐ ❞ ♥ ♦ ✐ ♠ ♣ ♦ ❡ ❛ ♥ ② ❝ ♦ ♥ ♦❧ ♦❢ ♥ ♦ ♥✲ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦❧ ❞✐ ♥ ❣

✇ ❤✐ ❝ ❤ ✐ ♥ ✈ ❛❧✐ ❞ ❛ ❡ ❛ ♠ ❛ ♣✳ ❚ ❤✐ ♣ ❛ ♣ ❡ ❤ ❛ ♣ ♦ ♣ ♦ ❡ ❞ ❡ ✈ ❡ ❛❧ ❦ ❡ ② ✐ ❞ ❡ ❛ ✳ ❋✐ ✇ ❡ ❡✲ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ❛ ♥ ❛❧ ② ✐
♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ♦ ❤ ♦ ✇ ❤ ♦ ✇ ❤ ❡ ♦ ♠✐ ✐ ♦ ♥ ✐ ♥ ❬ ✶ ✻❪ ❤ ❛ ✈ ❡ ❛ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ❡ ✐ ♠ ♣ ❛ ❝ ♦ ♥ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡
♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇ ❡ ❛❧ ♦ ♣ ♦ ✈✐ ❞ ❡ ❛ ✇ ❛ ② ♦❢ ❡ ✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ♦❢ ❛ ♦❧ ✈ ❡
♦ ♥ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ♥ ♦ ❞ ❡ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ❤ ❛ ✇✐❧❧ ❜ ❡ ❡ ✉✐ ❡ ❞ ♦ ♦ ❜ ❛✐ ♥ ❛
♦❧ ✉ ✐ ♦ ♥ ✇✐ ❤ ❛ ♣ ♣ ♦ ♣ ✐ ❛ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ②✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ② ✇ ❡ ♣ ♦ ♣ ♦ ❡ ❛ ♥ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ◆ ▼ ●

♠ ❡ ❤ ♦ ❞ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ♦❧ ❛ ♥ ② ❢ ♦❧ ❞✐ ♥ ❣ ✇✐ ❤✐ ♥ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉❧ ♦ ♥ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞
♠ ✉❧ ✐ ❣ ✐ ❞ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❡ ❣✐ ❛ ✐ ♦ ♥
❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ♣ ❡ ✈✐ ♦ ✉ ♠ ❡ ❤ ♦ ❞ ✳

❑ ❡ ② ✇ ♦ ❞ ✳ ❱ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧✱ ■ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥✱ ❋ ❛ ▼ ✉❧ ✐ ❣ ✐ ❞✱ ▼ ❡ ❤ ❢ ♦❧ ❞✐ ♥ ❣ ❝ ♦ ♥ ♦❧

✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥

■ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢ ❛❧✐ ❣ ♥✐ ♥ ❣ ♣ ❛✐ ✱ ♦ ❡ ✉ ❡ ♥ ❝ ❡ ✱ ♦❢ ✐ ♠✐❧ ❛ ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤✐ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ✐
❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ✜ ①✐ ♥ ❣ ♦ ♥ ❡ ✐ ♠ ❛ ❣ ❡✱ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡✱ ❛ ♥ ❞ ❤ ❡ ♥ ❛ ♣ ♣❧ ②✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
♦ ♥ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ✱ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ ✱ ✉ ❝ ❤ ❤ ❛ ❤ ❡ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ✐ ♠✐❧ ❛ ♦
❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡✳ ❚ ❤✐ ❡ ❝ ❤ ♥✐ ✉ ❡ ✐ ❛ ✈ ❡ ② ♣ ♦ ✇ ❡ ❢ ✉❧ ♦ ♦❧ ✐ ♥ ♠ ❛ ♥ ② ❡ ❛❧ ✇ ♦ ❧ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♣ ❛ ♥ ♥✐ ♥ ❣

❞✐ ✈ ❡ ❡ ❛ ❡ ❛ ✉ ❝ ❤ ❛ ❝ ♦ ♠ ♣ ✉ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣✱ ✇ ❡ ❛ ❤ ❡ ❛ ❡❧❧✐ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ❬ ✶ ✾❪ ❛ ♥ ❞ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♠ ❡ ❞✐ ❝ ❛❧ ✐ ♠ ❛ ❣✐ ♥ ❣
✇ ❤✐ ❝ ❤ ✐ ♦❢ ✐ ♥ ❡ ❡ ♦ ✉ ❬ ✹✱ ✶ ✷ ✕ ✶ ✹✱ ✷ ✸✱ ✷ ✹❪✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✐ ❛❧ ♦ ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞✐ ✣ ❝ ✉❧
❛ ❦ ♦❢ ✐ ♠ ❛ ❣ ❡ ♣ ♦ ❝ ❡ ✐ ♥ ❣ ✇✐ ❤ ♠ ❛ ♥ ② ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡ ♦ ❜ ❡ ♦ ✈ ❡ ❝ ♦ ♠ ❡✳ ● ❡ ♥ ❡ ❛❧❧ ② ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ❝ ❛ ♥

❜ ❡ ❝❧ ❛ ✐ ✜ ❡ ❞ ✐ ♥ ♦ ✇ ♦ ♠ ❛✐ ♥ ❝ ❛ ❡ ❣ ♦ ✐ ❡ ❀ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♥ ♦ ♥✲ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✳ ■ ♥ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✱
❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❣❧ ♦ ❜ ❛❧ ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ♠ ❛ ❝ ❤✐ ♥ ❣ ❛ ✜ ♥✐ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❢ ❡ ❛ ✉ ❡ ✐ ♥ ❤ ❡

✐ ♠ ❛ ❣ ❡ ✱ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ♦ ❝ ❛❧❧ ❡ ❞ ❧ ❛ ♥ ❞ ♠ ❛ ❦ ❜ ❛ ❡ ❞ ❡ ❣✐ ❛ ✐ ♦ ♥ ❬ ✸ ✶✱ ✸ ✸❪✱ ♦ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❣ ♦ ✈ ❡ ♥ ❡ ❞ ❜ ②
❛ ♠ ❛❧❧ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ✉ ❝ ❤ ❛ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ✣ ♥ ❡ ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ❬ ✸✱ ✶ ✺❪ ✭ ✇✐ ❤ 6 ♣ ❛ ❛ ♠ ❡ ❡
✐ ♥ ✷ ❉ ❛ ♥ ❞ 1 2 ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ✸ ❉✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❢ ♦ ❝ ✉ ♦❢ ❤✐ ♣ ❛ ♣ ❡ ✇✐❧❧ ❜ ❡ ♦ ♥ ❤ ❡ ❧ ❛ ❡ ❝ ❛ ❡ ❣ ♦ ②✱ ♥ ❛ ♠ ❡❧ ②
♥ ♦ ♥✲ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✳

❉ ❡ ♥ ♦ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❛ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❛ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ ✭ ❜ ♦ ❤ ❣✐ ✈ ❡ ♥ ❛ ❣ ❡ ②✲ ❝ ❛❧ ❡ ✐ ♠ ❛ ❣ ❡ ✮ R, T ∈ Ω ⊂ R d ✳
❚ ❤ ❡ ❛✐ ♠ ♦❢ ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✐ ♦ ❛ ♥ ❢ ♦ ♠ ❤✐ T ♦ R ✉ ❝ ❤ ❤ ❛ ❤ ❡ ② ❜ ❡ ❝ ♦ ♠ ❡ ✐ ♠✐❧ ❛ ♦ ♦ ♥ ❡ ❛ ♥ ♦ ❤ ❡ ✱

∗ ❈ ❡ ♥ ❡ ❢ ♦ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ■ ♠ ❛ ❣✐ ♥ ❣ ❚❡ ❝ ❤ ♥✐ ✉ ❡ ❛ ♥ ❞ ❉ ❡ ♣ ❛ ♠ ❡ ♥ ♦❢ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❙ ❝✐ ❡ ♥ ❝ ❡ ✱ ❯ ♥✐ ✈ ❡ ✐ ② ♦❢ ▲✐ ✈ ❡ ♣ ♦ ♦❧✱
❯ ♥✐ ❡ ❞ ❑✐ ♥ ❣ ❞ ♦ ♠✳ ❊ ♠ ❛✐❧ ✿ ❬ ❛ ♥ ❤ ♦ ♥ ②✳ ❤ ♦ ♠ ♣ ♦ ♥✱ ❦✳ ❝ ❤ ❡ ♥❪ ❅❧✐ ✈✳ ❛ ❝✳ ✉ ❦

† ❈ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❛ ✉ ❤ ♦ ✳ ❲❡ ❜✿ ❤ ♣✿ ✴ ✴ ✇ ✇ ✇✳❧✐ ✈✳ ❛ ❝✳ ✉ ❦ ✴ ∼ ❝ ♠ ❝ ❤ ❡ ♥ ❦ ❡✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ✉ ❤ ♦ ✬ ✇ ♦ ❦ ✐ ✉ ♣ ♣ ♦ ❡ ❞ ❜ ② ❤ ❡ ❯ ❑
❊ ❙ ❘ ❈ ❣ ❛ ♥ ❊ ✴ ◆ ✵ ✶ ✹ ✹ ✾ ✾ ✴ ✶✳

✶



♦ ✐ ♥ ♦ ❤ ❡ ✇ ♦ ❞ ✇ ❡ ❧ ♦ ♦ ❦ ♦ ✜ ♥ ❞ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ϕ (x ) : R d → R d ✉ ❝ ❤ ❤ ❛

T ◦ ϕ (x ) = T (ϕ (x )) ≈ R (x ) ❢ ♦ x = ( x 1 , . . . , xd ) T ∈ Ω ⊂ R d . ✭ ✶✳ ✶✮

■ ♥ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ϕ (x ) ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✜ ♥ ❞✐ ♥ ❣ ❤ ❡ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ♦❢
❡ ✈ ❡ ② ♣✐ ① ❡❧ x ✐ ♥ T ♦ ❤ ❡✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♣✐ ① ❡❧ ✐ ♥ R ✱ ❛ ♥ ❞ ♦ ✇ ❡ ❝ ❛ ♥ ❞ ❡ ✜ ♥ ❡ ϕ (x ) ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

ϕ ≡ ϕ (x ) = x + u (x ) ✭ ✶✳ ✷✮

✇ ❤ ❡ ❡ u ≡ u (x ) = ( u 1 (x ), . . . , ud (x ))
T

❞ ❡ ♥ ♦ ❡ ❤ ❡ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ♥ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣
ϕ ✐ ❤ ❡ ❛ ♠ ❡ ❛ ✜ ♥ ❞✐ ♥ ❣ u ✳ ❋ ♦ ♠ ❤✐ ♣ ♦✐ ♥ ♦ ♥ ✇ ❛ ❞ ✇ ❡ ❤ ❛❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♥❧ ② ❤ ❡ ✷ ❉ ❝ ❛ ❡✱ ❤ ❛ ✐ d = 2 ✱
❤ ♦ ✇ ❡ ✈ ❡ ❛❧❧ ✐ ❞ ❡ ❛ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤✐ ♣ ❛ ♣ ❡ ❛ ❡ ❡ ❛ ❞✐❧ ② ❡ ① ❡ ♥ ❞✐ ❜❧ ❡ ♦ ❤ ❡ ✸ ❉ ❝ ❛ ❡ d = 3 ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡ ✇ ❡
✇✐❧❧ ❛❧ ♦ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ✉ ♥✐ ✉ ❛ ❡✱ ❤ ❛ ✐ Ω = [ 0 , 1] 2 ⊂ R 2 ✳ ■ ♥ ♦ ❞ ❡ ♦
❞ ❡ ❡ ♠✐ ♥ ❡ u ✱ ❤ ❡ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠✐ ♥✐ ♠✐ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ✇✐❧❧ ❛ ❦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠

mi n
u

E (u ) = D (R, T, u ) + α R (u ) ✭ ✶✳ ✸✮

✇ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ❡ ❣ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ D (R, T, u ) ✐ ❛ ❞✐ ❛ ♥ ❝ ❡ ♠ ❡ ❛ ✉ ❡✱ R (u ) ✐ ❤ ❡ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥ ❡ ♠ ❛ ♥ ❞
α ∈ R + ✐ ❛ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ ✳ ◆ ♦ ❡ ❤ ❛ ✐ ♥ ❝❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥ ❡ ♠ ✐ ❛ ♥ ❡ ❝ ❡ ✐ ② ❛ ✇✐ ❤ ♦ ✉
✐ ❤ ❡ ♠✐ ♥✐ ♠✐ ❛ ✐ ♦ ♥ ✇ ♦ ✉❧ ❞ ❜ ❡ ✐❧❧✲ ♣ ♦ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ♥ ❡ ♦❢ ❍ ❛ ❞ ❛ ♠ ❛ ❞✳ ❋ ♦ ❤ ❡ ♣ ✉ ♣ ♦ ❡ ♦❢ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ❤ ❛❧❧
❝ ♦ ♥ ✐ ❞ ❡ ♦ ♥❧ ② ♠ ♦ ♥ ♦✲ ♠ ♦ ❞ ❛❧ ✐ ♠ ❛ ❣ ❡ ✱ ❤ ❛ ✐ ✐ ♠ ❛ ❣ ❡ ❛ ❦ ❡ ♥ ✉ ✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ♦ ❞ ❛❧✐ ② ✭ ❡✳ ❣✳ ❈ ❚✮✱ ❤✐
♠ ❡ ❛ ♥ ❤ ❛ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ❛ ❜❧ ❡✳ ■ ♥ ❤ ❡ ♠ ♦ ♥ ♦✲ ♠ ♦ ❞ ❛❧ ❝ ❛ ❡✱ ❤ ❡ ② ♣✐ ❝ ❛❧ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐ ♠✐❧ ❛ ✐ ②
♠ ❡ ❛ ✉ ❡ ✐ ❤ ❡ ✉ ♠ ♦❢ ✉ ❛ ❡ ❞ ❞✐ ❛ ♥ ❝ ❡ ✭ ❙ ❙ ❉✮ ♠ ❡ ❛ ✉ ❡ ❣✐ ✈ ❡ ♥ ❜ ②

D (R, T, u ) =
1

2 Ω

T (x + u ) − R (x )
2

d Ω . ✭ ✶✳ ✹✮

❍ ❡ ❡ ❙ ❙ ❉ ✐ ♦ ♥❧ ② ♦ ♥ ❡ ♦❢ ♠ ❛ ♥ ② ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐ ♠✐❧ ❛ ✐ ② ♠ ❡ ❛ ✉ ❡ ❬ ✸ ✹❪✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥
❡ ♠ ✐ ❧ ❡ ❛✐ ❣ ❤ ❢ ♦ ✇ ❛ ❞ ❛ ❤ ❡ ❡ ✐ ❛ ❧ ❛ ❣ ❡ ❡❧ ❡ ❝ ✐ ♦ ♥ ♦ ❝ ❤ ♦ ♦ ❡ ❢ ♦ ♠ ❬ ✶✱ ✻✱ ✶ ✼✱ ✶ ✽✱ ✷ ✵ ✕ ✷ ✷✱ ✸ ✹ ✕ ✸ ✻❪ ❛ ♥ ❞ ♥ ♦

♦ ♥ ❡ ✐ ② ❡ ❤ ❡ ❜ ❡ ✳ ■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ✇✐❧❧ ♦ ♥❧ ② ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♥ ❡ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥ ❡ ♠✱ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥
❡ ❣ ✉❧ ❛ ✐ ❡ ❛ ♥ ❞ ❢ ♦ ❝ ✉ ♦ ♥ ♦ ♣ ✐ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥✳ ❆ ❢ ♦ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥✱ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐
♦ ✉ ❡ ❛ ♥ ♦ ♣ ✐ ♠✐ ❡✲ ❞✐ ❝ ❡ ✐ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❛ ♥ ❞ ✐ ♥ ❞ ❡ ❡ ❞ ❤✐ ✐ ❤ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❡ ✇✐❧❧ ❛ ❞ ♦ ♣ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ❤✐

♣ ❛ ♣ ❡ ✳

❙ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧❧ ② ✐ ♥ ❡ ♥ ✐ ✈ ❡✱ ❜ ✉ ✉ ❝ ❤ ♥ ♦ ♥✲ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ❛ ❡
✇ ♦ ❤ ❤ ❡ ❡ ✛ ♦ ❛ ❤ ❡ ② ❝ ❛ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ✈ ❡ ② ❛ ❝ ❝ ✉ ❛ ❡ ❡ ✉❧ ❛ ♥ ❞ ❛ ❡ ❛ ❜❧ ❡ ♦ ❞ ❡ ❛❧ ✇✐ ❤ ❧ ♦ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥
❡ ✛ ❡ ❝ ✐ ✈ ❡❧ ②❀ ❤ ❡ ❤✐ ❣ ❤ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❡ ① ♣ ❡ ♥ ❡ ✐ ❞ ✉ ❡ ♦ ❤ ❡ ♥ ❡ ❡ ❞ ♦❢ ❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣ ❤ ❡ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ♦❢ ❡ ✈ ❡ ②
♣✐ ① ❡❧ ✐ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡✳ ▼ ✉❧ ✐ ❣ ✐ ❞ ❡ ❝ ❤ ♥✐ ✉ ❡ ❛ ❦ ♥ ♦ ✇ ♥ ❢ ❛ ♦❧ ✈ ❡ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ✉ ❡ ❞ ✐ ♥ ♣ ❡ ✈✐ ♦ ✉ ✇ ♦ ❦ ❬ ✷ ✵✱
✷ ✶✱ ✷ ✺✱ ✷ ✼ ✕ ✷ ✾✱ ✸ ✷✱ ✸ ✼✱ ✹ ✵❪ ♦ ❣ ❡ ❛ ❧ ② ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ❛ ♥ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❡ ✉❧ ✱
❤ ♦ ✇ ❡ ✈ ❡ ❢ ❡ ✇ ♦❢ ❤ ❡ ❡ ❞✐ ❡ ❝ ❧ ② ❞ ❡ ❛❧ ✇✐ ❤ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ② ❡ ✉❧ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ② ♠ ❡ ❛ ✉ ❡ ✭ ✶✳ ✹✮✳
❚ ❤ ❡ ❡ ❛ ♦ ♥ ❢ ♦ ❤✐ ✐ ❤ ❛ ✱ ✇ ❤✐❧ ❡ ♠ ✉❧ ✐ ❣ ✐ ❞ ❡ ❝ ❤ ♥✐ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ✐ ❡ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❢ ♦ ❧✐ ♥ ❡ ❛
❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✱ ❛ ❝ ❤✐ ❡ ✈✐ ♥ ❣ ♦ ♣ ✐ ♠ ❛❧ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ✐ ♥ ❛ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♠ ✉❧ ✐ ❣ ✐ ❞ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ✐ ♥ ❡ ✈ ❡
❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ✐❧❧ ♣ ♦ ❡ ❛ ❣ ❡ ❛ ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✇ ♦ ❦ ❞ ♦ ♥ ❡ ❜ ② ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❬ ✶ ✻❪ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
❛ ♦ ❜ ✉ ♠ ✉❧ ✐ ❣ ✐ ❞ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ❢ ♦ ❞✐ ✛ ✉ ✐ ♦ ♥ ② ♣ ❡ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧ ❤ ❛ ❡ ❛ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ② ❞✐ ❡ ❝ ❧ ②✳
❲❡ ♣ ♦ ♣ ♦ ❡ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❢ ♦ ♠ ❬ ✶ ✻❪ ❤ ♦ ✉ ❣ ❤ ❛ ♠ ♦ ❡ ✐ ♥✲ ❞ ❡ ♣ ❤
❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♠ ✉❧ ✐ ❣ ✐ ❞ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ❛ ✇ ❡❧❧ ❛ ✉ ✐ ♥ ❣ ❛ ♥ ❛❧ ❡ ♥ ❛ ❡ ❝ ♦ ❛ ❡ ♦❧ ✈ ❡ ♦ ♦ ❜ ❛✐ ♥
❛ ♠ ♦ ❡ ❡ ✣ ❝✐ ❡ ♥ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ✉ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❛ ❜ ❡ ❡ ♠ ❡ ❤ ♦ ❞✳ ◆ ❡ ① ✇ ❡ ❛ ❞ ❞ ❡ ❤ ♦ ✇ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ♠ ❡ ❤
❢ ♦❧ ❞✐ ♥ ❣ ❜ ② ✐ ♥ ❝ ♦ ♣ ♦ ❛ ✐ ♥ ❣ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ♦ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ❤✐ ✐ ❞ ❡ ❛ ❝ ❛ ♥
❜ ❡ ❤ ♦ ✉ ❣ ❤ ♦❢ ❛ ❛ ✐ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ✲ ❡❧ ❛ ✐ ❝ ♠ ♦ ❞ ❡❧ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ✇ ♦ ❦ ❜ ② ❇ ✉ ❣ ❡ ❡ ❛❧✳ ❬ ✶ ✶❪✳
❚ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦❢ ❤✐ ❝ ♦ ♥ ❛✐ ♥ ✐ ♠ ♣ ♦ ❡ ❤ ❛ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ❡ ❣ ✉❧ ❛ ❛ ♥ ❞ ❞✐ ✛ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝ ✐✳ ❡✳
❤ ❡ ❡ ✐ ♥ ♦ ❢ ♦❧ ❞✐ ♥ ❣✳ ❚ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❧ ❡ ❛ ❞ ♦ ♠ ♦ ❡ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ♠ ❡ ❛ ♥✐ ♥ ❣❢ ✉❧
❡ ✉❧ ✱ ✇ ❤✐ ❝ ❤ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ✉ ❡❢ ✉❧ ✐ ♥ ♠ ❡ ❞✐ ❝ ❛❧ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♥ ❡ ♣ ❡ ❝✐ ✜ ❝ ✭ ② ❡ ✇✐ ❞ ❡❧ ②

✉ ❡ ❞✮ ♠ ♦ ❞ ❡❧✱ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ♦ ❢ ♦ ❝ ✉ ♦ ♥ ♦ ✉ ♠ ❛✐ ♥ ❛✐ ♠ ✿ ✭✐✮ ✐ ♠ ♣ ♦ ✈✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢
❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❢ ♦ ♠ ❬ ✶ ✻❪ ❀ ✭✐✐✮ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❛ ❢ ❛ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❛ ❡ ✜ ♥ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✇ ❤✐ ❝ ❤

❝ ♦ ♥ ♦❧ ❢ ♦❧ ❞✐ ♥ ❣✳

❚ ❤ ❡ ❡ ❛ ❡✱ ❤ ♦ ✇ ❡ ✈ ❡ ✱ ♠ ❛ ♥ ② ♦ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ❢ ♦ ❤ ❡ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥ ❡ ♠ ❬ ✶✱ ✻✱ ✶ ✼✱ ✶ ✽✱ ✷ ✵ ✕ ✷ ✷✱ ✸ ✹ ✕ ✸ ✻❪✱ ❡ ❛ ❝ ❤ ♦ ✛ ❡ ✐ ♥ ❣
❛ ❞✐ ✛ ❡ ❡ ♥ ♠ ♦ ❞ ❡❧ ❛ ♥ ❞ ✇✐ ❤ ❤ ❡✐ ♦ ✇ ♥ ❞✐ ✐ ♥ ❝ ❜ ❡ ♥ ❡ ✜ ❛ ♥ ❞ ❞ ❛ ✇ ❜ ❛ ❝ ❦ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✇ ❡ ♠ ❡ ♥ ✐ ♦ ♥

❚ ♦ ❛❧ ❱ ❛ ✐ ❛ ✐ ♦ ♥ ✭ ❚ ❱ ✮ ❬ ✷ ✵✱ ✷ ✶✱ ✸ ✺✱ ✸ ✻❪✿ R T V (u ) =
2

s = 1 Ω

∇ u s d Ω ✇ ❤ ❡ ❡ | · | ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

✷



♥ ♦ ♠❀

▲✐ ♥ ❡ ❛ ❊❧ ❛ ✐ ❝ ✭ ▲ ❊ ✮ ❬ ✶❪ ❬ ✻❪ ❬ ✷ ✷❪ ❬ ✸ ✹❪✿ R L E (u ) =
Ω

µ

4

2

s, t = 1

(∂ x s u t + ∂ x t u s )
2

+
λ

2
(∇ · u )

2
d Ω ✇ ❤ ❡ ❡ µ, λ

❛ ❡ ▲ ❛ ♠ ❝ ♦ ♥ ❛ ♥ ❀

▼ ❡ ❛ ♥ ❈ ✉ ✈ ❛ ✉ ❡ ✭ ▼ ❈ ✮ ❬ ✶ ✼✱ ✶ ✽❪✿ R M C (u ) =
1

2 Ω

2

s = 1

∇ ·



 ∇ u s

∇ u s
2

+ β





2

d Ω ✇ ❤ ❡ ❡ β ✐ ♦ ♠ ❡ ♠ ❛❧❧

♣ ♦ ✐ ✐ ✈ ❡ ✉ ❛ ♥ ✐ ②✳

❲ ❤✐❧ ❡ ❡ ❛ ❝ ❤ ✉ ❝ ❤ ♠ ♦ ❞ ❡❧ ♠✐ ❣ ❤ ❜ ❡ ♦❧ ✈ ❡ ❞ ❜ ② ❛ ◆ ▼ ● ❢ ❛ ♠ ❡ ✇ ♦ ❦✱ ❛ ❝ ❤✐ ❡ ✈✐ ♥ ❣ ♦ ♣ ✐ ♠ ❛❧ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ✇ ♦ ✉❧ ❞ ❡ ✉✐ ❡
❢ ✉ ❤ ❡ ✇ ♦ ❦ ❛ ♥ ❞ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✳

❚ ❤ ❡ ❡ ♠ ❛✐ ♥ ❞ ❡ ♦❢ ❤✐ ♣ ❛ ♣ ❡ ✇✐❧❧ ❜ ❡ ❡ ♦ ✉ ❛ ❢ ♦❧❧ ♦ ✇ ❡ ❞✳ ■ ♥ ➓ ✷ ✇ ❡ ✇✐❧❧ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ② ♦ ♥ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✳ ◆ ❡ ① ✐ ♥ ➓ ✸ ✇ ❡ ✇✐❧❧ ❞✐ ❝ ✉ ❤ ❡ ♥ ♦ ♥✲

❧✐ ♥ ❡ ❛ ♠ ✉❧ ✐ ❣ ✐ ❞ ✭ ◆ ▼ ●✮ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✱ ❛❧ ♦ ♥ ❣ ✇✐ ❤ ❛ ❞ ❡ ❛✐❧ ❡ ❞ ❛ ♥ ❛❧ ② ✐ ♦
❤✐ ❣ ❤❧✐ ❣ ❤ ❤ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ♥ ✐ ♥ ➓ ✹ ✇ ❡ ✇✐❧❧
❢ ♦ ♠ ✉❧ ❛ ❡ ♦ ✉ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❝ ♦ ♥ ❛✐ ♥ ♠ ♦ ❞ ❡❧✱ ❛ ♥ ❞ ❛❧ ♦ ♣ ❡ ❡ ♥ ❛ ♥ ♦ ♣ ✐ ♠✐ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ✳ ➓ ✺ ✇✐❧❧ ❝ ♦ ♠ ♣ ✐ ❡ ♦❢ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ✇ ♦ ❦✱ ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ✐ ♥ ➓ ✻ ✇ ❡

✇✐❧❧ ♣ ❡ ❡ ♥ ♦ ✉ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ✳

✷ ❘ ❡ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ❛ ♥ ❞ ✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ♦❢ ❬ ✶ ✻❪

❚ ❤ ❡ ♠ ♦ ❞ ❡❧ ✳ ❚ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ❡ ❣ ✉❧ ❛ ✐ ❡ ✐ ❛ ♣ ♦ ♣ ✉❧ ❛ ❝ ❤ ♦✐ ❝ ❡ ❛ ♠ ♦ ♥ ❣ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧ ❬ ✼ ✕ ✶ ✵✱ ✸ ✵❪✱ ✐ ✐ ♠ ♣ ♦ ❡
❛ ✐ ♠ ♣❧ ❡ ♠ ♦ ♦ ❤ ♥ ❡ ❝ ♦ ♥ ❛✐ ♥ ✉ ♣ ♦ ♥ ❤ ❡ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ✜ ❡❧ ❞ ❛ ♥ ❞ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

R ❉✐ ✛ (u ) =
1

2 Ω

2

s = 1

∇ u s
2

d Ω . ✭ ✷✳ ✶✮

■ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✐ ♦ ♥ ❡ ♦❢ ❤ ❡ ❢ ❡ ✇ ♠ ♦ ❞ ❡❧ ❤ ❛ ❝ ♦✐ ♥ ❝✐ ❞ ❡ ✇✐ ❤ ♠ ♦ ❞ ❡❧ ❢ ♦ ♠ ♦ ♣ ✐ ❝ ❛❧ ✢ ♦ ✇
❢ ❛ ♠ ❡ ✇ ♦ ❦ ✭ ❡ ❡ ❬ ✽✱ ✾✱ ✸ ✵❪ ❛ ❡ ① ❛ ♠ ♣❧ ❡ ✮✱ ✇ ❤✐ ❝ ❤ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ✉ ❡❢ ✉❧ ✇ ❤ ❡ ♥ ❡ ❣✐ ❡ ✐ ♥ ❣ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ✐ ♠ ❛ ❣ ❡ ✳
❚ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠✐ ♥✐ ♠✐ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠

mi n
u

E ❉✐ ✛ (u ) = D (R, T, u ) + α R ❉✐ ✛ (u ) =
1

2 Ω

(T u − R )
2

+ α
2

s = 1

∇ u s
2

d Ω ✭ ✷✳ ✷✮

✇ ❤ ❡ ❡ T u ≡ T (x + u ) ❛ ♥ ❞ R ≡ R (x )✳ ❚ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❊ ✉❧ ❡ ✲ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ✭ ❊ ▲✮ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❞ ❡ ✐ ✈ ❡ ❞
❢ ♦ ♠ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❧✐ ♠✐

li m
ε 1 → 0

E ❉✐ ✛ (u 1 + ε 1 φ 1 , u2 ) − E ❉✐ ✛ (u 1 , u2 )

ε 1
= 0 , li m

ε 2 → 0

E ❉✐ ✛ (u 1 , u2 + ε 2 φ 2 ) − E ❉✐ ✛ (u 1 , u2 )

ε 2
= 0 ✭ ✷✳ ✸✮

✇ ❤✐ ❝ ❤ ❡ ✈ ❡ ♥ ✉ ❛❧❧ ② ❡ ✉❧ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ❣ ❛❧

Ω

φ m ∂ u m T u (T u − R ) − α ∆ u m d Ω + α
∂ Ω

φ m (∇ u m · n ) d S = 0 ✭ ✷✳ ✹✮

❛ ♥ ❞ ❤ ✉ ✱ ❛❢ ❡ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❧ ❡ ♠ ♠ ❛ ♦❢ ❝ ❛❧ ❝ ✉❧ ✉ ♦❢ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ✱ ②✐ ❡❧ ❞ ❤ ❡ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥

− α ∆ u m + F m (u ) = 0 ✭ ✷✳ ✺✮

✇✐ ❤ ◆ ❡ ✉ ♠ ❛ ♥ ♥ ❜ ♦ ✉ ♥ ❞ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ∇ u m · n = 0 ✇ ❤ ❡ ❡ n ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♦ ✉ ✇ ❛ ❞ ✉ ♥✐ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞

F m (u ) = ∂ u m T u (T u − R ) ✭ ✷✳ ✻✮

❞ ❡ ♥ ♦ ❡ ❤ ❡ ❢ ♦ ❝ ❡ ❡ ♠ ✱ ❢ ♦ m = 1 , 2 ✳

✸



✷✳ ✶ ❖ ♣ ✐ ♠✐ ❡✲ ❞✐ ❝ ❡ ✐ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❢ ♦ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧

❲❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✺✮ ❜ ② ❞✐ ❝ ❡ ✐ ✐ ♥ ❣ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω
✐ ♥ ♦ ❛ ✉ ♥✐❢ ♦ ♠ n × n ♠ ❡ ❤ ✇✐ ❤ ✐ ♥ ❡ ✈ ❛❧ ✇✐ ❞ ❤ h ✱ ✉ ✐ ♥ ❣ ❛ ✜ ♥✐ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✭ ❋ ❉✮ ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡
♠ ❡ ❤ ✐ ❝ ❤ ♦ ❡ ♥ ♦ ❜ ❡ ❡ ✉ ❛❧ ♦ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✭ ❡✳ ❣✳ 5 1 2 × 5 1 2 ♦ ❝ ♦✐ ♥ ❝✐ ❞ ❡ ✇✐ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢
❣✐ ✈ ❡ ♥ ✐ ♠ ❛ ❣ ❡ ✮ ❛ ♥ ❞ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ♥ ❡ ❡ ❞ ♥ ♦ ❜ ❡ ✉ ❛ ❡✱ ❤ ♦ ✇ ❡ ✈ ❡ ✐ ♥ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✉ ❛ ❡ ✐ ♠ ❛ ❣ ❡ ❛
❤✐ ✐ ❝ ♦ ♠ ♠ ♦ ♥ ❢ ♦ ♠ ❡ ❞✐ ❝ ❛❧ ✐ ♠ ❛ ❣ ❡ ❧✐ ❝ ❡ ✳ ❯ ✐ ♥ ❣ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❡ ♥ ❛❧ ❋ ❉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥

(∂ u 1
T u ) i, j ≈

1

2 h
(T u ) i + 1 , j − (T u ) i − 1 , j , (∂ u 2

T u ) i, j ≈
1

2 h
(T u ) i, j + 1 − (T u ) i, j − 1

( ∆u m ) i, j ≈
1

h 2
(u m ) i, j − 1 + ( u m ) i − 1 , j − 4( u m ) i, j + ( u m ) i + 1 , j + ( u m ) i, j + 1 ✭ ✷✳ ✼✮

❛ ❛ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ❝ ❡ ❡ ♣ ♦✐ ♥ (i, j )✱ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞✐ ❝ ❡ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✺✮

− α ( ∆u m ) i, j + ( F m (u )) i, j = 0 ✭ ✷✳ ✽✮

✇✐ ❤

(F m (u )) i, j = ( ∂ u m T u ) i, j (T u ) i, j − (R ) i, j ✭ ✷✳ ✾✮

❢ ♦ m = 1 , 2 ❛ ♥ ❞ i, j = 2 , . . . , n − 1 ✳

✷✳ ✷ ❚ ❤ ❡ ❝ ♦❧❧ ❡ ❝ ✐ ✈ ❡ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡

❚ ❤ ❡ ❡ ♠ ♠ ♦ ♦ ❤ ❡ ✱ ✇ ❤✐ ❝ ❤ ❡ ♠ ❢ ♦ ♠ ♠ ✉❧ ✐ ❣ ✐ ❞ ❤ ❡ ♦ ②✱ ✐ ♥ ♦ ❤✐ ♥ ❣ ❜ ✉ ❛ ♥ ✐ ❡ ❛ ✐ ✈ ❡ ♦❧ ✈ ❡ ✳ ■ ♥ ❬ ✶ ✻❪ ❤ ❡
❧ ❡ ①✐ ❝ ♦ ❣ ❛ ♣ ❤✐ ❝ ● ❛ ✉ ✲ ❙ ❡✐ ❞ ❡❧ ✭ ● ❙✲ ▲ ❊ ❳✮ ♠ ❡ ❤ ♦ ❞ ✇ ❛ ❡ ♠ ♣❧ ♦ ② ❡ ❞ ♦ ♦❧ ✈ ❡ ❤ ❡ ❧✐ ♥ ❡ ❛ ♣ ❛ ♦❢ ❤ ❡ ② ❡ ♠ ✭ ✷✳ ✽✮
❤ ♦ ✉ ❣ ❤ ❛ ♥ ✐ ♥ ♥ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❧ ♦ ♦ ♣✱ ❛ ♥ ❞ ❛ ✜ ① ❡ ❞ ♣ ♦✐ ♥ ✐ ❡ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡ ♦ ♦❧ ✈ ❡ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♣ ❛ ❤ ♦ ✉ ❣ ❤

❛ ♥ ♦ ✉ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❧ ♦ ♦ ♣✳ ■ ♥ ❛ ❧ ❡ ①✐ ❝ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛❧ ♦ ❞ ❡ ✐ ♥ ❣ ② ❡ ♠✱ ❛ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ❝ ❡ ❡ ♣ ♦✐ ♥ (i, j ) ❛ ✐ ♥ ✭ ✷✳ ✾✮ ✐
❧✐ ♥ ❦ ❡ ❞ ♦ ❤ ❡ ❣❧ ♦ ❜ ❛❧ ✐ ♥ ❞ ❡ ① k = ( j − 2)( n − 1) + ( i − 1) ✱ ✇✐ ❤ n ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ✐ ♠ ❛ ❣ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❀
❤ ❡ ♥ ❢ ♦ m = 1 , 2 ✱ ✇ ❡ ❣ ❡

− α ( ∆u m ) k + ( F m (u )) k = 0 ✭ ✷✳ ✶ ✵✮

❛ ✐❧❧ ✉ ❛ ❡ ❞ ✐ ♥ ❋✐ ❣ ✉ ❡ ✶✳ ◆ ♦ ✇ ♦ ♦❧ ✈ ❡ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♣ ❛ ♦❢ ❤✐ ② ❡ ♠✱ ✇ ❡ ❡ ♠ ♣❧ ♦ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❡ ♠✐✲✐ ♠ ♣❧✐ ❝✐ ✜ ① ❡ ❞ ♣ ♦✐ ♥ ✐ ❡ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡

− α ( ∆u m )
( l+ 1 )
k + ( F m (u ))

( l+ 1 )
k = 0 ✭ ✷✳ ✶ ✶✮

✇ ❤ ❡ ❡

(F 1 (u ))
( l+ 1 )
k = ∂ u 1

T (x 1 + u
( l)
1 , x2 + u

( l)
2 )

k
T (x 1 + u

( l+ 1 )
1 , x2 + u

( l)
2 )

k
− (R (x 1 , x2 )) k

(F 2 (u ))
( l+ 1 )
k = ∂ u 2 T (x 1 + u

( l)
1 , x2 + u

( l)
2 )

k
T (x 1 + u

( l)
1 , x2 + u

( l+ 1 )
2 )

k
− (R (x 1 , x2 )) k . ✭ ✷✳ ✶ ✷✮

❚ ❤ ❡ ❦ ❡ ② ✉ ❡ ✐ ♦ ♥ ❛ ❞ ❞ ❡ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪ ✇ ❛ ❤ ♦ ✇ ♦ ❡ ❛ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ❡ ♠ T (x 1 + u
( l+ 1 )
1 , x2 + u

( l)
2 )

k
✱

T (x 1 + u
( l)
1 , x2 + u

( l+ 1 )
2 )

k
✐ ♥ ❛ ● ❙✲ ▲ ❊ ❳ ❝ ❤ ❡ ♠ ❡✳ ■ ♣ ♦ ♣ ♦ ❡ ❞ ♦ ✉ ❡ ❤ ❡ ✜ ♦ ❞ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✿

T (x 1 + u
( l+ 1 )
1 , x2 + u

( l)
2 )

k
≈ T (x 1 + u

( l)
1 , x2 + u

( l)
2 )

k

+ (u 1 )
( l+ 1 )
k − (u 1 )

( l)
k ∂ u 1

T (x 1 + u
( l)
1 , x2 + u

( l)
2 )

k

T (x 1 + u
( l)
1 , x2 + u

( l+ 1 )
2 )

k
≈ T (x 1 + u

( l)
1 , x2 + u

( l)
2 )

k

+ (u 2 )
( l+ 1 )
k − (u 2 )

( l)
k ∂ u 2

T (x 1 + u
( l)
1 , x2 + u

( l)
2 )

k

✹



✇ ❤✐ ❝ ❤ ❛ ❡ ✉ ❜ ✐ ✉ ❡ ❞ ❜ ❛ ❝ ❦ ✐ ♥ ♦ ❤ ❡ ❞✐ ❝ ❡ ❡ ❢ ♦ ❝ ❡ ❡ ♠ ✭ ✷✳ ✶ ✵✮ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞✐ ❝ ❡ ❡ ② ❡ ♠

− α ( ∆u m )
( l+ 1 )
k + ( ∂ u m T u )

( l)
k (T u )

( l)
k + (u m )

( l+ 1 )
k − (u m )

( l)
k (∂ u m T u )

( l)
k − (R ) k = 0 ✭ ✷✳ ✶ ✸✮

✇✐ ❤ (T u )
( l)
k ≡ T (x + u ( l) )

k
et c. ❢ ♦ m = 1 , 2 ✳ ❯ ✐ ♥ ❣ ❤ ❡ ❋ ❉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ✷✳ ✼✮✱ ✇ ❡ ❝ ❛ ♥ ✇ ✐ ❡ ✭ ✷✳ ✶ ✸✮

✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

−
α

h 2
(u m )

( l+ 1 )
k − n + ( u m )

( l+ 1 )
k − 1 + (∂ u m

T u )
2

( l)

k
+

4 α

h 2
(u m )

( l+ 1 )
k

−
α

h 2
(u m )

( l+ 1 )
k + 1 + ( u m )

( l+ 1 )
k + n = (∂ u m

T u )
2

( l)

k
(u m )

( l)
k − (∂ u m

T u )
( l)
k (T u )

( l)
k − (R ) k ✭ ✷✳ ✶ ✹✮

❢ ♦ m = 1 , 2 ✳ ❚ ❤ ❡ ♥ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ (l + 1) ✉ ♣ ❞ ❛ ❡ ✐ ♥ ✭ ✷✳ ✶ ✹✮✱ ✇ ❡ ✉ ❡ ❛ ● ❙✲ ▲ ❊ ❳ ❜ ❛ ❡ ❞ ♠ ❡ ❤ ♦ ❞✳

j = 2

j =j

j = n- 1

i = 2 i =i i = n- 1

1 3 n- 2

k
1
(j) k

3
(j) k

n- 2
(j)

( n- 3)( n- 2) + 1 ( n- 3)( n- 2) + 3 ( n- 2)
2

❋✐ ❣ ✉ ❡ ✶✿ ■❧❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ♦ ✇ ❤ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω ✐ ❞✐ ❝ ❡ ✐ ❡ ❞ ❜ ② n × n ❣ ✐ ❞ ♣ ♦✐ ♥ ✳ ❚ ❤ ❡ ❞ ❛ ❤ ❡ ❞ ❜❧ ✉ ❡ ❧✐ ♥ ❡
❡ ♣ ❡ ❡ ♥ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ② ∂ Ω ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ❞ ♦ ♠ ❛✐ ♥✱ ✇✐ ❤ ❤ ❡ ❜ ♦ ① ❡ ❞ ♣ ♦✐ ♥ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ✉ ❡ ❞ ❜ ♦ ✉ ♥ ❞ ❛ ②

♣ ♦✐ ♥ ✱ ❛ ♥ ❞ ❤ ❡ ❜❧ ❛ ❝ ❦ ❧✐ ♥ ❡ ❤ ♦ ✇ ❤ ❡ (n − 2) × (n − 2) ❣ ✐ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❜❧ ✉ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ✳ ❚ ❤ ❡
✐ ♥ ❞ ❡ ①✐ ♥ ❣ ♦ ♥ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ❤ ♦ ✇ ❤ ♦ ✇ ❤ ❡ ❣❧ ♦ ❜ ❛❧ ✐ ♥ ❞ ❡ ① k ✐ ♦ ❞ ❡ ❡ ❞ ❧ ❡ ①✐ ❝ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛❧❧ ②✳

❍ ♦ ✇ ❡ ✈ ❡ ✱ ✉ ❝ ❤ ❛ ♥ ✐ ❡ ❛ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ♦ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❛ ❛ ❛ ♥ ❞ ❛❧ ♦ ♥ ❡ ♦❧ ✈ ❡ ✐ ♥ ❝ ❡ ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❞✐ ❝ ❡ ❡ ② ❡ ♠
♦❢ ❉ ❊ ✭ ✷✳ ✶ ✵✮ ♣✐ ① ❡❧✲ ✇✐ ❡ ❝ ❛ ♥ ❧ ❡ ❛ ❞ ♦ ❛ ✈ ❡ ② ❤✐ ❣ ❤ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ❢ ♦ ❜✐ ❣ ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤✐
❢ ❛ ❝ ✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❢ ♦ ✐ ♠ ♣❧ ❡ ❉ ❊ ✉ ❝ ❤ ❛ ❤ ❡ ♦✐ ♦ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ F m = 0 ❛ ♥ ❞ h → 0 ✮✳
❖ ♥ ❡ ♥ ❛ ✉ ❛❧ ✇ ❛ ② ♦❢ ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ❝ ♦ ♦❢ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ✜ ❡❧ ❞ ✐ ❛ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✐ ♥ ✇ ❤✐ ❝ ❤
❤✐ ✭ ❧ ♦ ✇✮ ✐ ❡ ❛ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞ ✐ ✉ ❡ ❞ ❛ ❛ ♠ ♦ ♦ ❤ ❡ ✳

❚ ❤ ❡ ❡ ❤ ❛ ❛❧ ❡ ❛ ❞ ② ❜ ❡ ❡ ♥ ❛ ❧ ♦ ♦❢ ✇ ♦ ❦ ❡ ❣ ❛ ❞✐ ♥ ❣ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❬ ✷ ✶✱ ✷ ✺✱ ✷ ✼✱ ✷ ✽✱ ✸ ✷❪ ❢ ♦
❡❧ ❛ ❡ ❞ ♠ ♦ ❞ ❡❧ ✱ ❡ ❛ ❝ ❤ ❤ ❛ ✈✐ ♥ ❣ ✐ ♦ ✇ ♥ ✉ ♥✐ ❣ ✐ ❞ ✐ ❡ ❛ ✐ ✈ ❡ ♦❧ ✈ ❡ ✱ ❤ ♦ ✇ ❡ ✈ ❡ ♠ ♦ ♦❢ ❤ ❡ ❡ ✇ ♦ ❦ ❞ ♦ ♥ ♦ ❛ ❞ ❞ ❡
❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ② ✐ ♥ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ② ♠ ❡ ❛ ✉ ❡ ❞✐ ❡ ❝ ❧ ②✱ ✐ ♥ ❡ ❛ ❞ ❧✐ ♥ ❡ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ♠ ♦ ❛ ✉ ❣ ♠ ❡ ♥ ❡ ❞ ② ❡ ♠

❛ ❡ ✉ ❡ ❞✳ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❬ ✶ ✻❪ ♣ ♦ ♣ ♦ ❡ ❞ ❛ ♦ ❜ ✉ ♦❧ ✈ ❡ ✇ ❤✐ ❝ ❤ ❞ ♦ ❡ ❞✐ ❡ ❝ ❧ ② ❞ ❡ ❛❧ ✇✐ ❤ ❤✐ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ②
❛ ✐ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❙ ❙ ❉ ❡ ♠✱ ❤ ♦ ✇ ❡ ✈ ❡ ❛ ♥ ✐ ♥ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❧ ❡ ❛ ❞ ♦ ❛ ❧ ❡ ❤ ❛ ♥
♦ ♣ ✐ ♠ ❛❧ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✇ ❤✐ ❝ ❤ ✇ ❡ ✇✐❧❧ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✳

✷✳ ✸ ❚ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞

❚ ❤ ❡ ❡ ❛ ❡ ✇ ♦ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ❞ ✐ ✈✐ ♥ ❣ ♠ ✉❧ ✐ ❣ ✐ ❞ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❧✐ ♥ ❡ ❛ ❉ ❊ ✳ ❚ ❤ ❡ ✜ ✐ ❤ ❛ ✱ ❛❧ ❤ ♦ ✉ ❣ ❤
❛ ♥ ❞ ❛ ❞ ✐ ❡ ❛ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞ ✉ ❝ ❤ ❛ ❤ ❡ ❏ ❛ ❝ ♦ ❜✐ ❛ ♥ ❞ ● ❙ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ✈ ❡ ♣ ♦ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ✇ ❤ ❡ ♥ ✉ ❡ ❞

✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✱ ❤ ❡ ② ❛ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❛ ♠ ♦ ♦ ❤✐ ♥ ❣ ♦ ✉ ❛ ♥ ② ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✇✐ ❤✐ ♥ ❛ ♠ ❛❧❧
♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ✳ ❚ ❤✐ ♣ ♦ ♣ ❡ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❦ ❡ ② ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ♠ ✉❧ ✐ ❣ ✐ ❞ ♠ ❡ ❤ ♦ ❞ ✱ ♥ ❛ ♠ ❡❧ ② ❧ ♦ ✇
❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❝ ❛ ♥ ❜ ❡ ✇ ❡❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ♦ ♥ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞✳ ◆ ❛ ✉ ❛❧❧ ② ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❛ ♥ ❞
❛ ❝ ❝ ✉ ❛ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ♥ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❝ ❛ ♥ ❤ ❡ ♥ ❜ ❡ ✐ ♥ ❡ ♣ ♦❧ ❛ ❡ ❞ ❜ ❛ ❝ ❦ ♦ ❤ ❡ ✜ ♥ ❡ ❣ ✐ ❞ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡
♦ ✐ ❣✐ ♥ ❛❧ ♣ ♦ ❜❧ ❡ ♠❀ ❤✐ ✇ ♦✲ ❣ ✐ ❞ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❝ ❤ ❡ ❛ ♣ ❡ ❤ ❛ ♥ ✇ ♦ ❦✐ ♥ ❣ ♦❧ ❡❧ ② ♦ ♥ ❤ ❡ ✜ ♥ ❡ ❣ ✐ ❞✳

✺



■ ♥ ❢ ❛ ❝ ❤✐ ❛ ❡ ❣ ② ❛❧❧ ♦ ✇ ✉ ♦ ♦ ❜ ❛✐ ♥ ❛ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ✣ ❝✐ ❡ ♥ ❧ ② ❛ ✇ ❡ ❝ ❛ ♥ ♣ ❡ ❢ ♦ ♠ ❛
❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ♥ ❧ ❡ ✐ ♠ ❡ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ✐ ❡ ❛ ✐ ♥ ❣ ❤ ❡ ✜ ♥ ❡ ❣ ✐ ❞
❛❧ ♦ ♥ ❡✳ ❚ ❤✐ ✜ ♥ ❡✲ ❝ ♦ ❛ ❡✲ ✜ ♥ ❡ ❛ ❡ ❣ ②✱ ❦ ♥ ♦ ✇ ♥ ❛ ❤ ❡ ✇ ♦✲ ❣ ✐ ❞ ❱✲ ❝ ② ❝❧ ❡ ✭ ❡ ❡ ❬ ✺❪ ❢ ♦ ❞ ❡ ❛✐❧ ✮✱ ❝ ❛ ♥ ❤ ♦ ✇ ❡ ✈ ❡ ❜ ❡
❡ ♣ ❡ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦ ✐ ♥ ❡ ❛ ❝ ✇✐ ❤ ❡ ✈ ❡ ♥ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✉ ♥ ✐❧ ♦ ♠ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✇✐ ❤ ❢ ❡ ✇ ♣ ♦✐ ♥ ✳

❲ ❤✐❧ ❡ ♠ ✉❧ ✐ ❣ ✐ ❞ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ❛ ❡ ❦ ♥ ♦ ✇ ♥✱ ❛ ♥ ❞ ✐ ♥ ❞ ❡ ❡ ❞ ✈ ❡ ② ❡ ❛ ② ♦ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❢ ♦ ❧✐ ♥ ❡ ❛ ❝ ❛ ❡ ✱ ♣ ♦ ❜❧ ❡ ♠
❧✐ ❦ ❡ ✭ ✷✳ ✺✮ ✇ ❤✐ ❝ ❤ ❛ ❡ ❤✐ ❣ ❤❧ ② ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♣ ♦ ✈ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ♦ ❡ ❞✐ ✣ ❝ ✉❧ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❛ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ◆ ▼ ●
♠ ❡ ❤ ♦ ❞✳ ◆ ♦ ✇ ✇ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ♦❢ ❬ ✶ ✻❪ ❢ ♦ ✭ ✷✳ ✶ ✵✮ ❜ ❡❢ ♦ ❡ ✇ ❡ ❤✐ ❣ ❤❧✐ ❣ ❤ ❤ ❡ ♦ ♠✐ ✐ ♦ ♥
✐ ♥ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ❡ ❞ ✐ ♥ ❛ ♥ ♦ ✈ ❡ ❡ ✐ ♠ ❛ ❡ ❞ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ✭ ❤ ✉ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❛ ❧ ❡ ♦ ♣ ✐ ♠ ❛❧ ◆ ▼ ●
♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ❧ ♦ ✇ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡✮✱ ❛ ♥ ❞ ✐ ♥ ❝❧ ✉ ❞ ❡ ♦ ✉ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤✐ ♣ ♦ ❜❧ ❡ ♠✳
❍ ❡ ❡ ❋ ❆ ❙ ❛ ♥ ❞ ❢ ♦ ✏❢ ✉❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡✑ ❜ ② ❆✳ ❇ ❛ ♥ ❞ ❢ ♦ ♦❧ ✈✐ ♥ ❣ ❛ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♦ ♣ ❡ ❛ ♦ ❡ ✉ ❛ ✐ ♦ ♥✳
❋✐ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✇ ♦ ❣ ✐ ❞ ❡ ✐ ♥ ❣ ✇ ❤ ❡ ❡ Ω h ❞ ❡ ♥ ♦ ❡ ❛ ✜ ♥ ❡ ❣ ✐ ❞ ❛ ♥ ❞ Ω H ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✇✐ ❤ h = 1

n − 1 ✱ H = 2 h ✳

❆❧ ♦ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ② ❡ ♠ ✭ ✷✳ ✶ ✵✮ ❜ ② ❤ ❡ ♦ ♣ ❡ ❛ ♦ ♥ ♦ ❛ ✐ ♦ ♥ ♦ ♥ Ω h

N h (u h ) = G h ✭ ✷✳ ✶ ✺✮

✇✐ ❤

N h =




N h

1 k

N h
2 k



 , u h =




u h

1 k

u h
2 k



 , G h =




g h

1 k

g h
2 k



 . ✭ ✷✳ ✶ ✻✮

❛ ♥ ❞ ✇ ❤ ❡ ❡ (N h
1 ) k = F 1 (u h )

k
− α ∆ h u h

1 k
, (N h

2 ) k = F 2 (u h )
k

− α ∆ h u h
2 k

✱ (g h
1 ) k = ( g h

2 ) k = 0 ✱

k = 1 , 2 , . . . , (n − 2) 2 ✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❡ ♣ ♦❢ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ● ❛ ❡ ❛ ❢ ♦❧❧ ♦ ✇ ✳

❙ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ✳ ❆ ♣ ♣❧ ② ❤ ❡ ✐ ❡ ❛ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞ ✭ ✷✳ ✶ ✹✮ ♦ ♥ ❣ ✐ ❞ Ω h ❛ ✐ ♥ ❣ ❢ ♦ ♠ ♦ ♠ ❡ ✐ ♥✐ ✐ ❛❧ ❣ ✉ ❡ ✳ ❚ ❤✐
✐ ❤ ❡ ♣ ❡✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❡ ✉✐ ❡ ❞ ♦ ♦ ❜ ❛✐ ♥ ❛ ♠ ♦ ♦ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ū h = ( ū h

1 , ū h
2 ) T ✇ ❤✐ ❝ ❤ ❤ ❛ ❡ ✐ ❞ ✉ ❛❧

r h = G h − N h ( ū h )✳

❚ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❤✐ ♠ ♦ ♦ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ✐ ❡ ♠ ❛✐ ♥ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ♦ ✭ ♦ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ ❝ ♦ ✲
❡ ❝ ✐ ♦ ♥✮ e h = ( e h

1 , eh2 ) T = u h − ū h ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❞✐ ❡ ❝ ❧ ② ♦ ♥ Ω h ✳

❘ ❡ ✐ ❝ ✐ ♦ ♥✳ ❙✐ ♥ ❝ ❡ ♦ ♥❧ ② ♠ ♦ ♦ ❤ ❡ ♦ ❝ ❛ ♥ ❜ ❡ ✇ ❡❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ♦ ♥ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞✱ ✇ ❡ ✜ ♦❧ ✈ ❡ ❤ ❡
❋ ❆ ❙ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❡ ✐ ❞ ✉ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥

N H (u H ) ≡ N H ( ū H + e H ) = r H + N H ( ū H ) ≡ G H ✭ ✷✳ ✶ ✼✮

✇ ❤ ❡ ❡ ū H = R H
h ū h , e H = R H

h e h , r H = R H
h r h ❛ ♥ ❞ R H

h ✐ ❤ ❡ ❡ ✐ ❝ ✐ ♦ ♥ ♦ ♣ ❡ ❛ ♦ ✱ ✇ ❤✐ ❝ ❤ ✇ ❡ ❛ ❦ ❡ ♦ ❜ ❡
❤ ❡ ❢ ✉❧❧✲ ✇ ❡✐ ❣ ❤ ❡ ❞ ❡ ✐ ❝ ✐ ♦ ♥ ♦ ♣ ❡ ❛ ♦ ✱ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♥ ❝✐❧

R H
h =

1

1 6




1 2 1
2 4 2
1 2 1





H

h

✭ ✷✳ ✶ ✽✮

❈ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✉ ✐ ♦ ♥✳ ❋ ♦ ❛ ✇ ♦✲ ❣ ✐ ❞ ♠ ❡ ❤ ♦ ❞ ✭ ♦ ✐ ♥ ❛ ♠ ✉❧ ✐ ❣ ✐ ❞ ❡ ✐ ♥ ❣ ✇ ❤ ❡ ❡ Ω H ✐ ❤ ❡ ❝ ♦ ❛ ❡ ❧ ❡ ✈ ❡❧
❛ ♥ ❞ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ♥ ❡ ① ♣ ❡ ♥ ✐ ✈ ❡✮✱ ❤ ❡ ❛ ❜ ♦ ✈ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ♠ ✉ ❜ ❡ ♦❧ ✈ ❡ ❞ ❛ ❝ ❝ ✉ ❛ ❡❧ ② ♦ ♦ ❜ ❛✐ ♥
♦❧ ✉ ✐ ♦ ♥ u H ✳ ❇ ❛ ❡ ❞ ♦ ♥ ❤✐ u H ❛ ♥ ❞ ✐ ✐ ♥✐ ✐ ❛❧ ❣ ✉ ❡ ū H ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ ❝ ♦ ❡ ❝ ✐ ♦ ♥

e H = u H − ū H . ✭ ✷✳ ✶ ✾✮

■ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥✳ ◆ ♦ ✇ ✇ ❡ ✇✐ ❤ ♦ ✉ ❡ ✭ ✷✳ ✶ ✾✮ ♦ ❝ ♦ ❡ ❝ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ✜ ♥ ❡ ❣ ✐ ❞ Ω h ❀ ✇ ❡ ❞ ♦
❤✐ ❜ ② ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ✉ ✐ ♥ ❣ ❜✐❧✐ ♥ ❡ ❛ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥✳ ❚ ❤ ❛ ✐ ✇ ❡ ❝ ♦ ♠ ♣ ✉ ❡

e h = I h
H e H , I h

H =
1

4




1 2 1
2 4 2
1 2 1





h

H

. ✭ ✷✳ ✷ ✵✮

❖ ♥ ❝ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ✐ ♥ ❡ ♣ ♦❧ ❛ ❡ ❞ ♦ ❤ ❡ ♥ ❡ ① ✜ ♥ ❡ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧✱ ✇ ❡ ✉ ❡ ❤ ❡ ♠ ♦ ✉ ♣ ❞ ❛ ❡ ❤ ❡
❝ ✉ ❡ ♥ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✈✐ ❛ u h = ū h + e h ✳ ❆❢ ❡ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❝ ♦ ❡ ❝ ❡ ❞✱ ✇ ❡
✉ ❡ ❛ ♣ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ♦ ❡ ♠ ♦ ✈ ❡ ❛ ♥ ② ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥ ❡ ♦ ✳ ❚ ❤✐ ♣ ♦ ❝ ❡ ♦❢ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥✱ ❝ ♦ ❡ ❝ ✐ ♦ ♥
❛ ♥ ❞ ♠ ♦ ♦ ❤✐ ♥ ❣ ✐ ❡ ♣ ❡ ❛ ❡ ❞ ✉ ♥ ✐❧ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❝ ♦ ❡ ❝ ❡ ❞ ❛ ♥ ❞
♠ ♦ ♦ ❤ ❡ ❞✱ ❤ ✉ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ♦ ✉ ✜ ♥ ❛❧ ♦❧ ✉ ✐ ♦ ♥ u h ✳

✻



❘ ❡ ♠ ❛ ❦ ✷✳ ✶✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ✇ ♦ ❦ ❞ ♦ ♥ ❡ ✐ ♥ ❬ ✷ ✻❪✱ ❤ ❡ ❡ ❛ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ♥ ❡ ❡ ❞ ♦ ❜ ❡ ❛ ✐ ✜ ❡ ❞
❡ ❣ ❛ ❞✐ ♥ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ❡ ✐ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❛ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ◆ ▼ ●✳ ❋ ♦ ❛ ♥ ♦ ❞ ❡ M
❉ ❊✱ ✇ ❡ ❡ ✉✐ ❡

✭✐ ✮ m R + m I ≥ M ❀ ✭✐✐ ✮ m I ≥ M ❛ ♥ ❞ m R ≥ 0 ❀ ✭✐✐✐ ✮ m R ≥ M ❛ ♥ ❞ m I ≥ 0
✇ ❤ ❡ ❡ m R , mI ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦ ❞ ❡ ♦❢ ❤ ❡ ❡ ✐ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳
■ ♥ ♦ ✉ ❝ ❛ ❡ ✇ ❡ ❤ ❛ ✈ ❡ m R = 2 , mI = 2 ✱ ❢ ♦ ❤ ❡ ❢ ✉❧❧✲ ✇ ❡✐ ❣ ❤ ❡ ❞ ❡ ✐ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❜✐❧✐ ♥ ❡ ❛ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥ ♦ ♣ ❡ ❛ ♦
❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❛ ♥ ❞ ♦ ❛❧❧ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡ ❛ ✐ ✜ ❡ ❞✳

❇ ❡❧ ♦ ✇ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ❤ ❛ ❜ ❡ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ❡ ❞

❆❧ ❣ ♦ ✐ ❤ ♠ ✶ u
( k + 1 )
h F A S N M G (R h , T h , n, h, l e v el, u

( k )
h , G h , α, ν1 , ν2 )

✶✿ ❡✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 1 ❡ ♣ ✭ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ✮ ū
( k )
h S m o ot h ( R h , T h , u

( k )
h , G h , α, ν1 )

✷✿ ❈ ♦ ❛ ❡✲ ❣ ✐ ❞ ❝ ♦ ❡ ❝ ✐ ♦ ♥

❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ r
( k )
h = G h − N h ( u

( k )
h )

❘ ❡ ✐ ❝ ❡ ✐ ❞ ✉ ❛❧ ❛ ♥ ❞ ♠ ♦ ♦ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ r
( k )
H = R H

h r
( k )
h , ū

( k )
H = R H

h ū
( k )
h

❙ ❡ l e v el → l e v el − 1 , H = 2 h, n c = n
2

❋ ♦ ♠ ❘ ❍ ❙ ♦❢ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❉ ❊ G H = r H + N H ( ū
( k )
H )

❙ ♦❧ ✈ ❡ ❡ ✐ ❞ ✉ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♥ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦ ♦ ❜ ❛✐ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ũ
( k )
H

✸✿ ✐❢ l e v el = 1 ❤ ❡ ♥
❙ ♦❧ ✈ ❡ ♦ ♦ ❜ ❛✐ ♥ ♦❧ ✉ ✐ ♦ ♥ u

( k )
H ♦ ❤✐ ❣ ❤ ❛ ❝ ❝ ✉ ❛ ❝ ② ✉ ✐ ♥ ❣ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳

✹✿ ❡❧ ❡ l e v el > 1 ❘ ❡ ♣ ❡ ❛ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ● ♣ ♦ ❝ ❡ ❞ ✉ ❡ ❡ ❝ ✉ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ♥ ❡ ① ❧ ❡ ✈ ❡❧ ✐✳ ❡✳

ū
( k )
H F A S N M G ( R H , T H , n c, H, l e v el − 1 , ũ

( k )
H , G H , α, ν1 , ν2 )

✺✿ ❡ ♥ ❞ ✐❢
❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ e

( k )
H = u

( k )
H − ū

( k )
H

■ ♥ ❡ ♣ ♦❧ ❛ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ① ✜ ♥ ❡ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ e
( k )
h = I h

H e
( k )
H

❯ ♣ ❞ ❛ ❡ ❝ ✉ ❡ ♥ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✉ ✐ ♥ ❣ ❝ ♦ ❡ ❝ ✐ ♦ ♥ û
( k )
h = ū

( k )
h + e

( k )
h

✻✿ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 2 ❡ ♣ ✭ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ✮ u
( k + 1 )
h S m o ot h ( R h , T h , û

( k )
h , G h , α, ν2 )

❈ ♦ ♠ ♣ ✉ ❡ u
( k + 1 )
h ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 2 ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ♦❢ ❛ ♠ ♦ ♦ ❤ ❡ ✳

■ ♥ ❬ ✶ ✻❪✱ ❤ ❡ ❝ ♦ ❛ ❡ ♦❧ ✈ ❡ ❤ ❛ ✇ ❛ ❛ ❞ ♦ ♣ ❡ ❞ ✇ ❛ ❛ ♥ ❛ ❞ ❞✐ ✐ ✈ ❡ ♦ ♣ ❡ ❛ ♦ ♣❧✐ ✐ ♥ ❣ ✭ ❆ ❖ ❙✮ ♠ ❡ ❤ ♦ ❞✳ ❋ ♦ ❤ ❡

❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✱ ✐ ❛ ❦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ u
( k + 1 )
m = 1

2
2
s = 1 I − 2 τ α L x s

− 1
u

( k + 1 )
m + τ g m − τ F m (u )

✇ ❤ ❡ ❡ I ❞ ❡ ♥ ♦ ❡ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ② ♦ ♣ ❡ ❛ ♦ ✱ τ > 0 ❤ ❡ ✐ ♠ ❡✲ ❡ ♣✱ g m ❤ ❡ ❘ ❍ ❙ ❝ ♦ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ◆ ▼ ● ❢ ❛ ♠ ❡✲
✇ ♦ ❦✱ F m (u ) ❤ ❡ ❢ ♦ ❝ ❡ ❡ ♠ ❣✐ ✈ ❡ ♥ ✐ ♥ ✭ ✷✳ ✻✮ ❢ ♦ m = 1 , 2 ❛ ♥ ❞ L x s = ∂ x s x s ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♣ ❛ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡
▲ ❛ ♣❧ ❛ ❝ ❡ ♦ ♣ ❡ ❛ ♦ ✐ ♥ ❤ ❡ x s ❞✐ ❡ ❝ ✐ ♦ ♥ ❢ ♦ s = 1 , 2 ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❚ ❤ ❡ ❛ ❜ ♦ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ♣ ❞ ❛ ❡ ❞ ❛❧ ♦ ♥ ❣
❤ ❡ x 1 , x2 ❞✐ ❡ ❝ ✐ ♦ ♥ ❡ ♣ ❛ ❛ ❡❧ ②✱ ❤ ✉ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❤ ❡ ② ❡ ♠






I − 2 τ α L x 1
u
( k + 1

2 )
m, p 1 = u

( k )
m + τ g m − τ F m (u ),

I − 2 τ α L x 2
u
( k + 1

2 )
m, p 2 = u

( k )
m + τ g m − τ F m (u )

✭ ✷✳ ✷ ✶✮

✇✐ ❤ ❤ ❡ ✉ ♣ ❞ ❛ ❡ u
( k + 1 )
m =

1

2
u

( k + 1
2 )

m, p 1 + u
( k + 1

2 )
m, p 2 ❢ ♦ m = 1 , 2 ✳

❘ ❡ ♠ ❛ ❦ ✷✳ ✷✳ ■ ♥ ❬ ✶ ✻❪✱ ❤ ❡ ❤✲ ❡❧❧✐ ♣ ✐ ❝✐ ② ❢ ♦ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ♠ ♦ ♦ ❤ ❡ ✇ ❛ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✐ ♥ ♦ ❞ ❡ ♦ ❝ ❤ ❡ ❝ ❦ ✇ ❤ ❡ ❤ ❡
❤ ❡ ♠ ♦ ♦ ❤ ❡ ✇ ❛ ✉✐ ❛ ❜❧ ❡ ❢ ♦ ✉ ❡ ✐ ♥ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✳ ❋ ♦ ♠ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥✱ ❤ ❡ ❤✲ ❡❧❧✐ ♣ ✐ ❝✐ ②

✇ ❛ ❢ ♦ ✉ ♥ ❞ ♦ ❤ ❛ ✈ ❡ ❛ ✈ ❛❧ ✉ ❡ ♦❢ 1
1 6 ✱ ❛ ♥ ❞ ✐ ✇ ❛ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❞ ❤ ❛ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ✇ ❛ ✉✐ ❛ ❜❧ ❡ ❢ ♦ ✉ ❡ ✐ ♥ ❤ ❡ ◆ ▼ ●

♠ ❡ ❤ ♦ ❞✳ ❇ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❢ ♦ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ♠ ♦ ♦ ❤ ❡ ✐ ♥ ➓ ✷✳ ✷✱ ✇ ❤✐ ❝ ❤ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡
♦ ♥ ❡ ✉ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ✇ ❡ ❛❧ ♦ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ✈ ❛❧ ✉ ❡ ♦❢ 1

1 6 ❛ ♥ ❞ ❤ ✉ ❡ ❛ ❝ ❤ ❡ ❞ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✳

✸ ❆ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ♦❢ ❬ ✶ ✻❪

❆ ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞✱ ❤ ❡ ❛ ❜ ♦ ✈ ❡ ❆❧ ❣ ♦ ✐ ❤ ♠ ✶ ❛ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ❜ ② ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❬ ✶ ✻❪ ❝ ♦ ✉❧ ❞ ✐❧❧ ❜ ❡ ❧ ♦ ✇ ♦
❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ ❛ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ♠ ♥ ❡ ✇ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ❲❡ ❢ ♦ ✉ ♥ ❞ ❤ ❛ ❛ ♠ ❛❥ ♦ ♣ ❛ ♦❢ ❤✐ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠
✇ ❛ ❛ ❡ ✉❧ ♦❢ ❛ ♥ ✐ ♥ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✱ ✇ ❤✐ ❝ ❤ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ♦ ✈ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❡✳
❇ ② ❡✲ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✱ ❛ ✇ ❡❧❧ ❛ ❜ ✉✐❧ ❞✐ ♥ ❣ ✐ ♥ ♦ ♠ ❡ ♥ ❡ ✇ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✱ ❧ ❡ ❛ ❞ ♦
♦ ✉ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ✇✐ ❤ ❛ ✈ ❛ ❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡✳

✼



■ ♥ ❤✐ ❡ ❝ ✐ ♦ ♥ ✇ ❡ ✇✐❧❧ ♦ ✉ ❧✐ ♥ ❡ ♦ ✉ ♠ ♦ ❡ ❞ ❡ ❛✐❧ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ◆ ▼ ● ❢ ❛ ♠ ❡ ✇ ♦ ❦✳ ❲❡ ❞ ♦
❤✐ ❜ ② ❛ ♥ ❛❧ ② ✐ ♥ ❣ ✇ ♦ ❦ ❡ ② ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ✭ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ♦❢ ❤ ❡ ♠ ♦ ♦ ❤ ❡

❛ ♥ ❞ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✮✱ ✇ ❤✐ ❝ ❤ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ♦ ♣ ✐ ♠ ❛❧ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✳

✸✳ ✶ ❙ ♠ ♦ ♦ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ✉ ✐ ♥ ❣ ▲ ♦ ❝ ❛❧ ❋ ♦ ✉ ✐ ❡ ❆ ♥ ❛❧ ② ✐ ✭ ▲ ❋ ❆ ✮

❲❡ ❜ ❡ ❣✐ ♥ ♦ ✉ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❜ ② ❤ ♦ ✇✐ ♥ ❣ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❞✱ ❛ ♥ ❞ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡✱ ▲ ❋ ❆ ♦❢ ❤ ❡
♠ ♦ ♦ ❤ ❡ ❝ ❤ ❡ ♠ ❡ ❤ ❛ ✇ ❛ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✳ ❆ ❞✐ ❝ ❡ ❡ ❡ ♦ ✭ ❡✳ ❣✳ ❡ ✐ ❞ ✉ ❛❧✮ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦ ♥ ❛ ❣ ✐ ❞ ❝ ❛ ♥ ❜ ❡

✇ ✐ ❡ ♥ ❛ ❛ ✉ ♠ ♦❢ ✇ ♦ ❡ ♠ ✿

• ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✭ ❛ ❡ ♥ ♦ ✈✐ ✐ ❜❧ ❡ ✐❢ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ✐ ❡ ✐ ❝ ❡ ❞ ♦ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞✮❀

• ❧ ♦ ✇ ❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✭ ❤ ❛ ❝ ❛ ♥ ❜ ❡ ❛ ❝ ❝ ✉ ❛ ❡❧ ② ❡ ♣ ❡ ❡ ♥ ❡ ❞ ♦ ♥ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞✮✳

❚ ❤ ❡ ♦❧ ❡ ♣ ✉ ♣ ♦ ❡ ♦❢ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ✱ ✇✐ ❤✐ ♥ ❛ ▼ ● ❢ ❛ ♠ ❡ ✇ ♦ ❦✱ ✐ ♦ ❡ ♠ ♦ ✈ ❡ ❛ ♥ ② ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦
❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✳ ▲ ♦ ❝ ❛❧ ❋ ♦ ✉ ✐ ❡ ❆ ♥ ❛❧ ② ✐ ✭ ▲ ❋ ❆✮ ✐ ✉ ❡ ❞ ♦ ♠ ❡ ❛ ✉ ❡ ❤ ♦ ✇ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❛ ❣✐ ✈ ❡ ♥ ♠ ♦ ♦ ❤ ❡ ❝ ❤ ❡ ♠ ❡ ✐ ✳

❆❧ ❤ ♦ ✉ ❣ ❤ ▲ ❋ ❆ ✇ ❛ ♦ ✐ ❣✐ ♥ ❛❧❧ ② ❞ ❡ ✐ ❣ ♥ ❡ ❞ ♦ ❛ ♥ ❛❧ ② ❡ ❞✐ ❝ ❡ ❡ ❧✐ ♥ ❡ ❛ ♦ ♣ ❡ ❛ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✱ ✐ ✇ ❛ ❡ ① ❡ ♥ ❞ ❡ ❞ ❜ ②
❆✳ ❇ ❛ ♥ ❞ ✭ ❡ ❡ ❬ ✸ ✽❪✮ ♦ ✉ ❞ ② ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♦ ♣ ❡ ❛ ♦ ✈✐ ❛ ❛ ✬❢ ❡ ❡ ③✐ ♥ ❣✬ ♦❢ ❧ ♦ ❝ ❛❧✐ ❡ ❞ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❚ ♦ ❛ ✇ ❡
✜ ❛ ✉ ♠ ❡ ❤ ❛ ✇ ❡ ❛ ❡ ✇ ♦ ❦✐ ♥ ❣ ♦ ♥ ❛ ♥ ✐ ♥ ✜ ♥✐ ❡ ❣ ✐ ❞✱ ❤✐ ❤ ❡ ♥ ❛❧❧ ♦ ✇ ✉ ♦ ❡ ♠ ♦ ✈ ❡ ❛ ♥ ② ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❢ ♦ ♠
❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳ ◆ ❡ ① ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❞✐ ❝ ❡ ❡ ❢ ♦ ♠ ♦❢ ❛ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ♦ ♣ ❡ ❛ ♦ ✱ ✇✐ ❤ ✈ ❛ ✐ ❛ ❜❧ ❡

❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❝ ❛ ♥ ❜ ❡ ❡ ♣❧ ❛ ❝ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ❜ ② ❛ ♥ ♦ ♣ ❡ ❛ ♦ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞ ❡ ① ❡ ♥ ❞ ❡ ❞ ♦ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡
❣ ✐ ❞✳ ❲❡ ♥ ❡ ❡ ❞ ♦ ❡ ♥ ✉ ❡ ❛❧❧ ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❛ ❡ ❡ ♠ ♦ ✈ ❡ ❞ ♣ ✐ ♦ ♦ ❡ ✐ ❝ ✐ ♦ ♥ ♦ ❛ ❝ ♦ ❛ ❡
❣ ✐ ❞✳ ❆ ❛ ❡ ✉❧ ✐ ✐ ✐ ♠ ♣ ❡ ❛ ✐ ✈ ❡ ❤ ❛ ✇ ❡ ❦ ♥ ♦ ✇ ❤ ♦ ✇ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ♦ ✉ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡ ✐ ❛ ♠ ♦ ♦ ❤✐ ♥ ❣ ♦ ✉
❤ ❡ ❡ ♦ ♦ ✇ ❡ ❝ ❛ ♥ ❛ ❞❥ ✉ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✇ ❡ ❡ ♣ ❡ ✉✐ ❡ ❞ ❢ ♦ ❤ ❡ ♣ ❡✲ ❛ ♥ ❞ ♣ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ✳ ❯ ✐ ♥ ❣

▲ ❋ ❆ ✇ ❡ ♦ ❜ ❛✐ ♥ ❛ ✈ ❛❧ ✉ ❡ µ ✇ ❤✐ ❝ ❤ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ❜ ❡ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❢ ❛ ❝ ♦ ❢ ♦ ❛ ❣✐ ✈ ❡ ♥ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡✳

▲ ❋ ❆ ❢ ♦ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡ ❢ ♦ ♠ ❬ ✶ ✻❪ ✳ ❲ ❤✐❧ ❡ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ➓ ✷✳ ✷ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡
♦ ♥ ❡ ✉ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ✇ ❡ ❢ ♦ ✉ ♥ ❞ ❤ ❛ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ✐ ♥ ❬ ✶ ✻❪ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❛ ♥ ♦ ♠✐ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❧ ❡ ❛ ❞ ♦ ❛ ✈ ❡ ②
♦ ✈ ❡ ✲ ♦ ♣ ✐ ♠✐ ✐ ❝ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ✭ ♣ ❛ ❝ ✐ ❝ ❛❧❧ ② ♦ ❛ ❧ ♦ ✇ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ✐❢ ✉ ✐ ♥ ❣ ✐ ❛ ❛ ❣ ✉✐ ❞ ❡✮✳ ■ ♥ ❬ ✶ ✻❪✱ ❤ ❡
❞✐ ❝ ❡ ❡ ② ❡ ♠ ✭ ✷✳ ✶ ✵✮ ✇ ❛ ✇ ✐ ❡ ♥ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

N h
+ u h

n e w + N h
0 u h

n e w + N h
− u h

ol d = G h ✭ ✸✳ ✶✮

✇ ❤ ❡ ❡ u h
n e w , u h

ol d ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❝ ✉ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✈✐ ♦ ✉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ u h ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❛ ♥ ❞

N h
+ =

− α L h
+ 0

0 − α L h
+

, N h
0 =

− α L h
0 + σ h

1 1 σ h
1 2

σ h
1 2 − α L h

0 + σ h
2 2

N h
− =

− α L h
− 0

0 − α L h
−

, G h =
g h

1 − F h
1

g h
2 − F h

2
✭ ✸✳ ✷✮

✇✐ ❤ σ h
p q = ∂ u p

T h
u ∂ u q

T h
u ✱ g h

m ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❘ ❍ ❙ ❝ ♦ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ◆ ▼ ● ❝ ❤ ❡ ♠ ❡✱ F h
m ❛ ❡ ❤ ❡ ❞✐ ❝ ❡ ❡ ❢ ♦ ❝ ❡

❡ ♠ ❛ ❣✐ ✈ ❡ ♥ ✐ ♥ ✭ ✷✳ ✾✮ ❛ ♥ ❞ ✇ ❤ ❡ ❡ L h
+ , L h

0 , L h
− ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♥ ❝✐❧

L h
+ =

1

h 2




0 0 0
1 0 0
0 1 0



 , L h
0 =

1

h 2




0 0 0
0 − 4 0
0 0 0



 , L h
− =

1

h 2




0 1 0
0 0 1
0 0 0



 . ✭ ✸✳ ✸✮

❢ ♦ p, q, m = 1 , 2 ✳ ❚ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ✐ ♥ ❬ ✶ ✻❪ ✇ ❛ ❤ ❡ ♥ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ♦ ♥ ❛ 3 2 × 3 2 ❣ ✐ ❞ ❛❢ ❡ ❛ ♦ ❛❧ ♦❢ ✺
♦ ✉ ❡ ❛ ♥ ❞ ✺ ✐ ♥ ♥ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❧ ♦ ♦ ♣ ❤ ❛ ❞ ❜ ❡ ❡ ♥ ♣ ❡ ❢ ♦ ♠ ❡ ❞✱ ❤ ✉ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❛ ♥ ❛ ✈ ❡ ❛ ❣ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ♦❢

µ a v g ≈ 0 .5 ✇ ❤ ❡ ♥ ❛ ❦✐ ♥ ❣ α = 1
1 0 ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❬ ✶ ✻❪ ✇ ❡ ♥ ♦ ✐ ❝ ❡ ❤ ❛ ❤ ❡ (u m )

( l)
k ❡ ♠ ✱ ✇ ❤✐ ❝ ❤

❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ❧✐ ♥ ❡ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ❙ ❉ ❡ ♠✱ ✇ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥✳ ❚ ❤✐
♦ ♠✐ ✐ ♦ ♥ ♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❡ ♦❢ ✵✳ ✺ ✇ ❛ ❛ ✈ ❛ ♦ ✈ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❝ ✉ ❛❧ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✱
❛ ♥ ❞ ❛ ❛ ❡ ✉❧ ❤✐ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ✉ ♥ ❞ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣ ❡✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❡ ✉✐ ❡ ❞ ❜ ❡❢ ♦ ❡
❡ ✐ ❝ ✐ ♦ ♥✳ ❚ ❤✐ ♠ ❡ ❛ ♥ ❤ ❛ ✇ ❤ ❡ ♥ ✇ ❡ ❡ ✐ ❝ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞✱ ❤ ❡ ❡ ❛ ❡ ✐❧❧ ❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ②

❡ ♦ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦ ♥ ❤ ❡ ✜ ♥ ❡ ❣ ✐ ❞ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ♥ ♦ ❜ ❡ ❡ ♥ ❡ ♠ ♦ ✈ ❡ ❞✱ ❛ ♥ ❞ ♦ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ❤ ❛
✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♠ ✉ ❝ ❤ ❧ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❤ ✉ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ♠ ♦ ❡ ◆ ▼ ● ❝ ② ❝❧ ❡ ❜ ❡✐ ♥ ❣ ❡ ✉✐ ❡ ❞ ♦ ❡ ❛ ❝ ❤ ❛ ♥ ❛ ❝ ❝ ✉ ❛ ❡
♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤✐ ♦ ♠✐ ✐ ♦ ♥✱ ❛ ✇ ❡ ✇✐❧❧ ♥ ♦ ✇ ❤ ♦ ✇✱ ❤ ❛ ❛ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ❡ ❡ ✛ ❡ ❝ ♦ ♥ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✳

✽



❘ ❡ ✈✐ ❡ ❞ ▲ ❋ ❆ ❢ ♦ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡ ❢ ♦ ♠ ➓ ✷✳ ✷ ✳ ❍ ❡ ❡ ✇ ❡ ✇✐❧❧ ❡ ♣ ❡ ❛ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣

❛ ❡✱ ✇✐ ❤ ❤ ❡ (u m )
( l)
k ❡ ♠ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✱ ✐ ♥ ♦ ❞ ❡ ♦ ✐❧❧ ✉ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❡ ♠ ❤ ❛ ✈ ❡

♦ ♥ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✳ ❲❡ ❜ ❡ ❣✐ ♥ ❜ ② ✇ ✐ ✐ ♥ ❣ ❤ ❡ ❞✐ ❝ ❡ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✶ ✵✮ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠

N h u h + M h u h = G h ✭ ✸✳ ✹✮

✇ ❤ ❡ ❡ G h ✐ ❛ ✐ ♥ ✭ ✸✳ ✷✮✱ ❛ ♥ ❞

N h =
− α ∆ h + σ h

1 1 0
0 − α ∆ h + σ h

2 2
, M h =

− σ h
1 1 0

0 − σ h
2 2

✭ ✸✳ ✺✮

✉ ✐ ♥ ❣ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ▲ ❛ ♣❧ ❛ ❝ ❡ ♦ ♣ ❡ ❛ ♦ ∆ h ≡ L h
+ + L h

0 + L h
− ✱ ✇✐ ❤ L h

+ , L h
0 , L h

−

❛ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ✭ ✸✳ ✸✮✱ ❤ ❡ ♥ ✇ ❡ ❝ ❛ ♥ ❡ ① ♣ ❡ ✭ ✸✳ ✹✮ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

N h
+ u h

n e w + N h
0 u h

n e w + N h
− u h

ol d + M h u h
ol d = G h ✭ ✸✳ ✻✮

❛ ♥ ❞ ✉ ❜ ❛ ❝ ✐ ♥ ❣ ✭ ✸✳ ✻✮ ❢ ♦ ♠ ✭ ✸✳ ✹✮ ②✐ ❡❧ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧ ❡ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ❣✐ ✈ ❡ ♥ ❜ ②

N h
+ + N h

0 e h
n e w = − N h

− + M h e h
ol d ✭ ✸✳ ✼✮

✇ ❤ ❡ ❡ N h
+ , N h

0 , N h
− ❛ ❡ ❛ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ✭ ✸✳ ✷✮ ❛ ♥ ❞

e h
n e w = e h

1 n e w , eh2 n e w

T
, e h

ol d = e h
1 ol d , eh2 ol d

T
. ✭ ✸✳ ✽✮

❯ ✐ ♥ ❣ ❋ ♦ ✉ ✐ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✱ ✇ ❡ ❝ ❛ ♥ ❡ ✇ ✐ ❡ ✭ ✸✳ ✼✮ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

ˆN h
+ (θ ) + ˆN h

0 (θ ) ψ n e w
θ e x p

2 i θ 1 i π

n
+

2 i θ 2 j π

n
= − ˆN h

− (θ ) + ˆM h (θ ) ψ ol d
θ e x p

2 i θ 1 i π

n
+

2 i θ 2 j π

n
✭ ✸✳ ✾✮

✇ ❤ ❡ ❡ i =
√

− 1 , θ ∈ Θ = [ − π, π ) 2 ❛ ♥ ❞ ψ ∗
θ ❛ ❡ ❋ ♦ ✉ ✐ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❋ ♦ ♠ ❤ ❡ ❡ ✇ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❧ ♦ ❝ ❛❧

♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ µ l o c ✉ ✐ ♥ ❣ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

µ m a x = m a x
❧ ♦ ❝

µ l o c ,  µl o c ≡ µ l o c (θ ) = s u p ρ Ŝ h (θ ) θ ∈ Θ h i g h ✭ ✸✳ ✶ ✵✮

✇ ❤ ❡ ❡ Θ h i g h = Θ \ − π
2 , π

2

2
, ρ(·) ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♣ ❡ ❝ ❛❧ ❛ ❞✐ ✉ ✱ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① Ŝ h (θ ) ✐

❣✐ ✈ ❡ ♥ ❜ ②

Ŝ h (θ ) = − ˆN h
+ (θ ) + ˆN h

0 (θ )
− 1 ˆN h

− (θ ) + ˆM h (θ ) ✭ ✸✳ ✶ ✶✮

✇✐ ❤

ˆN h
+ (θ ) =

− α
h 2 e − i ω 1 + e − i ω 2 0

0 − α
h 2 e − i ω 1 + e − i ω 2

, ˆN h
0 (θ ) =

4 α
h 2 + σ h

1 1 0
0 4 α

h 2 + σ h
2 2

,

ˆN h
− (θ ) =

− α
h 2 e i ω 1 + e i ω 2 0

0 − α
h 2 e i ω 1 + e i ω 2

, ˆM h (θ ) =
− σ h

1 1 0
0 − σ h

2 2
✭ ✸✳ ✶ ✷✮

✇ ❤ ❡ ❡ ω m = 2 θ m π
n ❢ ♦ m = 1 , 2 ✳ ■ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ❡ ✈✐ ❡ ❞ ❧ ♦ ❝ ❛❧ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♠ ❡

❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❛ ✇ ❡ ❡ ✉ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ♥ ❛ ✈ ❡ ❛ ❣ ❡ ❛ ♥ ❞ ♠ ❛ ①✐ ♠ ✉ ♠ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ♦❢ µ a v g ≈ 0 .6 9 8 5 4
❛ ♥ ❞ µ m a x ≈ 0 .7 4 7 6 2 ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❇ ② ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ♦❢ ✵✳ ✺ ✐ ♥ ❬ ✶ ✻❪ ✇✐ ❤✐ ♥ ❡ ❛ ❝ ❤ ♦ ✉ ❡ ✐ ❡ ❛ ✐ ♦ ♥✱ ✺
✐ ♥ ♥ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ✇ ♦ ✉❧ ❞ ❡ ✉❧ ✐ ♥ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦ ❜ ② 0 .0 3 1 3 ✇ ❤✐ ❝ ❤ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ❛ ✐ ❢ ❛ ❝ ♦ ②✳ ❍ ♦ ✇ ❡ ✈ ❡
✺ ✐ ♥ ♥ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ✇ ♦ ✉❧ ❞ ❡ ❞ ✉ ❝ ❡ ♦ ♥❧ ② ❜ ② 0 .1 7 ❛ ♥ ❞ 0 .2 3 ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✉ ✐ ♥ ❣ ♦ ✉ ♥ ❡ ✇ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ µ a v g

❛ ♥ ❞ µ m a x ✳ ■ ♥ ♦ ❞ ❡ ♦ ❡ ❞ ✉ ❝ ❡ ♦ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❡ ♦ ❝❧ ❛✐ ♠ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ✇ ❡ ❡ ✐ ♠ ❛ ❡ ❤ ❛ ✇ ❡ ✇ ♦ ✉❧ ❞ ❡ ✉✐ ❡ ✉ ♣
♦ ✶ ✷ ✐ ♥ ♥ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ✳ ❙ ♦ ✇ ❡ ❡ ❡ ❤ ❛ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❛❧ ② ✐ ✐ ♥ ❬ ✶ ✻❪ ❡ ✉❧ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ✐ ♠ ❛ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢

♣ ❡✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❜ ❡✐ ♥ ❣ ♦ ✉ ❣ ❤❧ ② ❤ ❛❧❢ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❡ ♣ ❤ ❛ ✇ ♦ ✉❧ ❞ ❛ ❝ ✉ ❛❧❧ ② ❜ ❡ ❡ ✉✐ ❡ ❞ ♦ ❡ ❞ ✉ ❝ ❡
❤ ❡ ❡ ♦ ♦ ✉ ♦ ❡ ❞ ❧ ❡ ✈ ❡❧✳

✾



✸✳ ✷ ❈ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ✇ ♦ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ❜ ② ▲ ❋ ❆

◆ ❡ ① ✇ ❡ ❣✐ ✈ ❡ ❛ ✐ ♠ ♣❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❣ ❡ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ♦❢ ❛ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛
✐ ❡ ❛ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞✳ ❍ ❡ ❡ ✇ ❡ ❡ ♠ ❛ ❦ ❤ ❛ ❤✐ ❛ ♥ ❛❧ ② ✐ ✇ ❛ ♥ ♦ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✇ ❡ ❝ ❛ ♥
❝ ♦ ♠ ♣ ❛ ❡ ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞ ❣ ✉✐ ❞ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ♦ ❜ ❡ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ♦ ♥ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞✳ ❘ ❡ ❝ ❛❧❧ ❤ ❛
❤ ❡ ❆ ❖ ❙ ♦❧ ✈ ❡ ✭ ✷✳ ✷ ✶✮ ✇ ❛ ✉ ❡ ❞ ❜ ② ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❬ ✶ ✻❪✳ ❍ ❡ ❡ ✇ ❡ ❤ ❛❧❧ ♣ ♦ ♣ ♦ ❡ ♦ ✉ ❡ ❛ ✜ ① ❡ ❞ ♣ ♦✐ ♥ ② ♣ ❡
♦❧ ✈ ❡ ♦ ♥ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ♥ ❡ ❛ ❞✳

❖ ✉ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳ ❋ ♦ ♠ ➓ ✷✳ ✷ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❧ ❡ ①✐ ❝ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛❧❧ ② ♦ ❞ ❡ ❡ ❞ ❞✐ ❝ ❡ ❡ ② ❡ ♠
♦❢ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥

−
α

H 2
(u m )

( l+ 1 )
k − n + ( u m )

( l+ 1 )
k − 1 + (∂ u m

T u )
2

( l)

k
+

4 α

H 2
(u m )

( l+ 1 )
k

−
α

H 2
(u m )

( l+ 1 )
k + 1 + ( u m )

( l+ 1 )
k + n = (∂ u m

T u )
2

( l)

k
(u m )

( l)
k − (∂ u m

T u )
( l)
k (T u )

( l)
k − (R ) k ✭ ✸✳ ✶ ✸✮

❢ ♦ m = 1 , 2 ✳ ■ ♥ ♠ ❛ ✐ ① ♥ ♦ ❛ ✐ ♦ ♥✱ ✇ ❡ ❝ ❛ ♥ ❡ ① ♣ ❡ ❤ ❡ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♠ ❛ ✐ ① ❡ ✉ ❛ ✐ ♦ ♥ A m u m = f m ✱
✇ ❤ ❡ ❡ u m , f m ∈ R ( n − 2 ) 2 × 1 ❛ ❡ ❝ ♦❧ ✉ ♠ ♥ ✈ ❡ ❝ ♦ ❛ ♥ ❞ A m ∈ R ( n − 2 ) 2 × ( n − 2 ) 2

❛ ❡ ❤ ❡ ❜❧ ♦ ❝ ❦ ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧
② ❡ ♠ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✉ ❝ ✉ ❡

A m =









A m 2
I 1

I 1
✳✳✳

✳✳✳

✳✳✳
✳✳✳ I 1

I 1 A m n − 1









, u m =











(u m ) k 2 ( 2 )

✳✳✳
(u m ) k i ( j )

✳✳✳
(u m ) k n − 2 ( n − 2 )











, f m =











(f m ) k 2 ( 2 )

✳✳✳
(f m ) k i ( j )

✳✳✳
(f m ) k n − 2 ( n − 2 )











✭ ✸✳ ✶ ✹✮

✇ ❤ ❡ ❡ A m j
, I1 ∈ R ( n − 2 ) × ( n − 2 ) ❛ ❡ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ✉ ❝ ✉ ❡

A m j
=









(a m ) k 2 ( j ) − α
H 2

− α
H 2

✳✳✳
✳✳✳

✳✳✳
✳✳✳ − α

H 2

− α
H 2 (a m ) k n − 1 ( j )









, I1 = −
α

H 2






1
✳✳✳

1




 ✭ ✸✳ ✶ ✺✮

✇✐ ❤ (a m ) k i ( j ) = (∂ u m
T u )

2

k i ( j )
+ 4 α

H 2 ❛ ♥ ❞ ✇ ❤ ❡ ❡ k i (j ) = ( j − 2)( n − 1) + ( i − 1) ❞ ❡ ♥ ♦ ❡ ❛ ❣ ❡ ♥ ❡ ❛❧

❧ ❡ ①✐ ❝ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛❧❧ ② ♦ ❞ ❡ ❡ ❞ ❞✐ ❝ ❡ ❡ ♣ ♦✐ ♥ (i, j )✱ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ❋✐ ❣ ✉ ❡ ✶✳ ❆❧ ♦

(f m ) k i ( j ) = (∂ u m
T u )

2

k i ( j )
(u m ) k i ( j ) − (∂ u m

T u ) k i ( j ) (T u ) k i ( j ) − (R ) k i ( j ) ✭ ✸✳ ✶ ✻✮

❢ ♦ m = 1 , 2 ❛ ♥ ❞ i, j = 2 , . . . , n − 1 ✳ ❚ ❤ ❡ ♥ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✷

■ ♥ ♦ ❞ ❡ ♦ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ♦❢ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ♦ ✈ ❡
❤ ❡ ❆ ❖ ❙ ❝ ❤ ❡ ♠ ❡ ✉ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪✱ ✇ ❡ ✜ ♥ ❡ ❡ ❞ ❛ ✇ ❛ ② ♦ ♠ ❡ ❛ ✉ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡✳ ❚ ♦ ❞ ♦ ❤✐ ✇ ❡
❤ ❛❧❧ ❡ ♠ ♣❧ ♦ ② ▲ ❋ ❆ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ♦❢ ❜ ♦ ❤ ♦❢ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ♦❧ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ❆ ❖ ❙ ♦❧ ✈ ❡ ✳

❚ ❤ ❡ ♣ ✉ ♣ ♦ ❡ ✐ ♦ ❞✐ ❝ ✐ ♠✐ ♥ ❛ ❡ ❤ ❡ ❡ ✇ ♦ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ② ♦❢ ❤ ❡
♣ ♦ ❜❧ ❡ ♠ ✇ ❡ ❛ ❡ ✉ ♥ ❛ ❜❧ ❡ ♦ ♦ ❜ ❛✐ ♥ ❛ ❤ ❛ ♣ ♠ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡✱ ❛ ♥ ❞ ♦ ✉ ✐ ♥ ❣ ▲ ❋ ❆ ♦ ♦ ❜ ❛✐ ♥
❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ❜ ❡ ♦ ♣ ✐ ♦ ♥✳ ■ ❤ ♦ ✉❧ ❞ ❜ ❡ ❡ ♠ ❛ ❦ ❡ ❞ ❤ ❛ ▲ ❋ ❆ ✉ ❡ ❞ ❢ ♦ ❤✐ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♥ ❛❧ ② ✐
✐ ♦ ♥❧ ② ✈✐ ❛ ❜❧ ❡ ♦ ♥ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✭ ❡✳ ❣✳ 8 × 8 ♠ ❡ ❤✮ ❛ ❤ ❡ ❛ ❡ ✐ ♥ ♦ ❤ ❛ ♣ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♦ ♥ ❛ ✜ ♥ ❡ ❣ ✐ ❞ ✭ ❡✳ ❣✳
1 2 8 × 1 2 8 ♠ ❡ ❤✮✳

❆ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳ ❚ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ P ♦❢ ❛ ❣✐ ✈ ❡ ♥
♦❧ ✈ ❡ ✱ ✇ ❡ ❢ ♦❧❧ ♦ ✇ ❛ ✐ ♠✐❧ ❛ ♠ ❡ ❤ ♦ ❞ ♦ ❤ ❛ ✐ ♥ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✸✳ ✶✳ ❚ ❤ ❛ ✐ ✇ ❡ ♠ ✉

❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① Ŝ H (θ ) ❛ ❡ ✈ ❡ ② ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ (i, j ) ❢ ♦ i, j = 2 , . . . , n − 1 ❛ ♥ ❞
✇ ❤ ❡ ❡ n ❞ ❡ ♥ ♦ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✇ ❤ ❡ ❡ ✇ ❡ ❡ ✐ ❝ ❡ ❞ θ ♦ ♦ ♥❧ ② ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡
❤✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❛ ♥ ❣ ❡ Θ h i g h ✐ ♥ ❤ ❡ ♠ ♦ ♦ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ✱ ♥ ♦ ✇ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ θ ♦ ✈ ❡ ❤ ❡ ❡ ♥ ✐ ❡ ❋ ♦ ✉ ✐ ❡ ❞ ♦ ♠ ❛✐ ♥
Θ ✳ ❙✐ ♥ ❝ ❡ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ✐ ❜ ❛ ❡ ❞ ✉ ♣ ♦ ♥ ❤ ❡ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✷✳ ✷✱ ❤ ❡ ❞ ❡ ✐ ✈ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① Ŝ H (θ ) ✐ ✈ ❡ ② ✐ ♠✐❧ ❛ ♦ ❤ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✸✳ ✶✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❢ ♦
♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ❝ ❛ ♥ ❜ ❡ ❡ ✐ ♠ ❛ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

P D m a x = m a x
❧ ♦ ❝

P D l o c , P D l o c ≡ P D l o c (θ ) = s u p ρ Ŝ H (θ ) θ ∈ Θ ✭ ✸✳ ✶ ✼✮

✶ ✵



✇ ❤ ❡ ❡ Θ ∈ [− π, π ) 2 , ρ(·) ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♣ ❡ ❝ ❛❧ ❛ ❞✐ ✉ ❛ ♥ ❞ Ŝ H (θ ) ✐ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① ❛ ❣✐ ✈ ❡ ♥ ❜ ②

Ŝ H (θ ) = − ˆN H
+ (θ ) + ˆN H

0 (θ ) + ˆN H
− (θ )

− 1 ˆM H (θ )

✇✐ ❤ ˆN H
+ (θ ), ˆN H

0 (θ ), ˆN H
− (θ ), ˆM H (θ ) ❛ ✐ ♥ ✭ ✸✳ ✶ ✷✮ ❛ ♥ ❞ H = 2 h ✳

❆❧ ❣ ♦ ✐ ❤ ♠ ✷ u
( l+ 1 )
H Di r e ct S ol v e (R H , T H , u

( k )
H , G H , α, I M A X, T ol)

✶✿ ■ ♥✐ ✐ ❛❧✐ ❡ u
( l )
H = u

( k )
H

❈ ♦ ♥ ✉ ❝ ❞✐ ❝ ❡ ❡ ▲ ❛ ♣❧ ❛ ❝✐ ❛ ♥ ♣ ❛ ♦❢ ♣ ❛ ❡ ♠ ❛ ✐ ❝ ❡ A m

✷✿ ❢ ♦ l = 1 , · · · , I M A X ❞ ♦

❉ ❡❢ ♦ ♠ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ ✉ ✐ ♥ ❣ u
( l )
H → T H

u

❈ ♦ ♠ ♣ ✉ ❡ ❋ ❉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢ T H
u → ∂ u 1 T H

u , ∂u 2 T H
u

❈ ♦ ♠ ♣ ✉ ❡ ❘ ❍ ❙ f m ✭ ♠ ❛ ✐ ❝ ❡ ✮ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ♦ ♥ ✈ ❡ ♦ ❝ ♦❧ ✉ ♠ ♥ ✈ ❡ ❝ ♦ f m

❆ ❞ ❞ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♣ ❛ ♦ A m

❈ ♦ ♠ ♣ ✉ ❡ u
( l + 1 )
m H → u

( l + 1 )
m H = A − 1

m f m

❘ ❡ ❤ ❛ ♣ ❡ u
( l + 1 )
m H ♦ ♠ ❛ ✐ ❝ ❡ u

( l + 1 )
m H

✸✿ ✐❢ u
( l + 1 )
1 H − u

( l )
1 H

2

2
< T ol ❛ ♥ ❞ u

( l + 1 )
2 H − u

( l )
2 H

2

2
< T ol ❤ ❡ ♥

❊ ①✐ ❢ ♦ ❧ ♦ ♦ ♣
✹✿ ❡ ♥ ❞ ✐❢
✺✿ ❡ ♥ ❞ ❢ ♦

❆ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❜❧ ♦ ❝ ❦ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳ ❡ ✈✐ ♦ ✉ ❧ ② ✐ ♥ ♦ ❞ ❡
♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ❤ ❡ ♣ ♦✐ ♥ ✇✐ ❡ ❝ ❛ ❡✱ ✇ ❡ ✇ ♦ ✉❧ ❞ ❤ ❛ ✈ ❡ ❛ ✐ ♥ ❣❧ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ♠
❤ ♦ ✇ ♥ ✐ ♥ ✭ ✸✳ ✾✮ ❢ ♦ ❡ ❛ ❝ ❤ ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ❢ ♦ ♠ ✇ ❤✐ ❝ ❤ ✇ ❡ ✇ ♦ ✉❧ ❞ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ①✱

♥ ♦ ✇ ❤ ♦ ✇ ❡ ✈ ❡ ✇ ❡ ❝ ♦ ♥ ✉ ❝ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① ❢ ♦ ♠ ❛ ✐ ♥ ❣❧ ❡ ② ❡ ♠ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
✉ ❝ ✉ ❡

B Ψ n e w
θ = C Ψ ol d

θ ✭ ✸✳ ✶ ✽✮

✇ ❤ ❡ ❡ B , C ∈ R 2 ( n − 2 ) 2 × 2 ( n − 2 ) 2

❛ ♥ ❞ Ψ ∗
θ ∈ R 2 ( n − 2 ) 2 × 1 ❛ ❡ ❜❧ ♦ ❝ ❦ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❜❧ ♦ ❝ ❦ ❝ ♦❧ ✉ ♠ ♥ ✈ ❡ ❝ ♦

❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✇✐ ❤ ✉ ❝ ✉ ❡

B =
B 1 D
D  B 2

, C =
C 1 D
D  C 2

, Ψ ∗
θ =

ψ ∗
θ

ψ ∗
θ

✭ ✸✳ ✶ ✾✮

✇✐ ❤ B m , C m , D ∈ R ( n − 2 ) 2 × ( n − 2 ) 2

❛ ♥ ❞ ψ ∗
θ ∈ R ( n − 2 ) 2 × 1 ❣✐ ✈ ❡ ♥ ❜ ②

B m =









B m 2
J 1

J 2
✳✳✳

✳✳✳

✳✳✳
✳✳✳ J 1

J 2 B m n − 1









, C =






C m 2

✳✳✳

C m n − 1




 , D =






D 2

✳✳✳

D n − 1




 , ψ ∗

θ =











(ψ ∗
θ ) 1
✳✳✳

(ψ ∗
θ ) k
✳✳✳

(ψ ∗
θ ) ( n − 2 ) 2











✭ ✸✳ ✷ ✵✮

❛ ♥ ❞ ✇ ❤ ❡ ❡ B m j
, Cm j

, D j , Jm ∈ R ( n − 2 ) × ( n − 2 ) ❛ ❡ ❣✐ ✈ ❡ ♥ ❜ ②

B m j
=









(b m ) k 2 ( j ) − α
H 2 e i ω 1

− α
H 2 e − i ω 1

✳✳✳
✳✳✳

✳✳✳
✳✳✳ − α

H 2 e i ω 1

− α
H 2 e − i ω 1 (b m ) k n − 1 ( j )









, Cm j
=






(c m ) k 2 ( j )

✳✳✳

(c m ) k n − 1 ( j )




 ,

D =






(d ) k 2 ( j )

✳✳✳

(d ) k n − 1 ( j )




 , J1 =






− α
H 2 e i ω 2

✳✳✳

− α
H 2 e i ω 2




 , J2 =






− α
H 2 e − i ω 2

✳✳✳

− α
H 2 e − i ω 2




 ✭ ✸✳ ✷ ✶✮

✇✐ ❤ (b m ) k i ( j ) = (∂ u m
T u )

2

k i ( j )
+ 4 α

H 2 ✱ (c m ) k i ( j ) = (∂ u m
T u )

2

k i ( j )
✱ (d ) k i ( j ) = ( ∂ u 1

T u ) k i ( j ) (∂ u 2
T u ) k i ( j ) ✱

ω m = 2 θ m π
n ❛ ♥ ❞ k i (j ) = ( j − 2)( n − 1) + ( i − 1) ❢ ♦ m = 1 , 2 ❛ ♥ ❞ i, j = 2 , . . . , n − 1 ✳ ❚ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡

❛ ❡ P B ❢ ♦ ❤ ❡ ❜❧ ♦ ❝ ❦ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ♦ ✉ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ✐ ❡ ✐ ♠ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

P B ≡ P B (θ ) = s u p ρ Ŝ H (θ ) θ ∈ Θ ✭ ✸✳ ✷ ✷✮

✶ ✶



✇✐ ❤ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① Ŝ H (θ ) = B − 1 C ✳ ❖ ♥ ❤✐ ❝ ♦ ❛ ❡ ❣ ✐ ❞✱ n ✐ ♠ ❛❧❧ ♦ ❡ ✐ ♠ ❛ ✐ ♥ ❣ P B ✐ ❢ ❡ ❛ ✐ ❜❧ ❡✳

❈ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♥ ❛❧ ② ✐ ❢ ♦ ❆ ❖ ❙ ♦❧ ✈ ❡ ✳ ❲❡ ❛ ❣ ❛✐ ♥ ❡ ♠ ❛ ❦ ❤ ❛ ❛ ♥ ❛ ♥ ❛❧ ② ✐ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡
♦❢ ❤ ❡ ❝ ♦ ❛ ❡ ♦❧ ✈ ❡ ✐ ♥ ❬ ✶ ✻❪ ✇ ❛ ♥ ♦ ♣ ❡ ❢ ♦ ♠ ❡ ❞✳ ❋ ♦ ♠ ❬ ✶ ✻❪✱ ❤ ❡ ❆ ❖ ❙ ❝ ❤ ❡ ♠ ❡ ❢ ♦ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✐
❤ ♦ ✇ ♥ ✐ ♥ ✭ ✷✳ ✷ ✶✮ ❢ ♦ m = 1 , 2 ✳ ❲❡ ✉ ❡ ❛ ✐ ♠✐❧ ❛ ♠ ❡ ❤ ♦ ❞ ♦ ❤ ❡ ♦ ♥ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✸✳ ✶ ♦ ❞ ❡ ✐ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥

♠ ❛ ✐ ① ❢ ♦ ❤ ❡ ❆ ❖ ❙ ♠ ❡ ❤ ♦ ❞✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❝ ❡ ❤ ❡ ❆ ❖ ❙ ❝ ❤ ❡ ♠ ❡ ♦❧ ✈ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ x 1 ❛ ♥ ❞ x 2 ❞✐ ❡ ❝ ✐ ♦ ♥
❡ ♣ ❛ ❛ ❡❧ ②✱ ✇ ❡ ✇✐❧❧ ♦ ❜ ❛✐ ♥ ✇ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ P A 1

, P A 2
❢ ♦ ❤ ❡ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❲❡ ❛ ❜ ②

❡ ① ♣ ❡ ✐ ♥ ❣ ❤ ❡ ❞✐ ❝ ❡ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ✭ ✷✳ ✷ ✶✮ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ② ❡ ♠

N H
m u H

p m
+ M H

m u H
p m

= G H
m ✭ ✸✳ ✷ ✸✮

✇✐ ❤

N H
m =

1 − 2 τ α ∂ H
x m x m

0
0 1 − 2 τ α ∂ H

x m x m

, M H
m =

− 1 0
0 − 1

, G H
m =

τ g H
1 − τ F H

1 (u )
τ g H

2 − τ F H
2 (u )

✭ ✸✳ ✷ ✹✮

✇ ❤ ❡ ❡ g H
m ❛ ❡ ❤ ❡ ❞✐ ❝ ❡ ❡ ❘ ❍ ❙ ❝ ♦ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞ F H

m (u ) ❛ ❡ ❤ ❡ ❞✐ ❝ ❡ ❡ ❢ ♦ ❝ ❡ ❡ ♠
❣✐ ✈ ❡ ♥ ✐ ♥ ✭ ✷✳ ✾✮✳ ❚ ❤ ❡ x 1 , x2 ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ▲ ❛ ♣❧ ❛ ❝ ❡ ♦ ♣ ❡ ❛ ♦ ❝ ❛ ♥ ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ∂ H

x m x m
=

L H
m + + L H

m 0 + L H
m − ✱ ✇ ❤ ❡ ❡ L H

m + , L H
m 0 , L H

m − ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♥ ❝✐❧

L H
1 + =

1

H 2




0 0 0
1 0 0
0 0 0



 , L H
1 0 =

1

H 2




0 0 0
0 − 2 0
0 0 0



 , L H
1 − =

1

H 2




0 0 0
0 0 1
0 0 0





L H
2 + =

1

H 2




0 0 0
0 0 0
0 1 0



 , L H
2 0 =

1

H 2




0 0 0
0 − 2 0
0 0 0



 , L H
2 − =

1

H 2




0 1 0
0 0 0
0 0 0



 ✭ ✸✳ ✷ ✺✮

❤ ❡ ♥ ✇ ❡ ❝ ❛ ♥ ✇ ✐ ❡ ✭ ✸✳ ✷ ✸✮ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

N H
m + u H

p m n e w + N H
m 0 u H

p m n e w + N H
m − u H

p m ol d + M H
m u H

p m ol d = G H
m ✭ ✸✳ ✷ ✻✮

✇ ❤ ❡ ❡ u H
p m n e w , u H

p m ol d ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❝ ✉ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✈✐ ♦ ✉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ u H
p m

✐ ♥ ❤ ❡ x m ❞✐ ❡ ❝ ✐ ♦ ♥
❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❛ ♥ ❞

N H
m + =

− 2 τ α L H
m + 0

0 − 2 τ α L H
m +

, N H
m 0 =

1 − 2 τ α L H
m 0 0

0 1 − 2 τ α L H
m 0

N H
m − =

− 2 τ α L H
m − 0

0 − 2 τ α L H
m −

, M H
m =

− 1 0
0 − 1

✭ ✸✳ ✷ ✼✮

❢ ♦ m = 1 , 2 ✳ ❯ ✐ ♥ ❣ ❛ ✐ ♠✐❧ ❛ ♣ ♦ ❝ ❡ ♦ ❤ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✸✳ ✶✱ ❢ ♦ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✱ ✇ ❡
❡ ✐ ♠ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

P A m a x = m a x
❧ ♦ ❝

P A l o c , P A l o c =
1

2
(P A 1 l o c + P A 2 l o c ) ,

P A m l o c ≡ P A m l o c (θ ) = s u p ρ Ŝ H
m (θ ) θ ∈ Θ ✭ ✸✳ ✷ ✽✮

✇ ❤ ❡ ❡ ρ (·) ❛ ❣ ❛✐ ♥ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♣ ❡ ❝ ❛❧ ❛ ❞✐ ✉ ✱ ❛ ♥ ❞ Ŝ h
m (θ ) ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ❝ ❡ ❣✐ ✈ ❡ ♥ ❜ ②

Ŝ H
m (θ ) = − ˆN H

m + (θ ) + ˆN H
m 0 (θ )

− 1 ˆN H
m − (θ ) + ˆM H

m (θ ) ✭ ✸✳ ✷ ✾✮

❛ ♥ ❞ ✇ ❤ ❡ ❡

ˆN H
m + (θ ) =

− 2 τ α
H 2 e − i ω m 0

0 − 2 τ α
H 2 e − i ω m

, ˆN H
m 0 (θ ) =

1 + 4 τ α
H 2 0

0 1 + 4 τ α
H 2

ˆN H
m − (θ ) =

− 2 τ α
H 2 e i ω m 0

0 − 2 τ α
H 2 e i ω m

, ˆM H
m (θ ) =

− 1 0
0 − 1

✭ ✸✳ ✸ ✵✮

✶ ✷



❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ✇ ♦ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳ ❖ ♥ ❝ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ♥ ❡ ✐ ♠ ❛ ❡ ♦❢
❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ P ✱ ✇ ❡ ❝ ❛ ♥ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ l ❡ ✉✐ ❡ ❞ ♦ ❡ ❛ ❝ ❤ ❛ ❞ ❡ ✐ ❡ ❞ ♦❧ ❡ ❛ ♥ ❝ ❡

1 0 − k ✉ ✐ ♥ ❣ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

l = −
k l n( 1 0)

l n(P )
✭ ✸✳ ✸ ✶✮

● ✐ ❞ ❙✐ ③ ❡ α
❆ ❖ ❙ ❙ ♦❧ ✈ ❡ ❉✐ ❡ ❝ ❙ ♦❧ ✈ ❡ ✭ ♦✐ ♥ ✇✐ ❡✮ ❉✐ ❡ ❝ ❙ ♦❧ ✈ ❡ ✭ ❇❧ ♦ ❝ ❦✮

P A ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3 P D ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3 P B ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3

4 × 4

1
1 0 ✵✳ ✾ ✾ ✾ ✶ ✺ ✷ ✼ ✵ ✾ ✴ ✺ ✹ ✶ ✼ ✴ ✽ ✶ ✷ ✹ ✵✳ ✹ ✵ ✺ ✶ ✶ ✸ ✴ ✻ ✴ ✽ ✵✳ ✶ ✹ ✺ ✼ ✸ ✷ ✴ ✸ ✴ ✹
1
2 0 ✵✳ ✾ ✾ ✾ ✺ ✼ ✺ ✸ ✺ ✺ ✴ ✶ ✵ ✼ ✵ ✽ ✴ ✶ ✻ ✵ ✻ ✷ ✵✳ ✺ ✶ ✻ ✸ ✺ ✹ ✴ ✼ ✴ ✶ ✶ ✵✳ ✷ ✻ ✶ ✸ ✻ ✷ ✴ ✹ ✴ ✻
1
3 0 ✵✳ ✾ ✾ ✾ ✼ ✶ ✼ ✾ ✹ ✵ ✴ ✶ ✺ ✽ ✼ ✾ ✴ ✷ ✸ ✽ ✶ ✼ ✵✳ ✻ ✶ ✷ ✾ ✼ ✺ ✴ ✶ ✵ ✴ ✶ ✺ ✵✳ ✸ ✺ ✵ ✽ ✹ ✸ ✴ ✺ ✴ ✼

8 × 8

1
1 0 ✵✳ ✾ ✾ ✾ ✸ ✼ ✸ ✻ ✺ ✺ ✴ ✼ ✸ ✵ ✾ ✴ ✶ ✵ ✾ ✻ ✷ ✵✳ ✽ ✷ ✾ ✷ ✹ ✶ ✸ ✴ ✷ ✺ ✴ ✸ ✼ ✵✳ ✹ ✶ ✹ ✶ ✶ ✸ ✴ ✻ ✴ ✽
1
2 0 ✵✳ ✾ ✾ ✾ ✻ ✽ ✼ ✶ ✾ ✺ ✴ ✶ ✹ ✸ ✾ ✵ ✴ ✷ ✶ ✺ ✽ ✹ ✵✳ ✾ ✵ ✻ ✻ ✶ ✷ ✹ ✴ ✹ ✼ ✴ ✼ ✶ ✵✳ ✻ ✸ ✵ ✻ ✶ ✺ ✴ ✶ ✵ ✴ ✶ ✺
1
3 0 ✵✳ ✾ ✾ ✾ ✼ ✾ ✶ ✵ ✾ ✻ ✺ ✴ ✷ ✶ ✾ ✷ ✽ ✴ ✸ ✷ ✽ ✾ ✷ ✵✳ ✾ ✸ ✺ ✼ ✽ ✸ ✺ ✴ ✼ ✵ ✴ ✶ ✵ ✺ ✵✳ ✼ ✻ ✽ ✶ ✷ ✾ ✴ ✶ ✽ ✴ ✷ ✼

1 6 × 1 6

1
1 0 ✵✳ ✾ ✾ ✾ ✹ ✼ ✹ ✸ ✹ ✹ ✴ ✽ ✻ ✽ ✽ ✴ ✶ ✸ ✵ ✸ ✶ ✵✳ ✾ ✼ ✸ ✾ ✶ ✽ ✽ ✴ ✶ ✼ ✺ ✴ ✷ ✻ ✷ ✵✳ ✾ ✾ ✻ ✸ ✻ ✻ ✸ ✷ ✴ ✶ ✷ ✻ ✷ ✴ ✶ ✽ ✾ ✹
1
2 0 ✵✳ ✾ ✾ ✾ ✼ ✸ ✽ ✺ ✷ ✽ ✴ ✶ ✼ ✵ ✺ ✺ ✴ ✷ ✺ ✺ ✽ ✷ ✵✳ ✾ ✽ ✻ ✼ ✾ ✶ ✼ ✹ ✴ ✻ ✹ ✼ ✴ ✺ ✷ ✵ ✶✳ ✵ ✵ ✵ ✵ ✵ ✲
1
3 0 ✵✳ ✾ ✾ ✾ ✽ ✷ ✶ ✷ ✼ ✾ ✷ ✴ ✷ ✺ ✺ ✽ ✸ ✴ ✸ ✽ ✸ ✼ ✹ ✵✳ ✾ ✾ ✶ ✶ ✻ ✷ ✻ ✵ ✴ ✺ ✶ ✾ ✴ ✼ ✼ ✽ ✶✳ ✵ ✵ ✵ ✵ ✵ ✲

❚ ❛ ❜❧ ❡ ✶✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✷ ♦❢ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ✭ ❛ ✈ ❡ ❛ ❣ ❡ ❞ ♦ ✈ ❡ ✺ ❋ ❆ ❙✲ ◆ ▼ ● ❝ ② ❝❧ ❡ ✮ ❢ ♦ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥
❆ ❖ ❙ ♦❧ ✈ ❡ ❛ ♥ ❞ ♦ ✉ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ✳ ❋ ♦ ❡ ❛ ❝ ❤ ♦❧ ✈ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❛ ♥ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ❡ ✉✐ ❡ ❞
♦ ❡ ❛ ❝ ❤ ♦❧ ❡ ❛ ♥ ❝ ❡ ♦❢ 1 0 − 1 , 1 0 − 2 , 1 0 − 3 ❛ ❡ ❤ ♦ ✇ ♥ ❢ ♦ ♠ ✉❧ ✐ ♣❧ ❡ α ✈ ❛❧ ✉ ❡ ♦ ♥ ✈ ❛ ✐ ♦ ✉ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ③ ❡ ❢ ♦
❤ ❡ ❧ ✉ ♥ ❣ ❈ ❚ ❡ ① ❛ ♠ ♣❧ ❡ ✭ ❊ ① ❛ ♠ ♣❧ ❡ ✷ ✐ ♥ ❋✐ ❣ ✉ ❡ ✸✮✳

● ✐ ❞ ❙✐ ③ ❡ α
❆ ❖ ❙ ❙ ♦❧ ✈ ❡ ❉✐ ❡ ❝ ❙ ♦❧ ✈ ❡ ✭ ♦✐ ♥ ✇✐ ❡✮ ❉✐ ❡ ❝ ❙ ♦❧ ✈ ❡ ✭ ❇❧ ♦ ❝ ❦✮

P A ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3 P D ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3 P B ❚ ♦❧ 1 0 − 1 / 1 0 − 2 / 1 0 − 3

4 × 4

1
1 0 ✵✳ ✾ ✾ ✾ ✶ ✺ ✷ ✼ ✵ ✽ ✴ ✺ ✹ ✶ ✻ ✴ ✽ ✶ ✷ ✸ ✵✳ ✻ ✺ ✹ ✼ ✷ ✻ ✴ ✶ ✶ ✴ ✶ ✼ ✵✳ ✸ ✷ ✼ ✾ ✶ ✸ ✴ ✺ ✴ ✼
1
2 0 ✵✳ ✾ ✾ ✾ ✺ ✼ ✺ ✸ ✺ ✺ ✴ ✶ ✵ ✼ ✵ ✽ ✴ ✶ ✻ ✵ ✻ ✶ ✵✳ ✼ ✾ ✸ ✵ ✼ ✶ ✵ ✴ ✷ ✵ ✴ ✸ ✵ ✵✳ ✺ ✶ ✵ ✾ ✹ ✹ ✴ ✼ ✴ ✶ ✶
1
3 0 ✵✳ ✾ ✾ ✾ ✼ ✶ ✼ ✾ ✹ ✵ ✴ ✶ ✺ ✽ ✼ ✾ ✴ ✷ ✸ ✽ ✶ ✼ ✵✳ ✽ ✺ ✶ ✼ ✼ ✶ ✺ ✴ ✷ ✾ ✴ ✹ ✹ ✵✳ ✻ ✷ ✺ ✺ ✸ ✺ ✴ ✶ ✵ ✴ ✶ ✺

8 × 8

1
1 0 ✵✳ ✾ ✾ ✾ ✸ ✼ ✸ ✻ ✺ ✺ ✴ ✼ ✸ ✵ ✾ ✴ ✶ ✵ ✾ ✻ ✷ ✵✳ ✾ ✹ ✶ ✺ ✼ ✸ ✾ ✴ ✼ ✼ ✴ ✶ ✶ ✺ ✵✳ ✼ ✵ ✶ ✹ ✻ ✼ ✴ ✶ ✸ ✴ ✷ ✵
1
2 0 ✵✳ ✾ ✾ ✾ ✻ ✽ ✼ ✶ ✾ ✺ ✴ ✶ ✹ ✸ ✾ ✵ ✴ ✷ ✶ ✺ ✽ ✹ ✵✳ ✾ ✻ ✾ ✷ ✺ ✼ ✹ ✴ ✶ ✹ ✽ ✴ ✷ ✷ ✷ ✵✳ ✽ ✽ ✽ ✻ ✽ ✷ ✵ ✴ ✹ ✵ ✴ ✺ ✾
1
3 0 ✵✳ ✾ ✾ ✾ ✼ ✾ ✶ ✵ ✾ ✻ ✺ ✴ ✷ ✶ ✾ ✷ ✽ ✴ ✸ ✷ ✽ ✾ ✷ ✵✳ ✾ ✼ ✽ ✾ ✹ ✶ ✵ ✾ ✴ ✷ ✶ ✼ ✴ ✸ ✷ ✺ ✵✳ ✾ ✼ ✸ ✻ ✶ ✽ ✼ ✴ ✶ ✼ ✸ ✴ ✷ ✺ ✾

1 6 × 1 6

1
1 0 ✵✳ ✾ ✾ ✾ ✹ ✼ ✹ ✸ ✹ ✹ ✴ ✽ ✻ ✽ ✽ ✴ ✶ ✸ ✵ ✸ ✶ ✵✳ ✾ ✽ ✾ ✷ ✺ ✷ ✶ ✹ ✴ ✹ ✷ ✼ ✴ ✻ ✹ ✵ ✶✳ ✵ ✵ ✵ ✵ ✵ ✲
1
2 0 ✵✳ ✾ ✾ ✾ ✼ ✸ ✽ ✺ ✷ ✽ ✴ ✶ ✼ ✵ ✺ ✺ ✴ ✷ ✺ ✺ ✽ ✷ ✵✳ ✾ ✾ ✹ ✻ ✸ ✹ ✷ ✽ ✴ ✽ ✺ ✻ ✴ ✶ ✷ ✽ ✸ ✶✳ ✵ ✵ ✵ ✵ ✵ ✲
1
3 0 ✵✳ ✾ ✾ ✾ ✽ ✷ ✶ ✷ ✼ ✾ ✷ ✴ ✷ ✺ ✺ ✽ ✸ ✴ ✸ ✽ ✸ ✼ ✹ ✵✳ ✾ ✾ ✻ ✹ ✸ ✻ ✹ ✹ ✴ ✶ ✷ ✽ ✽ ✴ ✶ ✾ ✸ ✷ ✶✳ ✵ ✵ ✵ ✵ ✵ ✲

❚ ❛ ❜❧ ❡ ✷✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✶ ♦❢ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ✭ ❛ ✈ ❡ ❛ ❣ ❡ ❞ ♦ ✈ ❡ ✺ ❋ ❆ ❙✲ ◆ ▼ ● ❝ ② ❝❧ ❡ ✮ ❢ ♦ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥
❆ ❖ ❙ ♦❧ ✈ ❡ ❛ ♥ ❞ ♦ ✉ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ✳ ❋ ♦ ❡ ❛ ❝ ❤ ♦❧ ✈ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ❡ ❛ ♥ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ❡ ✉✐ ❡ ❞
♦ ❡ ❛ ❝ ❤ ♦❧ ❡ ❛ ♥ ❝ ❡ ♦❢ 1 0 − 1 , 1 0 − 2 , 1 0 − 3 ❛ ❡ ❤ ♦ ✇ ♥ ❢ ♦ ♠ ✉❧ ✐ ♣❧ ❡ α ✈ ❛❧ ✉ ❡ ♦ ♥ ✈ ❛ ✐ ♦ ✉ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ③ ❡ ❢ ♦
❤ ❡ ❤ ❛ ♥ ❞ ❡ ① ❛ ♠ ♣❧ ❡ ✭ ❊ ① ❛ ♠ ♣❧ ❡ ✸ ✐ ♥ ❋✐ ❣ ✉ ❡ ✸✮✳

❋ ♦ ♠ ❚ ❛ ❜❧ ❡ ✶ ❛ ♥ ❞ ✷ ✇ ❡ ❡ ❡ ❤ ❛ ♦ ✉ ❞✐ ❡ ❝ ♦❧ ✈ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♠ ✉ ❝ ❤ ❢ ❛ ❡ ❤ ❛ ♥ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❆ ❖ ❙
♦❧ ✈ ❡ ♦ ♥ ❡ ✈ ❡ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ✐ ③ ❡ ❢ ♦ ❜ ♦ ❤ ❍ ❛ ♥ ❞ ❛ ♥ ❞ ▲ ✉ ♥ ❣ ❈ ❚ ❡ ① ❛ ♠ ♣❧ ❡ ✭ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ❛ ♥ ❞ ✷ ✐ ♥

❋✐ ❣ ✉ ❡ ✸✮ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♦ ♥ ❤ ❡ 4 × 4 ❛ ♥ ❞ 8 × 8 ❣ ✐ ❞ ❀ ❤✐ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ❤ ❛ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♠ ♣ ❛ ❝
♦ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ❡ ❛ ✐ ♦ ♥ ❡ ✉✐ ❡ ❞ ♦ ❡ ❛ ❝ ❤ ❛ ❞ ❡ ✐ ❡ ❞ ♦❧ ❡ ❛ ♥ ❝ ❡✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ✉ ♥ ✇✐❧❧ ❤ ❛ ✈ ❡ ❛ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ❡
❡ ✛ ❡ ❝ ♦ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❋ ❆ ❙✲ ◆ ▼ ● ❝ ② ❝❧ ❡ ♥ ❡ ❡ ❞ ❡ ❞ ♦ ♦ ❜ ❛✐ ♥ ❛ ❣ ♦ ♦ ❞ ❡ ❣✐ ❛ ✐ ♦ ♥ ❡ ✉❧ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ✐ ♠ ❡
❛ ❦ ❡ ♥✳ ❆ ✐ ❛❧ ♦ ❝❧ ❡ ❛ ❢ ♦ ♠ ❜ ♦ ❤ ❛ ❜❧ ❡ ✱ ❤ ❡ ❛ ❡ ❛ ❡ ♦ ♦ ❤✐ ❣ ❤ ❛ ♥ ❞ ❜ ♦ ❤ ♦❧ ✈ ❡ ❛ ❡ ♥ ♦ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ❤ ❡

❧ ❡ ❝ ♦ ❛ ❡ 1 6 × 1 6 ❣ ✐ ❞✱ ♣ ♦ ✐ ❜❧ ② ❞ ✉ ❡ ♦ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ❀ ✇ ❡ ✇ ♦ ✉❧ ❞ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛ ❤ ❡ ❝ ♦ ❛ ❡
❣ ✐ ❞ ✐ ❦ ❡ ♣ ❛ 8 × 8 ✳

❍ ❡ ♥ ❝ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✱ ♦ ❜ ❡ ❞ ❡ ♥ ♦ ❡ ❞ ❜ ② ✉ ♥ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ✱ ✐ ❛ ❦ ❡ ♥ ❛ ❆❧ ❣ ♦ ✐ ❤ ♠ ✶
❡ ✉✐ ♣ ♣ ❡ ❞ ✇✐ ❤ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ❜ ② ❆❧ ❣ ♦ ✐ ❤ ♠ ✷ ❛ ♥ ❞ ❤ ❡ ♣ ❡ ❞✐ ❝ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ♦❢
ν 1 , ν2 ≥ 8 ✐ ♥ ❝ ❡ µ 8

m a x = 0 .7 4 7 6 2 8 < 0 .1 ✐ ❜ ❡❧✐ ❡ ✈ ❡ ❞ ♦ ❜ ❡ ♠ ❛❧❧ ❡ ♥ ♦ ✉ ❣ ❤✳

✹ ◆ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❝ ♦ ♥ ❛✐ ♥ ♠ ♦ ❞ ❡❧

❲❡ ♥ ♦ ✇ ♣ ❡ ❡ ♥ ❛ ♥ ♦ ❤ ❡ ♠ ♦ ❞ ❡❧ ♦ ❞ ❡❧✐ ✈ ❡ ❞✐ ✛ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛ ♥ ❢ ♦ ♠ ✳ ❋ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❛
♣ ♦ ❜❧ ❡ ♠ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ♦ ❝ ❝ ✉ ✐ ♥ ✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥✱ ✉ ♥❧ ❡ ✐ ✐ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ② ❝ ♦ ♥ ♦❧❧ ❡ ❞✳ ■ ♥ ❡ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ♦ ✉❧ ❞ ✉ ❣ ❣ ❡ ❛ ♥ ✐ ♥ ❛ ❝ ❝ ✉ ❛ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ❡ ✉❧ ❛ ✉ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ♥✲

♣ ❤ ② ✐ ❝ ❛❧✳ ■ ♥ ❤✐ ❡ ❝ ✐ ♦ ♥ ✇ ❡ ✇✐❧❧ ✜ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✱ ✇ ❤✐ ❝ ❤ ❡ ♠ ♦ ✈ ❡

✶ ✸



❛ ♥ ② ❢ ♦❧ ❞✐ ♥ ❣ ❤ ❛ ♠ ❛ ② ♦ ❝ ❝ ✉ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ϕ ✱ ❛ ✇ ❡❧❧ ❛ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❛ ◆ ▼ ● ❝ ❤ ❡ ♠ ❡ ✭ ❆❧ ❣ ♦ ✐ ❤ ♠ ✶✮✳
❚ ❤ ❡ ♥ ✇ ❡ ✇✐❧❧ ❡ ① ❡ ♥ ❞ ❤✐ ♠ ♦ ❞ ❡❧ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ♦ ❜ ✉ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ α ✳

✹✳ ✶ ■ ♠ ♣ ♦ ✈ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ♣ ✐ ♠✐ ❡✲ ❞✐ ❝ ❡ ✐ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤

■ ♥ ❤ ❡ ✇ ♦ ❦ ❜ ② ❇ ✉ ❣ ❡ ❡ ❛❧✳ ❬ ✶ ✶❪✱ ✐ ✇ ❛ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❤ ❛ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ d et ∇ ϕ ❝ ❛ ♥ ✐ ♥ ❞✐ ❝ ❛ ❡
❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ♥ ② ❢ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ϕ = x + u ✱ ♦ ♠ ♦ ❡ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ② ❤ ❡ ✐ ❣ ♥ ♦❢

d et ∇ ϕ = 1 + u 1 x 1
1 + u 2 x 2

− u 1 x 2
u 2 x 1

. ✭ ✹✳ ✶✮

■❢ d et ∇ ϕ ≤ 0 ❤ ❡ ♥ ❤✐ ✐ ♥ ❞✐ ❝ ❛ ❡ ❤ ❛ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♣ ❡ ❡ ♥ ✱ ✇ ❤✐❧ ❡ ✐❢ d et ∇ ϕ > 0 ❤ ❡ ♥
♥ ♦ ❢ ♦❧ ❞✐ ♥ ❣ ♦ ❝ ❝ ✉ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ■ ♥ ❬ ✶ ✶❪ ❤✐ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇ ❛ ✉ ❡ ❞ ♦ ❛ ❞ ❞ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ♠ ✐ ♥ ♦
❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ❡ ♥ ❡ ❣ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ✭ ✷✳ ✷✮ ✇ ❤✐ ❝ ❤ ♣ ❡ ♥ ❛❧✐ ❡ ❤✐ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐ ♥ ♦ ❞ ❡ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❞✐ ✛ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝

✐ ♠ ❛ ❣ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✱ ❤ ✉ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✷ ❉ ❤ ② ♣ ❡ ✲ ❡❧ ❛ ✐ ❝ ❡ ♥ ❡ ❣ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧

E ❍ ② ♣ ❡ (u ) =
1

2 Ω

(T u − R )
2

+ α
2

s = 1

∇ u s
2

+ β
( d et ∇ ϕ − 1)

2

d et ∇ ϕ

2

d Ω , ✭ ✹✳ ✷✮

✇ ❤ ❡ ❡ α ∈ R + , 0 ≤ β ∈ R ❛ ❡ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ✐ ♠ ❛ ② ❜ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❛ ♥ ❡ ✛ ❡ ❝ ✐ ✈ ❡
♠ ♦ ♦ ❤ ❡ ❢ ♦ ♦❧ ✈✐ ♥ ❣ ✭ ✹✳ ✷✮✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ❛ ♦ ♥ ❣ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ✐ ②✱ ✐ ♥ ❤✐ ♣ ❛ ♣ ❡ ❤ ♦ ✇ ❡ ✈ ❡ ✇ ❡ ✐ ♥ ❡ ❛ ❞ ♣ ♦ ♣ ♦ ❡ ❛ ♥

❡ ① ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✭ ✷✳ ✷✮ ❛ ❛ ✐ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ✲ ❡❧ ❛ ✐ ❝ ♠ ♦ ❞ ❡❧ ✭ ✹✳ ✷✮ ♦ ❝ ♦ ♥ ♦❧ ❛ ♥ ②
❢ ♦❧ ❞✐ ♥ ❣✳ ❲❡ ♣ ♦ ♣ ♦ ❡ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ♦ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✇ ❤✐ ❝ ❤ ❡ ♥ ✉ ❡ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ♦❢
❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✭ ✹✳ ✶✮✳ ■ ♥ ♦ ❤ ❡ ✇ ♦ ❞ ✱ ✇ ❡ ❛✐ ♠ ♦ ♦❧ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠✐ ♥✐ ♠✐ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠

mi n
u

E ❉✐ ✛ (u ), ✳ ✳ d et ∇ ϕ > 0 ✭ ✹✳ ✸✮

♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ②✱ ✉ ✐ ♥ ❣ ❛ ♥ ♦ ♣ ✐ ♠✐ ❡✲ ❞✐ ❝ ❡ ✐ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡ ❧ ♦ ♦ ❦ ♦ ♦❧ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥

− α ∆ u m + F m (u ) = 0 ✳ ✳ d et ∇ ϕ > 0 ✭ ✹✳ ✹✮

✇✐ ❤ ◆ ❡ ✉ ♠ ❛ ♥ ♥ ❜ ♦ ✉ ♥ ❞ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ∇ u m · n = 0 ❛ ♥ ❞ ✇ ❤ ❡ ❡ F m (u ) ❛ ❡ ❛ ✐ ♥ ✭ ✷✳ ✻✮ ❢ ♦ m = 1 , 2 ✳

✹✳ ✷ ❊ ✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✉ ✐ ♥ ❣ ✜ ♥✐ ❡ ❡❧ ❡ ♠ ❡ ♥

■ ♥ ♦ ❞ ❡ ❢ ♦ ✉ ♦ ❜ ❡ ❛ ❜❧ ❡ ♦ ✐ ♠ ♣ ♦ ❡ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ✭ ✹✳ ✹✮✱ ✇ ❡ ♠ ✉ ✜ ♦ ❜ ❛✐ ♥ ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❛ ❡ ✈ ❡ ② ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ♦❢ Ω h ✱ ❤ ❛ ✐ ✇ ❡ ♥ ❡ ❡ ❞ ♦ ❝ ♦ ♠ ♣ ✉ ❡

Q ≡ (Q i j ) = ( d et ∇ ϕ ) i, j = 1 + ( u 1 x 1
) i, j 1 + ( u 2 x 2

) i, j − (u 1 x 2
) i, j (u 2 x 1

) i, j ✭ ✹✳ ✺✮

✇ ❤ ❡ ❡ Q ∈ R ( n − 2 ) × ( n − 2 ) ✐ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ ❛ ❤ ❡ ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥
(i, j ) ❢ ♦ i, j = 2 , . . . , n − 1 ✳ ❚ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ♥ ② (Q i j )✱ ✇ ❡ ♥ ❡ ❡ ❞ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❞✐ ❝ ❡ ❡ ♣ ❛ ✐ ❛❧
❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ (u m x 1

) i, j , (u m x 2
) i, j ❢ ♦ m = 1 , 2 ✳ ❲❡ ❞ ♦ ❤✐ ❜ ② ♣❧✐ ✐ ♥ ❣ ♦ ✉ ❞✐ ❝ ❡ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω h ✐ ♥ ♦ ❛ ♠ ❡ ❤

♦❢ ✜ ♥✐ ❡ ❡❧ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ♣✐ ❡ ❝ ❡ ✇✐ ❡ ❧✐ ♥ ❡ ❛ ✐ ❛ ♥ ❣ ✉❧ ❛ ❜ ❛ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ❋✐ ❣ ✉ ❡ ✷ (a )✳ ■ ♥ ❢ ❛ ❝
❢ ♦ ❡ ❛ ❝ ❤ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ (i, j )✱ ✇ ❡ ♥ ❡ ❡ ❞ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐ ♥ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❢ ♦ ✉ ✐ ❛ ♥ ❣❧ ❡ T 1 , . . . , T4
❛ ❤ ♦ ✇ ♥ ✐ ♥ ❋✐ ❣ ✉ ❡ ✷ (b )✳ ❉ ♦✐ ♥ ❣ ❤✐ ❣✐ ✈ ❡ ✉ ❛ ❝❧ ❡ ❛ ❡ ♣✐ ❝ ✉ ❡ ♦❢ ❤ ❡ ❧ ♦ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✉ ♦ ✉ ♥ ❞✐ ♥ ❣ ❤ ❡
(i, j ) ♣ ♦✐ ♥ ✱ ❤ ✉ ❛❧❧ ♦ ✇✐ ♥ ❣ ✉ ♦ ❜ ❡ ❡ ❞ ❡ ❡ ❝ ❛ ♥ ② ♠ ❡ ❤ ❢ ♦❧ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❖ ♥ ❝ ❡ ✇ ❡ ❤ ❛ ✈ ❡
❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ✱ ✇ ❡ ❛ ✐ ❣ ♥ ❤ ❡ ♠ ❛❧❧ ❡ ✈ ❛❧ ✉ ❡ ♦ ❜ ❡ ♦ ✉ (Q i j ) ❡ ♥ ②✱ ❤✐
✐ ♥ ❡ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ❝ ❛ ❡ ❢ ♦ ❡ ❛ ❝ ❤ (i, j ) ❛❧❧ ♦ ✇✐ ♥ ❣ ✉ ♦ ❜ ❡ ❡ ❞ ❡ ❡ ❝ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❛❧❧
♣ ♦ ❡ ♥ ✐ ❛❧ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ◆ ♦ ✇ ❢ ♦ ❧✐ ♥ ❡ ❛ ✐ ❛ ♥ ❣ ✉❧ ❛ ❜ ❛ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ✇ ❡ ❝ ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡
u m (x ) ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❧✐ ♥ ❡ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥

L m (x ) = a u m
+ b u m

x 1 + c u m
x 2 ✭ ✹✳ ✻✮

✇ ❤ ❡ ❡ a u m
, bu m

, cu m
∈ R ❛ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦ ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❢ ♦ m = 1 , 2 ✳ ❋ ♦ ♠ ✭ ✹✳ ✻✮ ✇ ❡ ❡ ❡ ❤ ❛ ❤ ❡

♣ ❛ ✐ ❛❧ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ u m x 1
, um x 2

❛ ❡ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ b u m
, cu m

❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❚ ❤ ❡ ♥ ❧ ♦ ♦ ❦✐ ♥ ❣ ❛ ❤ ❡
✜ ✐ ❛ ♥ ❣❧ ❡ T 1 ✱ ❛ ❛ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ (i, j )✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ② ❡ ♠

❚ ✐ ❛ ♥ ❣❧ ❡ T 1 :




1 x i y j

1 x i + 1 y j

1 x i y j + 1








a 1 u 1

b 1 u 1

c 1 u 1



 =




(u 1 ) i, j

(u 1 ) i + 1 , j

(u 1 ) i, j + 1



 ,




1 x i y j

1 x i + 1 y j

1 x i y j + 1








a 1 u 2

b 1 u 2

c 1 u 2



 =




(u 2 ) i, j

(u 2 ) i + 1 , j

(u 2 ) i, j + 1



 ;

✶ ✹



j = 2

j =j

j = n- 1

i = 2 i =i i = n- 1

✭ ❛ ✮ ●❧ ♦ ❜ ❛❧ ♠ ❡ ❤ ♦❢ ✜ ♥✐ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❢ ✉❧❧ ❞✐ ❝ ❡ ❡ ❞ ♦ ♠ ❛✐ ♥

(i,j- 1)

(i- 1,j)
(i,j)

(i + 1,j)

(i,j + 1)

T
1

T
2

T
3

T
4

✭ ❜ ✮ ▲ ♦ ❝ ❛❧ ♠ ❡ ❤ ♦❢ ✜ ♥✐ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ❛ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ❝ ❡ ❡ ♣ ♦✐ ♥
( i, j )

❋✐ ❣ ✉ ❡ ✷✿ ❋✐ ♥✐ ❡ ❡❧ ❡ ♠ ❡ ♥ ♣❧✐ ✐ ♥ ❣ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω h ✉ ✐ ♥ ❣ ❧✐ ♥ ❡ ❛ ✐ ❛ ♥ ❣❧ ❡ ❜ ❛ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥

✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♠✐❧ ❛ ② ❡ ♠ ❢ ♦ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ✐ ❛ ♥ ❣❧ ❡ T 2 , T3 ❛ ♥ ❞ T 4 ✳ ❚ ❤ ❡ ♥✱ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ a l um , bl um , cl um ✱ ✇ ❡ ♦❧ ✈ ❡

s l = A − 1
l v 1 l , t l = A − 1

l v 2 l ✭ ✹✳ ✼✮

✇ ❤ ❡ ❡ s l = ( a l u1 , bl u1 , cl u1 ) T , t l = ( a l u2 , bl u2 , cl u2 ) T ❛ ❡ ❤ ❡ ❝ ♦❧ ✉ ♠ ♥ ✈ ❡ ❝ ♦ ♦❢ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ (u 1 ) i, j , (u 2 ) i, j

❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ A − 1
l ❛ ❡ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❞ ❣ ❡ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ T l ❛ ♥ ❞

v m l = ( u m 1 , um 2 , um 3 ) T ❛ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ u m ❛ ❡ ❛ ❝ ❤ ✈ ❡ ❡ ① ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ T l ❢ ♦ l = 1 , . . . , 4 , m = 1 , 2 ✳
❚ ❤ ❡ ♥✱ ♦ ♥ ❝ ❡ ❛❧❧ ❡❧ ❡ ♠ ❡ ♥ ♦❢ Q ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❝ ♦ ♠ ♣ ✉ ❡ ❞✱ ✇ ❡ ❛ ❦ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① Q ♦ ❜ ❡
✉ ❡ ❞ ♦ ❡ ❡ ✐❢ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❤ ❛ ❜ ❡ ❡ ♥ ❛ ✐ ✜ ❡ ❞✳ ❚ ❤✐ ♠ ❡ ❤ ♦ ❞ ❝ ❛ ♥ ❜ ❡ ✉ ♠ ♠ ❛ ✐ ❡ ❞ ❜ ② ❆❧ ❣ ♦ ✐ ❤ ♠ ✸✳ ❖ ♥ ❝ ❡
✇ ❡ ❤ ❛ ✈ ❡ ❛ ✈ ❛❧ ✉ ❡ ❢ ♦ Q m i n ✱ ✇ ❡ ✉ ❡ ❆❧ ❣ ♦ ✐ ❤ ♠ ✹ ♦ ✐ ♠ ♣ ♦ ❡ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❛ ♥ ❞ ❞ ❡ ❡ ♠✐ ♥ ❡ ✇ ❤ ❡ ❤ ❡ ✇ ❡ ❛ ❝ ❝ ❡ ♣
❤ ❡ ✉ ♣ ❞ ❛ ❡ ❞ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ♦ ✳

■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧❧ ② ❡ ① ♣ ❡ ♥ ✐ ✈ ❡ ♦ ♥ ❧ ❛ ❣ ❡ ❣ ✐ ❞ ✐ ③ ❡ ♦ ✇✐ ♥ ❣ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✇ ❡
♠ ✉ ♦❧ ✈ ❡ ❡✐ ❣ ❤ ✐ ♥ ✈ ❡ ❡ ♣ ♦ ❜❧ ❡ ♠ ❛ ❡ ✈ ❡ ② ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ❞✐ ❝ ❡ ❡ ❞ ♦ ♠ ❛✐ ♥ Ω h ✱ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②
❤✐ ❤ ❛ ❛ ❡ ✈ ❡ ❡ ✐ ♠ ♣ ❛ ❝ ♦ ♥ ❤ ❡ ❈ ❯ ✐ ♠ ❡ ♦❢ ❤ ❡ ◆ ▼ ● ❝ ❤ ❡ ♠ ❡ ❢ ♦ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ♠ ♦ ❞ ❡❧✳ ■ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❆

✇ ❡ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❤ ♦ ✇ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸ ❝ ❛ ♥ ❜ ❡ ♦ ♣ ✐ ♠✐ ❡ ❞ ♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❞ ❡ ❝ ❡ ❛ ❡ ❈ ❯ ❝ ♦ ❢ ♦ ❡ ❛ ❝ ❤ ✐ ❡ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ♦ ✉ ❧✐ ♥ ❡ ❞ ✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✽ ✐ ❤ ♦ ✇ ✇ ❡ ❛ ❝ ✉ ❛❧❧ ② ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡
❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✺✳ ✷ ❛ ❡ ❛❧ ♦ ♦ ❜ ❛✐ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠✳

✹✳ ✸ ◆ ✉ ♠ ❡ ✐ ❝ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❛ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧

❇ ❛ ❡ ❞ ♦ ♥ ♦ ✉ ◆ ▼ ● ❢ ❛ ♠ ❡ ✇ ♦ ❦ ✉ ♥ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ✱ ✇ ❡ ✇✐❧❧ ♦❧ ✈ ❡ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧
❜ ② ◆ ▼ ●✳ ❆ ❞ ❞✐ ♥ ❣ ❛ ❝ ♦ ♥ ❛✐ ♥ ✱ ❤ ❡ ❛ ♠ ❡ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡ ❛ ❤ ❡ ♦ ♥ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ➓ ✷✳ ✷ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ❡
❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ❛ ❤ ❡ ♦ ♥ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ➓ ✸✳ ✷ ❛ ❡ ✉ ❡ ❞✳ ❚ ❤ ❡ ♥ ♦ ✉ ♣ ♦ ♣ ♦ ❡ ❞ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❤ ♦ ✇ ♥
✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✻✱ ✇ ❤✐ ❝ ❤ ✇ ❡ ❞ ❡ ♥ ♦ ❡ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ✳

✹✳ ✹ ❆ ♥ ❛ ❞ ❛ ♣ ✐ ✈ ❡ α ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧

❲ ❤✐❧ ❡ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ❞ ♦ ❡ ❡ ♥ ✉ ❡ ❤ ❛ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❡ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣✱ ✐ ♥ ❝ ❛ ❡
✇ ❤ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ❡ ✈ ❡ ❡ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✜ ❡❧ ❞ u ❝ ❛ ♥ ❜ ❡ ♣ ❡ ♥ ❛❧✐ ❡ ❞ ♦ ❤ ❡ ❛ ✈✐❧ ② ❤ ❛ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡
✐ ♠ ❛ ❣ ❡ T u ♠ ❛ ② ❤ ❛ ✈ ❡ ♠ ♦ ✈ ❡ ❞ ✈ ❡ ② ❧✐ ❧ ❡ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T ✳ ❚ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡
❤✐ ♣ ♦ ❜❧ ❡ ♠ ✇ ❡ ♣ ♦ ♣ ♦ ❡ ❛ ♥ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ♠ ♦ ❞ ❡❧✱ ✇ ❤ ❡ ❡ ❜ ② ✇ ❡ ❡✲✐ ♥✐ ✐ ❛❧✐ ❡ ❤ ❡

◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✉ ✐ ♥ ❣ ❛ ❧ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ♦❢ α ✐❢ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❤ ❛ ♥ ♦ ❜ ❡ ❡ ♥ ❛ ✐ ✜ ❡ ❞ ✇✐ ❤✐ ♥ ❛ ♠ ❛❧❧ ♥ ✉ ♠ ❜ ❡ ♦❢
✐ ❡ ❛ ✐ ♦ ♥ ✳ ❚ ♦ ❝ ♦ ♥ ✉ ❝ ❤✐ ❛ ❞ ❛ ♣ ✐ ✈ ❡ α ❝ ❤ ❡ ♠ ❡✱ ✇ ❡ ♠ ♦ ❞✐❢ ② ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❝ ❤ ❡ ❝ ❦ ❤ ♦ ✇ ♥ ✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠

✶ ✺



✹ ❛ ❡ ❡ ♥ ✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✺✳ ❋ ♦ ♠ ❆❧ ❣ ♦ ✐ ❤ ♠ ✺ ✇ ❡ ❡ ❡ ❤ ❛ ✐❢ ✇ ❡ ❡ ❛ ❝ ❤ ❤ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❧✐ ♠✐ L M A X ✱ ✇ ❡
❡ ①✐ ♦ ✉ ♦❢ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ● ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ♥ ❞ ❤✐ ✐ ✇ ❤ ❡ ♥ ✇ ❡ ❡✲✐ ♥✐ ✐ ❛❧✐ ❡ ❤ ❡ ◆ ▼ ● ✇✐ ❤ ❛ ❧ ❛ ❣ ❡ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣
♣ ❛ ❛ ♠ ❡ ❡ α ✳ ❚ ❤✐ ♣ ♦ ❝ ❡ ❝ ❛ ♥ ❜ ❡ ✉ ♠ ♠ ❛ ✐ ❡ ❞ ❜ ② ❆❧ ❣ ♦ ✐ ❤ ♠ ✼✱ ❛ ♥ ❞ ✇ ❤ ❡ ❡ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❆ ❞ ❛ ♣ ❋ ❆ ❙ ◆ ▼ ●
✐ ❤ ❡ ❛ ♠ ❡ ❛ ❆❧ ❣ ♦ ✐ ❤ ♠ ✻ ❡ ① ❝ ❡ ♣ ♥ ♦ ✇ ❆❧ ❣ ♦ ✐ ❤ ♠ ✺ ✐ ✉ ❡ ❞ ♦ ❝ ❤ ❡ ❝ ❦ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ❡ ❛ ❞ ♦❢ ❆❧ ❣ ♦ ✐ ❤ ♠
✹✳ ❆ ♥ ♦ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ❞ ❛ ♣ ✐ ✈ ❡ α ❝ ❤ ❡ ♠ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✼ ✐ ✐ ♦ ❜ ✉ ♥ ❡ ♦ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡
♦❢ ♣ ❛ ❛ ♠ ❡ ❡ α ✳ ❊ ✈ ❡ ♥ ✐❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ α ✐ ❡ ♦ ♦ ♠ ❛❧❧ ✉ ❝ ❤ ❤ ❛ ❡ ✈ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ♦ ✉❧ ❞ ♥ ♦ ♠ ❛❧❧ ② ♦ ❝ ❝ ✉ ✱
❜ ❡ ❝ ❛ ✉ ❡ ✇ ❡ ❦ ❡ ❡ ♣ ❡✲✐ ♥✐ ✐ ❛❧✐ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ ♥ ❡ ✇ ✈ ❛❧ ✉ ❡ ♦❢ α ✱ ✇ ❡ ❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛❧❧ ② ✜ ♥ ❞ ❛ ♣ ❡ ✉ ❞ ♦✲ ♦ ♣ ✐ ♠ ❛❧
α ✈ ❛❧ ✉ ❡ ✇ ❤ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ❛ ✈ ♦✐ ❞ ❡ ❞✳ ❚ ❤✐ ✇✐❧❧ ❜ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✳ ❯ ✐ ♥ ❣ ❤ ❡ ♣ ♦✐ ♥ ✇✐ ❡ ♠ ♦ ♦ ❤ ❡
❢ ♦ ♠ ➓ ✷✳ ✷✱ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ❢ ♦ ♠ ➓ ✸✳ ✷ ❛❧ ♦ ♥ ❣ ✇✐ ❤ ❆❧ ❣ ♦ ✐ ❤ ♠ ✼✱ ❤ ❡ ♥ ✇ ❡ ❞ ❡ ♥ ♦ ❡ ♦ ✉ ❛ ❞ ❛ ♣ ✐ ✈ ❡
α ♠ ♦ ❞ ❡❧ ❜ ② ❛ ❞ ❛ ♣ ✐ ✈ ❡ ■ ◆ ▼ ●✳

❆❧ ❣ ♦ ✐ ❤ ♠ ✸ Q m i n C o m p ut e Q (u h , n, h)

✶✿ ❢ ♦ i = 2 , . . . , n − 1 ❞ ♦
✷✿ ❢ ♦ j = 2 , . . . , n − 1 ❞ ♦
✸✿ ❢ ♦ l = 1 , . . . , 4 ❞ ♦

❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ✈ ❡ ❝ ♦ s l , t l ✉ ✐ ♥ ❣ ✭ ✹✳ ✼✮
❈ ♦ ♠ ♣ ✉ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❢ ♦ ✐ ❛ ♥ ❣❧ ❡ T l → Q̃ l = ( 1 + b l u 1 ) ( 1 + c l u 2 ) − c l u 1 b l u 2

✹✿ ❡ ♥ ❞ ❢ ♦
❆ ✐ ❣ ♥ ♠✐ ♥✐ ♠ ✉ ♠ Q̃ ♦ ❜ ❡ ❡ ♥ ② ( Q i j ) → ( Q i j ) = mi n { Q̃ 1 , . . . , Q̃ 4 }

✺✿ ❡ ♥ ❞ ❢ ♦
✻✿ ❡ ♥ ❞ ❢ ♦

❚ ❛ ❦ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❡ ♥ ② ✐ ♥ Q ♦ ❜ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ → Q m i n = mi n { Q }

❆❧ ❣ ♦ ✐ ❤ ♠ ✹ u
( k + 1 )
h C o n st r ai n U (u

( k )
h , h, λ, L M A X)

✶✿ ❢ ♦ l = 1 , · · · , L M A X ❞ ♦
✷✿ ❈ ♦ ♠ ♣ ✉ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ✈ ❛❧ ✉ ❡ ♦❢ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ Q m i n ✉ ✐ ♥ ❣ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸
✸✿ ✐❢ Q m i n > 0 a n d l ≤ L M A X ❤ ❡ ♥

❆ ❝ ❝ ❡ ♣ ✉ ♣ ❞ ❛ ❡ u
( k + 1 )
h = u

( k )
h

✹✿ ❡❧ ❡ ✐❢ Q m i n ≤ 0 a n d l < L M A X ❤ ❡ ♥

❘ ❡❥ ❡ ❝ ✉ ♣ ❞ ❛ ❡ ❛ ♥ ❞ ❡ u
( k )
h = λ u

( k )
h , λ ∈ ( 0 , 1 )

✺✿ ❡❧ ❡ ✐❢ Q m i n ≤ 0 a n d l = L M A X ❤ ❡ ♥
❊ ♦ → ❈ ♦ ♥ ❛✐ ♥ ❢ ❛✐❧ ❡ ❞

✻✿ ❡ ♥ ❞ ✐❢
✼✿ ❡ ♥ ❞ ❢ ♦

❆❧ ❣ ♦ ✐ ❤ ♠ ✺ u
( k + 1 )
h , c, d o n e❴ al p h a A d a pti v e U (u

( k )
h , h, λ, L M A X)

✶✿ ❙ ❛ ✈ ❡ ❝ ✉ ❡ ♥ ❵ ❣ ♦ ♦ ❞✬ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ → û
( k )
h = u

( k )
h , c = 0

✷✿ ❢ ♦ l = 1 , · · · , L M A X ❞ ♦
✸✿ ❈ ♦ ♠ ♣ ✉ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ✈ ❛❧ ✉ ❡ ♦❢ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ Q m i n ✉ ✐ ♥ ❣ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸
✹✿ ✐❢ Q m i n > 0 a n d l ≤ L M A X ❤ ❡ ♥

❆ ❝ ❝ ❡ ♣ ✉ ♣ ❞ ❛ ❡ u
( k + 1 )
h = u

( k )
h , û

( k )
h = u

( k )
h , c = c + 1 , d o n e❴ al p h a = 1 , b r e a k

✺✿ ❡❧ ❡ ✐❢ Q m i n ≤ 0 a n d l < L M A X ❤ ❡ ♥

❘ ❡❥ ❡ ❝ ✉ ♣ ❞ ❛ ❡ ❛ ♥ ❞ ❡ u
( k )
h = λ u

( k )
h , λ ∈ ( 0 , 1 ) , c = c + 1

✻✿ ❡❧ ❡ ✐❢ Q m i n ≤ 0 a n d l = L M A X ❤ ❡ ♥

❘ ❡ ❡ ♦ ❵ ❣ ♦ ♦ ❞✬ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ → c = L M A X, u
( k + 1 )
h = û

( k )
h , d o n e❴ al p h a = 0

✼✿ ❡ ♥ ❞ ✐❢
✽✿ ❡ ♥ ❞ ❢ ♦

✶ ✻



❆❧ ❣ ♦ ✐ ❤ ♠ ✻ u
( k + 1 )
h C o n st F A S N M G (R h , T h , n, h, l e v el, u

( k )
h , G h , α, ν1 , ν2 )

✶✿ ❡✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 1 ❡ ♣ ✭ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ✮ ū
( k )
h S m o ot h ( R h , T h , u

( k )
h , G h , α, ν1 )

✷✿ ❈ ♦ ❛ ❡✲ ❣ ✐ ❞ ❝ ♦ ❡ ❝ ✐ ♦ ♥

❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ r
( k )
h = G h − N h ( u

( k )
h )

❘ ❡ ✐ ❝ ❡ ✐ ❞ ✉ ❛❧ ❛ ♥ ❞ ♠ ♦ ♦ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ r
( k )
H = R H

h r
( k )
h , ū

( k )
H = R H

h ū
( k )
h

❙ ❡ l e v el → l e v el − 1 , H = 2 h, n c = n
2

❋ ♦ ♠ ❘ ❍ ❙ ♦❢ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❉ ❊ G H = r H + N H ( ū
( k )
H )

❙ ♦❧ ✈ ❡ ❡ ✐ ❞ ✉ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♥ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦ ♦ ❜ ❛✐ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ũ
( k )
H

✸✿ ✐❢ l e v el = 1 ❤ ❡ ♥
❙ ♦❧ ✈ ❡ ♦ ♦ ❜ ❛✐ ♥ ❤✐ ❣ ❤ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❧ ✉ ✐ ♦ ♥ u

( k )
H ✉ ✐ ♥ ❣ ❛ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳

✹✿ ❯ ❡ ❆❧ ❣ ♦ ✐ ❤ ♠ ✹ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ✇ ❤ ❡ ❤ ❡ ✉ ♣ ❞ ❛ ❡ ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞
✺✿ ❡❧ ❡ l e v el > 1 ❘ ❡ ♣ ❡ ❛ ❤ ❡ ❋ ❆ ❙✲ ◆ ▼ ●✲ ❈ ❖ ◆ ❙ ❚ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ❡ ❝ ✉ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ♥ ❡ ① ❧ ❡ ✈ ❡❧ ✐✳ ❡✳

ū
( k )
H C o n st F A S N M G ( R H , T H , n c, H, l e v el − 1 , ũ

( k )
H , G H , α, ν1 , ν2 )

✻✿ ❡ ♥ ❞ ✐❢
❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ e

( k )
H = u

( k )
H − ū

( k )
H

■ ♥ ❡ ♣ ♦❧ ❛ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ① ✜ ♥ ❡ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ e
( k )
h = I h

H e
( k )
H

❯ ♣ ❞ ❛ ❡ ❝ ✉ ❡ ♥ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✉ ✐ ♥ ❣ ❝ ♦ ❡ ❝ ✐ ♦ ♥ û
( k )
h = ū

( k )
h + e

( k )
h

✼✿ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 2 ❡ ♣ ✭ ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ✮ u
( k + 1 )
h S m o ot h ( R h , T h , û

( k )
h , G h , α, ν2 )

❈ ♦ ♠ ♣ ✉ ❡ u
( k + 1 )
h ❜ ② ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ν 2 ❡❧ ❛ ① ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ♦❢ ♠ ♦ ♦ ❤ ❡

✽✿ ❯ ❡ ❆❧ ❣ ♦ ✐ ❤ ♠ ✹ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ✇ ❤ ❡ ❤ ❡ ✉ ♣ ❞ ❛ ❡ ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ✐❢ ♦ ♥ ✜ ♥ ❡ ❣ ✐ ❞ ❧ ❡ ✈ ❡❧ Ω h

❆❧ ❣ ♦ ✐ ❤ ♠ ✼ u
( k + 1 )
h A d a pti v e α R h , T h , n, h, u

( k )
h , α, iαm a x

✶✿ ❙ ❡ d o n e ❴ N M G = 0 , d o n e❴ al p h a = 0
✷✿ ✇ ❤✐❧ ❡ d o n e ❴ N M G = 1 ❞ ♦
✸✿ ✐❢ iα = iα

m a x ❤ ❡ ♥
L M A X = 1 0 0

✹✿ ❡ ♥ ❞ ✐❢
✺✿ ✇ ❤✐❧ ❡ d o n e ❴ N M G = 1 ❞ ♦

✻✿ ❙ ❡ ♣ ❡ ✈✐ ♦ ✉ ❵ ❣ ♦ ♦ ❞✬ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ → u
( k )
h = û

( k )
h

✼✿ ❡ ❢ ♦ ♠ ❋ ❆ ❙✲ ◆ ▼ ● → u
( k + 1 )
h , c ❆ ❞ ❛ ♣ ❋ ❆ ❙ ◆ ▼ ● R h , T h , n, j, l e v el, û

( k )
h , G h , α, ν1 , ν2

✽✿ ✐❢ c ≤ L M A X a n d d o n e ❴ al p h a = 1 ❤ ❡ ♥
❜ ❡ ❛ ❦

✾✿ ❡ ♥ ❞ ✐❢
✶ ✵✿ ✐❢ ◆ ▼ ● ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❝ ✐ ❡ ✐ ❛ ❛ ✐ ✜ ❡ ❞ ❤ ❡ ♥

d o n e ❴ N M G = 1
✶ ✶✿ ❡ ♥ ❞ ✐❢
✶ ✷✿ ❡ ♥ ❞ ✇ ❤✐❧ ❡
✶ ✸✿ ✐❢ c ≤ L M A X a n d d o n e ❴ al p h a = 1 ❤ ❡ ♥

✶ ✹✿ ❙ ❡ α = 2 α, i α = iα + 1 , u
( k )
h = û

( k )
h

✶ ✺✿ ❡ ♥ ❞ ✐❢
✶ ✻✿ ❡ ♥ ❞ ✇ ❤✐❧ ❡

✺ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉❧

❍ ❡ ❡ ✇ ❡ ✇✐❧❧ ♣ ❡ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ❡ ✉❧ ♦❢ ❢ ♦ ✉ ♠ ♦ ❞ ❡❧

• ▼ ✶ ✖ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❈ ❈ ◆ ▼ ● ❢ ♦ ♠ ❬ ✶ ✻❪ ✐✳ ❡✳ ❆❧ ❣ ♦ ✐ ❤ ♠ ✶❀

• ▼ ✷ ✖ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✉ ♥ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ♦❢ ➓ ✸✳ ✷❀

• ▼ ✸ ✖ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ♦❢ ➓ ✹✳ ✸ ✐✳ ❡✳ ❆❧ ❣ ♦ ✐ ❤ ♠ ✻❀

• ▼ ✹ ✖ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❛ ❞ ❛ ♣ ✐ ✈ ❡ ■ ◆ ▼ ● ♦❢ ➓ ✹✳ ✹ ✐✳ ❡✳ ❆❧ ❣ ♦ ✐ ❤ ♠ ✼✳

❋✐ ❧ ② ✇ ❡ ✇✐❧❧ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❤ ♦ ✇ ♦ ✉ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡✱ ❛❧ ♦ ♥ ❣ ✇✐ ❤ ♦ ✉
♥ ❡ ✇ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✱ ✐ ♠ ♣ ❛ ❝ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ❡ ✉✐ ❡ ❞ ❢ ♦ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ✇ ❤ ❡ ♥
❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ▼ ✶ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ✇ ❡ ✇✐❧❧ ❛❧ ♦ ❤ ♦ ✇ ❤ ♦ ✇ ❤✐ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ♦ ✉ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞
▼ ✷ ❡ ✉❧ ✐ ♥ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❞ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❈ ❯ ✐ ♠ ❡✱ ❛ ✇ ❡❧❧ ❛ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❤ ❡
❡ ❣✐ ❛ ✐ ♦ ♥✱ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ▼ ✶ ✳

✶ ✼



❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ✇ ❡ ✇✐❧❧ ❤ ♦ ✇ ❤ ♦ ✇ ♦ ✉ ♠ ❡ ❤ ♦ ❞ ▼ ✸ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ✐ ✉ ❡ ♦❢ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ❤✐❧ ❡ ✐❧❧ ♠ ❛✐ ♥✲
❛✐ ♥✐ ♥ ❣ ❣ ♦ ♦ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ② ❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ♦ ✉ ✉ ♥ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ♠ ♦ ❞ ❡❧ ▼ ✷ ❛ ♥ ❞ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲

❈ ❤ ❡ ♥ ♠ ♦ ❞ ❡❧ ▼ ✶ ✳

❚ ❤✐ ❞❧ ② ✇ ❡ ✇✐❧❧ ❤ ♦ ✇ ❤ ♦ ✇ ♦ ✉ ♠ ❡ ❤ ♦ ❞ ▼ ✹ ♥ ♦ ♦ ♥❧ ② ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ♠ ❡ ❤ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ❤✐❧ ❡ ❦ ❡ ❡ ♣✐ ♥ ❣
❛ ❣ ♦ ♦ ❞ ❧ ❡ ✈ ❡❧ ♦❢ ❛ ❝ ❝ ✉ ❛ ❝ ② ❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡ ✱ ❜ ✉ ❛❧ ♦ ❤ ♦ ✇ ✐ ❝ ❛ ♥ ♠ ❛✐ ♥ ❛✐ ♥ ❤ ❡ ❡ ❣ ♦ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ✇ ❤✐❧ ❡ ❜ ❡✐ ♥ ❣
♦ ❜ ✉ ♦ ♣ ❛ ❛ ♠ ❡ ❡ ❝ ❤ ♦✐ ❝ ❡ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ♦ ❤ ❡ ♠ ♦ ❞ ❡❧ ✳

❚ ♦ ❣ ❛✐ ♥ ❛ ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡ ♠ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❤ ❡ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✱ ✇ ❡ ✉ ❡ ❙ ✉ ❝ ✉ ❛❧ ❙✐ ♠✐❧ ❛ ✐ ②

✭ ❙ ❙■ ▼✮ ❬ ✸ ✾❪ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ❣✐ ✈ ❡ ♥ ❜ ② ❊ =
T u − R 2

2

R 2
2

. ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐ ♥ ♦ ❞ ❡ ♦ ❤✐ ❣ ❤❧✐ ❣ ❤ ❤ ❡

❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❤ ❡ ▼ ✶ ✱ ❛ ♥ ❞ ❢ ♦ ❢ ❛✐ ♥ ❡ ✱ ✇ ❡ ✇✐❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ♠ ❡ ❤ ♦ ❞ ♦ ❤ ❛ ✈ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ❞ ♦ ♥❧ ② ✐❢
❛ ♥ ② ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ♣ ♣✐ ♥ ❣ ❝ ✐ ❡ ✐ ❛ ❤ ❛ ❜ ❡ ❡ ♥ ❛ ✐ ✜ ❡ ❞✿

• ❚ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ❡❧ ❛ ✐ ✈ ❡ ❡ ✐ ❞ ✉ ❛❧ ♦❢ ❤ ❡ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥ ❡ ❛ ❝ ❤ ❡ ❛ ♦❧ ❡ ❛ ♥ ❝ ❡ ♦❢ ε 1 = 1 0 − 2

• ❚ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ❡❧ ❛ ✐ ✈ ❡ ❡ ✐ ❞ ✉ ❛❧ ♦❢ ❤ ❡ ❊ ▲ ❡ ✉ ❛ ✐ ♦ ♥ ❡ ❛ ❝ ❤ ❡ ❛ ♦❧ ❡ ❛ ♥ ❝ ❡ ♦❢ ε 2 = 1 0 − 2

• ❚ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ❡ ❛ ❝ ❤ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ♥ ✉ ♠ ❜ ❡ ♦❢ ε 3 = 2 5 ✳

❲❡ ❤ ❛❧❧ ❛ ❦ ❡ ✸ ♣ ❛✐ ♦❢ ❡ ✐ ♠ ❛ ❣ ❡ ✭ ❤ ♦ ✇ ♥ ✐ ♥ ❋✐ ❣✳ ✸✮ ♦ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✿
❊ ① ❛ ♠ ♣❧ ❡ ✶ ✖ ❛ ♣ ❛✐ ♦❢ ❈ ❚ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❋✐ ❣✳ ✸ (a, d )✱
❊ ① ❛ ♠ ♣❧ ❡ ✷ ✖ ❛ ♣ ❛✐ ♦❢ ❈ ❚ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❋✐ ❣✳ ✸ (b, e )✱
❊ ① ❛ ♠ ♣❧ ❡ ✸ ✖ ❛ ❡ ❝ ♦ ♥ ❞ ♣ ❛✐ ♦❢ ❍ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❋✐ ❣✳ ✸ (c, f )✳

▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐ ♥ ❚ ❛ ❜❧ ❡ ✺✲ ✻ ✇ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ✇ ❤ ❡ ❤ ❡ ❛ ❡ ❤ ❛ ❜ ❡ ❡ ♥ ❵ ✉ ❝ ❝ ❡ ❢ ✉❧✬ ✭ ❡ ✉❧ ❤✐ ❣ ❤❧✐ ❣ ❤ ❡ ❞ ✐ ♥ ❣ ❡ ❡ ♥✮ ♦
✇ ❤ ❡ ❤ ❡ ✐ ❤ ❛ ❵❢ ❛✐❧ ❡ ❞✬ ✭ ❡ ✉❧ ❤✐ ❣ ❤❧✐ ❣ ❤ ❡ ❞ ✐ ♥ ❡ ❞✮✳ ❲❡ ❛ ② ❤ ❛ ❛ ❡ ❤ ❛ ❵❢ ❛✐❧ ❡ ❞✬ ✐❢ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ♥ ✉ ♠ ❜ ❡
♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ε 3 ❤ ❛ ❜ ❡ ❡ ♥ ❡ ❛ ❝ ❤ ❡ ❞✱ ♦ ✐❢ ❤ ❡ ❡ ✐ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❡ ✉❧ ✭✐✳ ❡✳ Q m i n < 0 ✮✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❜ ♦❧ ❞
✈ ❛❧ ✉ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❤ ❡ ❡ ✉❧ ✇ ❤✐ ❝ ❤ ❣✐ ✈ ❡ ❤ ❡ ❜ ❡ ❙ ❙■ ▼ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ✈ ❛❧ ✉ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ❡ ✳

✺✳ ✶ ❈ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❡ ✉❧ ♦❢ ♠ ♦ ❞ ❡❧ ▼ ✶ ❛ ♥ ❞ ▼ ✷

❍ ❡ ❡ ✇ ❡ ✇✐❧❧ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ♥ ❡ ✇ ▼ ✷ ♦ ✈ ❡ ▼ ✶ ✳ ❆ ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞ ✐ ♥ ➓ ✸✱ ♦ ✉ ✐ ♠ ♣ ♦ ✈ ❡✲
♠ ❡ ♥ ✐ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠ ❤ ❛ ✇ ❛ ♣ ❡ ❡ ♥ ✐ ♥ ❤ ❡ ❢ ♦ ♠ ❡ ♠ ❡ ❤ ♦ ❞✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ✳ ❋ ♦ ♠ ❋✐ ❣ ✉ ❡ ✽ ❛ ♥ ❞ ✾✱ ✇ ❡ ❡ ❡ ❤ ❛ ♦ ✉ ▼ ✷ ♣ ♦ ❞ ✉ ❝ ❡ ✈✐ ✉ ❛❧❧ ② ✐ ♠✐❧ ❛ ❞ ❡❢ ♦ ♠ ❡ ❞
❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❛ ♥ ❞ ✜ ♥ ❛❧ ❡ ♦ ✐ ♠ ❛ ❣ ❡ |T u − R | ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ♦ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ▼ ✶ ✳ ❚ ❤ ❡

✜ ✇ ♦ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❚ ❛ ❜❧ ❡ ✺ ❤ ♦ ✇ ❡ ✈ ❡ ❛❧ ❡ ❡ ✉❧ ♦❢ ✈ ❛ ②✐ ♥ ❣ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❛ ❛ ♠ ❡ ❡ α ✳ ❚ ❤ ❡ ❡✱
❛ ❜ ❜ ❡ ✈✐ ❛ ✐ ♦ ♥ ✬ ❙ ❙■ ▼✬✱ ✬ ❊ ✬✱ ✬ ◆ ▼ ●✬✱ ✬ ❈ ❯✬ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ✜ ♥ ❛❧ ✉ ❝ ✉ ❛❧ ✐ ♠✐❧ ❛ ✐ ②✱ ✜ ♥ ❛❧ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ✱
♥ ✉ ♠ ❜ ❡ ♦❢ ♠ ✉❧ ✐ ❣ ✐ ❞ ❝ ② ❝❧ ❡ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❲ ❤ ❡ ♥ ✇ ❡ ❧ ♦ ♦ ❦ ❛ ❤ ❡ ❛ ❜❧ ❡ ✇ ❡ ❡ ❡
❤ ❛ ♦ ✉ ▼ ✷ ❡ ✉✐ ❡ ❝ ♦ ♥ ✐ ❡ ♥ ❧ ② ❢ ❡ ✇ ❡ ◆ ▼ ● ❝ ② ❝❧ ❡ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❡ ✉❧ ✳ ■ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ▼ ✶

♠ ❡ ❤ ♦ ❞ ❛❧ ♠ ♦ ❛❧ ✇ ❛ ② ❢ ❛✐❧ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ✇✐ ❤✐ ♥ ❤ ❡ ❛❧❧ ♦ ✇ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ε 3 ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ♦ ❤ ❡ ❡ ✉✐ ❡ ❞
♦❧ ❡ ❛ ♥ ❝ ❡ ✳ ❚ ❤✐ ❝ ♦ ♥ ✜ ♠ ♦ ✉ ❛ ❡ ♠ ❡ ♥ ❡ ❛ ❧✐ ❡ ♦ ♥ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ▼ ✶ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤✐ ❛❧ ♦

❧ ❡ ❛ ❞ ♦ ❛ ❞ ❛ ✐ ❝ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❈ ❯ ✐ ♠ ❡✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❤ ❡ 5 1 2 2 ❛ ♥ ❞ 1 0 2 4 2 ❝ ❛ ❡ ✇ ❤ ❡ ❡ ❤ ❡ ▼ ✶ ♠ ♦ ❞ ❡❧
❡ ✉✐ ❡ ❛ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✷ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ✈✐ ✉ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ♦ ❞ ❡❧ ❛ ❡ ♠ ❛❧❧ ✐ ♥ ❋✐ ❣ ✉ ❡ ✻ ❛ ♥ ❞ ✼✱
✐ ♥ ❚ ❛ ❜❧ ❡ ✹✱ ✇ ❡ ❡ ❡ ❤ ❛ ▼ ✷ ✐ ❜ ❡ ❡ ❤ ❛ ♥ ▼ ✶ ✭✐ ♥ ❛❧❧ ✐ ♥ ❞✐ ❝ ❛ ♦ ✿ ❙ ❙■ ▼ ✴ ❊ ✴ ◆ ▼ ● ❝ ② ❝❧ ❡ ✴ ❈ ❯✮ ❢ ♦ ❤ ❡
✜ α ✈ ❛❧ ✉ ❡✱ ❜ ✉ ❢ ♦ ❤ ❡ ♦ ❤ ❡ ✇ ♦ ❝ ❛ ❡ ♦❢ α ❜ ♦ ❤ ♠ ♦ ❞ ❡❧ ❢ ❛✐❧ ❡ ❞ ♦ ❣✐ ✈ ❡ ❞✐ ✛ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝ ♠ ❛ ♣ ❞ ✉ ❡ ♦
d et ∇ ϕ < 0 ✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✸ ✳ ❋ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❧ ✉ ♥ ❣ ❈ ❚ ❡ ① ❛ ♠ ♣❧ ❡ ✈✐ ✉ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ♦ ❞ ❡❧ ❛ ❡ ♠ ❛❧❧
✐ ♥ ❋✐ ❣ ✉ ❡ ✹ ❛ ♥ ❞ ✺✳ ❲❡ ❝ ❛ ♥ ❡ ❡ ❤ ❛ ✱ ❢ ♦ ♠ ❚ ❛ ❜❧ ❡ ✸✱ ▼ ✷ ✐ ✉ ❝ ❝ ❡ ❢ ✉❧ ❢ ♦ ❛❧❧ ❝ ❛ ❡ ♦❢ α ❜ ✉ ▼ ✶ ❢ ❛✐❧ ❡ ❞ ✐ ♥
❡ ✈ ❡ ❛❧ ❝ ❛ ❡ ✳ ❖ ♥ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛❧ ♦ ♥ ❡✱ ▼ ✶ ✐ ♥ ♦ ❛ ❢ ❛ ❛ ▼ ✷ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ❛ ❦ ❡ ♠ ❛ ♥ ② ◆ ▼ ● ❝ ② ❝❧ ❡ ✳

❲❡ ❡ ♠ ❛ ❦ ❤ ❛ ✱ ✐ ♥ ❤ ❡ ▼ ✶ ♠ ❡ ❤ ♦ ❞ ❡ ❡ ❞ ❛ ❜ ♦ ✈ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ ✉ ❡ ❞ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❈ ◆ ▼ ● ❆ ❖ ❙ ♦❧ ✈ ❡ ♦ ♥
❤ ❡ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ❜ ✉ ❤ ❡ ✭ ♥ ❡ ✇✮ ✉ ♣ ❞ ❛ ❡ ❞ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ♦ ♣ ❡ ❞✐ ❝ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣
❡ ✉✐ ❡ ❞ ♦ ♥ ✜ ♥ ❡ ❣ ✐ ❞ ❀ ❤ ❛ ✐ ♦ ❛ ②✱ ❤ ❡ ◆ ▼ ● ❝ ② ❝❧ ❡ ❞✐ ♣❧ ❛ ② ❡ ❞ ❛ ❡ ❜ ❡ ❡ ❤ ❛ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✇ ♦ ❦✳ ❚ ♦

✐❧❧ ✉ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ♦❢ ♦ ✉ ❡✲ ❛ ♥ ❛❧ ② ✐ ✐ ♥ ▲ ❋ ❆✱ ✇ ❡ ✇✐❧❧ ❣✐ ✈ ❡ ❛ ❜ ✐ ❡❢ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✉ ✐ ♥ ❣ ❤ ❡ ♦❧ ❞ ❛ ♥ ❞
♥ ❡ ✇ ♠ ♦ ♦ ❤✐ ♥ ❣ ❛ ❡ ❢ ♦ ❛ ♣ ❡ ❝✐ ✜ ❝ ❡ ✳ ❈ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❣ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ❢ ♦ ♠ ❋✐ ❣ ✉ ❡ ✽ ♦❢ ✐ ③ ❡ 1 2 8 2 ✇✐ ❤ α = 1

1 0 ✱
✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ S S I M / E r r ( %) / N M G / C P U (s ) ✈ ❛❧ ✉ ❡ ♦❢ 0 .7 7 4 / 1 .4 8 / 2 1 / 1 .1 6 9 ✉ ✐ ♥ ❣ ❤ ❡ ▼ ✶ ♠ ❡ ❤ ♦ ❞ ✇✐ ❤
♠ ♦ ♦ ❤ ❡ ❡ ♣ ❜ ❛ ❡ ❞ ✉ ♣ ♦ ♥ ❤ ❡ ❛ ❡ µ = 0 .5 ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐❢ ✇ ❡ ♣ ❡ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❡ ✇✐ ❤ ♠ ♦ ♦ ❤ ❡ ❡ ♣

❜ ❛ ❡ ❞ ✉ ♣ ♦ ♥ ♦ ✉ ❡✲ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ ❡ µ = 0 .7 4 7 6 2 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✈ ❛❧ ✉ ❡ ♦❢ 0 .7 7 5 / 1 .4 6 / 1 0 / 0 .9 5 9 ✳ ❈❧ ❡ ❛ ❧ ② ❤ ❡ ❡

✶ ✽



✐ ❛ ✈ ❛ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✭ ❡ ❞ ✉ ❝ ✐ ♦ ♥✮ ✐ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ❡ ✉✐ ❡ ❞ ✇✐ ❤ ♠ ❛❧❧ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥
❤ ❡ ♦ ❤ ❡ ❤ ❡ ❡ ✈ ❛❧ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ✈ ❡ ❛❧❧ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ▼ ✷ ♦ ✈ ❡ ▼ ✶ ✐ ❛❧ ♦ ❞ ✉ ❡ ♦ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ❛ ❡ ❣ ✐ ❞
♦❧ ✈ ❡ ✳

✺✳ ✷ ❈ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❡ ✉❧ ♦❢ ♠ ♦ ❞ ❡❧ ▼ ✷ ❛ ♥ ❞ ▼ ✸

■ ♥ ➓ ✹ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ▼ ✸ ✐ ♥ ♦ ❞ ❡ ♦ ♣ ❡ ✈ ❡ ♥ ❛ ♥ ② ❢ ♦❧ ❞✐ ♥ ❣ ❢ ♦ ♠ ♦ ❝ ❝ ✉ ✐ ♥ ❣ ✐ ♥ ❤ ❡
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ✇ ❛ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ❡ ♥ ✉ ✐ ♥ ❣ d et ∇ ϕ > 0 ❢ ♦ ❡ ✈ ❡ ② ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ✐ ♥ Ω h ✳ ❍ ❡ ❡

✇ ❡ ✇✐❧❧ ♣ ❡ ❡ ♥ ❡ ✉❧ ❝ ♦ ♠ ♣ ❛ ✐ ♥ ❣ ▼ ✷ ❛ ♥ ❞ ▼ ✸ ♦ ❤ ♦ ✇ ❤ ♦ ✇ ❤✐ ❝ ♦ ♥ ❛✐ ♥ ❞ ♦ ❡ ✐ ♥ ❞ ❡ ❡ ❞ ♣ ❡ ✈ ❡ ♥ ❢ ♦❧ ❞✐ ♥ ❣
✇ ❤✐❧ ❡ ✐❧❧ ♠ ❛✐ ♥ ❛✐ ♥✐ ♥ ❣ ❣ ♦ ♦ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ② ❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡ ✉ ✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❤ ❡ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ♠ ➓ ✺✳ ✶✳ ❚ ❤ ❡
❛ ❜ ❜ ❡ ✈✐ ❛ ✐ ♦ ♥ Q m i n ❡ ♣ ❡ ❡ ♥ ❤ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ d et ∇ ϕ ✳ ❍ ❡ ❡ ♠ ❛❧❧ ❵ ❊ ✬ ♠ ❡ ❛ ♥ ❛ ♠ ❛❧❧
✜ ✐ ♥ ❣ ❡ ♦ ✇ ❤✐❧ ❡ Q m i n > 0 ✐ ♠ ♣❧✐ ❡ ❛ ❝ ♦ ❡ ❝ ❡ ❣✐ ❛ ✐ ♦ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ✳ ❋ ♦ ♠ ❝ ♦❧ ✉ ♠ ♥ 2 ❛ ♥ ❞ 3 ♦❢ ❚ ❛ ❜❧ ❡ ✺ ✇ ❡ ❡ ❡ ❤ ❛ ♦ ✉ ▼ ✷ ❛❧ ✇ ❛ ② ♣ ♦ ❞ ✉ ❝ ❡ ♣ ♦ ✐ ✐ ✈ ❡
Q m i n ✈ ❛❧ ✉ ❡ ❀ ❛ ❛ ❡ ✉❧ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ① ❛ ❝ ❛ ♠ ❡ ❡ ✉❧ ✇✐ ❤ ♦ ✉ ▼ ✸ ♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ✈ ❡ ② ♠ ❛❧❧ ✐ ♥ ❝ ❡ ❛ ❡
✐ ♥ ❈ ❯ ✐ ♠ ❡ ♦ ✇✐ ♥ ❣ ♦ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❝ ❤ ❡ ❝ ❦✐ ♥ ❣✳ ❚ ❤✐ ❛❧ ♦ ❛ ♥ ❧ ❛ ❡ ♦ ❋✐ ❣ ✉ ❡ ✽ ❛ ♥ ❞ ✾ ✇ ❤ ❡ ❡ ✇ ❡ ❡ ❡
❤ ❛ ❛❧❧ ✐ ♠ ❛ ❣ ❡ ❧ ♦ ♦ ❦ ✈ ❡ ② ✐ ♠✐❧ ❛ ✈✐ ✉ ❛❧❧ ②✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✷ ✳ ❋ ♦ ♠ ❚ ❛ ❜❧ ❡ ✹ ✇ ❡ ❡ ❡ ❤ ❛ ▼ ✸ ❤ ❛ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ♠ ❡ ❤ ❢ ♦❧ ❞✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ▼ ✷ ❜ ②
♣ ♦ ✐ ✐ ✈ ❡ Q m i n ✈ ❛❧ ✉ ❡ ✐ ♥ ❛❧❧ ❝ ❛ ❡ ✳ ■ ♥ ❛ ❝ ❤✐ ❡ ✈✐ ♥ ❣ ❤✐ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❡ ✉❧ ✱ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ●
❝ ② ❝❧ ❡ ❛ ❦ ❡ ♥ ❜ ② ▼ ✸ ✐ ♠ ♦ ❡ ❤ ❛ ♥ ▼ ✷ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❈ ❯ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❡ ❝ ❛ ❡ ❛❧ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ②✱
✇ ❡ ❞ ♦ ❤ ♦ ✇ ❡ ✈ ❡ ✐❧❧ ❡ ❡ ❛ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ❡ ♥ ❝ ② ✐ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞
✇✐ ❤ ❤ ❡ ▼ ✶ ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ❈ ❯ ✐ ♠ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❝ ♦ ✉❧ ❞ ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ♠ ♦ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧❧ ② ❡ ✣ ❝✐ ❡ ♥
✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ♦ ✉ ♠ ♦ ♦ ❤ ❡ ❝ ♦ ❞ ❡ ♦ ♣ ❡ ♥ ❛❧✐ ❡ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ♥❧ ② ✐ ♥ ❡ ❣✐ ♦ ♥ ✇ ❤ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✐
♣ ❡ ❡ ♥ ✳

❚ ❡ ♦ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✸ ✳ ❍ ❡ ❡ ✇ ❡ ❡ ❡ ❤ ❡ ❡ ① ❛ ❝ ❛ ♠ ❡ ♣ ❛ ❡ ♥ ❛ ✐ ♥ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ✐ ♥ ❝ ❡ ♦ ✉ ▼ ✸ ♣ ♦ ❞ ✉ ❝ ❡
♣ ♦ ✐ ✐ ✈ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ ✐ ♥ ❛❧❧ ❝ ❛ ❡ ❛ ♥ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❡ ✉❧ ♦ ▼ ✷ ✇✐ ❤ ♠ ❛❧❧ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❈ ❯ ✐ ♠ ❡
❛ ❤ ♦ ✇ ♥ ✐ ♥ ❚ ❛ ❜❧ ❡ ✸✱ ✇✐ ❤ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❛❧❧ ❝ ❛ ❡ ❣ ♦ ✐ ❡ ♦ ✈ ❡ ❤ ❡ ▼ ✶ ♠ ❡ ❤ ♦ ❞ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡
❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡ ✳

✺✳ ✸ ❈ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❡ ✉❧ ♦❢ ♠ ♦ ❞ ❡❧ ▼ ✸ ❛ ♥ ❞ ▼ ✹

❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ✐ ♥ ➓ ✹ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ❞ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧ ♦ ❜ ❡ ♦ ❜ ✉ ♦ ♣ ❛ ❛ ♠ ❡ ❡ ❝ ❤ ♦✐ ❝ ❡ ✇ ❤✐❧ ❡
♠ ❛✐ ♥ ❛✐ ♥✐ ♥ ❣ ❛ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❍ ❡ ❡ ✇ ❡ ✇✐❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ❝ ❛ ❡ ✇ ❤ ❡ ❡ ❡ ✈ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ♦ ✉❧ ❞ ♦ ❝ ❝ ✉
❛ ♥ ❞ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧✱ ✇ ❤✐❧ ❡ ♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ❛ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ♣ ❡ ❢ ♦ ♠ ♣ ♦ ♦ ❧ ② ✐ ♥ ❡ ♠ ♦❢ ❡ ❣✐ ❛ ✐ ♦ ♥
❛ ❝ ❝ ✉ ❛ ❝ ② ✇ ❤ ❡ ❡ ❛ ♦ ✉ ▼ ✹ ♠ ♦ ❞ ❡❧ ❛❧ ♦ ❛ ✈ ♦✐ ❞ ❢ ♦❧ ❞✐ ♥ ❣ ✇ ❤✐❧ ❡ ♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ❣ ♦ ♦ ❞ ❡ ❣✐ ❛ ✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ②✳

❋ ♦ ♠ ❚ ❛ ❜❧ ❡ ✻ ✇ ❡ ❡ ❡ ❤ ❛ ❛❧ ❤ ♦ ✉ ❣ ❤ ✇ ❡ ♦ ❜ ❛✐ ♥ ✈ ❡ ② ❣ ♦ ♦ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ② ❢ ♦ ♠ ♦ ✉ ▼ ✷ ♠ ♦ ❞ ❡❧✱ ✇ ❡ ❛❧ ♦ ❤ ❛ ✈ ❡
❡ ✈ ❡ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❛❧❧ ❡ ❛ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❜ ② ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ Q m i n ✈ ❛❧ ✉ ❡ ✳ ▲ ♦ ♦ ❦✐ ♥ ❣ ❛
❤ ❡ ❡ ✉❧ ❢ ♦ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧ ✇ ❡ ❡ ❡ ❤ ❛ ❤ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ❤ ❛ ❜ ❡ ❡ ♥ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❛ ♥ ❞ ❛❧❧ Q m i n ✈ ❛❧ ✉ ❡ ❛ ❡

♥ ♦ ✇ ♣ ♦ ✐ ✐ ✈ ❡✱ ❤ ♦ ✇ ❡ ✈ ❡ ✇ ❡ ❛❧ ♦ ❡ ❡ ❤ ❛ ✇ ❡ ❤ ❛ ✈ ❡ ❧ ♦ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❤ ❡ ❡ ✉❧ ✇✐ ❤ ❡ ❣ ❛ ❞ ♦ ❡ ♦ ✇ ❤ ❡ ♥
❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ▼ ✷ ❡ ✉❧ ✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♦ ♥ ❤ ❡ 1 2 7 2 ❛ ♥ ❞ 2 5 6 2 ✐ ♠ ❛ ❣ ❡ ✳ ❖ ✉ ▼ ✹ ♠ ♦ ❞ ❡❧ ♦ ♥ ❤ ❡ ♦ ❤ ❡
❤ ❛ ♥ ❞ ♥ ♦ ♦ ♥❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❡ ✉❧ ❧✐ ❦ ❡ ✇✐ ❤ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧✱ ❜ ✉ ❛❧ ♦ ♠ ❛✐ ♥ ❛✐ ♥ ❛ ✐ ♠✐❧ ❛ ❧ ❡ ✈ ❡❧
♦❢ ❛ ❝ ❝ ✉ ❛ ❝ ② ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ✉❧ ❢ ♦ ♠ ♦ ✉ ▼ ✷ ♠ ♦ ❞ ❡❧✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ✇ ❡ ❛❧ ♦ ❡ ❡ ❤ ❛ ♦ ✉ ▼ ✹
♠ ♦ ❞ ❡❧ ❛ ❝ ❤✐ ❡ ✈ ❡ ❤✐ ✇✐ ❤ ♦ ♥❧ ② ❛ ❧✐ ❣ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❈ ❯ ✐ ♠ ❡ ✇ ❤ ❡ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ♦ ❡ ❢ ♦ ♠ ❤ ❡ ▼ ✷
♠ ♦ ❞ ❡❧✱ ❛ ♥ ❞ ✐ ♦ ✈ ❡ ✇✐ ❝ ❡ ❛ ❢ ❛ ❛ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧✳ ❋ ♦ ♠ ❋✐ ❣ ✉ ❡ ✶ ✵ ❛ ♥ ❞ ✶ ✶ ✇ ❡ ❡ ❡ ❤ ❛ ✈✐ ✉ ❛❧❧ ② ❤ ❡ ❡ ✐
❛ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ❢ ♦ ♠ ♦ ✉ ▼ ✸ ♠ ♦ ❞ ❡❧ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❤ ♦ ❡ ❢ ♦ ♠
♦ ✉ ▼ ✷ ❛ ♥ ❞ ▼ ✹ ♠ ♦ ❞ ❡❧ ✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ❡ ♦ ✐ ♠ ❛ ❣ ❡ ✳

✺✳ ✹ ❚ ❡ ♦ ♥ ◆ ▼ ● ❡ ✣ ❝✐ ❡ ♥ ❝ ② ❛ ♥ ❞ ♣ ❛ ❛ ♠ ❡ ❡ ♦ ❜ ✉ ♥ ❡

◆ ▼ ● ❡ ✣ ❝✐ ❡ ♥ ❝ ② ✳ ■ ♥ ❤✐ ✇ ♦ ❦✱ ✇ ❡ ❛ ❡ ❝ ♦ ♥ ❝ ❡ ♥ ❡ ❞ ✇✐ ❤ ❛ ♥ ❢ ♦ ♠ ✬ ✉ ❛❧✐ ② ❛ ♥ ❞ ❢ ❛ ♦❧ ✉ ✐ ♦ ♥ ❜ ②
❛ ◆ ▼ ●✳ ❋ ♦ ❤ ❡ ❧ ❛ ❡ ✱ ✇ ❡ ❡ ① ♣ ❡ ❝ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ♦❢ O (N l o g N ) ❝ ♦ ♠ ♣❧ ❡ ①✐ ② ✐ ♥ ❛ ❝ ❤✐ ❡ ✈✐ ♥ ❣ ❛
✜ ① ❡ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ② ✭ ✇✐ ❤ N = n 2 ❢ ♦ n × n ✐ ♠ ❛ ❣ ❡ ✮✳ ▲ ❡ tn ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❈ ❯ ✐ ♠ ❡ ❡ ✉✐ ❡ ❞ ❜ ② ❡ ❣✐ ✲
❡ ✐ ♥ ❣ ✇ ♦ n × n ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤ ❡ ♥ ❢ ♦ ❛ ♥ ♦ ♣ ✐ ♠ ❛❧ ◆ ▼ ●✱ ✇ ❡ ❡ ① ♣ ❡ ❝ ❤ ❡ ❈ ❯ ✐ ♥ ❝ ❡ ❛ ❡ ♦ ❜ ❡ ♦❢ ❛ ✐ ♦

tn /t n / 2 = C n 2 l o g n 2 / (C (n / 2) 2 l o g (n / 2) 2 ) = 4 + 4 l o g 4 / l o g (n / 2) 2 ≈ 4 .5 ✳ ■ ♥ ❚ ❛ ❜❧ ❡ ✼✱ ✇ ❡ ❤ ♦ ✇ ❡
❡ ✉❧ ♦❢ ❛❧❧ ❢ ♦ ✉ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✈ ❛ ②✐ ♥ ❣ ❡ ♦❧ ✉ ✐ ♦ ♥ ✱ ✇ ❤ ❡ ❡ ✐ ♥ ▼ ✶ ✇ ❡ ✉ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❛❧ ② ✐ ♦❢ ❬ ✶ ✻❪

✶ ✾



♦ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ✳ ❈❧ ❡ ❛ ❧ ② ▼ ✷ ✱ ▼ ✸ ❛ ♥ ❞ ▼ ✹ ❡ ① ❤✐ ❜✐ ♥ ❡ ❛ ❧ ② ♦ ♣ ✐ ♠ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ①✐ ② ❜ ✉
▼ ✶ ❤ ♦ ✇ ✐ ❡ ❣ ✉❧ ❛ ♣ ❛ ❡ ♥ ✱ ✇ ❤✐ ❝ ❤ ❥ ✉ ✐❢ ② ♦ ✉ ❡✲ ❛ ♥ ❛❧ ② ✐ ❢ ♦ ❆❧ ❣ ♦ ✐ ❤ ♠ ✶✳

❋✐ ♥ ❛❧❧ ② ♦ ❣✐ ✈ ❡ ❛ ♥ ✐ ♥ ❞✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❤✐ ♦ ② ♦❢ ▼ ✶ ❛ ♥ ❞ ▼ ✷ ✱ ✇ ❡ ♣❧ ♦ ✐ ♥ ❋✐ ❣✳ ✶ ✷ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧
❢ ♦ ♠ ♦ ❡ ◆ ▼ ● ❝ ② ❝❧ ❡ ✳ ❊ ✈✐ ❞ ❡ ♥ ❧ ② ▼ ✷ ❤ ❛ ❢ ❛ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♣❧ ♦ ❤ ❛ ♥ ▼ ✶ ✳

❛ ❛ ♠ ❡ ❡ ♦ ❜ ✉ ♥ ❡ ✳ ■ ♥ ❤ ❡ ❞✐ ✛ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ α ✐ ♥ ❞✐ ❝ ❛ ❡ ❤ ♦ ✇ ♦ ♥ ❣❧ ② ✇ ❡
✇✐ ❤ ♦ ❡ ♥❢ ♦ ❝ ❡ ♠ ♦ ♦ ❤ ♥ ❡ ♦ ♥ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❡ ❣ ✉❧ ❛ ✐ ❛ ✐ ♦ ♥ ❡ ♠✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ②✱ ❛ ❧ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡
♦❢ α ✇✐❧❧ ✐ ♠ ♣ ♦ ❡ ❛ ♦ ♥ ❣ ♣ ❡ ♥ ❛❧✐ ❛ ✐ ♦ ♥ ♦ ♥ ♥ ♦ ♥✲ ♠ ♦ ♦ ❤ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ♥ ♦ ❢ ♦❧ ❞✐ ♥ ❣✱ ❤ ♦ ✇ ❡ ✈ ❡ ❤✐
❛❧ ♦ ❧ ❡ ❛ ❞ ♦ ❛ ❧ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ❣ ❛ ❞ ♦ ❡ ♦ ✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❛ ♠ ❛❧❧ ❡ ✈ ❛❧ ✉ ❡ ♦❢
α ✇✐❧❧ ❧ ❡ ❛ ❞ ♦ ❛ ♠ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ♠ ♦❢ ❡ ♦ ✱ ❜ ✉ ✇✐❧❧ ❛❧ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ♦❢
❢ ♦❧ ❞✐ ♥ ❣ ♦ ❝ ❝ ✉ ✐ ♥ ❣✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❡❧ ❡ ❝ ✐ ♥ ❣ ❛ ❵ ❣ ♦ ♦ ❞✬ ✈ ❛❧ ✉ ❡ ❢ ♦ α ❝ ❛ ♥ ❜ ❡ ✈ ❡ ② ✐ ♠ ❡ ❝ ♦ ♥ ✉ ♠✐ ♥ ❣ ❛ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❛
♣ ❡✲ ♠ ✉❧ ✐ ❣ ✐ ❞ ♦ ✉ ✐ ♥ ❡ ✐ ✉ ✉ ❛❧❧ ② ❡ ✉✐ ❡ ❞ ♦ ✜ ♥ ❞ ❤✐ ❵ ❜ ❡ ✬ α ✭❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❤ ❡ ❝ ♦ ♦❧✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ❬ ✶ ✻❪✮✱
✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ♥ ♦ ✐ ❝ ❡ ❛ ❜❧ ② ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ✇ ♦ ❦ ❛ ♥ ❞ ❈ ❯ ✐ ♠ ❡✳ ❋ ♦ ❤✐ ❡ ❛ ♦ ♥✱ ❤ ❛ ✈✐ ♥ ❣ ❛ ♠ ♦ ❞ ❡❧
✇ ❤✐ ❝ ❤ ✐ ♦ ❜ ✉ ♦ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✇ ❡✐ ❣ ❤ ✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ✈ ❡ ② ✉ ❡❢ ✉❧ ❛ ❤ ❡ ♥ ❡ ❡ ❞ ❢ ♦ ✜ ♥ ❞✐ ♥ ❣ ❤ ❡ ❵ ❜ ❡ ✬ ✈ ❛❧ ✉ ❡
❢ ♦ α ✐ ❧ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ✳ ❍ ❡ ❡ ✇ ❡ ✇✐❧❧ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ♦ ✇ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ α ✐ ♠ ♣ ❛ ❝ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ✭ ❞ ❡ ♥ ♦ ❡ ❞
❵E r r ✬✮ ❛ ♥ ❞ ♠✐ ♥✐ ♠ ✉ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ ✭ ❞ ❡ ♥ ♦ ❡ ❞ ❵ Q m i n ✬✮ ❢ ♦ ♠ ♦ ❞ ❡❧ ▼ ✷ ❛ ♥ ❞ ▼ ✹ ✳ ❋ ♦ ♠ ❋✐ ❣ ✉ ❡ ✶ ✸ (a )
✇ ❡ ❡ ❡ ❤ ❛ ❛ α ❣ ❡ ♠ ❛❧❧ ❡ ❤ ❡ ❡ ♦ ❛❧ ♦ ❞ ❡ ❝ ❡ ❛ ❡ ✱ ❤ ♦ ✇ ❡ ✈ ❡ ❧ ♦ ♦ ❦✐ ♥ ❣ ❛ ❋✐ ❣ ✉ ❡ ✶ ✸ (b ) ✇ ❡ ❡ ❡ ❤ ❛ ❤ ❡
✈ ❛❧ ✉ ❡ ♦❢ Q m i n ✐ ❛❧ ♦ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦ ❛ ♣ ♦✐ ♥ ✇ ❤ ❡ ❡ ✐ ✐ ❛❧ ✇ ❛ ② ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ❤✐ ❣ ❤❧✐ ❣ ❤ ❡ ❞ ❜ ② ❤ ❡ ❞ ♦ ❡ ❞
❧✐ ♥ ❡✳ ❚ ❤✐ ✉ ❣ ❣ ❡ ❤ ❛ ♦ ✉ ♠ ♦ ❞ ❡❧ ▼ ✷ ❤ ❛ ❛ ❧✐ ♠✐ ✇ ❤ ❡ ❡ ✐ ♠ ❛✐ ♥ ❛✐ ♥ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❛ ❝ ❝ ✉ ❛ ❡ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ♦ ♥ ❝ ❡ ♣ ❛ ❤✐ ♣ ♦✐ ♥ ❢ ♦❧ ❞✐ ♥ ❣ ❛❧ ✇ ❛ ② ♦ ❝ ❝ ✉ ✳ ▲ ♦ ♦ ❦✐ ♥ ❣ ❛ ❋✐ ❣ ✉ ❡ ✶ ✹ (a ) ✇ ❡ ❡ ❡ ❤ ❛ ♦ ✉
▼ ✹ ♠ ♦ ❞ ❡❧ ❢ ♦❧❧ ♦ ✇ ❛ ✐ ♠✐❧ ❛ ♣ ❛ ❡ ♥ ✇✐ ❤ ❡ ❣ ❛ ❞ ♦ ❛ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ❡ ♦ ❛ α ❞ ❡ ❝ ❡ ❛ ❡ ❧✐ ❦ ❡ ✇✐ ❤ ♦ ✉ ▼ ✷
♠ ♦ ❞ ❡❧✱ ❤ ♦ ✇ ❡ ✈ ❡ ❢ ♦ ♠ ❋✐ ❣ ✉ ❡ ✶ ✹ (b ) ✇ ❡ ❡ ❡ ❤ ❛ ♦ ✉ ▼ ✹ ♠ ♦ ❞ ❡❧ ❛❧ ✇ ❛ ② ♠ ❛✐ ♥ ❛✐ ♥ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ♥ ❡ ❣ ✐ ② ♦❢
❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ Q m i n > 0 ❢ ♦ ❛❧❧ ❡ ❡ ❞ ✈ ❛❧ ✉ ❡ ♦❢ α ✳ ❋ ♦ ♠ ❤✐ ✇ ❡ ❝ ❛ ♥ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛ ♦ ✉ ❛ ❞ ❛ ♣ ✐ ✈ ❡ α

♠ ♦ ❞ ❡❧ ▼ ✹ ✐ ✈ ❡ ② ♦ ❜ ✉ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ α ✱ ❡ ✈ ❡ ♥ ❢ ♦ ♠ ❛❧❧ ✈ ❛❧ ✉ ❡ ✱ ✇ ❤✐❧ ❡ ♠ ❛✐ ♥ ❛✐ ♥✐ ♥ ❣ ❛ ❝ ♦ ♥ ✐ ❡ ♥ ❧ ②
❣ ♦ ♦ ❞ ❡ ❣✐ ❛ ✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ② ✐ ♥ ❡ ♠ ♦❢ ❡ ♦ ✳

✭ ❛ ✮ ❘ ❡❢ ❡ ❡ ♥ ❝ ❡ R ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ✭ ❜ ✮ ❘ ❡❢ ❡ ❡ ♥ ❝ ❡ R ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✷ ✭ ❝ ✮ ❘ ❡❢ ❡ ❡ ♥ ❝ ❡ R ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✸

✭ ❞ ✮ ❚ ❡ ♠ ♣❧ ❛ ❡ T ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✶ ✭ ❡ ✮ ❚ ❡ ♠ ♣ ❧ ❛ ❡ T ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✷ ✭❢ ✮ ❚ ❡ ♠ ♣❧ ❛ ❡ T ♦❢ ❊ ① ❛ ♠ ♣❧ ❡ ✸

❋✐ ❣ ✉ ❡ ✸✿ ❚ ❤ ❡ ❡ ❛✐ ♦❢ ❚❡ ■ ♠ ❛ ❣ ❡ ✳

✻ ❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥

■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ✜ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✱ ✇✐ ❤ ❡ ❣ ❛ ❞ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ②✱
♦ ✈ ❡ ❤ ❛ ♣ ♦ ♣ ♦ ❡ ❞ ❜ ② ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ❤ ♦ ✉ ❣ ❤ ❛ ♠ ♦ ❡ ❞ ❡ ❛✐❧ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ♠ ✉❧ ✐ ❣ ✐ ❞
♠ ❡ ❤ ♦ ❞✱ ❛ ✇ ❡❧❧ ❛ ❛ ❞✐ ✛ ❡ ❡ ♥ ❝ ♦ ❛ ❡ ❣ ✐ ❞ ♦❧ ✈ ❡ ✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ② ✇ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❛ ♥ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦ ♦ ✉ ◆ ▼ ●
♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ❤ ❡ ❛✐ ♠ ♦❢ ♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤ ✇ ❛ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ✐ ♠ ♣ ♦ ✐ ♥ ❣ ❛ ♥
❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ♦ ♦ ✉ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ◆ ▼ ● ♠ ❡ ❤ ♦ ❞✳ ◆ ❡ ① ✇ ❡ ❡ ① ❡ ♥ ❞ ❡ ❞ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ●
♦ ❜ ❡ ♠ ♦ ❡ ♦ ❜ ✉ ♦ ♣ ❛ ❛ ♠ ❡ ❡ ❝ ❤ ♦✐ ❝ ❡ ✇ ❤✐❧ ❡ ❦ ❡ ❡ ♣✐ ♥ ❣ ♥ ♦ ♥✲❢ ♦❧ ❞✐ ♥ ❣ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❣ ♦ ♦ ❞ ❡ ❣✐ ❛ ✐ ♦ ♥

✷ ✵



❛ ❝ ❝ ✉ ❛ ❝ ②✳ ❲❡ ❤ ❡ ♥ ✉ ❡ ❞ ❤ ❡ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ② ❛ ♥ ❞ ◆ ▼ ● ❝ ② ❝❧ ❡
❡ ✉✐ ❡ ❞ ❢ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦ ✈ ❡ ❤ ❡ ❈ ❤ ✉ ♠ ❝ ❤ ♦ ❜✲ ❈ ❤ ❡ ♥ ◆ ▼ ●✱ ❛ ✇ ❡❧❧ ❛ ❤ ♦ ✇ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ■ ◆ ▼ ● ❛ ♥ ❞

❛ ❞ ❛ ♣ ✐ ✈ ❡ ■ ◆ ▼ ● ♦ ✈ ❡ ❝ ❛ ♠ ❡ ❢ ♦❧ ❞✐ ♥ ❣ ❜ ② ❡ ♥ ✉ ✐ ♥ ❣ d et ∇ ϕ > 0 ✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n 2 α
▼ ✶ ▼ ✷ ▼ ✸

❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n

1 2 8 2

1
5

0 .9 3 0 / 0 .5 4 / 2 / 0 .3 9 1 / 0 .7 9 7 0 .9 4 3 / 0 .4 1 / 1 / 0 .3 3 3 / 0 .8 1 9 0 .9 4 3 / 0 .4 1 / 1 / 0 .4 3 9 / 0 .8 1 9
2 5 6 2 0 .9 4 3 / 0 .4 5 / 5 / 1 .5 1 2 / 0 .7 1 5 0 .9 5 1 / 0 .4 2 / 2 / 1 .9 2 7 / 0 .8 0 3 0 .9 5 1 / 0 .4 2 / 2 / 2 .0 5 1 / 0 .8 0 3
5 1 2 2 0 .9 5 9 / 0 .4 4 / 1 3 / 2 2 .3 8 7 / 0 .8 5 4 0 .9 6 4 / 0 .4 3 / 2 / 9 .4 2 6 / 0 .8 0 1 0 .9 6 4 / 0 .4 3 / 2 / 9 .7 2 1 / 0 .8 0 1
1 0 2 4 2 0 .9 7 2 / 0 .4 4 / 2 5 / 1 9 6 .5 8 5 / 0 .8 7 2 0 .9 7 5 / 0 .4 3 / 3 / 6 6 .1 7 8 / 0 .8 2 2 0 .9 7 5 / 0 .4 3 / 3 / 6 9 .5 0 0 / 0 .8 2 2
1 2 8 2

1
1 0

0 .9 3 1 / 0 .5 2 / 1 / 0 .3 1 6 / 0 .6 1 2 0 .9 4 5 / 0 .3 9 / 1 / 0 .4 2 5 / 0 .6 9 4 0 .9 4 5 / 0 .3 9 / 1 / 0 .4 3 7 / 0 .6 9 4
2 5 6 2 0 .9 4 5 / 0 .4 3 / 2 5 / 6 .8 8 7 / 0 .4 6 4 0 .9 5 3 / 0 .4 0 / 1 / 1 .0 9 0 / 0 .6 6 0 0 .9 5 3 / 0 .4 0 / 1 / 1 .1 6 4 / 0 .6 6 0
5 1 2 2 0 .9 6 1 / 0 .4 3 / 1 0 / 1 7 .2 0 4 / 0 .7 3 4 0 .9 6 5 / 0 .4 1 / 1 / 5 .0 5 7 / 0 .6 6 8 0 .9 6 5 / 0 .4 1 / 1 / 5 .2 5 0 / 0 .6 6 8
1 0 2 4 2 0 .9 7 4 / 0 .4 3 / 2 3 / 1 8 0 .7 8 5 / 0 .7 4 5 0 .9 7 6 / 0 .4 2 / 1 / 2 2 .9 7 2 / 0 .6 8 5 0 .9 7 6 / 0 .4 2 / 1 / 2 4 .1 8 2 / 0 .6 8 5
1 2 8 2

1
1 5

0 .9 3 7 / 0 .4 5 / 2 5 / 1 .9 1 9 / 0 .6 1 9 0 .9 4 7 / 0 .3 8 / 3 / 0 .9 7 6 / 0 .5 5 9 0 .9 4 7 / 0 .3 8 / 3 / 1 .0 1 0 / 0 .5 5 9
2 5 6 2 0 .9 4 8 / 0 .4 0 / 2 5 / 6 .8 2 0 / 0 .2 3 0 0 .9 5 4 / 0 .3 9 / 1 / 1 .0 8 0 / 0 .5 1 1 0 .9 5 4 / 0 .3 9 / 1 / 1 .1 4 6 / 0 .5 1 1
5 1 2 2 0 .9 6 2 / 0 .4 1 / 1 2 / 2 0 .6 5 7 / 0 .6 3 1 0 .9 6 6 / 0 .4 0 / 1 / 4 .8 8 6 / 0 .5 2 6 0 .9 6 6 / 0 .4 0 / 1 / 5 .1 5 0 / 0 .5 2 6
1 0 2 4 2 0 .9 7 5 / 0 .4 1 / 1 8 / 1 4 1 .3 9 5 / 0 .6 4 4 0 .9 7 7 / 0 .4 0 / 1 / 2 4 .6 4 2 / 0 .5 5 4 0 .9 7 7 / 0 .4 0 / 1 / 2 5 .5 4 6 / 0 .5 5 4

❚ ❛ ❜❧ ❡ ✸✿ ❊ ① ❛ ♠ ♣❧ ❡ 2 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ 3 ♠ ❡ ❤ ♦ ❞ ♦ ♥ ♠ ✉❧ ✐ ♣❧ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ③ ❡ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ α
✈ ❛❧ ✉ ❡ ✱ ✇✐ ❤ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ♦❢ 0 .6 0 % ❛ ♥ ❞ ✐ ♥✐ ✐ ❛❧ ❙ ❙■ ▼ ✈ ❛❧ ✉ ❡ ♦❢ 0 .9 3 3 , 0 .9 4 2 , 0 .9 5 7 , 0 .9 7 2 ❢ ♦ ❤ ❡
1 2 8 2 , 2 5 6 2 , 5 1 2 2 , 1 0 2 4 2 ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n 2 α
▼ ✶ ▼ ✷ ▼ ✸

❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n

1 2 8 2

1
5

0 .7 5 0 / 1 .2 8 / 4 / 0 .5 3 0 / 0 .6 4 2 0 .7 6 4 / 1 .1 7 / 2 / 0 .5 8 6 / 0 .6 6 4 0 .7 6 4 / 1 .1 7 / 2 / 0 .6 0 3 / 0 .6 6 4
2 5 6 2 0 .7 5 2 / 1 .3 5 / 1 1 / 3 .1 0 2 / 0 .6 4 0 0 .7 8 6 / 1 .1 4 / 3 / 2 .9 2 6 / 0 .6 4 5 0 .7 8 6 / 1 .1 4 / 3 / 3 .0 1 5 / 0 .6 4 5
5 1 2 2 0 .8 0 6 / 1 .3 2 / 2 5 / 4 2 .7 9 4 / 0 .6 1 8 0 .8 3 2 / 1 .1 8 / 4 / 1 8 .5 6 1 / 0 .6 8 3 0 .8 3 2 / 1 .1 8 / 4 / 1 9 .1 8 8 / 0 .6 8 3
1 0 2 4 2 0 .8 6 0 / 1 .3 4 / 2 5 / 1 9 9 .9 2 0 / 0 .6 4 0 0 .8 8 3 / 1 .2 0 / 4 / 8 9 .8 5 3 / 0 .7 0 1 0 .8 8 3 / 1 .2 0 / 4 / 9 4 .3 9 7 / 0 .7 0 1
1 2 8 2

1
1 0

0 .7 6 6 / 1 .0 4 / 3 / 0 .4 5 6 / 0 .4 0 6 0 .7 8 3 / 0 .9 5 / 2 / 0 .6 3 6 / 0 .0 7 0 0 .7 8 3 / 0 .9 5 / 2 / 0 .7 1 5 / 0 .0 7 0
2 5 6 2 0 .7 6 8 / 1 .1 1 / 7 / 2 .0 3 8 / 0 .3 4 4 0 .8 0 3 / 0 .9 1 / 3 / 2 .8 7 9 / − 0 .0 2 8 0 .8 0 0 / 0 .9 5 / 6 / 6 .2 5 1 / 0 .0 2 7
5 1 2 2 0 .8 1 9 / 1 .0 7 / 2 0 / 3 4 .0 4 7 / 0 .2 8 0 0 .8 4 7 / 0 .9 5 / 3 / 1 4 .2 4 4 / 0 .0 9 1 0 .8 4 7 / 0 .9 5 / 3 / 1 4 .7 8 4 / 0 .0 9 1
1 0 2 4 2 0 .8 7 3 / 1 .0 6 / 2 5 / 1 9 5 .4 3 1 / 0 .2 7 1 0 .8 9 3 / 0 .9 6 / 4 / 6 8 .1 9 6 / 0 .1 4 5 0 .8 9 3 / 0 .9 6 / 4 / 7 1 .1 8 6 / 0 .1 4 5
1 2 8 2

1
1 5

0 .7 7 4 / 0 .8 9 / 3 / 0 .4 8 8 / 0 .0 8 0 0 .7 9 1 / 0 .8 1 / 3 / 0 .9 2 0 / − 0 .6 8 7 0 .7 5 7 / 1 .1 8 / 8 / 3 .4 2 4 / 0 .0 1 5
2 5 6 2 0 .8 0 2 / 0 .7 7 / 6 / 1 .7 8 6 / − 0 .1 6 5 0 .8 1 1 / 0 .7 6 / 2 / 1 .9 5 2 / − 0 .8 6 2 0 .7 7 2 / 1 .2 3 / 5 / 8 .0 4 7 / 0 .0 2 4
5 1 2 2 0 .8 2 6 / 0 .9 1 / 1 5 / 2 5 .5 9 8 / − 0 .1 2 2 0 .8 5 4 / 0 .7 9 / 3 / 1 3 .7 5 0 / − 0 .6 8 0 0 .8 2 7 / 1 .1 8 / 6 / 4 0 .7 8 9 / 0 .0 1 2
1 0 2 4 2 0 .8 8 0 / 0 .8 9 / 2 5 / 1 9 5 .3 7 0 / − 0 .1 5 6 0 .8 9 9 / 0 .8 0 / 3 / 6 9 .0 7 6 / − 0 .5 8 4 0 .8 8 1 / 1 .1 6 / 6 / 1 8 2 .4 6 0 / 0 .0 1 1

❚ ❛ ❜❧ ❡ ✹✿ ❊ ① ❛ ♠ ♣❧ ❡ 2 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ 3 ♠ ❡ ❤ ♦ ❞ ♦ ♥ ♠ ✉❧ ✐ ♣❧ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ③ ❡ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ α
✈ ❛❧ ✉ ❡ ✱ ✇✐ ❤ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ♦❢ 1 .9 9 % ❛ ♥ ❞ ✐ ♥✐ ✐ ❛❧ ❙ ❙■ ▼ ✈ ❛❧ ✉ ❡ ♦❢ 0 .6 6 7 , 0 .7 0 4 , 0 .7 6 9 , 0 .8 3 8 ❢ ♦ ❤ ❡
1 2 8 2 , 2 5 6 2 , 5 1 2 2 , 1 0 2 4 2 ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❈❧ ❡ ❛ ❧ ② ❛❧ ❤ ♦ ✉ ❣ ❤ ▼ ✷ ❞ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ✉✐ ❝ ❦❧ ②✱ ❤ ❡ ▼ ✸ ♦ ✛ ❡
❜ ♦ ❤ ♣ ❡ ❡ ❞ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❛ ♥ ❢ ♦ ♠ ✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n 2 α
▼ ✶ ▼ ✷ ▼ ✸

❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n

1 2 8 2

1
5

0 .7 4 2 / 2 .4 2 / 1 6 / 1 .4 6 4 / 0 .6 6 5 0 .7 1 7 / 3 .3 0 / 2 / 0 .6 3 3 / 0 .5 5 4 0 .7 1 7 / 3 .3 0 / 2 / 0 .6 4 4 / 0 .5 5 4
2 5 6 2 0 .7 4 3 / 2 .6 1 / 2 5 / 7 .0 1 7 / 0 .7 0 1 0 .7 2 5 / 3 .2 4 / 2 / 1 .9 5 9 / 0 .5 1 7 0 .7 2 5 / 3 .2 4 / 2 / 2 .0 9 3 / 0 .5 1 7
5 1 2 2 0 .7 4 8 / 3 .6 8 / 2 5 / 4 5 .5 4 2 / 0 .7 1 7 0 .7 5 0 / 3 .2 4 / 2 / 9 .3 9 7 / 0 .4 9 8 0 .7 5 0 / 3 .2 4 / 2 / 9 .6 9 1 / 0 .4 9 8
1 0 2 4 2 0 .7 4 7 / 6 .8 5 / 2 5 / 1 9 5 .7 3 1 / 0 .6 4 8 0 .7 8 4 / 3 .2 4 / 2 / 4 5 .4 4 5 / 0 .4 8 6 0 .7 8 4 / 3 .2 4 / 2 / 4 7 .7 2 8 / 0 .4 8 6
1 2 8 2

1
1 0

0 .7 7 5 / 1 .4 6 / 1 0 / 0 .9 5 9 / 0 .6 0 0 0 .7 5 8 / 1 .8 9 / 3 / 0 .8 6 8 / 0 .4 2 0 0 .7 5 8 / 1 .8 9 / 3 / 0 .8 9 2 / 0 .4 2 0
2 5 6 2 0 .7 7 6 / 1 .4 6 / 2 5 / 6 .7 8 7 / 0 .6 3 9 0 .7 6 0 / 1 .8 7 / 2 / 1 .9 8 4 / 0 .3 7 6 0 .7 6 0 / 1 .8 7 / 2 / 2 .1 1 8 / 0 .3 7 6
5 1 2 2 0 .7 7 8 / 2 .0 2 / 2 5 / 4 2 .1 4 9 / 0 .6 0 2 0 .7 7 8 / 1 .8 6 / 2 / 9 .3 5 0 / 0 .3 4 8 0 .7 7 8 / 1 .8 6 / 2 / 9 .7 0 6 / 0 .3 4 8
1 0 2 4 2 0 .7 8 0 / 3 .6 3 / 2 5 / 1 9 5 .4 0 3 / 0 .5 3 2 0 .8 0 7 / 1 .8 7 / 2 / 4 5 .6 2 0 / 0 .3 3 2 0 .8 0 7 / 1 .8 7 / 2 / 4 8 .0 2 6 / 0 .3 3 2
1 2 8 2

1
1 5

0 .7 9 0 / 1 .1 3 / 8 / 0 .8 1 4 / 0 .5 6 3 0 .7 8 3 / 1 .3 3 / 3 / 0 .8 9 1 / 0 .3 2 4 0 .7 8 3 / 1 .3 3 / 3 / 0 .9 2 2 / 0 .3 2 4
2 5 6 2 0 .7 9 1 / 1 .1 0 / 2 2 / 5 .9 9 2 / 0 .5 6 1 0 .7 8 1 / 1 .3 1 / 3 / 2 .9 0 7 / 0 .2 6 6 0 .7 8 1 / 1 .3 1 / 3 / 3 .0 8 6 / 0 .2 6 6
5 1 2 2 0 .7 8 6 / 1 .4 0 / 2 5 / 4 2 .2 2 5 / 0 .5 3 9 0 .7 9 4 / 1 .3 1 / 3 / 1 3 .7 8 6 / 0 .2 4 6 0 .7 9 4 / 1 .3 1 / 3 / 1 4 .5 2 6 / 0 .2 4 6
1 0 2 4 2 0 .7 8 9 / 2 .3 6 / 2 5 / 1 9 4 .0 2 6 / 0 .3 9 0 0 .8 1 9 / 1 .3 1 / 3 / 6 6 .9 4 9 / 0 .2 3 5 0 .8 1 9 / 1 .3 1 / 3 / 6 9 .4 0 5 / 0 .2 3 5

❚ ❛ ❜❧ ❡ ✺✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ 3 ♠ ❡ ❤ ♦ ❞ ♦ ♥ ♠ ✉❧ ✐ ♣❧ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ③ ❡ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ α
✈ ❛❧ ✉ ❡ ✱ ✇✐ ❤ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ♦❢ 1 3 .2 5 % ❛ ♥ ❞ ✐ ♥✐ ✐ ❛❧ ❙ ❙■ ▼ ✈ ❛❧ ✉ ❡ ♦❢ 0 .5 5 1 , 0 .5 8 7 , 0 .6 3 9 , 0 .6 9 3 ❢ ♦
❤ ❡ 1 2 8 2 , 2 5 6 2 , 5 1 2 2 , 1 0 2 4 2 ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n 2 α
▼ ✷ ▼ ✸ ▼ ✹

❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n ❙ ❙■ ▼ ✴ ❊ ( %)✴ ◆ ▼ ● ✴ ❈ ❯ (s )✴ Q m i n

1 2 8 2

1
4 0

0 .8 1 2 / 0 .9 5 / 2 / 0 .6 8 6 / − 3 .0 7 8 0 .6 3 0 / 7 .5 6 / 6 / 2 .6 7 6 / 0 .0 3 2 0 .7 5 8 / 1 .9 1 / 3 / 0 .7 1 1 / 0 .5 5 4
2 5 6 2 0 .8 1 6 / 0 .7 4 / 2 / 2 .4 5 8 / − 0 .4 6 3 0 .6 3 0 / 9 .5 9 / 3 / 5 .0 7 6 / 0 .0 6 0 0 .8 1 5 / 0 .8 2 / 2 / 2 .1 7 8 / 0 .1 6 8
5 1 2 2 0 .8 2 4 / 0 .8 2 / 2 / 9 .7 2 9 / − 0 .1 3 2 0 .8 0 5 / 1 .1 0 / 4 / 2 7 .5 5 8 / 0 .0 2 5 0 .8 2 4 / 0 .7 4 / 2 / 1 0 .3 1 8 / 0 .3 5 1
1 0 2 4 2 0 .8 3 2 / 0 .7 8 / 2 / 4 5 .7 6 2 / − 0 .1 6 3 0 .8 1 2 / 1 .6 4 / 4 / 1 2 1 .5 4 6 / 0 .0 8 6 0 .8 4 2 / 0 .7 3 / 2 / 5 8 .6 0 4 / 0 .3 5 8

❚ ❛ ❜❧ ❡ ✻✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✲ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ✸ ♠ ❡ ❤ ♦ ❞ ♦ ♥ ♠ ✉❧ ✐ ♣❧ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ③ ❡ ❢ ♦ ❛ ❵ ❜ ❛ ❞✬ ❝ ❤ ♦✐ ❝ ❡
♦❢ α ✱ ✇✐ ❤ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ♦❢ 1 3 .2 5 % ❛ ♥ ❞ ✐ ♥✐ ✐ ❛❧ ❙ ❙■ ▼ ✈ ❛❧ ✉ ❡ ♦❢ 0 .5 5 1 , 0 .5 8 7 , 0 .6 3 9 , 0 .6 9 3 ❢ ♦ ❤ ❡
1 2 8 2 , 2 5 6 2 , 5 1 2 2 , 1 0 2 4 2 ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

✷ ✶



✭ ❛ ✮ ▼ ✶ T u α = 1
1 0

E r r = 0 .4 3 % ✭ ❜ ✮ ▼ ✷ T u α = 1
1 0

E r r = 0 .4 1 % ✭ ❝ ✮ ▼ ✸ T u α = 1
1 0

E r r = 0 .4 1 %

❋✐ ❣ ✉ ❡ ✹✿ ❊ ① ❛ ♠ ♣❧ ❡ 1 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ✸(a ) R ❛ ♥ ❞ ✸ (d ) T ♦❢ ✐ ③ ❡ 5 1 2 × 5 1 2 ❜ ② 3 ♠ ❡ ❤ ♦ ❞ ✳ ■ ♠ ❛ ❣ ❡ (a )
❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ♦ ❜ ❛✐ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ▼ ✶ ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞
❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✷ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ (c ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✸ ❢ ♦ ❤ ❡

♣ ❛ ❛ ♠ ❡ ❡ ✈ ❛❧ ✉ ❡ α = 1
1 0 ✳

✭ ❛ ✮ ❖ ✐ ❣✐ ♥ ❛❧ |T − R | ✭ ❜ ✮ ▼ ✶ |T u − R | α = 1
1 0

✭ ❝ ✮ ▼ ✷ |T u − R | α = 1
1 0

✭ ❞ ✮ ▼ ✸ |T u − R | α = 1
1 0

❋✐ ❣ ✉ ❡ ✺✿ ❊ ① ❛ ♠ ♣❧ ❡ 1 ✕ ❉✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ❋✐ ❣✳ ✹✳ ■ ♠ ❛ ❣ ❡ (a ) ❤ ♦ ✇ ❤ ❡
✐ ♥✐ ✐ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T ❛ ♥ ❞ R ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ), (c ), (d ) ❤ ♦ ✇ ❤ ❡ ✜ ♥ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T u ❛ ♥ ❞ R ❢ ♦ ▼ ✶ ✱
♦ ✉ ▼ ✷ ❛ ♥ ❞ ♦ ✉ ▼ ✸ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

✭ ❛ ✮ ▼ ✶ T u α = 1
1 0

E r r = 1 .0 7 % ✭ ❜ ✮ ▼ ✷ T u α = 1
1 0

E r r = 0 .9 5 % ✭ ❝ ✮ ▼ ✸ T u α = 1
1 0

E r r = 0 .9 5 %

❋✐ ❣ ✉ ❡ ✻✿ ❊ ① ❛ ♠ ♣❧ ❡ 2 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ✸(b ) R ❛ ♥ ❞ ✸ (e ) T ♦❢ ✐ ③ ❡ 5 1 2 × 5 1 2 ❜ ② 3 ♠ ❡ ❤ ♦ ❞ ✳ ■ ♠ ❛ ❣ ❡ (a ) ❤ ♦ ✇
❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ♦ ❜ ❛✐ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ▼ ✶ ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡

✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✷ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ (c ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ◆ ▼ ●
❢ ♦ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✈ ❛❧ ✉ ❡ α = 1

1 0 ✳

✷ ✷



✭ ❛ ✮ ❖ ✐ ❣✐ ♥ ❛❧ |T − R | ✭ ❜ ✮ ▼ ✶ |T u − R | α = 1
1 0

✭ ❝ ✮ ▼ ✷ |T u − R | α = 1
1 0

✭ ❞ ✮ ▼ ✸ |T u − R | α = 1
1 0

❋✐ ❣ ✉ ❡ ✼✿ ❊ ① ❛ ♠ ♣❧ ❡ 2 ✕ ❉✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ❋✐ ❣✳ ✻✳ ■ ♠ ❛ ❣ ❡ (a ) ❤ ♦ ✇ ❤ ❡
✐ ♥✐ ✐ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T ❛ ♥ ❞ R ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ), (c ), (d ) ❤ ♦ ✇ ❤ ❡ ✜ ♥ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T u ❛ ♥ ❞ R ❢ ♦ ❤ ❡
▼ ✶ ✱ ♦ ✉ ▼ ✷ ❛ ♥ ❞ ♦ ✉ ▼ ✸ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

✭ ❛ ✮ ▼ ✶ T u α = 1
1 0

E r r = 2 .0 2 % ✭ ❜ ✮ ▼ ✷ T u α = 1
1 0

E r r = 1 .8 6 % ✭ ❝ ✮ ▼ ✸ T u α = 1
1 0

E r r = 1 .8 6 %

❋✐ ❣ ✉ ❡ ✽✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ✸(c ) R ❛ ♥ ❞ ✸ (f ) T ♦❢ ✐ ③ ❡ 5 1 2 × 5 1 2 ❜ ② 3 ♠ ❡ ❤ ♦ ❞ ✳ ■ ♠ ❛ ❣ ❡ (a )
❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ♦ ❜ ❛✐ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ▼ ✶ ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞
❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✷ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ (c ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✸ ❢ ♦ ❤ ❡

♣ ❛ ❛ ♠ ❡ ❡ ✈ ❛❧ ✉ ❡ α = 1
1 0 ✳

✭ ❛ ✮ |T − R | ✭ ❜ ✮ ▼ ✶ |T u − R | α = 1
1 0

✭ ❝ ✮ ▼ ✷ |T u − R | α = 1
1 0

✭ ❞ ✮ ▼ ✸ |T u − R | α = 1
1 0

❋✐ ❣ ✉ ❡ ✾✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✕ ❉✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ❋✐ ❣✳ ✽✳ ■ ♠ ❛ ❣ ❡ (a ) ❤ ♦ ✇ ❤ ❡
✐ ♥✐ ✐ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T ❛ ♥ ❞ R ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ), (c ), (d ) ❤ ♦ ✇ ❤ ❡ ✜ ♥ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T u ❛ ♥ ❞ R ❢ ♦ ❤ ❡
▼ ✶ ✱ ♦ ✉ ▼ ✷ ❛ ♥ ❞ ♦ ✉ ▼ ✸ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

✷ ✸



✭ ❛ ✮ ▼ ✷ T u α = 1
4 0

E r r = 0 .8 2 % ✭ ❜ ✮ ▼ ✸ T u α = 1
4 0

E r r = 1 .1 0 % ✭ ❝ ✮ ▼ ✹ T u α = 1
4 0

E r r = 0 .7 4 %

❋✐ ❣ ✉ ❡ ✶ ✵✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✕ ❘ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ✸(c ) R ❛ ♥ ❞ ✸ (f ) T ♦❢ ✐ ③ ❡ 5 1 2 × 5 1 2 ❜ ② 3 ♠ ❡ ❤ ♦ ❞ ✳ ■ ♠ ❛ ❣ ❡ (a )
❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ♦ ❜ ❛✐ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ▼ ✷ ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞
❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✸ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ (c ) ❤ ♦ ✇ ❤ ❡ ❞ ❡❢ ♦ ♠ ❡ ❞ ❡ ♠ ♣❧ ❛ ❡ ✐ ♠ ❛ ❣ ❡ T u ❢ ♦ ♦ ✉ ▼ ✹ ❢ ♦ ❤ ❡

❵ ❜ ❛ ❞✬ ♣ ❛ ❛ ♠ ❡ ❡ ✈ ❛❧ ✉ ❡ α = 1
4 0 ✳

✭ ❛ ✮ ❖ ✐ ❣✐ ♥ ❛❧ |T − R | ✭ ❜ ✮ ▼ ✷ |T u − R | α = 1
4 0

✭ ❝ ✮ ▼ ✸ |T u − R | α = 1
4 0

✭ ❞ ✮ ▼ ✹ |T u − R | α = 1
4 0

❋✐ ❣ ✉ ❡ ✶ ✶✿ ❊ ① ❛ ♠ ♣❧ ❡ 3 ✕ ❉✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢ ❋✐ ❣✳ ✶ ✵✳ ■ ♠ ❛ ❣ ❡ (a ) ❤ ♦ ✇ ❤ ❡
✐ ♥✐ ✐ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T ❛ ♥ ❞ R ✱ ✇ ❤✐❧ ❡ ✐ ♠ ❛ ❣ ❡ (b ), (c ), (d ) ❤ ♦ ✇ ❤ ❡ ✜ ♥ ❛❧ ❡ ♦ ❜ ❡ ✇ ❡ ❡ ♥ T u ❛ ♥ ❞ R ❢ ♦ ♦ ✉
▼ ✷ ✱ ▼ ✸ ❛ ♥ ❞ ▼ ✹ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

❋✐ ❣ ✉ ❡ ✶ ✷✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ◆ ▼ ● ❝ ② ❝❧ ❡ ❡ ✉✐ ❡ ❞ ❢ ♦ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ❡❧ ❛ ✐ ✈ ❡ ❡ ✐ ❞ ✉ ❛❧ ♦
❡ ❛ ❝ ❤ ❛ ♦❧ ❡ ❛ ♥ ❝ ❡ ♦❢ 1 0 − 1 0 ❜ ❡ ✇ ❡ ❡ ♥ ♦ ✉ ▼ ✷ ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞ ❤ ❡ ▼ ✶ ♠ ❡ ❤ ♦ ❞
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Al p h a

0. 0 20. 0 2 50. 0 3 3 30. 0 50. 11

Er
r 

(
%)

1

2

3

4

5

6

7

8

9

1 2 8 2

2 5 6 2

5 1 2 2

1 0 2 4 2

✭ ❛ ✮ ❧ ♦ ♦❢ ❡❧ ❛ ✐ ✈ ❡ ❡ ♦ ✈ ♣ ❛ ❛ ♠ ❡ ❡ α ♦❢ ♠ ♦ ❞ ❡❧ ▼ ✹ ❢ ♦
❊ ① ❛ ♠ ♣❧ ❡ ✶

Al p h a

0. 0 20. 0 2 50. 0 3 3 30. 0 50. 11

Q
mi

n

- 1

- 0. 8

- 0. 6

- 0. 4

- 0. 2

0

0. 2

0. 4

0. 6

0. 8 1 2 8 2

2 5 6 2

5 1 2 2

1 0 2 4 2
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❋✐ ❣ ✉ ❡ ✶ ✹✿ ❚❡ ♦❢ ♦ ❜ ✉ ♥ ❡ ♦❢ ♠ ♦ ❞ ❡❧ ▼ ✹ ♦ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ α ✭ ✺ ✵ ✈ ❛❧ ✉ ❡ ✮✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n 2 ■ ♠ ❛ ❣ ❡ ❊ ① ❛ ♠ ♣❧ ❡ α
▼ ✶ ▼ ✷ ▼ ✸ ▼ ✹

❈ ❯ (s ) ❘ ❛ ✐ ♦ ❈ ❯ (s ) ❘ ❛ ✐ ♦ ❈ ❯ (s ) ❘ ❛ ✐ ♦ ❈ ❯ (s ) ❘ ❛ ✐ ♦
1 2 8 2

❊ ① ❛ ♠ ♣❧ ❡ ✶ ✭ ❈ ❚✮ 1
1 0

✵✳ ✸ ✶ ✻ ✕ ✵✳ ✹ ✷ ✺ ✕ ✵✳ ✹ ✸ ✼ ✕ ✵✳ ✹ ✺ ✷ ✕
2 5 6 2 ✻✳ ✽ ✽ ✼ ✷ ✶✳ ✼ ✾ ✹ ✶✳ ✵ ✾ ✵ ✷✳ ✺ ✻ ✺ ✶✳ ✶ ✻ ✹ ✷✳ ✻ ✻ ✻ ✶✳ ✸ ✵ ✹ ✷✳ ✽ ✽ ✺
5 1 2 2 ✶ ✼✳ ✷ ✵ ✹ ✷✳ ✹ ✾ ✽ ✺✳ ✵ ✺ ✼ ✹✳ ✻ ✸ ✾ ✺✳ ✷ ✺ ✵ ✹✳ ✺ ✶ ✵ ✻✳ ✷ ✵ ✷ ✹✳ ✼ ✺ ✻
1 0 2 4 2 ✶ ✽ ✵✳ ✼ ✽ ✺ ✶ ✵✳ ✺ ✵ ✽ ✷ ✷✳ ✾ ✼ ✷ ✹✳ ✺ ✹ ✸ ✷ ✹✳ ✶ ✽ ✷ ✹✳ ✻ ✵ ✻ ✷ ✾✳ ✵ ✼ ✷ ✹✳ ✻ ✽ ✽
1 2 8 2
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✵✳ ✹ ✺ ✻ ✕ ✵✳ ✻ ✸ ✻ ✕ ✵✳ ✼ ✶ ✺ ✕ ✵✳ ✽ ✸ ✶ ✕
2 5 6 2 ✷✳ ✵ ✸ ✽ ✹✳ ✹ ✻ ✾ ✷✳ ✽ ✼ ✾ ✹✳ ✺ ✷ ✼ ✻✳ ✷ ✺ ✶ ✽✳ ✼ ✹ ✸ ✸✳ ✽ ✼ ✹ ✹✳ ✻ ✻ ✷
5 1 2 2 ✸ ✹✳ ✵ ✹ ✼ ✶ ✻✳ ✼ ✵ ✻ ✶ ✹✳ ✷ ✹ ✹ ✹✳ ✾ ✹ ✽ ✶ ✹✳ ✼ ✽ ✹ ✷✳ ✸ ✻ ✺ ✶ ✽✳ ✼ ✻ ✽ ✹✳ ✽ ✹ ✺
1 0 2 4 2 ✶ ✾ ✺✳ ✹ ✸ ✶ ✺✳ ✼ ✹ ✵ ✻ ✽✳ ✶ ✾ ✻ ✹✳ ✼ ✽ ✽ ✼ ✶✳ ✶ ✽ ✻ ✹✳ ✽ ✶ ✺ ✽ ✼✳ ✷ ✵ ✸ ✹✳ ✻ ✹ ✻
1 2 8 2
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1 0

✵✳ ✾ ✺ ✾ ✕ ✵✳ ✽ ✻ ✽ ✕ ✵✳ ✽ ✾ ✷ ✕ ✵✳ ✽ ✹ ✺ ✕
2 5 6 2 ✻✳ ✼ ✽ ✼ ✼✳ ✵ ✼ ✼ ✶✳ ✾ ✽ ✹ ✷✳ ✷ ✽ ✻ ✷✳ ✶ ✶ ✽ ✷✳ ✸ ✼ ✹ ✷✳ ✺ ✽ ✷ ✸✳ ✵ ✺ ✾
5 1 2 2 ✹ ✷✳ ✶ ✹ ✾ ✻✳ ✷ ✶ ✵ ✾✳ ✸ ✺ ✵ ✹✳ ✼ ✶ ✸ ✾✳ ✼ ✵ ✻ ✹✳ ✵ ✽ ✾ ✶ ✷✳ ✸ ✹ ✵ ✹✳ ✼ ✼ ✾
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❚ ❛ ❜❧ ❡ ✼✿ ❚❡ ♦ ♥ ♦ ♣ ✐ ♠ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ①✐ ② ✐ ♥ ❈ ❯ ✐ ♠ ❡ ❛ ✐ ♦ ❢ ♦ 4 ◆ ▼ ● ♠ ❡ ❤ ♦ ❞ ✳ ❚ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧ ❛ ✐ ♦ ✐ 4 ❢ ♦
❛ ♥ O (N ) ♠ ❡ ❤ ♦ ❞ ✭ ✇✐ ❤ N = n 2 ✮✳ ❈❧ ❡ ❛ ❧ ② ❤ ❡ ♥ ❡ ✇ ❡ ◆ ▼ ● ❛ ❡ ❜ ❡ ❡ ✳
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❬ ✸ ✼❪ ▼✳ ❙ ♠ ❡ ❛ ♥ ❞ ❍✳ ❑ ❧ ❡ ❯✳ ❘ ❞ ❡✳ ❆ ❢ ❛ ♠ ✉❧ ✐ ❣ ✐ ❞ ♦❧ ✈ ❡ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❛ ❣ ❡ ♣ ♦ ❝ ❡ ✐ ♥ ❣✳
◆ ✉ ♠ ❡ ✳ ▲✐ ♥ ❡ ❛ ❆❧ ❣ ❡ ❜ ❛ ✇✐ ❤ ❆ ♣ ♣❧✳ ✱ ✶ ✺✿ ✶ ✽ ✼ ✕ ✷ ✵ ✵✱ ✷ ✵ ✵ ✽✳

❬ ✸ ✽❪ ❯✳ ❚ ♦ ❡ ♥ ❜ ❡ ❣✱ ❈✳ ❖ ♦ ❡ ❧ ❡ ❡✱ ❛ ♥ ❞ ❆✳ ❙ ❝ ❤ ❧❧ ❡ ✳ ▼ ✉❧ ✐ ❣ ✐ ❞✳ ❆ ❝ ❛ ❞ ❡ ♠✐ ❝ ❡ ✱ ✷ ✵ ✵ ✶✳

❬ ✸ ✾❪ ❲✳ ❩ ❤ ♦ ✉✱ ❆✳ ❈✳ ❇ ♦ ✈✐ ❦✱ ❍✳ ❘✳ ❙ ❤ ❡✐ ❦ ❤✱ ❛ ♥ ❞ ❊✳ ✳ ❙✐ ♠ ♦ ♥ ❝ ❡❧❧✐✳ ■ ♠ ❛ ❣ ❡ ✉ ❛❧✐❢ ② ❛ ❡ ♠ ❡ ♥ ✿❢ ♦ ♠ ❡ ♦
✈✐ ✐ ❜✐❧✐ ② ♦ ✉ ❝ ✉ ❛❧ ✐ ♠✐❧ ❛ ✐ ②✳ ■ ❊ ❊ ❊ ❚ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ♦ ♥ ■ ♠ ❛ ❣ ❡ ♦ ❝ ❡ ✐ ♥ ❣✱ ✶ ✸✿ ✻ ✵ ✵ ✕ ✻ ✶ ✷✱ ✷ ✵ ✵ ✹✳

❬ ✹ ✵❪ ❉✳ ❩✐ ❦✐ ❝✱ ❲✳ ❲❡✐ ♥✱ ❆✳ ❑ ❤ ❛ ♠ ❡ ♥ ❡✱ ❉✳ ❆✳ ❈❧ ❡ ✈ ❡ ✱ ❛ ♥ ❞ ◆✳ ◆ ❛ ✈ ❛ ❜✳ ❋ ❛ ❞ ❡❢ ♦ ♠ ❛ ❜❧ ❡ ❡ ❣✐ ❛ ✐ ♦ ♥ ♦❢
✸ ❉✲ ✉❧ ❛ ♦ ✉ ♥ ❞ ❞ ❛ ❛ ✉ ✐ ♥ ❣ ❛ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✱ ♣ ❛ ❣ ❡ ✾ ✶ ✺ ✕ ✾ ✷ ✸✳ ❙ ♣ ✐ ♥ ❣ ❡ ❇ ❡ ❧✐ ♥ ❍ ❡✐ ❞ ❡❧ ❜ ❡ ❣✱ ✷ ✵ ✵ ✻✳

❆ ❖ ♣ ✐ ♠✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸

■ ♥ ♦ ✉ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ◆ ▼ ●✱ ✇ ❡ ❝ ❤ ❡ ❝ ❦ ♦ ❡ ❡ ✇ ❤ ❡ ❤ ❡ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ✭ ✹✳ ✹✮ ❤ ❛ ❜ ❡ ❡ ♥ ❛ ✐ ✜ ❡ ❞ ❛❢ ❡ ❤ ❡
✜ ♥ ❛❧ ♣ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣ ❛ ♥ ❞ ♦❧ ✈ ❡ ❡ ♣✳ ❲ ❤✐❧ ❡ ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❛❢ ❡ ❤ ❡ ❝ ♦ ❛ ❡ ♦❧ ✈ ❡ ❡ ♣ ✐
✐ ♥ ❡ ① ♣ ❡ ♥ ✐ ✈ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧❧ ② ♦ ✇✐ ♥ ❣ ♦ ❤ ❡ ✈ ❡ ② ♠ ❛❧❧ ❣ ✐ ❞ ✐ ③ ❡✱ ❤✐ ✐ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ❛❢ ❡ ❤ ❡
♣ ♦ ✲ ♠ ♦ ♦ ❤✐ ♥ ❣ ❡ ♣✳ ❋ ♦ ❡ ❛ ❝ ❤ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸ ♥ ❡ ❡ ❞ ♦ ♦❧ ✈ ❡ ❡✐ ❣ ❤ ✐ ♥ ✈ ❡ ❡ ♣ ♦ ❜❧ ❡ ♠ ✇ ❤✐ ❝ ❤✱

✷ ✼



❡ ✈ ❡ ♥ ❤ ♦ ✉ ❣ ❤ ✇ ❡ ❛ ❡ ♦ ♥❧ ② ✉ ✐ ♥ ❣ 3 × 3 ♠ ❛ ✐ ❝ ❡ ✱ ❜ ❡ ❝ ♦ ♠ ❡ ✈ ❡ ② ❡ ① ♣ ❡ ♥ ✐ ✈ ❡ ♦ ♥ ❧ ❛ ❣ ❡ ❣ ✐ ❞ ❤ ✉ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❛
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❈ ❯ ✐ ♠ ❡✳ ❲❡ ✇✐❧❧ ♥ ♦ ✇ ❧ ♦ ♦ ❦ ♦ ❡ ① ♣❧ ♦✐ ❤ ❡ ✉ ❝ ✉ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♠ ♦ ♥ ❛❧✐ ② ❜ ❡ ✇ ❡ ❡ ♥

❞✐ ✛ ❡ ❡ ♥ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ✱ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡ A l ✱ ♦ ❝ ❡ ❛ ❡ ❛ ♥ ♦ ♣ ✐ ♠✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸✳ ❋✐ ✇ ❡ ✇✐❧❧
❧ ♦ ♦ ❦ ❛ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡ A l ❛ ❤ ❡ ✜ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ( 2, 2) ❛ ♥ ❞ ❛ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ (i, j )✳
▲ ♦ ♦ ❦✐ ♥ ❣ ❛ ❤ ❡ ♠ ❛ ✐ ① A 1 ✱ ✇ ❡ ❡ ❡ ❤ ❛

❆ ( 2, 2) : A 1 =




1 h h
1 2 h h
1 h 2 h



 , ❆ (i, j ) : ˜A 1 =




1 ( i − 1) h (j − 1) h
1 i h (j − 1) h
1 ( i − 1) h j h





✐ ♥ ❝ ❡ (x 1 ) 2 , (x 2 ) 2 = ( h, h ) ❛ ♥ ❞ (x 1 ) i , (x 2 ) j = (i − 1) h, (j − 1) h ✱ ❤ ❡ ♥ ˜A 1 ❝ ❛ ♥ ❜ ❡ ✇ ✐ ❡ ♥ ✐ ♥ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②

˜A 1 =




1 ( x 1 ) 2 + ( i − 1) h (x 2 ) 2 + ( j − 1) h
1 ( x 1 ) 3 + ( i − 1) h (x 2 ) 2 + ( j − 1) h
1 ( x 1 ) 2 + ( i − 1) h (x 2 ) 3 + ( j − 1) h



 = A 1 +




1
1
1



 0 , (i − 1) h, (j − 1) h

= A 1 + p q T ✭ ❆✳ ✶✮

✇✐ ❤ p = ( 1 , 1 , 1) T , q = 0 , (i − 1) h, (j − 1) h
T

✳ ❚ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ˜A l ❢ ♦ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ✐ ❛ ♥ ❣❧ ❡ ❝ ❛ ♥ ❜ ❡
✇ ✐ ❡ ♥ ✐ ♥ ✐ ♠✐❧ ❛ ✇ ❛ ② ♦ ✭ ❆✳ ✶✮✱ ❤ ❡ ♥ ✇ ❡ ❤ ❛ ✈ ❡

˜A l = A l + p q T ✭ ❆✳ ✷✮

✇✐ ❤ p , q ❛ ❜ ❡❢ ♦ ❡✱ ❛ ♥ ❞ ♦ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ˜A − 1
l = ( A l + p q T ) − 1 ✱ ❛ ❛ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ❝ ❡ ❡ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ✱ ❝ ❛ ♥ ❜ ❡

❝ ♦ ♠ ♣ ✉ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❙ ❤ ❡ ♠ ❛ ♥✲ ▼ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ✉❧ ❛ ❬ ✷❪ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ♦ ❡ ♠

❚ ❤ ❡ ♦ ❡ ♠ ❆✳ ✶✳ ✭ ❙ ❤ ❡ ♠ ❛ ♥✲ ▼ ♦ ✐ ♦ ♥ ✮ ❙ ✉ ♣ ♣ ♦ ❡ A ∈ R n × n ✐ ❛ ♥ ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ♠ ❛ ✐ ①✱ ❛ ♥ ❞ p , q ∈ R n × 1 ❛ ❡
❝ ♦❧ ✉ ♠ ♥ ✈ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ♥ A + p q T ✐ ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ⇐ ⇒ 1 + q T A − 1 p = 0 ✳ ■❢ A + p q T ✐ ✐ ♥ ✈ ❡ ✐ ❜❧ ❡✱ ❤ ❡ ♥
✐ ✐ ♥ ✈ ❡ ❡ ✐ ❣✐ ✈ ❡ ♥ ❜ ②

A + p q T − 1
= A − 1 −

A − 1 p q T A − 1

1 + q T A − 1 p
✭ ❆✳ ✸✮

✇ ❤ ❡ ❡ p q T ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♦ ✉ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ p , q ✳

■ ❝ ❛ ♥ ❜ ❡ ❤ ♦ ✇ ♥ ❤ ❛ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ q T A − 1
l p = 0 ∀ l = 1 , . . . , 4 ✱ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ✐ ♥ ✈ ❡ ✐ ❜✐❧✐ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥

❢ ♦ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ❆✳ ✶ ❤ ♦❧ ❞ ❢ ♦ ❡ ✈ ❡ ② ✐ ♥ ❡ ✐ ♦ (i, j ) ❢ ♦ i, j = 2 , . . . , n− 1 ❛ ♥ ❞ ❤ ✉ ❤ ❡ ♠ ❛ ✐ ❝ ❡ (A l + p q T ) − 1

❛ ❡ ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ❢ ♦ ❡ ❛ ❝ ❤ l = 1 , . . . , 4 ✳ ❚ ❤ ❡ ♥ ✇ ❡ ❝ ❛ ♥ ✉ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ❆✳ ✶ ♦ ❡ ✇ ✐ ❡ ❤ ❡ ✐ ♥ ✈ ❡ ❡ (A l + p q T ) − 1

❛

A l + p q T − 1
= A − 1

l −
A − 1

l p q T A − 1
l

1 + q T A − 1
l p

. ✭ ❆✳ ✹✮

◆ ❡ ① ✇ ❡ ✉ ❡ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✇ ❡ ♥ ❡ ❡ ❞ ♦ ♥❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ b l um , cl um ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✇ ❤ ❡ ❡ m = 1 , 2 ✱ ❛ ♥ ❞ ♦ ♦ ✉
♦ ✐ ❣✐ ♥ ❛❧ ✐ ♥ ✈ ❡ ❡ ♣ ♦ ❜❧ ❡ ♠ ✭ ✹✳ ✼✮ ❡ ❞ ✉ ❝ ❡ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥

b l u1 = ω u 1 l ( 2) − µ l ω u 1 l ( 2) , cl u1 = ω u 1 l ( 3) − µ l ω u 1 l ( 3) ,

b l u2 = ω u 2 l ( 2) − µ l ω u 2 l ( 2) , cl u2 = ω u 2 l ( 3) − µ l ω u 2 l ( 3) , ✭ ❆✳ ✺✮

✇ ❤ ❡ ❡ µ l =
( ω p l ( 2 ) q 2 + ω p l ( 3 ) q 3 )

1 + ( ω p l ( 2 ) q 2 + ω p l ( 3 ) q 3 ) ❛ ♥ ❞ ω p l ( 2), ωp l ( 3) , q2 , q3 , ωu m l ( 2) , ωu m l ( 3) ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞

❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ω p l = A − 1
l p , q T ❛ ♥ ❞ ω u m l = A − 1

l v m l ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❦ ❡ ② ♠ ❡ ❛ ❣ ❡ ✐ ❤ ❛ ♣ ❡ ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ❡ ♣ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ❡ ❣ ✐ ❞ ♦ ♥❧ ② ✐ ♠ ♣❧ ❡ ♠ ❛ ✐ ①✲ ✈ ❡ ❝ ♦
♣ ♦ ❞ ✉ ❝ ❛ ❡ ♥ ❡ ❡ ❞ ❡ ❞✱ ✐❢ ✇ ❡ ✐ ♥ ✈ ❡ ♠ ❛ ✐ ❝ ❡ A − 1

l ❛ ❤ ❡ ✜ ♣✐ ① ❡❧ ❛ ♥ ❞ ❤ ❡ ♥ ❡✲ ✉ ❡ ❤ ❡ ♠✳ ❍ ❡ ♥ ❝ ❡ ♦ ✉
♦ ♣ ✐ ♠✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸ ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

✷ ✽



❆❧ ❣ ♦ ✐ ❤ ♠ ✽ Q m i n = F E M O pt (u h , n, h)

✶✿ ❢ ♦ l = 1 , . . . , 4 ❞ ♦
❈ ♦ ♠ ♣ ✉ ❡ ♠ ❛ ✐ ❝ ❡ A l ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✜ ✐ ♥ ❡ ✐ ♦ ♣ ♦✐ ♥ ( 2 , 2 )
❈ ♦ ♠ ♣ ✉ ❡ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ A − 1

l

❈ ♦ ♠ ♣ ✉ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ A − 1
l p → ω p l ( 2 ) , ωp l ( 3 )

✷✿ ❡ ♥ ❞ ❢ ♦
✸✿ ❢ ♦ i = 2 , . . . , n − 1 ❞ ♦
✹✿ ❢ ♦ j = 2 , . . . , n − 1 ❞ ♦

❈ ♦ ♠ ♣ ✉ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ q T → q 2 = ( i − 1 ) h, q 3 = ( j − 1 ) h
✺✿ ❢ ♦ l = 1 , . . . , 4 ❞ ♦

❈ ♦ ♠ ♣ ✉ ❡ µ l

❈ ♦ ♠ ♣ ✉ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ω u 1 l , ωu 2 l → ω u 1 l ( 2 ) , ωu 1 l ( 3 ) , ωu 2 l ( 2 ) , ωu 2 l ( 3 )
❉ ❡ ❡ ♠✐ ♥ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ b l u 1 , cl u 1 , bl u 2 , cl u 2 ✉ ✐ ♥ ❣ ✭ ❆✳ ✺✮
❈ ♦ ♠ ♣ ✉ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❢ ♦ ✐ ❛ ♥ ❣❧ ❡ T l → Q̃ l = ( 1 + b l u 1 ) ( 1 + c l u 2 ) − c l u 1 b l u 2

✻✿ ❡ ♥ ❞ ❢ ♦
❆ ✐ ❣ ♥ ♠✐ ♥✐ ♠ ✉ ♠ Q̃ ♦ ❜ ❡ ❡ ♥ ② ( Q i j ) → ( Q i j ) = mi n { Q̃ 1 , . . . , Q̃ 4 }

✼✿ ❡ ♥ ❞ ❢ ♦
✽✿ ❡ ♥ ❞ ❢ ♦

❚ ❛ ❦ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❡ ♥ ② ✐ ♥ Q ♦ ❜ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✈ ❛❧ ✉ ❡ → Q m i n = mi n { Q }

❋✐ ♥ ❛❧❧ ② ✇ ❡ ❤ ♦ ✇ ✐ ♥ ❚ ❛ ❜❧ ❡ ✽ ❤ ♦ ✇ ♠ ✉ ❝ ❤ ♣ ❡ ❡ ❞ ✉ ♣ ❝ ❛ ♥ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❢ ♦ ❛ ✐ ♠ ♣❧ ❡ ❡ ① ❛ ♠ ♣❧ ❡✳ ❈❧ ❡ ❛ ❧ ② ❆❧ ❣ ♦ ✐ ❤ ♠
✽ ✉ ❡ ✉ ♣ ♦ ✸ ✵ ✐ ♠ ❡ ❧ ❡ ❈ ❯ ❤ ❛ ♥ ❆❧ ❣ ♦ ✐ ❤ ♠ ✸✳

■ ♠ ❛ ❣ ❡ ❙✐ ③ ❡ n ❯ ♥ ♦ ♣ ✐ ♠✐ ❡ ❞ ❚✐ ♠ ❡ (s ) ❖ ♣ ✐ ♠✐ ❡ ❞ ❚✐ ♠ ❡ (s )
2 5 6 2 ✹✳ ✹ ✻ ✵✳ ✶ ✼
5 1 2 2 ✶ ✼✳ ✽ ✼ ✵✳ ✻ ✶
1 0 2 4 2 ✼ ✶✳ ✺ ✸ ✷✳ ✹ ✵
2 0 4 8 2 ✸ ✵ ✻✳ ✷ ✸ ✾✳ ✾ ✵

❚ ❛ ❜❧ ❡ ✽✿ ❚ ❛ ❜❧ ❡ ❤ ♦ ✇✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❈ ❯ ✐ ♠ ❡ ♣ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♦❧ ❞ ✉ ♥ ♦ ♣ ✐ ♠✐ ❡ ❞ ❋ ❊ ▼ ❝ ♦ ❞ ❡
❛ ♥ ❞ ♥ ❡ ✇ ♦ ♣ ✐ ♠✐ ❡ ❞ ❋ ❊ ▼ ❝ ♦ ❞ ❡✳
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