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H I G H L I G H T S

Foam films stretching or shrinking as
they move through porous media are
considered.
Surfactant surface concentration on the
stretching or shrinking films is mod-
elled.
For high stretch rates or large amounts
of stretch, concentration falls very low.
For shrinking films, surfactant concen-
tration is non-monotonic with film length.
Either uniform, quasistatic or bound-
ary layer solutions possible in various
regimes.
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A B S T R A C T

In the context of foam improved oil recovery or foam-based soil/aquifer remediation, a model is presented for
evolution of surfactant surface concentration on foam films moving through porous media. The model exploits
an analogy between surface transport behaviour in foam fractionation and surfactant transport behaviour for
foam in porous media. Films either stretch as they move from pore throat to pore body, or shrink when moving
from pore body to pore throat: this stretching/shrinking then influences surfactant concentration. In addition,
Plateau borders at the edges of films can supply surfactant to films, or receive surfactant from them. The
model is solved numerically and key parameters governing its behaviour are identified. Parameter regimes
are encountered, corresponding to modest stretching or shrinkage rates, in which surfactant concentration on
films is predicted to be closely coupled to surfactant concentration in Plateau borders. Alternate parameter
regimes are encountered, corresponding instead to fast stretching or shrinkage rates, in which surfactant
concentration on films is predicted to become independent of surfactant concentration in Plateau borders.
Asymptotic solutions available in each of these regimes are compared with numerical solutions. A preliminary
comparison between the model predictions and experimental data from literature is also described. The appeal
of the model is that predictions can be made comparatively simply. Indeed the model can predict when foam
films might become significantly depleted in surfactant, possibly leaving films liable to breakage, which would
then be detrimental to foam in porous media applications.
. Introduction

Flow of foam films within porous media, including within model
orous media, has been a topic of interest over many years (see
.g. [1] as well as various more recent works [2–11]). The motivation
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for studying this topic is that there are engineering and environmen-
tal applications which involve foam moving through porous media
[12]. These applications include foam improved oil recovery [13–19]
and also environmental remediation of soils and of aquifers [20–29].
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Yet another application is foaming of carbon dioxide for carbon cap-
ture [30,31]. To take foam improved oil recovery as an example, one
study [32] showed that oil recovery increased dramatically by as much
as 70% of original oil in place when water flooding was replaced by
foam flooding. Another study [33] comparing gas flooding with foam
flooding found an increase in recovery by up to 49% of original oil in
place. Field trials [34] found that use of foam increased oil recovery
from a particular well by around 30% or so (a figure computed here by
comparing the increased production over the entire foam trial period,
the duration of the trial period, and the typical daily production rate
immediately prior to the use of foam).

All the above sorts of applications rely on the fact that (compared
to single phase fluids) foam films have limited mobility in porous
media [14,16,17,35–38]: as a result, foam can be used for flow control.
Indeed control over the foam flow [39] should control the flow overall.
The use of foam for flow control relies however upon foam films
remaining stable within the media through which they move: if the
foam films collapse within the medium [40], then benefits of using
foam in oil recovery or environmental remediation applications cannot
be realised. Indeed foam within porous media controls overall flow
specifically because foam mobility is low. Gas that is left behind after
foam collapses is much more mobile, and hence less effective at flow
control [14].

Foam films can be stretched and/or contracted as they move [41].
Specifically films are stretched as they move from pore throats to pore
bodies, but then are contracted again as they move from pore bodies
into subsequent throats [42–47], and all of this may then impact film
stability. Indeed some previous studies [48,49] (see also a relevant
review [50]) considered a network model of foam with films in the
network stretching (or shrinking) as the foam moved: within the net-
work model, stretching in particular could lead to instability. To obtain
a more in depth understanding of instability behaviour however, the
starting point should be a single foam film in a single pore.

When any single moving film is subjected to stretching or shrinking,
one important factor that affects foam film stability is the surfactant
concentration [36–38,51–53]. The concentration of surfactant adsorbed
on the surface is especially important, as it may affect surface mo-
bility and also disjoining pressure, which in turn impact foam film
stability [54–56]. What is found is that the lower the surfactant concen-
tration, the less stable a foam film will be [38,52,53,57–59]: a stretched
film in particular is liable to become depleted of surfactant [60–62].
Consequently stretch of individual films performed in a well controlled
way [63–66] can be used to probe how stable or unstable such films
might be [67–69]. Knowing how surfactant is transported along a foam
film, is then relevant for understanding the stability of that film as it
stretches or shrinks whilst moving through porous media say. This then
is the topic to be studied here.

As noted above, the surface of a particular film might become
depleted in surfactant as that film stretches, the reduction in surfactant
concentration on a film making it less stable and hence more liable
to break [38,57]. In porous media applications, this effect would be
exacerbated if surfactant were to adsorb on the pore walls [34] as that
would deplete surfactant in the film even further (although note that
adsorption on pore walls is not to be considered here; only depletion
due to stretching is considered). On the other hand, a film that shrinks
might accumulate surfactant on its surface, making it more stable
against breakage. That then would mitigate against any surfactant
adsorption on pore walls (albeit, as mentioned, adsorption on walls is
not considered here).

Describing surfactant transport on the surface of a film (even on a
film which is not necessarily stretching or shrinking) can however in it-
self be a complicated topic [70–72]. Any non-uniformities in surfactant
on the surface lead to spatial gradients in surface tension. These in turn
drive so called Marangoni flows, which can exhibit rather complex flow
2

fields [72]. Characterising the Marangoni flows and how they move
surfactant around is therefore an essential part of describing surfactant
transport on a film, and so must be tackled here.

Stretching or shrinking of films when this is present is coupled
to the aforementioned Marangoni surfactant transport: it is thereby
the combined stretching/shrinking flow and Marangoni flow which
transports surfactant, not just the stretching/shrinking flow on its own.
Some studies in literature [73–75] (see also a brief commentary upon
those studies [76]) looked for instance at coupled stretching/shrinking
and Marangoni flows in a device which stretched certain foam films and
contracted others. These various films meet one another at menisci (so
called Plateau borders) and models were provided for surfactant flow
from film to film around the borders [74], with analysis of these models
having been carried out [77]. However the focus in these works has
been upon transport near the menisci, with less focus on the remaining
parts of a film further away.

Foam film stretching or shrinking in porous media (the topic of
interest here) is not the only context in which surfactant transport
between Plateau borders and films (and subsequently along films) takes
place. Another context is foam fractionation, often used for surfactant
enrichment or separations [58,78–84]. Comparatively simple models
describing the various surfactant transport processes occurring on the
film scale during fractionation have been developed in literature [85–
87]. These models are very relevant to the present work, so some of
the background underlying them is described below.

During the fractionation process, surfactant solution can drain down-
ward under gravity through a network of Plateau borders [88,89].
Foam films meanwhile (upon which the previously mentioned works
[85–87] specifically focus) rise up through the foam and can start
off leaner in surfactant than surrounding Plateau borders. Surfactant
is then transferred from the Plateau borders onto and along foam
film surfaces due to Marangoni flows. Simultaneously there is a film
drainage process occurring [72,85–87] with capillary suction driving
liquid from foam films into Plateau borders, thereby causing the foam
films to thin. Thinning of films is however in many ways analogous to
stretching them, since to conserve liquid, stretching must be accompa-
nied by film thinning. Hence there should be an analogy between film
scale surfactant transport in foam fractionation (involving Marangoni
flows and film thinning) and surfactant transport within foam in porous
media applications (involving Marangoni flows and film stretching).
This analogy has not been explored previously. Exploring it is however
worthwhile: the simplicity that has been mentioned as being already
embedded in previously studied models describing fractionation [85–
87] should carry over to models involving film stretching/shrinking.

To summarise, the aim here to is take models already available in
the context of fractionation [85–87], and adapt them to describe foam
films that either stretch or shrink moving through porous media. Ob-
taining such models and analysing (numerically and also asymptotically
in various limits) the behaviours that they predict both for stretching
and shrinking films is therefore the novel contribution of the present
work. Whilst the present study remains modelling based, it is noted that
the models for film scale fluid flow, film deformation and surfactant
transport to be obtained here remain simpler to implement than others
existing in literature [48,72,90,91]. The simplicity, at least for making
a preliminary assessment of how surfactant moves on stretched or
shrinking films, is intended to be part of the appeal.

The rest of this work is laid out as follows. Section 2 outlines and
analyses the model that we use. Then Section 3 presents and discusses
model results. After that Section 4 considers a preliminary comparison
between the predictions of the model developed here and experimental
findings in literature. Finally Section 5 offers conclusions, as well as a
future outlook for using the model.

2. Model

The model that we use is closely related to the one already dis-

cussed in literature [85] so we only sketch out the main physical ideas
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Fig. 1. A film (instantaneous half-length 𝐿) moving through a pore, and stretching or
shrinking as it moves.

plus some key equations here. Further details of the model can be
found in supplementary material (section S 1). The present section
is laid out as follows. Section 2.1 considers the geometry of the film
and the pore through which it moves. Then Sections 2.2–2.3 discuss
surfactant surface concentration and surfactant transport. The main
governing equation that we consider is introduced in Section 2.4:
we emphasise that the equation derived here is novel, because even
though stretching/shrinking and film thinning (as considered by previ-
ous work [85–87]) are related, they are not identical. Further details
on this are discussed in the supplementary material (one significant
difference being that stretching/shrinking rates imposed here can be
rather larger than thinning rates due to film drainage on its own would
be). After that in Sections 2.5–2.7 we present some novel asymptotic
solutions to the governing equation. A numerical approach is described
in Section 2.8.

2.1. Film and pore geometry

The geometric arrangement of a foam film within a pore that we
consider is shown in Fig. 1. The pore is assumed symmetric about its
centre line. The film spans the pore and has an instantaneous half-
length 𝐿. Plateau borders (menisci) join the film to the pore wall.
Film motion is from left to right. The pore widens moving to the right
in Fig. 1(a) (stretching) but instead narrows moving to the right in
Fig. 1(b) (shrinking). We consider a two-dimensional geometry here
(i.e. a fixed breadth pore normal to the plane of Fig. 1) although the
analysis we present could be generalised to an axisymmetric pore also
(assuming of course that the film shape remains axisymmetric [90]).

In Fig. 1(a), the stretch rate of the film �̇� (rate of change of the
film half-length) is expected to be the product of the velocity at which
the film is migrating along the pore and the tangent of the taper angle
of the pore wall relative to the pore centre line. This assumes that
individual elements on the film actually elongate as the film moves
(instead of merely having new film extracted from the Plateau border).
In general though, a combination of elongation and extraction could
occur [92,93], but we focus in the first instance (up until Section 4)
just on elongation (not extraction) here. If any extraction whatsoever
is present, the product of film migration velocity and the tangent of
the taper angle (in effect an imposed stretch rate) would become an
upper bound for the true elongation rate. Conversely, were the model
to be formulated in terms of an elongation rate (without accessing the
film migration velocity directly), the ratio between the elongation rate
and the tangent of the taper angle would be a lower bound for the film
migration velocity. In fact what we do here is formulate just in terms
3

of an imposed stretch rate, without direct reference to either migration
velocity or taper angle, and assuming also that the true elongation rate
matches that imposed stretch rate. In Fig. 1(b) meanwhile, the film is
shrinking rather than stretching, so the value of �̇� is negative.

Although film thickness can in principle vary spatially [94], films
are treated here as being uniform thickness spatially, although that
thickness is permitted to vary with time. Note also that in Fig. 1 the
films are drawn as being flat, whereas in reality they are curved,
typically bulging from the pore throat towards the pore body. Knowing
about how the films bulge [42–47] is essential for determining the pres-
sure required to drive them along. Here however we are considering
not driving pressures but instead surfactant transport along the films.
A model considering flat films [85–87] is therefore adequate here.

2.2. Surfactant surface concentration

In general surfactant can be present both dissolved within the bulk
of foam films and also adsorbed on the surface of foam films. The more
surface active that a surfactant is, and also the thinner that a film is, the
greater the proportion of overall surfactant that is present in adsorbed
form [86,87].

Here we assume (as has been done in some previous work [85])
that the dominant contribution is adsorbed surfactant on the foam film
surface. This means that we only need to track surfactant adsorbed on
the surface. Dissolved surfactant within the films can still be tracked in
principle as has been done in prior work [86,87]. However that same
work [86,87] demonstrated that it is indeed possible to consider a lim-
iting case (approached either for sufficiently thin films or sufficiently
low solubility surfactants) in which dissolved surfactant makes just a
small contribution to the overall amount of surfactant that is present,
and hence is neglected here, at least for films. Plateau borders however,
being rather thicker than films may still have significant dissolved
surfactant.

The model we study for films here considers therefore the spa-
tiotemporal evolution of the adsorbed surfactant on the film surface:
the variable we consider 𝛤 is surfactant adsorbed per element of film
area, or (in the two-dimensional model here with a specified pore
breadth normal to the plane of Fig. 1) surfactant adsorbed per element
of film length. In effect therefore, the quantity 𝛤 measures surfactant
surface concentration.

As alluded to earlier, despite considering here that surfactant on
the film is dominated by adsorbed surfactant, there can still be signif-
icant dissolved surfactant in the adjacent Plateau borders (where the
foam film meets the pore walls). This follows because (as Fig. 1 also
indicates) Plateau borders can be much thicker than foam films, which
means they potentially contain much more liquid than films themselves
do [92]. Plateau borders can therefore be assumed to act as reservoirs
of surfactant [85–87], and we employ the same assumption here.

2.3. Surfactant transport

Now we consider the mechanism of surfactant transport. Stretching
a film as in Fig. 1(a) depletes it of surfactant (i.e. reduces the value of
𝛤 , which here is the amount of surfactant per element of film length,
as we have said). However since the edge of the film is in contact with
a reservoir, the surfactant surface concentration right at the edge of the
film where it meets the Plateau border cannot decrease. We therefore
have a gradient of surfactant surface concentration between the edge
of the film and regions further from the edge.

Since surface tension is a function of adsorbed surfactant surface
concentration (low surfactant surface concentration away from the
edges gives higher surface tension) a gradient of surface tension is now
present. This gradient of surface tension implies a shear stress (a so
called Marangoni stress) at the film surface. This then produces, as
alluded to within the introduction, a Marangoni flow.
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Computing such a flow in detail requires knowledge of any non-
uniformities in film thickness [72,90]. However previous work [85–87]
made an approximation that the film could be treated as having roughly
uniform thickness as Section 2.1 mentions. Given the slender geometry
of a typical foam film, a lubrication flow with a Poiseuille-type profile
across the film thickness then arises (further details can be found in
prior work [85–87] and in the supplementary material). Within this
Poiseuille profile, flow on the film surface is opposite in direction to
flow along the centre line of the film. Here though, we focus just on
the film surface, because we are interested solely in surfactant that is
adsorbed on the film surface, and that is then transported just by the
surface flow.

In the case of a stretched film, Marangoni flow on the surface is
from a region of low surface tension and hence high surfactant surface
concentration 𝛤 (namely from the edge of the film at the Plateau
border) to a region of high surface tension and hence low surfactant
surface concentration 𝛤 (the region that is depleted of surfactant away
rom the edge). The Marangoni flow acts to mitigate the effect of the
ilm surface having been depleted, and the Plateau border acts as a
urfactant source, at least for a stretched film as in Fig. 1(a). A film that
s shrinking (Fig. 1(b)) behaves in an analogous fashion, but surfactant
ow accumulates on the film, so surfactant surface concentration is
igh there. The Marangoni flow on the surface is then towards the
lateau border, and the Plateau border itself acts as a sink.

Once we know the flow velocity on the surface, we can also write
own a surfactant flux. A standard conservation equation then follows,
.e. the temporal rate of change of surfactant surface concentration 𝛤 is

the negative of the divergence of the surfactant flux: this conservation
equation is described next.

2.4. Governing equation

In what follows we first explain how to non-dimensionalise the
system under consideration (Section 2.4.1). Then we discuss boundary
and initial conditions in dimensionless form (Section 2.4.2). After that
we present the surfactant conservation equation again in dimensionless
form (Sections 2.4.3–2.4.4).

2.4.1. Non-dimensionalisation
Here we aim to write equations in dimensionless form. Film half-

lengths and also the coordinate along the film are non-dimensionalised
based on film half-length 𝐿0 at the initial instant prior to any stretching
or shrinking being imposed. Film half-thicknesses are non-dimensional-
ised based on film half-thickness 𝛿0 at that same instant. A typical
alue of 𝐿0 (such as might be found in a microfluidic model porous
edium [4,5]) is 10−3 m, and a typical value of 𝛿0 is 5 × 10−8 m

see the supplementary material for details, considering data from
iterature [95]).

Velocities on the film (and likewise film stretch rates) are non-
imensionalised based on a typical Marangoni velocity scale 𝑢0. Details
f how to compute 𝑢0 are given in the supplementary material. A typical
alue of 𝑢0 is estimated as 2×10−3 m s−1 (see the supplementary material

which uses data compiled in prior work [86] utilising various literature
sources [95,96]). This is also a velocity that would be achievable in
experiments with a microfluidic model such as that described e.g. in
prior work [5].

Regarding other variables, times are non-dimensionalised based on
𝐿0∕𝑢0, a typical value being 0.5 s, reiterating here that values of 𝐿0
nd 𝑢0 are comparable with scales encountered experimentally in the
icrofluidic model used in previous studies [4,5]. Surfactant surface

oncentrations are non-dimensionalised based on surface concentration
t the Plateau border 𝛤Pb∗, a typical value being 4.6 × 10−6 mol m−2

again see the supplementary material; data have been compiled in
rior work [86] using information from literature [97]). A summary
f all the various values that are considered typical is provided in
able S 1. Note however that different experimental set ups can have
4

arameters that deviate from these typical values (as we will see in
ection 4).

In what follows 𝑥 denotes a dimensionless coordinate along the film
for simplicity, just a single coordinate direction along the film surface
s treated [85–87]; by assumption there is no motion out of the plane of
ig. 1), 𝑡 denotes dimensionless time, 𝐿 denotes dimensionless film half-
ength, �̇� denotes dimensionless rate of change of film half-length, i.e.
imensionless stretch rate (or dimensionless shrinking rate in the event
hat �̇� is negative), and 𝛤 denotes dimensionless surface concentration.

.4.2. Boundary and initial conditions
We have a boundary condition that 𝛤 = 1 when 𝑥 = 𝐿, i.e.

he Plateau border, acting here as a reservoir, retains its surfactant
oncentration. Clearly though this is a moving boundary, since 𝐿 is
arying: this is novel compared to prior work [85–87] which did not
ace the issue of a moving boundary. To proceed, it is convenient
o define a new set of independent variables (𝑋, 𝑇 ) in place of (𝑥, 𝑡).

e define 𝑋 = 𝑥∕𝐿 and 𝑇 = 𝑡. Whereas 𝑥 is spatial coordinate
on-dimensionalised with respect to initial film half-length, 𝑋 is non-
imensionalised with respect to instantaneous film half-length. The
oundary condition is now 𝛤 = 1 at 𝑋 = 1 (at the Plateau border), and
e also have 𝜕𝛤∕𝜕𝑋 = 0 at 𝑋 = 0 (applicable on symmetry grounds
t the centre of the film surface which is itself located along the centre
ine of the pore).

The initial condition at 𝑇 = 0 is 𝛤 = 1, i.e. initial equilibrium
etween the film and Plateau border surfaces prior to any stretch or
hrinkage: note however that the system considered in prior work [85–
7] had a different initial condition with films being leaner in sur-
actant than Plateau borders were (see the supplementary material for
etails of how the present initial condition is novel compared to that
forementioned prior work).

.4.3. Surfactant conservation equation and velocity fields
The governing differential equation we seek in dimensionless form

see the derivation in the supplementary material) can be obtained
tarting from a surfactant conservation equation

𝜕𝛤
𝜕𝑡

= −
𝜕(𝑢𝑠𝛤 )
𝜕𝑥

(1)

where 𝑢𝑠 is a dimensionless velocity along the surface, and hence the
product 𝑢𝑠𝛤 is a dimensionless flux along the surface. In the interests
of simplicity as already alluded to, surfactant is assumed confined to
the surface here, with negligible amounts present in the bulk. This
simplification is formally the limit of an insoluble surfactant [85], but
is also relevant for surfactants with finite solubility in sufficiently thin
films [86,87]. The dimensionless surface velocity 𝑢𝑠 can be written as
the sum of a stretching or shrinkage term 𝑢𝑠𝑆 and a Marangoni term
𝑢𝑠𝑀 . In dimensionless form

𝑢𝑠𝑆 = 𝑥𝐿−1 d𝐿∕d𝑡 (2)

and

𝑢𝑠𝑀 = −(3𝐿)−1𝜕 log𝛤∕𝜕𝑥 (3)

(dimensional analogues are given in the supplementary material). Note
that the 𝐿−1 factor in Eq. (3) is associated with film thickness [85].
This factor arises because as films stretch, they also become thinner.
However as films become thinner, a given Marangoni stress manages
to deliver less flow.

Based on Eq. (3), the Marangoni-driven contribution to surfactant
flux 𝑢𝑠𝑀𝛤 is simply 𝑢𝑠𝑀𝛤 = −(3𝐿)−1𝜕𝛤∕𝜕𝑥. Involving as it does a
spatial gradient of surface concentration 𝛤 , mathematically this has the
same form as a diffusive flux, even though it arises from Marangoni
convection, not from molecular diffusion. Indeed molecular diffusion
in the direction along the surface, even though it can in principle
occur [98], is not included in Eq. (1): this is because it is typically much
weaker than any Marangoni contribution [85–87]. Further indications
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of how this Marangoni term manages to behave analogous to a diffusion
term and what the corresponding diffusivity represents are given in
the supplementary material (see section S 1.2). Similar phenomena
(i.e. diffusive-like behaviours which do not formally originate from
molecular diffusion) are also known to arise in the field of suspension
mechanics [99–101].

One feature of Eq. (3) that then feeds into Eq. (1) however is
that it involves a simplifying assumption of a constant Gibbs elasticity
(i.e. a constant derivative of surface tension with respect to logarithm
of surface concentration, see the supplementary material for more
information). That may be a poor assumption in the extreme limits
of either a strongly stretched film surface (which would become com-
pletely denuded of surfactant) or else a strongly contracted film surface
(which becomes completely packed with surfactant): the Marangoni
contribution from Eq. (3) may be rather limited in those cases. Such
complications are neglected here, although we revisit the possibility of
Gibbs elasticity not being constant in Section 4.

Substituting Eqs. (2)–(3) into Eq. (1) results in a single equation for
surfactant surface concentration 𝛤 (see equation (S 10) in supplemen-
ary material). This equation is discussed further below.

.4.4. Surfactant conservation equation in rescaled coordinates
It is convenient to convert equation (S 10) from (𝑥, 𝑡) to (𝑋, 𝑇 )

coordinates: see Eqs. (S 14)–(S 15) for details of how derivatives
transform. Ultimately we obtain

𝜕𝛤
𝜕𝑇

= − �̇�
𝐿
𝛤 + 1

3𝐿3
𝜕2𝛤
𝜕𝑋2

(4)

which is the equation of main interest. Here we suppose

𝐿 = 1 + �̇� 𝑇 . (5)

We are therefore treating �̇� as being constant over time, corresponding
to a film moving along a constant taper pore at a constant velocity,
with �̇� > 0 for stretching and �̇� < 0 for shrinking. In what follows
we will consider cases with |�̇�| ranging from values rather larger than
unity (physically this implies stretching/shrinking is nominally faster
than Marangoni, i.e. faster than the typical velocity scale mentioned
earlier) to values rather smaller than unity (stretching/shrinking slower
than Marangoni).

We identify that in Eq. (4) the first term on the right hand side repre-
sents the stretching or shrinking and the second term on the right hand
side represents the Marangoni effect. The stretching/shrinking term
considered here is novel compared to prior work [85–87], since the
analogous term in prior work could only ever have one sign, and was
constrained to be small in magnitude. Note that the Marangoni term
involves a second order spatial derivative, and so (as already noted,
and also elaborated upon within section S 1.2) behaves like diffusion
even though diffusion itself is not formally included in the model (along
the surface, molecular diffusion is much weaker than the Marangoni
term, as already mentioned [85–87]). Of course, the Marangoni flow
𝑢𝑠𝑀 in Eq. (3) and hence the Marangoni flux 𝑢𝑠𝑀𝛤 involve a first order
spatial derivative. The second order spatial derivative in Eq. (4) arises
naturally upon taking the divergence of the surfactant flux. Note that
the fact that this term is linear in surfactant surface concentration 𝛤
relies on the aforementioned assumption of having a constant Gibbs
elasticity.

The Marangoni term within Eq. (4) contains a prefactor (3𝐿3)−1,
which acts as an ‘‘effective’’ diffusion coefficient, at least for the par-
ticular dimensionless scaling used in Eq. (4). The factor 1

3 comes
rom integrating over the aforementioned Poiseuille profile. A factor
−2 arises from second order spatial differentiation, remembering that
∕𝜕𝑥 = 𝐿−1𝜕∕𝜕𝑋: this indicates that in terms of the variable 𝑥 at least,
radients tend to be smaller when 𝐿 is larger. An additional factor
−1 arises from the observation that (for a given Marangoni stress),

urface velocity is slower when the film is thinner. However to conserve
iquid in the film, the dimensionless film half-thickness 𝛿 must equal the
5

eciprocal of dimensionless film half-length 𝐿−1: remember here that
half-thickness and half-length are non-dimensionalised with respect to
their initial values.

We analyse the governing Eq. (4) further in the sections that follow.

2.5. Spatially uniform case and role of boundary condition

Initially the surface concentration 𝛤 is uniform and hence the
derivative 𝜕2𝛤∕𝜕𝑋2 is negligible. Eq. (4) then predicts a spatially
niform but time-varying solution denoted 𝛤unif

𝛤 ≈ 𝛤unif ≡ 𝐿−1 (6)

independently of coordinate 𝑋. According to this approximate solution
at least, stretched films can become depleted of surfactant as film half-
length 𝐿 grows, which might then be detrimental to foam film stability,
nd could lead to foam films breaking.

The problem with this approximate solution is that it does not
espect the boundary condition 𝛤 = 1 at 𝑋 = 1. Information about

this boundary condition must therefore start to impact the solution
for surfactant surface concentration 𝛤 in some way, leading to spatial
gradients in surface concentration and hence Marangoni flows. Early
on, the boundary condition should only ever affect the region close
to 𝑋 = 1, with the remainder of the domain continuing to evolve as
𝛤 ≈ 𝐿−1 as per Eq. (6). Over time however that situation can change.

The extent to which information about the boundary condition
propagates into the solution domain, and thereby the extent to which
values of surfactant surface concentration 𝛤 inside the domain de-
viate from the reciprocal of film half-length 𝐿−1, depends on the
relative size of the two terms on the right hand side of Eq. (4). The
ratio of these terms (stretching/shrinking divided by Marangoni) is
3𝐿2�̇� 𝛤∕(𝜕2𝛤∕𝜕𝑋2).

Note the prefactor here 3𝐿2�̇� which gives an indication of the rel-
ative size of stretching/shrinking terms and Marangoni terms, at least
to the extent that surface concentration 𝛤 and the derivative 𝜕2𝛤∕𝜕𝑋2

are assumed to be order unity quantities. The same conclusion can
be reached directly from an analysis of the surface velocities given in
Eqs. (2)–(3): the stretching/shrinking velocity 𝑢𝑠𝑆 is clearly on the order
of �̇�, whereas the Marangoni velocity 𝑢𝑠𝑀 is expected to be on the order
of (3𝐿2)−1. This factor (3𝐿2)−1 itself arises from a combination of two
effects. First of all, longer films have smaller gradients of log𝛤 along
hem (at least in terms of coordinate 𝑥 as in Eq. (3)). Secondly, longer

films are also thinner and so have lower velocities on them [85]. Hence
the ratio 𝑢𝑠𝑆∕𝑢𝑠𝑀 (stretching/shrinking to Marangoni) is estimated
nominally as 3𝐿2�̇�, subject to the assumption that 𝛤 and 𝜕2𝛤∕𝜕𝑋2

are order unity quantities. Of course this quantity 3𝐿2�̇� is given in
dimensionless form here: an analogous quantity in dimensional form is
described in section S 1.2. If the magnitude of 3𝐿2�̇� is small, then we
expect that the Marangoni term will influence the solution significantly,
as we discuss next.

2.6. Quasistatic solution

In this limit of small 3𝐿2�̇�, it turns out (see the supplementary
material section S 2 for details) that the system approaches a qua-
sistatic solution 𝛤𝑄𝑆 (with the left hand side of Eq. (4) then becoming
negligible). In the stretching case, this state satisfies

𝛤 ≈ 𝛤𝑄𝑆 ≡ cosh((3𝐿2�̇�)1∕2𝑋)
cosh((3𝐿2�̇�)1∕2)

. (7)

In the shrinking case we have instead

𝛤 ≈ 𝛤𝑄𝑆 ≡ cos((3𝐿2
|�̇�|)1∕2𝑋)

cos((3𝐿2
|�̇�|)1∕2)

. (8)

Note that Eq. (7) predicts values of surfactant surface concentration 𝛤
less than unity, whereas Eq. (8) predicts values of this quantity in excess
of unity.
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Of particular interest is the value of 𝛤 at the centre of the film
= 0, which is the location at which 𝛤 deviates most from unity. We

enote this value 𝛤𝑐 , or more particularly in the case of a quasistatic
olution we denote it 𝛤𝑄𝑆𝑐 . The predictions of this quantity 𝛤𝑄𝑆𝑐 are
n the stretching case

𝑐 ≈ 𝛤𝑄𝑆𝑐 ≡
1

cosh((3𝐿2�̇�)1∕2)
≡ sech ((3𝐿2�̇�)1∕2) (9)

and in the shrinking case

𝛤𝑐 ≈ 𝛤𝑄𝑆𝑐 ≡
1

cos((3𝐿2
|�̇�|)1∕2)

≡ sec((3𝐿2�̇�)1∕2). (10)

Clearly for the value of 𝛤𝑐 to be close to unity (or in other words
for the boundary condition 𝛤 = 1 at 𝑋 = 1 to have significant influence
over the entire film) we need the magnitude of 3𝐿2�̇� to be small
compared to unity, as we have assumed. One way of achieving this is
to have a very small magnitude for �̇�. However for a stretching case, 𝐿
grows with time, so even though 3𝐿2�̇� might start off small, it will not
remain small. On the other hand for a shrinking case, the magnitude of
3𝐿2�̇� will become smaller and smaller over time.

A consequence of having small magnitude for 3𝐿2�̇� is that, via
Eqs. (7)–(8), the derivative 𝜕2𝛤∕𝜕𝑋2 will actually be much smaller than
unity (by contrast with the naive estimate for the value of 𝜕2𝛤∕𝜕𝑋2

previously made in Section 2.5). This is however what manages within
Eq. (4) to keep Marangoni flow in quasistatic balance with stretch-
ing/shrinking flows in the present limit.

2.7. Boundary layer case

In the stretching case, in the limit when 𝐿 is large (𝐿 ≫ 1), and
likewise 3𝐿2�̇� is large, we cannot seek a quasistatic solution, at least
not over most of the film. Instead Eq. (6), which balances the left hand
side of Eq. (4) (unsteady state term) with the first term on the right
(stretching/shrinking term), applies over most of the film.

To satisfy the boundary condition though, we need to seek a qua-
sistatic state albeit confined now near the Plateau border. Specifically
we seek a boundary layer solution, denoted 𝛤𝐵𝐿, valid within an 𝑥-
domain of order unity close to 𝑥 = 𝐿, or equivalently an 𝑋-domain
of order 𝐿−1 close to 𝑋 = 1. Within this boundary layer, the derivative
𝜕2𝛤∕𝜕𝑋2 will now be much larger than unity (again a contrast with the
aive estimate in Section 2.5). The surfactant surface concentration 𝛤
urns out to be (see the supplementary material section S 2)

≈ 𝛤𝐵𝐿 ≡ erfc ((3𝐿2�̇�∕2)1∕2(1 −𝑋)) exp((3𝐿2�̇�∕2)(1 −𝑋)2). (11)

This satisfies as required 𝛤 = 1 when 𝑋 = 1. Note that erfc is a
apidly decreasing function of its argument, whereas exp is a rapidly
ncreasing function of its argument. The net effect however for large
alues of (3𝐿2�̇�∕2)1∕2(1 −𝑋) turns out to be a decay, as can be derived
rom standard asymptotic formulae for erfc at large values of its
rgument [102]

𝐵𝐿 ∼ 1
(3𝜋𝐿2�̇�∕2)1∕2(1 −𝑋)

. (12)

he fact that the boundary solution 𝛤𝐵𝐿 decays as the value of 1 − 𝑋
increases is consistent with joining up with a uniform solution 𝛤 ≈
𝛤unif ≡ 𝐿−1 ≪ 1 far from the boundary, remembering the assumption
hat 𝐿 ≫ 1 here.

.8. Numerical approach

To summarise, Eqs. (6)–(12) constitute asymptotic predictions for
ow surfactant surface concentration on either stretching or shrinking
oam films should behave under various limiting circumstances. More
enerally however, numerical solutions are required. Indeed our pur-
ose here is to solve the surfactant evolution Eq. (4) numerically, and
hen to compare the numerical solutions with the above asymptotic
nes. A Crank–Nicolson method [103] has been employed here to solve
q. (4). Details of the method (including level of spatial discretisation,
ime step size and benchmarking) are given in the supplementary
6

aterial (section S 3). Results are presented next. w
. Results

In this results section, model predictions for stretched films are
onsidered in Sections 3.1–3.2 and for shrinking films are consid-
red in Sections 3.3–3.4. Some additional results are presented in the
upplementary material (section S 4).

.1. Profiles of surfactant surface concentration: Stretched films

Fig. 2 shows profiles of surfactant surface concentration 𝛤 versus
patial coordinate 𝑋 for various film half-length 𝐿 values (𝐿 = 2, 4
nd 16) and various stretch rates �̇� (�̇� = 1

64 , 1
8 , 1 and 4). Note that we

ave chosen to plot profiles at specific 𝐿 values, but this corresponds
ia Eq. (5) to well-defined times. What we see is that increasing film
alf-length 𝐿 causes the value of 𝛤 to decrease.

Starting with Fig. 2(a), which has a comparatively small stretch rate
̇ = 1

64 , it is evident that over the entire profile, the value of 𝛤 departs
comparatively little from unity, at least for 𝐿 = 2 and 𝐿 = 4. This
ndicates that the boundary condition 𝛤 = 1 at 𝑋 = 1 is having a strong
ffect on the profile, so that Marangoni flow is effective at delivering
urfactant from the Plateau border onto the film. Certainly, at 𝐿 = 2
nd 𝐿 = 4, the value of 𝛤 is significantly in excess of the uniform value
unif ≡ 𝐿−1 (see Eq. (6)) which would otherwise have been obtained

n the absence of any Marangoni effect. For 𝐿 = 16 meanwhile, the
mount that the surfactant surface concentration 𝛤 departs from unity
s noticeably larger than what is observed for 𝐿 = 2 or 𝐿 = 4. However
he value of 𝛤 still remains significantly in excess of 𝐿−1.

Consulting Fig. 2(b), Fig. 2(c) and Fig. 2(d), we observe that in-
reasing film stretch rate �̇� causes the surfactant surface concentration

to decrease, at any given 𝐿. In Fig. 2(c) we do see the value of 𝛤
pproaching 𝐿−1, although for 𝐿 = 2 and 𝐿 = 4, this occurs only
ear the centre of the film 𝑋 = 0. For 𝐿 = 16 though, the value of

𝛤 approaches 𝐿−1 over a wider domain. In Fig. 2(d) meanwhile, even
when 𝐿 = 2 and 𝐿 = 4, there is a significant domain of 𝑋 for which the
value of 𝛤 is close to 𝐿−1. This widens further when 𝐿 = 16.

One way to understand better the various profiles in Fig. 2 is to
ompare them with the asymptotic predictions in Sections 2.6 and 2.7.
n Fig. 3 for instance, we see that when 𝐿 = 2 and �̇� = 1

64 there is
reasonably good agreement between the computed value of 𝛤 and the
quasistatic prediction 𝛤𝑄𝑆 via Eq. (7): as the figure shows, there is an
absolute difference of no more than about 0.01 between them. We have
mentioned that the quasistatic solution is predicted to perform better
when the parameter 3𝐿2�̇� is small. Increasing film half-length 𝐿 at
fixed stretch rate �̇� means that agreement is less close than before (see
Figure S 2(a) in supplementary material). On the other hand decreasing
�̇� at fixed 𝐿 leads to even closer agreement (see Figure S 2(b) in
supplementary material).

For large values of 3𝐿2�̇�, we no longer expect agreement between
he computed surface concentration 𝛤 and the quasistatic formula 𝛤𝑄𝑆 .
nstead we expect the surface concentration 𝛤 to be around a uniform
alue 𝛤unif ≡ 𝐿−1 away from the boundary (as Fig. 2 already shows),
nd to obey a boundary layer formula 𝛤𝐵𝐿 (see Eq. (11)) close to
he boundary. Fig. 4 shows cases with 𝐿 = 4 and 𝐿 = 16, in each
ase with both �̇� = 1 and �̇� = 4 being considered. There is indeed
reasonably good fit to the boundary layer formula, but the case
ith 𝐿 = 16 exhibits a better fit than the case with 𝐿 = 4. This

mproved fit follows because the formula for 𝛤𝐵𝐿 is predicted to decay
oving far from the boundary (see Eq. (12)). Even though the actual

urfactant surface concentration 𝛤 stops decaying spatially away from
he boundary and instead eventually reaches a limiting value of 𝐿−1,
his limiting value is itself small provided the film half-length 𝐿 is large.
nother observation from Fig. 4 is that for larger values of 3𝐿2�̇�, the
oundary layer becomes compressed nearer to 𝑋 = 1. This is in line
ith predictions from Eq. (11).
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Fig. 3. Comparison between surfactant surface concentration 𝛤 vs coordinate 𝑋 profile
(for 𝐿 = 2 and �̇� = 1

64
) and quasistatic formula, which involves cosh functions

(see Eq. (7)).

3.2. Evolution of surfactant surface concentration: Stretched films

Fig. 2 through Fig. 4 discussed above show snapshots of 𝛤 versus
just at particular instants, i.e. just at particular 𝐿 values. It is also

f interest to consider how the surfactant surface concentration 𝛤 (or
ore particularly the value 𝛤𝑐 at the centre of the film) evolves as a

unction of film half-length 𝐿. This is what Fig. 5 shows for various �̇�
alues, i.e. various stretching rates.

In all cases the value of surfactant surface concentration at the
entre 𝛤𝑐 is initially unity. Early on, the evolution of 𝛤𝑐 as a function
f 𝐿 is actually the same for all �̇� values. This is because initially the
patial derivative 𝜕2𝛤∕𝜕𝑋2 vanishes, and the solution of Eq. (4) then
educes to Eq. (6). When �̇� is small however (e.g. �̇� = 1 ), the value
7

64
of 𝛤𝑐 starts to depart from the prediction of Eq. (6) after just a modest
increment of 𝐿. Thereafter, the decrease of 𝛤𝑐 is comparatively slow.
Increasing the stretch rate �̇� to a value �̇� = 1

8 say, gives a faster decay
f 𝛤𝑐 with respect to 𝐿. Increasing further to �̇� = 1 gives an even faster
ecay. However increasing beyond that to �̇� = 4 has barely any further
mpact on the evolution of 𝛤𝑐 .

In Fig. 6 we compare plots of surfactant surface concentration at the
entre 𝛤𝑐 versus film half-length 𝐿 with various asymptotic formulae.
n Fig. 6(a) we compare with the prediction of Eq. (9) (which involves
hyperbolic secant), and supposing �̇� = 1

64 . We see agreement up to
around 𝐿 = 2 (consistent with what Fig. 3 shows), but after that, Eq. (9)
is an underestimate of the actual value of 𝛤𝑐 . This is unsurprising as a
hyperbolic secant is a very rapidly decaying function of its argument.
Indeed we only expect Eq. (9) to be reliable for small values of the
argument. A reduction in stretching rate �̇� would make Eq. (9) reliable
over a wider domain of film half-length 𝐿 (see Figure S 3 in the
supplementary material which shows this for the case �̇� = 1

256 ).
In Fig. 6(b) meanwhile we consider the value of 𝛤𝑐 versus 𝐿 for

�̇� = 1. It agrees very well with the prediction of Eq. (6), i.e. the value
of 𝛤𝑐 is very close to 𝛤unif ≡ 𝐿−1. The boundary condition, namely 𝛤 = 1
t 𝑋 = 0, is having essentially no impact on 𝛤𝑐 , and this situation will

not change if stretch rate �̇� increases further to �̇� = 4 say (as Fig. 5
already showed).

3.3. Profiles of surfactant surface concentration: Shrinking films

Now we switch from stretching films to shrinking ones. Data for
surfactant surface concentration 𝛤 versus coordinate 𝑋 are presented
in Fig. 7. We consider values of film half-length 𝐿 equal to 1

2 , 1
4 and 1

8 .
Meanwhile we consider values of shrinking rate �̇� equal to − 1

8 , −1 and
−4. We do not consider even smaller values of 𝐿 (e.g. 𝐿 = 1

16 ). Neither
do we consider even smaller values of |�̇�| (e.g. we do not consider
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Fig. 5. Surfactant surface concentration at the centre of the film 𝛤𝑐 vs film half-length
for various �̇�.

̇ = − 1
64 ). The reason is that small values of the parameter 3𝐿2

|�̇�| are
xpected to be sufficient to ensure near quasistatic behaviour for the
urface concentration 𝛤 : small values of this can already be obtained
ith 𝐿 = 1

8 and �̇� = − 1
8 say.

Consulting Fig. 7 we observe that values of 𝛤 now exceed unity
(during shrinking) rather than being below unity (as was the case with
stretching). Nonetheless, for �̇� = − 1

8 , Fig. 7(a) shows that the value of
𝛤 is only ever slightly above unity, and the amount by which it exceeds
unity decays as 𝐿 decreases from 1

2 to 1
4 to 1

8 (see also Figure S 4(a) in
supplementary material for a comparison with the approximate formula
in Eq. (8)). Clearly the boundary condition 𝛤 = 1 at 𝑋 = 1 has a strong
impact on these profiles.

Switching to �̇� = −1 in Fig. 7(b), we see a bigger deviation from
unity than before. However the impact of the aforementioned boundary
condition at 𝑋 = 1 is still significant. Without that boundary condition,
we would have surface concentrations 𝛤 ≈ 𝛤unif ≡ 𝐿−1, so the case with
𝐿 = 1

2 would have 𝛤 ≈ 2. Clearly though that value is far from being
ttained in Fig. 7(b). Smaller 𝐿 values (e.g. 1

4 or 1
8 ) moreover return

the value of 𝛤 back towards unity.
In Fig. 7(c) with �̇� = −4, we do see the 𝐿 = 1

2 case approaching
≈ 2, but only near 𝑋 = 0. What is evident in Fig. 7(c) however is

hat the surface concentration 𝛤 continues increasing even when the
ilm half-length 𝐿 falls below 𝐿 = 1

2 . As a consequence, the case with
𝐿 = 1

4 can attain even higher values of 𝛤 than the 𝐿 = 1
2 case does.

That said, a value as large as 𝐿−1 is never attained when 𝐿 = 1
4 , so the

oundary condition is definitely having impact here. Once we reach
= 1 , the value of 𝛤 has fallen back to a level much closer to unity.
8

8

3.4. Evolution of surfactant surface concentration: Shrinking films

In Fig. 8 we plot surface concentration at the centre of the film 𝛤𝑐
s a function of film half-length 𝐿 for various values of �̇�, all of them
ith �̇� < 0. Note that since 𝐿 is shrinking here, the time evolution of

he system corresponds to moving from right to left. For the reasons
lready mentioned in Section 3.3 we consider 𝐿 values down to 𝐿 = 1

8
but no smaller. Likewise we consider values of |�̇�| down to |�̇�| = 1

8 but
no smaller.

Note the non-monotonic behaviour of 𝛤𝑐 (which is distinct from the
monotonic behaviours seen in the stretching case). In Fig. 8, for each �̇�,
the value of 𝛤𝑐 rises from unity (the initial condition), attains a peak
value, and then falls back towards unity. Values of 𝛤𝑐 close to unity
re expected for small enough 𝐿 (in particular when 3𝐿2

|�̇�| is much
smaller than unity), since the system should then attain a quasistatic
state, and surface concentration at the centre 𝛤𝑐 can then never depart
much from the condition 𝛤 = 1 at 𝑋 = 1 imposed on the boundary.

Also plotted in Fig. 8 is the function 𝛤unif = 𝐿−1. All the curves (with
different �̇�) follow this for at least some domain of 𝐿 values below
𝐿 = 1 (moving from right to left in the figure). The curve with the
highest |�̇�| (i.e. �̇� = −4) follows it the furthest, until roughly 𝐿 ≈ 1

2 .
However for 𝐿 values any smaller than that, the value of 𝛤𝑐 deviates
rom 𝐿−1.

In an attempt to explain the shape of the surfactant surface concen-
ration at the centre 𝛤𝑐 versus film half-length 𝐿 curves for smaller 𝐿

values, we consider the quasistatic formula (Eq. (10)), which involves a
secant function. We plot this in Fig. 9: remember that film half-length
𝐿 evolves from right to left in this figure. In Fig. 9(a) with �̇� = − 1

8 ,
we see good agreement between the numerically computed value of
𝛤𝑐 and Eq. (10) for any 𝐿 values less than around 1

2 . In Fig. 9(b),
with �̇� = −1, we require smaller 𝐿 values (below around 1

4 ) before
agreement is seen. Switching to even larger values of |�̇�| (with �̇� = −4;
see Figure S 4(b) in the supplementary material) agreement is only seen
around 𝐿 ≈ 1

8 (and presumably for smaller 𝐿 values also, although we
do not explore 𝐿 values any smaller than that here).

4. Preliminary comparison with experiment

In this section we make a preliminary comparison between predic-
tions of the model that is developed in the present work and experi-
ments reported in literature. We consider the case of imposed stretching
as there tends to be more experimental work in literature on stretching
of films [63–65] (as opposed to shrinking them). Such experimental
work is often motivated by interest in measuring how stable foam films
can be upon stretching [67–69] and also interest in producing giant

films [104] possibly up to the order of metres in size.
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Fig. 6. Comparison between surfactant surface concentration at the centre 𝛤𝑐 vs film half-length 𝐿 and either the quasistatic formula (which involves sech functions, see Eq. (9))
or else the spatially uniform formula (which involves 𝐿−1, see Eq. (6)).
Fig. 7. Surfactant surface concentration 𝛤 vs coordinate 𝑋, for various film half-lengths 𝐿 (𝐿 = 1
2
, 1

4
and 1

8
) and various shrinking rates �̇�.
d

The literature experiments we analyse here [93] consider however
ilms of a more modest size (up to around 10−2 m). Specifically they
nvolve a circular soap film that is suspended between two other films,
hich are catenoid shaped [105] and each of which is attached to a

ircular wire ring. The circular soap film is necessarily smaller in radius
han the wire rings. Moving the wire rings closer together however
auses the radius of the soap film to grow, i.e. the film is stretched.
n what follows we describe relevant experimental parameter values
Section 4.1), film elongation and extraction (Section 4.2), and imposed
ilm stretch rates (Section 4.3). Then in Section 4.4 we discuss, for
pecified stretch rates, the amount of stretch that can be imposed upon
film, up to the point at which new film begins to be extracted from

n adjacent Plateau border meniscus: model predictions and experi-
9

ental data are compared. As we will see, there is at least qualitative t
agreement between model and experiment here, but there are also
restrictions upon the parameter regime for which such comparisons can
be made.

4.1. Parameter values relevant to experiments

Before proceeding we describe the dimensional parameters relevant
to the experiments discussed here [93], which differ somewhat from
often encountered typical scales reported in Table S 1 in supplementary
material. Specifically the wire rings had radius 1.1 × 10−2 m, and their
motion changed the soap film radius from 7 × 10−3 m to 10−2 m. In the
imensionless model considered in the present work, this corresponds
o a final dimensionless film half-length 𝐿 with a value of 𝐿 ≈ 1.43.
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Fig. 8. Surfactant surface concentration at the centre of the film 𝛤𝑐 vs film half-length
for various �̇�. Note that since �̇� is negative, the time evolution involves moving from

ight to left here. The spatially uniform formula (which involves 𝐿−1, see Eq (6)) is
lso shown.

eturning to consider the experiments, film thicknesses were also mea-
ured [93] and were found to be on the order of 10−6 m (so that film
alf-thickness is 5 × 10−7 m).

During the experiments, the wire rings were moved towards one
nother at various speeds [93] from 0.05×10−3 m s−1 to 50×10−3 m s−1.
e estimate that as a result (see section S 5.1 in supplementary material

or more explanation), the Plateau border meniscus at the edge of the
oap film moved at a speed which was between 0.03 × 10−3 m s−1 to
0×10−3 m s−1. Using the reported values [93] of viscosity 1.4×10−3 Pa s
nd of equilibrium surface tension 35×10−3 N m−1, this can be expressed
s a dimensionless capillary number 𝐶𝑎, with values in the domain
.2 × 10−6 to 1.2 × 10−3.

.2. Film elongation and film extraction

It is however necessary to relate these capillary numbers 𝐶𝑎 to a
dimensionless) imposed film stretch rate �̇�, which is the parameter
hat appears in the model developed in the present work. When at-
empting to establish such a relationship, one of the issues identified
xperimentally is that sometimes only part of the meniscus motion
roduces elongation within the film. The remainder of the meniscus
otion causes extraction of new film from the meniscus itself. In the

xperiments, extracted film is rather thicker than originally existing
ilm, so is easily distinguished [93]. It was claimed [93] that the film
ould elongate only up until the point that the relative change in

urface tension (i.e. change in surface tension divided by equilibrium
urface tension) was equal to 3.8𝐶𝑎2∕3.

This value 3.8𝐶𝑎2∕3 was obtained via so called Frankel theory
106,107] which demands a velocity-dependent increase in surface
ension in order to extract film from a Plateau border meniscus. Since
𝑎 was itself a small parameter, there was an indication that significant

ilm stretch (without accompanying extraction) could only be achieved
sing surfactants of very low surface elasticity (much smaller than
lasticities for typical surfactant systems as quoted in Table S 1). Thus
or the experiments discussed here [93], a particular surfactant system
as selected with exceptionally low elasticity: the Gibbs elasticity was
stimated as 10−3 N m−1 or less.

.3. Domain of film stretch rates

The above parameter set now gives us sufficient information to
elate capillary number 𝐶𝑎 and dimensionless imposed stretch rate �̇�
see section S 5.2 in supplementary material for explanation of how
hey are related). The result for the experimental system discussed
ere [93] is �̇� = 5 × 105 𝐶𝑎 or equivalently 𝐶𝑎 = 2 × 10−6 �̇�. Given
he set of 𝐶𝑎 values already mentioned earlier, it then follows that �̇�
10

s

or the experiments is in the domain 1.2 ≤ �̇� ≤ 1200. In the context
f the model developed in the present work, most of the domain of �̇�
xplored thereby corresponds to rapid stretch (large �̇�).

The present model would then predict (see Sections 2.5, 3.1 and
.2) a dimensionless surface concentration 𝛤 ∼ 𝐿−1. The change in

log𝐿 during stretching thereby gives the change in log𝛤 . However the
change in log𝛤 then tells us the change in dimensionless surface tension
on the film, a result which follows by definition of the Gibbs elasticity,
supposing that the surface tension has itself been made dimensionless
based on Gibbs elasticity.

4.4. Stretching to the point of film extraction

Recall that, prior to any film extraction happening, the relative
increase in surface tension on the film could be up to 3.8𝐶𝑎2∕3. This
value is however taken relative to equilibrium tension. The analogous
value taken relative to Gibbs elasticity (for the experimental system
currently under discussion [93]) would be 133𝐶𝑎2∕3 or equivalently
0.0211 �̇�2∕3.

Experimental data are available [93] for how the value of 𝐿 − 1
the change in film half-length relative to initial film half-length) that
s needed to commence extracting new film varies as a function of
apillary number 𝐶𝑎 or equivalently as a function of imposed stretch
ate �̇�. What the experimental data show [93] is that the value of
− 1 required to commence extraction is an increasing function of
𝑎 or equivalently of �̇�. The model used in the present work predicts
n analogous sort of behaviour at least qualitatively, giving a relation
og𝐿 ≈ 0.0211 �̇�2∕3 or equivalently 𝐿−1 ≈ −1+exp(0.0211 �̇�2∕3). Observe
hat the model used in the present work, despite not incorporating any
ilm extraction, can still be used to predict the point at which extraction
ight onset.

Remember from Section 4.1 that the experimental study [93] in-
olves stretching the dimensionless film half-length 𝐿 up to 𝐿 ≈ 1.43.
hus 𝐿 − 1 ≈ 0.43 or equivalently log𝐿 ≈ 0.353. To have any film
xtracted up to and including this particular 𝐿 value, the model used
n the present work requires �̇� to be no greater than about 70, or
quivalently 𝐶𝑎 to be no greater than about 1.4 × 10−4. Selecting this
pecific 𝐶𝑎 value and examining experimental data [93] (noting also
omments about the data made in section S 5.3), we find 𝐿−1 values (at
he point of film extraction) varying from about 0.09 to 0.6 depending
n the exact surfactant formulation used. The present model predicts,
s we have said, a value 𝐿 − 1 ≈ 0.43 which lies within the observed
xperimental range.

One reason why the model predictions and experiments might differ
s that the model assumes Gibbs elasticity remains constant indepen-
ent of film stretch. On the other hand, the experiments corresponding
o onset of film extraction at lower values of 𝐿 − 1 (e.g. values around
.09 as mentioned above) start off with comparatively low Gibbs
lasticity (much smaller than equilibrium surface tension) but Gibbs
lasticity then rises sharply beyond a certain level of stretch [93]. Sur-
ace tension rises likewise, and this then promotes film extraction after
omparatively little additional stretch. Another reason for differences
ere between model and experiment arises from geometry: the model
ssumes stretching along one dimension only, whereas the experiments
nvolve biaxial stretch of a circular film. In a biaxial system, surfactant
urface concentration 𝛤 falls more rapidly with increasing film half-
ength 𝐿 than is the case in one dimension. Again this promotes film
xtraction even at more modest values of 𝐿.

In summary, the model employed here does capture qualitatively
ome of the observations from experimental work [93]. However since
he model considers only film elongation (not film extraction) there are
estrictions on its use, either to systems with rather limited imposed
tretch or else to systems with large imposed stretch but low Gibbs
lasticity (which must be much lower than equilibrium surface tension).
ne comment we make though, is that the experimental work [93]
eems to have focussed on relatively large values of the stretch rate
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Fig. 9. Comparison between surfactant surface concentration at the centre 𝛤𝑐 vs film half-length 𝐿 and the quasistatic formula, which involves sec functions, see Eq. (10).
parameter �̇�. For much smaller values of �̇�, the change in surface
ension up to any specified film half-length would be predicted to be
uch smaller, at least according to the model considered here: a Taylor

xpansion of Eq. (9) would predict a dimensionless change in surface
ension of around 3𝐿2�̇�∕2. This is linear in �̇�. For very small �̇�, it might
hen be difficult the attain the level of surface tension needed to extract
ew film which itself scales proportional to �̇�2∕3.

. Conclusions

We have presented a simple model for surfactant transport on foam
ilms as films travel through a porous medium. In the model, films
an either stretch (travelling from pore throat to pore body) or shrink
travelling from pore body to pore throat). The model itself has been
dapted from the field of foam fractionation [85–87]. Although film
tretching or shrinking is not so relevant in the context of fractionation,
ilm thinning is relevant, and is closely analogous to stretching. That
hen is why an analogous model can be employed here, albeit the
nalogy has not been explored previously.

In the present context, high stretch rates lead to predictions of
ilms becoming highly depleted in surfactant. The higher the stretch
ate and also the higher the amount of stretch (relative to the ini-
ial film half-length), the more likely it is that the film will become
epleted. Surfactant can be supplied to stretched films via Plateau
orders located at the edges of films where they meet pore walls: there
an be rather more liquid in the Plateau borders than in the films
hemselves. According to the model, whether or not Plateau borders
re effective at delivering surfactant onto films depends on the product
f the stretch rate (compared to a characteristic Marangoni velocity)
nd the square of the film half-length (relative to initial half-length).
dentifying the role of this product, and its physical interpretation
namely an estimated nominal ratio between stretching-driven and
arangoni-driven flows) has been a novel contribution of the present
ork. When this product is small, the influence of the Plateau borders

s expected to be felt over the entire film. When the product is large
owever (and it becomes larger as the film stretches over time), the
ffect of the Plateau border is felt only in a boundary layer, and the
urfactant surface concentration in the rest of the film can keep falling
ver time independently of the Plateau border.

Surfactant surface concentration upon films that shrink is predicted
o behave differently from those that stretch. Shrinkage on its own
mplies that surfactant tends to accumulate on shrinking films, but
lateau borders now also act as a surfactant sink. Again the relevant
arameter is the product of a rate (now a shrinkage rate) and the
quare of a film half-length. This parameter falls over time, indicating
lateau borders become increasingly effective as sinks. Non-monotonic
ehaviour is now expected for surfactant surface concentration, with
11
surfactant first accumulating on films and later being restored to sur-
face concentrations compatible with conditions in Plateau borders. The
expected evolution of surfactant surface concentration in the stretched
case by contrast is monotonic.

Returning to the stretched case, we reiterate that high stretch rates
(or indeed high relative amounts of stretch for a particular stretch
rate) can lead to films becoming highly depleted of surfactant. If films
become sufficiently depleted of surfactant, they may break (although
breakage itself is not formally included in the model). Breakage would
be detrimental to foam in porous media applications, including foam
improved oil recovery, foam-based soil remediation and foam-based
aquifer remediation. What the model might guide us upon is how
rapidly a foam film could be driven along a pore without being at risk of
surfactant surface concentration falling sufficiently low that breakage
might occur. The model would also seem to indicate that porous media
with large ratios of pore body size to pore throat size might be those
within which films are most at risk of breaking. However that risk could
be mitigated by driving the foam films more slowly still.

Of course there are many simplifications contained within the model
as it stands, and definitive predictions of flows that arise and asso-
ciated surfactant transport leading to foam film breakage would rely
on more sophisticated modelling, such as various prior studies have
considered [48,72,90,91]. One significant issue with the model is that
under stretching it considers only existing films that become elongated,
not extraction of new film from Plateau borders: even though the model
includes a mechanism for surfactant transport from Plateau border to
film, any accompanying transport of liquid is not considered. In fact
experiment shows [93] (at least for the set of stretch rates explored)
that extraction of new film can be significant, unless the amount of
stretch imposed is limited and/or the Gibbs elasticity of the film is low
(much lower than an equilibrium surface tension say). Nonetheless as
a tool to sketch out a possible operating envelope with comparatively
little effort, the present model potentially will prove useful.

As well as summarising what has been achieved here, it is also worth
reflecting upon what still needs to be achieved in the future. This study
has presented a model which can predict comparatively simply, how
surfactant surface concentration could behave on foam films moving
through a porous medium. The present work has not however tested
that model against experiment, at least not experiment in a porous
medium scenario. Previous work on foam in porous media indicates
that surfactant concentration should influence foam film stability [38,
57], but to complete the model and compare with experiment, the exact
relation between surfactant surface concentration and film stability
would also need to be established. Whilst simplicity of the model used
here is part of its appeal, that same simplicity also dictates the outlook
for how the model might be most effectively tested experimentally
For example, the sketch in Fig. 1 envisages a film moving along a
tapered pore with that pore being symmetric about its centre line.
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Such symmetry might not be seen in a naturally occurring porous
medium, but would be easy to set up in a micromodel [4–8]. Hence for
experimental tests of the model described herein, it is recommended to
deal in the first instance with experiments on engineered porous media,
e.g. micromodel systems.
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