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SUMMARY

Multiple-input multiple-output (MIMO) models are widely used in practical engineering. This paper derives
a new identification model of the MIMO system by decomposing the MIMO system into several multiple-
input single-output subsystems. By means of the auxiliary model identification idea, an auxiliary model-
based recursive least squares (AM-RLS) algorithm is derived for identifying the MIMO systems. In order
to reduce the computational burden for identifying MIMO systems, this paper presents a hierarchical
identification model for the MIMO systems. By applying the hierarchical identification principle, an
auxiliary model-based hierarchical least squares (AM-HLS) algorithm is proposed for improving the
computational efficiency. The computational efficiency analysis indicates that the AM-HLS algorithm is
effective in reducing the calculation amount compared with the AM-RLS algorithm. Moreover, this paper
analyzes the convergence of the AM-HLS algorithm. The simulation example shows that the AM-RLS and
AM-HLS algorithms studied in this paper are effective. Copyright c© 2023 John Wiley & Sons, Ltd.
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KEY WORDS: Parameter estimation, Least squares, Multivariable system, Hierarchical identification,
Calculation amount

1. INTRODUCTION

System identification is the theory of establishing mathematical models by using the measured
input-output data [1–4]. System identification involves system structure identification and parameter
estimation. Recently, the identification of multivariable systems has become the focus of research
and many identification algorithms have been proposed for multivariable systems [5]. Multiple-input
multiple-output (MIMO) systems (i.e., multivariable systems) widely exist in modern industrial
fields such as radar control systems [6] and motion control systems [7]. The MIMO systems are
called the multivariable systems, which have the characteristics of numerous input and output
variables, complex structures, high dimensions and uncertain interference signals. Therefore, the
key of identifying MIMO systems is to improve the calculation efficiency. The hierarchical
identification principle is an effective tool [8–10] to solve the parameter identification issue of large-
scale systems with the heavy computational burden and can be applied to multivariable systems [11,
12], nonlinear systems [13–15] and bilinear systems [16]. The hierarchical identification principle
is divided into three steps: the identification model decomposition, the submodel identification and
the coordination of correlation terms among sub-algorithms. For nonlinear controlled autoregressive
systems, Chaudhary et al. studied the standard hierarchical gradient descent algorithm and the
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fractional hierarchical gradient descent algorithm by using the hierarchical identification principle
[17]. Wang et al. derived a two-stage gradient-based iterative algorithm and a two-stage moving-
data-window gradient-based iterative algorithm for the fractional-order nonlinear system by
utilizing the hierarchical identification principle [18, 19]. Moreover, the Gauss-Seidel method and
the dichotomous coordinate descent method are also the approaches to reduce the computational
complexity of the algorithms. Albu et al. proposed a recursive least-squares algorithm for the
multichannel active noise control by using the Gauss-Seidel method [20] and further proposed a
multichannel modified filtered-x recursive least square algorithm for the active noise control based
on the dichotomous coordinate descent method [21].

The auxiliary model identification idea is an important branch of system identification [22]. The
main idea is to use the measurable information of the system, including the computed information, to
establish an auxiliary model, and use the output of the auxiliary model to replace the unmeasurable
variable in identification algorithms to solve the identification issues [23]. Mao et al. proposed
an auxiliary model-based covariance matrix adaptation identification algorithm and an auxiliary
model-based covariance matrix and gradient search adaptation identification algorithm for the
Hammerstein nonlinear systems with colored noises by using the auxiliary model identification
idea [24]. The recursive methods can real-timely estimate the parameters of the systems and are
suitable for on-line identification through capturing the real-time information from actual production
processes [25–30]. In contrast, the iterative methods update the parameters of the systems through
using a batch of measurement data and are suitable for off-line identification [31–36]. This paper
considers the parameter identification for multiple-input multiple-output systems through estimating
the unmeasurable intermediate variables and using the auxiliary model identification idea. This
paper aims to derive new auxiliary model-based recursive identification algorithms for the MIMO
systems to improve the calculation efficiency. The main contributions of this paper are as follows.

• To address the identification problem of MIMO systems, an identification model for MIMO
systems is proposed, and an auxiliary model-based recursive least squares (AM-RLS)
algorithm is investigated by combining the auxiliary model identification idea.

• To improve the computational efficiency and reduce the computational burden of the
identification algorithm, this paper further proposes a hierarchical identification model.
Moreover, an auxiliary model-based hierarchical least squares (AM-HLS) algorithm is
derived by applying the hierarchical identification principle.

• To demonstrate the advantages of the proposed AM-HLS algorithm, a detailed analysis of
the computational differences between the AM-RLS and AM-HLS algorithms is conducted.
Additionally, the effectiveness of the AM-HLS algorithm is verified through the convergence
analysis.

The outline of this paper is structured as follows. Section 2 derives the identification model
for identifying MIMO systems. An AM-RLS algorithm is derived in Section 3. In Section 4,
we establish a hierarchical identification model for the MIMO systems by using the hierarchical
identification principle. Based on the hierarchical identification model, Section 5 proposes an AM-
HLS algorithm to identify the parameters of MIMO systems. Section 6 analyzes the calculation
amounts of the AM-RLS and AM-HLS algorithms in detail. In Section 7, we study the convergence
of the AM-HLS algorithm. The simulation example of the AM-RLS and AM-HLS algorithms is
given in Section 8. Section 9 gives some concluding remarks.

2. PROBLEM DESCRIPTION

Let us introduce some notations first. ‘X =: Y ’ or ‘Y := X’ represents ‘X is defined as Y ’; the
norm of a matrix X is defined by ‖X‖ :=

√
tr[XXT]; the symbol In denotes an identity matrix

of size n× n; the symbol 1n denotes an n-dimensional column vector whose elements are 1; the
superscript T denotes the vector or matrix transpose; the symbol E[X] denotes the expectation of
X; the symbol q−1 represents the frequently delay operator: q−1y(t) = y(t− 1).
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Consider the MIMO system described by the following output-error model,



y1(t)
y2(t)

...
ym(t)


 =




G11(q) G12(q) · · · G1r(q)
G21(q) G22(q) · · · G2r(q)

...
...

...
Gm1(q) Gm2(q) · · · Gmr(q)







u1(t)
u2(t)

...
ur(t)


 +




v1(t)
v2(t)

...
vm(t)


 , (1)

where the orders m and r are known, yi(t), i = 1, 2, · · · ,m, is the ith output of the system, uj(t),
j = 1, 2, · · · , r, is the jth input of the system, vi(t), i = 1, 2, · · · ,m, is the white noise with zero
mean, Gij(q), i = 1, 2, · · · ,m, j = 1, 2, · · · , r, represents the transfer function from the jth input to
the ith output, and is defined as

Gij(q) :=
Bij(q)
Aij(q)

=
bij(1)q−1 + bij(2)q−2 + · · ·+ bij(nj)q−nj

1 + aij(1)q−1 + aij(2)q−2 + · · ·+ aij(nj)q−nj
. (2)

Assume that the order nj , j = 1, 2, · · · , r, is known. The identification objective of this
paper is to study new algorithms to estimate the parameters aij(1), aij(2), · · · , aij(nj) and
bij(1), bij(2), · · · , bij(nj), i = 1, 2, · · · ,m, j = 1, 2, · · · , r, of the MIMO system.

u1(t)

?

-

G11(q)

u2(t)

?

?

G12(q)

ur(t)

?

¾

G1r(q)· · · · · · Gm1(q)

?

-

Gm2(q)

?

?

Gmr(q)

?

¾

· · ·

i+

?

?y1(t)

i+

?

?ym(t)

iv1(t) -+ ivm(t) -+

Figure 1. The structure of the MIMO system

The structure of the MIMO system is shown in Figure 1. The MIMO system in (1) can be
decomposed into m MISO systems,

yi(t) := Gi1(q)u1(t) + Gi2(q)u2(t) + · · ·+ Gir(q)ur(t) + vi(t)

=
r∑

j=1

Gij(q)uj(t) + vi(t), i = 1, 2, · · · ,m. (3)

Define the intermediate variable:

xij(t) := Gij(q)uj(t)

=
Bij(q)
Aij(q)

uj(t) ∈ R. (4)

From (2) and the property of the frequently delay operator q−1, Equation (4) can be expressed as

xij(t) =
bij(1)q−1 + bij(2)q−2 + · · ·+ bij(nj)q−nj

1 + aij(1)q−1 + aij(2)q−2 + · · ·+ aij(nj)q−nj
uj(t)

=−(aij(1)q−1 + aij(2)q−2 + · · ·+ aij(nj)q−nj )xij(t)
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+(bij(1)q−1 + bij(2)q−2 + · · ·+ bij(nj)q−nj )uj(t).
=−aij(1)xij(t− 1)− aij(2)xij(t− 2)− · · · − aij(nj)xij(t− nj)

+bij(1)uj(t− 1) + bij(2)uj(t− 2) + · · ·+ bij(nj)uj(t− nj)
= ϕT

ij(t)ϑij , (5)

where the sub-parameter vector ϑij and the sub-information vector ϕij(t) are defined as

ϑij := [aij(1), aij(2), · · · , aij(nj), bij(1), bij(2), · · · , bij(nj)]T ∈ R2nj , (6)
ϕij(t) := [−xij(t− 1),−xij(t− 2), · · · ,−xij(t− nj),

uj(t− 1), uj(t− 2), · · · , uj(t− nj)]T ∈ R2nj . (7)

Using (4) and (5), Equation (3) can be written as

yi(t) =
r∑

j=1

ϕT
ij(t)ϑij + vi(t)

= ϕT
i1(t)ϑi1 + ϕT

i2(t)ϑi2 + · · ·+ ϕT
ir(t)ϑir + vi(t)

= [ϕT
i1(t),ϕ

T
i2(t), · · · ,ϕT

ir(t)][ϑi1,ϑi2, · · · ,ϑir]T + vi(t)
= ϕT

i (t)ϑi + vi(t), (8)

where the parameter vector ϑi and the information vector ϕi(t) are defined as

ϑi := [ϑT
i1,ϑ

T
i2, · · · ,ϑT

ir]
T ∈ R2n, n := n1 + n2 + · · ·+ nr, (9)

ϕi(t) := [ϕT
i1(t),ϕ

T
i2(t), · · · ,ϕT

ir(t)]
T ∈ R2n. (10)

Equation (8) is the identification model of the MIMO system. The information vector ϕi(t) consists
of the available input data uj(t) and output data yi(t). The parameter vector ϑi includes all the
parameters aij(1), aij(2), · · · , aij(nj), bij(1), bij(2), · · · , bij(nj) of the MIMO system. In the next
section, we derive an AM-RLS algorithm based on the identification model in (8). The proposed
parameter estimation approaches in this paper are based on the identification model in (8). Some
estimation methods are derived based on the identification models of the systems [37–43] and these
estimation methods can be used to identify the parameters of other linear systems and nonlinear
systems [44–50] and can be applied to other fields [51–56] such as chemical process control systems.

3. THE AM-RLS ALGORITHM

In this section, we derive an AM-RLS algorithm to identify the MIMO system. According to the
identification model in (8), define the cost function:

J1(ϑ̂i) :=
1
2

t∑

l=1

[yi(l)−ϕT
i (l)ϑ̂i]2. (11)

Let ϑ̂i(t) be the estimate of the parameter vector ϑi at time t. By minimizing the cost function
J1(ϑi), the recursive least squares (RLS) algorithm of the parameter estimation vector ϑ̂i(t) can be
expressed as

ϑ̂i(t) := ϑ̂i(t− 1) + Pi(t)ϕi(t)[yi(t)−ϕT
i (t)ϑ̂i(t− 1)] ∈ R2n, (12)

P−1
i (t) := P−1

i (t− 1) + ϕi(t)ϕT
i (t), (13)

where Pi(t) is the covariance matrix.
Lemma 1. Matrix inversion lemma

For A ∈ Rp×p, B ∈ Rp×q, C ∈ Rq×p, if the matrices A and (Iq + CA−1B) are invertible, then
the following relation holds:

(A + BC)−1 = A−1 −A−1B(Iq + CA−1B)−1CA−1.
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HIERARCHICAL RECURSIVE LEAST SQUARES PARAMETER ESTIMATION METHOD 5

In order to reduce the calculation amount by avoiding computing the inversion of the matrix
P−1

i (t), applying the matrix inversion lemma to Equation (13), we have

Pi(t) = Pi(t− 1)− Pi(t− 1)ϕi(t)ϕT
i (t)Pi(t− 1)

1 + ϕT
i (t)Pi(t− 1)ϕi(t)

. (14)

Introducing the gain vector Li(t) := Pi(t)ϕi(t) ∈ R2n, post-multiplying the both sides of (14) by
ϕi(t), we can obtain

Pi(t)ϕi(t) = Pi(t− 1)ϕi(t) +
Pi(t− 1)ϕi(t)ϕT

i (t)Pi(t− 1)ϕi(t)
1 + ϕT

i (t)Pi(t− 1)ϕi(t)

= Pi(t− 1)ϕi(t)
[
1− ϕT

i (t)Pi(t− 1)ϕi(t)
1 + ϕT

i (t)Pi(t− 1)ϕi(t)

]

=
Pi(t− 1)ϕi(t)

1 + ϕT
i (t)Pi(t− 1)ϕi(t)

= Li(t). (15)

Substituting (15) into (14) gives

Pi(t) = Pi(t− 1)−Li(t)ϕT
i (t)Pi(t− 1). (16)

Combining (12), (15) and (16), the RLS algorithm can be rewritten as

ϑ̂i(t) = ϑ̂i(t− 1) + Li(t)[yi(t)−ϕT
i (t)ϑ̂i(t− 1)], (17)

Li(t) = Pi(t− 1)ϕi(t)[1 + ϕT
i (t)Pi(t− 1)ϕi(t)]−1, (18)

Pi(t) = Pi(t− 1)−Li(t)ϕT
i (t)Pi(t− 1). (19)

However, the RLS algorithm cannot be implemented, because the information vector ϕi(t) contains
the unknown intermediate variable xij(t− s). The method is to establish an auxiliary model for
each unknown intermediate variable by using the auxiliary model identification idea, and replace
the intermediate variable with its auxiliary model output. Define the estimates ϕ̂i(t) of ϕi(t), ϕ̂ij(t)
of ϕij(t) and x̂ij(t) of xij(t) as

ϕ̂i(t) := [ϕ̂T
i1(t), ϕ̂

T
i2(t), · · · , ϕ̂T

ir(t)]
T ∈ R2n, (20)

ϕ̂ij(t) := [−x̂ij(t− 1),−x̂ij(t− 2), · · · ,−x̂ij(t− nj),
uj(t− 1), uj(t− 2), · · · , uj(t− nj)]T ∈ R2nj , (21)

x̂ij(t) := ϕT
ij(t)ϑ̂ij(t) ∈ R. (22)

Replacing ϕi(t) in (17)–(19) with its estimate ϕ̂i(t) in (20), we can obtain the AM-RLS algorithm
for estimating ϑi in (8):

ϑ̂i(t) = ϑ̂i(t− 1) + Li(t)[yi(t)− ϕ̂T
i (t)ϑ̂i(t− 1)], (23)

Li(t) = Pi(t− 1)ϕi(t)[1 + ϕT
i (t)Pi(t− 1)ϕi(t)]−1, (24)

Pi(t) = Pi(t− 1)−Li(t)ϕT
i (t)Pi(t− 1), (25)

ϕi(t) = [ϕT
i1(t),ϕ

T
i2(t), · · · ,ϕT

ir(t)]
T, (26)

ϕij(t) = [−x̂ij(t− 1),−x̂ij(t− 2), · · · ,−x̂ij(t− nj), uj(t− 1), uj(t− 2), · · · , uj(t− nj)]T,
(27)

x̂ij(t) = ϕ̂T
ij(t)ϑ̂ij(t), (28)

ϑ̂ij(t) = [âij(1, t), âij(2, t), · · · , âij(nj , t), b̂ij(1, t), b̂ij(2, t), · · · , b̂ij(nj , t)]T, (29)

ϑ̂i(t) = [ϑ̂T
i1(t), ϑ̂

T
i2(t), · · · , ϑ̂T

ir(t)]
T. (30)

The steps for implementing the AM-RLS algorithm in (23)–(30) are listed in the following.

1. Initialize: Set the data length Le. Let t = 1, θ̂i(0) = 12n/p0, Pi(0) = p0I2n, x̂ij(t− l) =
1/p0, i = 1, 2, · · · ,m, j = 1, 2, · · · , r, l = 1, 2, · · · ,max[nj ], p0 = 106.
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2. Let i = 1. Collect the input data u1(t), u2(t), · · · , ur(t) and the output data y1(t), y2(t), · · · ,
ym(t).

3. Form the sub-information vectors ϕi1(t),ϕi2(t), · · · ,ϕir(t) by (27) and the information
vector ϕi(t) by (26).

4. Compute the gain vector Li(t) through (24) and the covariance matrix Pi(t) through (25).
5. Update the parameter estimate ϑ̂i(t) through (23).
6. Compute the auxiliary model outputs x̂i1(t), x̂i2(t), · · · , x̂ir(t) by (28).
7. If i < m, increase i by 1 and go to Step 3; otherwise, go to Step 8.
8. If t < Le, increase t by 1 and go to Step 2; otherwise, obtain the parameter estimates

θ̂1(Le), θ̂2(Le), · · · , θ̂m(Le) and terminate this procedure.

The AM-RLS algorithm in (23)–(30) is proposed for large-scale systems, including a large number
of matrix operations. The orders m, r and nj of the MIMO systems are very large. It makes the
heavy calculation burden of the AM-RLS algorithm, and it is difficult for computers to implement
the AM-RLS algorithm. Therefore, the focus of this paper is to propose a new algorithm to reduce
the computational amount of the MIMO system identification. The effective method is to use the
hierarchical identification principle to decompose the identification model of the MIMO system to
obtain the low-dimension identification submodels. The hierarchical identification principle can be
used not only for large-scale systems, but also for coupled systems, bilinear systems the nonlinear
systems.

4. THE HIERARCHICAL IDENTIFICATION MODEL

In order to reduce the calculation amount for identifying the MIMO systems, the hierarchical
identification principle is applied to obtain the hierarchical identification model of the MIMO system
in (1), which can solve the identification issues of high dimension and complex structure systems.

Equation (4) can be written as

xij(t) = [−xij(t− 1),−xij(t− 2), · · · ,−xij(t− nj)][aij(1), aij(2), · · · , aij(nj)]T

+[uj(t− 1), uj(t− 2), · · · , uj(t− nj)][bij(1), bij(2), · · · , bij(nj)]T

= ψT
ij(t)θa,ij + φT

j(t)θb,ij , (31)

where the sub-parameter vectors θa,ij and θb,ij and the sub-information vectors ψij(t) and φj(t)
are defined as

θa,ij := [aij(1), aij(2), · · · , aij(nj)]T ∈ Rnj , (32)
θb,ij := [bij(1), bij(2), · · · , bij(nj)]T ∈ Rnj , (33)

ψij(t) := [−xij(t− 1),−xij(t− 2), · · · ,−xij(t− nj)]T ∈ Rnj , (34)
φj(t) := [uj(t− 1), uj(t− 2), · · · , uj(t− nj)]T ∈ Rnj . (35)

Substituting (31) into (3), we have

yi(t) =
r∑

j=1

(ψT
ij(t)θa,ij + φT

j(t)θb,ij) + vi(t)

= ψT
i1(t)θa,i1 + ψT

i2(t)θa,i2 + · · ·+ ψT
ir(t)θa,ir

+φT
1(t)θb,i1 + φT

2(t)θb,i2 + · · ·+ φT
r(t)θb,ir + vi(t)

= [ψT
i1(t),ψ

T
i2(t), · · · ,ψT

ir(t)][θa,i1,θa,i2, · · · ,θa,ir]T

+[φT
1(t),φ

T
2(t), · · · ,φT

r(t)][θb,i1,θb,i2, · · · ,θb,ir]T + vi(t)
= ψT

i (t)θa,i + φT(t)θb,i + vi(t), (36)

where the parameter vectors θa,i and θb,i and the information vectors ψi(t) and φ(t) are defined as

θa,i := [θT
a,i1,θ

T
a,i2, · · · ,θT

a,ir]
T ∈ Rn, (37)

Copyright c© 2023 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2023)
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θb,i := [θT
b,i1,θ

T
b,i2, · · · ,θT

b,ir]
T ∈ Rn, (38)

ψi(t) := [ψT
i1(t),ψ

T
i2(t), · · · ,ψT

ir(t)]
T ∈ Rn, (39)

φ(t) := [φT
1(t),φ

T
2(t), · · · ,φT

r(t)]
T ∈ Rn. (40)

Equation (36) is the hierarchical identification model of the MIMO system in (1).
The parameter vectors θa,i and θb,i contain the parameters aij(1), aij(2), · · · , aij(nj) and
bij(1), bij(2), · · · , bij(nj), i = 1, 2, · · · ,m, j = 1, 2, · · · , r, of the MIMO system. The information
vectors ψi(t) and φ(t) consist of the available input data uj(t), j = 1, 2, · · · , r, and output data yi(t),
i = 1, 2, · · · ,m, in the MIMO system. In the next section, the hierarchical identification model is
used to propose a new least squares algorithm.

5. THE AM-HLS ALGORITHM

In order to reduce the computational burden for identifying the MIMO system in (1), this section
derives an AM-HLS algorithm. According to the hierarchical identification principle [50], define
two intermediate variables:

ξi(t) := yi(t)− φT(t)θb,i ∈ R, (41)
ζi(t) := yi(t)−ψT

i (t)θa,i ∈ R. (42)

From (36), we can get two submodels,

S1 : ξi(t) = ψT
i (t)θa,i + vi(t), (43)

S2 : ζi(t) = φT(t)θb,i + vi(t), (44)

where ξi(t) ∈ R, ψi(t) ∈ Rn and θa,i ∈ Rn in (43) can be regarded as the output, the information
vector and the parameter vector of Submodel S1. Similarly, ζi(t) ∈ R, φ(t) ∈ Rn and θb,i ∈ Rn in
(44) can be regarded as the output, the information vector and the parameter vector of Submodel S2.
The relationship between the hierarchical identification model and Submodels S1 and S2 is shown
in Figure 2. Taking the advantage of the hierarchical identification principle, the high-dimension
hierarchical identification model is divided into the two low-dimension Submodels S1 and S2.

yi(t) = ψT
i (t)θa,i + φT(t)θb,i + vi(t)

ξi(t) = ψT
i (t)θa,i + vi(t) ζi(t) = φT(t)θb,i + vi(t)

-

¾

θa,i

θb,i

Figure 2. The relationship between the hierarchical identification model and the Submodels S1 and S2

According to Submodels S1 and S2, define two cost functions:

J2(θ̂a,i) :=
1
2

t∑

l=1

[ξi(l)−ψT
i (l)θ̂a,i]2, (45)

J3(θ̂b,i) :=
1
2

t∑

l=1

[ζi(l)− φT(l)θ̂b,i]2. (46)

Let θ̂a,i(t) be the estimate of the parameter vector θa,i and θ̂b,i(t) be the estimate of the parameter
vector θb,i at time t. In the same way, defining two covariance matrices Pa,i(t) and Pb(t) and
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minimizing the cost functions J2(θa,i) and J3(θb,i), we get the hierarchical least squares (HLS)
algorithm for the parameter estimation vectors θ̂a,i(t) and θ̂b,i(t):

θ̂a,i(t) := θ̂a,i(t− 1) + Pa,i(t)ψi(t)[ξi(t)−ψT
i (t)θ̂a,i(t− 1)] ∈ Rn, (47)

P−1
a,i (t) := P−1

a,i (t− 1) + ψi(t)ψT
i (t) ∈ Rn×n, (48)

θ̂b,i(t) := θ̂b,i(t− 1) + Pb(t)φ(t)[ζi(t)− φT(t)θ̂b,i(t− 1)] ∈ Rn, (49)
P−1

b (t) := P−1
b (t− 1) + φ(t)φT(t) ∈ Rn×n. (50)

Substituting (41) into (47) and (42) into (49), we have

θ̂a,i(t) = θ̂a,i(t− 1) + Pa,i(t)ψi(t)[yi(t)−ψT
i (t)θ̂a,i(t− 1)− φT(t)θb,i], (51)

θ̂b,i(t) = θ̂b,i(t− 1) + Pb(t)φ(t)[yi(t)−ψT
i (t)θa,i − φT(t)θ̂b,i(t− 1)]. (52)

The unknown parameter vector θa,i in (52) and the unknown parameter vector θb,i in (51) are
replaced by their estimates θ̂a,i(t− 1) and θ̂b,i(t− 1) at the previous time t− 1, we have

θ̂a,i(t) = θ̂a,i(t− 1) + Pa,i(t)ψi(t)[yi(t)−ψT
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)], (53)

θ̂b,i(t) = θ̂b,i(t− 1) + Pb(t)φ(t)[yi(t)−ψT
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)]. (54)

Similarly, applying the matrix inversion lemma to (48) and (50), and introducing the gain vectors
La,i(t) := Pa,i(t)ψi(t) ∈ Rn and Lb(t) := Pb(t)φ(t) ∈ Rn, the covariance matrices Pa,i(t) and
Pb(t) and the gain vectors La,i(t) and Lb(t) can be calculated as

La,i(t) = Pa,i(t− 1)ψ̂i(t)[1 + ψ̂T
i (t)Pa,i(t− 1)ψ̂i(t)]−1, (55)

Pa,i(t) = Pa,i(t− 1)−La,i(t)ψ̂T
i (t)Pa,i(t− 1), (56)

Lb(t) = Pb(t− 1)φ(t)[1 + φT(t)Pb(t− 1)φ(t)]−1, (57)
Pb(t) = Pb(t− 1)−Lb(t)φT(t)Pb(t− 1). (58)

The HLS algorithm cannot be implemented. Using the same method, define the estimates ψ̂i(t) of
ψi(t) and ψ̂ij(t) of ψij(t) as

ψ̂i(t) := [ψ̂T
i1(t), ψ̂

T
i2(t), · · · , ψ̂T

ir(t)]
T ∈ Rn, (59)

ψ̂ij(t) := [−x̂ij(t− 1),−x̂ij(t− 2), · · · ,−x̂ij(t− nj)]T ∈ Rnj . (60)

Replacing ψi(t) in (53)–(56) with its estimate ψ̂i(t) in (59), we can obtain the AM-HLS algorithm
for estimating θa,i and θb,i in (36):

θ̂a,i(t) = θ̂a,i(t− 1) + La,i(t)[yi(t)− ψ̂T
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)], (61)

La,i(t) = Pa,i(t− 1)ψ̂i(t)[1 + ψ̂T
i (t)Pa,i(t− 1)ψ̂i(t)]−1, (62)

Pa,i(t) = Pa,i(t− 1)−La,i(t)ψ̂T
i (t)Pa,i(t− 1), (63)

θ̂b,i(t) = θ̂b,i(t− 1) + Lb(t)[yi(t)− ψ̂T
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)], (64)

Lb(t) = Pb(t− 1)φ(t)[1 + φT(t)Pb(t− 1)φ(t)]−1, (65)
Pb(t) = Pb(t− 1)−Lb(t)φT(t)Pb(t− 1), (66)

ψ̂i(t) = [ψ̂T
i1(t), ψ̂

T
i2(t), · · · , ψ̂T

ir(t)]
T, (67)

φ(t) = [φT
1(t),φ

T
2(t), · · · ,φT

r(t)]
T, (68)

ψ̂ij(t) = [−x̂ij(t− 1),−x̂ij(t− 2), · · · ,−x̂ij(t− nj)]T, (69)
φj(t) = [uj(t− 1), uj(t− 2), · · · , uj(t− nj)]T, (70)

x̂ij(t) = ψ̂T
ij(t)θ̂a,ij(t) + φT

j(t)θ̂b,ij(t), (71)

θ̂a,ij(t) = [âij(1, t), âij(2, t), · · · , âij(nj , t)]T, (72)

θ̂b,ij(t) = [b̂ij(1, t), b̂ij(2, t), · · · , b̂ij(nj , t)]T, (73)
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θ̂a,i(t) = [θ̂T
a,i1(t), θ̂

T
a,i2(t), · · · , θ̂T

a,ir(t)]
T, (74)

θ̂b,i(t) = [θ̂T
b,i1(t), θ̂

T
b,i2(t), · · · , θ̂T

b,ir(t)]
T. (75)

The algorithm presented in this paper can combine some mathematical tools [57–60] to study the
parameter estimation algorithms of various stochastic systems with disturbances [61–68] and can
be applied to other literatures [69–75] such as communication and transportation systems and so
on. The computational efficiency and the convergence of the AM-HLS algorithm are analyzed in
the following sections. The steps for implementing the AM-HLS algorithm in (61)–(75) are listed
in the following.

1. Initialize: Set the data length Le. Let t = 1, θ̂a,i(0) = 1n/p0, θ̂b,i(0) = 1n/p0,
Pa,i(0) = p0In, Pb(0) = p0In, x̂ij(t− l) = 1/p0, i = 1, 2, · · · ,m, j = 1, 2, · · · , r, l =
1, 2, · · · ,max[nj ], p0 = 106.

2. Let i = 1. Collect the input data u1(t), u2(t), · · · , ur(t) and the output data y1(t), y2(t), · · · ,
ym(t).

3. Form the sub-information vectors φ1(t),φ2(t), · · · ,φr(t) by (70) and the information vector
φ(t) by (68).

4. Compute the gain vector Lb(t) through (65) and the covariance matrix Pb(t) through (66).
5. Form the sub-information vectors ψi1(t),ψi2(t), · · · ,ψir(t) by (69) and the information

vector ψi(t) by (67).
6. Compute the gain vector La,i(t) through (62) and the covariance matrix Pa,i(t) through (63).
7. Update the parameter estimate θ̂a,i(t) through (61) and the parameter estimate θ̂b,i(t) through

(64).
8. Compute the auxiliary model outputs x̂i1(t), x̂i2(t), · · · , x̂ir(t) by (71).
9. If i < m, increase i by 1 and go to Step 5; otherwise, go to Step 10.

10. If t < Le, increase t by 1 and go to Step 2; otherwise, obtain the parameter estimates
θ̂a,1(Le), θ̂a,2(Le), · · · , θ̂a,m(Le) and θ̂b,1(Le), θ̂b,2(Le), · · · , θ̂b,m(Le), and terminate this
procedure.

To enhance the tracking ability of the algorithm, a forgetting factor λ(0 < λ ≤ 1) is introduced
into the AM-HLS algorithm. A small forgetting factor increases the sensitivity and responsiveness
of the algorithm to changes. On the other hand, a large forgetting factor promotes stability but may
result in slower response speed and inadequate adaptation to new data changes in a timely manner.
Albu investigated a variable forgetting factor recursive least square algorithm, which offers a flexible
balance between the ability of the algorithms to forget old data and adapt to new data [76]. After
introducing the forgetting factor λ in the cost functions, we can obtain the auxiliary model-based
forgetting factor hierarchical least squares (AM-FF-HLS) algorithm for estimating θa,i and θb,i in
(36):

θ̂a,i(t) = θ̂a,i(t− 1) + La,i(t)[yi(t)− ψ̂T
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)], (76)

La,i(t) = Pa,i(t− 1)ψ̂i(t)[λ + ψ̂T
i (t)Pa,i(t− 1)ψ̂i(t)]−1, (77)

Pa,i(t) = [Pa,i(t− 1)−La,i(t)ψ̂T
i (t)Pa,i(t− 1)]/λ, (78)

θ̂b,i(t) = θ̂b,i(t− 1) + Lb(t)[yi(t)− ψ̂T
i (t)θ̂a,i(t− 1)− φT(t)θ̂b,i(t− 1)], (79)

Lb(t) = Pb(t− 1)φ(t)[λ + φT(t)Pb(t− 1)φ(t)]−1, (80)
Pb(t) = [Pb(t− 1)−Lb(t)φT(t)Pb(t− 1)]/λ. (81)

6. THE COMPARISON OF THE COMPUTATIONAL EFFICIENCY

In this section, we analyze the computational burden of the AM-RLS and AM-HLS algorithms
in detail. The proposed AM-RLS and AM-HLS algorithms in this paper have low memory
requirements, because they only use the current and previous data for parameter estimation updates
at each recursion. Compared to other batch-based least squares algorithms, the AM-RLS and AM-
HLS algorithms do not require storing the entire dataset, resulting in lower storage requirements.
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Therefore, this paper focuses on considering the computational amount for each step of recursion.
The calculation amount is measured by the multiplication times (division is treated as multiplication)
and the addition times (subtraction is treated as addition). An addition or multiplication operation
is called one floating point operation, i.e., one flop. The calculation amounts of the AM-RLS and
AM-HLS algorithms at each recursive are listed in Table I and Table II.

Table I. The computational efficiency of the AM-RLS algorithm

Expression Multiplication times Addition times

ϑ̂i(t) = ϑ̂i(t − 1) + Li(t)τi(t) ∈ R2n 2mn 2mn

τi(t) := yi(t)− ϕ̂T
i (t)ϑ̂i(t − 1) ∈ R 2mn 2mn

Li(t) = ωi(t)/ηi(t) ∈ R2n 2mn 0

ωi(t) := Pi(t − 1)ϕ̂i(t) ∈ R2n 4mn2 4mn2 − 2mn

ηi(t) := 1 + ϕ̂T
i (t)ωi(t) ∈ R 2mn 2mn

Pi(t) = Pi(t − 1) − Li(t)ω
T
i (t) ∈ R(2n)×(2n) 4mn2 4mn2

x̂ij(t) = ϕ̂T
ij(t)ϑ̂ij(t) ∈ R 2mn 2mn − mr

Subtotal flops 8mn2 + 10mn 8mn2 + 6mn − mr

Total flops S1 := 16mn2 + 16mn − mr

Table II. The computational efficiency of the AM-HLS algorithm

Expression Multiplication times Addition times

θ̂a,i(t) = θ̂a,i(t − 1) + La,i(t)γi(t) ∈ Rn mn mn

γi(t) := yi(t)− ψ̂T
i (t)θ̂a,i(t − 1) − φT(t)θ̂b,i(t − 1) ∈ R 2mn 2mn

La,i(t) = ωa,i(t)/ηa,i(t) ∈ Rn mn 0

ωa,i(t) := Pa,i(t − 1)ψ̂i(t) ∈ Rn mn2 mn2 − mn

ηa,i(t) := 1 + ψ̂T
i (t)ωa,i(t) ∈ R mn mn

Pa,i(t) = Pa,i(t − 1) − La,i(t)ω
T
a,i(t) ∈ Rn×n mn2 mn2

θ̂b,i(t) = θ̂b,i(t − 1) + Lb(t)γi(t) ∈ Rn mn mn

Lb(t) = ωb(t)/ηb(t) ∈ Rn n 0

ωb(t) := Pb(t − 1)φ(t) ∈ Rn n2 n2 − n

ηb(t) := 1 + φT(t)ωb(t) ∈ R n n

Pb(t) = Pb(t − 1) − Lb(t)ω
T
b (t) ∈ Rn×n n2 n2

x̂ij(t) = ψ̂T
ij(t)θ̂a,ij(t) + φT

j (t)θ̂b,ij(t) ∈ R 2mn 2mn − mr

Subtotal flops 2mn2 + 8mn + 2n2 + 2n 2mn2 + 6mn − mr + 2n2

Total flops S2 := 4mn2 + 14mn − mr + 4n2 + 2n

According to Table I and Table II, the calculation amounts of the AM-RLS and AM-HLS
algorithms are

S1 = 16mn2 + 16mn−mr,

S2 = 4mn2 + 14mn−mr + 4n2 + 2n.

For the MIMO systems, the calculation amount difference between the AM-RLS and AM-HLS
algorithms is

S1 − S2 = (16mn2 + 16mn−mr)− (4mn2 + 14mn−mr + 4n2 + 2n)
= 12mn2 + 2mn− 4n2 − 2n

= 4n2(3m− 1) + 2n(m− 1) > 0.

Therefore, we can conclude that the calculation amount of the AM-HLS algorithm is less than
the calculation amount of the AM-RLS algorithm. For example, when m = 10000, n = 50000 and
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r = 10000, we can obtain

S1 − S2 = (4 × 1014 + 8× 109 − 1× 108)
−(1× 1014 + 7× 109 − 1× 108 + 1× 1010 + 1× 105)

= 4.0079× 1014 − 1.01691× 1014

= 2.99099× 1014 flops.

Under this condition, the calculation amount of the AM-HLS algorithm is 74.63% less than the
calculation amount of the AM-RLS algorithm. In order to show the calculation amount more
clearly, we set r = 100 and draw a graph of the calculation amounts of the AM-RLS and AM-HLS
algorithms increasing with m and n in Figure 3.

Figure 3. The AM-RLS and AM-HLS flop numbers versus m and n

7. CONVERGENCE ANALYSIS

In this section, we analyze the convergence of the AM-HLS algorithm.
Define the block diagonal matrix:

Λi(t) := blockdiag[Pa,i(t),Pb(t)]

=
[

Pa,i(t) 0
0 Pb(t)

]
∈ R(2n)×(2n), i = 1, 2, · · · ,m.

The AM-HLS algorithm in (61)–(75) can be written as

θ̂i(t) = θ̂i(t− 1) + Λi(t)Ψ̂i(t)[yi(t)− Ψ̂T
i (t)θ̂i(t− 1)], (82)

Λ−1
i (t) = Λ−1

i (t− 1) + blockdiag[ψ̂i(t)ψ̂T
i (t),φ(t)φT(t)], (83)

where the parameter vector θ̂i(t) and the information vector Ψ̂i(t) are defined as

θ̂i(t) := [θ̂a,i(t), θ̂b,i(t)]T ∈ R2n, (84)

Ψ̂i(t) := [ψ̂i(t),φ(t)]T ∈ R2n. (85)

Lemma 2. Block matrix positive definite lemma [77]
Assume that the block matrix

A =




A11 A12 · · · A1N

A21 A22 · · · A2N

...
...

...
AN1 AN2 · · · ANN


 , Apq = AT

qp ∈ Rnp×nq

satisfies αI ≤ A ≤ βI , where α and β is positive constants, then

αI ≤




A11 0 · · · 0
0 A22 · · · 0
...

...
...

0 0 · · · ANN


 ≤ βI.
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Lemma 3. For the RLS algorithm in (23)–(30), if there exist positive integer p and positive constants
α and β such that the following strong persistent excitation (SPE) condition holds:

(SPE) αI ≤ 1
p

p−1∑

l=0

Ψ̂i(t− 1)Ψ̂T
i (t− 1) ≤ βI, t ≥ p.

Let

Q−1
i (t) := Q−1

i (0) +
t∑

l=1

Ψ̂i(l)Ψ̂T
i (l) ∈ R(2n)×(2n), Qi(0) = p0I.

Then the covariance matrix Qi(t) satisfies

Q−1
i (t− p) + pαI ≤ Q−1

i (t) ≤ Q−1
i (t− p) + pβI,

and

(t− p + 1)αI ≤ Q−1
i (t) ≤ [β(t + p) + 1/p0]I.

Proof. According to the definition of the covariance matrix Qi(t), we have

Q−1
i (t) = Q−1

i (t− 1) + Ψ̂i(t)Ψ̂T
i (t)

= Q−1
i (t− p) +

p−1∑

k=0

Ψ̂i(t− k)Ψ̂T
i (t− k).

Using the SPE condition, we can obtain

Q−1
i (t− p) + pαI ≤ Q−1

i (t) ≤ Q−1
i (t− p) + pβI,

Let t = pl + k, 0 ≤ k < p, we have

Q−1
i (t = pl + k)≤Q−1

i [p(l − 1) + k] + pβI

= Q−1
i [p(l − 2) + k] + 2pβI

= Q−1
i (k) + lpβI

≤Q−1
i (0) + (l + 1)pβI

≤Q−1
i (0) + (t + p)βI

= [β(t + p) + 1/p0]I.

In the same way, we can prove

Q−1
i (t = pl + k) ≥ Q−1

i (k) + lpαI ≥ lpαI ≥ (t− p + 1)αI, t ≥ p.

This proves Lemma 3. 2

Theorem 1. Martingale hyperconvergence theorem
Assume that {T [x(t)]} is a sequence of the nonnegative random variable adapted to Ft, let

T (t) := T [x(t)], and define a set

Rt := [x(t) : g[x(t)] ≤ ηt < ∞, a.s.] .

For x(t) ∈ Rc
t (Rc

t is the complementary set of Rt), we have

E[T (t + 1)|Ft]− T (t) =: ∆T (t + 1) ≤ −b(t + 1), a.s.,

where g(x) is the convergence variable, ηt ≥ 0 is the nonnegative finite random variable, i.e.,
Rt ⊂ Rt+1, b(t) is the random sequence, {x(t),Ft} is the adapted sequence. For large t, if there
exist x(t) ∈ Rc

t and
∑∞

t=t0
b(t) →∞, a.s., t0 < ∞, such that limt→∞ x(t) ∈ R∞, a.s., holds.
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Proof. Assume that It is the indicator function of x(t) ∈ Rt and Īt is the indicator function of
x(t) ∈ Rc

t . For any t > 0, x(t) ∈ (Rt ∪Rc
t) holds. For t ≥ t0, if there exists x(t) ∈ Rc

t such that the
following inequality holds,

E[T (t)Īt0 ] ≤ E[T (t0)Īt0 ]− E

[
t∑

i=t0+1

b(i)

]
,

where T (t0) is a finite random variable. From the assumption
∑∞

t=t0
b(t) →∞, for large t, we can

obtain

T (t0)−
t∑

i=t0+1

b(i) ≤ ηt, a.s.

This means that limt→∞ It = 1, a.s., i.e., limt→∞ x(t) ∈ T∞, a.s. Theorem 1 is proved. 2

Theorem 2. For the AM-HLS algorithm in (61)–(75). Assume that the noise sequence {vi(t)},
i = 1, 2, · · · ,m, satisfies the assumptions:

(C1) E[vi(t)|Ft−1] = 0, a.s.,
(C2) E[v2

i (t)|Ft−1] = σ2(t) ≤ σ2 < ∞, a.s.,

(C3) lim
t→∞

sup
1
t

t∑

l=1

v2
i (l) ≤ σ2 < ∞, a.s.,

where {vi(t),Ft} is the martingale difference sequence, {Ft} is the σ-algebra sequence generated
by the observations up to and including time t. The AM-HLS parameter estimate θ̂i(t) uniformly
converges to true parameter vector θi, i.e., limt→∞ θ̂i(t) = θi, a.s.
Proof. The covariance matrix Λ−1

i (t) in (83) can be expressed as

Λ−1
i (t) = Λ−1

i (0) + blockdiag

[
t∑

l=1

ψ̂i(l)ψ̂T
i (l),

t∑

l=1

φ(l)φT(l)

]
.

By using Lemmas 2 and 3, we have

(t− p + 1)αI ≤ Λ−1
i (t) ≤ [β(t + p) + 1/p0]I.

Therefore, Equations (82) and (83) can be written as

θ̂i(t) = θ̂i(t− 1) + Λ̄i(t)Ψ̂i(t)[yi(t)− Ψ̂T
i (t)θ̂i(t− 1)], (86)

Λ̄i(t) =
{

I, t ≤ p,
I

γt+c , t > p, 0 < α ≤ γ ≤ β < ∞, c > 0.
(87)

Define the parameter estimation error vector:

θ̃i(t) := θ̂i(t)− θ. (88)

Subtracting θi from (86), we have

θ̃i(t) = θ̂i(t− 1)− θ + Λ̄i(t)Ψ̂i(t)[Ψ̂T
i (t)θ + vi(t)− Ψ̂T

i (t)θ̂i(t− 1)]

= θ̃i(t− 1) + Λ̄i(t)Ψ̂i(t)[−Ψ̂T
i (t)θ̃i(t− 1) + vi(t)]

= θ̃i(t− 1) + Λ̄i(t)Ψ̂i(t)[−ỹi(t) + vi(t)]

= θ̃i(t− 1) +
Ψ̂i(t)
γt + c

[−ỹi(t) + vi(t)], t ≥ p + 1, (89)

where

ỹi(t) := Ψ̂T
i (t)θ̃i(t− 1) = Ψ̂T

i (t)θ̂i(t− 1)− Ψ̂T
i (t)θ. (90)
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Taking the norm to the both sides of (89) and using (90), we have

‖θ̃i(t)‖2 =

∥∥∥∥∥θ̃i(t− 1) +
Ψ̂i(t)
γt + c

[−ỹi(t) + vi(t)]

∥∥∥∥∥

2

= ‖θ̃i(t− 1)‖2 +
2

γt + c
θ̃T

i (t− 1)Ψ̂i(t)[−ỹi(t) + vi(t)]

+
‖Ψ̂i(t)‖2

(γt + c)2
[ỹ2

i (t)− 2ỹi(t)vi(t) + v2
i (t)]

= ‖θ̃i(t− 1)‖2 −
[

2
γt + c

− ‖Ψ̂i(t)‖2

(γt + c)2

]
ỹ2

i (t)

+
2

γt + c

[
1− ‖Ψ̂i(t)‖2

γt + c

]
ỹi(t)vi(t) +

‖Ψ̂i(t)‖2

(γt + c)2
v2

i (t).

Taking the trace to the SPE condition, we can obtain ‖Ψ̂i(t)‖2 ≤ 2npβ. For large t, γt + c−
‖Ψ̂i(t)‖2 > 0 holds, so we have

‖θ̃i(t)‖2 ≤ ‖θ̃i(t− 1)‖2 − ỹ2
i (t)

γt + c

+
2

γt + c

[
1− ‖Ψ̂i(t)‖2

γt + c

]
ỹi(t)vi(t) +

‖Ψ̂i(t)‖2

(γt + c)2
v2

i (t). (91)

Assume that θ̃i(t− 1), Ψ̂i(t) and ỹi(t) are uncorrelated with vi(t), and Ft−1 is measurable.
Applying Assumptions (C1)–(C3) and taking the conditional expectation to the both sides of (91),
we have

E[‖θ̃i(t)‖2|Ft−1]≤ ‖θ̃i(t− 1)‖2 − 1
γt + c

ỹ2
i (t) +

‖Ψ̂i(t)‖2

(γt + c)2
σ2(t)

≤ ‖θ̃i(t− 1)‖2 − 1
γt + c

ỹ2
i (t) +

‖Ψ̂i(t)‖2

(γt + c)2
σ2

≤ ‖θ̃i(t− 1)‖2 − 1
γt + c

ỹ2
i (t) +

2npβ

(γt + c)2
σ2, a.s.

That is

E[‖θ̃i(t)‖2|Ft−1]− ‖θ̃i(t− 1)‖2 ≤ − 1
γt + c

ỹ2
i (t) +

2npβ

(γt + c)2
σ2 =: −b(t), a.s.

Consider the set

Rt =
[
θ̃i(t) : ỹ2

i (t) ≤ 2npβ

γt + c
σ2, a.s.

]
,

and the neighbor set

Nε(Rt) =
[
θ̃i(t) : ỹ2

i (t) ≤ 2npβ

γt + c
σ2 + ε, a.s., ε > 0

]
.

Due to Rt ⊆ Nε(Rt), for θ̃i(t) ∈ N c
ε (Rt), we have

b(t) ≥ ε

γt + c
= O

(
1
t

)
.

By using Theorem 1, for large t, θ̃i(t) ∈ N c
ε (Rt) holds. Since ε is arbitrary, we have

lim
t→∞

θ̃i(t) ∈ R∞ = [θ̃i(t) : ỹ2
i (t) = 0, a.s.]. (92)
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Let

∆θ̃i(t) :=
Ψ̂i(t)
γt + c

[−ỹi(t) + vi(t)] ∈ R2n.

From (89), we can obtain




θ̃i(t) = θ̃i(t− 1) + ∆θ̃i(t),
θ̃i(t + 1) = θ̃i(t− 1) + ∆θ̃i(t) + ∆θ̃i(t + 1),

...

θ̃i(t + l) = θ̃i(t− 1) +
l∑

k=0

∆θ̃i(t + k).

(93)

Pre-multiplying the both sides of (90) by Ψ̂i(t), we have

Ψ̂i(t)Ψ̂T
i (t)θ̃i(t− 1) = Ψ̂i(t)ỹi(t).

Replacing t with (t + l), we can obtain

Ψ̂i(t + l)Ψ̂T
i (t + l)θ̃i(t + l − 1) = Ψ̂i(t + l)ỹi(t + l),

or

Ψ̂i(t + l)Ψ̂T
i (t + l)θ̃i(t− 1) = Ψ̂i(t + l)ỹi(t + l)− Ψ̂i(t + l)Ψ̂T

i (t + l)
l−1∑

k=0

∆θ̃i(t + k). (94)

The summation to the both sides of (94) from l = 0 to l = p− 1 is
[

p−1∑

l=0

Ψ̂i(t + l)Ψ̂T
i (t + l)

]
θ̃i(t− 1) =

p−1∑

l=0

Ψ̂i(t + l)ỹi(t + l)

−
p−1∑

l=0

Ψ̂i(t + l)Ψ̂T
i (t + l)

l−1∑

k=0

∆θ̃i(t + k). (95)

Taking the norm to the both sides of (95) and using the SPE condition, we have

‖θ̃i(t− 1)‖ ≤ 1
pα

∥∥∥∥∥
p−1∑

l=0

Ψ̂i(t + l)ỹi(t + l)

∥∥∥∥∥ +
1
pα

∥∥∥∥∥
p−1∑

l=0

Ψ̂i(t + l)Ψ̂T
i (t + l)

l−1∑

k=0

∆θ̃i(t + k)

∥∥∥∥∥

≤ 1
pα

∥∥∥∥∥
p−1∑

l=0

Ψ̂i(t + l)ỹi(t + l)

∥∥∥∥∥ +
2nβ

α

p−1∑

l=0

l−1∑

k=0

‖∆θ̃i(t + k)‖.

According to the inequality (a + b)2 ≤ 2(a2 + b2), we have

‖θ̃i(t− 1)‖2 ≤ 2
(pα)2

∥∥∥∥∥
p−1∑

l=0

Ψ̂i(t + l)ỹi(t + l)

∥∥∥∥∥

2

+2
(

2nβ

α

)2
[

p−1∑

l=0

l−1∑

k=0

‖∆θ̃i(t + k)‖
]2

. (96)

Due to

lim sup
t→∞

[
p−1∑

l=0

l−1∑

k=0

‖∆θ̃i(t + k)‖
]2

≤
[
p(p + 1)

2

]2

lim sup
t→∞

‖∆θ̃i(t)‖2
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=
[
p(p + 1)

2

]2

lim sup
t→∞

∥∥∥∥∥
Ψ̂i(t)
γt + c

[−ỹi(t) + vi(t)]

∥∥∥∥∥

2

≤
[
p(p + 1)

2

]2

lim sup
t→∞

2‖Ψ̂i(t)‖2

(γt + c)2
[ỹ2

i (t) + v2
i (t)].

Using (C1)–(C3) and (92), we can obtain

lim
t→∞

[
p−1∑

l=0

l−1∑

k=0

‖∆θ̃i(t + k)‖
]2

≤
[
p(p + 1)

2

]2

lim sup
t→∞

4npβ

(γt + c)2
[ỹ2

i (t) + v2
i (t)] = 0, a.s.,

(97)

lim
t→∞

∥∥∥∥∥
p−1∑

l=0

Ψ̂i(t + l)ỹi(t + l)

∥∥∥∥∥

2

≤ lim
t→∞

p

p−1∑

l=0

‖Ψ̂i(t + l‖2ỹ2
i (t + l)

≤ lim
t→∞

p

p−1∑

l=0

2npβỹ2
i (t + l) = 0, a.s. (98)

According to (97) and (98), taking the limit to both sides of (96), we can conclude that
limt→∞ θ̂i(t) = θi, a.s. Theorem 2 is proved. 2

The hierarchical least squares parameter estimation method for MIMO systems using the
auxiliary models in this paper can combine other identification idea and methods [78–87] for
develop new identification algorithms of dynamical stochastic linear and nonlinear systems and
can be applied to transportation communication fields [88–97] such as the information schedule
systems and so on.

8. EXAMPLES

In this simulation, consider the MIMO system described by the following output-error model,



y1(t)
y2(t)
y3(t)


 =




G11(q) G12(q)
G21(q) G22(q)
G31(q) G32(q)




[
u1(t)
u2(t)

]
+




v1(t)
v2(t)
v3(t)


 ,

G11(q) =
B11(q)
A11(q)

=
0.88q−1

1 + 0.94q−1
, G12(q) =

B12(q)
A12(q)

=
0.67q−1

1 + 0.76q−1
,

G21(q) =
B21(q)
A21(q)

=
0.35q−1

1 + 0.83q−1
, G22(q) =

B22(q)
A22(q)

=
0.66q−1

1 + 0.52q−1
,

G31(q) =
B31(q)
A31(q)

=
0.94q−1

1 + 0.75q−1
, G32(q) =

B32(q)
A32(q)

=
0.43q−1

1 + 0.57q−1
,

the inputs u1(t) and u2(t) are taken as uncorrelated persistent excitation signal sequences with zero
means and unit variances, the noises v1(t), v2(t) and v3(t) are taken as uncorrelated white noise
sequences with zero means. The parameter vectors to be identified are given by

θa,1 := [a11(1), a12(1)]T = [0.94, 0.76]T, θb,1 := [b11(1), b12(1)]T = [0.88, 0.67]T,
θa,2 := [a21(1), a22(1)]T = [0.83, 0.52]T, θb,2 := [b21(1), b22(1)]T = [0.35, 0.66]T,
θa,3 := [a31(1), a32(1)]T = [0.75, 0.57]T, θb,3 := [b31(1), b32(1)]T = [0.94, 0.43]T.

Case 1. Parameter estimation
Set the data length Le = 3000. Define the parameter estimation error:

δ :=
m∑

i=1

‖ϑ̂i(t)− ϑi‖/‖ϑi‖ × 100%

Copyright c© 2023 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2023)
Prepared using acsauth.cls DOI: 10.1002/acs



HIERARCHICAL RECURSIVE LEAST SQUARES PARAMETER ESTIMATION METHOD 17

=
m∑

i=1

‖[θ̂T
a,i(t), θ̂

T
b,i(t)]− [θT

a,i,θ
T
b,i]‖/‖[θT

a,i,θ
T
b,i]‖ × 100%.

Taking the noise variance σ2 = 0.102, the AM-RLS and AM-HLS algorithms are used to identify
the above MIMO system. The AM-RLS and AM-HLS parameter estimates are listed in Table III
and the AM-RLS and AM-HLS parameter estimation errors versus t are shown in Figure 4. The
parameter estimates of a11(1), a12(1), · · · , a32(1) and b11(1), b12(1), · · · , b32(1) versus t are plotted
in Figure 5 and Figure 6.

In order to study the influences of the different noise variances on the AM-HLS algorithm, taking
the noise variances σ2 = 0.202, σ2 = 0.602 and σ2 = 1.002, the AM-HLS parameter estimates are
listed in Table IV and the parameter estimation errors versus t are depicted in Figure 7.

Table III. The AM-RLS and AM-HLS parameter estimates versus t (σ2 = 0.102)
Algorithms t 100 200 500 1000 2000 3000 True values
AM-RLS a11(1) 0.94004 0.94109 0.94001 0.93970 0.93956 0.93994 0.94000

a12(1) 0.77896 0.77730 0.76261 0.76001 0.75783 0.75927 0.76000
a21(1) 0.84453 0.83959 0.83918 0.83546 0.83222 0.83056 0.83000
a22(1) 0.50862 0.50668 0.52349 0.52092 0.51971 0.51913 0.52000
a31(1) 0.74811 0.75056 0.75185 0.75051 0.74915 0.74945 0.75000
a32(1) 0.55035 0.54788 0.57539 0.57171 0.57517 0.57607 0.57000
b11(1) 0.82742 0.86305 0.87673 0.88268 0.88208 0.87923 0.88000
b12(1) 0.64543 0.66592 0.66796 0.67079 0.67050 0.67036 0.67000
b21(1) 0.34505 0.34248 0.34288 0.34774 0.34723 0.34778 0.35000
b22(1) 0.66680 0.67104 0.66790 0.66226 0.66000 0.65927 0.66000
b31(1) 0.93596 0.93514 0.93919 0.93929 0.93740 0.93850 0.94000
b32(1) 0.42637 0.42804 0.42759 0.42437 0.42789 0.42775 0.43000
δ(%) 2.72086 1.59642 0.66254 0.36979 0.31416 0.29120

AM-HLS a11(1) 0.93236 0.94105 0.93954 0.93955 0.93944 0.93989 0.94000
a12(1) 0.79663 0.78074 0.76504 0.76112 0.75843 0.75967 0.76000
a21(1) 0.75980 0.81437 0.83708 0.83416 0.83174 0.83011 0.83000
a22(1) 0.47550 0.47957 0.50742 0.51117 0.51428 0.51519 0.52000
a31(1) 0.77645 0.75852 0.75572 0.75208 0.75007 0.74998 0.75000
a32(1) 0.44636 0.47175 0.53142 0.55060 0.56594 0.57011 0.57000
b11(1) 0.83922 0.86812 0.87915 0.88403 0.88289 0.87971 0.88000
b12(1) 0.63431 0.65886 0.66533 0.66942 0.66979 0.66992 0.67000
b21(1) 0.37008 0.35047 0.34468 0.34859 0.34769 0.34814 0.35000
b22(1) 0.73233 0.70239 0.68194 0.66916 0.66347 0.66154 0.66000
b31(1) 0.91460 0.92322 0.93450 0.93674 0.93602 0.93758 0.94000
b32(1) 0.47125 0.44798 0.43559 0.42802 0.42976 0.42892 0.43000
δ(%) 7.56220 4.88656 1.95315 0.98254 0.39627 0.24260

Case 2. Model validation
For the model validation, we apply the AM-RLS and AM-HLS parameter estimates to form the

estimation model, respectively. Define the predictive output (PO) as

ŷi(t) := ϕ̂T
i (t)ϑ̂i(Le)

= ψ̂T
i (t)θ̂a,i(Le) + φT(t)θ̂b,i(Le) ∈ R.

The PO of the estimation model is calculated through Lr = 100 testing data from t = Le + 1 to
t = Le + Lr. The relationship of the actual output (AO) and the POs of the AM-RLS and AM-HLS
algorithms varying versus t is shown in Figure 8.

The above results are obtained from one simulation, and a more convincing descriptor is the
root-mean-square error (RMSE) which is defined as

RMSE :=
1
m

m∑

i=1

√√√√ 1
Lr

Le+Lr∑

t=Le+1

[yi(t)− ŷi(t)]2.
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Figure 4. The AM-RLS and AM-HLS estimation errors δ versus t (σ2 = 0.102)
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Figure 5. The AM-HLS estimates of a11(1), a12(1),a21(1), a22(1), a31(1) and a32(1) versus t (σ2 = 0.102)

To evaluate the prediction performance of the AM-RLS and AM-HLS algorithms, we perform the
prediction experiment under the noise variance σ2 = 0.102 by using the AM-RLS and AM-HLS
algorithms. The RMSEs of the AM-RLS and AM-HLS algorithms are shown in Table V.

From Tables III–V and Figs. 4–8, we can draw the following conclusions.

• From Table III and Figure 4, it is obvious that the AM-HLS parameter estimates are very
close to the AM-RLS parameter estimates with the increase of the data length t. However, the
calculation amount of the AM-HLS algorithm is much less than the calculation amount of the
AM-RLS algorithm. The AM-RLS and AM-HLS algorithms have high estimation accuracy
and the parameter estimates are close to their true values.

• According to Figure 5 and Figure 6, it is clear to see the relationship between the AM-
HLS estimates and the true parameters. The AM-HLS estimates can quickly approach their
true values and finally converge to their true values. Therefore, the AM-HLS algorithm can
effectively identify the MIMO system in (1). From Table IV and Figure 7, we can find that
the AM-HLS parameter estimation error decreases with the reduction of noise variance.
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Figure 6. The AM-HLS estimates of b11(1), b12(1), b21(1), b22(1), b31(1) and b32(1) versus t (σ2 = 0.102)
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Figure 7. The AM-HLS estimation errors δ versus t under different σ2

• From Figure 8, it is obvious that the POs of the AM-RLS and AM-HLS algorithms are close
to the AO. From Table V, the RMSEs of the proposed AM-RLS and AM-HLS algorithms are
close to the standard deviation of the noise. It indicates that the AM-RLS and AM-HLS are
effective for identifying the MIMO system. At the same time, the AM-HLS algorithm can
greatly reduce the calculation amount for identifying the system parameters.

9. CONCLUSIONS

This paper focuses on the MIMO systems which have been widely used in practical engineering.
By means of decomposition, the MIMO system is decomposed into several MISO systems for
identification. Applying the auxiliary model idea, an AM-RLS algorithm is proposed for identifying
the parameters of the MIMO systems. For the purpose of improving the computational efficiency of
the AM-RLS algorithm, an AM-HLS algorithm is derived by using the hierarchical identification
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Table IV. The AM-HLS parameter estimates under different noise variances σ2

σ2 t 100 200 500 1000 2000 3000 True values
0.202 a11(1) 0.93615 0.93668 0.93781 0.93864 0.93859 0.93953 0.94000

a12(1) 0.77664 0.76807 0.76164 0.75679 0.75462 0.75768 0.76000
a21(1) 0.73720 0.87246 0.85697 0.84364 0.83657 0.83240 0.83000
a22(1) 0.46186 0.46057 0.50843 0.51181 0.51449 0.51489 0.52000
a31(1) 0.75421 0.75183 0.75477 0.75131 0.74856 0.74902 0.75000
a32(1) 0.45295 0.47511 0.55084 0.55992 0.57445 0.57826 0.57000
b11(1) 0.86033 0.87748 0.88533 0.89189 0.88779 0.88069 0.88000
b12(1) 0.66341 0.67697 0.67361 0.67469 0.67246 0.67178 0.67000
b21(1) 0.29297 0.31341 0.32731 0.34063 0.34198 0.34401 0.35000
b22(1) 0.72528 0.70511 0.68469 0.66864 0.66205 0.65977 0.66000
b31(1) 0.93208 0.92886 0.93730 0.93792 0.93440 0.93671 0.94000
b32(1) 0.45633 0.44142 0.43175 0.42180 0.42733 0.42650 0.43000
δ(%) 7.50687 5.42179 1.98844 1.11521 0.69808 0.52433

0.602 a11(1) 0.94700 0.92216 0.93406 0.93618 0.93594 0.93866 0.94000
a12(1) 0.68580 0.71573 0.74269 0.73946 0.73935 0.75000 0.76000
a21(1) -0.10234 -0.10553 -0.08895 -0.06132 -0.00406 0.05252 0.83000
a22(1) 0.29131 0.28086 0.32815 0.35521 0.40026 0.41731 0.52000
a31(1) 0.63605 0.71034 0.75504 0.75019 0.74394 0.74595 0.75000
a32(1) 0.39608 0.40796 0.56665 0.55975 0.58935 0.59805 0.57000
b11(1) 0.84864 0.86056 0.89134 0.91274 0.90173 0.88104 0.88000
b12(1) 0.74085 0.72879 0.69765 0.69219 0.68143 0.67797 0.67000
b21(1) -0.21867 0.03083 0.20575 0.27286 0.29984 0.31439 0.35000
b22(1) 1.42226 1.07768 0.87378 0.75790 0.71561 0.69293 0.66000
b31(1) 0.96858 0.93343 0.94075 0.93836 0.92566 0.93179 0.94000
b32(1) 0.50492 0.46903 0.43873 0.40761 0.42299 0.42027 0.43000
δ(%) 55.36021 44.95092 39.25978 36.92859 34.13063 31.69280

1.002 a11(1) 0.94207 0.90558 0.92876 0.93316 0.93268 0.93745 0.94000
a21(1) -0.07753 -0.08045 -0.08145 -0.08191 -0.08212 -0.08216 0.83000
a22(1) 0.32557 0.31539 0.31232 0.31034 0.30957 0.30944 0.52000
a31(1) 0.20312 0.34040 0.63295 0.70287 0.72503 0.73563 0.75000
a32(1) 0.16348 0.23615 0.60241 0.59194 0.62654 0.63291 0.57000
b11(1) 0.85370 0.86560 0.90554 0.93880 0.91863 0.88320 0.88000
b12(1) 0.74249 0.75082 0.71079 0.70477 0.68798 0.68261 0.67000
b21(1) -7.85744 -3.63253 -1.49895 -0.56008 -0.13660 0.03398 0.35000
b22(1) 12.42279 6.69940 3.26637 1.93650 1.28689 1.06820 0.66000
b31(1) 1.09434 0.97512 0.98316 0.95576 0.92643 0.93310 0.94000
b32(1) 0.30151 0.36010 0.39705 0.37530 0.41065 0.40900 0.43000
δ(%) 579.93258 294.75729 134.29807 73.70172 49.57505 43.17725

Table V. The RMSEs for the testing data (σ2 = 0.102)
Algorithms AM-RLS AM-HLS

RMSEs 0.10635 0.10653

principle. The computational efficiency analysis and the result from the simulation example indicate
that the AM-HLS algorithm has the advantage of reducing the calculation amount compared with the
AM-RLS algorithm and the AM-RLS and AM-HLS algorithms are effective to identify the MIMO
system parameters. Moreover, the convergence analysis proclaims that the AM-HLS parameter
estimates converge to their true values. The algorithm proposed in this paper can combine with
other identification methods and be applied to MIMO systems with colored noise.
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Figure 8. The AO and the POs of the AM-RLS and AM-HLS algorithms (σ2 = 0.102)
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