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Abstract

Beltrami coefficient provides a proper measure to quantify local distor-
tions for a topology-preserving mapping, a.k.a general quasi-conformal map-
ping, in 2D. Recent studies managed to extend Beltrami coefficient from 2D
to nD, and introduced its corresponding Beltrami-like measures to encode
local deformation information in challenging nD topology-preserving image
registration tasks. However, all these nD measures are not consistent with
the classical 2D Beltrami coefficient. We propose a novel nD measure for eval-
uating local distortions of an nD diffeomorphic mapping in this work. We
show its key mathematical properties, and prove that the new measure coin-
cides with the classical 2D Beltrami coefficient. We further introduce a new
nD topology-preserving image registration model by means of regularizing
such proposed Beltrami-consistent coefficient, and show the existence of its
solution. Meanwhile, a generalized Gauss-Newton scheme is applied to estab-
lish a fast multi-level numerical solver. Extensive experiments over different
3D medical image registration tasks, including the challenging multi-modal
medical image registration, illustrate that the proposed approach by regu-
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larizing the introduced Beltrami-consistent coefficient outperforms the other
state-of-the-art topology-preserving methods in both efficiency and accuracy.

Keywords: Topology-preserving, nD Beltrami coefficient, variational
model, 3D image registration, Beltrami regularization

1. Introduction

Nonlinear (or non-rigid) image registration aims to discover an optimal
mapping with locally varying deformations between different image acquisi-
tions. It plays the fundamental role in many applications of image processing,
particularly modern medical image analysis (see [1] and [2] for more refer-
ences). In particular, for non-rigid medical image registration, finding the
potential smooth and bijective, a.k.a. topology-preserving, mapping between
two given images, which might come from different image modalities, is ap-
preciated due to widely existing non-rigidity of human body and tissue. A
large number of methods were proposed for non-rigid medical image registra-
tion from different optimization perspectives [3—6]; however, it still remains
one of the most challenging tasks in practice, especially for registration incor-
porating topology-preserving priors. Even a proper mathematical description
of anatomical deformation and matching criteria is fairly open, while incor-
rect models are usually the main reason to generate wrong results of image
correspondence (even though visualisation may appear acceptable). To this
end, diffeomorphism brings the most appropriate model of smooth and bijec-
tive, i.e. topology-preserving, mappings in theory [6-8]; either guaranteeing
a continuous one-to-one invertible mapping or enforcing a positive Jacobian
determinant of the result differentiable transformation, in practice, becomes
two main ways to resolve such a topology-preserving mapping numerically.

Given the fixed template image 7" : 2 C R" — R and the moving image
M : Q) C R* - R, where {2 is some image domain in R", the variational
model to register the moving image M to the template image 1" by some
transformation field y(x) : € C R™ — R™ can be properly generalized as
below:

m}}n L(y) :=S(Moy,T)+ aR(y) (1)
where S() is some fidelity measure evaluating the difference between the
deformed moving image M oy := M(y(x)) and the fixed template image T,
and the regularization term R(y) enforces the optimized transformation field
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y(x) to meet some specified constraints, such as smoothness or topology-
preservation.

In essence, the fidelity term S(M oy, T') of (1) is usually defined depend-
ing on the modalities of the template image 7" and moving image M: when
both images of T'(x) and M (x) share the same image modality, i.e. the corre-
sponding pixels of both images have similar intensity values, some functions
to directly penalize intensity differences between the images M oy and T are
taken as the fidelity measure S(M oy, T), such as the most widely used sum
of squared differences (SSD):

SOMoy.T) = 5IMoy~TIF =5 [ (My(x) - Te)ax. ()
When both images of T'(x) and M (x) have different image modalities, i.e. to-
tally different image appearances, some complex fidelity measures S(Moy, T)
are defined to evaluate complicated similarities between the two images Moy
and 7', such as normalized cross correlation (NCC), mutual information (MI)
and comparing normalized gradient fields of M oy and T [9, 10] etc. On
the other hand, the regularization function R(y) of (1) encodes additional
prior information on the transformation y to make the proposed optimiza-
tion model (1) well-posed in mathematics. Many works were contributed to
propose the regularization functions of R(y) upon different transformation
priors, such as the regularization of elasticity [11], the viscosity-based regu-
larization [12], the regularization of smoothness [13, 14], the regularization
based on various curvature definitions [15, 16], the fractional-order total-
variation regularization [17], also the regularization based highly nontrivial
topology-preservation which explicitly imposes the Jacobian determinant of
y to be positive [8, 17], i.e. det Vy > 0.

Recent studies [18-20] show that the theory of quasi-conformal map-
ping provides a descent description of topology-preserving mappings. Es-
pecially, the extension of Beltrami coefficient pu(y), a key measure of lo-
cal conformal distortion of 2D quasi-conformal mapping, from 2D to nD
provides a very effective measure to encode the local dilation or shrinkage
of a topology-preserving transformation y(x) in nD. In addition, we have
u(y(x)) < 1< det Vy(x) > 0. This means that the hard constraint of the
challenging topology-preservation condition, i.e. det Vy(x) > 0, can be im-
plicitly kept by imposing p(y(x)) < 1, which is much easier to implement in
numerics. Actually, by registering two images, one image can be segmented
from the other image by regions of user-prescribed topology, which is also
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known as atlas-based image segmentation in medical image analysis. To this
end, topology-preserving image registration leads to the interesting appli-
cation of topology-preserving image segmentation [21, 22|, where Beltrami
coefficient is utilized to keep topology of segmentation shapes such that de-
tailed descriptions of shape prior and convexity are not necessary. However,
all the proposed extensions of 2D Beltrami coefficient to nD space fail to be
the original Beltrami coefficient when n = 2, i.e. not consistent with the
classical Beltrami coefficient in 2D. A natural extension of the original 2D
Beltrami coefficient to nD space is still missed, especially its essential math-
ematical properties and associate application to topology-preserving image
registration.

Contributions: In this paper, we extend the famous Beltrami coefficient
from 2D to nD, which is still missed in literature, and propose a novel nD
Beltrami-coefficient-based measure for evaluating local distortion of a diffeo-
morphic mapping. We further prove its key properties in mathematics and
show its close relationship with the topology-preserving constraint of a diffeo-
morphic mapping y, i.e. the Jacobian determinant of the mapping y should
be positive such that detVy > 0. In addition, we introduce a new image
registration model based on regularizing the novel nD Beltrami-consistent
coefficient and demonstrate the existence of its solution. We further utilize a
generalized Gauss-Newton scheme to solve the proposed non-rigid registra-
tion model efficiently. Extensive experiments over different image registration
tasks in 3D, including the challenging multi-modal medical image registra-
tion, illustrate that the proposed Beltrami-consistent coefficient-based reg-
istration model outperforms the other state-of-the-art topology-preserving
methods in both efficiency and accuracy.

Organization and Notations: The rest of the paper is organized as follows.
In section 2, we briefly review related works. In section 3, we propose our new
registration model for 3D image registration and illustrate the existence of
the solution and numerical implementation. Numerical experimental results
are shown in section 4, and finally, a conclusion is summarized in section 5.

In this work, let f(xq, ..., x,) = (fl(ajl, ey )y ey [T, o, ajn)) denote the
nD transformation field, Vf its associate n x n Jacobian matrix and det(Vf)
the determinant of its Jacobian matrix. Likely, in 3D, we denote y(x) =
(y1(x), y2(Xx), y3(x)) as the transformation at some position x = (1, x2, z3) in
some 3D image domain €2, and det(Vy) gives the determinant of its associate
Jacobian matrix Vy.
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2. Previous Studies

Topology-preserving image registration is essentially looking for an opti-
mal smooth and bijective mapping between images. It is of great interest in
many applications, particularly in medical image registration, where elastic-
ity of a human body determines the transformation between different images
of the same body is naturally smooth and bijective. Registration include
the hyperelastic model (Hyper) [7] by enforcing the Jacobian determinant
of the mapping y close to 1 for preserving topology at each pixel, and the
large deformation differential metric mapping model (LDDMM) [6, 23] which
extracts the optimal diffeomorphic transformation between two images by
solving a smooth time-varying flow PDE. Lars Ruthotto [24] systematically
explained the theory of the hyperelastic model with numerical practices in his
PhD thesis and Zhang et al [25] used the hyperelastic constraint technique
for image segmentation. Given that such hyperelastic-based regularization
term actually imposes the Jacobian determinant of a mapping y tends to be 1
locally, it often generates an over-smooth hence inaccurate mapping in prac-
tice. On the other hand, provided the fact that evolving a mapping, while
still preserving topology, over time leads to a big load in both computation
and memory, LDDMM-based methods including most recent developments
8, 26] result in high numerical cost but low computational efficiency. In Sec.
4, we will further show the disadvantages of both two classical approaches in
our experiments for comparison.

Recently, the theory of quasi-conformal mapping was introduced as a
powerful mathematical model to describe such physically topology-preserving
mappings for image registration. Moreover, the latest studies aimed to extend
the well-known Beltrami coefficient, a key quantity to evaluate conformality
distortion of a 2D quasi-conformal mapping, from 2D to nD and build up
its related regularization functions in the corresponding variational image

registration models. In this section, we review two representative works of
LLL model (Lee, Lam, and Lui [20]) and ZC model (Zhang and Chen [19)]).

2.1. nD Quasi-Conformal Mappings — LLL model

Intuitively, a quasi-conformal mapping, a.k.a. a general diffeomorphism,
maps infinitesimal circles on one domain to the infinitesimal ellipses on the
range domain, which stands for an orientation-preserving homeomorphism
with bounded conformality distortion. In 2D, a quasi-conformal map f(z) :
C — C, where C denotes the space of complex values (2D vectors), satisfies
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the classical Beltrami equation

0 0
A =3l ®)

for some complex valued measure p(z), called Beltrami coefficient, along with
llit]|oo < 1. The map f is conformal locally when its Beltrami coefficient van-
ishes p(z) = 0, but non-conformal otherwise; in another words, the Beltrami
coefficient u(z) evaluates local non-conformality, i.e. the eccentricity and
orientation of a local infinitesimal ellipse.

In view of the above Beltrami equation (3), the complex value Z is just
perpendicular to z in the complex space C which can be equally viewed as
a 2D vector space. The Beltrami coefficient p(z) in (3) determines not only
the angle between the two directions of maximal magnification and maximal
shrinkage, which are arg(p)/2 and (arg(pu) — 7)/2 , but also the amount
of magnification factor and shrinkage factor, which are 1 + |u| and 1 — |u|
respectively. Thus, the local dilation can be computed by

_ 14
1 — |l

Ka(f) : , (4)
which essentially quantifies the distortion of an infinitesimal ball to an in-
finitesimal ellipsoid under a quasi-conformal mapping. On the other hand,
it is easy to observe that the maximal magnification factor and the maximal
shrinkage factor of a 2D mapping f are just given by the maximum and
minimum of two eigenvalues of V fTV f respectively, and the mapping f be-
comes conformal, i.e. Ky(f) = 1, only when the two eigenvalues of the matrix
V fIV f are equal. This exactly inspired extending such a quasi-conformality
measure K, from 2D space to nD space.

Let f be an nD quasi-conformal mapping and Ay, ..., A\, be the eigenvalues

of the matrix V7 Vf. We then have
|VE||% = Te(VEIVE) = M+ 4N, (det VF)? = det(VETVE) = A\,
It is well-known that

A 2™ < M4+ M)/, (5)

i.e. the arithmetic mean of \q,..., \,, is not less than their geometric mean,
where the equality holds only when all the eigenvalues A1, ..., A\, are equal.

6
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Observe this, LLL model proposed the local distortion measure of one nD
mapping f by the ratio of its arithmetic mean and geometric mean of the
eigenvalues of VfTVTf such that

L[|V :
- fdetVE >0
K(f) = { n(detvem 0 , (6)
+00 otherwise

Clearly, in view of (5), such conformality distortion measurement K (f) of a
quasi-conformal mapping f is not less than 1, i.e. K(f) > 1, and the mapping
f becomes conformal when K (f) = 1 such that all the eigenvalues of V{7 Vf
are equal. So the value of K(f) properly measures the distance of f from a
conformal mapping.

They further introduced the minimization of K as a new regularization
term in the 3D landmark-based registration model (LLL model):

mmM+gHAy||2 st. dety >0, andy(p;) =¢q;, i=1,..., m
vy 3(det Vy)2/3 = 2 2 ’ ' v r
(7)
where y(x) is a mapping in 3D and p; and ¢; are the corresponding land-
mark points. In addition, an ADMM-based algorithm was proposed to solve
the highly nonlinear optimization problem (7) by tackling its two key sub-
problems alternately, while keeping the challenging hard constraint dety > 0

carefully at each step.

2.2. Beltrami Coefficient-Like Regularization — [19]

Given the relationship between the Beltrami coefficient p and its distor-
tion measure K by (4), we have

K—-1
u| = il (8)
It is easy to see that there is a one-to-one mapping between || and K for any
K > 1, and p = 0 while K(f) = 1 and the mapping f becomes conformal.
This means that both |u| and K can be used to quantify local distortions of
a quasi-conformal mapping in nD. Follow this idea, the Beltrami coefficient-
like measure Ny(y) (ZCO1) for regularizing a 3D mapping y is proposed by
[19] such that

IVyllF — 3(det Viy)*?

M(y) =
) IVy 1% + 3(det Vy)?/3’ 9)

7
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which just mimics |p| in (8) given K(y) as (6). Also, another measure
Ny(y) = K(y) (ZC0O2) as (6) for comparisons, i.e.
1 |[Vyll
N =Ky)=--——=>=.

However, both (9) and (10) cannot obtain the required topology-preserving
transformation by controlling their values, hence the associate hard con-
straint det Vy > 0 must be kept explicitly at each step. To this end, [19]
proposed another Beltrami coefficient-like quantity N(y) w.r.t. the 3D
continuously differentiable mapping y(x) such that

IVylle + V3(det Vy)L/3

as a local conformality distortion measure of y, and proved its key mathe-
matical property

(10)

N(y) <1 <= detVy >0, (12)

which is similar as the 2D Beltrami coefficient.

Accordingly, one only needs to enforce the constraint N(y) < 1 implicitly,
instead of keeping det Vy > 0 explicitly. The following ZC model of 3D
topology-preserving image registration is hence proposed:

. «
min J(y) = DM oy T) + 5 [ 9y =l

+ % [V = xlhde 5 [ aVonde a3

where the first term of data fidelity evaluates the disparity between the tem-
plate image 7" and the moving image M oy, the second and third term im-
pose the smoothness of transformation, the penalty function ®(v) = v?/[(v—
1)2+1] in the fourth term enforces N(y) < 1, i.e. det Vy > 0 for a topology-
preserving mapping.

The 3D conformality distortion measure (11) can be also generalized for
one nD quasi-conformal mapping f as below :

(|| VE]|r — V/n(det V)
IVE][ 7+ v/n(det V)
N(£) = { | VE]| ¢ — v/n(det VF)
|VE||F + /n(det V)

if nis odd

(14)

if nis even and det VI > 0

Sl=| Sl= 3=

otherwise

g
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However, such extension (14) has a complex form due to the parity of n,
since det Vy > 0 is required for the even n. Meanwhile, the new measure
given in (14) does not coincide with the classical 2D Beltrami coefficient ||
when n = 2. Actually, for 2D and det Vy > 0, the classical 2D Beltrami
coefficient |p| satisfies

| ‘2 _ HVYH% — 2det Vy (15>
IVyl||% +2det Vy ’

which holds the following inequality:

N(y) < [n)? <2N(y), ie )P < N@).  (16)

We see that the measure N(y) proposed in [19] is closely related to the stan-
dard Beltrami coefficient u(y) in 2D, but they are not the same. In another
word, the generalized nD Beltrami coefficient-like measure N (f) given in (14)
does not results in the original 2D Beltrami coefficient p while n = 2, i.e. not
consistent with the original 2D Beltrami coefficient p. In this work, we will
improve this conformality distortion measure by directly extending from the
2D Beltrami coefficient and show its advantages in both theory and numerical
practices of topology-preserving image registration.

3. Beltrami-Consistent Coefficient and Image Registration

In this section, we first propose a novel nD Beltrami coefficient which
coincides with the original Beltrami coefficient (15) in 2D, i.e. it is indeed
consistent with the 2D Beltrami coefficient and can be viewed as its natural
extension in nD. We demonstrate its key mathematical properties which en-
sure that the introduced Beltrami-consistent coefficient can act as a proper
measure to impose the local conformality of a diffeomorphic mapping. Based
upon it, we introduce the new variational topology-preserving image regis-
tration model and prove the existence of its solution. We finally present a
detailed numerical algorithm for solving the proposed model efficiently.

3.1. Beltrami Coefficient-Consistent Measure in nD
Now we define the new conformality measure of one nD map as follows

Definition 3.1. Given the nD map f which is continuously differentiable,
then its Beltrami coefficient-consistent measure of conformality is defined as:
_ |IVE||% — nsign(det VE)(det VE)2/"

N(f) = | 1
" IVE]2 + nsign(det VF)(det VE)2/n (17)

9
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In contrast with the Beltrami coefficient-like measure (14) proposed in
[19], the new conformality measure (17) enjoys two great advantages: first, it
does not need considering the parity of n since the sign of det V{f is built-in;
second, for the 2D case (n = 2), the new measure (17) boils down to the
standard Beltrami coefficient || (15) with precisely N(f) = |u|?, which is
consistent with the definition of 2D Beltrami coefficient.

In addition, the proposed new measure also shares the same key prop-
erties with the Beltrami coefficient-like measure (14) and can be used as an
appropriate criterion to measure the distance from conformal maps. We list
and prove such important properties in the following part:

Lemma 3.2. The quantity N(f) defined by (17) for an nD map f possesses
the following properties when V{ is non-degenerated such that ||Vf| g # 0:

N(f) is non-negative, i.e. N(f) > 0.
N(f

f

)
) <1 <= detVf > 0.
)=1 <= detVf =0.

(

(

Py N(
N(f) >1 < det Vf < 0.

Ps If all the singular values of the matriz VE are equal, then N(f) = 0

when det VE > 0, and N(f) becomes oo when det VE < 0. Specially, if
N(f) =0, then all the eigenvalues of (VE)TVE are equal.

Ps N(f) is invariant under the scalar multiplication and rigid-body motion
actions.

Proof. Let 01, 09, -+, and o,, be the singular values of Vf, then we have

||Vf||%:zn:ai2:zn:/\i20, (det V£)? HO’—H)\ >0, (18)
=1 =1

where \; = 02, i = 1---n, be the eigenvalues of the matrix (Vf)T Vf.
Since VT is non—degenerated, ie. ||[VE||r # 0, the n eigenvalues A; ... A, are
hence not all zeros and ||[Vf||% > 0 . Note: The proofs below follow this fact
in default.

Then, in view of (5), it is easy to see that both denominator and numer-
ator of N(f) in (17) are non-negative. P; is hence proved such that N(f) is
non-negative.

10
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For P,, given N(f) < 1 and (17), we obtain
|IV£||% — nsign(det VF)(det VF)>" < ||VF]|% + nsign(det VF)(det V)™,
and
sign(det V) (det VF)>" > 0.

Observing (det VF)*™ > 0, we then have sign(det Vf) = 1, i.e. det Vf is
positive.

On the other hand, if det Vf is positive, then sign(det Vf) = 1 and the
definition N(f) in (17) results in

_ |VE]|% — n (det VE£)2/™ 1
VL% + n (det VE)2/n '

N(f)

P; is thus proved.

For Py, if N(y) = 1, then, by (17), we have sign(det Vf)(det Vf)?™ = 0.
Hence, det Vf = 0 is obtained.

In addition, if det Vf = 0, then sign(det Vf) = 0. The denominator and
numerator of N(f) in (17) are both equal, we hence have N(f) = 1. Pj is
proved accordingly.

For P,, following similar steps as in the proof of P, it is easy to prove
Py.

For Ps, if all the singular values of the matrix Vf are equal, then the
equality of (5) holds and we have

|VE||% = n(det VE)¥™.

Clearly, either the denominator or numerator of N(f) in (17) becomes zero
depending on the sign of det Vf. So the first part of Pj is proved.

Moreover, if N(f) = 0, then the numerator of N(f) in (17) vanishes.
Given (5), this only holds when all the eigenvalues of the matrix VI Vf are
equal. We then prove Ps.

For Py, for the transformation c¢f where ¢ > 0, coy,--- ,co, are the
singular values of the matrix Vcf. So we have

[Vef|5 = 02202-2, det Vef = C”Hal-,
i=1

i=1

11
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thus, in view of (17), N(f) = N(cf).

In addition, if O is an orthogonal matrix and b is a translation, then
the Jacobian of f(Ox + b) is OTVf. Since all the singular values of Vf and
OTVf are the same, we then have N(f(x)) = N(f(Ox + b)). Hence, the
defined measure N(f) in (17) is invariant under the scalar multiplication and
rigid-body motion actions. Hence Fj is proved. O

Note that the property P, in Lemma 3.2, i.e. N(f) <1 <= detVf >0
in nD, is exactly consistent with the key property of the Beltrami coefficient
in 2D. This is the main motivation to enforce N(f) < 1 in the proposed
image registration model, so as to obtain an optimal transformation with
bijectivity and enough smoothness, see Sec. 3.2 for more details.

Also, as shown in [27], a general diffeomorphic transformation f, i.e.
det Vf > 0, is conformal if and only if:

VEIVE = (det VF)¥", (19)

where I is the identity matrix. We can then extend the second part of P5 in
Lemma 3.2 such that

Corollary 3.3. For the nD map f, if N(f) =0, then f is conformal.

The proof simply follows the proof of the second part of P in Lemma
3.2: if N(f) = 0, the numerator of N(f) in (17) becomes zero. It is easy to
see that det Vf > 0 and all the eigenvalues of the matrix VT Vf are equal,
then (19) clearly holds, which means that the nD map f is conformal.

Moreover, inspired by the definition of 2D distortion measurement K,
(4), we can similarly define the following generalized distortion measurement
K(f) in nD by Beltrami coefficient-consistent N (f):

_ 1+ [, ()]
L—|pa(£)]

We consequently have an interesting result as follows:

K, (f) where |, (£)]* = N(f). (20)

Proposition 3.4. For the nD map £, f is conformal if and only if K, (f) = 1,
1.€.
f is conformal <—= K, (f) =1.

12
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Proof. First, if f is conformal, then (19) holds. By simple calculation, we
have ,
|VE]|5 = n(det VF)n .

Follow this and (20), it is easy to see that:
L 20+ p(®)P) 2 |VEE

Bl D ™ TP neve: o @Y

We thus obtain K, (f) = 1. The first part is proved.

On the other hand, if K,(f) = 1, then, in view of (20), it is obvious to see
that u,(f) =0, i.e. N(f) = p,(f) = 0. By Coro. 3.3, the nD transformation
f is conformal. The second part is proved. O

In addition, we also have

Proposition 3.5. For the nD map £, det VE > 0 if and only if K,(f) > 1,
1.€.
detVf >0 «<— K,(f) > 1.

We apparently have K, (f) > 1 <= 0 < N(f) < 1. By P, and P, of
Lemma 3.2, the proof is clear.

Particularly, we see that the nD transformation f turns to be conformal,
ie. K,(f) — 1, when N(f) — 0; on the other hand, the nD distortion
measurement K, (f) tends to be positive infinity, i.e. K,(f) = +oo and the
local distortion becomes extremely big, when N(f) — 1.

3.2. Beltrami-Consistent Image Registration

Both measures proposed in (17) and (20) can properly work as the dis-
tortion measurement of diffeomorphic transformations in nD. Especially, the
introduced novel measure (17) is consistent with Beltrami coefficient in 2D,
and is simpler than the other generalized distortion measure (20); hence, we
propose and study the new image registration model in 3D based on the
novel 3D Beltrami consistent measure (17):

. «
win L(y) = DOl o3, T) + 5 [ [V(y ~x)|frax
Q

+ %2 [I9 -l 5 [ aVonix (22

13
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where the first data-fidelity term D(M oy, T) is to enforce image similar-
ities between the template image 7" and moving image M oy, the second
and third terms regularize the smoothness of transformation y, and the last
term imposes the diffeomorphism condition N(y) < 1, i.e. det Vy > 0, by
minimizing ®(v) = v?/[(v — 1)? +1].

In this work, we also focus on the 3D non-rigid registration of two images
from different image modalities, which is challenging in practice. In this
context, we employ the data-fidelity term either by comparing normalized
intensity gradients, i.e. directions of intensity gradient, of the two images
M oy and T such that

D(Moy,T) = /‘V*Moy—V*TPd:L‘—i—(]V*MoyH—\V*T]—\V*Moy—i—V*TDde,
Q

(23)
where V* denotes the normalized gradient operator, or based on the normal-
ized cross correlation (NCC) of two image intensities as

S (003160 - Tow) (100 - T) i

\/f Moy W)2dX\/fQ (T(x) - T)” dx

(24)
where (M o y) and T represent the respective intensity means of the deformed
moving image M oy and template image T; for example, D(M oy, T) =
—NCC(M oy, T) or (1= NCC(M oy,T) etc.

Additionally, for the sign function sign(det Vf) in (17), which is discon-
tinuous at zero point, we thus employ the following smooth function to ap-
proximate it instead:

NCC(M oy, T

sign, (t) = 2 arctan(é) , (25)
™ €
where € > 0 is small.
We assume that, in this study, all the given images are continuously
differentiable and compactly supported in €2, and the transformations are
second-order derivativable. Now we analyze the existence of the minimizer

for the proposed optimization model (22) in the function space W?22(().

Without loss of generality, we first list the following two facts [28]:

Definition 3.6. Let Q C R3 be an open set. Assume f: Q x R? x R3*3 x
R3*3%3 — [0, +00) satisfies the following conditions:

14



Topology-preserving image registration with novel multi-dimensional Beltrami regularization

(i) f(x,-,-,) is continuous for almost every x € 2
(ii) f(x,y,%,0) is measurable in x for every (y,v,0) € R3 x R3*3 x
R?’X?’X?’.

Then f is a Carathéodory function.

Lemma 3.7. Let Q C R3 be an open set. Assume f : € x R3 x R3S x
R3%3%3 — [0, +00) satisfies the following conditions:

(i) [ is a Carathéodory function.
(i) f(x,y,1,0) is quasiconvex with respect to ©.
(iii) 0 < f(x,y,%,0) < a(x)+C(|y|*+[¢[*+[O) where a(x) € L'(Q2),C >
0.

Then L(y) = [, f(x,y,¢,0)dx is weak lower semi-continuous (denoted by
wlsc) in VV2 2(Q).

We can essentially rewrite the objective function (22) as below:

= / f(x,y,Vy, Viy)dz, (26)
Q
where

f(X>y7¢7@) = D(M oij) + %|¢ _ ]|2 + %|@|2
[4]|% — 3sign, (det 1) (det 1)/
10112+ 3 sign, (det ¢) (det )2

and D(M oy, T) is given in (23).
The solution space is further defined as W = {y € W?%(Q) : y(z) =
x on 0Q}. Then, we have the following result.

+8(

Proposition 3.8. If the template image M and the moving tmage T are con-

tinuously differentiable and compactly supported in €2, the energy functional
L(y) in (26) is wlsc in W2%(Q).

Proof. To prove this, we validate the three conditions of Lemma 3.7 as fol-
lows:

(i) First, the template image M and the moving image T are assumed
to be continuously differentiable, their normalized gradients are hence
continuous. It is easy to see that f(-) is a Carathéodory function.

15
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(ii) Second, f(x,y,®,©) is convex with respect to O, so quasi-convex.
(ili) Finally, we have |[V*(M oy)| <1 and |V*T| < 1, which means

(IV*(Moy)|+|V*T|=|V*(Moy)+V*T|)* < (IV*(Moy)|+|V*T])* < 4.

Given that ®(v) = v?/[(v — 1)® + 1] < 2 for any v, we have

o o * *
flxy.9.0) = S —IF+ 6] + V' (Moy) - VTP

+ (V' (Moy)|+|V'T| - [V (Moy)+ V'T|)?
4|17 — nsign, (dete))(dety))*™

+  BP( 2 : 2
10117 + nsign, (dety)(dety)?/

< %|¢|Z+%|®|2+2B+2+4

<

(0%
Sy + U +16) +28+6

where a = max{a,as} . Then, the function f(-) satisfies 0 < f and
< a+ C(lyf*+ [¥]* +10]?) ; ie., it fulfils condition (iii) of Lemma 4
with a(z) =a=28+6 and C = /2.

Hence, the function f(-) wlsc in W%2(Q). O

Based on Lemma 1 and Lemma 2, we have the following result which
proves the existence of a solution for the minimization model Eq.(22).

Theorem 3.9. If T and M are continuously differentiable and compactly
supported in Q, then the minimization problem (22) with data fidelity (23)
admits at least one solution in the space W, where W = {y € W?2(Q) :
y(x) = x on 00}.

Proof. Since L(y) has a lower bound 0, we can find a minimizing sequence
(¥n)nen € W of L(-), such that

Liya) 7, mu = inf L(Y).
Yy

Using the positivity of GFry(y) and the generalized Poincaré inequality,
there exist constants C,Cy € R such that

L(y) > Cillyljy22 + Co.

16
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Since L(Id) = GFrp(Id) is finite, we can assume that (L(y,))n € N is
bounded by a constant my > 0, which guarantees that the sequence (y,)nen
is uniformly bounded in W:

me > L(y,) > C1Hyn|’%4/2,2 +Cy (27)

Since W22%(Q) is a reflexive space, there exists a sub-sequence, denoted
(Yn,)men such that y,, — y* weakly in W*2(Q2). Applying the wlsc of the
n—oo

function f(-) in W22(Q) from Lemma 2, we have

inf L(y) = lim L(y,) = lim L(y,,) > L(y*) > inf L(y)

yeWw n—o00 n;—00 yeWw

Hence, y* € W. n

In this work, let u(x) be the displacement field such that y(x) := x+u(x).
Then, the proposed optimization problem (22) can be equally reformulated
in terms of u such that

min L(u)( = L(x +u)) := D(M o (x +u),T) + % /Q |V (0)][5-dx

+2 [ v wlax+ 5 [ o(Fpax, (9

where the penalty function ®(v) = v*/[(v — 1)* 4 1] and the Beltrami
coefficient-consistent measure N(y) in (17) is represented identically as N (u),
w.r.t. u, such that

- T+ Vull% — nsign(det(I + Vu))(det(I + Vu))*/"
N(u) = NG+ 1) = G e T sen(det(T V) (det(I + V)77
(29)

and I is the identity matrix.

3.3. Numerical Implementations

In this section, we propose a coarse-to-fine incremental optimization strat-
egy, see Fig. 1, to efficiently tackle the proposed challenging optimization
problem (22) which is highly nonlinear and non-convex. The general frame-
work of the introduced coarse-to-fine multi-level optimization solution can
be illustrated as Alg. 1. Initially, two image pyramids are built upon the
two given images of M and T from the coarsest image resolution level 1 to

17
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== |nitialization

== Interpolation

Figure 1: A coarse-to-fine incremental optimization scheme is applied to efficiently tackle
the proposed optimization problem (22). This figure shows that, first, two image pyramids
are built upon the two given images of M and T from the coarsest image resolution level
1 to the finest level L; the approximate solution at the coarser level £ — 1 is taken as the
starting value of uf(x) at its next finer level £, £ = 2...L, so as to compute the incremental
correction deformation field u’(x) iteratively (see (30)) for the corresponding optimization
problem at each image resolution level.

the finest level L. The proposed coarse-to-fine algorithm starts from com-
puting an initial approximation of the solution displacement field u(x) at
the coarsest level / = 1, and the approximate solution at the coarser level
¢ —1 is interpolated and taken as the starting value of u§(x) at its next finer
level ¢, ¢ = 1...L, so as to resolve its incremental correction deformation field
duf(x) iteratively (see (30)). In addition, we follow the algorithm frame-
work introduced in [29] and implement an efficient Gauss-Newton
method to solve such incremental deformation field du(x) iteratively
for the corresponding optimization problem at each image resolution level,
see Alg. 2 for illustration, and a backtracking Armijo-line search to ensure a
proper descent.

Now we show the necessary details of discretization and algorithm imple-
mentation in the following part. Let Y denote the discretized transformation
field at /-th image resolution level, where ¢ = 1...L, and U* the corresponding
discretized displacement field. The initial value of U’ is interpolated from
the computed optimization result of U~! at its previous coarser level ¢ — 1.
In addition, 7% and M?* represent the respective template and moving im-
ages at (-th resolution level, computed by spline interpolation. We take a
cell-centered discretization scheme in this work, where each element of the
vector field U* is properly defined on the faces of each cell. The cell-centered
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transformation field Y is hence given by
Vi = X'+ pU*

which is just the discretized version of y(x) = x+u(x) and P is an averaging
operator mapping U’ to its definition at each cell center.

Algorithm 1: Coarse-to-Fine Incremental Optimization Framework
Input: moving image M, template image 7', the level of pyramid L.
Output: optimal transformation: Y% := X + PU*.

Initialize:
(1) built two image pyramids {M'}- | and {T'}F,, respectively.
(2) set U° = 0 and du’ = 0;
while 1 <[ < L do
(1) U' = U + 6u!~! (including up-sampling).
(2) du! = Algorithm 2: Gauss-Newton(U');
(3) Ut = U, dul=! = duly
Finally, Ul = U1 + §u*

In this context, the classical data-fidelity term (2) of sum squared differ-
ences (SSD) can be approximated as follows:

h T

o) (MY(X"+PUY —T" (MYX"+PUY - T"),

and, by simple computation, the data-fidelity term (23) of comparing nor-
malized intensity gradients can be written as:

N
hY (8 —4y/2+2V,M(X"+ PUYTV,TY),

i=1

where V; represents the discretized normalized gradient operator at cell 7,
1=1..N.
On the other hand, the second and third terms of (28), which are the
first and second-order regularizers, can be simply formulated as
hOzl hOQ

T(UE)TATAUE : T(UZ)TBTBUE :
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where A and B are the discretized first and second-order derivative operators
respectively.

For the new Beltrami coefficient-consistent term N(u) defined in (29),
it involves simple calculation of first-order derivatives and determinant. Let
us denote N*(U') as its discrete version. In addition, we divide each cell
in 3D into six tetrahedrons and assume that the displacement field is linear
within each tetrahedron element. Thus, the last function term of (28) can

be implemented as:
N 6
Bh o <
Y Fcp(Nf(Uf)) .

Now we have the discretization implementation of each function term in
(28) at f-th image resolution level. Then, we can rewrite the whole energy
function as L*(U*). Since it is a unconstrained optimization problem, a search
method is employed for optimizing it by the following iterative scheme:

Ul€+1 = Ulf + GkéUé (30)

where 0y, is the step-size obtained by an Armijo strategy and Uy is the search
direction computed by Gauss-Newton method:

HU,f 5Ul£ = _vUﬁL(UZ)a (31)

where the matrix H, Ut properly approximates the exact Hessian matrix V?][L(U 0
k

of LY(U*) and VUéL(U,f) denotes the gradient of L(U*) at U in Newton
method. For example, by additional computation, the approximate gradi-
ent and Hessian matrix for our proposed optimization problem (28) with the
sum-of-squared-differences (SSD) data term can be formulated as:

Ve L(Ug) =hPT Mg, (M*(X* + PU) = T")
h
+ (hay AT A + hay B'B)U} + %dﬁgﬁd% (32)
and

h -~ -
Hye = hPTMgﬁ U£P+ha1ATA+ha2BTB+% Ngﬁdiag(q)”)ﬁ dNy: (33)
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Algorithm 2: Gauss-Newton Method

Input: moving image M!, template image T, deformation field U*~*
Output: incremental deformation field du!

Initialize:

(1) set the maximum number of iterations: K and stop conditions: S.
(2) set duf = 0; U} = U1 + uf;

(3) compute Hyy via Eq.(33), and Vi L(Uy) via Eq.(32)

while 1 < k< K or not S do

(1) solve the linear equation Eq.(31) by MINRES solver to obtain
SUL.

(2) find 6, by search method.

(3) dujq = duf + 0,6UL.

(4) compute Hg,e , via Eq.(33), and V(;uiHL(éuﬁH) via Eq.(32)

where Mye = OMY X"+ PU{)/0U! denotes the Jacobian of M' with respect

to U}, diag(®”)y is a diagonal matrix with the diagonal elements ®"(NN;),
i=1,--- 6N. ) )
Given that the matrices hPTMggMUéP and %ngﬁdiag(CD”)N dNye are

semi-definite positive, and the matrix hoy AT A 4+ hay BT B is positive defi-
nite, thus it is easy to verify that the approximate Hessian matrix HU,f is
definite positive and a block matrix with low rank, which essentially guaran-
tees (31) is solvable and simultaneously avoids a huge computational load for
implementing the standard Newton method, especially for 3D medical image
registration.

Particularly, a preconditioned MINRES solver is taken to solve the linear
equation (31) efficiently, for which its preconditioner is composed of the di-
agonal elements of the matrix HUﬁ. By ensuring the positive definiteness of
the matrix H, Ut the convergence of the proposed solver is confirmed.

4. Experiments

In this work, we conduct extensive experiments over both synthetic and
real-world 3D medical images to show the effectiveness of the introduced
Beltrami consistent image registration model (22) and the efficiency of the
proposed optimization algorithm (as stated in Sec. 3.3) in numerics. Specif-
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ically, two experiments on registering images from the same image modality
are studied in Sec. 4.1 (for 3D synthetic binary image registration) and Sec.
4.2 (for 3D brain MRI registration from the same MRI modality)?; three
challenging 3D multi-modal image registration experiments are explored to
align multiphase liver CT images in Sec. 4.3, CT-MRI liver images in Sec.
4.4* and brain MRIs from different subjects and imaging devices in Sec. 4.5.5
In addition, the sum-of-squared-differences (SSD) is employed as the data fi-
delity measure for registering images from the same image modality and the
normalized cross correlation (NCC) is explored as the data-fidelity metric for
multi-modal image registration.

The following measurements are applied in our experiments to evaluate
the performance of different approaches, in terms of accuracy and efficiency:

e Re_SSD is relative SSD between the fixed image 7" and the deformed
image M oy, given by ||M oy — T|*/||M — T||*

e DSC is the dice similarity coefficient evaluating the similarity of the
segmented regions of interest, defined by 2|Q,0yNQ7|/(|Qr0y|+|Qr])
where | - | represents the total number of voxels in the specified region;

e mindet V and maxdet V denote the minimum and maximum of the
Jacobian determinant of the computed transformation field y respec-
tively;

e TRE is the target registration error defined by > | dist(x;, y(x;))/n,
where x; and y(x;) represent the corresponding landmarks in two im-
ages, n is the number of landmarks and dist(-) gives the distance be-
tween two landmarks;

e Iter represents the total number of iterations to reach convergence.

For comparisons, all the experiments are set up and performed on the
same laptop with Windows 10, Intel core i7-9750H CPU @2.60 GHz and

2The 3D brain MR images are from the open software package FAIR [3].

3The 3D multiphase liver CT images are provided by the First Affiliated Hospital,
College of Medicine, Zhejiang University, China.

4The images for 3D liver CT-MRI image registration are also provided by the First
Affiliated Hospital, College of Medicine, Zhejiang University, China.

5The 39 image pairs for 3D multi-modal MRI brain images in Sec. 4.5 are taken from
the open data sets given in [30].
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16GB memory; our proposed approach and five state-of-the-art methods in-
cluding the ones based on ZC (11), ZCO1 (9), ZCO2 (10), Hyper ([7]) and
LDDMM ([6]), are implemented and explored in Matlab 2019a, where the re-
cently proposed approaches of ZC, ZCO1 and ZCO2 are in the same category
of Beltrami coefficient-related methods as our proposed Beltrami coefficient-
consistent method in this study.

4.1. Ezxperiments on Synthetic Image Registration

Table 1: Parameter settings for synthetic image registration

Method o1 Qa9 153
Ours 100 0.1 1500
ZC 100 0.1 6200
ZCO1 100 0.1 2000
7ZC0O2 100 0.1 50
Hyper a; = 100 as =1 a, =10
LDDMM a = 1200 Nt =10

We first conduct experiments on registering two 3D synthetic images
through our proposed method and five state-of-the-art methods of ZC, ZCO1,
ZC0O2, Hyper and LDDMM for comparisons. Detailed parameter settings
for each approach are shown in Tab. 1. Experiment results are demonstrated
graphically in Fig. 2. It is obvious that the results obtained by the Beltrami-
coefficient-related approaches, i.e. ours, ZC, ZCO1 and ZCO2, are better
than the other two methods of Hyper and LDDMM; especially, in view of
the local relative volume change det Vy, the computed transformation field
y(x) by our proposed method is more reasonable than the ones computed by
ZC, ZCO1 and ZCO2. Moreover, as shown in Tab. 2, our proposed approach
performed the best in terms of DSC, and slightly worse than ZC in Re_SSD.
In fact, the actual Re_.SSD by our method is 8.57¢ — 04 comparing with
8.37e — 04 achieved by ZC, which are nearly the same but better than the
other approaches. By the result (mindet V) given in Tab. 2, which presents
the minimum of the Jacobian determinant of the computed transformation
field, all the values are positive such that all the result transformation fields
are topology-preserving. Especially, by the difference between min det V and
max det V given in Tab. 2, which corresponds to the range of relative volume
change (det Vy), one can easily see that the method of Hyper got the least
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value, which is due to its unreasonable enforcement of det Vy to be one;
in contrast, the other approaches obtained similar bigger ranges of det Vy.
Also, the Beltrami-coefficient-related methods of ours, ZC, ZCO1 and ZCO2
are more efficient than the other two methods of Hyper and LDDMM, in
terms of computation time and total iteration numbers.

Table 2: Comparisons of synthetic image registration

DSC Re-SSD(%) mindetV maxdetV time(s) Iter

Ours  0.927  0.09 0.36 38.99 17 [8,4,3.4]
7C 0.924 0.08 0.36 36.84 15 [13,5,3,4]
7CO1 0.921 0.11 0.35 37.80 16 [10,4,3,4]
7C02 0923  0.12 0.35 35.48 14 [11,4,3.4]
Hyper  0.875 1.26 0.12 16.47 55 [20,6,6,7]
LDDMM  0.872 1.31 0 38.10 798 [4,2,2.2]

4.2. Ezxperiments on 3D Brain MRI Registration

Table 3: Parameter settings for 3D brain MRI registration

Method a a2 B
Ours 100 0.1 4000
7C 100 0.1 5000
7ZCO1 100 0.1 5000
7ZC0O2 100 0.1 70
Hyper a; = 100 as = 10 o, = 100
LDDMM a =200 Nt =2

The experiments on registering two 3D images from the same brain MRI
modality are conducted to show the performance of mono-modal image reg-
istration by all the compared algorithms. The two images are from the open
data sets in the software of FAIR [3]. Detailed parameter settings of each
experiment are shown in Tab.3, where the Hyper’s are provided by FAIR.
Experiment results are visually shown in Fig. 3, and their key measurements
are given in Tab. 4 for evaluation. As we can see, the minimums of Jacobian
determinant of the obtained results are positive such that all the methods
properly achieved the topology-preserving transformation results as the re-
sults. In addition, our proposed approach performed the best in DSC, but

24



Topology-preserving image registration with novel multi-dimensional Beltrami regularization
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Figure 2: This figure visually illustrates the experiment results on registering two 3D
synthetic images through different approaches for comparisons: the first row shows the
moving image M (x) to be registered, the template (fixed) image T'(x) and the residual
image before registration in axial, coronal, and sagittal views. The experiment results by
the approaches of ours, ZC, ZCO1, ZCO2, Hyper and LDDMM are shown from the second
row to the seventh row respectively. At each row, the deformed image by the computed
transformation y, its corresponding relative volume change (det Vy) and residual image
of Re_SSD in axial, coronal, and sagittal views. The percentage represents the relative
residual.
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slightly worse than ZC in Re-SSD. Still, by the difference between min det V
and maxdet V given in Tab. 4, the method of Hyper clearly got the least
range of relative volume change, due to its strong enforcement of det Vy
to be one; in contrast, the range of relative volume change obtained by our
approach is more reasonable than the other approaches. For numerical per-
formance, the he Beltrami-coefficient-related methods of ours, ZC, ZCO1 and
ZCO2 performed more efficient than the other two methods of Hyper and
LDDMM, with much less computation time.

Table 4: Comparisons of 3D brain MRI registration

DSC ReSSD(%) mindetV maxdetV time(s) Iter
Ours  0.893 9.77 0.16 19.62 243 [8,11,11,13]
7C 0.863 8.12 0.01 39.36 296 [9,11,13,16]
Z2CO1 0.855 11.93 0.05 36.64 189 [7,11,13,10]
ZCO2 0858  9.95 0.06 43.91 222 [5,9,11,14]
Hyper  0.856  11.33 0 4.64 581 [8,9,16,24]
LDDMM 0.842  18.59 0 17.89 774 3,5,7.8]

4.8. Experiments on Multi-Phase CT Image Registration

(a) Pre-Constrast Phase (b) Arterial Phase (c) Portal Venous Phase (d) Delayed Phase

Figure 4: Acquired CT images of four different imaging phases.

In this part, we explore experiments on registering 3D multi-phase CT
images which are acquired during different imaging phases (see Fig. 4 for
illustration). As shown in Fig. 4, breathing and other physiological motions
during imaging cause misalignment between CT images acquired at different
imaging phases. Obviously, the often-used sum of squared differences (SSD)
is inappropriate as the data fidelity measure for registering such multi-phase
CT images, due to the lack of intensity consistency between corresponding
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(b) Fixed Image (c) Residual Image: No Registration

(e) Volume Change (f) Residual Imgae: (Re_SDD = 9.77%)
(g) Deformed Image (ZC) (h) Volume Change (i) Residual Image: (Re_SDD = 8.12%)
(i) Deformed Image (ZCO1) k) Volume Change () Residual Image: (Re_SSD = 11.93%)
(m) Deformed Image (ZCO2) (n) Volume Change (0) Residual Image: (Re_SSD = 9.95%)
(p) Deformed Imge (Hyper) (9) Volume Change (r) Residual Image: (Re_SSD = 11.33%)
(s) Deformed Image (LDDMM) (t) Volume Change (w) Residual Image: (Re_SSD = 18.59%)

Figure 3: This figure visually illustrates the experiment results on registering two 3D brain
images through different approaches for comparisons: the first row shows the moving
image M(x) to be registered, the template (fixed) image T'(x) and the residual image
before registration in axial, coronal, and sagittal views. The experiment results by the
approaches of ours, ZC, ZCO1, ZCO2, Hyper and LDDMM are shown from the second
row to the seventh row respectively. At each row, the deformed image by the computed
transformation y, its corresponding relative volume change (det Vy) and residual image of
Re_SSD in axial, coronal, and sagittal views, where the percentage represents the relative
residual (Re_SSD).
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image pixels at different imaging phases. The normalized cross correlation
(NCC) is employed to reliably evaluate differences between CT images ac-
quired at different phases. During this experiment, comparing normalized
intensity gradients is thus utilized as the data fidelity measure, see (23); and
the similarity between the segmented liver regions in the fixed image and
deformed moving image is evaluated as DSC.

Table 5: Parameter settings for multi-phase CT image registration

Method fo%1 Qg B
Ours 0.1 0.01 0.1
7C 0.1 0.01 0.1
ZCO1 0.1 0.01 0.01
7ZC0O2 0.1 0.01 0.3

Detailed parameter settings, for our proposed approach and three other
state-of-the-art methods of ZC, ZCO1, ZCO2 are shown in Tab. 5. Five
3D multi-phase CT image series are used for experiments, where, for each
image series, we take the arterial phase image as the fixed image and the pre-
contrast and delayed images as the corresponding moving images. Hence, 10
image registration experiments in total are performed and the experiment
results are summarized in Tab. 6 in the form of mean + std. It is obvious to
see that our proposed method obtained the best accuracy results in terms of
DSC and TRE, which are better than the other Beltrami-coefficient-related
approaches; also, ZCO2 got results slightly worse than our proposed approach
in accuracy, but performed much slower than ours. In general, as Tab. 6,
the Beltrami-coefficient-related methods of ours, ZC, ZCO1 and ZCO2 per-
formed similarly in terms of computation time. By the obtained results of
(mindet V), all the values are above zero such that the result transformation
fields are topology-preserving.

Table 6: Comparisons of multi-phase CT image registration

DSC TRE(mm) mindetV maxdetV  Time (s)

Ours 0.955+£0.011 4.10£1.57 0.13+£0.03 2.67+0.25 246=+54
ZC  0.955+£0.011 4.21£1.50 0.06£0.03 2.86+0.53 4224133

ZCO1 0.950£0.014 4.49+1.41 0.30+0.07 2.05+0.18 89+53

ZC0O2 0956 +0.011 4.14+£1.30 0.13x£0.05 3.08+0.46 337=£80
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4.4. Ezxperiments on C'T-MRI Image Registration

In this experiment, six pairs of 3D CT (portal venous phase) and T,
enhanced MRI images, from six different subjects who were pathologically
proven belong to intrahepatic cholangiocarcinoma (ICC), are applied for CT-
MRI registration. For each image pair, we fix the CT image as the template
image and the Ty enhanced MRI image as the moving image. The normalized
cross correlation (NCC) is used as the data-fidelity metric for the challenging
CT-MRI registration task, given the totally different image modalities of CT
and MRI. Detailed parameter settings for our proposed approach and three
other state-of-the-art methods of ZC, ZCO1, ZCO2 are given in Tab. 7, and
experiment results are summarized in Tab. 8.

Table 7: Parameter settings for CT-MRI image registration

Method aq Qg B
Ours 0.01 0.01 0.3
7C 0.01 0.01 1
ZCO1 0.01 0.01 0.0001
7ZC0O2 0.01 0.01 0.1

Table 8: Comparisons of CT-MRI image registration
DSC NCC mindetV ~ maxdetV  Time (s)

Ours 0.900£0.030 0.7374+0.027 0.174+0.03 3.50+0.40 178 £40
ZC 0.899£0.029 0.732+£0.052 0.11+0.02 3.43+£0.31 175146

ZCO1 0.891+0.029 0.698£0.047 0.024+0.01 2.25+030 86+£8

ZCO2 0.898 £0.029 0.734 £0.050 0.12£0.03 3.46+£0.54 135£22

The similarity between the segmented liver regions in the fixed image and
deformed moving image is use for DSC computation during this experiment.
As shown in Tab. 8, our proposed method outperforms the other approaches
in registration accuracy, i.e. DSC and NCC. All the computed transforma-
tion fields are topology-preserving with positive Jacobian determinants. By
computation time given in Tab. 8, it is obvious to see that all the Beltrami-
coefficient-related approaches of ours, ZC, ZCO1 and ZCO2 achive similar
efficiency in numeric.
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4.5. Ezxperiments on Brain MRI Registration

In this work, 40 3D brain MRIs from different subjects are used for image
registration experiments. We fix the first image as the template image and
the other ones as the moving images. 39 image pairs are hence made for ex-
periments. Moreover, both fixed and moving images are in the same image
modality, so the normalized cross correlation (NCC) can also work as a re-
liable data fidelity measure in the experiments. Detailed parameter settings
for our proposed approach and three other state-of-the-art methods of ZC,
Z2C0O1, ZCO2 are given in Tab. 9, and experiment results are summarized in
Tab. 10.

Table 9: Parameter settings for brain MRI registration

Method a1 (e%) B
Ours 0.1 6 20

7ZC 0.1 6 3
ZCO1 0.1 20 0.1
7ZC0O2 0.1 6 15

In this experiment, the similarity of 56 segmented brain regions between
the fixed image and deformed moving image is evaluated in DSC. As shown
in Tab. 10, all DSC values are not high cause not all the segmented brain
regions are exactly correct. Still, in view of DSC and NCC, i.e. accuracy,
our proposed method achieves the best result. Generally, all the Beltrami-
coefficient-related approaches of ours, ZC, ZCO1 and ZCO2 perform similar
in computational efficiency. Given the positive results of (mindet V), all the
result transformation fields are thus topology-preserving.

Table 10: Comparisons of brain MRI registration
DSC NCC mindetV ~ maxdetV — Time (s)

Ours 0.687+£0.011 0.981+£0.002 0.35+0.04 2.594+0.20 352+46

ZC 0.683 £0.012 0.982+£0.002 0.11+£0.03 3.19+0.29 420 %57
ZCO1 0.681+0.012 0.975£0.002 0.26+0.07 2.20+0.15 312+£34
ZCO2 0.686=+0.012 0.981£0.002 0.33+0.03 2.68+0.22 336+47
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5. Discussions

Multiple dimensional Beltrami-like measures, see their 3D cases (9)-(11)
for example, were introduced and studied in recent studies [19, 20]. Partic-
ularly, as shown in (16), the nD Beltrami-like measure N(y) (14) is related
but is not equivalent to the standard Beltrami coefficient in 2D. They are,
however, not exactly the same in 2D. In another word, the generalized nD
Beltrami-like measure N (f) given in (14) does not results in the original 2D
Beltrami coefficient while n = 2, i.e. not consistent with the original 2D
Beltrami coefficient. In addition, such Beltrami-like measure (14) in nD may
explicitly require det Vy > 0 due to the parity of n. In contrast, as opposed
to the Beltrami-like measure (14), the proposed novel nD Beltrami measure
(17) does not need considering the parity of n since the sign of det Vf is built-
in; also, for the 2D case (n = 2), the new measure (17) precisely boils down
to the standard Beltrami coefficient, which is consistent with the definition
of 2D Beltrami coefficient. In addition, the proposed Beltrami measure (17)
holds the properties (Lemma 3.2) in nD and satisfies Coro. 3.3, Prop. 3.4 -
3.5, which means that it can be seen as a natural extension of the classical
Beltrami coefficient.

On the other hand, as demonstrated in Sec. 4, the regularization func-
tion of the proposed new Beltrami-consistent measure performs more reliably,
in terms of accuracy, distortion justification and efficiency, than the other
Beltrami-like measures and two other often-used methods of LDDMM and
Hyper in experiments of topology-preserving image registration. In most ex-
periments, the approach based on the proposed Beltrami-consistent measure
achieved the best in the accuracy of aligning regions of interest (ROI), and
nearly the best in matching gray-values or image features pixel-wise in terms
of Re_SSD, while obtaining convergence with similar efficiency as the other
Beltram-like based approaches of ZC1, ZCO1 and ZCO2, but faster than the
two methods of Hyper and LDDMM, see the corresponding table of each
experiment in Sec. 4 for comparisons. In addition, by the difference between
min det V and max det V shown in the experiment results, it is clear that the
proposed approach often results in a deformation field with reasonable gap
between min det V and max det V, comparing to the often over-smoothed re-
sults generated by the methods of Hyper and LDDMM with a much smaller
gap between mindet V and maxdet V. For example, for experiments of 3D
brain MRI registration conducted in Sec. 4.2, the proposed approach based
the introduced Beltrami-consistent measure achieved the most accurate result
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in terms of both DSC and Re_SSD, while obtaining the result deformation
field with a reasonable difference of mindet V and maxdet V (about 19, cf.
over 35 for the other Beltrami-based methods and 4 for LDDMM); mean-
while, the computational efficiency of the four Beltrami-based methods, i.e.
ours, ZC, ZCO1 and ZCO2, are mostly similar (around 200 sec.), but still
much better than the other two approaches of Hyper and LDDMM (about
600 sec. - 700 sec.).

During the modern decade of deep learning renaissance, researchers have
shown a rapidly increased interest in deep learning based image registration
[31], especially non-rigid image registration [32, 33], which allows an excellent
performance in computational efficiency. However, few of them [34, 35] were
developed to enforce a diffeomorphic result. However, topology-preservation
is not well kept in practice and grid folding is still often observed in results, see
Tab. 11. We trained the framework of Voxelmorph [34] over image datasets
of ADNI [36], ABIDE [37] and ADHD [38], using default parameters and two
batchsize of 1 and 4 (Voxelmorphl and Voxelmorph4). The result network
of Voxmorph was evaluated on the same experiments of brain MRI registra-
tion in Sec. 4.5. We list the same results obtained in Sec. 4.5 for contrast.
Obviously, as shown in Tab. 11, both deep learning-based methods of Vox-
elmorphl and Voxelmorph4 obtained the worst results in DSC. Especially,
both deep learning-based methods failed to preserving topology, observing
that the smallest Jacobi determinant (mindet V) of the result mapping is
obtained less than 0, i.e. grid folding, for some experiments.

Table 11: Comparisons with deep learning-based methods

DSC NCC min det V max det V Time (s)

Ours 0.687+0.011  0.981 £+ 0.002 0.35£0.04 2.59+£0.20 352 £ 46

ZC 0.683 £0.012  0.982 £+ 0.002 0.11£0.03 3.19£0.29 420 £ 57

ZCO1 0.681 £0.012  0.975 £ 0.002 0.26 £0.07 2.20£0.15 312+ 34

7C0O2 0.686 £ 0.012  0.981 £ 0.002 0.33 £ 0.03 2.68 +0.22 336 £ 47

Hyper 0.663 £0.013  0.961 £ 0.005 0.70 £0.04 1.194+0.04 11131 +2184

LDDMM 0.657 £ 0.015  0.941 +0.005 0.19£0.10 1.89 +£0.08 3834 + 951
Voxelmorph4 0.516 +0.074 0.979+0.003 —-0.01+£0.16 11.17£3.56 2.754+0.10
Voxelmorphl 0.515+0.071 0.979+0.003 0.03+0.03 11.29+4.15 2.61+0.12
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6. Conclusions

In this paper, we develop a novel measure for evaluating local distor-
tion of an nD diffeomorohic mapping, which gives rise to the classical
Beltrami coefficient in 2D; namely, the new nD distortion measure is
consistent with the original definition of Beltrami coefficient in 2D. This
is missing in previous literature, but of great interest in quantifying local
distortions of an nD quasi-conformal mapping and regularizing such map-
ping in the challenging topology-preserving image registration tasks. We fur-
ther show its key mathematical properties, and introduce a new variational
model for nD topology-preserving image registration by regularizing the pro-
posed Beltrami-consistent coefficient. Experiments over different topology-
preserving medical image registration tasks exactly show that the proposed
Beltrami-consistent coefficient-based approach outperforms the other state-
of-the-art topology-preserving image registration methods in both efficiency
and accuracy. For the proposed optimization model, the applied smooth
penalty function works well to enforce the introduced Beltrami-
consistent coefficient less than one, i.e. the constraint on topology
preservation holds (see Lemma 3.2), when it is small enough in
practice. However, it is still of interest to study the penalty function al-
ternatives to make the topology preserving constraint strictly hold,
for example a logarithmic barrier function, even though this may in-
crease computational complexities in numeric. Some other interesting stud-
ies, such as the proposed image registration model incorporating with a
volume-preserving prior to improve robustness and accuracy of image reg-
istration etc., will appear in our future works. In addition, implementing the
exact topology-preservation constraint and the proposed Beltrami-consistent
coefficient-based regularization for diffeomorphic image registration over a
modern deep learning framework is still open but of great interest in prac-
tice.
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