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Abstract
Peridynamics (PD) is a new continuum mechanics formulation introduced to overcome 
limitations of classical continuum mechanics (CCM). This is mainly achieved by using 
integro-differential equations rather than partial differential equations. Another impor-
tant difference of PD is its nonlocal nature with respect to local characteristic of CCM. 
Moreover, it has a length scale parameter, horizon, defining the range of nonlocal inter-
actions between material points. This nonclassical behaviour also shows itself for disper-
sion relationships. As opposed to linear dispersion relationships for CCM, PD dispersion 
relationships are non-linear similar to the observed in experiments. In this study, closed-
form dispersion relationships are provided for ordinary state-based peridynamics which is 
one of the most common PD formulations. Finally, derived closed-form solutions are used 
to demonstrate the dispersion relationships for various material systems including copper, 
gold, silver and platinum.

Keywords Wave dispersion · Peridynamics · Ordinary state-based · Closed-form solution · 
Nonlocal

1 Introduction

Continuum mechanics is a widely used approach for the analysis of materials and struc-
tures subjected to external loading conditions. Classical continuum mechanics (CCM) 
has been the most popular type of continuum mechanics formulations that was introduced 
by Cauchy almost 200  years ago. According to CCM, the motion of a material point is 
described by using a partial differential equation representing the Newton’s 2nd law of 
motion. The state of material points is monitored through several important parameters 
such as strain and stress. These parameters and associated criteria can provide useful infor-
mation about when a structure could fail. However, despite all these positive aspects of 
CCM, CCM is limited predicting how cracks initiate and propagate since spatial deriva-
tives are not defined along crack surfaces.
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To overcome limitations of CCM, a new continuum mechanics formulation, peridynam-
ics (PD), was introduced by Silling [1]. Compared to partial differential equation of CCM, 
peridynamics utilises integro-differential equation to describe the motion of a material 
point. Rather than using classical concepts such as strain and stress, interactions between 
material points are described by determining the stretch and force of peridynamic interac-
tions (bonds). The range of interactions between material points is restricted to a domain of 
influence named the horizon. This nonlocal characteristic allows representation of material 
behaviours which cannot be captured by CCM. One such characteristic is wave dispersion. 
Wave dispersion relationships determined in the peridynamic framework are in non-linear 
form similar to the ones observed in experiments. CCM is not capable of capturing such 
behaviour since wave dispersion relationships of CCM are linear and only limited to waves 
with long wave lengths.

There has been significant progress on PD research especially during the last 10 years. 
Vazic et al. [2] investigated the important problem of how macrocrack is interacting with 
microcracks. Huang et  al. [3] developed peridynamic formulation for visco-hyperelastic 
materials. Nguyen et  al. [4] introduced a new energy-based peridynamic fatigue model 
suitable for different peridynamic formulations. De Meo et  al. [5] examined how cracks 
can initiate and propagate from corrosion pits. Liu et al. [6] utilised peridynamics to inves-
tigate the fracture behaviour of graphene sheets. Zhu et al. [7] applied peridynamic fatigue 
model for polycrystalline materials. Karpenko et al. [8] investigated the effect of porosity 
on fatigue nucleation behaviour of additively manufactured titanium alloys. Lu et  al. [9] 
used peridynamics for the fracture analysis of polycrystalline ice material. Various peridy-
namic beam [10] and plate [11] formulations are also available in the literature.

The determination of dispersion relationships in peridynamic framework has also 
been studied in various studies. Amongst these, Bazant et  al. [12] examined the wave 
dispersion in linearized bond-based and state-based peridynamics and compared against 
classical nonlocal models. Butt et  al. [13] investigated the dispersion properties of a 
state-based linear peridynamic model and the role of the horizon. Dayal [14] consid-
ered the approximation of peridynamics by strain-gradient models and used Taylor series 
to approximate peridynamic dispersion relationship. Chan and Chen [15] investigated 
wave dispersion by using peridynamic bond-associated material correspondence model. 
Mikata [16] analytically determined the dispersion relationships for one-dimensional 
problems. Zhang et  al. [17] performed an in-depth investigation of wave dispersion in 
bond-based peridynamic framework. Alebrahim et al. [18] obtained dispersion properties 
of one-dimensional and two-dimensional bond-based peridynamic formulations. Li et al. 
[19] conducted an in-depth investigation of wave dispersion in bond-based peridynamics 
with different attenuation functions. Oterkus and Oterkus [20] provided a comparison 
of peridynamic wave dispersion relationships with the ones obtained from lattice mod-
els. Diyaroglu et al. [21] determined dispersion relationships for Timoshenko beam and 
Mindlin plate peridynamic formulations.

As mentioned by Hermann et al. [22] and Shojaei et al. [23, 24], dispersion relation-
ships in PD are significantly affected by the employed numerical discretization scheme and 
can differ significantly from those of closed-forms. Therefore, in this study, closed-form 
relationships for wave dispersion and their derivations are given in the ordinary state-based 
peridynamic formulation presented by Madenci and Oterkus [25]. The derived expressions 
are demonstrated for various materials including copper, gold, silver and platinum. As 
expected, nonlinear wave dispersion relationships are obtained as opposed to linear char-
acteristic obtained in CCM, which shows superior characteristic of peridynamics for repre-
senting the wave dispersion phenomenon.
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2  Ordinary State‑Based Peridynamics

The equation of motion in ordinary-state based peridynamics is given by [25]

where �(�, t)⟨�� − �⟩ and �
�
��, t

�⟨� − ��⟩ represent the peridynamic forces that material 
points �′ and � are exerting on each other and can be written as

where a,b and d are peridynamic parameters which can be related to the engineering mate-
rial constants of shear modulus, � , and bulk modulus, � . � represents the horizon size which 
is the range of a material point that can interact with its family material points. Θ(�, t) is the 
dilation term representing the volumetric strain and defined as

The bond length, � is defined as

Substituting the peridynamic forces given in Eq. (2a, b) for material points � and �′ into the 
equation of motion given in Eq. (1) without considering the body force leads to

3  Dispersion Relationships in Ordinary State‑Based Peridynamics

The solution of the equation of motion for the material point � can be obtained by considering 
the plane wave solution

where �� is the constant amplitude vector, k is the wavenumber, � is the angular frequency 
in rad/sec, and � is the direction of the wave propagation.

Similarly, for the material point �′ , the plane wave solution can be written as

(1)��̈�(𝐱, t) = ∫
H𝐱

{
𝐓(𝐱, t)

⟨
𝐱� − 𝐱

⟩
− 𝐓

(
𝐱�, t

)⟨
𝐱 − 𝐱�

⟩}
dV � + 𝐛(𝐱, t)

(2a)�(�, t)
⟨
�� − �

⟩
=

{
2ad�

|�� − �|Θ(�, t) + 2�bs

}
�� − �

|�� − �|

(2b)�
(
��, t

)⟨
�� − �

⟩
= −

{
2ad�

|�� − �|Θ
(
��, t

)
+ 2�bs

}
�� − �

|�� − �|

(3)Θ(�, t) = ∫
H�

{d�s}dV �

(4)� = |�| = ||�� − �||

(5)��̈�(𝐱, t) = ∫
H𝐱

2ad�

|𝐱� − 𝐱|
{
Θ(𝐱, t) + Θ

(
𝐱�, t

)} 𝐲� − 𝐲

|𝐲� − 𝐲|dV
� + ∫

H𝐱

{4�bs}
𝐲� − 𝐲

|𝐲� − 𝐲|dV
�

(6)�(�, t) = ��e
i(k�⋅�−�t)

(7)�
(
��, t

)
= ��e

i(k�⋅��−�t)
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Next, the relative displacement between material points � and �′ can be determined as

or

By using the Euler formula

Equation (8b) can be rewritten as

Next, the stretch between material points � and �′,s , can be derived for linearized version of 
ordinary state-based peridynamics as (see Fig. 1)

(8a)
�
(
��, t

)
− �(�, t) = ��e

i(k�⋅��−�t) − ��e
i(k�⋅�−�t) = ��e

i(k�⋅�−�t)eik�⋅� − ��e
i(k�⋅�−�t)

(8b)�
(
��, t

)
− �(�, t) =

(
eik�⋅� − 1

)
��e

i(k�⋅�−�t)

(9)eik�⋅� = cos (k� ⋅ �) + isin(k� ⋅ �)

(10)�
(
��, t

)
− �(�, t) =

[
{cos (k� ⋅ �) − 1} + isin(k� ⋅ �)

]
��e

i(k�⋅�−�t)

(11)s =

(
u� − u

)
cos � +

(
v� − v

)
sin �

�

Fig. 1  Peridynamic bond between material points � and �′
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where u,u′,v and v′ are displacement components represent the longitudinal ( x-axis) and 
transverse ( y-axis) displacements of material points � and �′ , respectively, and � is the ori-
entation of the peridynamic bond with respect to the horizontal axis.

3.1  Wave Dispersion in Longitudinal Direction

In the present study, wave is considered to propagate in the positive x-direction. For longitudinal 
waves, the particle displacement is parallel to the direction of wave propagation, whereas the 
transverse displacements of all material points are zero. Substituting the relative displacement 
between material points � and �′ given in Eq. (10) in stretch expression given in Eq. (11) leads to

According to ordinary state-based peridynamics, the dilatation of the material point �
,Θ(�, t) , for longitudinal waves becomes

where BesselJ[m,…] is Bessel function of the m kind. Similarly, the dilatation of the mate-
rial point �′ , Θ

(
��, t

)
 , can be calculated as

Adding dilation terms for material points � and �′ yields

(12)s =

(
u� − u

)
cos �

�
=

[{cos (k� cos �) − 1} + isin(k� cos �)]U0e
i(kx−�t) cos �

�

(13)
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H�
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�

∫
0

2�
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0
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�
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0
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i(kx−�t) cos �

�
�d�d�

= d�h�
2(1 − BesselJ[0, �k])

k
iU0e
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Θ
(
��, t
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0
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�
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k
iU0e
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Substituting Eq. (15) into the first term of the right hand side of the peridynamic equa-
tion of motion (Eq. 5) for a longitudinal wave yields

For two-dimensional structures, the peridynamic parameters a and d are given as [25]

and

Substituting Eqs. (17) and (18) into Eq. (16) leads to

Substituting the stretch term defined in Eq. (12) into the second term of the right hand 
side of the peridynamic equation of motion given in Eq. (5) for a longitudinal wave leads to

For two-dimensional structures, the peridynamic parameter b is given as [25]

(15)

Θ(�, t) + Θ
(
��, t

)
= d�h�

2(1 − BesselJ[0, �k])
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i
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U0e

i(kx−�t)
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{
Θ(�, t) + Θ

(
��, t

)}
cos �dV �

= ∫
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=

�

∫
0
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0
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k
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(17)a =
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2
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2
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∫
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k
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∫
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�
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0
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∫
0

{4�bs cos �}(h�d�d�) = 4�bh

�

∫
0

2�
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cos �

�
cos �

}
(�d�d�)
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�
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{
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}
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k
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Hence, Eq. (21) can be rewritten as

On the other hand, the left hand side of equation of motion can be written as

Finally, substituting Eq. (19), Eq. (22) and Eq. (23) into the equation of motion given 
in Eq. (5) yields

The dispersion relationship in the longitudinal direction can then be obtained from 
Eq. (24) as

3.2  Wave Dispersion in Transverse Direction

For a transverse wave propagating in the positive x-direction, the displacement of the 
particle oscillates upward and downward directions around equilibrium position as the 
wave travels which is perpendicular to the direction of wave propagation. On the other 
hand, longitudinal displacements of all material points vanish. The stretch of a bond for 
a transverse wave can be calculated as

Next, the dilation terms Θ(�, t) and Θ
(
��, t

)
 can be obtained as

and

(21)b =
6�

�h�4

(22)∫
H�

{4�bs cos �}dV � = 24
�

�3

(
−� +

2BesselJ[1, �k]

k

)
U0e

i(kx−�t)

(23)
�2u(�, t)

�t2
= −�2U0e

i(kx−�t)

(24)��2 = 16
(� − 2�)

�4

[
(1 − BesselJ[0, �k])

k

]2
+ 24

�

�3

(
� −

2BesselJ[1, �k]

k

)

(25)�L =

√
16

(� − 2�)

��4

[
(1 − BesselJ[0, �k])

k

]2
+ 24

�

��3

(
� −

2BesselJ[1, �k]

k

)

(26)s =

(
v� − v

)
sin �

�
=

[{cos (k� cos �) − 1} + isin(k� cos �)]U0e
i(kx−�t) sin �

�

(27)

Θ(�, t) = ∫
H�

{d�s}dV � = d�h

�

∫
0

2�

∫
0

s�d�d�

= d�h

�

∫
0

2�

∫
0

[{cos (k� cos �) − 1} + isin(k� cos �)]U0e
i(kx−�t) sin �

�
�d�d� = 0
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Hence,

This is expected since the oscillations of a transverse wave particles subjected to peri-
odic shear are perpendicular to the direction of wave propagation and shear is related with 
change in shape without change of volume. Therefore, the dilation terms vanish for trans-
verse waves propagating in the longitudinal direction. Hence, the first term on the right 
hand side of the peridynamic equation of motion given in Eq. (5) leads to

Next, substituting the stretch expression given in Eq. (26) into the second term on the 
right side of the peridynamic equation of motion yields

where StruveH[m,…] is Struve function of the m kind. Recalling the peridynamic param-
eter b given in Eq.  (21) for two-dimensional structures and substituting Eq.  (21) into 
Eq. (31) leads to

On the other hand, the left hand side of the peridynamic equation of motion can be writ-
ten as

Utilising Eqs. (30), (32) and (33), the peridynamic equation of motion given in Eq. (5) 
for a transverse wave propagating in the positive x-direction can be written as

(28)

Θ
(
��, t

)
= ∫

H�

{
d�s�

}
dV �� = d�h

�

∫
0

2�

∫
0

s��d�d�

= d�h

�

∫
0

2�

∫
0

[{cos (k� cos �) − 1} + isin(k� cos �)]U0e
i(kx�−�t) sin �

�
�d�d� = 0

(29)Θ(�, t) + Θ
(
��, t

)
= 0

(30)∫
H�

2ad�

�

{
Θ(�, t) + Θ

(
��, t

)}
sin �dV � = 0

(31)

∫
H�
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�

∫
0

2�

∫
0

{4�bs sin �}(h�d�d�) = 4�bh

�

∫
0

2�

∫
0

��
v� − v

�
sin �

�
sin �

�
(�d�d�)

= 4�bh

�

∫
0

2�

∫
0

�
[{cos (k� cos �) − 1} + isin(k� cos �)]U0e

i(kx−�t) sin
2 �

�
(d�d�)

= 4�bh�

⎛
⎜⎜⎝
−� +

BesselJ[1, �k](−2 + �k�StruveH[0, �k])

k
+

�BesselJ[0, �k](2 − �StruveH[1, �k])

⎞⎟⎟⎠
U0e

i(kx−�t)

(32)

∫
H�

{4�bs sin �}dV � = 24
�

�3

⎛⎜⎜⎝
−� +

BesselJ[1, �k](−2 + �k�StruveH[0, �k])

k
+

�BesselJ[0, �k](2 − �StruveH[1, �k])

⎞⎟⎟⎠
U0e

i(kx−�t)

(33)�
�2v(�, t)

�t2
= −��2
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U0e
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Finally, the dispersion relationship in the transverse direction can then be obtained 
from Eq. (35) as

3.3  Comparison of Bond‑Based and Ordinary State‑Based Wave Dispersion 
Relationships

The bulk modulus, � , and shear modulus, � for two-dimensional structures can be writ-
ten as

and

where E is the elastic modulus and � is Poisson’s ratio. For Poisson’s ratio of � = 1

3
 , ordi-

nary state-based formulation reduces to bond-based formulation. Therefore, the following 
condition holds

Substituting Eq. (38) into Eq. (25) with � = 1

3
 leads Eq. (25) to

Compared to the bond-based peridynamic dispersion relationship given in [26], the 
ordinary state-based longitudinal dispersion relationship reduces to same bond-based 
longitudinal peridynamic dispersion relationship for Poisson’s ratio value of � = 1

3
.

Similarly, substituting Eq. (38) into Eq. (35) for � = 1

3
 leads Eq. (35) to

This expression is also the same expression given in [26] for the bond-based trans-
verse peridynamic dispersion relationship.

(34)��2

T
= 24

�

�3

⎛
⎜⎜⎝
� −

BesselJ[1, �k](−2 + �k�StruveH[0, �k])

k
−

�BesselJ[0, �k](2 − �StruveH[1, �k])

⎞
⎟⎟⎠

(35)�
T
=

�����24
�

��3

⎛⎜⎜⎝
� −

BesselJ[1, �k](−2 + �k�StruveH[0, �k])

k
−

�BesselJ[0, �k](2 − �StruveH[1, �k])

⎞⎟⎟⎠

(36)� =
E

2(1 − �)

(37)� =
E

2(1 + �)

(38)� = 2�

(39)�L =

√
9E

��3

(
� −

2BesselJ[1, �k]

k

)

(40)�
T
=

����� 9E

��3

⎛⎜⎜⎝
� −

BesselJ[1, �k](−2 + �k�StruveH[0, �k])

k
−

�BesselJ[0, �k](2 − �StruveH[1, �k])

⎞⎟⎟⎠
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4  Numerical Results

In this section, nonlinear closed-form peridynamic dispersion relationships obtained 
for ordinary state-based peridynamics are shown for different materials includ-
ing copper, gold, silver and platinum. For all cases, the horizon size is selected as 
� = 3 × 10−10m.

4.1  Dispersion Relationships for Copper

First the closed-form peridynamic dispersion relationships given in Eqs. (25) and (35) for 
longitudinal and transverse waves, respectively, are obtained for copper. Density, Young’s 
modulus and Poisson’s ratio are specified as 8960 kg/m3, 130 GPa and 0.34, respectively. 
As shown in Fig. 2, peridynamics provides nonlinear dispersion relationships as opposed 
to linear dispersion relationships of CCM.

4.2  Dispersion Relationships for Gold

In the second example, gold material is considered. Density, Young’s modulus and Pois-

son’s ratio are specified as 19,320  kg/m3, 79 GPa and 0.42, respectively. By using the 

Fig. 2  Wave dispersion relationships in ordinary state-based peridynamics for copper
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relationships given in Eqs. (25) and (35) for longitudinal and transverse waves, respec-
tively, nonlinear dispersion relationships are obtained as shown in Fig. 3.

4.3  Dispersion Relationships for Silver

For the third case, silver material is considered. Density, Young’s modulus and Poisson’s 
ratio are specified as 10,490 kg/m3, 85 GPa and 0.37, respectively. Dispersion relationships 
for both longitudinal and transverse waves are shown in Fig. 4.

4.4  Dispersion Relationships for Platinum

Finally, platinum material is considered. Density, Young’s modulus and Poisson’s ratio are 
specified as 21,450 kg/m3, 171 GPa and 0.38, respectively. Nonlinear dispersion relation-
ships for platinum are demonstrated in Fig. 5.

Fig. 3  Wave dispersion relationships in ordinary state-based peridynamics for gold
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Fig. 4  Wave dispersion relationships in ordinary state-based peridynamics for silver

Fig. 5  Wave dispersion relationships in ordinary state-based peridynamics for platinum
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5  Conclusions

In this study, closed-form wave dispersion relationships were derived for linearized version 
of ordinary state-based peridynamics. For both longitudinal and transverse waves, dispersion 
characteristics were investigated for various materials including copper, gold, silver and plati-
num. For all materials, nonlinear wave dispersion behaviour was obtained similar to the ones 
observed in experiments which cannot be captured by classical continuum mechanics that has 
a linear wave dispersion relationship. This shows that peridynamics can be utilised for predict-
ing material behaviour which cannot be represented by using classical models that are mostly 
seen at small scales.
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