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Abstract

To our knowledge, the existing measure approximation theory requires
the diffusion term of the stochastic delay differential equations (SDDEs)
to be globally Lipschitz continuous. Our work is to develop a new
explicit numerical method for SDDEs with the nonlinear diffusion term
and establish the measure approximation theory. Precisely, we construct
a function-valued explicit truncated Euler-Maruyama segment process
(TEMSP) and prove that it admits a unique ergodic numerical invariant
measure. We also prove that the numerical invariant measure converges
to the underlying one of SDDE in the Fortet-Mourier distance. Finally,
we give an example and numerical simulations to support our theory.

Keywords: Stochastic delay differential equations, truncated
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1 Introduction

Since time delays are omnipresent and entrenched in real systems, delay dif-
ferential equations have a wide range of emerging and existing applications
in, for instance, physics, biology, medical sciences, automatic control systems;
see, e.g., [18, 31, 32, 35]. On the other hands, systems in the real word are
always subject to environmental noise. Stochastic delay differential equations
(SDDEs) have become more and more popular mathematical models for many
real systems; see e.g. [23, 28, 30] and references therein. Asymptotic stability is
one of the most important topics in the study of SDDEs. There are two funda-
mental categories: (ASE) asymptotic stability of an equilibrium state; (ASD)
asymptotic stability in distribution. ASE is to study whether the solutions of
a given SDDE system will tend to the equilibrium state (e.g., 0 as in most
papers) in moment or in probability; while ASD is to study whether the proba-
bility distributions of the solutions of the given SDDE system will converge to
a probability distribution, known as stationary distribution or invariant mea-
sure. There is an intensive literature on ASE (see, e.g., [17, 18, 23, 30] and
many others). The literature on ASD is much less than ASE but has been
growing quickly for the past 10 years (see, e.g., [4-7, 19]). The reason why
there are fewer papers on ASD than ASE is because the mathematics involved
is much more complicated than that used for the study of ASE but certainly
not because ASD is less important. In fact, it is inappropriate to study ASE
for many SDDE systems in the real world but more appropriate to study ASD.
For example, for many population systems under random environment, the
stochastic permanence is a more desired control objective than the extinction
(see, e.g., [1, 2, 13]). In this situation it is useful to investigate whether or
not the probability distribution of the solutions will converge to a probabil-
ity distribution (i.e., ASD), but not to zero (i.e., ASE) (see, e.g., [13, 24, 37]).
The two stability categories can also be illustrated by the control of Covid-19.
There are essentially two control strategies: one is to suppress infected to 0 but
the other is to live with Covid-19. The former is to stabilise the infected to 0
with probability 1 (i.e., ASE), while the latter is to stabilise the distribution
of the infected to a stationary distribution (i.e., ASD). More details on ASD
and the related ergodic theory can be found in, e.g., [11, 12, 39, 40].
Although there is a theory on the existence and uniqueness of the invariant
measure of the segment solution process to an SDDE, there is so far no way
to obtain the theoretical cumulative probability distribution (CPD) of the
invariant measure. It is therefore significant to establish numerical methods to
approximate the CPD. For the past ten years, several numerical schemes have
been proposed to approximate the CPD of the invariant measure of a stochastic
differential equation (SDE) (see, e.g., [20-22, 27, 29, 34] and references therein),

where the invariant measure is distributed on the finite-dimensional space R?.
However, the invariant measure of an SDDE is distributed on the infinite-

dimensional space C([—7,0; R?). It is hence much harder to approximate its
CPD numerically. Nevertheless, some progress has been made recently in this

direction under the condition that the diffusion coefficient of the underlying
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infinite-dimensional system is globally Lipschitz continuous. We would like to
mention [8, 14, 15] for the study of stochastic partial differential equations and
[3, 33] for SDDEs. On the other hand, the global Lipschitz condition is very
restrictive and most of SDDE models in applications do not satisfy it (see, e.g.,
[1, 2, 9, 16]). It therefore becomes necessary and urgent to design numerical
methods to approximate the invariant measure of an SDDE whose coefficients
are only locally Lipschitz continuous. From the point of computational cost, it
is more desired that the numerical methods are explicit. This is our main aim
in this paper.
Consider an SDDE described by

dz(t) = f(z(t),z(t — 7))dt + g(x(t), z(t —7))dW (), t>0 (1)

with an initial data z(0) = £(0), 6 € [—~7,0], where 7 > 0, f : R¢ x R? — R4
and g : RY x R? — RI*™ are Borel measurable, W (t) is an m-dimensional
Brownian motion on a probability space (2, F, P) with a right-continuous
complete filtration {F;}+>0, and £ is an Fy-measurable, continuous function-
valued random variable from [—7, 0] to R%. Let {x;}+>0 be the segment process,
where x¢(0) := z(t + 0) for 6§ € [—7,0]. As we know, approximation of the
invariant measure in the infinite horizon is quite challenging for nonlinear
SDDEs with non-globally Lipschitz diffusion coefficient. We mainly face the
following difficulties:

e Mathematically speaking, the time-homogenous Markov property of the seg-
ment process of SDDEs plays a crucial role in investigating the ergodicity. In
the numerical case, how to construct a continuous function-valued explicit
numerical time-homogenous Markov process {Yt‘i’A}kZO for approximating
the invariant measure?

® Generally, the tightness of measures is often used to derive the existence of an
invariant measure. In the infinite-dimensional space, sup;s I[-EHYtiAH2 < 00

fails to imply the tightness of correspding measures {Mt;A}kzo since the
relative compactness does not follows from the boundedness. The existence
of numerical invariant measures therefore needs to be proved carefully.

® The super-linear diffusion coefficient makes it difficult to obtain the attrac-
tion of second moment of {Yti’A}kzo, ie.,

A A
EVSS — Y927 < o(th)E|E — |12,

where ¢ : [0,00) — R, satisfies lims, oo ¢(t) = 0. Hence we need to
explore the attraction in probability or in distribution and further discuss
the uniqueness of numerical invariant measures.

To investigate the measure approximation of nonlinear SDDEs with non-
globally Lipschitz diffusion coefficient, we and our coauthors in [36] first
constructed an explicit truncated EM method and proved numerical solutions
strongly convergent to the exact ones in the finite horizon. Furthermore, in
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current paper we improve the truncated EM method given by [36] and bor-
rowing the linear interpolation go a further step to design the continuous
function-valued numerical time-homogenous Markov process {Yti’A}kzo (see
(8)—(11) for details), called TEMSP. By the strong convergence of numerical
solutions (R%valued) in [36] we obtain the weak convergence of {3 }r>0
(continuous function-valued) in the finite horizon (see Lemma 4.7 for (ietails_).
Moreover, taking advantage of TEMSP, we yield the uniform boundedness and
the attraction of {YtiA} k>0 in probability (see Proposition 3 and Proposition
4 for details). Making use of above propositions we reveal that the sequence
of numerical measures {,uff} x>0 is Cauchy in the Fortet-Mourier distance dz
defined by (2). Together with the completeness of (P(C),dz) (see Page 4) we
prove the existence of numerical invariant measure. Furthermore, the unique-
ness of numerical invariant measures follows from the attraction of {Yti’A}kzo
in probability. Finally, utilizing weak convergence of {Yti’A}kzo we prove the
numerical invariant measure converges to the underlying one in dz as the step
size tends to zero.

The rest of this paper is arranged as follows. Section 2 introduces some
notations and cites some used results. Section 3 proposes the truncated EM
linear interpolation scheme and states the main results. Section 4 gives the
proofs in details. Section 5 gives an example and numerical simulations to
illustrate our results. Finally, Section 6 concludes this paper.

2 Preliminaries

In the beginning of this section, we introduce some notations. Denote by ||

the BEuclidean norm in R? and the trace norm in R¥™ and by (-,-) the
inner product in R%. For real numbers a and b, let a V b = max{a,b} and
a A'b = min{a, b}, respectively. Let |a] be the integer part of the real number
a. Let 14(z) be the indicator function of the set A. Let Ry = [0, 00). Denote
by C := C([-7, 0]; RY) the family of continuous functions X from [—, 0]
to R? with the supremum norm || X|| = sup_. 4| X (#)|. For M > 0, define
B(M):={X € C : | X|| £ M} and B°(M) is ifs complementary in C'. For
p > 2, denote by C% := C ([-7, 0; R?) the family of Fy-measurable,
C-valued random variables such that sup_, .o E[n(0)|" < co. For M > 0
and p > 2, define B(M,p) := {£ € C%, : E[|¢|| < M} and B(M,p) is its
complementary in C;O. Denote by C (RY x R% R,) the family of continuous
functions from RY x R? to R satisfying V' (z,z) = 0 for all z € R?. Throughout
this work, L denotes a generic positive constant which may take different values
at different appearances.

Let B(C) be the Borel algebra of C' and P(C) := P(C,B(C)) the family
of probability measures on (C,B(C)). Define the Fortet-Mourier distance d=
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on P(C) [10, p.8.2] as below,

d=(Py, Py) = sup
ves

/ U(X) Py (dX) — / V(X)BAX)], VP, Py € P(C),
C C (2)

where Z is the test functional space

E;{Wiﬁ»RMMXQ—WXﬂgHwa%Hmd§%WMWS1}
€
(3)

Remark 1 Tt is useful to point out that (P(C), d=) is a complete metric space (see [10,
Corollary 10.5] for details). In addition, the metric dz is equivalent to the Wasserstein
distance below

W(Pl,PQ) = nf / (1 A HX1 — X2||)7T(dX1,dX2),
cxC

i
Tell(Py,Ps)

where P;, P> € P(C) and II( Py, P») is their collection of couplings (see [38, Chapter
6] for details).

We impose the following hypotheses.
(H1) For any R > 0, there exists a positive constant £ such that

[f(z,y) = f(@ 9]V lg(z,y) — 9(Z, 9) < lrlle — 2|+ ly — 7))

for any x, z, y, y € R? with |z| vV |z| V |y| V 7] < R.
(H2) There exist nonnegative constants « > 2, a1, ag, az with as > ag
such that

(22, f(z,y)) + lg(z,9)* < a1 — az|2]|* + asy|*

for any x, y € R%.
(H3) There exist nonnegative constants b, be, bs, by with by > ba, b3 >
bs, and a function V (-,-) € C(RY x R%, R, ) such that

2<I’7f,f(l’,y) - f(jag)> + \g(x,y) 7g(jag)|2
< = bilr =2 + baly — g1 — 05V (2, 7) + baV (3, 7)

for any z, z, y, 7 € R%

It should be pointed out that under (H1) and (H2), SDDE (1) with the
initial data § € C% has a unique global solution 25 (t) for t > —7 (see [25,
Theorem 2.4] and [26, p.278, Theorem 7.12] for details). Let {25}y be the
corresponding segment process, where z5 () := 24(t 4 ) for 6 € [—7,0]. For
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any § € C% and ¢ > 0, denote by uf the probability measure generated by

xf, namely,

pi(A) =Plwe Q:af € A}, VA€ B(O). (4)

Let us cite an ergodicity result [39, Theorem 3.6] to close this section.

Lemma 2.1 [39, Theorem 3.6] Suppose that (H1)—(H3) hold. Then the segment pro-
cess {mf}tzo of (1) with the initial data £ € C' is asymptotically stable in distribution
and admits a unique invariant measure 7(-) € P(C). Namely,

Jim dz (45 (),7() =0, VEel

Remark 2 For the initial data £ € C%O, making use of the Chapman-Kolmogorov
identity [30, p.18-19], the result of Lemma 2.1 still holds.

3 Main results

In this section, we focus on constructing an appropriate explicit scheme and
give the main results on the existence and convergence of the numerical invari-
ant measure. Due to (H1), we may choose a strictly increasing continuous
function @ : [1,00) — R, such that ®(R) — oo as R — oo and

ap W@V I@DL @ —0@DE g (s

lziviziviyivigl<r [T —Z + 1Ay =g (v —Z[+ 1Ay —7])

for any R > 1. Define a truncation mapping 1"?)’” :R? = R? by

% (x) = (|x| A <I>‘1(KA“’))£‘, (6)

|

where ®~! is the inverse function of ®, z/|z| = 0if z =0 € R¢, v € (0,1/3],
and

K =1V ®(1)Vf(0,0)Vg0,0)°. (7)

We may suppose without loss of generality that A = 7/N € (0,1) with some
integer N > 7. Let t, = kA for k > —N. Then for any { € C%, , we define the
truncated EM scheme of SDDE (1) by

a£7A(tk):£(tk)7 k:_Nv"'707

u$ A () = T, (092 (ty)), k=-N,...,0,1,...,

ﬁ£7A<tk+l> = ug’A(tk) + f(UE’A@k), uf’A(tk,N»A
k =

+ g(uf’A(tk), 'ng’A(lfk,N))AVV]€7 0,1,...,
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where AWy, = W (tg41) — W (tx). Define a piecewise constant process by
uS A (t) = uS S (ty), t € [ty thrr), k> —N, 9)

and a piecewise linear continuous process by

tet1 — 1 t— 1y
Yoo (t) = %U&A(tk) + TU£7A(tk+1), t € [tr, ths1], k20,

Yo (t) = T5,(E(1), te[-7,0].
(10)

For any k > 0, let

YEA(0) = &2 (t + 0), for 0 € [—7,0]. (11)

k

We call {Yti’A}kZO the truncated EM segment process (TEMSP).

Remark 3 In fact, Scheme (8) extended from the one in [36]. So by virtue of [36] the
results also hold for (8). Precisely, under Assumptions (H1) and (H2), for any £ € C,
ug’A(-) defined by (9) converges strongly to the exact solution 25(") of (1) in any
finite horizon, and reproduces the exponentially stability in infinite horizon when
a1 =0, a = 2 given in Assumption (H2). More generally, for any initial data £ € C_O7_‘-0,
by the techniques in [36] and Theorem 1 of this paper, these results still hold.

It is well known that the Markov property plays a crucial role in inves-
tigating the ergodicity. Since {u$*(t)};>_, defined by (9) is not Markovian,
it fails to be used directly to approximate the underlying invariant measure.
Using the similar argument as [3, Lemma 5.1], we obtain the following result.

Lemma 3.1 Suppose that (H1) and (H2) hold. Then for any £ € C and A € (0,1),
TEMSP {Yti’A}kZO defined by (11) is a time-homogenous Markov process, that is,
for any A € B(C),0< i< k,and n € C,

P2 € AlR,) =P(YS2 € AIYS2),

PYED € AIYES =) —P(VP € A).

te—i
For any § € C%, A € (0,1), and k > 0, define
Pyt (A) =P{weQ: VS e A}, VA€ B(C). (12)

It is worth to point out that for any M > 0, there exists a A%}, € (0,1)
sufficiently small such that

M < &7 (K(83) ™), (13)
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which implies that F§7V(x) =z for any x € R? with |z| < M and A € (0, A%,].
Clearly, in view of (H2), there exists a A; € (0,1) sufficiently small such that

ag — 6K2AIT > gy, (14)
In view of (H3), there exists a Ay € (0,1) sufficiently small such that
by —4K2AL17% > by, (15)

In what follows, we state our main results in this paper.

Theorem 1 Suppose that (H1)~(H3) hold. Let A = Ay A Ay. Then for any & €
Cx, and A € (0,A], TEMSP {Yti’A}kZO defined by (11) is asymptotically stable
in distribution and admits a unique numerical invariant measure 7°(-) € P(C)
satisfying

lim dg(ug’A(),ﬂA(-)) =0, wniformly in A € (0,A]. (16)

tr—00 2

Moreover, for any M > 0, this convergence is also uniform for & € B(M, ).

Theorem 2 Suppose that (H1)—(H3) hold. Then
. A
lim d=(7(- 1)) =0
Jim d=(n(),72()) =0,

where 7(-) and () are the underlying invariant measure and the numerical one,
respectively.

4 Proofs of theorems

Since the proofs of Theorem 1-2 are rather technical, we prepare several nota-
tions and lemmas, and then complete the proofs. For any £ € C% , for short,
we write

FS2 = fuS2 (), uS 2t — 1)), G32 = g(ubP (1), us>(t— 7)) V>0,
(17)

where u&4(t) is defined by (9). It follows from (5), (6), and (8) that for any
§,CeC% and t >0,

[FE5 = 2
<@(@  (KA™)) (Ju2 (1) = u 2 (0] + 1A S (¢ = 7) = uS2 (= 7))

<KA™ (\uE’A(t) A B A — 1) — St — T)|), (18)
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This, along with (7), implies that

|FE2 ] < KA (1+ [uS 2 ()] + [us2 (t —7))). (19)
Similarly,

|GE2| < KEATE (14 [uS2 ()] + [uS2(t — 7)) (20)

For convenience, we define an auxiliary process

t t
B (t) = ug’A(tk)-f—/ F§7Ad3+/ GS2AW (s), Yt € [ty ther),
tr tr

Z8(t) = 15, (E(t), Vtel-70.
(21)

To show the uniform boundedness of the norm of TEMSP {Y}i’A}kzo in
probability we begin with the moment analysis of the numerical solutions.

Lemma 4.1 Suppose that (H1) and (H2) hold. Then for any M > 0,

sup  sup  sup EuS?(ty)]* < Ly, (22)
A€(0,A ]| k=—N €€B(M)

where Lj is a constant dependent on Al and M. Moreover, there exists a constant
a = a(H1) € (0,1] such that for any A € (0,Aq], k> 0, and £ € B(M),

AZeat‘“EhﬁA( D < Lo(1 4 etr+1), (23)

=0

where Lo is a constant dependent on Ay and M.

Proof Fix an M > 0 and let £ € B(M). For any integer i > 0, it follows from (H2),
(8) and (19) that

E([u®? (tig)P1Fe) < B0 ()1 F)
—n«:(|u5 At) + FE2 A+ G52 AW P F,)
=[u®® ()7 + 22 (1), FoD) A+ |GHE A+ |FE2 P A?
<jus? (¢ >|2+a1A—a2|u 2(t)* A+ aglu®® (ti_n)* A
+ K21+ [uS 2 ()] + [uS 2 (ti-n) ) A2
<[u®® () + (a1 + 9K AV TP)A — (ag — BKAT )2 (1) A
+(ag + 3K AT WA (3|74, (24)

where the last inequality uses [u&2(t;)> < 1+ [u&2(¢;)|*. An application of
Lagrange’s mean value theorem derives that for any a > 0, there exists a ¢ € (¢;,t;4+1)
such that e®i+1 — ¢ = ¢%gA, which implies e®i+1 < i 4 ¢@i+1gA. Taking
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expectations in (24) and using the above inequality and A € (0,1), v € (0,1/3], we
arrive at

RS (i) < P E(E(H0 () PIF))
<(e™ 4 e g N)ES S (1)) + et (ag + 9K DA
— (ag — BK2AIT2) B[S ()Y A
+ (a3 4+ 3BK2 A2 RS2 (1, ) |2 A
<eEuSD ()2 4 e (a1 + 9K + a) A
— (ag — 3BK2 AT _ 0)e R [WS A ()Y A
+ (a3 + 3K2 AV B[S A (1, NP A
Summing the above inequality on both sides from 0 to k derives
BN (t)
k
<SP ) + (a1 + 9K +a)A D et
=0
k
— (a2 = 3BK°AT —a)A YT MRS (1)
1=0

k
+ (a3 +3KATTP) AN RS S ()|
=0
eatk+2 _ eaA

<IN + (a1 + 9K + a)n — <

k
— (a2 = 3K°AT — ) A ST MRS (1) + (a3 + 3K AT re T ||€]|
1=0

k
+ (a3 + 3K7ATT)TA S RS (1) (25)
=0
By virtue of (14) we further choose an a € (0, 1] sufficiently small such that

ci=ay —3K*AIT% —a— (a3 4+ 3K2A17)e > 0. (26)
Taking a = a in (25) yields that for any A € (0, Aq]
Gtesim| &0 2 2 2 G| e o _, eltrr2
BT (e [ <IIENT + (a3 + 3KT)Te™ [I€]17 + (a1 + 9K 4 @) —
k —
- cAZeat”lE\ug’A(ti)\a. (27)
i=0
A direct computation derives
al

E[u®® (tpq1)]? <M? + (a3 + 3K%)re"™ M® + (a1 + 9K? + a)ed ,

which implies that (22) holds. Moreover, the other desired assertion (23) follows from
(27) directly. O

10
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Lemma 4.2 Suppose that (H1) and (H2) hold. Then for any A € (0, Ay] and M > 0,

sup sup ]E|z§’A(t) — ug’A(t)’2 < Lzntv, (28)
t>0 e B(M)

where L3 is a constant dependent on Al and M.

Proof Fix an M > 0. For any £ € B(M) and t € [tg,tx41) with £ > 0, using
(19)—(21), and (22), we derive

|52 (t) — ub 2 (1)
<oE|FEA P A2 4 2E(|GE2 AW () — W (1))
S2KPE(1+ [ub? (1) + [ut? (o)) AT
+2KE(1 4 [ub 2 (t)] + [ub 2 (trn)|) 2 AT
6K (K +1)(1+E[us? () * + Elu®? (th_n)[?) A1

Then the desired assertion follows. O

Lemma 4.3 Suppose that (H1) and §H2) hold. Then for any M > 0,e >0, T > 0,
there exists a Az = Az(M,e,T € (0, A1 A A}y] such that

sup sup sup P sup |z§’A‘(s)\ > CID_I(KA?TV)} <e. (29)
A€(0,A3]k>—N £eB(M) s€[tk,ti+T]

Proof Our analysis uses a localization procedure. For any n € C?_—O, A € (0,1),
A € (0,A] and k > —N, define

,BEA]C = inf {s >t |z"’A(s)\ > CDfl(KA*V)}- (30)

Fix an M > 0. Let £ € B(M), A3 € (O,Al AN A € (0,A3],k > 0. We should
point out that for any ¢ € [tg, BZ?k]v

t t
SA) =uS P () + [ FSPds+ [ GSAAW(s). (31)
tr tr
Using the It6 formula, we obtain from (22) and (31) that for any T > 0,

N

E(ea((tk+T)AﬂA3’k)|Z£’A((tk +7) /\Bif,k”Q)

_ (te+TIABRS
:eatk]E|uf,A(tk)|2+E/ Agsk

e (a5 () + 2255 (s), FE2)

tr

+IGEAP)ds < Lae™ + I+ I+ 1, (32)
where @ € (0,1] is given by Lemma 4.1, and

(te+TINBRS )
I .= IE/

e (alu®2 () 4+ 2(uS 2 (5), FS ) + |G ) ds,

ty

11
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(tk‘i’T)/\BiA’k _
Ir = IE/ : c‘zeas(\zg’A(sﬂ2 - |u€’A(s)|2)d5,
tk
(tATINBRS
I = IE/ 3% 0685 (68 (g) — uEA (5), FE2)ds.
123
We start with estimating I7. Using (H2) and together with (9) leads to
(E+TINBRE
I gE/ F gas (&\ug’A(s)\Q +a1 — ag\ug’A(s)|a —+ a3|u€’A(s — 7')|a)ds
122
_ _ (t+TINBRS
<(a+ al)Tea(t’C+T) +(@a—az+ ageaT)IE/ aat eas|u§’A(s)|ads
22
_ te
+ ageaT]E/ eas|u§’A(s)|ads
tp—T
_ _ (t+TINBRS
<(a+ al)Tea(tk+T) +(@a—az+ ageaT)IE/ aat eas|u§’A(s)|ads
123
— k_l —
tageTA DT MHELS S (1)
i=k—N

It is straightforward to see from (26) that @ — az + aze®” < 0. This, along with (23)
implies that

L <(a+ al)Tea(t’“JrT) + ag,eng(l + eat’“) < Rlea(thrT), (33)

where Ry := (1 + a1)T + 2a3e” La. Next we aim to estimate I2. According to (22)
and (28) yields

(tk‘i’T)/\:BiAyk _
I gE/ e (21252 (5) — S (8)2 4 20ut L ()2 — [ub 2 (5)[2)ds
tr
B t+T _
<aet+T) ) (2E|ZE’A(S) - ug’A‘(s)\2 + E|u§’A(s)|2)ds < Ry tT)
k

(34)
where Ry := T(2L3 + L;). Finally, by virtue of (19), (22), (28), v € (0,1/3], and
then using the Holder inequality, we get

atetr) [T N A N
I <268t +T) E(|254 (s) — S (5)||[F$2 ) ds
123
a Lt T A A A
<28 HT) g A (B15% () = w2 ()PE(L+ [ (s)]
ti

+ [uS B (s — 7—)|)2) %ds
<2VBKT(L3(1 +2L1) A3 28 AT) < RyettntT), (35)
where R3 := 2v/3KT(L3(1 + 2L1))1/2. Plugging (33)—(35) back into (32) gives
HHB|EA (0 1) A SRS <B (TS (1 1) £ BES1)

<Rt T)

12
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with the nonlinear diffusion term

where R := L1 + R; + Rz + R3. This, along with @ € (0, 1] implies
E[5 (1, +T) A SRS < Re (36)
For any € > 0, choose a A3 = A3(M,e,T) € (07A1 A ON3y] sufficiently small such
that
Re” < e(@ N (KAZY))E (37)
According to (36) and (37) concludes that

sup sup sup P{ﬁiAk <ty +T}
AE(0,A3] k>0 £€B(M) ®

A
EJ28 ((t + T) A BE2 01
< sup sup sup I . ’
AE(0,A3] k>0 € B(M) (e-L(KAZY))
< sup sup sup R—eT <e€
T ne0.85k20eeB(M) (PTHEAFY))E
Note that {zé’A(t)}tZO is right-continuous and left-limit, and
. A o A
lin |40 = li(te)] > [u(t)| = 40, k>0,
This implies that for any A € (0,A3], k>0, and £ € B(M),

Bl sup |54 > @7 KT

sE[tr tr+T]
:P{|25’A(s)| >0 NKAZY),3s € [ty ty + T)} - p{gggk <th+ T} <e. (38
Therefore (29) is characterized by (13) and (38). O

Thanks for the above lemmas, we go a further step to analyze the uniform
boundedness of the norm of TEMSP {YéA} k>0 in probability.

Proposition 3 Suppose that (H1) and (H2) hold. Then for any M >0, e > 0, there
exists a A* = A* (A1, M,e) > M such that

sup sup sup P HYfk’AH >A*} <e. (39)
AE(0,A,]k=20€€B(M)

Proof Fix an M > 0. For any € > 0, making use of Lemma 4.3, there exists a
Az =A3(M,e,7) € (0, A1 A A}y such that

sup sup sup P sup |2€’A(t)| > <I>71(KA§V)} <e. (40)
A€(0,A3]k2—=NEeB(M)  * t€[tp,tp+7]
It follows from (10), (11), and (21) that for any A € (0,A3], k > 0, and £ € B(M),

AN A A A
IS4 = sup SR @I<MY osup WSS <MY sup |54,
tE[te—T,tk] k—N<i<k te[tr—T,tx]

Letting A* = <I>71(KA3_”). Combining the above inequality with (40) and using
A* > M we derive

sup sup sup P ||Yti_’A||>A*}
A€(0,03]k=0£eB(M)

13
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< sup sup sup P sup |z£’A(t)| > <I>_1(KA3_”)} <e. (41)
A€(0,A3]k>0¢€B(M) tetr—T7,tk]

It follows from the truncation property in (8)—(10) that

sup  sup sup HYtiAH <MV sup <I>_1(KA_V) < A"
Ae[ns, A k206€B(M) A€[Ls,A0]

This, along with (41) implies

sup sup sup P{HYEAH>A}
Ae(0,A]k20£€B(M)

< sup sup sup P{|\Y€A\| >A"}+ sup sup sup ]P’{HYEAH > A"}
AE(0,A3] k>0 g€ B(M) A€[ng, Ay k>0 E€B(M)

<e.

The proof is complete. U

Furthermore, we study the attraction of TEMSP {YtiA} k>0 in probability.
The strategy is as follows: we first prove the continuity of the sample path
y& 4 (t) with respect to t and the continuity of {y** (t)}x>0 (equivalent with
{us?(t) }x>0 ) with respect to the initial data ¢; Next making use of above
results and the fact

y© 2 (t 4+ 0) =y (t + 6))
L|yS 2 (tk +0) — y& 2 ()| + [y (b)) — y©2 (1)
+ ‘yQA(tk) - yC’A(tk + 9)|a Vo € [*7_7 0]7

we estimate supge(_, o] |y& 2 (tg + 0) — y>2 (t, + 0)| in probability and obtain
the attraction of {Y}i’A}kZO in probability.

Lemma 4.4 Suppose that (H1) and (H2) hold. Then for any M > 0,1 > 0, e2 > 0,
there exists a Ag = Ayg(M,e1,e2) € (0, As] such that

sup  sup sup IP’{ sup  [yS () — 257 (1)) > 62} <er, (42
A€(0,84] k20£€B(M)  * t€[tr,tr+T]

where A3 = A3(M,e1/2,27) is given by Lemma 4.3.

Proof Fix an M > 0. For any €1 > 0, recalling (30) and applying Lemma 4.3, there
isa Ag = A3(M,e1/2,27) € (0, A1 A A}] such that

sup sup  sup ]P’{ﬂiék <t + 27'} <& (43)
AE(0,A3] k>—N ¢€B(M) > 2

Let A € (0,A3], k> —N, £ € B(M). It follows from (10) and (31) that

4
]E( sup yE’A(t) — zg’A(t) | PPN )
tE€[trtT,te+27] ( | {BA3~’“Zt’“+QT})
sup sup (B2 1) + %ué’A(

_]E( tiy1)
i€{k+N, k+2N—1} t;<t<t;4:

14
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—ub B () = FE2 (E— ) — G2 (W(t) — W(t)) |41{ﬁ2§k2tk+27}))

t—t;
:]E( sup sup
G {k+ N, kt2N—1} i<t<tipy D

— ot —t) = G2 (W) — W (k) ’41{52§k2tk+27}))~

(652 (ti1) — w2 1))

By virtue of (8) we obtain

E &At_g,Atle ,
(te[tkfg}gk+2‘r](}y (1) = 270)] {ﬁi,ﬁthkJr%r}))

:IE( sup sup (| t _Ati (Ffi’AA + Gi’A‘AWi)
i€{k+N, - k+2N -1} t; <t<t; 41

A A 4
— FRO(t—t) = GP2 (W(t) — W ()] 1{52§k2tk+2ﬂ))

t—t;
§8IE( sup sup (| i
Gk N, o k4 2N—1} ti<t<tiyy O

4
+ 8E sup sup G?’A W(t) — W(t; 1, e, .
(ie{k+N,---,k+2N—1}t7‘,§t§t7‘,+1 (‘ ti ( ( ) ( Z))’ {ﬂiikztk"rQT}))

(44)

& A |4
Gy~ AW l{ﬂiﬁkztkﬂr}))

In view of (H1), there exists a constant L > 0 sufficiently large such that

sup lg(z,y)| < L.
[z|V|y|<P-L(KAFY)

Inserting this into (44) and using the Doob martingale inequality implies

EN N EAN N4
]E(te[tkjEEHZT](’y 0 -7 1{52§k2tk+27}))

§8L4IE( sup |AW¢|4)
i€{k+N,-- k+2N -1}
+ 8L4IE( sup sup  |[W(t) — W(t) 14)
i€{k+N, - k+2N—1} t; <t<t;41
k+2N—1
<stt > E(lawi'+ sw (W) -w)[*) < INa® < Lra,
i=k+N ti<t<tit1

where L is a constant. For any e > 0, choose a Ay = Ag(M,e1,e2) € (0,A3]
sufficiently small such that
Lt/
TO4 _ €1

1 .
€5 2

An application of Chebyshev’s inequality arrives at that for any A € (0, Ay],

P{8SS, > tet2r, s [y -SR] > o)
’ tE [ty +7,t+27]

1 A &N 4 [~/7'A4 €1
<SB( s (0500 -0 e ) < >
€ Nteltitritit2r] ( | {ﬁAs,thk“T}) el 2
This, combining with (43) implies that the required assertion (42) follows. O
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Lemma 4.5 Suppose that (H1) and (H2) hold. Then for any M > 0,e1 > 0,3 > 0,
there exists a positive integer j* = j*(M,e1, &2, A4) such that
sup sup sup ]P’{ sup |y§’A(51) — yg’A(32)| > 82} <e€y1,

A€(0,A4] k20£€B(M) [s1—s2|<71/5"
51,52€ [t tr+T]

where Ay = Ay(M,e1/2,e2/3) is given by Lemma 4.4.

Proof Fix an M > 0. For any €1 > 0, recalling (30) and applying Lemma 4.3, there
isa Ag = A3(M,e1/4,27) € (0, A1 A A}yf] such that
sup sup  sup P{ﬂiAk <tp+ 27'} < °L (45)
AE(0,A5] k>—N ¢€B(M) 3 4
Let A € (0,A3], k > —N, £ € B(M). For any integer j* > 1, define tf:’j =t +
JjT/3%, =0, --,5%. According to (31) and the Burkholder-Davis-Gundy inequality,
we derive that for any j € {0,--- ,j* — 1},

A A At A4
E sup (125N BRI A BRE)I ))

TR AN TS
teft] 4t i

tABSS tABRE
—E( swp (/t st FE’Adh+/t‘*‘A3’k G5 awm)h)

el A TR AR KR A
t
<sE( s (| FPP1en o dnft
ks ik i g*g D {5A ,kzh}
vl T :
t
&0 4 )
+|/tj*’j Gy, 1{ﬂ2§k2h}dw(h)’ )
k+N
o 4 921 AR 2
€A 27 + £02 )
SE;IE(/H‘*,J' [y |1{ﬂ2§k2h}dh) * 30 E(/tj*,j G5 1{62§k2h}dh ’
BN E+N

By virtue of (H1) there exists a constant L > 0 such that

sup (If @IV lg(z,9)]) < L. (47)
le|Viy| <@t (KAZY)

Inserting this into (46) implies

A A N A 4 Ry
IE( Csup (SR EABRS) = SR AR )) < Mo (8)
te[t]*d t]*aJ+1] ’ ’ (] )
k+NWk+N

where Ry := 8L47% + 2211472 /35 For any ey > 0, choose j* > 1V (4-9*Ry/(c13)).
The fundamental theory of calculus shows that

P{BGT Ztitan s 00 -0 () 2 T
' [s1—s2|<7/5" 3
Sl,SQG[tk+T,tk+2T]
e e
<IF’{ 88 > 27, 3  ma su L8 = 5P > 22
< 5A3,k 2l + 27 Ogjgj}iflte[tj*,j E*,.f—%—l]‘ (t) ( ]g+N)| =3

k4NN
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j*—1
FA N AN ,5% 5 €2
<O BBzt s AW -0z 2
=0 te[th At
Using the Chebyshev inequality implies
A L I S (DR I
[s1—s2|<7/j"
51,82€ [t +T,tp+27]
9t I A EA G G 14
; VAN
<3 B( sup_ I G O G 1{Biﬁk2tk+27}))
2 j=0 teltl Nty N )
91 I A & A EA LG EA N4
; , AN ;
< 2E( s (IFRABRD) 206 A BRI
2 j=0 te[ti Athyh ]
This, together with (48) implies that
4
A WA A €9 9°Ry _e1
P{/Big,k >t + 27, sup |z?E (s1) — 25 (s2)| > ?} <. < e
ls1—s2|<7/5" €2J

51,82 €[ty +T,t,+27]

Combining the above inequality with (45) we arrive at
sup sup sup IP’{ sup |z§’A(s1) - Zg’A(SQ)‘ > 8—2} < (49)
AE(0.03] K206€B(M) [s1—sa|<r/j" 302
51,82€ [ty tr+7]

In view of Lemma 4.4, there exists a Ay = Ayg(M,e1/2,e2/3) € (0, As] such that

sup sup sup IP’{ sup |y§’A(t) — zg’A(t)| > 6—2} <2 (50)
AE(0,A4] k>0E€B(M) ety ty+T] 3 2
It is straightforward to see from (49) and (50) that
sup sup sup P sup |yE’A(sl) — yE’A(32)| > 62}

AE(0,A4] k>0£€B(M) |s1—s2|<7/5"
51,82€[tg,tr+T]

2
< sup sup sup IP{Q sup |yf’A(t)—z§’A(t)|Zﬂ}
AE(0,A4] k>0 £€B(M) te[th th+] 3
+ sup sup sup P sup
AE(0,A4]k>0E€B(M)  © |s1—s2|<7/§*
81,82€[ty tr+7]

€
zf’A(sl) - zf’A(52)| > 32} < eq.
The proof is complete. |

Lemma 4.6 Suppose that (H3) holds. Then there is a X = A(Ag) € (0,1] such that
for any M > 0, A € (0,Asg], and k > 0,

sup E|u£’A(tk) — u<’A(tk)\2 < LMe_S‘t",
&,(eB(M)

where

Ly = 4M2(1 + (b2 + 2K2)7'eT) +byre”  sup  V(zm,y).
lz|V]y| <M
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Proof Fix an M > 0. For any A € (O,AQ], 1 >0, and & ¢ € B(M), one observes
from (8) that

5 (1) — 042 (i)
=€ (1) =SS (1) 2008 () — uC (), FYS - FS)A
H(GF® = G AW + [F 2 — FYA A
F20uS A (1) — uS P (1), (G2 — G2 AW;)
FAFSS — FO2 (G2 — G2 AW A,

Taking expectations in both sides of the above inequality , and by using (H3), and
(18), leads to

E[a*? (tigr) — 0% (1)
=E[u®® (t;) — u®® (t)]” + 2B S () — w2 (1), F = Fy ) A
+E[(GS® - GEO)PA+EIFS® - 2P n?
<EuS 2 (1) — uS 2 (1)7 = biE[u®? () — w2 (1) A
F 0B (ti_n) — uS P (b NP A = b3EV (uS2 (), w2 (8)) A
0BV (uS A (i), uS P (tim ) A
+ KR (u®® () — S ()] + [ut 2 (tion) — uS S (o y)]) 077
<E[uS2 () — uS2 (1) — (b1 — 2K A TELSA (1) — w4 (1) 20
+ (by + 2K2 AV RS A (4 ) — uS P (GNP A
— B3RV (1S (), uS 2 (8)) A + baBV (uS2 (8 n), uS S (8 n)) A (51)

According to the Lipschitz continuity of the truncation mapping F(IA)V (cf. [22,
(7.21)]) we arrive at

a2 (1) —uS 2 (t)|* < [aS2 (8) — 42 (1)) (52)
Making use of inequality eMitt _ M < Aiti \A for any A € (0,1], we obtain from
(51) and (52) that
MRS (tig1) = uS D (b 1) < RS (b)) — 197 (i)
<MERS D (1) —uS D (1)]2 — (b1 — 2K2AYTH — NMHEES D () — w8 () PA
+ (by + 2K AN HES A (1) — uS P (L) A
— b3 IRV (052 (4), uS 2 (1)) A + baeMHEV (052 (1 ), uS 2 (i) A
(53)
For any k > 0, summing (53) from 7 = 0 to k, and together with (52) derives

e>\tk+1E‘u§7A( QA(

2
tpg1) —u ™ (tpg1)]

k
<[t (0) =S O) = (b1 = 2K2 A1 = 0) YT MRS (1) — w2 (1) P4
i=0

k
+ (b2 + 2K202) ST AHERS A (1) — uS P (o) PO
=0
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k
> MRV (uS 2 (1), uS A (1)) A
=0

k
+by SRV (WS (t-n), uS P (timn) A
=0
<Ly — (b1 = 2K2AM2 X — (b + 2K2 A7) M)

k
3 MHERSS () — uS? ()P4
=0
k
— (bg — b46)\7—) Z eAtHlEV (ug’A(ti), ’U,C’A(ti))ﬁ. (54)
=0
Making use of (15) and bg > by, we choose a A = A(Ag) € (0,1] sufficiently small
such that
by —2K2ALT2 — X — (bg + 2K% A7) >0 and bz — bye” > 0.
Taking A = X in (54) implies that for any A € (0, Ag}, k>0, and £,¢ € B(M),
Blu®® (t41) = uS (b)) P < Lage M0

The proof is therefore complete. ]

Now we formulate the key proposition, which plays an important role in
the analysis of the existence and uniqueness of numerical invariant measures.

Proposition 4 Suppose that (H1)-(H3) hold. Let A = Ay AN Ay. Then Jor any
M >0, e >0, there exists a T = T(A, M,e) > 7 such that for any A € (0,A] and
EA>T,

sup IP’{||Y£’A —vSA > 5} <e. (55)
§,CEB(M) '

Proof Let A= Al/\Ag. For any M > 0,e1 > 0, g2 > 0, by virtue of Lemma 4.5 there
exist Ag = Ayg(M,e1/6,e2/9) € (0, A AN A3y and 5% = %(M,e1/3,62/3,04) > 1
such that

y 8 (1) — )| = Th< T (56)

sup sup sup IP{ sup 23 3

AE(0,A4] k20E€B(M) [s1—s2|<T/5"
51,52 €[tr,tr+T]

It follows from (10) that for any A € (0,A4] and k > N,

3
sup sup  P{ySt) -yt 2 2
£,CeB(M) t€[tr—T,tx]

tig1 —t
< sup sup sup P{L\US’A(U) —uSB (1) > 9}
€.CEB(M) i€ {h—N, - h—1} t€[ti tis1] 4 6
t—t; €
+  sup sup sup P{TquE’A(ti-&-l) —uS P (tig)] 2 g}
§,CeEB(M)i€{k—N, - k—1} t€[t; tit1]
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<2 sup sup  P{JuSR () —uS S (k)] 2 2 (57)
§,¢€EB(M)i€{k—N, -k}

It follows from the Chebyshev inequality and Lemma 4.6 that

€
sup sup ]P’{|u£’A(ti) - uC’A(ti)| >
i€{k—N,--- ,k} £,(€B(M)

36 36L e ()
<= sup sup E|u€’A(ti)— uC’A(ti)| < M—2 (58)
€5 ic{k—N,--- k} £,CEB(M) €5
Choose a Ty = T1(M,e1,e2, Ny, j*) > 7 sufficiently large such that
36L e N7
Me—2 < 6.1*‘ (59)
€5 67
Inserting (58) and (59) into (57) implies
sup  sup  sup sup IP’{I?f’A(t) — ()] 2 9} <=L (60)
AE(0,04] kA>T, €,¢€B(M) teftn—,tx] 3 3J
According to (56) and (60) yields
sup sup sup I[D{”ytﬁk,A _ Yti,A“ > 52}
A€(0,04) kA>T €,(EB(M)
= sup sup sup IP’{ sup sup |y5’A(t) — yC’A(t)\ > 82}
AE(0,04) KAZTI €.CEB(M)  “0Si<j"—Lyepd™d 4™ a4
<2 sup sup sup P sup \yf’A‘(sl) — yg’A(52)| > %}
AE(0,A4] KA>Ty e€ B(M) |s1—sa|<7/5*
81,82€ [t —T,tk]
+4%  sup sup sup sup P{\yE’A(t) — yC’A(t)| > 6—2} < €.
AE(0,04] KA>Ty €.CEB(M) ety —7t4) 3
(61)

where £ 7 =t + j7/j*. On the other hand, for any A € [A4, A] and k > N, it
follows from (10) that

sup  P{IVSS VR > 6o}

&,(eB(M)
= sup ]P’{ sup sup |y§’A(t) — yC’A(t)| > 82}
€CEB(M)  Lie{k—N,w h—1} t€lts,tita]

k—1
< S sw Bl swp LTSS - ubA
imk_N&CEB(M)  “teltitiya] 4

~

| >

NN
——

k—1
t—t; A A
+ Z sup IP’{ sup 7z|u€’ (ti+1)—u<’ (tiv1)| > = 5 }
i=k—N $CEB(M) " t€[ti tiya]

<2N sup sup ]P’{|u§’A(ti) — uC’A(ti)| > 2
i2k—N §,(eB(M)

Choose a Ty = To(M, €1, €2, Ay) > 7 sufficiently large such that
STLMefj‘(Tsz)

<eq1.
€§A4
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Making use of the Chebyshev inequality and Lemma 4.6 we arrive at
A AN
sup sup sup IP’{HYti’ - Yti’ || > 52}
N[Ny, A RAZT: £,CEB(M)

75\(T27T)
<ﬂ sup sup IE|u'£’A(ti) — uC’A(ti)|2 < 8rLare

< < < €1. (62)
€5 i>k—N ¢,CeB(M) e300

Let T =Ty VTs and €1 = e3 = ¢. According to (61), and (62) yields

AN VAN
sup sup_ sup  P{|IV0 Y% >}
Ae(0,A] kA>T E,(EB(M)

gmax{ sup sup sup ]P’{HYtiA - Yti’AH > &2},
AE(0,A4) kA>T, £,CEB(M)

A A
sup  sup sup IP){HYfC - Yti || > 62}} <e
A€E[Ay, A EAZT: €,(€B(M)

as required. O

Proof of Theorem 1 Since the proof is rather technical, we divide it into
two steps.

Step 1. Firstly, choose a special initial data & = 0. For any ¢ € (0,1),
in view of (12) and Proposition 3, there exists a positive constant A* =
A*(A\,0,¢/8) such that

sup sup,ug’A (B°(A*)) = sup supIP’{HYt?’AH > A*} << (63)
Ae(0,A] 120 A€(0,A] 120 8

By virtue of Proposition 4, there exists a T = T(A, A* e/4) > 7 such that for
any A € (0,A] and kA > T,

A A €
sup P{IV;"% —v22 2 2} <

= 64
XeB(A®) 4 (64)

For any A € (0,A], tx > T, and i > 0, recalling definitions (2) and (12), we
obtain
BYAN VAN BYAN VAN
d= (g2 (), 1 () = sup [EU(Y) — BU (Y22

—sup [E(E(VYOD)|F)) - BV

thti
veE
= sup BBV (Y )| yoyos) —EU(Y)]
<sup [ BRO?) - B2 @)

< /C E2 A I52 - Y24 a2 (dX).

k ti
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Making use of (63) and (64) yields

A A A AN A €
A0V [ BEANES VA +

€+5
4

=

e

< IS -2 = Pkt ax) +
B(A*) 4

<2 swp P{vEe v >l 4tce

XeB(A¥) 4 4 4
(65)

This implies that the measure sequence {M?,;A(')}kzo is uniformly Cauchy.
Since (P(C),dz) is complete (see [10, Corollary 10.5]), there exists a unique
probability measure 74 (-) such that

lim dz (u?};A(),ﬂA()) =0, uniformly in A € (0, A]. (66)

ty—o0

Step 2. Let £ € C% . It is straightforward to see that [{|| < oo, P—a.s. Hence
for any € > 0 there exists an M > 0 sufficiently large such that

Po(B°(M)) = B{Jlg] > M| < (67)

€
g )
where

Pe(A) == IE”{w €0 Ew) e A}, V A€ BQO).

By Proposition 4 there exists a T} = Tl(A, M, e/4) > 7 sufficiently large such
that for any A € (0, A] and kA > Ty,

X,A A € €
sup P{IV % -4 2 T} < 2. (68)
XeB(M)

For any A € (0, A] and kA > T, using (67) and (68) implies
d= (5, (), 10 () < E(E@ A = Y22 )] )
[ BEAEA - YAl Pax)
B(M)

X,A 0,1
</ o ER RIS YA Pax)

<2 [ PV - Y2 2 SR +  + 2R(BO) <
B(M) 4 4
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Therefore, for any £ € C% ,

lim d= (Mf,;A(')vﬂg,;A(')) =0, uniformly in A e (0,A]. (69)

tr—00

It follows from (66) and (69) that

=0, uniformly in A € (0, A].

The required assertion (16) follows. By the similar way as Step 2, for any
M > 0, we may also prove that the convergence in (16) is also uniform for the
initial data £ € B(M, «). The proof is complete. |

Next, we give the convergence between the numerical segment process Ytg’A

and the exact one x?k.

Lemma 4.7 Suppose that (H1) and (H2) hold. Then for any ¢ > 0, T > 0, there
exists a As = Ag(e,T) € (0, Aq] such that

sup sup IP’{HYt?Q’A - x?kH > E} <e.
AE(0,A5] 0SKALT

Proof Proof. Without loss of generality, for any ¢ > 0, T'> 7, by Lemma 4.3 there
is a Ag = A3(0,e/4,T) € (0, A1] such that
€

0,A
sup PO < Tp <=, (70)
AE(0,03] { Ba=N } 4

where BA _n s given by (30). In view of Lemma 4.4, choose a Ay =
A4(0,e/8, 6/2) (0, As] sufficiently small such that

sup supP sup |y0’A(t) - ZO’A(t)| > E} < £ (71)
AE(0,84] k>0 L telty.tntT] 2 8
For any positive constant ¢, define
5? = inf {t > —7: |m0(t)| > f}.
By virtue of [36, Theorem 2.1] we have
p{of <7} < 52
Choose an £ sufficiently large such that
1}»{5@ < T} < (72)
Let fyA?” = (S? A ﬁg’f,N- By the similar way as [36, Theorem 3.3], there exists a
Ag = A5(5,T) € (0, A4] such that
3
0,A €
sup IE( sup 202 () — 2°(1))? 1 ) 6"
AE(0,A5] NOZELT 2>7} 16

23



Explicit approximation of the invariant measure for stochastic delay differential equations

with the nonlinear diffusion term

This, along with the Chebyshev inequality, implies that for any A € (0, As],

JAN:3VAN A
sup IP’{’YO’;’ >T, sup |z o (t) — ()‘ }

T<kALT te[ty —7,tk)
<Plagp® =1, sup |2240) - a°()| = S}
' 0<t<T 2
4 0,A 0,42 €
SS—QE(();E)TLZ (t) —z ()] 1 Voa A>T}) 1

It follows from (71) and (73) that

sup sup P fyA3’

AE(0,05] T<KALT

< s swp P{ s ROtz 1)
A€E(0,A5] T<KALT te [ty —T,tx] 2

0,A 0
>T,|[V" - 2| > e}

+ s s PGt T s %00 - 200 2 5

0,0
AE(0,A5] T<KALT '

Since for any A € (0, As],
"2 (0) =T5 ,(0) =0=2"2(9), 0¢[-r0),

te [ty —,t]

it is obvious that

0,A 0 A 0,A 0,A
sup [’ o Il= sup [y T(t) -2z (1)]
0<kA<LT —r<t<t
0,A 0,A _ 0,A 0,A
= sup [y () —z T () =Y — x|
0<t<t

According to (70), (72), and (74) yields

0,A 0
sup  sup  P{IIV) —af || > e}
AE(0,A5] 0SKALT
0,A 0
= sup sup Py, fxtkst}
AE(0,A5] T<EALT
A37

< sup sup P Yo,
AE(0,A5] T<EALT

* Aes(g?Aﬂ P{B&ﬁ—N < T} + P{é‘? < T} <&

0,A 0
A

The proof is therefore complete.

(73)

(75)

d

Proof of Theorem 2 For any € € (0,1), in view of Lemma 2.1 there exists

a 17 > 0 such that for any t > T},

d=(m(), 17 () <

w| ™

(76)

By virtue of Theorem 1 there exists a T > 7 such that for any A € (0, A]

and kA > T5,

d= (), 7)) <

Wl M
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Let T* := Ty VT3 . By Lemma 4.7 there exists a A* € (0, A] such that for any
A€ (0,A" and 0 < kA <T* +1,

A
B{llaf, - Y% = =} < . (78)

Furthermore, due to the definition of dz, and (78), we deduce that for any
A€ (0,A* and 0 < kA <T* +1,

= (1, ()., ()) = Sup B[ (af, ) — WOV ™)| S B(2A Jaf, - Vi)

0,A
=E(@A s, = Y "D ag, —voe25))
0,/ 0,A
+E(@ A" = Y Dl ae yee)csy)

(79)

For any A € (0, A*], choose an integer kg such that T* < koA < T* + 1. It
follows from (76), (77), and (79) that

dz(m(-), 72 () <dz (r(), 10, () +dz(ud> (), 72 () + dz (i, ()12 ()
+-=¢ (80)

The proof is therefore complete. 0

5 Numerical experiments

In this section we provide an example and numerical simulations to illustrate
the efficiency of TEMSP (11).

Ezample 1 Consider the following nonlinear SDDE

{ dai(t) = (1 — z1(t) — 323 (2))dt + 3 (¢t — 1)dW; (£)
dao(t) = — (2o (t) + 323 (t))dt + 23 (t — 1)dWa(t)

with different initial data
€1(0) = (£11(0),£12(0))" = (B1(—0), Ba(—0))",
&(60) = (€21(0),622(0))" = (20,0 + )",
&(0) = (631(0),&32(0)" = (=3,4)"

for any 6 € [—7, 0], where (B1(+)
is independent of (Wy(-), Wa(:)
For any R > 0 and =, Z,

(81)

, Ba(+)) is a two-dimensional Brownian motion, which

).

y, § € Rwith |z| V |Z| V |y| V || < R, we compute
\f(lyy) - f(xvy)|

=[(1+ 322 + 32121 + 32) (21 — £1)° + (1 + 323 + 322 + 373) (22 — 72)%|"/?

25



Explicit approximation of the invariant measure for stochastic delay differential equations
with the nonlinear diffusion term

<[(1+ 9B (21 — 31)? + (14 9R?) (w2 — 72)%|"% = (1 + 9R?)|z — 3, (82)

and
_ _ _ _ _\2(1/2
l9(z,9) — 95 B)| =|(v2 + 72)% (w2 — 52) + (w1 +51)> (w1 — 7)?["/

<2Rly — | < (2RVAR*)(1 A |y — 7). (83)
It is straightforward to see that (H1) holds. In addition, it is easy to verify that for
any «, T, ¥, § €R,

(22, f(2,9)) + lg(x,y)|?
=221 = 2|2” — 6(21 +23) + (1 +y3) < L - 3laf* +[yl*,

which implies that (H2) holds with as = 3, a3 = 1. Furthermore,

2(x — 2, f(2,y) = [(2,9)) + |g(x,y) — 9(z,9)”
=20z — 7> — 6(af + 2171 + 71) |21 — 71| — 6(23 + w2@2 + 73)|wa — To|?
+ 7)) W — 51)° + (2 + 52)° (v2 — 52)°
<=2z —z|* = 3(x1 + 71)* (21 — 71)? — 3(z2 + T2)? (z2 — T2)?
++ 90 (1 =907 + (2 +92) (92 — )7,
which implies that (H3) holds with b1 = 2,b2 = 0. Remark 2 allows us to conclude

that the segment process {mf}tzo of (81) has a unique invariant measure 7(-) € P(C).
According to (5), (82) and (83), we take ®(R) = 16R* for all R > 1. Then,

d~Y(R) = RY*/2, for R > 16.
Let v = 1/100. By virtue of (6) a direct computation yields that for any A € (0,1),

A _ P T
e, (@) = (|x| AA 400) l

Choose A = 10_3, and compute
1.1264 = as — 6K2AY?" > a3 =1 and 0.8243 = by — 4K?A'"% > by = 0.

This, along with Theorem 1 and Theorem 2 implies that for any A € (0, A], TEM-
LISP {Yti’A} k>0 defined by (11) is asymptotically stable in distribution and admits
a unique numerical invariant measure 72 (-) satisfying lima_, d=(7(-), 72 (-)) = 0.

To test the efficiency of TEMSP (11), we carry out some numerical simulations
using MATLAB. For each of the numerical experiments performed, the red dotted
line, the blue long and short dash line, and the green line represent the sample
means of {\III(Y&“AJ')};CZO by TEMSP starting from different initial data &1, &2, &3,

tr

respectively. Figure 1 depicts the sample means of \I/l(Ytii’Aj) (4,1 = 1,2) with
different initial data & (¢ = 1,2,3) in the interval [0,10] for 2000 sample points
and different step sizes A1 = 1072, Ay = 10™%, where test functionals Uy() =
cos(|| - ||) and Wa(-) = 2A||-||. Figure 1 depicts that each IE\III(}Q%’AJ) starting from
different initial data tends to a constant as t;, — oo, which implies the existence
of numerical invariant measure. Figure 2 displays empirical cumulative distribution
functions (Empirical CDF) of \Ifl(Y1£(§7Aj) for 2000 sample points.
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1t 21
~ L ~ V|
el _.z el ' (
a’ o5, el 1 <4 1sh | &
w7 I, W™ v ——,
z o | 2 z 1 V5
9:—1 P — & B'IN ~L &
05 | S — |
L | w 05
alb !
0
0 2 4 6 8 10 0 2 4 6 8 10
time time
1 2
—~~ P —~ \ |
a4 05 ¢ a4 1s || €
- L] 1 - : | 1
W i ¢ Wi | _ ¢
£ o | 2 1 gl :
B‘H \“ — & e'N U G
05 | N —]
W ‘ W 05
-1
0 2 4 6 8 10 0 2 4 6 8 10
time time

Fig. 1 Sample means of \Ill(Y;ii’Aj) (i=1,2,3; 5,1 = 1,2) with different initial data &; in
the interval [0, 10] for 2000 sample points and different step sizes A1 = 1073, Ag = 1074,
and test functionals ¥1(-) = cos(|| - ||), $2(:) =2 A - |

1 1
& 3
05f |=—§ 05 — =&
—f g
0 : : : 0 ‘ : ‘
06 065 07 075 08 08 09 05 06 0.7 08 0.9
Empirical CDF of \I/l(YiiéAl) Empirical CDF of \Ilz(YiiéAl)
1 1
& — &
05 |—-—-¢, 05 5
— ¢, &
0 0
06 065 07 075 08 08 09 0.5 0.6 0.7 0.8 0.9
Empirical CDF of \Ifl(Yi’)Az) Empirical CDF of \IIZ(Y%(')AZ)

Fig. 2 Empirical cumulative distribution functions of \IJL(Ylég’Aj) (4,1 =1, 2) with different
initial data &; (i = 1,2, 3) for 2000 sample points and different step sizes A; (j = 1,2), where
step sizes A1 = 1073, Ay = 1074, and test functionals U1 (-) = cos(|| - ||), T2(-) = 2A || - ||.
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6 Summary

We investigate the explicit approximation of the invariant measure for nonlin-
ear SDDEs with non-globally Lipschitz diffusion coefficients. The appropriate
numerical segment processes TEMSP are proposed. Since the mean square of
the exact solutions may be not uniformly bounded and attracted, to overcome
this difficulty, we take advantage of the linear structure of TEMSP to prove
the uniform boundedness and attraction in probability. Finally we yield the
existence of the unique numerical invariant measure, which converges to the
exact one in the Fortet-Mourier distance.
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