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Abstract 

Rotational abrasive finishing (RAF) is a new nano-finishing technique in which the finishing 

forces are applied to the workpiece by the opposite rotations of a stirring-blades and the workpiece. 

The RAF process allows for finishing the inner and outer surfaces of workpieces, particularly 

complex ones with axial symmetry. The present study aims to propose a new theoretical model to 

obtain deeper insights into the material removal mechanism, surface roughness prediction, and 

forces in RAF process. Since the abrasive-workpiece interaction is random and complex in nature 

in the RAF, some initial assumptions were considered. To validate the repeatability of the 

experimental results, the experiments were designed based on the Response surface method 

(RSM).  To validate the new proposed theoretical model, a number of influential parameters were 

investigated. It was found that the stirring-blade speed (S), working gap (W), and abrasive grain 

size (A) had significant effects on Ra. The minimum surface roughness (Ra) was obtained to be 

46.87 nm at a rotational speed of 600 rpm, a working gap of 1 mm, and grain size of 18 μm. The 

experimental results were relatively in good agreement with the theoretical results so that the 

maximum error was about 24%. This can be assumed that the most important explanation for the 

difference between the theoretical and experimental results can be attributed to the initial 

theoretical assumptions.  
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1. Introduction

Today, there is an increasing demand for ultra-precision finishing due to the complex geometries 

of workpieces in advanced industries and the significant effects of surface roughness on the 

function and durability of workpieces [1, 2]. Traditional finishing methods, such as grinding and 

honing, not only have low efficiency in the ultra-precision finishing of complex shapes but also 

cause surface and subsurface damage to the workpiece. To tackle these shortcomings, researchers 

have introduced micro/nano-finishing techniques, where free abrasive grains with different 

mechanisms are employed to more precisely apply and control forces in the process [3, 4]. 

Researchers have conducted numerous empirical and theoretical studies on such processes to 

develop new processes and understand the material removal mechanism and surface roughness 

(Ra). Jain et al. [5] employed the finite element method (FEM) and classical abrasion theory to 

model the material removal mechanism and Ra in abrasive flow finishing (AFF). They 

demonstrated that a rise in the extrusion pressure and percent abrasive concentration raised the 

material removal rate (MRR) and reduced Ra. Gorana et al. [6] studied the forces applied to an 

abrasive grain in AFF. They indicated that the rubbing mode was the major factor (compared to 

the plowing mode) in the deformation mechanism. Gorana et al. [7] conducted a kinematic analysis 

to investigate the interaction influence of the abrasive grain and workpiece surface. They found 

that the initial Ra of the workpiece played a key role in AFF. Singh et al. [8] suggested an analytical 

model to simulate the forces involved in AFF. They incorporated the blunting of the abrasive grain 

in the process to implement a more realistic simulation. This improved the consistency of the 

simulation results with experimental data (compared to theoretical results). Fu et al. [9] introduced 

a new model to predict the finished surface profile after AFF, which was similar to the Preston 

equation. They found that the high pressure and velocity distributions and the turbulent flow field 

induced by the contraction part of the limited path inlet were the main explanations for the high 

MRR. Bouland et al. [10] utilized AFF to finish laser powder bed-fused (LPBF)-built workpieces. 

To investigate the MRR and surface roughness, they conducted numerical simulations and 

experimental tests on LPBF-built workpieces. The numerical and experimental results were found 

to be in good agreement. Sankar et al. [11] presented rotational AFF (R-AFF). They applied 

rotational movement to the workpiece using R-AFF and were able to significantly enhance MRR 

and the change in the average surface roughness (ΔRa) [12]. Singh and Shan [13] developed 

magnetic AFF (MAFF) and found that a magnetic field near the workpiece in AFF significantly 

raised the MRR and the ΔRa. Wani et al. [14] modeled MAFF to evaluate surface roughness. They 

found that a magnetic field near the workpiece led to a larger increase in MRR than in surface 

roughness. Venkatesh et al. [15] modeled ultrasonic-assisted abrasive flow machining (UAAFM). 

They demonstrated that high-frequency vibration had the largest contribution to the process among 

other parameters. Barman and Das [16] presented a new tool for magnetic abrasive finishing 

(MAF) for finishing free-form workpieces. They were able to improve surface roughness by 94%. 

Misra et al. [17] proposed an analytical model of ultrasonic-assisted magnetic abrasive finishing 

(UAMAF). They showed that MRR was a function of the initial Ra in UAMAF – i.e., MRR was 

larger at a higher initial Ra. Kum et al. [18] introduced a new analytical model based on the 

abrasive properties to examine MRR in magnetic-field abrasive finishing (MFAF). They 

developed the MRR based on contact mechanics. It was found that the optimal MRR occurred 

when the abrasive grains were in a close packing condition. Gao et al. [19] modeled MRR based 
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on the indentation depth of atomized spherical abrasive grains. They demonstrated that MRR 

increased as the working gap, feed rate, and magnetic abrasive grain size reduced. Zhang et al. 

[20] introduced a new tool for the magnetic finishing of inner surfaces. They also analyzed the

material removal mechanism based on aggressive contact mechanics and Archard abrasion theory, 

improving surface roughness by 80%. Jha and Jain [21] developed magnetorheological abrasive 

flow finishing (MRAFF) to finish the inner surfaces of complex workpieces. They indicated that 

surface finish improvement was directly related to the magnetic field magnitude. Sidpara and Jain 

[22] measured the normal and tangential forces of single-crystal silicon in magnetorheological

fluid-based finishing (MAF). They figure out that the working gap had the largest effect on the 

process. Ball-end magnetorheological finishing (BEMRF) was developed as a precision polishing 

technique based on a magnetorheological polishing fluid with rheological properties [23]. It is 

utilized for the ultra-precision finishing of flat and three-dimensional workpieces [24]. Paswan et 

al. [25] developed magnetorheological honing (MRH) to finish the inner surfaces of cylindrical 

workpieces. To finish the UHMWPE acetabular cup, Arora and Singh [26] introduced a new semi-

spherical tool for magnetorheological finishing (MR). They significantly improved the surface 

roughness and sphericity of an ultra-high molecular weight polyethylene (UHMWPE) acetabular 

cup. Ghosh et al. [27] employed MR to achieve nano-roughness on the surface of an oxygen-free 

high thermal conductivity (OFHC) copper workpiece. Drawing on the finite element method 

(FEM), an analytical model, and experiments, they proposed the use of a larger working gap, a 

lower spindle speed, and a lower feed rate for the finishing of the OFHC copper workpiece. Also, 

Some developments in adavanced abrasive processes are discussed in following. Cao et al. [28] 

established an analytical model of the wheel wear for the ultrasonic vibration-assisted creep feed 

deep profile grinding (UVAPG). The experimental results proved that the model was capable of 

predicting the wear volume in UVAPG with the maximum error of 4.2 %. Miao et al. [29] 

investigated the surface deformation structures of turbine blade root of single crystal nickel-based 

superalloy produced under different creep feed grinding conditions. They found that the structure 

deformation primarily depends on the dislocation slip and the deformation twinning as a 

supplement. Cao et al. [30] studied the effect of vibration coupling on the L2T1 vibration mode 

through the theoretical analysis of apparent elastic method and simulation of FEM. They found, 

compared with Conventional Grinding (CG), the Ultrasonic Vibration-Assisted Grinding (UVAG) 

had benefits of 15% lower normal grinding force, 11% lower tangential grinding force, 10% lower 

workpiece surface roughness and fewer defects on the machined surface of Inconel 718 nickel-

based superalloy. Cao et al. [31] analyzed the  the intermittent cutting behavior in UVG based on 

material removal probability model. The analytical results of the material removal probability 

model were in good agreement with the experimental results. Cao et al. [32] developed a novel 

ultrasonic vibration plate sonotrode for the Ultrasonic Vibration-Assisted Grinding (UVAG). They 

proved, compared with CG, the normal and tangential grinding forces of UVAG decrease by 35 

% and 39 %, respectively. 

Rotational abrasive finishing (RAF) is a new finishing technique in which a stirring-blade and the 

workpiece rotate in opposite orientations to apply the required forces to the workpiece [33]. It 

enables the precise finishing of inner and outer surfaces, particularly in workpieces with axial 

symmetry [34, 35]. As RAF is a new finishing process, thus, it is required to further investigate 

different aspects of RAF. The novelty of this article is to propose a new theoretical model to obtain 
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deeper insights into surface roughness in RAF. This new theoretical model provides a better 

ununderstanding of the material removal mechanism, surface roughness prediction, and applied 

forces for an abrasive grain. To validate the proposed theoretical model, the effects of a number of 

process parameters on surface roughness were empirically evaluated.  

Nomenclature 

Grain-grooved cross-sectional area (𝑚𝑚2)𝐴′

Projected area of indentation (mm2)𝐴𝑝
Centrifugal force (N) 𝐹𝑐𝑒𝑛
Finishing force (N) 𝐹𝑓
Normal force of abrasive grain (N) 𝐹𝑛
Normal force of workpiece (N) 𝐹𝑤
Resistant force (N) 𝐹𝑟𝑒𝑞
Tangential force (N) 𝐹𝑡
Brinell hardness 𝐻𝑤
Real contact length (mm) 𝐿𝑖
Length of stirring-blade (mm) 𝐿𝑠
Length of the path traveled by the abrasive grain 𝐿𝑤
Number of abrasive particles simultaneously acting per unit area of 

contact 

𝑁𝑎

Number of stirring-blade 𝑁𝑠
Total number of active abrasive grains 𝑁𝑡
Tangential stress  (𝑁

𝑚2⁄ )𝑃𝑡

Distance between the center of the blade to the center of the abrasive 

particle (mm) 
�̅�

Initial average surface roughness (nm) 𝑅𝑎
0

Average roughness after the ith rotation of stirring-blade (nm) 𝑅𝑎
𝑖

Radius of cylindrical workpiece (mm) 𝑅𝑤
Volume of material removed in rotation i of the stirring-blade 𝑉𝑖
Total volume removed (𝑚𝑚3)𝑉𝑡
Weight removed (mg) 𝑊𝑚
Width of stirring-blade (mm) 𝑊𝑠
Diameter of abrasive particle (mm) 𝑑𝑎
Diameter of indentation (mm) 𝑑𝑖
Indentation diameter (mm) 𝑑𝑖
Mass of the abrasive particle 𝑚𝑎

Rotational speed of Abrasive (rpm) 𝑣𝑎
Poisson’s ratio of particle 𝑣𝑝
Relative velocity (rpm) 𝑣𝑟
Rotational speed of stirring-blade (rpm) 𝑣𝑠
Rotational speed of workpiece (rpm) 𝑣𝑤

Density of abrasive particle (
𝐾𝑔

𝑚3⁄ ) 𝜌𝑎

Density of workpiece material (
𝐾𝑔

𝑚3⁄ ) 𝜌𝑤

Normal stress of a material (Mpa) 𝜎𝑤
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Yield strength of the workpiece material (Mpa) 𝜎𝑦
Abrasive Flow Finishing AFF 

Ball End Magnetorheological Finishing BEMRF 

Brinell Hardness Number BHN 

Indentation depth (mm) ℎ 

Magnetic Abrasive Finishing MAF 

Magnetic Abrasive Flow Finishing MAFF 

Magnetic Abrasive Particles MAPs 

Magnetic-Field Abrasive Finishing MFAF 

Magnetorheological abrasive flow finishing MRAFF 

Magnetorheological Fluid-Based Finishing MRF 

Magnetorheological Honing MRH 

Material Removal Rate MRR 

Average Surface Roughness (nm)𝑅𝑎 

Rotational Abrasive Finishing RAF 

Rotational Abrasive Flow FinishingR-AFF 

Scanning Electron Microscopy SEM 

Ultrasonic- assisted Abrasive Flow Machining UAAFM 

Change in average surface roughness (nm)Δ𝑅𝑎 

Radius of an abrasive particle (𝜇𝑚) 𝑟 

2. Theoretical analysis

In this section, a theoretical model was developed to investigate the material removal mechanism, 

surface soughness prediction, and the forces involved in the RAF process.  

Assumptions: 

Figure 1 depicts the different statuses of abrasive grain during the process. Since the abrasive-

workpiece interaction is random and complex in nature, therefore, it is difficult and sometimes 

impossible to accurately simulate the RAF process. Therefore, the proposed model is based on the 

possible movement of a particle from the stirring blade to the moment it hits the workpiece surface. 

To simplify the model, some initial assumptions were considered as follows: 

• The abrasive grains were spherical and had the same size (diameter).

• Each abrasive grain had an active cutting edge.

• The workpiece surface had a homogenous roughness profile without a statistical

distribution (i.e., the same surface roughness). 

• The force applied to an abrasive grain and its indentation depth would remain unchanged.
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Fig. 1 Stages of the RAF (a) at beginning, (b) before meeting, and (c) during meeting. 

2.1. Forces, indentation depth, and abrasive contact area 

In RAF process, the relative speed of the stirring-blade and workpiece surrounded by the abrasive 

provides the force needed to remove material. The movement of abrasive grain on the workpiece 

surface applies centrifugal (normal) and tangential forces to the workpiece [36]. The centrifugal 

(normal) force acting on the abrasive grain is responsible to penetrate the workpiece. Then, the 

abrasive grain moves horizontally on the workpiece surface, leading to micro/nano-scale material 

removal. The forces involved in the RAF include centrifugal force (𝑭𝒄𝒆𝒏), normal force (𝑭𝒏),

tangential force (𝑭𝒕), and finishing force (𝑭𝒇). The stirring-blade is responsible for rotating the

abrasive to penetrate and rub the grains onto the workpiece. Since the stirring-blades and 

workpiece have no contact and rotate in the opposite directions, they have a relative speed to each 

other. In the beginning, the abrasive grain speed (𝒗𝒂) is equal to the stirring-blade speed (𝒗𝒔) (𝒗𝒂 =

𝒗𝒔). However, due to the relative motion of the stirring-blades and workpiece, the speed of the

abrasive grain when meeting the workpiece is equal to the relative speed of the workpiece and 

stirring-blade (𝒗𝒓) (i.e., 𝒗𝒓 = 𝒗𝒂 = 𝒗𝒔 + 𝒗𝒘). The rotation of the stirring-blade induces a

centrifugal force in the abrasive. Thus, the indentation force during meeting is equal to the 

centrifugal force of the abrasive grain. The centrifugal force is defined as: 

𝑭𝒄𝒆𝒏 = 𝒎𝒂

𝒗𝒂
𝟐

�̅�
 (𝟏) 

Where, 𝒎𝒂 is the mass of the abrasive particle, 𝒗𝒂 is the rotational speed of abrasive grain, and �̅�
is the distance between the center of the blade to the center of the abrasive grain. Moreover, the 

mass of an abrasive grain is obtained as: 

𝒎𝒂 =
𝟒
𝟑⁄ 𝝅𝒓𝟑𝝆𝒂     (2)

Where, 𝒓 is the radius of an abrasive grain, and 𝝆𝒂 is the density of abrasive grain.

Therefore, since the speed of the abrasive grain when meeting the workpiece is equal to the relative 

speed (𝒗𝒓), the centrifugal force (𝑭𝒄𝒆𝒏) applied to the abrasive grain  is obtained by inserting Eq.

(2) into Eq. (1) as:

𝑭𝒄𝒆𝒏 =
𝟒
𝟑⁄ 𝝅𝒓𝟑𝝆𝒂

𝒗𝒓
𝟐

�̅�
 (𝟑) 

Where, 𝒗𝒓 is the relative velocity. The normal force (𝑭𝒏)  acting on an abrasive grain during the

meeting is defined as: 
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𝑭𝒏 = 𝑭𝒄𝒆𝒏
𝝅𝒅𝒂

𝟐

𝟒
 (𝟒) 

Where, 𝒅𝒂 is the diameter of abrasive grain. The insertion of Eq. (3) into Eq. (4) gives:

𝑭𝒏 = 
𝟒
𝟑⁄ 𝝅𝒓𝟑𝝆𝒂

𝒗𝒓
𝟐

�̅�

𝝅𝒅𝒂
𝟐

𝟒
 (𝟓) 

The normal stress (𝝈𝒘) of a material is defined by the Brinell hardness (𝑯𝒘) as [19]:

𝝈𝒘 = 𝐾𝑯𝒘    (𝟔)
According to a report of Jain et al. [36], the coefficient of K is calculated by the type of material 

(ductile or brittle). 

The projected area of indentation (𝑨𝒑) made by an abrasive grain is expressed as:

𝑨𝒑 = 𝛑
𝒅𝒊
𝟐

𝟒
     (𝟕)

Where, 𝒅𝒊 is the indentation diameter of the projected area. Then, the normal force (𝑭𝒘) applied

by workpiece against abrasive grain during the meeting is defined as: 

𝑭𝒘 = 𝝈𝒘𝑨𝒑 = 𝑲𝑯𝒘𝝅
𝒅𝒊
𝟐

𝟒
 (𝟖) 

As can be seen in Figure 2(b), the indentation diameter (𝒅𝒊) and indentation depth (𝒉) can be

calculated by the Pythagorean Theorem. The indentation depth is obtained as: 

𝒉 =
𝒅𝒂
𝟐
−
𝟏

𝟐
√𝒅𝒂

𝟐 − 𝒅𝒊
𝟐    (𝟗)

The relation of Brinell Hardness Number (BHN) can be used to obtain the indentation diameter 

(𝒅𝒊) in the RAF process, which is defined as follows:

𝑩𝑯𝑵 =
𝑭𝒏

𝝅
𝟐
𝒅𝒂 (𝒅𝒂 −√𝒅𝒂

𝟐 − 𝒅𝒊
𝟐)

 (𝟏𝟎) 

By rewriting Eq. (10), the indentation diameter is defined as [25]: 

𝒅𝒊 = √𝒅𝒂
𝟐 − (𝒅𝒂 −

𝟐 × 𝟏𝟎−𝟔 × 𝑭𝒏
𝟗. 𝟖𝝅𝑩𝑯𝑵𝒅𝒂

)

𝟐

   (𝟏𝟏)

Drawing on Eq. (9), the grain-grooved cross-sectional area (𝑨′) can be obtained as :

𝑨′ =
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉)    (𝟏𝟐)
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Fig. 2 A schematic of (a) the meeting of an abrasive grain with the workpiece and (b) the OAB triangle 

induced by abrasive penetration into the workpiece. 

Once the abrasive grain has penetrated the workpiece, it moves horizontally on the surface of the 

workpiece due to the rotational speed of the stirring-blades. The relative speed and thus centrifugal 

force of the abrasive grain induce tangential stress (𝑷𝒕) to the workpiece. The tangential force (𝑭𝒕)
of the abrasive grain, which is responsible for removing material, is defined as [19]: 

𝑭𝒕 = 𝑷𝒕𝑨
′      (13)

Where, 

𝑷𝒕 =
𝟏 − 𝒗𝒑

𝒗𝒑
 𝑭𝒏       (𝟏𝟒)

Where, 𝒗𝒑 is the Poisson’s ratio of abrasive grain. The insertion of Eqs. (12) and (14) into Eq.

(13) gives:

𝑭𝒕 =
𝟏 − 𝒗𝒑

𝒗𝒑

𝟒

𝟑
𝝅𝒓𝟑𝝆𝒂

𝒗𝒓
𝟐

�̅�

𝝅𝒅𝒂
𝟐

𝟒
+
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
)

− √𝒉(𝒅𝒂 − 𝒉) (
𝒅𝒂
𝟐
− 𝒉)         (𝟏𝟓)

Since the workpiece material has a yield strength, the workpiece reacts to the tangential force (𝑭𝒕)

and exerts a resisting force (𝑹𝒓𝒆𝒒) in the opposite direction. The resisting force (𝑹𝒓𝒆𝒒) is expressed

as: 

𝑹𝒓𝒆𝒒 = 𝝈𝒚𝑨
′    (𝟏𝟔)

Where, 𝝈𝒚 is the Yield strength of the workpiece material. Figure 3 illustrates a flow chart of the

MATLAB program for material removal occurring. Finishing force (𝑭𝒇) is obtained as the sum of

the normal (𝑭𝒏) and tangential forces (𝑭𝒕) as [37]:

𝑭𝒇 = √ 𝑭𝒏
𝟐 + 𝑭𝒕

𝟐    (𝟏𝟕)
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The insertion of Eqs. (5) and (15) into Eq. (17) gives: 

𝑭𝒇

=

√

 (
𝟒

𝟑
𝝅𝒓𝟑𝝆𝒂

𝒗𝟐

�̅�

𝝅𝒅𝒂
𝟐

𝟒
)

𝟐

+

(
𝟏 − 𝒗𝒑

𝒗𝒑

𝟒

𝟑
𝝅𝒓𝟑𝝆𝒂

𝒗𝟐

�̅�

𝝅𝒅𝒂
𝟐

𝟒
+
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉))

𝟐  (𝟏𝟖) 
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Fig. 3 A flow chart obtained from the MATLAB program for material removal mechanism. 

2.2. Material removal and surface roughness mechanism  

Figure 4 illustrates the contact of the abrasive grain and the workpiece in the working gap. Once 

the abrasive grain cuts surface roughness, the real contact length (𝑳𝒊) of the grain is calculated as:

𝑳𝒊 = 𝒍𝒔   (𝟏𝟗)   
Where, 

𝒍𝒔 = 𝟒(𝑹𝒂
𝟎 − 𝑹𝒂

𝒊 )𝒕𝒂𝒏𝜽𝒔   (𝟐𝟎)

Where, 𝑹𝒂
𝟎 is the initial surface roughness, and 𝑹𝒂

𝒊  is the value of the average roughness after the 

ith rotation of stirring-blades. The length of the path traveled (𝑳𝒘) by the abrasive grain is defined

as: 

𝑳𝒘 = 𝒍𝒔 + 𝒍𝒈    (𝟐𝟏)

Where, 

𝒍𝒔 + 𝒍𝒈 = 𝟒𝑹𝒂
𝟎𝒕𝒂𝒏𝜽𝒔   (𝟐𝟐) 

The real contact length (𝑳𝒊) and travel path (𝑳𝒘) are related as:

𝑳𝒊 = (
𝒍𝒔

𝒍𝒔 + 𝒍𝒈
)𝑳𝒘   (𝟐𝟑) 

The insertion of Eqs. (20) and (22) into Eq. (23) gives: 

𝑳𝒊 = (
𝟒(𝑹𝒂

𝟎 − 𝑹𝒂
𝒊 )𝒕𝒂𝒏𝜽𝒔

𝟒𝑹𝒂
𝟎𝒕𝒂𝒏𝜽𝒔

)𝑳𝒘    (𝟐𝟒)

Eq. (24) is simplified into: 

𝑳𝒊 = (𝟏 −
𝑹𝒂
𝒊

𝑹𝒂
𝟎
)𝑳𝒘        (𝟐𝟓)

Fig. 4 Schematic of (a) upper view of the stirring-chamber, (b) magnified view of the stirring-chamber, 

and (c) contact area of the abrasive grain and workpiece in the working gap. 

Figure 5 depicts a schematic of Ra. The removal of material is performed by the movement of the 

abrasive gain on the workpiece once the finishing force exceeds the resisting force. The removed 

volume is the product of the penetrated area (𝑨′) and contact length (𝑳𝒊):
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𝑽𝒂 = 𝑨′𝑳𝒊   (𝟐𝟔)
The insertion of Eqs. (12) and (25) into Eq. (26) gives: 

𝑽𝒂 = [
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉)] × (𝟏 −

𝑹𝒂
𝒊

𝑹𝒂
𝟎
)𝑳𝒘          (𝟐𝟕)

Fig. 5 Schematic of (a) surface roughness and (b) cut peaks after finishing stages. 

Material is removed when a large number of abrasive grains move on the workpiece surface. The 

abrasive grains that participate in the removal of material are known as active abrasive grains (𝑵𝒂),

whereas those that are not involved in the removal process are referred to as inactive grains. The 

total number of active abrasive grains (𝑵𝒕) in each stirring-blade rotation is calculated as:

𝑵𝒕 = 𝟐𝝅𝑹𝒘𝑵𝒂𝑵𝒔𝑾𝒔𝑳𝒔
𝑹𝒔
𝟐

𝑹𝒘
𝟐
     (𝟐𝟖)

Where, 𝑵𝒂 is the number of abrasive grains simultaneously acting per unit area of contact, 𝑵𝒔 is

the number of stirring-blade, 𝑾𝒔 is the width of stirring-blade, 𝑳𝒔: the length of stirring-blade, 𝑹𝒔
is the radius of stirring-blade, and 𝑹𝒘 is the radius of cylindrical workpiece.

Therefore, the volume of material removed in rotation i of the stirring-blade is obtained as: 

𝑽𝒊 = 𝑨′𝑳𝒊𝑵𝒕  (𝟐𝟗)
The insertion of Eqs. (12), (25), and (28) into Eq. (29) gives: 

𝑽𝒊 = [
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉)]

× (𝟏 −
𝑹𝒂
𝒊

𝑹𝒂
𝟎
)𝑳𝒘𝟐𝝅𝑹𝒘𝑵𝒂𝑵𝒔𝑾𝒔𝑳𝒔

𝑹𝒔
𝟐

𝑹𝒘
𝟐
            (𝟑𝟎)

The total volume removed (𝑽𝒕) in n rotations of the stirring-blade is calculated as:

𝑽𝒕 = [
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉)]

×∑(𝟏 −
𝑹𝒂
𝒊

𝑹𝒂
𝟎
)

𝟐𝒏

𝟏

𝑳𝒘𝟐𝝅𝑹𝒘𝑵𝒂𝑵𝒔𝑾𝒔𝑳𝒔
𝑹𝒔
𝟐

𝑹𝒘
𝟐

 (𝟑𝟏) 
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Where, 𝝆𝒘 is the density of workpiece material. Likewise, the total weight removed (𝑾𝒎) in n

rotations of the stirring-blade is derived as: 

𝑾𝒎 = [
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
) − √𝒉(𝒅𝒂 − 𝒉) (

𝒅𝒂
𝟐
− 𝒉)]

×∑(𝟏 −
𝑹𝒂
𝒊

𝑹𝒂
𝟎
)

𝟐𝒏

𝟏

𝑳𝒘𝝆𝒘𝟐𝝅𝑹𝒘𝑵𝒂𝑵𝒔𝑾𝒔𝑳𝒔
𝑹𝒔
𝟐

𝑹𝒘
𝟐

 (𝟑𝟐) 

The removed volume in stirring-blade rotation i can be expressed as: 

The removed volume in rotation i = real abrasive contact length × workpiece width × depth of 

removal. 

𝑽𝒊 = (𝟏 −
𝑹𝒂
𝒊

𝑹𝒂
𝟎
)𝑳𝒘𝟐𝝅𝑹𝒘(𝑹𝒂

𝒊−𝟏 − 𝑹𝒂
𝒊 )         (𝟑𝟑)

By simplifying Eqs. (30) and (33), surface roughness at the end of iteration i and that in iteration 

i-1 are related as:

𝑹𝒂
𝒊 = 𝑹𝒂

𝒊−𝟏 −𝑵𝒂𝑵𝒔𝑾𝒔𝑳𝒔 (
𝑹𝒔
𝟐

𝑹𝒘
𝟐
) [
𝒅𝒂
𝟐

𝟒
𝒔𝒊𝒏−𝟏 (

𝟐√𝒉(𝒅𝒂 − 𝒉)

𝒅𝒂
)

− √𝒉(𝒅𝒂 − 𝒉) (
𝒅𝒂
𝟐
− 𝒉)]             (𝟑𝟒)

Through the evaluated finishing forces as input parameters, the removal of material in RAF is 

theoretically calculated. Table 1 represents the constants used in the theoretical analysis. Figure 6 

depicts the interaction between the abrasive grain and Ra. 

Table 1 Input constant parameters Used during theoretical analysis. 

Value Parameters 

0.14 𝒗𝒑
170 (𝑀𝑝𝑎) 𝝈𝒚

8000 (
𝐾𝑔

𝑚3⁄ ) 𝝆𝒘

3220 (
𝐾𝑔

𝑚3⁄ ) 𝝆𝒂

5  (𝑚𝑚) 𝑹𝒘
1  (𝑚𝑚) 𝑾𝒔

10  (𝑚𝑚) 𝑳𝒔
217 BHN 
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Fig. 6 Interaction between the abrasive and surface roughness. 

4. Experimental verification

4.1. RAF set-up 

Figure 7 depicts the RAF set-up. The RAF mechanism is based on the simultaneous rotations of 

the stirring-blades and workpiece in the opposite orientations. To finish the inner surface of the 

workpiece, the stirring-blade is placed within the workpiece. The stirring-blade is responsible for 

rotating abrasive grains. There is no contact between the stirring blades and the workpiece surface. 

The space between the blades and workpiece is known as the working gap in which abrasive is 

used. The workpiece is placed within a fixture on the bottom of the table connected to the lower 

electric motor of the set-up. The lower part of the workpiece is sealed using a cap before placing 

the workpiece within the fixture. Then, the abrasive is poured into the workpiece. The stirring-

blade is placed into the workpiece by a fixture on top of the table connected to the upper electric 

motor of the set-up. Once the stirring-blade has been situated inside the workpiece, another cap is 

used to seal the top surface of the workpiece. The caps not only prevent abrasive outflow during 

the process but also provide a closed machining medium, increasing the surface forces, 

accelerating the process, and reducing the time and cost of the process. The process begins with 

the stirring-blade rotating the abrasive. The rotation of the abrasive and its contact with the 

workpiece, which is rotating in the opposite orientations at the same time, provide the required 

forces of material removal and finishing. Table 2 shows the parameters and experimental setup.  
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Fig. 7 Schematic of (a) RAF set-up and (b) magnified view and (c) photograph of the stirring chamber and 

workpiece assembly. 

Table 2 Parameters and conditions of experiments. 

Value Name of Parameters 

300 – 450 – 600 Velocity of stirring-blades (rpm) 

100 Velocity of workpiece (rpm) 

1 – 1.5 -2 Working gap (mm) 

Stainless steel 316 L Workpiece material 

Silicon carbide (SiC) Abrasive type 

Naphthenic oil Lubricant type 

(70:30) Weight ratio of medium (SiC : Naphthenic oil) 

4.2. Workpiece and abrasive 

The present study employed a 316L stainless steel cylindrical workpiece. To obtain the initial Ra 

of the workpiece, the roughness was measured in random locations, and the average roughness 

was found to be 303 nm. Also, SiC was employed as the abrasive with an elasticity modulus of 

410 GPa and Poisson’s ratio of 0.14 [38]. Naphthenic oil was employed as the coolant and the 

whole process was divided into 5-min cycles. The present study employed abrasive grains with 

sizes of 18, 23, and 28 μm. Figure 8 shows the SEM images of abrasive grains.  

A new theoretical model for surface roughness prediction in rotational abrasive finishing process

15

(b) 

Workpiece 

Top Plate 

Bottom Cap Working gap Medium 

-chamber 

Motor Pulle Stirring-blade 

Pulley (a) Base Plate Stirrin -chamber 

Work iece Bottom ca 



4.3. Material removal and surface roughness measurements 

The roughness was measured using a MarSurf PS1 tester with a cutoff or sampling length of 

0.25 mm and an evaluation length of 1.25 mm, according to the DIN EN ISO 4288:1996 standard 

[39]. Surface roughness was measured using the MarSurf PS1 tester at the beginning and end of 

each experiment. The material removal (MR) was determined experimentally by measuring the 

weight of workpiece before and after RAF process using electronic balance with an accuracy of 

0.001 g [40]. To further examine and compare the results, scanning electron microscopy (SEM) 

was employed. 

4.4. Design of experiments 

The design of experiment method (DOE) was used to plan the initial experiments. Initially, Full 

factorial design was used to plan 18 experiments, as shown in Table 3. Then, the results were 

exploited to simulate and optimize the influential parameters using the Response surface method 

(RSM). Table 4 shows the plan of experiments based on the RSM. Accordingly, the rotational speed 

of the stirring-blade, working gap, and abrasive grain size were investigated as the influential 

parameters on material removal and surface roughness. In order to verify the repeatability of 

experiments, a plan of experiment based on the RSM with 3 factors, 2 replication, 20 base runs, 

and 40 total runs was designed, as shown in Table 4. Accordingly, the final experimental results 

obtained from the RSM were used to compare with the theoretical results. Surface roughness (Ra) 

was measured as a function of rotational speed of the stirring-blade (S), working gap (W), and 

abrasive grain siz (A). Equation (35) shows a quadratic model of the Ra which has R2 value of 

95.70% with the experimental data: 

Ra = 457 + 0.221 S + 404.1 W - 61.17 M - 0.000698 S*S - 77.8 W*W + 1.472 M*M - 0.0817 S*W 

+ 0.01117 S*M - 2.80 W*M              (35)
Table 3 Plan of experiments based on the Full factorial method. 

StdOrder RunOrder PtType Blocks S (rpm) W (mm) A (μm) 

16 1 1 1 600 1.5 28 

5 2 1 1 300 2.0 18 

3 3 1 1 300 1.5 18 

9 4 1 1 450 1.5 18 

1 5 1 1 300 1.0 18 

13 6 1 1 600 1.0 18 

17 7 1 1 600 2.0 18 

14 8 1 1 600 1.0 28 

12 9 1 1 450 2.0 28 

18 10 1 1 600 2.0 28 

8 11 1 1 450 1.0 28 

6 12 1 1 300 2.0 28 

15 13 1 1 600 1.5 18 

11 14 1 1 450 2.0 18 

7 15 1 1 450 1.0 18 

10 16 1 1 450 1.5 28 
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2 17 1 1 300 1.0 28 

4 18 1 1 300 1.5 28 

Fig 8. The SEM images of abrasive grain; [size: (a) 18μm, (b) 23 μm, (c) 28 (c)]. 

Table 4 Plan of experiments based on the Response Surface Method (RSM). 

StdOrder RunOrder PtType S (rpm) W (mm) A (𝜇𝑚) Final Ra (nm) 

15 1 0 450 1.5 23 178 

3 2 1 300 2.0 18 258 

9 3 -1 300 1.5 23 217 

1 4 1 300 1.0 18 149 

18 5 0 450 1.5 23 169 

28 6 1 600 2.0 28 215 

23 7 1 300 2.0 18 219 

35 8 0 450 1.5 23 186 

25 9 1 300 1.0 28 222 

39 10 0 450 1.5 23 180 

33 11 -1 450 1.5 18 216 

38 12 0 450 1.5 23 172 

5 13 1 300 1.0 28 210 

34 14 -1 450 1.5 28 244 

4 15 1 600 2.0 18 138 

6 16 1 600 1.0 28 164 

36 17 0 450 1.5 23 175 

14 18 -1 450 1.5 28 262 

10 19 -1 600 1.5 23 141 

13 20 -1 450 1.5 18 180 

26 21 1 600 1.0 28 170 

29 22 -1 300 1.5 23 204 

20 23 0 450 1.5 23 176 

19 24 0 450 1.5 23 183 

12 25 -1 450 2.0 23 206 

17 26 0 450 1.5 23 173 

2 27 1 600 1.0 18 46 

31 28 -1 450 1.0 23 146 

21 29 1 300 1.0 18 143 

37 30 0 450 1.5 23 175 

11 31 -1 450 1.0 23 132 

40 32 0 450 1.5 23 172 
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8 33 1 600 2.0 28 199 

27 34 1 300 2.0 28 289 

32 35 -1 450 2.0 23 193 

24 36 1 600 2.0 18 125 

22 37 1 600 1.0 18 59 

16 38 0 450 1.5 23 180 

30 39 -1 600 1.5 23 130 

7 40 1 300 2.0 28 294 

5. Results and discussion

In this section, first, the effects of stirring-blades speed, working gap, and abrasive grain size on 

the surface rouhghness (Ra) obtained from experimental results were investigated. Then, the 

experimental and theoretical results were compared.  

5.1 Effects of stirring-blades speed on Ra 

Figure 9 plots the stirring-blades speed versus surface roughness. As can be seen, a rise in the 

stirring-blade speed reduces the change in the average surface roughness (ΔRa). The normal force 

(𝑭𝒏)  is responsible for penetrating the workpiece, while the tangential force (𝑭𝒕) removes material

from the workpiece. The removal of material increases as the stirring-blade speed (𝒗𝒔) rises. Also,

an increase in the stirring-blade speed enhances the relative speed (𝒗𝒓) of the stirring-blade and

the workpiece. Thus, the speed of the abrasive (𝒗𝒂)  is equal to the relative speed of the stirring-

blade and workpiece when meeting (i.e., 𝒗𝒓 = 𝒗𝒂 = 𝒗𝒔 + 𝒗𝒘). Moreover, based on Eq. (5), the

𝑭𝒏 is directly related to the squared abrasive grain speed when meeting the workpiece. Therefore,

an increase in the stirring-blade speed and abrasive grain speed raises the indentation force and 

indentation depth. Then, a rapid movement of the abrasive on the surface increases the shear stress 

of the workpiece surface. As the stirring-blade speed rises, a larger number of grains (𝑵𝒔) engage

in the polishing process. The increased number of grains in polishing raises the collisions with the 

surface. Thus, according to Eqs. (23) and (22), the real contact area (𝑳𝒊) and traveled path length

(𝑳𝒘) of abrasive grains increase. Furthermore, the increased number of grains in polishing raises

the number of active grains (𝑵𝒂)  on the roughness. Based on Eqs. (29) and (31), roughness

removal rises as the number of active gains increases, enhancing the MRR, reducing surface 

roughness, and improving the quality of the surface. Roughness reduction was maximized at a 

stirring-blades speed of 600 rpm, a working gap of 1 mm, and abrasive grain size of 18 μm (from 

the initial Ra of 164 nm to the final Ra of 64 nm).  
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Fig. 9 Stirring-blades speed versus surface roughness. 

5.2 Effects of working gap on Ra 

Figure 10 plots surface roughness versus the working gap. As can be seen, a rise in the working 

gap raises the ΔRa. Increased working gap leads to the involvement of fewer abrasive grains in the 

finishing process since the abrasive grains need to travel a longer path to meet the workpiece 

surface (Fig. 1(b)). According to Eq. (31), the total number of abrasive grains (𝑵𝒕)  is directly

related to the squared stirrer radius. In other words, the working gap increases as the stirrer radius 

reduces, and this reduces the total number of abrasive grains engaging in the polishing process. 

Fewer cutting edges of abrasive grain meet the surface when the total number of grains decreases. 

As a result, 𝑭𝒇 declines on the surface. This effect becomes stronger particularly when the relative

speed between the stirrer and workpiece is lower since 𝑭𝒏 is inversely related to �̅�, according to

Eq. (5). Thus, reduced 𝑭𝒏 and 𝑭𝒕 diminish the finishing force 𝑭𝒇. The largest change in the average

surface roughness was found to be 162 nm at a stirring-blade speed of 600 rpm, a working gap of 

1.5 mm, and abrasive grain size of 23 μm.  
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Fig. 10 Working gap versus surface roughness. 

5.3 Effects of abrasive grain size on Ra 

Figure 11 plots surface roughness versus the abrasive grain size before and after RAF. As can be 

seen, the MRR increases as the grain size rises since larger abrasive grains have stronger cutting 

edges to remove material. The finishing force 𝑭𝒇 is responsible for finishing. According to Eq.

(18), 𝑭𝒏 and 𝑭𝒕 are directly related to the abrasive grain size, and a rise in 𝑭𝒏 and 𝑭𝒕 increases 𝑭𝒇.

This reduces the roughness of the surface. However, each grain has a limited ability to remove 

roughness. Based on Eq. (34), the ultimate surface roughness is related to the squared abrasive 

grain size. Thus, the roughness of the surface cannot be significantly decreased using abrasive 

grains with a fixed size since the grains would not be able to remove smaller rough points above 

an optimal level. Thus, above the optimal level, not only does not surface roughness further 

decrease but also the quality of the surface may decline. To tackle this drawback, it is required to 

utilize abrasive grains with smaller sizes than the previous stage. The present study employed 

abrasive grains with sizes of 18, 23, and 28 μm. The increase in the abrasive grain size from 18 to 

28 μm enhanced the ability of the grains to remove roughness. The larger abrasive grains (23 and 

28 μm) had greater abilities than the 18-μm ones to remove roughness. The highest surface 

reduction was found to be 198.60 μm using the 23-μm grains. Figure 12 shows the unfinished and 

RAF-finished workpiece surfaces. 
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Fig. 11 Surface roughness plot; (a) before and (b) after process. 

Fig. 12 SEM images and surfaces of workpiece; (a and c) before, and (b and d) after process. 

5.4 Comparison of theoretical and experimental results 

Figure 13 compares the theoretical and experimental material removal results. To asses the 

repeatability of the experiments and verify the experiment results, a palne of experiments were 

designed based on the RSM, as shown in the Table 4. According to this, the standard devation of 

the repeated experiments was measured, as shown in the Fig.13. As can be seen, the experimental 

material removal results were higher than the theoretical results. This can be attributed to the 

theoretical assumptions and the differences from real-life conditions. The theoretical investigation 

assumed the same shape (spherical) and size of abrasive grains for simplification purposes, 

whereas real-life grains have different shapes and sizes with a non-uniform distribution. This 

significantly affects the MRR and increases the removal of material in the experimental conditions. 
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Moreover, the theoretical investigation assumed each abrasive grain to have an active cutting edge, 

whereas real-life abrasive grains, may have several active cutting edges, as shown in Fig.8. This 

is an essential explanation for the difference between the theoretical and experimental material 

removals.  

Fig. 13 Comparison of theoretical and experimental results of removed material. 

Figure 14 compares the theoretical and experimental surface roughness results. The experimental 

roughness reductions were larger than the theoretical ones. The precent error between theoretical 

and experimental results can be obtained as follows [41]: 

𝑷𝒓𝒆𝒄𝒆𝒏𝒕 𝒆𝒓𝒓𝒐𝒓 (%) =
|𝑻𝒉𝒆𝒐𝒓𝒆𝒕𝒊𝒄𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 −  𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒂𝒍 𝒗𝒂𝒍𝒖𝒆|

|𝑻𝒉𝒆𝒐𝒓𝒆𝒕𝒊𝒄𝒂𝒍 𝒗𝒂𝒍𝒖𝒆|
 × 𝟏𝟎𝟎        (𝟑𝟔) 

The experimental results were relatively in good agreement with the theoretical results so that the 

maximum error was 24%. The difference between theoretical and experimental results can be 

attributed to the theoretical assumptions. The theoretical  investigation assumed a uniform 

roughness profile without a statistical distribution for the workpiece, while a real-life workpiece 

surface has a non-uniform distribution of roughness. Due to the non-uniform surface roughness 

profile, each abrasive grain shows unpredictable, random behavior when meeting the surface, 

leading to different experimental and theoretical roughness results. Overall, the theoretical 

assumptions can be claimed to be the most important explanation for the differences between the 

theoretical and experimental results. 
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Fig. 14 Comparison of theoretical and experimental results of surface roughness (Ra). 

6. Conclusion

The present study proposed a new theoretical model to predict surface roughness in the RAF 

process.  A number of experiments were implemented on some process parameters to validate the 

proposed theoretical model. The findings can be summarized as: 

1. A rise in the stirring-blades speed increased the number of active abrasive grains and raised

Fn and Ft, reducing surface roughness. Surface roughness was minimized from 164 to 46 

nm.  

2. An increase in the working gap diminished the forces acting on the workpiece, reducing

the ΔRa. The largest ΔRa was obtained to be 162 nm at a stirring-blade speed of 600 rpm, 

a working gap of 1.5 mm, and an abrasive grain size of 23 μm.  

3. Larger abrasive grains have more cutting edges. This increases the ability of grains to

remove material when meeting the workpiece surface, increasing MRR and reducing 

surface roughness. The largest material removal was found to be 198.60 mm using abrasive 

grains with a size of 23 μm. 

4. The experimental results were relatively in good agreement with the theoretical results, so

that the maximum error was about 24%. 

5. It can be said that the differences between the theoretical and experimental results arose

from the theoretical simplifying assumptions. 
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Highlights 

• A new theoretical model for surface roughness prediction in the rotational abrasive

finishing (RAF) process was proposed. 

• To validate the new proposed theoretical model, a number of influential parameters were

empirically investigated. 

• The theoretical results were relatively in good agreement with the experimental results.

• The assumptions of the theoretical model can be claimed to be the most important

explanation for the difference between the theoretical and experimental results. 
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